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Modular sheaves on hyperkahler varieties

Kieran G. O’Grady

Dedicato a Titts

ABSTRACT

A torsion-free sheaf on a hyperkahler manifold X is modular if its discriminant satisfies
a certain condition; for example, this is the case if it is a multiple of ¢o(X). The definition
is tailor-made for torsion-free sheaves on a polarized hyperkéhler variety (X, h) which
deform to all small deformations of (X, h). For hyperkihler varieties of type K32, we
prove an existence and uniqueness result for slope-stable vector bundles with certain
ranks, ¢; and co. As a consequence, we get the uniqueness up to isomorphism of the
tautological quotient rank 4 vector bundle on the variety of lines on a generic cubic 4-
dimensional hypersurface, and on the Debarre—Voisin variety associated with a generic
element of /\3 C'0. The last result implies that the period map from the moduli space
of Debarre—Voisin varieties to the relevant period space is birational.

1. Introduction

1.1. Background and motivation. The beautiful properties of vector bundles on K3 surfaces
play a prominent role in algebraic geometry. Since K3 surfaces are the 2-dimensional hyperkahler
(HK) compact manifolds, one is tempted to explore the world of vector bundles on higher-
dimensional HK manifolds. In the present paper, we give way to this temptation. Our proposal
is to focus attention on vector bundles, or more generally (coherent) torsion-free sheaves, whose
Chern character satisfies a certain condition; see Definition 1.1. We call such sheaves modular.
The definition is tailor-made for torsion-free sheaves on a polarized HK manifold (X, h) which
deform to all small deformations of (X, h). With this hypothesis, we may deform (X,h) to a
Lagrangian (Xo, ho, ), where m: Xg — P" is a Lagrangian fibration, study stable sheaves .7
on Xy by studying the restriction of .# to a generic fiber of 7 (an abelian variety of dimension n)
and then deduce properties of the initial moduli space of sheaves on (X, h). This strategy has
been implemented in the case of K3 surfaces; see [0’G97]. A successful implementation in higher
dimensions requires an extension of the known results regarding the variation of h slope-stability
of a sheaf. More precisely, one needs to know that, given a class x € H(X;Q), there exists a
decomposition of the ample cone into open chambers such that, given a sheaf .# with ch(%#) = x
and an open chamber %, the sheaf % is h slope-stable either for all h € ¥ or for no such h.
Modular sheaves on HK manifolds are exactly the sheaves for which one can prove that such a
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decomposition of the ample cone exists. Another remarkable consequence of our definition is the
following. Let m: X — P" be a Lagrangian fibration, and let .% be a modular vector bundle on X
whose restriction to a generic fiber of 7 is slope-stable; then the restriction of % to a generic
fiber is a semi-homogeneous vector bundle (according to Mukai’s definition; see [Muk78]), and
hence it has no infinitesimal deformations fixing the determinant. This shows that, in the case of
modular sheaves, the strategy outlined above in higher dimensions resembles that which has been
implemented in the case of K3 surfaces (notice that a slope-stable vector bundle on an elliptic
curve has by default no infinitesimal deformations fixing the determinant, while this certainly
does not hold for vector bundles on abelian surfaces—it holds exactly for semi-homogeneous
ones).

1.2. Modular sheaves. Let % be arank r torsion-free sheaf on a manifold X. The discriminant
A(F) e HY*(X) is defined to be

A(F) = 2rca(F) — (r — 1)e1(F)? = —2r chy(F) + chy(F)2. (1.2.1)
Below is our key definition.

DErFINITION 1.1. Let X be a HK manifold of dimension 2n, and let gx be its Beauville-
Bogomolov—Fujiki (BBF) bilinear symmetric form. A torsion-free sheaf % on X is modular
if there exists a d(.#) € Q such that

f A(F) — 22 — d(F) - (2n — ) - qx ()" (1.2.2)
X

for all a € H?(X).

Remark 1.2. Let X be a HK variety of dimension 2n. Let D(X) < H(X) be the image of the map
Sym H?%(X) — H(X) defined by the cup product. Let D!(X) := D(X) n H(X). The pairing
DY(X) x D¥~{(X) — C defined by the intersection product is nondegenerate [Ver96a, Bog96,
Bea07], hence there is a splitting H(X) = D(X) @ D(X)*, where orthogonality is with respect
to the intersection pairing. Now let .% be a torsion-free sheaf on X. Then .# is modular if and
only if the orthogonal projection of A() onto D*(X) is a multiple of the class ¢¥% dual to gx.
Moreover, if A(.%) is a multiple of c3(X), then .# is modular by Fujiki’s formula; see [Fuj87,
Remark 4.12].

Remark 1.3. Let X be a HK manifold of type K32, Then H(X) = D(X) (notation as in
Remark 1.2). It follows that a vector bundle % on X is modular if and only if A(Z) is a
multiple of c2(X). It follows [Ver96b] that if . is a modular vector bundle, slope-stable for
a polarization h, then End’(.%) is hyperholomorphic on (X, h), where End®(.%) is the vector
bundle of traceless endomorphisms of &. More generally, on an arbitrary HK polarized variety
(X, h), there should be a relation between the property of being modular and that of being
hyperholomorphic.

1.3. Main results. Let & be a modular torsion-free sheaf on a HK manifold X of type K3[2!.
A simple argument, see Proposition 2.3, shows that (&) divides the square of a generator of
the ideal {gx(c1(&),a) | « € H*(X;Z)}. We give an existence and uniqueness statement for
slope-stable vector bundles & such that r(&") equals the square of a generator of the ideal defined
above, and moreover

r(&)(r(&) — 1)

A(6) = SR (X).
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Before formulating our results, we recall the description of the irreducible components of the
moduli space of polarized HK manifolds of type K 302, Let (X, h) be one such polarized HK
manifold (we emphasize that the ample class h € H%’I(X ) is primitive). Then either

q(h, H*(X;Z)) =Z, q(h)=e>0, e=0 (mod?2), (1.3.1)
or

q(h, H*(X;Z)) =2Z, q(h)=e>0, e=6 (modS8). (1.3.2)
Conversely, if e is a positive integer which is even (respectively, congruent to 6 modulo 8), there
exists an (X, h) such that (1.3.1) (respectively, (1.3.2)) holds. Let .#.! be the moduli space of

polarized HK manifolds (X, k) of type K3[2! such that (1.3.1) holds, and let .#,? be the moduli
space of polarized HK manifolds (X, h) of type K3[?! such that (1.3.2) holds.

THEOREM 1.4. Let i € {1,2}, and let r¢y and e be positive integers such that ro =i (mod 2) and

4rg — 10 (mod 8r) ifro=0 ( )
%(7‘0 —5) (mod 2rp) ifro=1 (mod 4),
—10 (mod 8r) ifro=2 ( )
—3(ro+5) (mod 2rg) ifrg=3 (mod4).

Suppose that [(X,h)] € ' is a generic point. Then, up to isomorphism, there exists one and
only one h slope-stable vector bundle & on X such that

(1.3.3)

&) =r3. @) ="h ae="D09"D,x) (1.3.4)

Moreover, HP (X, Endo(é?)) = 0 for all p.

Remark 1.5. Let [(X, h)] € % be generic. Then (X, h) is isomorphic to the variety of lines F(Y")
on a generic cubic hypersurface Y < P5 polarized by the Pliicker embedding, and the vector
bundle & of Theorem 1.4 with ry = 2 is isomorphic to the restriction of the tautological quotient
vector bundle on Gr(2, C®). Similarly, let [(X,h)] € /3 be generic. Then (X, h) is isomorphic to
the Debarre—Voisin variety associated with a generic o € /\3 Vib, where Vg is a 10-dimensional
complex vector space, and

Xy :={[W] e Gr(6, V1) | olw = 0}. (1.3.5)
The vector bundle & of Theorem 1.4 with rg = 2 is isomorphic to the restriction to X, of the

tautological quotient vector bundle on Gr(6, Vig). These results are proved in Section 8.

Remark 1.6. We would like the congruence relations in (1.3.3) to be forced upon us by adding
to the hypotheses on 7(&), ¢1(&), A(&) the extra hypothesis that x (X, Endo(éa)) = 0. Our
computations give this for some values of g, but we do not have complete results.

The result below replaces the genericity hypothesis in Theorem 1.4 with a cohomological one.

COROLLARY 1.7. Let i € {1,2}, and let 7y and e be positive integers such that ro = i (mod 2)
and (1.3.3) holds. Let [(X,h)] € .. Suppose that & is an h slope-stable vector bundle on X
such that (1.3.4) holds and H?(X,End"(&)) = 0. If 4 is an h slope-stable vector bundle on X
and chy(¥) = chg(&) for k € {0,1,2}, then ¥ is isomorphic to &.

There is an interesting consequence of Theorem 1.4 involving Debarre—Voisin (DV) varieties.
There is a geometric invariant theory moduli space .#py := IP’( /\3 VIB) / SL(Vip) of DV varieties;
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see [DHOV20]. In [DV10] it was proved that the moduli map .#py --+ J#53 has finite nonzero
degree.

THEOREM 1.8. The moduli map .#py --+ #45 is birational.

Theorem 1.4 is also relevant to the study of degenerate DV varieties which was carried out
in [DHOV20]. We say a few words about this in Subsection 8.3.

1.4. Outline of the paper. In Section 2, we give a few examples of modular sheaves, and
we make the connection with semi-homogeneous vector bundles. In particular, we give strong
restrictions on the possible ranks of modular sheaves, under some hypotheses.

Section 3 contains the results that extend to modular sheaves the known results on the
variation of slope-stability for sheaves on surfaces. In particular, we show that one can extend
the results that hold for sheaves on surfaces which are fibered over a curve to HK manifolds with
a Lagrangian fibration.

In Section 4, we prove properties of slope-stable modular vector bundles on HK manifolds X
of type K 3[2! with a Lagrangian fibration X — P2. We make certain hypotheses; in particular, we
assume that (&) equals the square of a generator of the ideal {gx (c1(&), @) | a € H*(X;Z)}. We
show that the restriction of a slope-stable modular vector bundle on X to a generic Lagrangian
fiber is slope-stable and that if .% is another such vector bundle, then the restrictions of & and .#
to a generic Lagrangian fiber are isomorphic.

Section 5 discusses a construction which associates with a vector bundle .# on a K3 sur-
face S two torsion-free sheaves .Z[n]* on S whose fibers over a reduced scheme {z1,...,z,}
are the tensor product .Z(z1) ® -+ ® F(x,) of the fibers of .# at the points z1,...,2,—
this is a generalization of a construction which was given in [DHOV20]. We prove that if
X(S,. FY ® F) = 2, then .Z[2]* is a modular vector bundle, and we compute its Chern char-
acter. As proved in Section 7, this construction gives (by deformation) the existence result of
Theorem 1.4.

In Section 6, we let S — P! be an elliptic K3 surface with Picard number 2. Then S[?! has an
associated Lagrangian fibration 7: S[2l — (IP’I) @ ~ P2 We prove that if .# is a slope-stable rigid
vector bundle on S, then the vector bundle .#[2]* on S (2] has good properties. In particular, we
show that it extends to any small deformation of SI2I which keeps c1(Z[2]F) of type (1,1) and
that the restriction to any fiber of the Lagrangian fibration 7 is simple.

Section 7 contains the proof of Theorem 1.4 (and of Corollary 1.7). The basic idea is as follows.
Let 2~ — T! be a complete family of polarized HK manifolds of type K 3[2] whose moduli belong
to ', By results of Gieseker and Maruyama, there is a relative moduli scheme f: .#(ro) — T
whose fiber over ¢ € T/ is the moduli space of slope-stable vector bundles on (X, h;) with the
given rank, ¢; and co. The map f: .#.(rg) — T¢ is of finite type by a result of Maruyama. Let
MF(ro) © Me(ro) be the (open) subset parametrizing vector bundles whose chg, chy, chy are
given by the formulae in Theorem 1.4. Because of the good properties of the vector bundles
Z[2]%, the image f(.#(rg)) contains a dense open (in the Zariski topology) subset of T¢. On
the other hand, the results of Sections 4 and 6 allow us to prove that, up to isomorphism, there
is a unique slope-stable vector bundle with the relevant chg, chy, chs on a generic HK manifold
parametrized by a Lagrangian Noether—Lefschetz locus with large discriminant. By the density
of the union of Noether—Lefschetz divisors (with large discriminant), we conclude that f has
degree 1.
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In Section 8, we prove Theorem 1.8. Once we have Theorem 1.4, the main point is to show
that the tautological quotient vector bundle on a generic DV variety is slope-stable.

In the appendix, we discuss properties of semi-homogeneous vector bundles on abelian vari-
eties and of Lagrangian Noether—Lefschetz divisors on moduli spaces of polarized HK manifolds
of type K32,

1.5 Conventions

Algebraic variety is synonymous with complex quasi-projective (not necessarily irreducible)
variety.

Let X be a smooth complex quasi-projective variety and .# a coherent sheaf on X. We only
consider topological Chern classes ¢;(.%) € H*(X(C);Z).

Let X be a HK manifold of dimension 2n. We let gx, or simply ¢, be the BBF symmetric
bilinear form of X, and we denote gx (o, @) by gx(«). We let cx be the normalized Fujiki
constant of X, that is, the positive rational number such that for all « € H?(X), we have

f ® =cx - (2n— 1) gx(a)”. (1.5.1)
X

A hyperkéhler (HK) variety is a projective compact HK manifold.

Let .# be a torsion-free sheaf on a polarized projective variety (X, h). A subsheaf & ¢ .Z
is slope-destabilizing if 0 < r(&) < r(F) and up(&) = un(.#), where r(&) and r(.¥) are
the ranks of & and %, respectively, and up(&) and pp(%) are the h-slopes of & and %,
respectively. If up(&) > up(F), then & < F is slope-desemistabilizing. We use similar
terminology for exact sequences 0 —> & — F — ¥4 — 0.

A torsion-free sheaf on (X, h) is strictly h slope-semistable if it is h slope-semistable but
not h slope-stable.

Abusing notation, we say that a smooth projective variety X is an abelian variety if it is
isomorphic to the variety underlying an abelian variety A. In other words, X is a torsor
of A.

2. Modular sheaves

. First examples. Remark 1.2 leads to the following examples of modular vector bundles:

The tangent bundle ©x is modular.

Let Vi be a 6-dimensional complex vector space, and let X < Gr(2, V) be the variety of
lines contained in a smooth cubic hypersurface in P(Vy). Let h € H%’l(X ) be the Pliicker
polarization. Then X is a HK variety of type K 3[2); gee [BD85]. Let 2 be the restriction to
X of the tautological rank 4 quotient vector bundle on Gr(2, V). We claim that

cho(2) =4, chi(2) =h, chy(2) = L(h? - ca(X)). (2.1.1)

The first two equations are obvious; the last equation can be obtained as follows. Let % be
the restriction to X of the tautological subbundle on Gr(2, V). The normal bundle sequence

0— @X — @GT(ZVGNX — Symg%v — 0

gives that chy(%) = —(h?—c2(X)) /8. Since ch(2) = 6—ch(% ), this gives the last equation
in (2.1.1). Thus A(2) = c2(X), and hence 2 is modular.
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(3) Let X < Gr(6,Vip) be asmooth DV variety, and let h € H%’I(X) be the Pliicker polarization;
see [DV10]. Then X is a HK variety of type K3[2. Let 2 be the restriction to X of the
tautological rank 4 quotient vector bundle on Gr(6, Vo). Then

cho(2) =4, chi(2)=h, chy(2)=3:(h*—c(X)). (2.1.2)

The above equations follow from the computations in [DV10, Proof of Lemma 4.5, p. 83];
see Lemma 8.1. Thus A(2) = c3(X), and hence 2 is modular.

Remark 2.1. Let X be a HK variety, and let & and % be modular sheaves on X. Then & ® %
is not modular in general. On the other hand, & ® .%# is modular, at least if & and .% are locally
free.

Remark 2.2. Let X be a HK manifold of dimension 2n, and let .% be a torsion-free modular
sheaf on X. Then

J A(F) — g — g =d(F) > qx (0, @iy) - Gx (g, s Qi) (2.1.3)
X

for all aq,...,as, € H*(X), where i means that in the summation we avoid repeating addends
which are formally equal (that is, are equal modulo reordering of the factors gx (-, -) and switching
the entries in ¢x(-,-)).

2.2. Restrictions on the rank. Below is the result that was mentioned in Section 1.3.

PROPOSITION 2.3. Let X be a HK fourfold of type K312 or Kums. Let .# be a modular torsion-
free sheaf on X. Let m be a generator of the ideal

{qX(cl(ﬁ),oz) | a € HQ(X;Z)} )
Then r(.F) divides m? if X is of type K32l and it divides 3m? if X is of type Kums.
Proof. As is easily checked, there exists an a € H?(X;Z) such that ¢x(c1(%),a) = m and
gx(a) = 0. Let r := r(F). Since gx(a) = 0, equation (1.2.2) gives that

1 fX eo(F) — a? = (r—1) L c1(F)? < a?

=2(r — ex - qx(ci(F),)? = 2(r — V)ex - m?. (2.2.1)

The result follows because cx = 1 if X is of type K32l and cx = 3 if X is of type Kums. O

2.3. Modular sheaves on Lagrangian fibrations. We recall that a Lagrangian fibration
m: X — P" on a HK manifold X of dimension 2n is a surjective map with connected fibers
whose smooth fibers are abelian varieties.

Remark 2.4. For t € P*, we let X; := 7~ 1(t) be the schematic fiber over t. If X; is smooth, the
image of the restriction map H?(X;Z) — H?(Xy;Z) has rank 1 and is generated by an ample
class 6; € H%’l(Xt); see [Wiel6]. If .# is a sheaf on X;, slope-(semi)stability of .# will always
mean 6; slope-(semi)stability.

If 7: X — P" is a Lagrangian fibration, we let

fi=ci(m*Opn(1)) € Hy'(X). (2.3.1)
As is well known, gx(f) = 0.
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LEMMA 2.5. Let m: X — P" be a Lagrangian fibration of a HK manifold of dimension 2n.
Suppose that % is a modular torsion-free sheaf on X. Let t € P™ be a general point, and let
Tt = F|x, be the restriction of F to X;. Then

A(F) — 772 =0. (2.3.2)
Xy
Proof. There exists an w € H?(X;Z) such that §; = w|x,- Since ¢ € P" is a generic point, we
have A(#;) = A(F)x,. Moreover, f" is the Poincaré dual of X;. Hence

A(F)) — 0% — f A(F) < w2 . (2.3.3)
X X

The integral on the right vanishes by Remark 2.2 and the equality ¢x(f) = 0. O

Ezample 2.6. Let S be a K3 surface, and let V be a vector bundle on S. Let 2 < S x S be
the tautological subscheme, and let p: 2 — S and ¢: 2 — SI™ be the projection maps. The
locally free sheaf g, (p*V') is known as a tautological sheaf on S ("], In general, such a sheaf is
not modular. In fact, suppose that S is elliptic, with elliptic fibration S — P'. The composition
sl — g (Pl)(n) ~ P" is a Lagrangian fibration with generic fiber X; = Cy x --- x C,,
where C1, ..., C, are distinct generic fibers of the elliptic fibration S — P!. If the restriction of V'
to the fibers of S — P! has nonzero degree, then equality (2.3.2) does not hold for .7 := ¢, (p*V),
and hence ¢, (p*V) is not modular.

PRrROPOSITION 2.7. Let m: X — P" be a Lagrangian fibration of a HK manifold of dimension 2n.
Let % be a modular torsion-free sheaf on X . Suppose that t € P" is a regular value of 7, that % is
locally free in a neighborhood of X; and that .%; is slope-stable. Then .%; is a semi-homogeneous
vector bundle.

Proof. This follows from Lemma 2.5 and Proposition A.2. O

The result below shows that, under suitable hypotheses, a much stronger version of Proposi-
tion 2.3 holds.

COROLLARY 2.8. Let X be a HK variety of type K3!", Kum, or OG6. Let .# be a modular
torsion-free sheaf on X. Suppose that t € P" is a regular value of 7, that .Z is locally free in a
neighborhood of X; and that .#; is slope-stable. Then there exist positive integers rq, d, with d
dividing cx, such that r(.F) = r{/d.

Proof. If X is of type K3[™, then ¢x = 1 and 6; is (up to multiplication by a nonzero scalar) a
principal polarization; see [Wiel6]. If X is of type Kum,, or OG6, then c¢x = n + 1 and 6; is (up

to multiplication by a nonzero scalar) a polarization with elementary divisors (1,...,1,d,ds),
where d; - dg divides n + 1; see [Wiel8] for Kum,, and [MR21] for OG6. Hence the result follows
from Propositions 2.7 and A.3. O

3. Variation of stability for modular sheaves

3.1. Main results. Let X be an irreducible smooth projective variety. If the ample cone
Amp(X) has rank greater than 1 (and hence dim X > 2), the slope-stability of a sheaf .7
depends on the choice of an ample ray. If X is a surface, there is a locally finite decomposition
Amp(X)g into chambers defined by rational walls such that slope-stability is the same for ample
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classes belonging to the same open chamber. One important feature is that the walls depend
only on the Chern character of .%.

If dim X > 3, the picture is more intricate in general; see, for example, [GRT19].
In the present section, we show that if X is a HK variety and .# is a modular sheaf, then
there is a decomposition of Amp(X)gr as if X were a surface.

DEFINITION 3.1. Let a be a positive real number. An a-wall of Amp(X)g is the intersection
A A Amp(X)g, where \ € H%’I(X), —a < gx (M) < 0 and orthogonality is with respect to the
BBF quadratic form gx.

As is well known, the set of a-walls is locally finite; in particular, the union of all the a-walls
is closed in Amp(X)g.

DEFINITION 3.2. An open a-chamber is a connected component of the complement (in Amp(X)g)
of the union of all the a-walls.

DEFINITION 3.3. Let X be a HK manifold, and let .# be a modular torsion-free sheaf on X.
Then
r(F)?-d(F)

a(F) = Tox

: (3.1.1)
where d(.%) is as in Definition 1.1.

Below is the first main result.

PROPOSITION 3.4. Let X be a HK variety of dimension 2n, and let % be a torsion-free modular
sheaf on X. Then the following hold:

(i) Suppose that h is an ample divisor class on X which belongs to an open a(.%#)-chamber.
If % is strictly h slope-semistable, there exists an exact sequence of torsion-free nonzero
sheaves

0—8—>F —>9—0 (3.1.2)
such that r(F)c1(&) — r(&)e1(F) = 0.
(ii) Suppose that hy and hy are ample divisor classes on X belonging to the same open a(%)-
chamber. Then % is hg slope-stable if and only if it is hy slope-stable.
Proposition 3.4 is proved in Subsection 3.3.
The next result is about slope-stable sheaves on HK varieties which carry a Lagrangian

fibration.

DEFINITION 3.5. Let X be a HK variety equipped with a Lagrangian fibration 7: X — P™, and
let f:=7m*c1(Opn(1)). Let a be a positive integer. An ample divisor class h on X is a-suitable if
the following holds. Let A € H%’I(X) be a class such that —a < gx(A) < 0; then either gx (A, h)
and gx (A, f) have the same sign, or they are both zero.

Notice that the notion of a-suitable depends on the chosen Lagrangian fibration.

ProposiTION 3.6. Let m: X — P" be a Lagrangian fibration of a HK variety of dimension 2n.
Let % be a torsion-free modular sheaf on X such that sing % does not dominate P". Let h be
an ample divisor class on X which is a(.%)-suitable. Then the following hold:

(i) If the restriction of F to a generic fiber of  is slope-stable, then % is h slope-stable.
(ii) If F is h slope-stable, then the restriction of ¥ to the generic fiber of 7 is slope-semistable.

Proposition 3.6 is proved in Section 3.5.
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3.2. Change of slope-stability and strictly semistable sheaves. Suppose that & and .%
are sheaves on an irreducible smooth variety X. We let

Aoz = (r(F)e1(8) —r(8)er(F)) e H(X;Z). (3.2.1)
LEMMA 3.7. Let (X,h) be a polarized HK variety, and let & and .# be nonzero torsion-free
sheaves on X. Then
(1) pn(&) > pn(F) if and only if qx (Ag 7, h) > 0;
(i) pn(&) = pp(F) if and only if qx (Mg #,h) = 0.

Proof. Let 2n be the dimension of X. We have uy (&) > p,(F) if and only if § Mg # — h?"1 >
0, and by Fujiki’s formula, this holds if and only if

X (2n — 1)” . qX()\(g’7L92,h) . qX(h)nil > 0.
Item (i) follows because cx > 0 and gx(h) > 0.

We have py(&) = pp(F) if and only if { Ae 7 — h?"1 = 0, and hence item (ii) follows
again by Fujiki’s formula. O

ProprosITION 3.8. Let X be a HK variety, and let hg and hy; be ample divisor classes on X.
Suppose that % is a torsion-free sheaf on X which is hg slope-stable and not hy slope-stable.
Then there exists an h € (Q4+ho + Qyh1) such that .Z is strictly h slope-semistable, that is, F
is h slope-semistable but not h slope-stable.

Proof. Lemma 3.7 allows us to reproduce the proof of the analogous statement valid for surfaces
(see [HL10]). Let S < ([0,1] n Q) be the set of s for which there exists a subsheaf & c % with
0 < r(&) < r(F) such that

gx(Ae,z,(1 —s)hg+ sh1) =0. (3.2.2)
Then S is nonempty and finite. In fact, by hypothesis, there exists an h; destabilizing subsheaf
& c #.Thus 0 < r(&) < r(F), and gx(Ag,#z,h1) = 0 by Lemma 3.7. On the other hand, by
the same lemma, gx(Ag #,ho) < 0 because .Z is hg slope-stable. It follows that there exists an
s € [0,1] n Q such that (3.2.2) holds; that is, S is not empty.

In order to prove that S is finite, assume that (3.2.2) holds. Since .# is hg slope-stable,
gx(Ae,z,ho) < 0. By the linearity of ¢x (s 7, ), we get that gx(Ag #,h1) = 0. By Lemma 3.7,
it follows that

Hhy (éa) Z fhy (9) : (323)
The set of subsheaves & < . such that (3.2.3) holds is bounded (see [HL10, Lemma 1.7.9]); that
is, up to isomorphism, each such sheaf belongs to a finite set of families, each parametrized by an

irreducible quasi-projective variety. It follows that S is finite because the values of gx (¢ #, hi)
for i € {0,1} are constant for sheaves & parametrized by an irreducible variety.

Since S is finite, there is a minimum s, call it sp;y, such that (3.2.2) holds for some subsheaf
& < F with 0 < r(&) <r(F). Clearly .7 is strictly (ho 4+ Sminh1) slope-semistable. O

3.3 Strictly semistable modular sheaves
LEMMA 3.9. Let

0—&—% —9—0 (3.3.1)
be an exact sequence of sheaves on a smooth variety. Then
r(F) - r(9)AE) +r(F) -r(E)A(Y) =r(&) - r(9)A(F) + )\%ﬂf}; (3.3.2)
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Proof. This follows from the additivity of the Chern character and the second equality in (1.2.1).
O

PROPOSITION 3.10. Let (X, h) be a polarized HK variety of dimension 2n. Let % be a torsion-free
modular strictly h slope-semistable sheaf on X, and let

0—8—>F —>9Y—0 (3.3.3)
be an exact sequence of nonzero torsion-free sheaves which is h slope-destabilizing; that is,
(&) = pun(F). Then

—a(F) < qX()\g’g) <0. (3.3.4)
Moreover, gx (Mg, #) = 0 only if Ae 7z = 0.

Proof. Since the exact sequence in (3.3.3) is destabilizing, gx(A¢, #,h) = 0 by Lemma 3.7. Since
the BBF form on NS(X) has signature (1, p(X) — 1), it follows that ¢x(As, #) < 0 with equality
only if A¢ # = 0. (Recall that gx(h) > 0 because h is ample.)

We are left with proving the second inequality in (3.3.4). Hence we assume that gx (Ag,#7) < 0.
Cupping both sides of the equality in (3.3.2) by h?"~2 and integrating, we get (here we use the
hypothesis that .% is modular)

j H(F) - @D)AE) — B ¢ J r(F) - r(E)AG) — 12
X X

=r(&)-1r(9)-d(F) - (2n —3)Mgx ()" +ex -axNe.z) - (2n —3)gx (R)"L.  (3.3.5)

By hypothesis, pup (&) = pp(F) = pp(¥). Since Z is h slope-semistable, it follows that & and ¢
are h slope-semistable torsion-free sheaves. Thus

f A(E) = B2 0, f A@) — b2 50
X X

by Bogomolov’s inequality, and hence (3.3.5) gives
—r(&) - r(¥) - d(F) < ex -ax(Ne,z7) - (3.3.6)

Dividing by ¢x (which is strictly positive), we see that the second inequality in (3.3.4) follows
from (3.3.6) and the inequality r(&) - 7(¥4) < r(F)?/4. O

3.4 Proof of Proposition 3.4. Item (i) follows from Proposition 3.10. We prove item (ii). By
symmetry, it suffices to show that if .7 is hg slope-stable, then it is hy slope-stable. Suppose that
Z is not hy slope-stable. By Proposition 3.8, there exists an h € (Q+hg + Q4 hq) such that .F is
strictly h slope-semistable. Hence there exists an h destabilizing exact sequence

0—&E—F —>9—0

of nonzero torsion-free sheaves. Since hg and h; belong to the same open a(.%)-chamber, h also
belongs to the same open a(.%)-chamber. Thus, by Proposition 3.10, we get that A\g 7 = 0. It
follows that .# is not hg slope-stable, and that gives a contradiction.

3.5 Stability of modular sheaves on a Lagrangian HK variety

LEMMA 3.11. Let X be a HK variety of dimension 2n equipped with a Lagrangian fibration
m: X — P", and let f := c1(7*Opn(1)). Let .# be a torsion-free sheaf on X, and let & < .F be
a subsheaf with 0 < r(&) < r(.#). Then the following hold:

10
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(i) If, for generic t € P", the restriction F# := 7|, is slope-stable, then
ax(A\s,z, f) <0. (3.5.1)
(ii) If, for generic t € P", the subsheaf &; := ™
ax(Ae.7, f) > 0. (3.5.2)

c %; is slope-desemistabilizing, then

Proof. Let hy := h)x,. We have

| Mt = | et
Xt X

=nlex - ax(h, /)" ax(e g, f) (3.5.3)

In fact, the first equality holds because f™ is the Poincaré dual of Xy, and the second equality
holds by Fujiki’s formula and the fact that ¢x(f) = 0. Items (i) and (ii) follow because cx and
gx(Ox(h), f) are strictly positive. O

Proof of Proposition 3.6. We prove item (i). Suppose that % is not h slope-stable. Let S
([0,1] n @) be the set of s for which there exists a subsheaf & < .# with 0 < r(&) < r(%#) such
that

gx(Ae, 7z, (1 —s)h+sf) =0. (3.5.4)
Let us show that S is nonempty and finite. Since .% is not h slope-stable, by Lemma 3.7 there
exists a subsheaf & ¢ .# with 0 < r(é") < r(F) such that ¢x(Ag #,h) = 0. On the other hand,
by Lemma 3.11, the inequality in (3.5.1) holds. It follows that S is not empty The argument in
the proof of Proposition 3.8 showing that the analogous S is finite also applies in the present
case, and hence S is finite.

Let smin be the minimum element of S. Clearly % is strictly A + sminf slope-semistable.
Let & < .# be a subsheaf with 0 < (&) < (%) which is h + Sminf destabilizing, that is,
gx(Ae, 7z, h + Sminf) = 0. Then —a(.F) < gx(Ae,#) < 0 by Proposition 3.10. On the other
hand, ¢x(A¢ #, f) <0 by Lemma 3.11, and hence gx(Ag #,h) < 0 by our hypothesis on h. This
contradicts the equality gx(Ae,z,h + sSminf) = 0.

Next, we prove item (ii). Suppose that the restriction .#|x, is h; slope-unstable for generic
t € P". As before, let S < ([0,1] n Q) be the subset of s such that there exists a subsheaf & < .7
with rank 0 < (&) < r(.#) for which (3.5.4) holds. We claim that S is not empty and that it
has a minimum (NB: it does not have a maximum).

In fact, since F|x, is h slope-unstable for generic ¢ € P", there exists a subsheaf & < .7
with 0 < (&) < (%) such that & < % is h; slope-desemistabilizing for generic t € P". By
Lemma 3.11, we have ¢x(Ag,#, f) > 0. On the other hand, gx(A¢,#,h) < 0 because .# is h
slope-stable. It follows that S is not empty.

It remains to show that S has a minimum. Suppose that (3.5.4) holds. Since gx(A¢,#,h) <0
(because .# is h slope-stable), we get that gx(Ag #, f) > 0. Hence the sheaves & < . with
0 < r(&) < r(%) such that (3.5.4) holds for some s € [0,1] n Q are exactly those such that

& x, © 7 x, 1s an hy slope-desemistabilizing sheaf of 7| X, for the generic t € P™.

Let )N( X xpn C(P") be the abelian variety over C(P") obtained from X by base change.

We let h be the ample divisor on X determined by h. A subsheaf & < .% on X determines
a subsheaf & — .Z on X.

Then p; (@g ) > '“ﬂ ;}, that is, & is h desemistabilizing for ,}53, if and only if & x, © Z x, 18

an h; slope-desemistabilizing sheaf of .7, X for the generic t € P™. The set of I3 desemistabilizing

11
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subsheaves & < .7 is bounded. Given such a subsheaf, there exists a unique maximal subsheaf
& < F such that & = «. The set S° of s € ([0,1] n@Q) such that (3.5.4) holds for such a maximal
subsheaf is finite (and nonempty) by boundedness. Hence there is a minimum element s?nin of SY.
All other subsheaves & ¢ .% (with 0 < (&) < r(.%)) such that & < . is an  desemistabilizing
subsheaf are contained in a maximal subsheaf &, and the quotient &/& is supported on vertical
divisors (that is, divisors whose image under 7 is a proper subset of P"). It follows that s%. is

min
also the minimum element of S.

The sheaf .7 is strictly ((1 — Smin)h + Sminf) slope-semistable by the minimality of sp,. Let
& < Z be a subsheaf with 0 < (&) < r(.#) such that ¢x(A\e #z, (1 — Smin)h + Sminf) = O.
By Proposition 3.10, either —a(#) < gx(A¢,#z) < 0, or Ag # = 0. The latter does not hold
because gx(A\g 7z, h) < 0 (since .F is h slope-stable). Hence —a(.#) < gx(A¢,#) < 0, and thus
gx(Ae,7, f) < 0 by our hypothesis on h. This contradicts the equality gx (A 7, (1 — Smin)h +
Sminf) = 0. O

4. Stable vector bundles on Lagrangian HK varieties

4.1. Main result. Before stating the main result, we recall that #.* is the moduli space of
polarized HK varieties (X, h) of type K3[2! such that ¢(h) = e and h has divisibility i (see (1.3.1)
and (1.3.2)). Recall that i = 1if e # 6 (mod 8) and i € {1,2} if e =6 (mod 8).

The Noether-Lefschetz divisor .4/ (e) = ¢, parametrizes the (X, h) such that there exists
a saturated rank 2 sublattice <(h, f) c H%’l(X), where f is isotropic and ¢(h, f) = d; see Defini-
tion B.1. Assume that d > 10(e + 1), that e / 2d and that d is even if i = 2. By Proposition B.2,
the divisor ,/Kf(e) is of pure codimension 1 (in particular, nonempty), and there exists an open
dense subset A4 (e)? = A (e) such that the following holds for [(X,h)] € A/ (e)°: there exists
one and only one Lagrangian fibration 7: X — P? (modulo automorphisms of P?) such that,
letting f := m¥c1(Op2(1)), the lattice (h, f) is as above. Below is the main result of the present
section.

PROPOSITION 4.1. Let ag and d be positive integers, and let i € {1,2}. Suppose that e } 2d, that
d is even if i = 2 and that

d > max {3 ag(e +1),10(e + 1)} . (4.1.1)
If [(X,h)] € A,(d)° is generic, the following hold:

(i) Let & be an h slope-stable vector bundle on X such that
(a) a(&) < ag, where a(&) is as in Definition 3.3;
(b) there exists an integer m such that r(&) = (mi)?, ¢1(&) = mh and gcd{mi,d/i} = 1.
Then the restriction of & to a generic fiber of the associated Lagrangian fibration w: X — P?
is slope-stable.

(ii) If .# and ¢ are h slope-stable vector bundles on X such that items (a) and (b) hold for
& =% and & = 9, then for generic z € P2, the restrictions of F and 4 to m'(z) are
isomorphic.

Remark 4.2. Regarding item (b) of Proposition 4.1: according to Proposition 2.3, we always have
r(&) | (mi)?, hence the equality is an extremal case.

12
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4.2 Preliminary results

LEMMA 4.3. Let (A, q) be a nondegenerate rank 2 lattice which represents 0; hence disc(A) = —d?,
where d is a strictly positive integer. Let a € A be primitive isotropic, and complete it to a basis
{a, B} such that q(B) = 0. If v € A has strictly negative square (that is, q(y) < 0), then

2d
1+q(8)°
Proof. There exist integers = and y such that v = za + yf3. Since disc(A) = —¢q(«, 8)?, we have
q(a, B) = d. Thus ¢(v) = y(2dx + q(B)y). Since ¢(y) < 0 and since = and y are integers, we have

0<|z|, 0<|yl <l¢g(y)], 0<[2dz+q(B)y|l<|q(v)|.

q(y) < (4.2.1)

It follows that

2d[x| = q(B)lyl < [2dz + q(B)y] < lg(7)]
because d and ¢(f) are nonnegative. Hence

2d < 2d|z| < q(B)ly| + [2dz + q(B)y| < a(B)la(v)| + la(V)] = (L + q(B))|a(7)]-
Since ¢(y) < 0, this inequality is equivalent to (4.2.1). O

PROPOSITION 4.4. Let (A,0) be a principally polarized abelian surface. Let % be a 0 slope-
semistable vector bundle on A such that ci(.%) is a multiple of § and A(%#) = 0. Then we can
write

r(F)=rim, c1(F)=robomb, (4.2.2)
where rg, m, by are integers, the first two of which are positive, and ged{ro,bo} = 1. If F is
strictly 0 slope-semistable, that is, not slope-stable, then there exists such a decomposition with
m > 1.

Proof. If .Z is slope-stable, then it is simple semi-homogeneous by Proposition A.2, and hence
we may write (4.2.2) with = 1 by Proposition A.3.

Suppose that .% is strictly 6 slope-semistable. Then there exists a destabilizing exact sequence
of torsion-free sheaves
0—Y —>% —H—0 (4.2.3)
with ¢ slope-stable. Notice that ¢ is locally free because 77 is torsion-free.

Let us prove that ¥ is simple semi-homogeneous. Since (4.2.3) is slope-destabilizing,
0<r(¥)<r(Z) and §,\y# — 0 = 0, where Ay » € H?(A;Z) is defined in (3.2.1). Since
F is slope-semistable, .7 is slope-semistable. Thus A(¥) > 0 and A(%) = 0 by Bogomolov’s
inequality. Now look at equation (3.3.2): since §, )‘?4,,? < 0 by the Hodge index theorem, we
get that A(¥) = A(J#) =0 and {, /\?47 7 = 0. In particular, ¢ is simple semi-homogeneous by
Proposition A.2 and 7 is locally free (if it is not locally free, then J#V is a slope-semistable
vector bundle with A(J7Y) < A(2) = 0, but this contradicts Bogomolov’s inequality). The
equality § , )\{2?73; = 0 gives that Ay # = 0 (by the Hodge index theorem). Thus ¢;(¥) is a multiple
of 6, and so is ¢1(J7).

Since the vector bundle .77 is slope-semistable, ¢1 () is a multiple of § and A(J¢) = 0, we
can iterate this argument to get the following result. Let

0O=%<c%< CSY,=F

be a Jordan—Holder filtration (for slope-semistability) of .%. Then for i € {1, ..., m}, the quotient
9,/9;—1 is a simple semi-homogeneous vector bundle and ¢(%;/%;—1) is a multiple of 6. Let

13
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i €{1,...,m}; by Proposition A.3, we may write
r(G/%1) =17, c(%/Gim1) = ribif,
where r; and b; are integers, r; > 0 and ged{r;,b;} = 1. Let 4,5 € {1,..., m}; equating the slopes
of %/%9;_1 and ¥;/9;_1, we get that
i by

bi b (4.2.4)

Ti ]
Since ged{r;, b} = ged{r;,b;} = 1, it follows that 7; = r; and b; = b;. Thus 7(F) = mrg and
c1(F) = mrobof, where rq = r; and by = b; for all i € {1,...,m}. O

COROLLARY 4.5. Let (A,0) be a principally polarized abelian surface. Let % be a 6 slope-
semistable vector bundle on A such that A(F) = 0. If r(F) = r¢ and ¢, (F) = robol), where g
and by are coprime integers, then % is 0 slope-stable.

Proof. The proof is by contradiction. Suppose that % is not 8 slope-stable. By Proposition 4.4,
we may write (%) = s¢m and c¢;(.F) = sopcomb, where sy, m, ¢y are integers (with sg,m > 0),
so and ¢y are coprime and m > 1. It follows that spby = corg. Since ged{rg,bp} = 1 and
ged{sg, co} = 1, we get that 19 = sg and hence m = 1. This gives a contradiction. ]

4.3 Proof of item (i) of Proposition 4.1. First we prove that h is agp-suitable (see Defini-
tion 3.5). First suppose that p(X) = 2, that is, H%’I(X) = (h, f), where f := m¥c1(Op2(1)).
Apply Lemma 4.3 to A := H%’I(X)7 a = fand f = h: by (4.1.1) we get that there are no
e H%’I(X ) such that —ag < ¢(§) < 0. Hence every ample divisor on X is agp-suitable.

Once we know that h on X is ag-suitable if p(X) = 2, it follows that the set of [(X,h)] €
N.4(d)? such that h is not ag-suitable belongs to the intersection of .4.¢(d)? with a finite union
of Noether-Lefschetz divisors in #’. In fact, suppose that h is not ap-suitable on X. Then there
exists a 7y € H%’l(X) such that

—ag < q(7) <0, q(v,h)>0, q(v,f)<O0. (4.3.1)
Let B be the (finite) index of (h, f)@ (¢h, fYY A Hy'(X)) in Hy'(X). Then
7:%+%7 ’}/1€<h,f>, ’)/26<h,f>L. (432)

By the last two inequalities in (4.3.1), we have ¢(y1) < 0. Hence by the first inequality in (4.3.1),
it follows that there exists a positive M independent of (X,h) such that —M < ¢(y2) < 0.
Hence the moduli point of (X, h) belongs to the intersection of .4,*(d)? with a finite union of
Noether-Lefschetz divisors in ., as claimed.

We have proved that if (X, h) represents a generic point of 4.1(d)?, then h is ap-suitable,
and hence a(&)-suitable because a(&) < ag. Let A be a generic (smooth) fiber of 7. By Propo-
sition 3.6, the restriction of & to A is slope-semistable with respect to the restriction of h.

We claim that the hypotheses of Corollary 4.5 are satisfied by # := &]4. In fact, A(F) =0
because & is modular; see Lemma 2.5. Moreover, the restriction of h to A is a multiple of
a principal polarization 6, by [Wiel6, Theorem 1.1]. From the formula § A h? = SX h? — f% =
2q(h, f)? = 2d?, it follows that h|4 = df. Hence (%) = (mi)? and ¢1(F) = m-df = (mi)d/i. It
follows that the hypotheses of Corollary 4.5 are satisfied and hence .Z is slope-stable.

4.4 Proof of item (ii) of Proposition 4.1. For z € P? we let A, := 77 1(2), Z, := 7|,
and 4, := |A.- By item (i) of Proposition 4.1, there exists an open dense U < P? such that for
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z € U, the vector bundles %, and ¥, are both slope-stable. We claim that if z € U, then .Z,
and ¢, are simple semi-homogeneous vector bundles. In fact, they are simple because they are
slope-stable, and they are semi-homogeneous by Lemma 2.5 and Proposition A.2. Let z € U. By
[Muk78, Theorem 7.11], the set

={[f]le A) | 7. =9, ®¢}

is not empty, and hence it has cardinality 7(%4)? by Proposition 7.1 in op. cit. Clearly V, is
invariant under the monodromy action of 71 (U, z). Now notice that V, < A,[(mi)?] because
Z, and ¥4, have rank (mi)? and isomorphic determinants. Hence by Corollary B.5, we have
V. = A[mi]. Thus 0 € V, and therefore .#, ~ ¥,.

5. Basic modular sheaves on Hilbert squares of K3 surfaces

5.1. Main results. Let S be a smooth projective surface. Let X,,(S) — S™ be the blow-up of
the big diagonal, that is, the nth isospectral Hilbert scheme of S; see [Hai0l, Definition 3.2.4
and Proposition 3.4.2]. The complement of the big diagonal in S™ is identified with a dense
open subset U, (S) of X,(S), and the natural map U,(S) — S[" extends to a regular map
p: Xn(S) — S (this follows from [Hai0l, Proposition 3.4.2]). Let 7: X,,(S) — S™ be the blow-
up map. We let ¢;: X,,(S) — S be the composition of 7 and the ith projection S™ — S. Given a
locally free sheaf .# on S, let

Xn(F) =g (F) Q- ®qu(F).

The action of the symmetric group .%, on S™ by permutation of the factors maps the big diagonal
to itself and hence lifts to an action py,: .7, — Aut(X,(5)). The latter action lifts to a natural
action p on X, (.#). There is also a twisted action p,, = p X, where X: n — {£1} is the
sign character. Since p,, maps to itself any fiber of p: X,,(S) — , the action pF descends to
an action p: .7, — Aut(p. X, (F)).

DEFINITION 5.1. Let Z*[n] < p.X,,(F) be the sheaf of .7, -invariants for pi-.
Below is the first main result of the present section.

PROPOSITION 5.2. Let S be a projective K3 surface, and let .% be a locally free sheaf on S such
that x(S, End(F)) = 2. Then Z[2]* is a locally free modular sheaf of rank r(.%#)?, with

r(ZRI5)(Z12]F) - 1)

A(Z[2]Y) = T ca (S (5.1.1)
d(F[2)F) =5- (T(‘im)) , (5.1.2)
o(F[2)) = gr(%ﬁ(r(%? ). (5.1.3)

(Recall that d(&) is defined by the equality in (1.2.2).)

The proof of Proposition 5.2 is given in Subsection 5.4.

Remark 5.3. If S is a K3 surface and . is a locally free sheaf on S such that x(S,End(.%)) + 2,
then .Z[2]* is not modular.

The second main result of the section is the following.
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PROPOSITION 5.4. Let S be a projective K3 surface. Let ¥ be a locally free sheaf on S which
is spherical, that is, such that h?(S,End’(F)) = 0 for all p, where End"(.#) < End(.%) is the
subsheaf of traceless endomorphisms. Then for all p, we have

h? (S End® (#[2]%)) = 0. (5.1.4)

The proof of Proposition 5.4 is in Subsection 5.5.

Below is a remarkable consequence of Proposition 5.4.

COROLLARY 5.5. Let S be a projective K3 surface, and let # be a locally free sheaf on S
which is spherical. Then the natural map between deformation spaces Def (S (2, 7 [Q]i) —

Def (5[2], det #[2]%) is smooth.

Proof. This follows from Proposition 5.4 and the main result of [IM19]. O

5.2. Another description of .Z[2]*. A different definition of the sheaf .#[2]~ was given
in [DHOV20]. Here we recall that construction, and we give the analogous construction of Z#[2]*.

The isospectral Hilbert scheme X5(.S) is the the blow-up of the diagonal in S x S; we will

denote it by @ Let E be the exceptional divisor of the blow-up map 7: Sx8 — 52, and
let e € H? (S X S) be its Poincaré dual. We let 75: E — S be the restriction of 7 to E. Let

L€ Aut (m) be the involution lifting the involution of S? exchanging the factors. Then S[?! is
the quotient of SxS by the group {¢), and p: S xS — S is the quotient map. We recall that
the map ¢;: S x S — S for i € {1,2} is the composition of 7 and the ith projection S x S — S.

The natural map f*: p* (55 [2]—) — ¢ ¥ ®q; F is an isomorphism away from E; in particular,

it is injective because p* (9’ [2]1’) is torsion-free. In order to write out the cokernel, we notice

that there are surjective morphisms

FRGF Yo i Syl T, i F Qi F o TENT (5-2.1)
obtained by evaluating along F and then pr(zje\ct/ing onto the symmetric/antisymmetric part of
(7 Q¢GF)|E=15(F @.F). Let v: E — S x S be the inclusion.
PROPOSITION 5.6 ([DHOV20, Lemma 4.2]). The sheaves .7 [2]* are locally free of rank r(%)?,

and the following are exact sequences:

f+

0— p*(Z[2]") IS¢ Z7¢7 S (N2F) — 0, (5.2.2)
0— p*(Z[2]7) L, GFReGF s LeTh Sym2.Z — 0. (5.2.3)

Proof. Away from E, the sheaves 47} ( /\QJ) and 14T Sym2.Z are zero and the maps f* are
isomorphisms. Hence (5.2.2) and (5.2.3) are exact away from E. In particular, .#[2]* is locally
free of rank r(%)? away from E.

Let z € E; then the subscheme y := p(x) < S is nonreduced, and hence it is supported at
a single point yreq. Let h € 05z  be alocal generator of the ideal of E. Let # (yreq) be the fiber

of .Z at Yred. The 1 eigenspaces for the action of p3 on ps«(¢f-F ® ¢5.F ), are, respectively,

2
(Sym2 ﬂ(yred) ® ﬁs[Q],y) @® (/\ <gs(yred) ® 65[2] o h)
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and
2
</\ 7 (Yrea) ® ﬁS[Q]y) ® (Sym® F (yrea) ® Oz - h).

Thus .7 [2]} is free of rank r(.%)?, and we get that (5.2.2) is exact at x. Since the + eigenvalues
of the action of p, are the F eigenvalues of the action of pj, we also get that Z[2]; is free of
rank r(.%)? and that (5.2.3) is exact at z. O

5.3. Preliminaries on K3[™. Let p,: H?(S) — H? (S[”]) be the composition of the natural
symmetrization map H2(S) — H?(S™) and the pull-back H2(S™) — H?(S") defined by the
Hilbert—Chow map S — §()_ Let Al"l < §[7] be the prime divisor parametrizing nonreduced
subschemes. The class cl (A[n]) is divisible by 2 in the integral cohomology of S[™: let 6, €

H%’l (S ["]) be the unique class such that 24,, = cl (A[”]). We have an orthogonal decomposition
for the BBF quadratic form

H*(SM:2) = pn (H?(S;2)) @ Z6,, -
Let ¢ be the BBF form of SI"). Then for o € H?(S), we have

4(pn(@) = LQZ’ Q0m(@),6.) =0, q(6,) = —2(n—1). (5.3.1)

We will deal with S, In order to simplify notation, we will drop the subscripts of da and ps.

We go through a few formulas that will be needed in the proof that .#[2]* is a modular sheaf.
Let n € H*(S;Z) be the orientation class. We claim that

P (wp(cr(F)) —yd) = z(qier(F) + gyer(F)) — e, (5.3.2)

p¥ea(S) = 24(gin + ¢in) — 3€%. (5.3.3)

In fact (5.3.2) follows directly from the definitions, and (5.3.3) is the last equation in [DV10,
Proof of Lemma 4.5, p. 84]. Equation (5.3.3) gives

j 02(5[2])2 = 828, J 02(5’[2]) — a?=30¢(a), ac H2(S[2]). (5.3.4)
St S[2]

LEMMA 5.7. Let S be a K3 surface. Let o € H?(S), and let o® = 2mgn. Then

2(¢fn — Ga+qfa—an) + (dfa+ ga) — > =0. (5.3.5)

Proof. Since the cohomology of S x § has no torsion, it suffices to check that the cup product
on the left-hand side of (5.3.5) with any class in H> (m) vanishes. Thus we must take the
cup product with g3, where i € {1,2} and 8 € H%(S), and with e. The easy computations are
left to the reader. O

5.4 Chern classes of .7[2]*

PROPOSITION 5.8. Let S be a K3 surface, and let % be a locally free sheaf of rank vy on S such

that x(S,End(F)) = 2. Let h* € Hg' (S?) be defined by

ro F1
2

b = p(er (F)) — J. (5.4.1)
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Then
cho (Z[2]F) =17, (5.4.2)
Ch1 (3?[2]i) = ’I“QI’Li 5
chy (F[2]*) = %(hi)Q - 7”32; Loa(s12)). (5.4.4)

Proof. Of course (5.4.2) needs no proof. Let chi(.#)? = 2mgn, where n € H*(S;Z) is the ori-
entation class. Since x(S,End(.%#)) = 2, the Hirzebruch-Riemann-Roch (HRR) theorem gives
that

2rg cha(F) = chy (F)* = 2(r§ — 1)n = (2mo — 2(r§ — 1))n. (5.4.5)

A straightforward computation shows that
(ro  1)*
5 .
Since the pull-back p*: H(S[g];Z) — H? (m, Z) is injective, we work on SxS. By (5.2.2)
and the Grothendieck—Riemann-Roch (GRR) theorem, we have
p* ch(Z[2]")
= qi ch(F) - g5 ch(F)

i (Tg <(’;’> 4 (ro — 1) chy (F) + (ro — 2) cha(F) + ;chl(f;)?)) . <1 LU 163>

2mo = q(h*) + (5.4.6)

2 6 24
= ¢f (ro + chy(F) + cha(F)) - ¢5 (ro + chy (F) + cha(F))

oLt ls 1.4
(e 5¢ —I—Ge 246). (5.4.7)

(The cup product is denoted by - in order to save space.) Equation (5.4.3) for .Z[2]" follows at
once. Using (5.4.5), we get that

1
p*ehy (Z[2%) = = (r§ = 1)(afn + @) + 5 (af cha(F) + g5 chi (£)°)
-1 1
o () g3 () - e gt (P + g () + 5 (7).
By (5.3.2) and (5.3.3), we get that (5.4.4) holds for Z#[2]*.
The computations for .#[2]~ are similar. O

Now we prove Proposition 5.2. The sheaf .#[2]* is locally free of rank 7(.#)? by Propo-
sition 5.6. Equation (5.1.1) holds by Proposition 5.8. It follows that .Z#[2]* is modular (see
Remark 1.2). Equations (5.1.2) and (5.1.3) follow from (5.1.1) and the second equality in (5.3.4).

5.5 Cohomology groups via the MacKay correspondence. We keep the notation in-
troduced in Subsection 5.2. In particular, 7: S x .S — S? is the blow-up of the diagonal and
p: 8§ x 8§ — SPlis the quotient map for the action of Z/(2) on S x S which lifts the permu-
tation action on S2. Let D%/(Q) (52) be the bounded derived category of the (abelian) category

of Z/(2)-equivariant coherent sheaves on S2. By the MacKay correspondence proved by Haiman
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and Bridgeland-King-Reid, the functor
pe/® o7 DY) (8%) — DY(S) (5.5.1)

is an equivalence; see [Krul8, Proposition 2.8|. (Here p%/ @) is the derived functor of the functor
Coh (S x §) — Coh (S'?) mapping .Z to the Z/(2)-invariant subsheaf of p,(.%).) We have

where a is the sign representation of Z/(2). It follows by the Kiinneth formula that
Ext* (1, 7%) ~ Bxt* (F22, 75927 C) ~ gym?(Ext*(F,.7)). (5.5.3)

We now prove Proposition 5.4. Since H?(S,End(.#)) = HP(S,End’(%)) @ HP(S, Os) and S
is a K3 surface, the cohomology space Ext?(%#,.%) is 1-dimensional if p € {0,2} and vanishes
otherwise. Hence

Sym? (Ext*(.#,.%)) = Sym? (C[0] ® C[-2]) = C[0] ® C[-2] ® C[-4]. (5.5.4)
By (5.5.3), we get that HP (5[2], End(%)) is 1-dimensional if p € {0,2,4} and vanishes otherwise.
Proposition 5.4 follows because hp(S[Q], ﬁs[z]) =1 for p € {0,2,4} and HP(S[Q],End(,?i)) =
HP (S End" (%)) @ HP (SB], 61a).

6. Basic modular sheaves on the Hilbert square of an elliptic K3 surface

6.1. Contents of the section. We will study the vector bundle .#[2]" for a spherical vector
bundle .Z on an elliptic K3 surface S with Picard number 2 (analogous results hold for .#[2]7).
Given positive integers e, rg, i satisfying the hypotheses of Theorem 1.4, one can choose suitable S
and .# such that the equations in (1.3.4) hold for & := .Z#[2]*—see Subsection 6.3. Next, notice
that there is a Lagrangian fibration m: S[2 — P? associated with the elliptic fibration S — P
In Subsection 6.4, we analyze the restriction of .#[2]* to (scheme-theoretic) fibers of . The key
result is Proposition 6.7, which states that the restriction to every Lagrangian fiber is simple.
Along the way, we make another key observation: the restriction to a generic Lagrangian fiber is
slope-stable; see Proposition 6.11.

6.2. Elliptic K3 surfaces and stable rigid vector bundles. We recall the notions of Mukai
vector and Mukai pairing for a K3 surface S. If .% is a sheaf over S, the Mukai vector of % is
v(.F) := ch(F) Td(S)"2. Moreover, the bilinear symmetric Mukai pairing {-,-) on H(S) has the
following property: if .% and & are sheaves on S, then

2
(F),v(&)) = —x(F,8) = — Z(—l)idimExti(ﬂ,é"). (6.2.1)
i=0

Let S be a K3 surface with an elliptic fibration S — P!; we let C be a fiber of the elliptic
fibration. The claim below follows from the surjectivity of the period map for K3 surfaces.

CLAIM 6.1. Let mg and dy be positive natural numbers. There exist K3 surfaces S with an
elliptic fibration S — P! such that

Hy'(S)=Z[D]®Z[C], D-D=2mg, D-C=dy. (6.2.2)

The result below provides us with stable vector bundles .% on elliptic K3 surfaces such that
Z[2]* has good properties; see Proposition 6.7.
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PROPOSITION 6.2. Let mg, 19, So be positive integers such that my + 1 = rgsg. Suppose that d
is an integer coprime to rg and that

(2mg + 1)7“8 (r% — 1)
1 )

Let S be an elliptic K3 surface as in Claim 6.1. Then there exists a vector bundle .# on S such
that the following hold:

(i) v(F) = (ro, D, s0).
(ii)) x(S,End(%)) = 2.

do > (6.2.3)

(iii) The vector bundle .# is L slope-stable for any polarization L of S.
(iv) The restriction of Z to every fiber of the elliptic fibration S — P! is slope-stable.
(

Notice that every fiber is irreducible by our assumptions on NS(S), hence the slope-stability of
a sheaf on a fiber is well defined, that is, independent of the choice of a polarization.)

Proof. (i) The Mukai vector v = (19, D, sg) € H(S) has square —2. Let Ly be a polarization
of S. By [Kul90, Theorem 2.1], there exists an Ly slope-semistable vector bundle .7 on S with
’U(ﬁ) = (’r'o, D, 80).

(ii) We have that x (S, End(.%)) = 2 because v(%)? = —2.

(iii) We claim that .Z is actually Lg slope-stable and that it is L slope-stable for any polariza-
tion L of S. This follows from the well-known results on the stability chamber decomposition of
Amp(S), which have been extended to arbitrary HK varieties in Section 3. In fact, v(.#)? = —2
and (1.2.1) give that A(F) = 2(r3 — 1). It follows that a(F) = r3(rg — 1), and hence by
Lemma 4.3 and (6.2.3), there is no a(.% )-wall. Thus there is a single a(.% )-chamber.

(iv) By Proposition 3.6, the restriction of .%# to a generic fiber C' of the elliptic fibration
is slope-semistable (because there is a single a(.%)-chamber). Since dy, which is the degree of
Z|c, is coprime to 1o, which is the rank of .7 ¢, it follows that the restriction of .7 to a generic
fiber C is slope-stable. Suppose that there exists a fiber Cp such that 7|, is not slope-stable.
Then .Z|¢, is slope-unstable because dy is coprime to ro. Let F |, - £ be a desemistabilizing
quotient, that is, 0 < r(%) < r and u(%) — u(F|c,) < 0. Let & be the elementary modification
of .# associated with the quotient %, that is, the (torsion-free) sheaf on S fitting into the exact
sequence

0—&8—F —igsB—0, (6.2.4)
where ig: Cy < S is the inclusion map. Then
v(&)? = v(F)* + 2rg - 1(B) - (W(B) — w(Fic,)) < v(F)? = -2. (6.2.5)

By (6.2.1), it follows that x(&, &) > 2. On the other hand, since & is isomorphic to .# outside Cy,
the restriction of & to a generic elliptic fiber is slope-stable, and this implies that Hom(&', &) =
CIds. By Serre duality, it follows that dim Ext?(&,&) = 1. The last two facts contradict the
inequality x(&, &) > 2. O

6.3. Dictionary. We show that, given positive integers i, e, ro satisfying the hypotheses of
Theorem 1.4, we get a vector bundle & on the Hilbert square of a suitable K3 surface such that
the equations in (1.3.4) hold. First, we need the result below. The elementary proof is left to the
reader.
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LEMMA 6.3. Let i € {1,2}. Let e and r¢ be positive natural numbers such that ro =i (mod 2)
and (1.3.3) holds. Let
—1)2
§+ (TO4) if r¢ is odd,
—1)2
e (o—17°
8 4
(mg is an integer by (1.3.3).) There exists an integer sg such that mg + 1 = rpsg.

mo = (6.3.1)

if o is even

Let 4, e, 9, mo be as in Lemma 6.3. Suppose that dy is an integer coprime to rg such
that (6.2.3) holds. Let S be an elliptic K3 surface as in Claim 6.1, and let .%# be a vector bundle
on S as in Proposition 6.2 (it exists by Lemma 6.3). Let & := .Z#[2]", and let h™ be as in (5.4.1).
Lastly, let

h:=1ih". (6.3.2)
PROPOSITION 6.4. Keeping the notation and hypotheses as above, the following hold:

(i) The cohomology class h is primitive, q(h) = e, and q(h, H*(X;Z)) = (i),
(ii) The values of r(&), ¢1(&) and A(&) are given by (1.3.4).

Proof. Item (i) holds because cl(D) is primitive and by equation (5.4.6). Item (ii) follows from
equations (5.4.2)—(5.4.4) and straightforward computations. O

Remark 6.5. In Proposition 6.4, we have set & := .Z#[2]*. One gets an analogous result letting
& = Z[2]~ (one needs to replace §(ro — 1)? with 1(ro + 1) in (6.3.1)).

6.4 Restriction of .#[2]* to Lagrangian fibers
DEFINITION 6.6. If § — P! is an elliptically fibered K3 surface, the associated Lagrangian fibra-
tion is the composition

s 5@, (1)@ ~ p2, (6.4.1)
In the present subsection, we prove the following result.

PROPOSITION 6.7. Let S be a K3 surface with an elliptic fibration S — P! as in Claim 6.1, and
let w: SI2I — P2 be the associated Lagrangian fibration. Let .# be a vector bundle on S as in
Proposition 6.2. Then the restriction of % [2]* to every (scheme-theoretic) fiber of 7 is simple.

The proof is given at the end of the subsection.
Let S and 7: SI21 - P2 be as in Proposition 6.7. We describe the fibers of .

For z € P!, we let C, be the fiber over z of the elliptic fibration S — P'. The set-theoretic
fibers of w are as follows:
Cx1 X ng if I =+= o,

Nz + x9) =
(71 + 22) c?y P(Ogc,) ifr=z2=12x.

As is easily checked, the fiber is reduced if z1 # x3. On the other hand, the fiber over 2x is not
reduced. In order to prove this, we introduce some notation. Let VI[2 = S[2 be the prime divisor
parametrizing vertical subschemes Z (that is, such that the scheme-theoretic image f(Z) is a
reduced point), let ALl = S be the prime divisor parametrizing nonreduced subschemes, and

(6.4.2)

let D@ (Pl)(2) be the prime divisor parametrizing multiple O-cycles 2.
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PROPOSITION 6.8. Let S be a K3 surface with an elliptic fibration S — P! as in Claim 6.1. With
notation as above, we have the equality of (Cartier) divisors m* (D(Q)) =2vI2 4 AP

Proof. By the set-theoretic equality 7 (D(2)) = V21U AR there exist positive integers a and b
such that 7* (D(Q)) — aV12l + bAZl, We have a commutative square

Sx &L sl
P! x P 2 P2
Let VI2I .= pil(VP]), and let Diagp: be the diagonal of P! x P!. The proposition follows from
the equalities
aV? 4+ 2E = p* (z* (DP)) = 7 (p* (DP)) = 7*(2Diagp: ) = 2V + 2E . O
p D gp

COROLLARY 6.9. Keep the hypotheses and notation as in Proposition 6.8. Let £ be the line
bundle on S such that ¢;(.%) = 6. Let x € P', and let Z, = n~(2x) be the schematic fiber
of w over 2x. Then

jZ;Ed/ZI\Cg(DQ) = ﬁcg(f) (_Eax) ® (%Cf)) s (644)

where 2, := {2p | pe C,} ¢ Cg(cz). In particular, the restriction homomorphism Oz, — O y:ea fits

into the exact sequence

0— 0, (-E:) ® (iﬂcg(cz)) — Oz, —> Ozrea — 0. (6.4.5)

Proof. 1t suffices to prove that (6.4.4) holds because the kernel of the surjection 0, — O grea is
equal to the left-hand side in (6.4.4). By Proposition 6.8, we have

ngng/ZﬂC’g(f) = Ogl2) (—V[Q] — A[Q])wg) . (6.4.6)

We have
Osiz) (—A[Q])wy) = 0@ (=Eq). (6.4.7)
On the other hand, Proposition 6.8 gives that
Ogr21 (2VIH) = Ogpay (m*DP — AP = 7% (052 (2)) @ 272
Since H'(S;Z) = 0, it follows that Og2) (V[z]) >~ 1% (0p2(1)) ® £~ L. Since the restriction of
w(c1(Op2(1))) to c? is trivial, we get that

ﬁs[z] (—V[Q])log(cz) = .:Eﬁc,gm .

Hence (6.4.4) follows from (6.4.6), (6.4.7) and (6.4.8). O

(6.4.8)

For z € P!, let %, := ﬁ]cz. If 21 4+ x9 € P!, then the restriction of .Z to W71($1 + x9) 18
equal to .#;, [X1.%,,. Thus we need the following result.

PROPOSITION 6.10. Let Cj, for i € {1,2}, be polarized irreducible curves, and let D be an ample
divisor on Y := Cq x Cy such that

c1(Oy (D)) = mipi Oy, (p1) + map3c1(Oy, (p2)) (6.4.9)

where p;: Y — C; is the projection and p; € C;. Let ¥; be a slope-stable vector bundle on C; for
i€ {1,2}. Then 1 X ¥2 is D slope-stable.
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Proof. The proof is by contradiction. Suppose the contrary. Then there exists an injection a: & —
71 X] #2 with torsion-free cokernel such that 0 < r(&) < r(#1 X #3) and

up(&) = pp(N1 K 72) .- (6.4.10)

Let p; € C; be generic; the restrictions of o to {p1} x Co and C; x {p2} are injective maps of
vector bundles (that is, injective on fibers). We have

1o(&) = map(&icy x (py}) + M1l 1y %) - (6.4.11)

On the other hand,
up (V18 72) = mop(¥1) + mip(72) . (6.4.12)
Since the restrictions of #1 X %5 to C1 x {p2} and {p1} x Cs are isomorphic to the polystable vector
bundles % ®c C""2) and ¥ ®c C""1), respectively, it follows from (6.4.10), (6.4.11) and (6.4.12)
that 1(&ioy xipey) = w(71) and p(&jgpyxc,) = u(%2). In turn, these equalities give that there

exist vector subspaces 0 = A « C"("2) and 0 + B < C""") such that Sl x{pz} = 71 ®c A and
Elpryxc, = B®c ¥5. It follows that Im a = #] [X] #5. This gives a contradiction. O

PROPOSITION 6.11. Let S be a K3 surface with an elliptic fibration S — P! as in Claim 6.1,
and let Z be a vector bundle on S as in Proposition 6.2. If x1 # x, the restriction of F[2]*
to 71 (x1 + 22) = O, x Cy, is slope-stable for any product polarization, and it is a simple
semi-homogeneous vector bundle.

Proof. We have
F 2]t > Fyy ¥ Ty (6.4.13)

|7* (z1+22)
By Proposition 6.2, both .%,, and .%,, are slope-stable. Hence the statement about slope-stability
follows from Proposition 6.10. Of course, this implies that the restriction of .Z[2]* to 7~ !(z1 +
x2) = Cy, x Cy, is simple. Moreover, it is semi-homogeneous because every stable vector bundle
on an elliptic curve is semi-homogeneous. (One could argue that the discriminant vanishes by
Lemma 2.5 and conclude by Proposition A.2.) O

For z € P!, let N P(Ogc,) ALl and let O \121(1) be the dual of the tautological line
subbundle Ag]. Let 7: Ag[f] — (' be the restriction of the Hilbert—Chow map.
LEMMA 6.12. Let S be a K3 surface with an elliptic fibration S — P!, and let .% be a vector
bundle on S as in Proposition 6.2. Let x be a regular value of the elliptic fibration. Then

2
§[2]+A£2] ~ (ﬁAg](l)@gT;/\%) @7 (Sym® 7,), (6.4.14)

lle

2
Z12] \z (O (1) @77 Sym® ) @ 7 ( JAN q), (6.4.15)

and the space of traceless endomorphisms of .7 [Q]IiA[Q] has dimension 1.

Proof. The proofs for .#[2]* are similar. We provide the proof for . [2]*. Restricting the defining
exact sequence (5.2.2) to E, we get the exact sequence

2
0—>7’E</\§>®ﬁE(—E)—>ﬁ[2]|E—>TE(Sym2§)—>(), (6.4.16)
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Restricting the exact sequence in (6.4.16) to Ag[f], we get the exact sequence

2
0—> T;</\%> ® 0, (1) — 9*[2]‘1[2] R m*(Sym* Z,) — 0. (6.4.17)

We claim that this exact sequence splits. The extension class belongs to

2
H! <A£2]7T;<Sym2 Ty @/\ﬁx> ® ﬁAg](l)>. (6.4.18)

We compute this cohomology group via the Leray spectral sequence of 7. Since (Sym2 F)
® /\2 933) ® RITL*@A[Q] (1) = 0, it suffices to show that

2
H* <Cx, <Sym2 FY ® /\3%) ®Tx,*ﬁAg](1)>

2
— H! <Cx, (Sym2 7Y ® /\%) ® @goz) —0. (6.4.19)
Since C,, is smooth, the sheaf @§| ¢, has afiltration with associated graded the direct sum of two

copies of O¢,. Hence the vector bundle appearing in (6.4.19) has a filtration whose associated
graded is the direct sum of two copies of Sym? Ty ® /\2 Z:. The latter vector bundle has no
nonzero section because it is slope-stable of slope 0. By the HRR theorem, it follows that

2 2
H° (Cz, <Sym2 N ®/\%> ®@§|cz> =H' (va (Sym2 Ty ®/\%> ® @§|0z> =0.

Hence the extension group in (6.4.18) vanishes.

The result about traceless endomorphisms of .# [2]\1_A[2] follows from the direct sum decom-
position in (6.4.14) and the vanishing in (6.4.19). O

LEMMA 6.13. Let S be a K3 surface with an elliptic fibration S — P! as in Claim 6.1, and let .#
be a vector bundle on S as in Proposition 6.2. Let x be a regular value of the elliptic fibration. Let

pe: C2 — S12 be the composition of the quotient map Cc? - C’;,(;Q) and the inclusion Cf) — Sl
Then p*.Z[2]* is simple, and hence the restriction of Z[2]* to c? is simple.

Proof. The proofs for .7 [2]% are similar. We give the proof for .7 [2].

Let gz, 7r:: C2 — C; be the two projections, and let Diag, = C? be the diagonal. By the
exact sequence in (5.2.3), we have the exact sequence

2
0— phZ2]" — 3T @75F0 =5 )\ FuiDiag, — 0- (6.4.20)

It follows that we have the exact sequence

* Z[2]* % Sym? .7, s 0 6.4.21
[] —oym </’m|D13ng—) . ( )

0 — ¢} 7> ® 11T ® Ocz(~Diag,) = pl
Notice that the restriction of A to Diag, is identified with the natural map ev}: .%, ® F, —
A?.Z, (notice that the normal bundle of Diag, in C2 is trivial because C, is an elliptic curve);
in particular, its image is /\2 F. (we identify Diag, and C). Equivalently, the restriction of the

exact sequence in (6.4.21) to Diag, gives rise to the exact sequence

N
0— A\ Fo — PiF[2) py. = Sym® F, — 0, (6.4.22)
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which is split by Lemma 6.12. Now let ¢ be an endomorphism of p*.%[2]*. The restriction of
¢ to Diag, preserves the exact sequence in (6.4.22) because the vector bundles Sym?.%, and
/\2 Z, are slope-stable of equal slopes. It follows that ¢ induces an endomorphism of the kernel
of evy, that is, of g5 7, ® 1} %, ® Oc2(— Diag,). Since .7, is simple, the latter is a simple sheaf.

It follows that ¢ is a scalar. O

PROPOSITION 6.14. Let S be a K3 surface with an elliptic fibration S — P! as in Claim 6.1,
and let .# be a vector bundle on S as in Proposition 6.2. Let x be a regular value of the elliptic
fibration. Then the restriction of % [2]* to the scheme-theoretic fiber 7=1(2x) is a simple sheaf.

Proof. Let Z, := 7 1(2z) be the scheme-theoretic fiber. By Corollary 6.9, we have an exact
sequence

0— Endo(ﬁ)| c®0 ) (—E@@(Lﬂm@) —> End’(F)7, — End’(F)|zeea —> 0. (6.4.23)

Taking global sections, we get an isomorphism

H°(CP, End’(F), oo ® Ope) (~E0) ® (o)) = H° (CP,End"(F)5,),  (6.4.24)

because of Lemmas 6.12 and 6.13. On the other hand, since
P: (0o (—Ex) ® (£ @) = Ocz(—Diag,),
we have an embedding

H° (ngQ),EndO(ﬁ“)l o2 ® 0.0 (-Ex)® (L)) — H°(C2,End"(p*Z,)(— Diag,)) , (6.4.25)

and the latter vanishes by Lemma 6.13. O

Proof of Proposition 6.7. Let B < P? be the (finite) set parametrizing 2x € (Pl)(z), where x is
a critical value of the elliptic fibration S — P!. Let us prove that if (z1 + z2) € (P*\B), then

R (! (21 + 22), End" y[Q]ﬁ_l(mm)) =0 Vp. (6.4.26)

To see this, first notice that since m=!(z1 + x2) is a local complete intersection with trivial
dualizing sheaf and x (7~ (z1 + 22), End" f[2]5—r|ﬂ_l(m+m)) = 0, it suffices to check that (6.4.26)
holds for p = 0.

If 1 £ x9, then (6.4.26) holds for p = 0 by Proposition 6.11. If 1 = 29 = = and z is

a regular value of the elliptic fibration, then (6.4.26) holds for p = 0 by Proposition 6.14. This
proves that (6.4.26) holds for all (zq + z2) € (P?\B). Since B is a finite set, we get that

RPr. End’ Z[2]* =0, pe{0,1}. (6.4.27)

(See [Muk87, Proposition 2.26].) Now suppose that there exist x1 + x2 € P? such that the
restriction of Z[2]* to 7 ~!(x1 + x2) is not simple. As shown above, such points are contained in
the finite set B, and hence it follows (since the fibers of 7 are surfaces) that R?m, End® (Z[2]%)
is a nonzero Artinian sheaf. By the Leray spectral sequence for w and the vanishing in (6.4.27),
it follows that H?> (S (2] Eng® (ﬂ [Q]i)) #+ 0. This contradicts Proposition 5.4. O

7. Proof of Theorem 1.4 and Corollary 1.7

7.1. Summary. In Subsection 7.2, we prove that if d » 0, there exists an irreducible component
NHd)BY < AH(d), where A (d) < #! is the Lagrangian Noether-Lefschetz divisor defined
in Definition B.1, with the following property: if [(X,h)] € A4./(d)8°°? is generic, there exists
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an h slope-stable vector bundle & on X with chy(&), chi(&), cha(&) given by (1.3.4) whose
restriction to Lagrangian fibers is slope-stable with the possible exception of a finite set of fibers.
We also prove that there exists one component of the relative moduli space of slope-stable vector
bundles on polarized HK varieties parametrized by J#; with chg, chy, chy given by (1.3.4) which
dominates the moduli space ..

In Subsection 7.3, we prove that if [(X,h)] € A.1(d)&°° is as above, there is a single h
slope-stable vector bundle with the relevant Chern character.

In Subsection 7.4, we prove Theorem 1.4 and Corollary 1.7.

7.2. Good vector bundles over Lagrangian HK varieties. Below is the first main result
of the present subsection.

PROPOSITION 7.1. Let i € {1,2}, and let 79 = 2 be such that i = ro (mod 2). Suppose that (1.3.3)
holds, that e y 2d and that
)

d > Erg(rg —1)(e+1). (7.2.1)
There exists an irreducible component A,*(d)&°°d = A, (d), where A, (d) = . is as in Def-
inition B.1, such that the following holds. Let [(X,h)] € A.'(d)8°°? be generic. (Notice that
the hypotheses of Proposition B.2 hold, and hence there is an associated Lagrangian fibration
7: X — P2.) Then

(i) there exists an h slope-stable vector bundle & on X such that (1.3.4) holds, and

(ii) except possibly for a finite set of z € P2, the restriction of & to ©~1(z) is slope-stable for
the restricted polarization.

The proof of Proposition 7.1 is given at the end of the subsection.

Let S be an elliptic K3 surface as in Subsection 6.3, and let us adopt the notation of that
subsection. Let Xy = SI2l, and let & := Z[2]T be the vector bundle on Xy of loc. cit. Let
ho := h, where h is given by (6.3.2). Let C' < S be a fiber of the elliptic fibration, and let
fo :=p(cl(C)). Lastly, let dy be as in (6.2.2), and set

d = ido. (7.2.2)
Then the sublattice { fo, ho) < H%’I(XO) is saturated, and
q(fo) = 07 Q(h(), fO) = d? Q(hO) =e€. (723)

Let m9: Xo — P? be the Lagrangian fibration associated with the elliptic fibration of S; see
Definition 6.6. Notice that fo = c1 (7§ Op2(1)).

Let ¢: 2 — B be an analytic representative of the deformations space of (X, (hg, fo)), that
is, deformations of Xy that keep hg and fy of Hodge type. We assume that B is contractible.
Let 0 € B be the base point; in particular, Xy is isomorphic to ¢~1(0). For b € B, we let
Xy := ¢ 1(b). If B is small enough, then by Proposition 6.7 and Corollary 5.5, the vector
bundle &y on Xy deforms to a vector bundle &, on X, (unique up to isomorphism because
H! (Xo,EndO(é”O)) = 0). Notice that {hg, fo) deforms by Gauss—Manin parallel transport to a
saturated sublattice

Ap =, o) € Hy ' (Xp) - (7.2.4)
Possibly after shrinking B around 0, there exists a map 7: 2 — P? which restricts to a La-
grangian fibration on every X; and is equal to my on Xg. We let 7, be the restriction of 7 to Xj.
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Notice that the fiber of ¢ x 7: 2~ — B x P? over (b, z) is the Lagrangian fiber of X; — P? over z;
we denote it by X .. Of course fi, = ci(n} Op2(1)).

ProposITION 7.2. With the hypotheses of Proposition 7.1, the following holds. For b € B outside
a proper analytic subset, hy is ample and hence [(Xy, hy)] € A.(d), where i = ry (mod 2).
Moreover, &, is hy, slope-stable, and items (i) and (ii) of Proposition 7.1 hold for & = &;.

Proof. Since rg = 2, inequality (7.2.1) implies that d > 10(e + 1). Hence the hypotheses of
Proposition B.2 hold. In the proof of that proposition, we show that h; is ample for b outside a
proper analytic subset of B.

Next we prove that hy is a(&})-suitable; see Definition 3.5. We claim that the hypotheses of
Proposition 4.1 hold with ag = a(&p). This is clear for all the hypotheses, except perhaps for the
inequality in (4.1.1). By Proposition 5.2, we have a(&},) = %rg (’I“(Q) — 1), and hence the inequality
in (4.1.1) follows from (7.2.1).

Since hy is a(&p)-suitable, in order to prove that &, is by slope-stable, it suffices to show that
the restriction to a generic fiber of the Lagrangian fibration is slope-stable; see Proposition 3.6.
This is true for &y by Proposition 6.11. By the openness of slope-stability, it follows that it is
also true for b € B outside a proper analytic subset.

Next we prove that items (i) and (ii) of Proposition 7.1 hold for & = &j.
Item (i) holds by Proposition 6.4.

Let us prove that item (ii) holds. First we notice that for b € B outside a proper closed analytic
subset, the restriction of &} to every Lagrangian fiber is simple. In fact, this holds for b = 0 by
Proposition 6.7, and hence the assertion we made holds by the openness of “simpleness.” Let us
prove that for b € B outside a proper closed analytic subset, the restriction of &, to a smooth
Lagrangian fiber is slope-stable. By Proposition 6.11, the restriction of &j to a generic Lagrangian
fiber is slope-stable, and hence the restriction of &, (for b € B outside . .. ) to a generic Lagrangian
fiber is slope-stable by the openness of slope-stability. By Proposition A.2, we get that the
restriction of &, (for b € B outside . .. ) to a generic smooth Lagrangian fiber is semi-homogeneous.
It follows that the restriction to any smooth Lagrangian fiber is simple semi-homogeneous (note:
the fact that the restriction is simple is crucial). By [Muk78, Proposition 6.16], the restriction
of &, to any smooth Lagrangian fiber is Gieseker—-Maruyama stable and hence slope-semistable.
By Corollary 4.5, it follows that it is actually slope-stable.

Next we claim that the restriction of &, (for b € B outside . .. ) to a generic singular Lagrangian
fiber is slope-stable, except possibly for a finite set of fibers. The singular Lagrangian fibers of X
are parametrized by the discriminant curve of 7, which, for b € B outside a proper closed analytic
subset, is the dual curve of a generic sextic plane curve; see Proposition B.4. On the other hand,
the discriminant curve of 7y is the union of 24 lines (each corresponding to a critical value of the
elliptic fibration) and a conic (the “diagonal”). The restriction of &y to the Lagrangian surface
parametrized by a generic point of one of the lines is slope-stable by Proposition 6.11. By the
openness of slope-stability, it follows that the locus of singular Lagrangian fibers on which &
restricts to a slope-stable vector bundle is nonempty (for b € B outside ...). Since (for b € B
outside ...) the discriminant curve is irreducible, this proves that, with the possible exception
of a finite set of singular fibers, the restriction of &, (for b € B outside ... ) to a generic singular
Lagrangian fiber is slope-stable. O

Proof of Proposition 7.1. Let 2 — T} and 2 — T2 be complete families of polarized HK
varieties of type K3[?! such that (1.3.1) and (1.3.2), respectively, hold—for example, the families
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parametrized by the relevant open subsets of suitable Hilbert schemes. We may, and will, assume
that 7! is irreducible. For t € T, we let (X;, h;) be the corresponding polarized HK variety of
type K312, Let m: T! — % be the moduli map, which sends t to [(X¢, ht)].

By fundamental results of Gieseker and Maruyama, there exists a map of schemes
f: Me(rg) — T (7.2.5)

such that for every t € T?, the (scheme-theoretic) fiber f~1(t) is isomorphic to the (coarse) moduli
space of h; slope-stable vector bundles & on X such that (1.3.4) holds. Moreover, f: (o) — T!
is of finite type by Maruyama [Mar81], and hence f(.#.(ro)) is a constructible subset of T.

By Proposition 7.2, the image of f: .#.(ry) — T contains a nonempty subset of m ! (Jl/el(d))
which is open in the classical topology. Since the image of f is a constructible set, it follows that
it contains a Zariski-open dense subset of an irreducible component of m_l(%i(d)). Since the
image of f is the inverse image of a subset of the moduli map m, it follows that there exists
an irreducible component .4.¢(d)8°°% = _4#/*(d) such that the image of f contains a Zariski-open
dense subset of m™! (A, (d)8°°%). O

Next we state the second main result of the present subsection. Let us agree that a map of
quasi-projective varieties is dominant if the image is Zariski-dense in the codomain (usually, the
attribute dominant is reserved to maps between irreducible varieties).

PROPOSITION 7.3. With notation as above, the map f: #.(rq) — T. is dominant.

Proof. This follows at once from Corollary 5.5. O

7.3. Unicity of stable vector bundles on Lagrangian HK varieties. We will prove the
result below.

PROPOSITION 7.4. Let i € {1,2}. Suppose that ro > 2, that ro = (mod 2), that (1.3.3) holds,
that e t 2d and that

5
d> 175708(7«3 —1)(e+1). (7.3.1)

Let [(X,H)] € A,(d)8°°? be generic, where .4, (d)8°°? is as in Proposition 7.1. Then, up to
isomorphism, there exists one and only one h slope-stable vector bundle & on X such that (1.3.4)
holds.

We first prove the following auxiliary result.

LEMMA 7.5. Let (Y, h) be a polarized irreducible smooth projective variety, and let p: Y — T be
a dominant map to a smooth curve with integral fibers of dimension n. Fort € T, set Y; := p~1(t)
and ht := hyy,. Let # and & be locally free sheaves on Y such that the following hold:

(i) A(F) — "1 =A(G) — hn L.
(ii) The restriction F; := Fy, is hy slope-stable for allt € T'.

(iii) The restrictions #; and %, := 9}y, are isomorphic for generic t € T

Then #; and %, are isomorphic for all t € T'.

Proof. The sheaf £ := Hom,(¥,.%) is torsion-free because ¢ and .# are locally free, and its
fiber over a generic point of T' is 1-dimensional by items (ii) and (iii). Since T is a smooth curve,
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it follows that . := Hom,(¥,.%) is an invertible sheaf. The tautological map ¥ ® p*(.&) — .F
gives rise to an exact sequence
0 —9Y 5% —2——0. (7.3.2)
It suffices to show that 2 = 0. Suppose that 2 #+ 0; we claim that

f AG®p* (L)) — B! > f A(F) — hn L, (7.3.3)
Y Y

In order to prove this, we notice that the (set-theoretic) support of 2 is a disjoint union of fibers
of p, say Yy,,...,Y;,, and that oy : & — % is not an isomorphism if and only if ¢t € {t1,...,t4}.
Thus we have 2 = @, 2;, where the set-theoretic support of 2; is V;,. Let r = 1k(F) = rk(%).
We have

d
A ®p* (L)) = A(F) +2) (rcha(2) — e1(F) — c1(2))) . (7.3.4)
i=1
Let €¢; € Ory; be a local parameter at ¢;. There exist m; > 0 such that (—:Z”L@Z = (. For each t;,
we have a filtration 2 5¢- 2> --- D¢ - 2 =0 and

rcha(2;) — c1(F) — c1(2y)

= i (r chy (ef -9, /et 2;) —c(F) — a (ef et 2;)). (7.3.5)
=1

The sheaf ef - 9; /efJrl - 2; is annihilated by ¢;, hence it is the pushforward of a sheaf on Y;;:
et Qi/efﬂ - Di =iy, % (2i0) -
By the GRR theorem, we get that

Ch2 (thi,* (@z’g)) = i}/}i7* (Cl («Qz,f)) s C1 (ﬂ) ~ C1 (Qi,Z) = Z'y}i’*(l"k (@Zw) /Lfftl C1 (ﬁ\)) .

Hence

J (T‘Chg (ef . Qi/ef-ﬂ : 9@2) — 61(9) ~— C1 (Ee . Qi/elf'*‘l . Qz)) ~ hn_l
Y

_ f (re1 (Zig) — 1k (D) er(F) — Wi (7.3.6)
Y,
We have surjections
®i,
Fle-F —» -2,/ 9, (7.3.7)
S — s,

7
Notice that we may view ¢; ¢ as a map of sheaves on Y;,, namely as ¢; : %, — Eil- By the hy,
slope-stability of .%;, it follows that if
0 <1k (2;0) <7 =rk(F)=1k(¥), (7.3.8)
the integral in (7.3.6) is strictly positive.
_ Let us prove that (7.3.8)7holds if ¢ = 0. The map oy, : ¢4, — %4, is nonzero by hypothesis, and
2;0 = coker(ay,). If rkyti (e@i,o) = r, then oy, vanishes at the generic point of Y;,, and hence it
vanishes at all points of Y3,, which gives a contradiction. Now suppose that rky;, (@i,o) = (, that
is, that a4, is an isomorphism at the generic point. By item (iii), we have ¢1(%;) = c1(%#,), and

it follows that a4, is an isomorphism, which gives a contradiction. We have proved that (7.3.8)
holds if £ = 0.
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If rk (Qi,(]) = 0, then ¢; (@M) is effective, and hence the integral in (7.3.6) is positive or zero,
and if rk (gi,o) =, then %, ~ 2,0, and hence the integral in (7.3.6) vanishes.

By (7.3.4) and (7.3.5), we get that (7.3.3) holds.

Since A(9 ® p*(£)) = A(¥), the inequality in (7.3.3) contradicts item (i). O

Proof of Proposition 7.4. The existence has been proved in Proposition 7.1. Let & be the vector
bundle of that proposition. Then [&] € A (ro).

Now let &/ be any h slope-stable vector such that
Chl(%) = Chl((o@) Vie {0, 1, 2} i (739)

We must prove that <7 is isomorphic to &.

Let 7: X — P? be the associated Lagrangian fibration of [(X,h)]. Since [(X, h)] is a generic
point of A (d)8°°4, the discriminant divisor of 7 is the dual of a smooth plane sextic curve
(see Proposition B.4), and hence it is smooth away from a finite set By < P2. By item (ii) of
Proposition 7.1, there is a finite (possibly empty) set By = P? of z such that the restriction of &
to 771(2) is not slope-stable.

Let z9 € (P*\(Bo u By)). We claim that -1z 18 isomorphic to & -1(,). In fact, let
T < P? be a smooth curve containing zy and intersecting transversely the discriminant divisor
of 7. Thus Y := 77 1(T) is a smooth threefold, and the restriction of m to Y defines a dominant
map p: Y — T. We apply Lemma 7.5 to & := &y and & := oy (the polarization of T is
the restriction of the polarization of X ). Let us check that the hypotheses of that lemma are
satisfied: item (i) holds by (7.3.9), item (ii) holds by item (ii) of Proposition 7.1, and item (iii)
holds by Proposition 4.1. In fact, by that proposition, the set of z € P? such that & 7—1(z) 1S not
isomorphic to & -1(;) is contained in a proper closed subset Z — P2, and hence it suffices to
choose T so that it is not contained in Z. This shows that the hypotheses of Lemma 7.5 hold,
and hence we get that the restrictions of & and &/ to any fiber of Y — T are isomorphic. In

particular, & -1(;,) is isomorphic t0 @15

Let z € (P*\(By u By)). We have proved that | x-1(z) is isomorphic to & -1(,), and hence
in particular @,-1(,) and & -1(,) are slope-stable. Since c1(&) = c1(«), it follows that the
restrictions of & and &/ to ! (P?\(By U By)) are isomorphic; see the proof of Lemma 7.5. By
Hartogs’ theorem, it follows that & is isomorphic to <. O

7.4 Proofs of Theorem 1.4 and Corollary 1.7

Proof of Theorem 1.4. If ro = 1, the result is trivially true, hence we may assume that ro > 2.
Let 2" — T} and 2 — T2 be complete families of polarized HK varieties of type K32 such
that (1.3.1) and (1.3.2), respectively, hold—for example, the families parametrized by the relevant
open subsets of suitable Hilbert schemes. Since %, is irreducible, we may, and will, assume that
T! is irreducible. By passing to normalization if necessary, we may assume that 77 is normal.
For t € T¢, we let (X, h;) be the corresponding polarized HK variety of type K 321, We let
m: T! — 2 be the moduli map, sending ¢ to [(X;, ht)].

Let f: #.(ro) — T be the relative moduli space that we have introduced; see (7.2.5).

By Proposition 7.4, for ¢ in a dense subset of | J,,qm ™" (A, (d)°°?), the preimage f~'(t)
is a singleton. Since Jyy0m ™! (A (d)g°°?) is Zariski-dense in T} (it is the union of an infinite
collection of pairwise distinct divisors), and since f(.#Z.(ro)) is a constructible subset of 77, it
follows that for generic t € T/, the fiber f~!(¢) is a singleton.
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Let [£] be the unique point of f~!(¢) for ¢ a generic point of m™! (A.%(d)&°°?), where d » 0.
Then H? (Xt, End’(& )) = 0 by Proposition 6.7. Hence the last sentence of Theorem 1.4 follows
from upper semicontinuity of cohomology. O

Proof of Corollary 1.7. Since T is normal, it follows by Theorem 1.4 and Zariski’s main theorem
that every fiber of f is either empty or connected.

Now let t € T! be such that (Xy, h;) is isomorphic to (X, h); we identify X; with X. Let
r € f71(t) be the point representing the vector bundle &. Since h? (X7 Endo(g)) = 0, every
irreducible component of .#.(r¢) containing x dominates 7. By Theorem 1.4, there is a single
such component. Hence

X (X,End’(&)) = x (X, End"(¥)), (7.4.1)
where s € T! is generic and ¢ is the unique (up to isomorphism) h; slope-stable vector bundle
on X, such that (1.3.4) holds (with ¢ replacing &).

By (7.4.1) and Theorem 1.4, we get that x (X, End’(¢)) = 0. Now h°(X, End’(&)) = 0 by sta-
bility, hence h*(X, End’(& )) = 0 by Serre duality, and h*(X, End’(& )) = 0 by hypothesis. It fol-
lows that H!(X,End’(&£)) = 0 (notice that H'(X,End’(&£)) is Serre dual to H3(X,End’(&))),
and hence {x} is a component of f~1(¢). Since f~!(¢) is not empty, it is connected, and hence it
equals {z}. This proves Corollary 1.7. O

8. Moduli of DV varieties

8.1. Debarre—Voisin vector bundles. Let X < Gr(6, Vi) be a DV variety, and let
0— Y —>0x®Vig— 2 —0 (8.1.1)

be the restriction to X of the tautological exact sequence of vector bundles on Gr(6, Vip). Thus
r(&) =6 and r(2) = 4.

LEMMA 8.1. Let X be a DV variety, and let h € H%’l(X) be the Pliicker polarization. Then

Chﬂ(g) = %, (812)
chy(2) = h, (8.1.3)
chy(2) = §(1* — o(X)) , (8.1.4)

where nx € H8(X;Z) is the fundamental class.

Proof. The first two equations are obvious, and equation (8.1.4) follows from [DV10, Proof of
Lemma 4.5, second displayed equation after (12), p. 83] (beware that ¢; = ¢;(.Y)). O

Remark 8.2. Let (X, h) be a smooth DV variety. Then ¢(h) = 22, and the divisibility of h is 2,
that is, [(X,h)] € #3. If one sets 1o = 2, @ = 2 and e = 22, then for the vector bundle &,
the equations in (1.3.4) give the same rank, ch; and chy as for the quotient vector bundle 2
described above.

Remark 8.3. Let X be the variety of lines in a smooth cubic fourfold in P(V;). Let
0— .7 — Ox®Vg — 2 —> 0 (8.1.5)

be the restriction to X of the tautological exact sequence of vector bundles on Gr(2, Vs). Hence
the rank of 2 is 4. Let h € H%’I(X ) be the Pliicker polarization. Then (see the equations
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in (2.1.1)) we have

cho(2) =4, chi(2)—h, cha(2) — é(hQ (X)),

Next notice that g(h) = 6 and the divisibility of h is 2, that is, [(X,h)] € . The equations
above show that the Chern character of 2 is identified with the Chern character appearing in
Theorem 1.4 for rg =2, 4 =2 and e = 6.

PropoSITION 8.4. If X is a smooth DV variety with cyclic Picard group, both 2 and ./
(see (8.1.1)) are slope-stable vector bundles.

Proof. Let h € H%’l(X ) be the Pliicker polarization. Let us prove that 2 is h slope-stable.
Suppose that 0 > & — 2 — £ — 0 is a desemistabilizing sequence. Thus 0 < r(«/) < 4,

C1 (;Qf) . h3 h4

DT () > p(2) = — =363, 8.1.6

L () 2 (@)= (816)

and we may assume that 2 is torsion-free. By hypothesis, ¢1(«/) = zh for some x € Z, and
hence x > 1. It follows that ¢1(#) = (1 — z)h. Since 2 is globally generated, so is #. Thus
x = 1, that is, ¢1(#) = 0, and A is trivial because it is globally generated. Hence c¢4(2) = 0.
This gives a contradiction. In fact, following the notation in [DV10, Proof of Lemma 4.5, p. 83],
we let ¢; = ¢;(V). Then (using the formulae in equation (11) of loc. cit.)

c1(2) = ¢t —3c3co + 3+ 2c1e3 — ey = Iy .
An analogous proof gives the slope-stability of .. O
By the openness of slope-stability, we also get the following result.

COROLLARY 8.5. If X is a generic DV variety, both 2 and . are slope-stable vector bundles
(for the Pliicker polarization).

Remark 8.6. Let X be the variety of lines in a smooth cubic fourfold in P(Vs), and let 2 be
the quotient vector bundle appearing in (8.1.5). If Pic(X) is cyclic, one can prove that 2 is
slope-stable by proceeding as in the proof of Proposition 8.4, except that in the end one does not
conclude by a Chern class computation (we have ¢4(£2) = 0). Rather, one shows directly that
there is no trivial quotient 2 — Ox. In fact, assume that there is such a quotient; then there
is a nonzero section of 2V, and one gets that the latter is false by considering the dual of the
exact sequence in (8.1.5).

PROPOSITION 8.7. If X is a generic DV variety, then the map Vio — H°(X, 2) induced by (8.1.1)
is an isomorphism.

Proof. The vector bundle .¥ has no global sections because it is slope-stable (by Corollary 8.5)
with negative slope. Hence it suffices to prove that h%(X,2) = 10. We do this by considering
a K3 surface S as in Claim 6.1 with mg = 3 and large odd dy. The vector bundle .# on S of
Proposition 6.2 has Mukai vector v(.#) = (2, D, 2). We claim that

RS, F) =4, h'(S,#)=0, h*S,F)=0 (8.1.7)

at least for d » 0 and “most” S. In fact, let (S, D’) be a generic polarized K3 surface with D’
of square 6. Then there exists a unique D’ slope-stable vector bundle .#’ on S’ with Mukai
vector (2,D’,2). As is easily checked, h?(S’,.#’) = 4. Since moduli of elliptic K3 surfaces that
we are considering are dense in the moduli space of polarized K3 surfaces of degree 6, we get
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that hY(S,.#) = 4 for “most” S. By the stability of .#, we have h?(S,.%#) = 0. Hence the middle
equality in (8.1.7) also holds because (S5, %) = 4.

Let & := %#[2]*. By definition, there is a canonical isomorphism
H°(SB &) = Sym? H(S, 7),

and hence h (S[Z], é?o) = 10. From the second equality in (8.1.7), we also get that h' (5[2], c%ao) = 0.
Now let Xg := S, and let hg := h, where h is given by (6.3.2). Notice that g(ho) = 22 and the
divisibility of hg is 2.

Let 2" — T be an analytic representative of the deformations space of (Xo, hg). Let t € T
by Proposition 6.7 and Corollary 5.5, there is one and only one vector bundle &; on X; which
is a deformation of &y. By Proposition 7.2, the cohomology class h; is a polarization on X; for
t generic in T, and &; is h; slope-stable. But for ¢ € T' generic, (X, ht) is isomorphic to a DV
variety parametrized by an analytic open subset of P( /\3 Vl{]) Hence &; is isomorphic to the

corresponding quotient DV vector bundle 2; on X; by Theorem 1.4 and Corollary 8.5. Hence
hO(Xy, &) = h9(Xo, &) = 10 because h'(Xg, &) = 0. =

8.2 Proof of Theorem 1.8
Proof. Let d be the degree of the moduli map

Mpy - Ky (8.2.1)

We have d > 1 because the moduli map is dominant. We need to prove that d = 1. Let [(X, h)] €
43 be a generic point. Then there exist [o1], ..., [04] € P( A? Vi) such that the corresponding
polarized DV varieties (Xi,h1)..., (X4, hq) are smooth and all isomorphic to (X, h), but the
PGL(Vip)-orbits of [o1], ..., [04] are pairwise distinct. Let 2; be the DV quotient vector bundle
on X determined by o;. By Corollary 8.5, each 2; is h slope-stable, and hence by Theorem 1.4, all
the 2; are isomorphic to a single vector bundle &. By Proposition 8.7, the surjection Ox, ®Vig —
2; is identified with the canonical map Ox ® H°(X,&) — &. It follows that d = 1. O

Remark 8.8. Let |Ops(3)]/PGL(6) --+ £ be the moduli map one gets by associating with
a smooth cubic 4-fold the variety of its lines. This map is birational by Voisin’s global Torelli
theorem for cubics. Charles [Chal2] inverted the argument: he proved independently that the
moduli map |Ops (3)|/ PGL(6) --+ % is birational and obtained global Torelli for cubic 4-folds
from global Torelli for HK varieties.

Here we notice that Charles’ result can also be obtained arguing as in the proof of Theo-
rem 1.8.

8.3 Relation with degenerate DV varieties. In short, one may approach the subject of
[DHOV20] from the “opposite” direction. That means starting from (X, h,&), where X is of
type K302l (either S (2] for a suitable K3 surface, or a HK variety birational to S [2]), h is a big
and nef class such that ¢(h) = 22 and q(h, H*(X;Z)) = (2), and & is a slope-stable vector bundle
(or more generally a GM stable torsion-free sheaf) such that (1.3.4) holds with 79 = 2. Then
(X, h) should correspond to a degenerate o € /\3 V1o (“degenerate” means that the corresponding
Debarre—Voisin variety is not smooth of dimension 4) if & is not as good as possible, for example
hY(X,&) > 10, or h%(X,&) = 10 but & is not globally generated, or & is globally generated
but the corresponding map X — Gr(6, HO(& )) is not an embedding, or & is not locally free
(one should also take into account the possibility of getting a degenerate o because h is not
ample). An example: in the proof of Proposition 8.7, we discussed a case in which h?(X, &) = 10
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and & is globally generated but the corresponding map X — Gr (6, HY(& )) is not an embedding.
The “inverse” approach should allow us to complete the discussion of the family appearing in
[DHOV20, Section 8|.

Appendix A. Homogeneous and semi-homogeneous vector bundles
on abelian varieties

A.1 Basics. Let A be an abelian variety, and let AY := Pic(A) be its dual abelian variety. For
a€ A, let T,: A— A be the translation by a. For an invertible sheaf £ on A, we let [£] € AY be
its isomorphism class.

DEFINITION A.l. A vector bundle .% on A is homogeneous if T)*% ~ .7 for every a € A. It is
semi-homogeneous if, for every a € A, there exists a [¢] € PicY(A) such that T*.# =~ .F ®¢.

PROPOSITION A.2. Let (A,0) be a polarized abelian variety of dimension n, and let .# be a 6
slope-stable vector bundle on A. If

J A(F) — "2 =0 (A.1.1)
A

(the condition is to be understood to be empty if n = 1), then .# is simple semi-homogeneous.
Moreover, A(Z) = 0.

Proof. Of course . is simple because it is slope-stable.

If n =1, then .% is semi-homogeneous by Atiyah’s classification of simple vector bundles on
elliptic curves.

Suppose that n > 2. By the Kobayashi-Hitchin correspondence, .# has a 6 Hermitian-
Einstein metric, and hence so does the vector bundle End(.%#). Equation (A.1.1) is equivalent to
§ 4 c2(End(#)) — 6" = 0. Since ¢; (End(F)) = 0, the Hermite-Einstein connection on End(.%)
is flat; see [Kob82, Section 4]. Hence End(.%) is homogeneous, and thus .# is semi-homogeneous
by [Muk78, Theorem 5.8].

Since End(.%) is homogeneous, it is a direct sum of vector bundles which have filtrations whose
associated graded bundles are direct sums of a topologically trivial line bundles; see [Muk?78,
Theorem 4.17]. Thus A(%) = co(End(.#)) = 0. O

A.2 Rank of semi-homogeneous vector bundles. The rank of a simple semi-homogeneous
vector bundle with assigned first Chern class is not arbitrary. Below we extend a result of Mukai,
see [Muk78, Theorem 7.11 and Remark 7.13], so that we cover all the canonical polarizations
that occur on Lagrangian fibrations in the known deformation classes of HK varieties with the
exception of OGI10.

PROPOSITION A.3 (Mukai [Muk78]). Let (A,#) be a polarized abelian variety of dimension n.
Suppose that the elementary divisors of 8 are (1,...,1,dy,ds), where dy divides dy. Let F be
a simple semi-homogeneous vector bundle on A such that ¢i(.#) = af. Then there exists a positive
integer ro such that, letting g; := ged{rg,d;}, we have

n—1 n

r T
cd{r(F),a} = 94—, r(F)=—"L—. A21
ged{r(F),a} 91 - 92 (F) 91 92 ( )

Proof. Let r := r(%), and let ¢ := ged{r,a}. We let 79 := r/c and ap := a/c. Let us prove
that (A.2.1) holds. Let . be a line bundle on A such that ¢;(.Z) = apf, and let ¢ »: A — AV be

34



MODULAR SHEAVES ON HYPERKAHLER VARIETIES

the homomorphism defined by ¢ #(a) := T# (L) ® £ 1. Let K(.£) be the kernel of ¢ ». Lastly,
following Mukai, we let

S(F):={[(]e A |1I = F®E}. (A.2.2)
(Since we are in characteristic 0, the above set-theoretic definition coincides with the schematic

one; see [Muk78, Proposition 5.9].) By [Muk78, Corollary 7.8], we have an exact sequence of
groups

0 — Alro] n K(Z) — A[ro] 2% %(F) — 0. (A.2.3)
Because of our hypothesis on the elementary divisors of 8, we have
K(Z) = (2/(a0))* @ ® (Z/(aod1))? ® (Z/(aod2))* . (A.2.4)

Since ag and 7 are coprime, it follows that A[rg] n K(&£) = (Z/(91))® ® (Z/(g2))?. Thus
IS(F)| = r3"/(g? - g3). On the other hand, the cardinality of X(%) is equal to 72 by [Muk?78,
Proposition 7.1]. Thus we get that r = r{//(¢g1 - g2). Since ¢ := r/rg, it follows that ged{r,a} =
c=r5"" /(g1 g2)- O

Appendix B. Polarized Lagrangian HK varieties of type K3[2I

B.1 Lagrangian Noether—Lefschetz loci. We recall that %, is the moduli space of polarized
HK varieties of type K3[2 with polarization of BBF square e and divisibility given by i (which
is either 1 or 2); see Subsection 1.3.

DEFINITION B.1. For d a strictly positive integer, let .4, (d) = . be the closure of the locus
parametrizing polarized HK varieties (X, h) such that H%’I(X ) contains a saturated rank 2
sublattice generated by h and f, where

q(f) =0, q(h f)=d. (B.1.1)

ProrosiTION B.2. Keeping the notation as above, suppose in addition that d is even if i = 2
and that

d>5(e+1), ef2d. (B.1.2)

Then .#,}(d) is closed of pure codimension 1 (in particular, nonempty), and if [(X,h)] € A, (d)
is generic, there is one and only one Lagrangian fibration 7: X — P? (modulo automorphisms
of P?) such that, letting f := c1(7*Op2(1)), the equalities in (B.1.1) hold and the sublattice
= H%’I(X) is saturated.

Proof. Before starting the proof, we emphasize that .#,!(d) might have several irreducible com-
ponents and that “generic point” of .4,*(d) means point belonging to an open dense subset of
N (d). By the surjectivity of the period map, there exists a HK variety X of type K32 such
that Hy'(X) = (h, f), where

q(h) =e, {q(h, a)|ae H2(X;Z)} = (i), (B.1.3)

and the equalities in (B.1.1) hold. There are no & € H%’l(X) with —10 < ¢(¢) < 0 by Lemma 4.3
and the inequality in (B.1.2). It follows that the ample cone of X is equal to the intersection
of H%’l(X ) and the positive cone. Hence either h or —h is ample. If the former holds, then
[(X,h)] € A, (d); if the latter holds, we may replace h and f with —h and — f, respectively, and
again we get that [(X, h)] € A} (d). Moreover, .4.*(d) is closed of pure codimension 1 because it
is a Noether—Lefschetz divisor.
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A straightforward computation shows that there are exactly two primitive nef isotropic
classes, namely f and « := (1/ged{d, e})(2dh—ef). By our “nondivisibility” hypothesis in (B.1.2),
we get that ¢(a, h) = de/ged{d, e} is not equal to d. Hence f is the unique primitive nef isotropic
class such that q(h, f) = d.

By [Mar14, Theorem 1.3] (see also [Marl4, Remark 1.8]), there exists a Lagrangian fibration
7: X — P? such that f := ¢ (7*Op2(1)). By [Mat17, Theorem 1.2], it follows that there exists
a Zariski-open neighborhood % of [(X,h)] in 4.!(d) such that each representative (X', h') of
a point in % has a Lagrangian fibration as required. Since the set of points of .4#./(d) representing
(X, h) such that p(X) = 2 is dense, this proves the result about the existence of the required
Lagrangian fibration.

It remains to prove that if [(X, k)] € A4.%(d) is generic, then there is a unique isotropic class f
such that g(h, f) = d. We checked that this is the case if p(X) = 2. It follows that the statement
holds for the generic point of .4,!(d); the argument is similar to that given to show that h is
a(&)-suitable in the proof of Proposition 4.1. O

DEFINITION B.3. Suppose that (B.1.2) holds. We let .4,i(d)? = _#.i(d) be an open dense subset
such that the thesis of Proposition B.2 holds for any [(X,h)] € A4, (d)°. For [(X,h)] € A1 (d)°,
the associated Lagrangian fibration 7: X — P? is the unique fibration (modulo automorphisms
of P2) of Proposition B.2.

B.2 Tate—Shafarevich twists. A basic example of Lagrangian fibration is constructed as fol-
lows. Let S — P2 be the double cover ramified over a smooth sextic curve B, that is, a polarized
K3 surface of degree 2. Let _#(.S) be the moduli space of rank 0 pure @s(1) semistable sheaves
¢ with x(¢) = —1. The generic point of #(S) is represented by .., where i: C — S is the
inclusion of a smooth C' € Og(1) and £ is a line bundle of degree 0. Then for generic B, every
semistable sheaf is stable (the precise condition is that B have no tritangents), and hence _#(S)
is smooth. In fact, it is a HK variety of type K32, and the support map J(S) — (]P’z)v is a
Lagrangian fibration.

A Lagrangian fibration parametrized by a generic point of #.%(d) is related to a generic _Z ()
via a Tate-Shafarevich twist. In order to be more precise, we recall a result of Markman. Let
(X, h) be a representative of a generic point of .#,*(d). Then there is an associated polarized K3
surface (S, D) of degree 2, and moreover (S, D) is generic; see [Marl4, Subsection 4.1].

PROPOSITION B.4. Keep the hypotheses of Proposition B.2. Let [(X,h)] be a generic point
of N(d). Let m: X — P? and S be the associated Lagrangian fibration and K3 surface of
degree 2, respectively. Then X is isomorphic to a Tate-Shafarevich twist of 7 (S) — (IP’Q) Y via
an identification P* > (P?)".

Proof. First suppose that p(X) = 2. Then, as shown in the proof of Proposition B.2, the ample
cone of X is equal to the positive cone (because of the inequality in (B.1.2)), and hence every
bimeromorphic map X --+ X'/, where X’ is a HK variety, is actually an isomorphism. It follows
that X is isomorphic to a Tate-Shafarevich twist of # (S) — (P?)” by [Marl4, Theorem 7.13].
The result follows from this because the locus in .#,'(d) parametrizing the (X,h) such that
p(X) = 2 is dense. O

Let X — P? be as in Proposition B.4, and let Pic’ (X /IP’Q) be the relative Picard scheme
(notice that all fibers of X — P? are irreducible by Proposition B.4). If U < P? is the open dense
set of regular values of X — P? and z € U, the fiber of Pic” (X /]P’z) — P2 over z is an abelian
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surface A, and the fundamental group 71 (U, z) acts by monodromy on the subgroup A, (o of
torsion points.

COROLLARY B.5. Keep the hypotheses as above, and suppose that V < A, [7‘3] is a coset (of
a subgroup) of cardinality r4 invariant under the action of monodromy. Then V = A,[ro].

Proof. Let S be the polarized K3 surface of degree 2 associated with X following Markman, and
let S — P? be the double cover ramified over a sextic curve B. Let _# (S)o = _# (S) be the open
dense subset of smooth points (that is, smooth points of _#(S) with surjective differential) of
the map _7 (S) — (P?)”. By Proposition B.4, the relative Picard scheme Pic” (X /P?) — P? is
isomorphic to _Z (S)g — (P?)"” for a certain identification P? = (IP?)". Under this identification,
z € P? corresponds to a line R € (]P’Z) " transverse to B, and the corresponding Lagrangian fiber
A, is the Jacobian of the curve C which is the double cover of R ramified over R n B. Hence we
have a natural isomorphism

Hy(C;Q)/Hi(CyZ) = Azjtors (B.2.1)

and the identification is compatible with the monodromy actions.

First we prove the result under the assumption that V' is a subgroup G. By the structure theo-
rem for finite abelian groups, G = Z/(d,)®- - -®Z/(d,), where r < 4 (because A, [rf] = Z/(T(Q))®4)
and di|r(2) for all i. Since the monodromy action on H;(C;Z) is transitive on nonzero elements,
it follows from the isomorphism in (B.2.1) that » = 4 and dy = --- = d,. Thus d; = r for all
i€ {l,...,4} because |G| = r3. This proves the result under the assumption that V' is a subgroup.

Now let V be a translate of a group G. Then G = {a — b | a,b € V}, and hence G is also
invariant for the monodromy action. Thus G = A.[ro], and hence the coset V' gives a point of
the quotient A, [T’(Q)] /A,[ro] which is invariant for the monodromy action. By the isomorphism
in (B.2.1), it follows that 0 is the unique invariant element, and hence V' = A,[ro]. O
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