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1 Introduction

In recent years, the idea that dark matter can be considerably lighter than the weak scale
and secluded by portal interactions, has attracted growing interest, supported by the very
stringent limits on dark matter at GeV-TeV mass scales obtained by direct detection and
LHC experiments.

Among the possible different realisations of dark sectors involving portal interaction
and new mediators, the kinetic mixing with U(1) hypercharge is of considerable interest
from a phenomenological point of view as the channel where hidden sector may be probed
with maximal sensitivity.

The authors of [1] have investigated signatures of a minimal secluded U(1)D extension
of the SM at medium energy colliders while in [2] the dark group is non-abelian. The
proposed models assume the existence, in addition to the U(1)D “dark” photon A′, of an
elementary dark Higgs boson (h′), which spontaneously breaks the U(1)D symmetry, and
of dark matter particles with WIMP scale masses. One of the characteristics of this class of
extended models, is the possibility of producing spectacular multi lepton pairs final states
originating, from h′ decay chain. This kind of processes have been described in different
environments: in B physics [1, 2], in charm physics [3], and more recently in kaon decays [4].
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At e+e− colliders, the amplitude of the dominant h′ production mechanism, the so
called Higgs’-strahlung e+e− → A′h′ [1], is minimally suppressed in the dark sector by
just a single power of the kinetic mixing parameter ε. Under the assumption that both
mh′ and mA′ are below the di-muon threshold 210MeV, at the end of the decay chains of
both h′ and A′ we will only find SM particles. The A′ decay will produce an e+e− pair
while the h′ decay will produce to 2(e+e−), leading to a minimally suppressed final state
of 3(e+e−). On the contrary the Standard Model process e+e− →3(e+e−) suffers a strong
α6 suppression, which can compensate the ε2 suppression of the dark sector rate.

Experiments at e+e− colliders with few GeV center of mass energy and very high
luminosity, Babar [5] and Belle [6], had investigated e+e− → 3(`+`−) setting stringent
limits on the existence of the h′ for energy scales in the ∼GeV range. No data are available
for masses of the h′ <1GeV which can be probed by low energy fixed target experiments.

For this reason it is worth investigating the scale of the contribution of dark sector
particles decays to the cross section of the process e+e− → 3(e+e−), compared to Standard
Model one at low energy colliders. Being the dark contribution in any case small, in this
paper we will develop new techniques to precisely calculate the SM contribution.

The paper is organised as follows: in section 2 (3) we discuss the various approximations
for the e+e− → 2(e+e−) (e+e− → 3(e+e−) ) process. In section 4 we introduce the Dark
Higgs Model which is our reference one in this paper, and we compare e+e− → 3(e+e−)
cross sections in this model and in the Standard Model. In section 5 we specialise the
discussion to the PADME experiment; our conclusions are drawn in section 6. Finally,
appendix A is devoted to the Equivalent Photon Approximation (EPA) which is used
throughout the paper.

In the following we refer to e+e− → 2(e+e−) as the “4` process” and to e+e− →
3(e+e−) as the “6` process”.

2 e+e− → e+e−e+e− in the equivalent photon approximation and be-
yond

Due to the large number of Feynman diagrams involved, there is no exact analytic expres-
sion for the QED1 tree level cross section for e+e− → 2(e+e−), nor for e+e− → 3(e+e−).
Therefore, one has to make use to various kinds of approximations, that follow three
main lines:

• The Equivalent Photon Approximation (EPA) [7], similar to the parton model ap-
proach in QCD, which is described in detail in appendix A.

• Tree level numerical calculations; here we perform such calculations making use of
the CalcHEP tool [10].

• Approximate analytic expressions [7], which retain the leading term in an expansion
in the small parameter m2/s, m being the electron mass and

√
s the c.m. energy.

1At the energies considered here and for the given processes, the QED sector of the Standard Model is
the only relevant one.
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In the latter case, the analytic approximation has the form:

σ = 1
m2

(
an logn ln + an−1l

n−1 + · · ·+ a0
)

+O
(1
s

)
(2.1)

where n = 3 (n = 4) for the 4` (6`) process. The EPA allows to calculate the first term in
the series, with the highest power of l; we call this the ‘Leading Log EPA’ (LLEPA) and
we discuss how to obtain this approximation in appendix A.

In the literature there are different analytical formulae which allow to compute the
total cross section for the SM process e+e− → 2(e+e−). We will start considering the
calculation using the Equivalent Photon Approximation (EPA), and then compare it to
more accurate calculation which are possible in the 4` case. According to a classical paper
dated back to 1975 [7] the total cross section e+e− → e+e−e+e− using equivalent photon
approximation at leading log reads:

σe+e−→e+e−e+e− ≈
28α4

27πm2
e

(
log s

m2
e

)3
(2.2)

where s is the center of mass energy squared that for a fixed target experiment is s ∼
2Ebeamme. Equation (2.2) only includes the leading logarithmic term of the cross section
while more accurate calculation can be obtained analytically. The paper by Budnev et
al. [7] also contains, in its appendix F1, a complete analytical calculation of the cross
section in which all the coefficients for the lower order logarithmic terms are worked out.

σe+e−→e+e−e+e− = 28α4

27πm2
e

(
`3 −A`2 +B`+ C

)
+O

(1
s

)
; ` = log s

m2
e

(2.3)

where ` is the logarithmic term in eq. (2.2). For electron-positron scattering the coeffi-
cients A,B,C have been calculated, neglecting interference between produced and scattered
electrons, to be [7]:

A = 178/28 ∼ 6.36 B ∼ −11 C ∼ 100 (2.4)

Looking at equation (2.3), it appears that in fixed target experiment, in which s is typically
small and the ` term ranges from 7-10, none of the logarithmic term is negligible due to
the high values of coefficients A, B and C. At e+e− colliders like PEP-II, KEKB and
SuperKEKB, where s can reach the 10GeV range and the log term the value of 20, the `2
terms still accounts for ∼30% of the total cross section.

Performing a numerical analysis we observe that, in particular at low energy colliders,
accidental cancellations are almost complete among the dominant ` terms. At the energy
scale of the PADME experiment (EB ∼ 500MeV) we obtain:

• 28α4

27πm2
e

`3 ∼ 6.0× 108 pb

• 28α4

27πm2
e

(−A`2) ∼ −5.0× 108 pb
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Figure 1. Comparison of σe+e−→e+e−e+e− at fixed target CM energies computed with eq. (2.3),
dashed red line, with CalcHEP, red dots, and with Leading Log EPA eq. (2.2), black line.

• 28α4

27πm2
e

(B`) ∼ −1.16× 108 pb

• 28α4

27πm2
e

(C) ∼ 1.4× 108 pb

In this energy regime the sum of the three logarithmic terms of eq. (2.3) almost cancels out
and only accounts for ∼ 15% of the total cross section, which is surprisingly dominated by
the constant term. For this reason is crucial to check, in the absence of experimental results
to compare with, if the coefficients A,B, and C of eq. (2.3) have been correctly calculated.

2.1 Calculation of σe+e−→e+e−e+e− using CalcHEP

In order to check the reliability of eq. (2.3) we have performed a tree level numerical calcu-
lation of the cross section of the process e+e− → 2(e+e−) based on the CalcHEP tool [10].
To improve the precision of the calculation, the mass of the electron was introduced in the
CalcHEP model and the value of the electromagnetic constant α adapted to low energy
scales. The contributions coming from diagrams mediated by the Z bosons, which have
been verified using CalcHEP to be smaller than 1×10−4, are neglected in the calculations.

In figure 1 the comparison is shown for different values of the center of mass energy
corresponding to fixed target experiments at different possibile extracted positron beam
lines. The first point corresponds to the DAΦNE Linac beam energy 0.5GeV, the third
point corresponds to the energy of an extracted positrons beam from the Cornell Electron
Storage Ring (CESR 5GeV), the fourth point, beam energy ∼ 10GeV, corresponds to
the proposed JLab positron facilities at the CEBAF accelerator [8], while the last one at
50GeV a positron beam produced by the North area facilities at CERN. The plot show
that a very good agreement, to the level of few %, is achieved at any energy in between
the fully analytical cross section and the CalcHEP based tree level calculation, while the
leading log EPA approximation is inaccurate by factors, from 5 to 2. This huge discrepancy
below the GeV scale originates from an accidental cancellation between the `3 and the `2
terms in eq. (2.3); moreover, the constant term is ∼ 100. Of course, at higher energies the
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Figure 2. Comparison of σe+e−→e+e−e+e− at collider CM energies computed with eq. (2.3), dashed
red line, and with leading log EPA eq. (2.2), black line.

`3 term starts to dominate and the Leading Log EPA becomes a better approximation of
the analytic expression.

In figure 2 the comparison is shown for different s values relevant for collider experi-
ments from KLOE at DAΦNE, 1GeV, to the energy scale of the experiments at the CERN
LEP collider. In this regime the overestimate of the cross section value due to the Leading
Log EPA approximation, ∼ 2, appears to be more stable over a large range of energy, as
the cross section also is. To conclude, the leading log EPA provides a poor approxima-
tion of the analytic expression for the cross section of the 4` process due to accidental
cancellations.

2.2 Calculation of σe+e−→e+e−e+e− using numerical EPA approximation

As shown in the previous paragraph the precision of the leading log EPA approximation
in predicting the value of the σe+e−→e+e−e+e− is poor, in particular at energies below the
GeV. For this reason we developed an alternative approach which allows to maintain better
precision, without performing a full tree level calculation as we did with CalcHEP. This
new technique will be very useful to estimate the σe+e−→e+e−e+e−e+e− for which a full tree
level calculation cannot be achieved.

Let us summarise the EPA with the following expression (A.5):

σ(s) =
∫ 1

ε
dτL(τ)σp(τs) L(τ) =

∫ 1

τ

dx

x
fγe(x)fγe

(
τ

x

)
(2.5)

In the leading log EPA we approximate fγe(x) and L(τ) in order to obtain the leading log
value for the cross section, as explained in the appendix. However we can instead retain
the full expressions for the splitting functions and the luminosity, thus improving the
approximation. The full expression for the splitting function can be obtain by integrating
in k2

⊥ the expression given in eq. (5.18) of [7] from |k2
⊥|min = x2m2 to |k2

⊥|max = m2

to produce:

fγe(x) = α

2π

(
1 + (1− x)2

x
log 1

x2 − (1− x)(1− x2)
)

(2.6)
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Figure 3. Comparison of e+e− → 2(e+e−) at fixed target CM energies. Analytic calculations: full
EPA eq. (2.3), dashed red line, LLEPA eq. (2.2), black line. Numerical calculations: Calchep, red
dots, “numerical EPA”, blue dots.

while the expression for the cross section γγ → e+e− can be found in (E.4) of [7]:

σγγ = 4πα2

sτ

(
1 + 4m

2

sτ
− 8 m4

s2τ2L−
(1
τ

+ 4m
2

sτ2

)
t

)
(2.7)

with

L = 2 log
[

1
2

√
τs

m2 +
√

τs

4m2 − 1
]
, t = τ

√
1− 4m

2

sτ
(2.8)

Expressions (2.6), (2.7), (2.8) can be fetched into (2.5) in order to obtain the cross section
value for the e+e− → 2(e+e−) process. The price we pay is that it is no longer possible to
obtain an analytic expression, and the cross section is evaluated numerically: we call this
approximation “numerical EPA”. Contrarily to the leading log EPA, the numerical cross
section is a much better approximation for the tree level cross section. This can be seen
in figure 3, where we can see that the numerical EPA approximation (blue dots) is very
close to both the CalcHEP numerical value (red dots) and to the analytic approximation
of eq. (2.3). The numerical EPA approximation will be very useful for the 6` case (see
section 3), where no numerical calculation can be performed and no analytic approximation
was available before the writing of this paper.

3 e+e− → e+e−e+e−e+e− six leptons in the Equivalent Photon Approx-
imation and beyond

The cross section of the SM process e+e− → 3(e+e−) is very hard to calculate due to the
high number of particle in the final states producing several thousand of Feynman diagrams
which contributes to the amplitude. Our attempt to obtain a numerical result for the cross
section failed using both CalcHEP [10] and MadGraph [11] tools. A formula to estimate
the order of magnitude of the cross section is proposed in eq. 12 of [1]:

σe+e−→3(e+e−) ≈
α6

π3m2
e

(
log s

m2
e

)4
(3.1)
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Figure 4. Leading Log EPA (in black) and Numerical EPA (red dashed) approximations for the
tree level e+e− → e+e−e+e−e+e− cross section.

A slightly more precise estimate can be obtained by using the Leading Log EPA ap-
proximation by computing the cross section σ(γγ → e+e−e+e−) as proposed by [7]:

σe+e−→3(e+e−) ≈
α2

6π2σ(γγ→e+e−e+e−)

(
log s

m2
e

)4
(3.2)

where σ(γγ→e+e−e+e−) can be estimated using [12]. This expression coincides with (A.8),
that we derived using Leading Log EPA. Like in the 4` case, we expect eq. (3.2) to be a
very poor approximation of the tree level cross section. Unlike the 4` case, in the present
literature there is no full analytic expression nor numerical calculation for the 6` case.
However we expect the Numerical EPA approximation to be a much better estimate of the
tree level cross section than eq. (3.2).

Using full numerical integration we derived a new expression for the cross section for
the process e+e− → 3(e+e−) down to the constant term:

σEPAfull = α2

6π2σ(γγ→e+e−e+e−)

(
log4

(
s

m2

)
+ A log3

(
s

m2

)
+ B log2

(
s

m2

)
+ C log

(
s

m2

)
+ D

)
(3.3)

where the constant coefficients have the following values:

A ∼ −11.9 B ∼ 22.62 C ∼ 143.5 D ∼ −521.1 (3.4)

Like in the case of eq. (2.3), accidental cancellation due to high values of the low
power logarithmic term’s constants is observed. In this case negative high values of the
constants A and D, compared to the log scaling factor at low energies < 10, strongly
reduce the value of the total cross section, compared to the leading log term estimate. In
figure 4 the Leading Log EPA, eq. (3.2), and the numerical EPA cross sections, eq. (3.3),
are compared as function of the center of mass energy; like in the 4` case, the leading
log expression grossly overestimates the tree level cross section at low CM energies, while
the disagreement decreases at high energy due to increased value of the Log term. A key
ingredient in the absolute value of the cross section common to the two parameterisation
is the σ(γγ→4`), assumed to be constant as function of the CM energy [7].
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4 Phenomenology of Dark Higgs at low energy

The authors of [1] consider a minimal extension of the SM by adding to the SM a U(1)D
gauge boson A′ and a single complex scalar Higgs’ field φ responsible for spontaneous
symmetry breaking.

They assume that any additional particles, in particular possible dark matter candi-
dates, are heavy compared to the A′ and h′ mass scales. All interactions with the SM
and the secluded sector proceed through kinetic mixing of U(1)D with the Standard Model
photon. We can neglect mixing with the Z boson and Standard Model Higgs boson which
will be irrelevant at the energy scale under scrutiny for this paper.

The Lagrangian containing the physical Higgs’ field h′ takes the form:

L = −1
4A

2
µν + 1

2m
2
A′ + 1

2(∂µh′)2 + +1
2m

2
h′h
′2 + Lint (4.1)

With respect to the rich phenomenology described in [1] for center of mass energy below
the di-muon threshold, the situation is much simplified. Neglecting the possible decay to
neutrinos, which is extremely suppressed at this energy, the only possible A′ decay is in
e+e− pairs. The decay width has the form:

ΓA′→ee = 1
3αε

2mA′

√
1− 4m2

e

m2
A′

(
1 + 2m2

e

m2
A′

)
(4.2)

and for low energy and ε > 1× 10−4 the decay A→ e+e− is prompt.
Concerning the h′ decays only few possibilities exist. If the mass hierarchy is such that

mh′ > 2mA′ , the dominant decay is to a pair of on shell A′ (h′ → A′A′ → 2(e+e−)). In
this scenario the decay is always prompt because the lifetime only depends on αD which
is supposed to be large compared to ε. For masses mh′ < 2mA′ decays to off-shell A′ are
also possible but, due to the suppression of the 4 body decay h′ → A′ ∗ A′∗ → 2(e+e−),
the dominant decay proceeds through triangle graphs to an e+e− pair [1].

τ(h′ → e+e−) ∼ αDα
2ε4mh′

2π2
4m2

e

m2
A′

(4.3)

The lifetime in this case is extremely long and the Dark Higgs will be stable on the ex-
periment scale producing missing energy in the final state. Under the muon production
threshold the possible dark sector final states induced by h′ produced in association with
an A′ are either 3(e+e−) or (e+e−) + missing energy.

4.1 Dark Higgs production cross sections

One of the few h′ production processes is the so-called Higgs-strahlung, e+e− → h′A′, which
has an amplitude that is suppressed by just a single power of the kinetic mixing angle and
can therefore readily occur for ε ∼ O(10−2 − 10−3). This production mechanism is similar
to traditional Higgs-strahlung in the SM but in this case the h′ is produced in association
with a A′ instead of a SM photon. The total cross section for the Higgs-strahlung process

– 8 –
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Figure 5. Feynman diagram for the Higgs-strahlung process producing a six leptons final state.

reads [1]:

σe+e−→A′h′ = πααDε
2

3s

(
1− m2

A′

s

)−2
√√√√λ(1, m

2
h′

s
,
m2
A′

s

)

×
[
λ

(
1, m

2
h′

s
,
m2
A′

s

)
+ 12m2

A′

s

]
(4.4)

where αD is the coupling between h′ and A′ and where λ(a, b, c) ≡ a2 + b2 + c2 − 2ab −
2ac− 2bc.

For reasonable values of the kinetic mixing parameter ε, the cross section is quite large
compared to the SM 6` process. In fact the Higgs-strahlung cross section only pays an
ε2ααD suppression compared to the α6 of the concurrent SM process. For fixed values of
the mh′ and mA′ the production cross section scales as 1/s which disfavour the production
∼ 10MeV scale particles at high energy colliders.

4.2 SM 6-leptons and Dark Higgs decay comparison

We pointed out that e+e− → 3(e+e−) final state in e+e− collisions can be produced by two
competing mechanisms: the beyond the SM process e+e− → h′A′ → 3(e+e−), shown in
figure 5 and the Standard Model process e+e− → 3(e+e−). In this section we will estimate
the relative contribution to experimental total cross section e+e− → 3(e+e−) which is
crucial in searching for the BSM signal mediated by h′. We will only consider the scenario
with all particles on shell given by the mass hierarchy: mh′ > 2mA′ , mA′ > 2me. In
this conditions the kinematic is maximally different with respect to e+e− → 3(e+e−) SM
process, and the h′ decays always prompt.

The physics of the two processes suggest that, in particular at low energy, the BSM
process (signal) will produce a non negligible contribution to the total cross section. In
fact the SM e+e− → 3(e+e−) cross section (background) grows as ∼

(
log s

m2
e

)4
while the

Higgs-strahlung cross sections drops as 1/s, resulting in a signal over background scaling:
S

B
≈ m2

e

s
(
log s

m2
e

)4 . (4.5)
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Figure 6. Black line: S/B ratio using Leading Log EPA approximation. Red dashed line: S/B
ratio using numerical EPA approximation.

As we already pointed out in section 3, due to accidental cancellation the LLEPA ap-
proximation grossly overestimates the e+e− → 3(e+e−) SM cross section, which is not
dominated by the log4 term, and therefore the S/B scaling will actually be smaller than
naively expected using eq. (4.5).

Nevertheless we also observed that the actual value of the e+e− → 3(e+e−) cross sec-
tion is much smaller than expected, providing a much higher starting value of the S/B
ratio. The ratio σh′A′/σ6e is shown in figure 6 for center of mass energies ranging from
0.02GeV to 0.1GeV setting mh′ = 10MeV, mA′ = 5MeV, ε2 = 1 × 10−6 and αD = 0.1
in eq. (4.4).

The value of ε2 has been chosen small enough to evade experimental constraints coming
from visibile dark photon searches [13]. It’s interesting to point out that, after the new
precise calculation of σe+e− → 3(e+e−) proposed in this work, the S/B ratio (red line) is
increased by roughly one order of magnitude compared to previous estimates (black line).
Up to a CM energy ∼30MeV the contribution from h′ to the total cross section exceeds
10%, and will therefore be observable even by just measuring the total e+e− → 3(e+e−)
cross section. When all the particle are on mass shell the value of the λ factors in eq. (4.4)
varies just by small factors changing the values of mh′ and mA′ having it’s maximum
for m′h ∼ mA′ .

4.3 Background suppression

In this section we would like to point out that appropriate experimental cuts on the final
e+e− → 3(e+e−) state can strongly enhance the S/B ratio. Let us begin by noticing that
the distribution of the virtual photons emitted by the initial positron and electron is peaked
in the region of small energy and small angle. This can be seen from eq. (A.4) which behaves
like ∼ dk2

⊥
k2
⊥

dx
x , x being the fraction of the photon’s energy and k⊥ the photon’s transverse

momentum with respect to the parent electron (or positron). This implies that the initial
electron (positron) emits a final electron (positron) which is collinear and has about the
same energy of the initial electron (positron).

– 10 –
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In other words, most of the final events are characterised, in the c.m. frame, by a
pair electron-positron emitted back to back and with an invariant mass close to the initial
c.m. energy

√
s. This signature is very different from that of the signal event: in this case

two mass shell bosons (h′ and A′) are created and, broadly speaking, the energy is evenly
distributed between the final e+e− pairs. Moreover, three e+e− pairs invariant masses
reconstruct the A′ mass.

In the case of PADME things happen in the lab frame, and in this case we will have
in most of the events a final positron collinear to the beam and carrying almost all of the
available energy. Also in this case then, we expect the signal signature to be very different
from the background one. To precisely compute the kinematical distributions of the events
in PADME goes beyond the scope of the present paper, but it should be clear that such a
study can only result in a S/B ratio better than the one shown in figure 6.

5 Multi lepton perspectives in PADME

In this section we try to derive the possible perspective for observing multi lepton final
states and eventually constrain the h′ parameter space with the PADME experiment at
the INFN Laboratori Nazionali di Frascati [14, 15]. In present literature no observation
are reported for e+e− → 3(e+e−) or e+e− → 2(e+e−) processes and no cross section is
available which makes their observations appealing.

PADME is a positron on target experiment with a ∼ 500MeV energy positron beam
impinging on a diamond target. Due to the low beam energy PADME has the opportunity
to search for dark higgs in the mass region from few to 15MeV, very difficult to achieve
for high energy colliders due to the overwhelming associated e+e− → 3(e+e−) background.
The experiment is currently taking data for Run II at the DAΦNE linac and aims to
collect ∼ 1 × 1013 positron on target collisions. PADME is a fixed target experiment
with a diamond target of d = 100µm. The experiment luminosity can be computed using
the formula:

Linst = Ib
e
NA

Zρd

A
(5.1)

The relevant quantities are Z = 6, density of diamond, ρ = 3.51 g/cm3, and A = 12.01g
carbon’s gram-molecular weight. The Ib/e during PADME Run II, corresponds to 49
bunches/s of ∼ 27000 positrons leading to 1.3 × 106 positrons on target per second. The
resulting instantaneous luminosity of the experiment is ∼ 1.4×10−8 pb/s. Considering one
year of data taking corresponding to 1 × 107s of effective experiment’s running time, the
integrated luminosity will be ∼ 0.14pb −1/Y. According to the ratio of figure 6, at the CM
energy PADME is operating (

√
2meEBeam ∼ 22MeV), the existence of an h′ will produce

very strong enhancement of the SM e+e− → 3(e+e−) cross section even with ε2 values as
small as 10−6. To estimate production rates of e+e− → 3(e+e−) and h′ at PADME, we
can use eq. (4.4) and eq. (3.3) to compute the actual values of the signal and background
cross sections at EBeam = 500MeV.

• The Dark Higgs production cross section σh′A′ ∼ 1000 pb: one year of PADME data
taking with the instantaneous luminosity of Run II will allow to produce ∼150 h′
mediated e+e− in six leptons final states.

– 11 –
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• σe+e−→3(e+e−) ∼ 1500 pb: one year of PADME data taking with the instantaneous
luminosity of Run II will allow to produce ∼ 200 SM e+e− → 3(e+e−) events.

Even a modest BG rejection obtained with the present PADME veto system, will
allow the dark sector to become the dominant process. A crucial aspect to understand the
experimental acceptance, due to minimum track momentum in the PADME spectrometer
(∼ 50MeV), will be to derive the momentum distributions of tracks coming from the
two concurring processes, which we are at present not able to derive for e+e− → 3(e+e−).
Nevertheless we expect that a small fraction of e+e− → 3(e+e−) event will have a minimum
track energy higher than 50MeV, reducing their acceptance with respect to h′ mediated 6`
final states.

Important information about the dynamic of the e+e− → 3(e+e−) process could be
derived from the observation of e+e− → 2(e+e−). A first evidence of this process was
obtained in the early ‘70 at Laboratori Nazionali di Frascati [16] without being able to
obtain a cross section measurement. In this case the cross section is much higher (∼ α2 =
10000), as it is the expected to be the experimental acceptance due to higher average
track momentum. Computing the cross section value with eq. (2.3) at PADME energies
we get 1.2×108 pb leading to order 107 e+e− → 2(e+e−)/y at PADME. Even with a small
experimental acceptance PADME has the possibility of observing for the first time this
process at energies below 1GeV already in Run II data.

The dominant backgrounds to the measurement of SM multi-lepton final states at
PADME are the pile-up of multiple Bhabha scattering processes, and the beam related
background. The very high instantaneous rate of positrons on target during PADME Run
II (∼100e+/ns) can lead to the simultaneous occurrence of 2 or more Bhabha scattering.
The background contribution coming from the pile of multiple Bhabha scattering, can be
estimated using data by measuring the rates of 4(6) tracks with a total energy ∼ 2(3)
times the beam energy. Preliminary studies also demonstrated that the total energy cut is
very effective in rejecting this background source, being the total energy at least twice as
much as for genuine multi-leptons events. Concerning beam related background, PADME
is routinely acquiring data sets with no target to study beam background characteristics.
Applying the 4(6) leptons selection on this dedicated data sets the beam background con-
tribution can be directly estimated.

6 Conclusions

In the present paper we revised current EPA based calculations of the SM cross section
for the processes e+e− → 2(e+e−) and e+e− → 3(e+e−), in order to compare them to
possible dark sector contributions. We pointed out that, due to accidental cancellations,
the Leading Log approximation produces a gross over estimate of the cross section at
energies below 10GeV, relevant for both fixed target experiments and collider one like
Belle II. We confirmed, using complete tree level calculation and improved analytic EPA
based calculations, the results for the e+e− → 2(e+e−) obtained by authors of [7] with a
full EPA based calculation. Using our new approach we have been able to derive for the
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first time an analytic cross section of e+e− → 3(e+e−) including all the logarithmic terms.
Comparing the result with the Leading Log EPA approximation we discovered that the
SM cross section is up to 1 order of magnitude lower with respect to previous estimates.
Concerning dark sector contributions, as consequence, we observed that the contribution
of h′ mediated 6` final state its dominant at low energies, even for small values of the
ε mixing parameter. The potential in measuring for the first time the e+e− → 2(e+e−)
and e+e− → 3(e+e−) cross section and constraining the dark sector observable with the
PADME experiment is also explored.
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A The Equivalent Photon Approximation (EPA)

In this paper we consider QED processes of the kind e+e− → e+e−X, where X = e+e−

or X = e+e−e+e−. These processes are hard to calculate even at tree level, especially the
second one that features a huge number of Feynman diagrams and a six-body phase space;
in fact no tree level analytical or numerical calculation is available for this process. It is
however possible to use the Equivalent Photon Approximation, whose origin dates back to
a long time ago [19–21], that has been used also in the context of weak interactions [22],
and that in the case of strong interactions is better known as Altarelli-Parisi equations for
the evolution of structure functions [23]. In this appendix we describe this approximation
and estimate the uncertainty with which the cross sections of our interest can be calculated.

In order to understand EPA, it is crucial to observe that the photon propagators
become singular when the emitted photon is collinear with emitting electron. Indeed,
emitting indices for the sake of clarity and defining k = (ω,k), P = (E,p), P ′ = (E′,p′),
p · k = |p||k| cos θ we have:2

k2 = 2m2 − 2EE′ + 2EE′
√

1− m2

E2

√
1− m2

E′2
cos θ (A.1)

where m is the electron mass. Since we are interested in the limit E,E′ � m, we can
Taylor expand (A.1) in the small parameter m2, obtaining:

− k2 = −2EE′(1− cos θ) +
(
E

E′
cos θ + E′

E
cos θ − 2

)
m2 +O(m4) (A.2)

As θ → 0 the first term in the expansion drops down and −k2 is of the order of the small
parameter m2. If also m goes to 0, then the singularity is exposed since 1

k2 →∞. In other
terms, m cuts off the θ = 0 singularity; for this reason this is called a ‘mass singularity’. In

2Note that −k2 is positive defined, i.e. k2 < 0.
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Figure 7. Diagram of the Equivalent Photon Approximation for the process e+e− → e+e−X,
where X is a generic multiparticle state. An electron (P1) and a positron (P2) emit one photon
each; the photons scatter through the process γ(k1)γ(k2)→ X. In this paper we consider X = e+e−

and X = e+e−e+e−.

any case, the presence of this singularity enhances the contribution of the EPA diagram of
figure 7 with respect to the other diagrams contributing to the process; from the discussion
above it is clear that the enhancement grows bigger and bigger as the c.m energy of the
process grows, so that the EPA approximation becomes a better one at high energies. In the
following we shall see that the enhancement is logarithmic, i.e. proportional to L = log E

m .
In the region that gives the largest contribution, which is the collinear region, where the

emitted photon is (almost) collinear to the emitting electron, we can write k = xP + k⊥.
Here x is the fraction of the electron momentum carried by the gluon, while k⊥ is the
component of k perpendicular to p. For the reasons stated above, k⊥ is ‘small’, |k⊥| � E.
With these notations, the Equivalent Photon Approximation then amounts to writing (see
figure 7):

σ(e+e− → e+e−X; s) =
∫
dx1dx2fγe(x1)fγe(x2)σ(γγ → X;Q2 = x1x2s) (A.3)

where s is the invariant mass of the initial state, while Q2 is the invariant mass of the γγ
pair. There are a few simplifying hypotheses underlying the EPA, namely:

• Eq. (A.3) is a probabilistic model in which the emission of photons with distribution
fγe(xi) is factorized with respect to the photons scattering. However, in order to do
the computation, one should consider all the relevant Feynman diagrams, add them
including interferences. The rationale behind the simplified expression is that the con-
tribution in figure 7 is enhanced by the two photon propagators, as discussed above.

• The σ(γγ → X;Q2 = x1x2s) cross section is calculated with onshell photons (k2
i =

0) while the photons are virtual in the diagram. Moreover the invariant mass of
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the subprocess γγ → X is calculated as Q2 = x1x2, thus neglecting the transverse
components of the photons’ momenta.

While it is hard in general to assess the precision with which the EPA approximates the
‘true’ value for the cross section, at the end of this section we estimate such a precision for
the processes of relevance in this paper.

The structure function fγe can be calculated in QED to give [17, 18]:

fγe(x) = α

2π

∫ (k2
⊥)max

(k2
⊥)min

dk2
⊥

k2
⊥
Pγe(x); Pγe(x) = 1 + (1− x)2

x
(A.4)

Notice that one can apply the approximations leading to (A.3), (A.4) to very different
physical situations. For instance, provided the energy is sufficiently high, the electron can
emit a weak gauge boson instead of a photon [22]. In this case one talks about Equivalent
Boson Approximations and the changes with respect to the QED case considered here
are: the substitution of α with the weak coupling constant αW and the appearance of
a structure function for longitudinal bosons, absent in the case of photons.3 The initial
particle can be for instance a proton instead of an electron, and one then has distributions
for quarks and gluons. The Pgq Altarelli Parisi splitting function where g=gluon and
q=quark is, in fact, identical to the Pγe(x) appearing in (A.4). There are, however, a
couple of notable differences between QED and QCD. In the case of QED, the extrema
(k2
⊥)min, (k2

⊥)max are determined by kinematics and this allows for a calculation of fγe,
as we show below. In the case of QCD however, while (k2

⊥)max is of the order of the
invariant mass Q2 of the subprocess, (k2

⊥)min is given by an infrared cutoff µ2 of the order
of the scale ΛQCD below which the perturbative calculation is senseless due to uncalculabel
nonperturbative effects. The integration over k2

⊥ gives is then log Q2

µ2 and depends on
the arbitrary scale µ so that fgq is not perturbatevely calculable in QCD. Nevertheless,
what (A.4) provides is an information on the dependence of the structure function on the
Q2 of the process. Then, one can measure a given structure functions at a ‘low’ scale Q2

0
and use this equation to determine the structure function at a ‘high’ scale Q2. This task
is performed by the Altarelli-Parisi equations, that are an all-order extension of (A.4) in
the form of integro-differential equations that take into account large logaritms log Q2

Q2
0
to

all orders in perturbation theory. And here is another difference with the EPA approach,
which considers only terms of the first order in α.

Getting back to the EPA, since the ‘partonic’ cross section σp(γγ → X) depends on the
combination x1x2, it is convenient to change variables x1, x2 → x = x1, τ = x1x2 in (A.3),
obtaining;

σ(s) =
∫ 1

ε
dτL(τ)σp(τs) L(τ) =

∫ 1

τ

dx

x
fγe(x)fγe

(
τ

x

)
(A.5)

where ε is defined in terms of the threshold invariant mass M2
th of the partonic subprocess;

for instance in the case of γγ → e+e− we have ε ≡ M2
th
s = 4m2

s . In the case of the processes

3The ElectroWeak case for more general cases has been studied in [24].
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considered in this paper, a careful examination of kinematical bounds entails:

fγe(x) = α

2π log 1
x2 ⇒ L(τ) ≈ 2α2

3π2
(log 1

τ )3

τ
(A.6)

where the value of the luminosity L has been obtained by fetching fγe(x) into (A.5) and
neglecting terms of order (log 1

τ )2 (leading log approximation). Using this luminosity and
the known expression for σ(γγ)→ e+e− [7] we obtain:

σ(e+e− → e+e−e+e−) ≈ 28α4

27πm2

(
log s

m2

)3
(A.7)

so that the leading behaviour of the cross section is a growth like L3 = (log s
m2 )3. The

situation is different for e+e− → 3(e+e−): the luminosity is the same, but the ‘partonic’
cross section γγ →4 leptons is approximately constant, differently from the case of γγ →4
leptons where the cross section decreases like 1/Q2 for high Q2. We obtain:

σ2e→6e(s) ≈
α2

6π2 l
4σγγ→4e = α6l4

3π3m2
175 ζ(3)− 38

72 ≈ 0.79 α
6l4

π3m2 (A.8)

where the value for σγγ→4e has been taken from [12].

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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