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A gluing approach for the fractional Yamabe
problem with isolated singularities

By Weiwei Ao at Wuhan, Azahara DelaTorre at Freiburg im Breisgau,
María del Mar González at Madrid and Juncheng Wei at Vancouver

Abstract. We construct solutions for the fractional Yamabe problem that are singular at
a prescribed number of isolated points. This seems to be the first time that a gluing method is
successfully applied to a non-local problem in order to construct singular solutions. There are
two main steps in the proof: to construct an approximate solution by gluing half bubble towers
at each singular point, and then an infinite-dimensional Lyapunov–Schmidt reduction method,
that reduces the problem to an (infinite-dimensional) Toda-type system. The main technical
part is the estimate of the interactions between different bubbles in the bubble towers.

1. Introduction

In this paper, we consider the problem of finding solutions for the fractional Yamabe
problem in Rn, n > 2� for � 2 .0; 1/ with isolated singularities at a prescribed finite number
of points. This is, to find positive solutions for the equation

(1.1)

´
.�ÅRn/�u D cn;�u

ˇ in Rn
n†;

u ! C1 as x ! †;

where † D πp1; : : : ; pkº for k � 2, and

ˇ D
nC 2�

n � 2�

is the critical exponent in dimension n. Remark that we are using the notation tˇ to denote the
power nonlinearity jt jˇ�1t , but this does not constitute any abuse of notation since any solution

Weiwei Ao was supported by NSFC (no. 11801421 and no. 11631011). Azahara DelaTorre is supported by
MINECO grants MTM2014-52402-C3-1-P and MTM2017-85757-P, and the FPI-2012 fellowship, and is part of
the Catalan research group 2014SGR1083. María del Mar González is supported by MINECO grants MTM2014-
52402-C3-1-P and MTM2017-85757-P, the Fundación BBVA grant for Investigadores y Creadores Culturales 2016,
and is part of the Barcelona Graduate School of Math and the Catalan research group 2014SGR1083. She also
would like to acknowledge the NSF grant DMS-1440140 while she was in residence at the Mathematical Sciences
Research Institute in Berkeley, CA, during Spring 2016. Juncheng Wei is partially supported by NSERC of Canada.



26 Ao, DelaTorre, González and Wei, Singular fractional Yamabe problem

must be positive thanks to the maximum principle. In addition, cn;� > 0 is a normalization
constant and can be chosen arbitrarily.

Problem (1.1) can be formulated in geometric terms: given the Euclidean metric jdxj2

on Rn, we are looking for a conformal metric

gu D u
4

n�2� jdxj
2; u > 0;

with positive constant fractional curvature Qgu
� ⌘ cn;� > 0. This is known as the fractional

Yamabe problem (in the positive curvature case), and smooth solutions have been considered in
[8,9,15,17,18,21,22] for instance. We remark that the nonlinearity on the right-hand side of the
equation is critical for the Sobolev embedding, a common feature of Yamabe-type problems.

Instead, one could look at the singular version of the problem, in which the metric blows
up at a prescribed set † ⇢ Rn. Here the sign of Q� is related to the size of the singular set †.
For instance, when † is a smooth submanifold, [16] shows that the positivity of fractional cur-
vature imposes some geometric and topological restrictions, while [32] considers very general
singular sets in the case � 2 .1; 2/, with the additional assumption of positive scalar curvature.
See also [19] for some capacitary arguments on the local behavior of singularities.

But all these results give necessary conditions for the existence of such metrics. On the
contrary, the question of sufficiency is expected to have only partial answers, requiring that †
has a very particular structure. Here we initiate the study of this program, looking at the singular
Yamabe problem with prescribed isolated singularities at the points πp1; : : : ; pkº, k � 2.

Thus our main theorem is:

Theorem 1.1. Fixed any configuration † D πp1; : : : ; pkº of k different points in Rn,
k � 2, there exists a smooth, positive solution to (1.1).

As a corollary, we also obtain existence of conformal metrics on the unit sphere Sn of
constant fractional curvature with a finite number of isolated singularities. Note that our results
will imply that this metric is complete.

In the case of an isolated singularity, it is shown in [6] that non-removable singularities
for the problem

(1.2)

´
.�ÅRn/�u D uˇ in Rn

n π0º;

u ! C1 as x ! 0; u > 0;

must have the asymptotic behavior

c1r
� n�2�

2  u.x/  c2r
� n�2�

2 as r ! 0;

where c1, c2 are positive constants and r D jxj.
The geometric interpretation of (1.2) was considered in [12]. Indeed, it corresponds to

the fractional Yamabe problem in a cylinder, which motivates the substitution (1.3) below. In
the paper [11] the authors show, using a variational approach, the existence of Delaunay-type
solutions for (1.2), i.e., solutions of the form

(1.3) uL.r/ D r� n�2�
2 vL.� log r/ on Rn

n π0º;

for some smooth function vL that is periodic in the variable t D � log r , for any periodL � L0;
L0 is known as the minimal period and has been completely characterized.
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These types of solutions for local problems have been known for a long time. For
instance, the construction for constant mean curvature surfaces is an old one and goes back
to [13], while for the scalar curvature case � D 1, which corresponds to the classical Yamabe
problem, a good reference is [31].

In addition, Delaunay solutions are useful in gluing problems, since they model isolated
singularities: we cite, for instance, [26, 27, 30] for the construction of constant mean curvature
surfaces with Delaunay ends, or [25,28] for solutions to (1.1) in the local case � D 1. However,
these classical constructions exploit the local nature of the problem and, above all, the fact that
(1.2) reduces to a standard second ODE in the radial case. There the space of solutions of this
ODE can be explicitly written in terms of two given parameters using phase-plane analysis,
which is not the case for a non-local equation.

Here we are able to use the gluing method for the non-local problem (1.1). The first dif-
ficulty is obvious: one needs to make sure that the errors created by the localization procedure
are not propagated by the non-locality of the problem but, instead, they can be handled through
careful estimates.

Nevertheless, the main obstacle we find is the lack of standard ODE methods, which
are not valid any longer for a non-local problem. For instance, as we have mentioned above,
the starting point in the classical case ([25, 26]) is the consideration of Delaunay metrics in
order to construct an approximate solution to the original problem. In our case, even though
a Delaunay solution is our basic model, we construct a bubble tower at each singular point.
These are known as half-Dancer solutions, and they converge to a half-Delaunay. In addition,
half-Dancer solutions decay fast at infinity, thus they are appropriate in a gluing construction
for a non-local problem.

The advantage of this approach is that one is able to perturb each bubble in the tower sep-
arately. Gluing a bubble tower at each singular point allows to construct a suitable approximate
solution for the non-local problem (1.1) with an infinite number of parameters to be chosen.
Note that the linearization at this approximate solution is not injective due to the presence of an
infinite-dimensional kernel, so we use an infinite-dimensional Lyapunov–Schmidt reduction
procedure. This approach, in some spirit, is in close connection with Kapouleas’ CMC con-
struction [20], and later adapted by Malchiodi in [23], where he constructs new entire solutions
for a semilinear equation with subcritical exponent, different from the spike solutions that were
known for a long time. Malchiodi’s new solutions do not tend to zero at infinity, but decay to
zero away from three half lines; his method is to construct a half-Dancer solution along each
half-line.

As a consequence, in order to solve the original problem from the perturbed one, we
need to solve an infinite-dimensional system of Toda type, which comes from studying the
interactions between the different bubbles in the tower. While the strongest interactions lead to
some compatibility conditions, the remaining interactions can be made small, and are handled
through a fixed point argument.

These compatibility conditions do not impose any restrictions on the location of the sin-
gularity points p1; : : : ; pk , but only on the Delaunay parameter (the neck size) at each point.
We also remark that the first compatibility condition is analogous to that of the local case � D 1

of [25], this is due to the strong influence of the underlying geometry, while the rest of the con-
figuration depends on the Toda-type system. On the other hand, in the local setting a similar
procedure to remove the resonances of the linearized problem was considered in [4] and the
references therein. However, in their case the Toda-type system is finite-dimensional.
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More precisely, we use the gluing method and Lyapunov–Schmidt reduction method in
this paper. First, we find a good approximate solution Nu, defined in (3.4), which roughly speak-
ing is a perturbation of summation of k half-Delaunay solutions with singularity at pi for
i D 1; : : : ; k; and then, use the reduction method to find a solution u D NuC � which satisfies
the following:

.�Å/�u � uˇ
D

kX

iD1

1X

j D0

nX

lD0

ci

jl
.wi

j
/

4�
n�2�Zi

jl
;

where the right-hand side is some Lagrangian multiplier which contains the approximate ker-
nels of the linearized operator.

The last step is to determine the infinitely-dimensional free parameter set such that all ci

jl

vanish. It turns out that this is reduced to some infinite-dimensional Toda system around each
singular point pi (which determines the perturbation parameters for the bubbles), and some
balancing conditions (equations (6.4) and (6.5)), which determine the necksize parameters for
the Delaunay solutions). A key property in the proof is to have a sufficiently good approximate
solution (a half-Dancer) so that all the estimates are exponentially decreasing in terms of the
index j for the bubbles. The problem of adjusting the parameters to have all ci

jl
equal to 0 is

then solved by a fixed point argument in suitable weighted spaces.
We remark here that in all our results we do not use the well-known extension problem

for the fractional Laplacian [7]. Instead we are inspired by the previous paper [11] to rewrite
the fractional Laplacian in radial coordinates in terms of a new integro-differential operator
in the variable t . In any case, if we write our problem in the extension, at least for the lin-
ear theory, it provides an example of an edge boundary value problem of the type considered
in [24, 29].

When the singular set † is a smooth submanifold of dimension N > 0, problem (1.1)
has been considered in [1]. In this setting, in order to have a solution one needs to impose some
necessary conditions onN (see [16,32]). The existence of weak solutions with larger Hausdorff
dimension singular set has been studied separately [2]. Other related gluing problems have been
considered in [3].

The paper will be structured as follows: in Section 2 we recall some results about
Delaunay solutions for (1.2) from [11], while in Section 3 we use those as models to con-
struct a suitable approximate solution for our problem. Sections 4 and 5 are of technical nature;
here we calculate the interactions between different bubbles. Finally, the proof of Theorem 1.1
is contained in Section 6.

2. Delaunay-type solutions

In this section we recall some recent results in [11, 12] on the Delaunay solutions of

(2.1) .�ÅRn/�u D cn;�u
ˇ in Rn

n π0º:

We may reduce (2.1) by writing

u.x/ D r� n�2�
2 v.� log jxj/

and using t D � log jxj.
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There are two distinguished solutions to (2.1):

(i) The cylinder, which is v.t/ ⌘ C , that corresponds to the singular solution

u.x/ D Cr� n�2�
2 :

(ii) The standard sphere (also known as “bubble”)

v.t/ D .cosh.t � t0//
� n�2�

2 ;

for any t0 2 R, which is regular at the origin.

Moreover, it is well known that all the smooth solutions to problem (1.1) are of the form

w.x/ D

✓
�

�2 C jx � x0j2

◆n�2�
2

:

For the standard bubble solution we have the following non-degeneracy result:

Lemma 2.1 ([10, Theorem 1]). The solution w.x/ D . 1

1Cjxj2 /
n�2�

2 of (1.1) is non-
degenerate in the sense that all bounded solutions of equation

.�Å/� � cn;�ˇw
ˇ�1 D 0 in Rn

are linear combinations of the functions
n � 2�

2
w C x � rw and �xi

w; 1  i  n:

Note that we normalize the constant cn;� in (2.1) such that the standard bubble is a solu-
tion. The exact value of the constants may be found in [12] but in this paper this is not important.

In [11], the authors consider the existence of solutions v.t/which are periodic in t . Using
the change of variable t D � log jxj, equation (2.1) can be written as

(2.2) L�v D cn;�v
ˇ ; t 2 R; v > 0;

where L� is the linear operator defined by

L�v D n;�P:V:

Z C1

�1
.v.t/ � v.⌧//K.t � ⌧/ d⌧ C cn;�v.t/

for K a singular kernel given in [11, (2.13)] and

n;� D ⇡� n
2 22�

Ä.n

2
C �/

Ä.1 � �/
�:

One has the following asymptotic behavior for K:

Lemma 2.2 ([11, Lemma 2.5]). The asymptotic expansion of the kernel K is given by

K.⇠/ ⇠

´
j⇠j�1�2� ; j⇠j ! 0;

e� nC2�
2 j⇠j; j⇠j ! 1:

Since we are looking for periodic solutions of (2.2), we assume that v.t C L/ D v.t/; in
this case, equation (2.2) becomes

L
L

�
.v/ D cn;�v

ˇ ; v > 0;
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where

L
L

�
.v/ D n;�P:V:

Z L
2

� L
2

.v.t/ � v.⌧//KL.t � ⌧/ d⌧ C cn;�v

for the singular kernel
KL.t � ⌧/ D

X

j 2Z

K.t � ⌧ � jL/:

We are going to consider the problem

(2.3)

´
L

L

�
.v/ D cn;�v

ˇ in .�L

2
; L

2
/;

v0.�L

2
/ D v0.L

2
/ D 0:

For this we shall work with the norm given by

kvk
H

�
L

D

✓ Z L
2

� L
2

Z L
2

� L
2

.v.t/ � v.⌧//2KL.t � ⌧/ d⌧ dt C

Z L
2

� L
2

v2 dt

◆1=2

;

and the following functional space

H
�

L
D
®
v W .�L

2
; L

2
/ ! R W v0.�L

2
/ D v0.L

2
/ D 0 and kvk

H
�
L
< 1

¯
:

Proposition 2.3. Consider problem (2.3). Then forL large there exists a unique positive
solution vL in H �

L
with the following properties:

(a) vL is even in t ,

(b) vL D
P

j 2Z
v.t � jL/C  L, where k Lk

H
L
�

! 0 as L ! 1,

where
v.t/ WD .cosh t /�

n�2�
2

corresponds to the standard bubble solution.
More precisely, for � 2 .0; 1/, and for L large we have the following Holder estimates

on  L:
k LkC2�C˛.� L

2 ;
L
2 /

 Ce� .n�2�/L
4 .1C⇠/

for some ˛ 2 .0; 1/, and ⇠ > 0 independent of L large.

As an immediate consequence of Proposition 2.3 we obtain periodic solutions for the
original equation (2.2):

Corollary 2.4. For L large there exists a unique positive solution vL of (2.2) with the
following properties:

(a) vL is periodic and even in t ,

(b) vL D
P

j 2Z v.t � jL/C  L, where k Lk
H

�
L

! 0 as L ! 1 in .�L

2
; L

2
/.

More precisely, for � 2 .0; 1/, and for L large we have the following Holder estimates on  L:

k LkC2�C˛  Ce� .n�2�/L
4 .1C⇠/

for some ˛ 2 .0; 1/, and ⇠ > 0 independent of L.
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Proof of Proposition 2.3. We denote the function

(2.4) v0;L.t/ D

1X

j D�1
vj .t/;

where vj .t/ D v.t � jL/ D .cosh.t � jL//�
n�2�

2 . By symmetry, this function satisfies the
boundary condition at t D ˙

L

2
. We consider next the functional

FL.v/ D
n;�

4

Z L
2

� L
2

Z L
2

� L
2

.v.t/ � v.⌧//2KL.t � ⌧/ d⌧ dt

C
cn;�

2

Z L
2

� L
2

v2 dt �
cn;�

ˇ C 1

Z L
2

� L
2

vˇC1 dt;

in the space
v 2 H

�

⇤ ; H
�

⇤ D πv 2 H
�

L
W v.t/ D v.�t /º:

Solutions of equation (2.3) are critical points of FL. Moreover, we have

F 0
L
.v0;L/Œ'ç D hL

L

�
.v0;L/; 'i � cn;�

Z L
2

� L
2

v
ˇ

0;L
' dt D hS.v0;L/; 'i

for every test function ', where h � ; � i is defined by

hL
L

�
.v0;L/; 'i D

n;�

2
P:V:

Z L
2

� L
2

Z L
2

� L
2

.v0;L.t/ � v0;L.⌧//.'.t/ � '.⌧//KL.t � ⌧/ dt d⌧

C cn;�

Z L
2

� L
2

v0;L'.t/ dt

and
S.v0;L/ WD L

L

�
.v0;L/ � cn;�v

ˇ

0;L
:

Therefore, using Hölder’s inequality, we easily get

kF 0
L

k
H

�
L

 CkS.v0;L/kL2 ;

where C is independent of L large. Hence, we need to estimate the L2-norm of S.v0;L/ in
.�L

2
; L

2
/. Recalling (2.4) and the definition of vj , we have

S.v0;L/ D cn;�

" 1X

j D�1
v

ˇ

j
�

 1X

j D�1
vj

!ˇ#
in .�L

2
; L

2
/:

For t � 0, since v�j  vj , by symmetry, for L large,

jS.v0;L/j  Cv
ˇ�1

0

X

j ¤0

vj C

X

j ¤0

v
ˇ

j
:

As a consequence, we have
Z L

2

� L
2

S.v0;L/
2 dt  C

Z L
2

� L
2

v
2.ˇ�1/

0

✓X

j ¤0

vj

◆2

C

Z L
2

� L
2

✓X

j ¤0

v
ˇ

j

◆2

:
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In order to estimate the first term, we divide the domain into two subsets, πjt j 
˛L

2
º and

πjt j �
˛L

2
º for ˛ 2 .0; 1/. In these two sets we have the estimates

X

j ¤0

vj  Ce� .n�2�/L
4 .2�˛/ and

X

j ¤0

vj  Ce� .n�2�/L
4 ;

respectively, by the exponential decay of v0. Hence one easily finds

Z L
2

� L
2

v
2.ˇ�1/

0

✓X

j ¤0

vj

◆2

dt  Ce� .n�2�/L
2 .2�˛/

C Ce� .n�2�/L
2 e�2.ˇ�1/

.n�2�/
2

˛L
2

D Ce� .n�2�/L
2 .2�˛/

C Ce� .n�2�/L
2 .1C 4˛�

n�2� /

and Z L
2

� L
2

✓X

j ¤0

v
ˇ

j

◆2

dt  Ce� .n�2�/Lˇ
2 :

In conclusion, we have

kS.v0;L/kL2.� L
2 ;

L
2 /

 Ce� .n�2�/L
4 .1C⇠/

for some ⇠ > 0 independent of L large.
Next we claim that the operator F 00

L
.v0;L/ is invertible in the space H �

⇤ .�L

2
; L

2
/. This

follows from the non-degeneracy of the standard bubble and the fact that we are working in
the subspace of even functions in t . This allows us to solve the problem via local inversion. In
fact, we write vL D v0;L C  and we have F 0

L
.v0;L C  / D 0 if and only if  2 H

�

⇤ .�L

2
; L

2
/

satisfies
 D �.FL.v0;L//

00ŒF 0
L
.v0;L/CN. /ç;

where N. / D cn;� Œ.v0;L C  /ˇ � v
ˇ

0;L
� ˇv

ˇ�1

0;L
 ç is superlinear in  . We can apply the

contraction mapping theorem, obtaining a solution  which satisfies

k k
H

�
L

 CkF 0
L
.v0;L/kH

�
L

 CkS.v0;L/kL2  Ce� .n�2�/L
4 .1C⇠/:

For � 2 .0; 1/, by the regularity estimates given in [11] and summarized in [11, Remark 3.12]
(see also [14]), it follows that  is smooth and we have the following estimate:

k kC2�C˛  Ce� .n�2�/L
4 .1C⇠/:

The maximum principle of [11] concludes the proof of the proposition.

Remark 2.5. Since the equation for v is translational invariant, if v.t/ is a solution
of (2.2), then v.t � t0/ is also a solution. In the following, we will use the periodic solution vL

with period L which attains its minimum at the points t D jL, j 2 Z. By Corollary 2.4, this
periodic solution can be expressed as a perturbation of a bubble tower (or Dancer solution)

vL.t/ D

1X

j D�1
v.t �

L

2
� jL/C  L.t/;

where k LkC2�C˛  Ce� .n�2�/L
4 .1C⇠/ for some ⇠ > 0 independent of L. For the rest of the



Ao, DelaTorre, González and Wei, Singular fractional Yamabe problem 33

paper we write
tj D

L

2
C jL; j 2 Z;

and
vj .t/ WD v.t � tj / D cosh.t � tj /

� n�2�
2 ; t 2 R:

Now we consider only half a bubble tower; this is needed in order to have fast decay far
from the singularity (t ! �1). We define

QvL.t/ D

1X

j D0

v.t �
L

2
� jL/C  L.t/I

then one has the following asymptotic behavior of QvL:

QvL.0/ D e� .n�2�/L
4 .1C o.1//

(this is the neck size). And for t  0, i.e., jxj � 1, using the fact that v is exponential decaying,

QvL.t/ D v0.t/.1C o.1//

D .cosh.t �
L

2
//�

n�2�
2 .1C o.1//

D jxj
� n�2�

2 e� .n�2�/L
4 .1C o.1//;

and the corresponding solution QuL D jxj
� n�2�

2 QvL satisfies

(2.5) QuL.x/ D jxj
� n�2�

2 QvL D jxj
�.n�2�/e� .n�2�/L

4 .1C o.1//:

3. Construction of the approximate solutions

We now proceed to define a family of approximate solutions to the problem using the
Delaunay solutions from the previous section. We know that the Delaunay solution with
period L has the form of a bubble tower, i.e.,

uL.x/ D jxj
� n�2�

2

 1X

j D�1
v.� log jxj �

L

2
� jL/C  L.� log jxj/

!
(3.1)

DW

1X

j D�1

✓
�j

�2

j
C jxj2

◆n�2�
2

C �L.x/;

where

(3.2) �j D e� 1C2j
2 L and �L.x/ D jxj

� n�2�
2  L.� log jxj/;

for  L the perturbation function constructed in Corollary 2.4.
As we have mentioned, one of the main ideas is that, although we would like the approx-

imate solution to have Delaunay-type singularities around each point of†, it should have a fast
decay once we are away from † in order to glue to the background manifold Rn. To this end,
we will only take half a Delaunay solution (this is, only values j D 0; 1; : : :).

In addition, we would like to introduce some perturbation parameters R 2 R, a 2 Rn,
since each standard bubble has nC 1 free parameters which correspond to scaling and trans-
lations. This is done for each bubble in the bubble tower independently, thus we will have an
infinite-dimensional set of perturbations.
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Keeping both aspects in mind, let us give the precise construction of our approximate
solution Nu. First, one can always assume that all the balls B.pi ; 2/ are disjoint, since we may
dilate the problem by some factor  > 0 that will change the set † into † and a function u
defined in Rn n† into � n�2�

2 u.x


/ defined in Rn n †.

Let � be a cut-off function such that

�.x/ D

8
<̂

:̂

1 if jxj 
1

2
;

0 if jxj � 1;

� 2 Œ0; 1ç if 1

2
 jxj  1;

and set �i .x/ D �.x � pi /.
Given L > 0 large enough, we will fix

NL D .L1; : : : ; Lk/

to be the Delaunay parameters, which also are related to the neck sizes of each Delaunay
solution. They will be chosen (large enough) in the proof. They will satisfy the following
conditions:

jLi � Lj  C:

More precisely, they will be related by the following:

(3.3) qie
� .n�2�/L

4 D e� .n�2�/Li
4

for some qi > 0, i D 1; : : : ; k.
Also, for i D 1; : : : ; k, j D 0; 1; : : : , set ai

j
2 Rn and Ri

j
D Ri .1C r i

j
/ 2 R to be the

perturbation parameters. Define the approximate solution Nu as

Nu.x/ D

kX

iD1

" 1X

j D0

⇥
jx � pi � ai

j
j
� n�2�

2 v.� log jx � pi � ai

j
j(3.4)

�
Li

2
� jLi C logRi

j
/
⇤

C �i .x/jx � pj j
� n�2�

2  i .� log jx � pi j C logRi /

#

D

kX

iD1

" 1X

j D0

✓
�i

j

j�i

j
j2 C jx � pi � ai

j
j2

◆n�2�
2

C �i .x/�i .x � pi /

#

DW

kX

iD1

" 1X

j D0

wi

j
C �i .x/�i .x � pi /

#
;

where we have set
�i

j
D Ri

j
e� .1C2j /Li

2 :

Next we will explain in detail the perturbation parameters qi ; a
i

j
; Ri

j
. First fix a set of

positive numbers qb

1
; : : : ; qb

k
, and let ai; b

0
; Ri; b be determined by the following balancing con-

ditions:

qb

i
D A2

X

i 0¤i

qb

i 0.Ri; bRi
0
;b/

n�2�
2 jpi � pi 0 j�.n�2�/; i D 1; : : : ; k;(3.5)
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and

ai; b

0

.�i; b

0
/2

D �
A3

A0

X

i 0¤i

pi 0 � pi

jpi 0 � pi j
n�2�C2

qb

i 0

qb

i

.Ri; bRi
0
;b/

n�2�
2 ; i D 1; : : : ; k;(3.6)

where �i; b

0
D Ri; be� Lb

i
2 , and the Lb

i
are defined from the qb

i
by (3.3), i D 1; : : : ; k, and the

constants A0,A2 > 0, A3 < 0 are defined in the appendix.

Remark 3.1. It has been shown in [25, Remark 3] that for Nq WD .qb

1
; : : : ; qb

k
/ in the

positive octant, there exists a solution Ri; b to equation (3.5). Once Ri; b is chosen, then we can
use equation (3.6) to determine ai; b

0
.

Although the meaning of these compatibility conditions will become clear in the next
sections, we have just seen that they are the analogous to those of [25] for the local case. The
idea is that, at the base level, perturbations should be very close to those for a single bubble.
This also shows, in particular, that although our problem is non-local, very near the singularity
it presents a local behavior due to the strong influence of the underlying geometry.

However, for the rest of the parameters ai

j
; Ri

j
, i D 1; : : : ; k, j D 0; 1; : : :, we will have

to solve an infinite-dimensional system of equations. First let Ri ; qi be 2k parameters which
satisfy

(3.7) jRi
�Ri; b

j  C; jqi � qb

i
j  C;

and let
�i;0

0
D Rie� .1C2j /Li

2 :

Set also Oai

0
given by

ai;0

0

.�i;0

0
/2

D Oai

0

be k parameters satisfying

(3.8) j Oai

0
� Oai; b

0
j  C;

where

Oai; b

0
D

ai; b

0

.�i; b

0
/2
:

Last we define the parameters Ri

j
; ai

j
by

(3.9) Ri

j
D Ri .1C r i

j
/;

ai

j

.�i

j
/2

D Nai

j
D Oai

0
C Qai

j
; i D 1; : : : ; k; j D 0; : : : ;1;

where r i

j
; Qai

j
satisfy

(3.10) jr i

j
j  Ce�⌧ t

i
j ; j Qai

j
j  Ce�⌧ t

i
j

for some ⌧ > 0, where t i
j

D .1

2
C j /Li . The exact value of the parameters will be determined

in Section 6.
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Let us give some explanation about the choice of parameters. Given the k.nC 2/ balanc-
ing parameters qb

i
; Ri; b; Oai; b

0
satisfying the balancing conditions (3.5)–(3.6), we first choose

k.nC 2/ initial perturbation parameters qi ; R
i ; Oai

0
which are close to the balancing parameters,

i.e., (3.7)–(3.8). After that, we introduce infinitely many other perturbation parameters Qai

j
; r i

j

which are exponential decaying in t i
j

, i.e., (3.9)–(3.10).

We will prove next some quantitative estimates on the function Nu, and in particular on its
behavior near the singular points. Before that we need to introduce the function spaces we will
work with.

Definition 3.2. We set the weighted norm

kukC˛
�1;�2

D kdist.x;†/��1ukC˛.B1.†// C kjxj
��2ukC˛.RnnB1.†//:

In other words, to check if u is an element of some C
˛
�1;�2

, it is sufficient to check that u
is bounded by a constant times jx � pi j

�1 and has its `-th order partial derivatives bounded by
a constant times jx � pi j

�1�` for `  ˛ near each singular point pi . Away from the singular
set †, u is bounded by jxj�2 and has its `-th order partial derivatives bounded by a constant
times jxj�2�` for `  ˛ (note that here we are implicitly assuming that 0 2 †, in order to
simplify the notation).

First, we define Zi

j; l
to be the (normalized) approximate kernels

Zi

j;0
D
��r i

j

wi

j
; Zi

j; l
D �i

j

��ai

j; l

wi

j
D ��i

j

��xl

wi

j
; l D 1; : : : ; n:

Without loss of generality, assume in the following that pi D 0. For l D 0 we will
repeatedly use the following estimates:

(3.11) jZi

j;0
j  C

8
<

:
jxj

� n�2�
2 jvi

j
j; jxj  1;

jxj
�.n�2�/.�i

j
/

n�2�
2 ; jxj � 1:

In addition, for l D 1; : : : ; n, we have

(3.12) Zi

j; l
D .n � 2�/.vi

j
/1C 2

n�2� jx � ai

j
� pi j

� n�2�
2 �1.x � ai

j
� pi /l ;

where we have used the obvious notation

wi

j
D jx � pi � ai

j
j
� n�2�

2 vi

j
:

Then one has the following orthogonality conditions (recentering at pi D 0):
Z

Rn

.wi

j
/ˇ�1Zi

j; l
Zi

j 0; l 0 dx(3.13)

D
4.n � 2�/2

n
ıl;l 0

Z

Rn

jxj
�2� .vj /

ˇ�1
jxj

� n�2�
2 .vj /

n�2�C2
n�2�

⇥ jxj
� n�2�

2 v
n�2�C2

n�2�

j 0 dx C o.1/

D
4.n � 2�/2

n
ıl;l 0

Z

Rn

jxj
�n.vj /

ˇC 2
n�2� .vj 0/1C 2

n�2� dx C o.1/

D
4.n � 2�/2

n
.ıl;l 0 C o.1// e

� n�2�C2
2 jt i

j �t
i
j 0 j:
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Similar estimates also hold true for l D 0. Indeed,
Z

Rn

.wi

j
/ˇ�1Zi

j;0
Zi

j 0;0 dx D .1C o.1//

Z

Rn

jx � pi j
�nv

ˇ�1

j
v0

j
v0

j 0 dx(3.14)

D C0.1C o.1//e
� n�2�

2 jt i
j �t

i
j 0 j

for some C0 > 0.
From now on, we choose �

n�2�

2
< �1 < minπ�

n�2�

2
C 2�; 0º. Define also

kuk⇤ D kuk
C

2�C˛

minπ�1;� n�2�
2

C⌧º;�.n�2�/

; khk⇤⇤ D khkC˛

minπ�1;� n�2�
2

C⌧º�2�;�.nC2�/

;

and denote by C⇤ and C⇤⇤ the corresponding weighted Hölder spaces. Here ⌧ (small enough)
is given in the definition of the perturbation parameters (3.9)–(3.10). Remark that, to simplify
the notation, many times we will ignore the small ⌧ perturbation and just the weight near the
singular set as dist.x;†/��1 , dist.x;†/�.�1�2�/, respectively.

Our main result in this section is the following proposition:

Proposition 3.3. Suppose the parameters satisfy (3.7)–(3.10), and let Nu be as in (3.4).
Then for L large enough, there exists a function � and a sequence πci

j; l
º which satisfies the

following properties:

(3.15)

8
ˆ̂̂
<̂

ˆ̂̂
:̂

.�Å/� . NuC �/ � cn;� . NuC �/ˇ D

kX

iD1

1X

j D0

nX

lD0

ci

j; l
.wi

j
/ˇ�1Zi

j; l
;

Z

Rn

�.wi

j
/ˇ�1Zi

j; l
dx D 0; i D 1; : : : ; k; j D 0; : : : ;1; l D 0; : : : ; n:

Moreover, one has

(3.16) k�k⇤  Ce� .n�2�/L
4 .1C⇠/

for some �
n�2�

2
< �1 < minπ�

n�2�

2
C 2�; 0º and ⇠ > 0 independent of L large.

The proof is technically involved, so we prove some preliminary lemmas. We first show
a result involving the auxiliary linear equation

(3.17)8
ˆ̂̂
<̂

ˆ̂̂
:̂

.�Å/�� � cn;�ˇ Nuˇ�1� D hC

kX

iD1

1X

j D0

nX

lD0

ci

j; l
.wi

j
/ˇ�1Zi

j; l
;

Z

Rn

�.wi

j
/ˇ�1Zi

j; l
dx D 0 for i D 1; : : : ; k; j D 0; : : : ;1; l D 0; : : : ; n:

Lemma 3.4. Suppose the parameters satisfy (3.7)–(3.10). Then there exists a weight �1

satisfying �
n�2�

2
< �1 < minπ�

n�2�

2
C 2�; 0º such that, given h with khk⇤⇤ < 1, equation

(3.17) has a unique solution � in the space C⇤. Moreover, there exists a constantC independent
of L such that

k�k⇤  Ckhk⇤⇤:(3.18)

Note that Fredholm properties for problem (3.17) in weighted spaces have been shown
in [24, 29], since it is an example of an edge boundary value problem when we look at the
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usual extension formulation for the fractional Laplacian from [7]. However, in Lemma 3.4
we show, in addition, that the estimates are independent of the choice of Delaunay parame-
ters .L1; : : : ; Lk/.

We will postpone the proof of this lemma, instead we will show first some quantitative
estimates on the function Nu and in particular its behavior near the singular set † and at infinity.

Lemma 3.5. Let S. Nu/ D .�Å/� Nu�cn;� Nuˇ . Then if the parameters satisfy (3.7)–(3.10),
we have the following estimate on S. Nu/:

(3.19) kS. Nu/k⇤⇤  Ce� .n�2�/L
4 .1C⇠/

for some ⇠ > 0 independent of L large.

Proof. As usual, for simplicity, we prove the estimates in (3.19) for the L1-norm,
namely, we prove the following estimates:

(3.20) jS. Nu/.x/j  C jx � pi j
minπ�1;� n�2�

2 C⌧º�2�e� .n�2�/L
4 .1C⇠/;

near each singular point pi and

(3.21) jS. Nu/.x/j  C jxj
�.nC2�/e� .n�2�/L

4 .1C⇠/

for dist.x;†/ � 1.
First we show the estimates for the particular case that all the parameters ai

j
, r i

j
are zero.

Let Nu0 be the approximate solution from (3.4) in this case. Without loss of generality, assume
p1 D 0 and we consider in the region dist.x;†/ � 1. In this region, �i D 0 for all i , one has

S. Nu0/ D .�Å/� Nu0 � cn;� Nu
ˇ

0

D .�Å/�

 
kX

iD1

1X

j D0

wi

j
C �i�i

!
� cn;�

 
kX

iD1

1X

j D0

wi

j

!ˇ

D �cn;�

"✓X

i;j

wi

j

◆ˇ

�

X

i;j

.wi

j
/ˇ

#
C .�Å/�

 
kX

iD1

�i�i

!
DW I1 C I2:

First, using the fact that
jwi

j
j ⇠ .�i

j
/

n�2�
2 jxj

�.n�2�/;

and recalling the relation between L and Li from (3.3) we have

I1  C.e� .n�2�/L
4 jxj

�.n�2�//ˇ  Ce� .nC2�/L
4 jxj

�.nC2�/:

For I2, recall that by Corollary 2.4

�i D jx � pi j
� n�2�

2  i D jx � pi j
� n�2�

2 O
�
e� .n�2�/Li

4 .1C⇠/
�
;

we have for jxj large,

.�Å/� .�i�i /.x/ D P:V:

Z

Rn

�i .x/�i .x/ � �i .y/�i .y/

jx � yjnC2�
dy D P:V:

Z

B1

��i .y/�i .y/

jx � yjnC2�
dy

D jxj
�.nC2�/O

�
e� .n�2�/Li

4 .1C⇠/
�
:
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Thus one has for dist.x;†/ � 1,

jS. Nu0/j  C jxj
�.nC2�/e� .n�2�/L

4 .1C⇠/:

Next, we consider the region 1

2
 jx � pi j  1. In this case, it is easy to check that

jS. Nu0/j  Ce� .n�2�/L
4 .1C⇠/:

Last we consider the region jxj 
1

2
. In this region we have �1 D 1 and �i D 0 for i ¤ 1,

so

Nu0 D uL1
� .1 � �1/�1 C

X

i¤1

 1X

j D0

wi

j
C �i�i

!
�

�1X

j D�1
w1

j
:

Hence

S. Nu0/ D .�Å/�uL1
� cn;�

 1X

j D0

w1

j
C �1 CO

�
e� .n�2�/L

4
�
!ˇ

CO
�
e� .n�2�/L

4 .1C⇠/
�

D �cn;�

⇥
.uL1

CO
�
e� .n�2�/L

4 /
�ˇ

� u
ˇ

L1

⇤
CO

�
e� .n�2�/L

4 .1C⇠/
�

 Cu
ˇ�1

L1
e� .n�2�/L

4 CO
�
e� .n�2�/L

4 .1C⇠/
�

 C jxj
�2�

 1X

j D�1
vj .� log jxj/

!ˇ�1

e� .n�2�/L
4 CO

�
e� .n�2�/L

4 .1C⇠/
�

 C jxj
�1�2�

jxj
��1

 1X

j D�1
vj .� log jxj/

!ˇ�1

e� .n�2�/L
4 CO

�
e� .n�2�/L

4 .1C⇠/
�

 C jxj
�1�2�e� .n�2�/L

4 .1C⇠/;

where for the last inequality we have used (3.24) below in the region jxj 
1

2
. We have also

denoted
vj .t/ WD v.t �

L1

2
� jL1/ for t D � log jxj:

In any case, for t D � log jxj < L1

4
, we have

(3.22)
1X

j D�1
vj .� log jxj/  Ce� .n�2�/L1

8 ; jxj  C;

and for t �
L1

4
, we have

(3.23) jxj  Ce� L1
4 ;

1X

j D�1
vj .� log jxj/  C:

Combining the above two estimates, we have for �1 < 0,

(3.24) jxj
��1

 1X

j D�1
vj .� log jxj/

!ˇ�1

 Ce�⇠L1 :

So for jxj 
1

2
, one has

jS. Nu0/j  C jxj
�1�2�e� .n�2�/L

4 .1C⇠/:

Thus we get estimates (3.20) and (3.21) in this particular case.
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Now we consider the case of a general configuration r i

j
; ai

j
. First we differentiate S. Nu0/

with respect to these parameters. Since the variation is linear in the displacements of the pa-
rameters, we vary the parameter of one point at one time. Varying r i

j
, we obtain��r i

j

S. Nu0/ D .�Å/�
�wi

j�r i

j

� cn;�ˇ Nu
ˇ�1

0

�wi

j�r i

j

D ˇcn;�

⇥
.wi

j
/ˇ�1

� Nu
ˇ�1

0

⇤�wi

j�r i

j

:

From the estimate on �i and the condition on r i

j
, we have the following estimates:

For dist.x;†/ � 1,

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

 C.e� .n�2�/L
4 jxj

�.n�2�//ˇ�1e� .n�2�/
4 L.2j C1/

jxj
�.n�2�/

 C jxj
�.nC2�/e� .n�2�/L

4 .1C⇠/e�� t
i
j

for a suitable choice of � > 0. Next, when jx � pi j  1 for i ¤ 1, for instance, similar to
estimates (3.22) and (3.23), one has

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

 C jx � pi j
�2�

 1X

j D0

vj .� log jx � pi j/

!ˇ�1

e� .n�2�/L
4 .2j C1/

 C jx � pi j
�1�2�e� .n�2�/L

4 .1C⇠/e�� t
i
j ;

while for jx � p1j  1, if jt � t i
j
j 

L1

2
, it is true that

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

 C.wi

j
/ˇ�1

X

l¤j

wi

l
C e� .n�2�/L

4

�

 C


jxj

� nC2�
2

X

l¤j

v
ˇ�1

j
vl C jxj

�2�v
ˇ�1

j
e� .n�2�/L

4

�

 C


jxj

� nC2�
2 e�⌘jt�tj j X

l¤j

e�.2��⌘/jt�t
i
j je� n�2�

2 jt�t
i
l j

C jxj
�1�2�

jxj
�1e�2� jt�t

i
j je� .n�2�/L

4

�

 C
⇥
jxj

� nC2�
2 e�⌘jt�t

i
j j

C jxj
�1�2�e�� t

i
j
⇤
e� .n�2�/L

4 .1C⇠/;

if we choose 0 < ⌘ < 2� . On the other hand, if jt � t i
l
j 

L1

2
for some l ¤ j , one has

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

 C.wi

l
/ˇ�1
�wi

j�r i

j

 C jxj
� nC2�

2 v
ˇ�1

l
vj

 C jxj
� nC2�

2 e�⌘jt�t
i
j je⌘jt�t

i
j je� n�2�

2 jt�tj je�2� jt�t
i
l j

 C jxj
� nC2�

2 e�⌘jt�t
i
j je� .n�2�/L

4 .1C⇠/

if ⌘ < n�2�

2
which is chosen small enough. Combining the above two estimates yields, for

jxj  1,

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

jr i

j
j  C jxj

� nC2�
2 e�⌧ te� .n�2�/L

4 .1C⇠/
C jxj

�1�2�e� .n�2�/L
4 .1C⇠/:
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Moreover, recalling (3.9), one can get that for dist.x;†/ � 1,

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

jr i

j
j  C jxj

�.nC2�/e� .n�2�/L
4 .1C⇠/e�� t

i
j ;

and for dist.x;†/  1,

Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

jr i

j
j

 C Œdist.x;†/�
nC2�

2 dist.x;†/⌧ C dist.x;†/�1�2� çe� .n�2�/L
4 .1C⇠/

 C dist.x;†/minπ� n�2�
2 C⌧;�1º�2�e� .n�2�/L

4 .1C⇠/

for some �
n�2�

2
< �1 < minπ0;�n�2�

2
C 2�º and ⌧ small enough.

Similar estimates hold for ��ai
j; l

S. Nu/. We conclude from the above that

jS. Nu/ � S. Nu0/j 

kX

iD1

1X

j D0

nX

lD1

ˇ̌
ˇ̌Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�r i

j

jr i

j
j C Œ.wi

j
/ˇ�1

� Nu
ˇ�1

0
ç
�wi

j�ai

j; l

jai

j; l
j

ˇ̌
ˇ̌



´
C jxj�.nC2�/e� .n�2�/L

4 .1C⇠/ if dist.x;†/ � 1;

C dist.x;†/minπ�1;� n�2�
2 C⌧º�2�e� .n�2�/L

4 .1C⇠/ if dist.x;†/ < 1:

Thus we have
kS. Nu/k⇤⇤  Ce� .n�2�/L

4 .1C⇠/;

as desired.

Proof of Lemma 3.4. The proof of the lemma relies on a standard finite-dimensional
Lyapunov–Schmidt reduction.

Step 1: Preliminary calculations. Multiply equation (3.17) by Zi
0

j 0; l 0 and integrate
over Rn; we have

Z

Rn

Œ.�Å/�� � cn;�ˇ Nuˇ�1�çZi
0

j 0; l 0 dx(3.25)

D

Z

Rn

hZi
0

j 0; l 0 dx C

X

i;j; l

ci

j; l

Z

Rn

.wi

j
/ˇ�1Zi

j; l
Zi

0
j 0; l 0 dx:

By the orthogonality condition satisfied by �, we have that the left-hand side of (3.25) is
Z

Rn

Œ.�Å/�� � cn;�ˇ Nuˇ�1�çZi
0

j 0; l 0 dx(3.26)

D cn;�ˇ

Z

Rn

Œ.wi
0

j 0/ˇ�1
� Nuˇ�1ç�Zi

0
j 0; l 0 dx

D

 Z

B.pi0 ;1/

C

X

i¤i 0

Z

B.pi ;1/

C

Z

RnnSk
iD1 B.pi ;1/

�

DW I1 C I2 C I3:
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Without loss of generality, assume that i 0 D 1 and p1 D 0. First we consider the case l 0 D 0.
Recalling the estimates for Zi

0
j 0;0 from (3.11),

I1 D

Z

B1

Œ.wi
0

j 0/ˇ�1
� Nuˇ�1ç�Zi

0
j 0; l 0 dx(3.27)

 k�k⇤
Z

B1

ˇ̌
.wi

0
j 0/ˇ�1

� Nuˇ�1
ˇ̌
jxj

�1Zi
0

j 0; l 0 dx

 k�k⇤
Z

B1

jxj
�1� nC2�

2 v
ˇ�1

j 0
X

j ¤j 0
vj dx

 Ck�k⇤
Z 1

0

e�.�1C n�2�
2 /tv

ˇ�1

j 0
X

j ¤j 0
vj dt

 Ck�k⇤ e� .n�2�/L
4 .1C⇠/e

�.�1C n�2�
2 /t

i
j 0 ;

and notice that �1 > �
n�2�

2
. Next,

I2 D

X

i¤1

Z

B.pi ;1/

Œ.wi
0

j 0/ˇ�1
� Nuˇ�1ç�Zi

0
j 0; l 0 dx

 Ck�k⇤
X

i¤1

Z

B.pi ;1/

ˇ̌
.wi

0
j 0/ˇ�1

� Nuˇ�1
ˇ̌
Zi

0
j 0; l 0 jx � pi j

�1 dx

 Ck�k⇤
X

i¤1

Z

B.pi ;1/

jx � pi j
�1�2� .�i

0
j 0/

n�2�
2

✓X

j

vi

j

◆
dx

 Ck�k⇤ .�i
0

j 0/
n�2�

2 e�.nC�1�2�/
L
2

 Ck�k⇤ e�1tj 0 � n�2�
2 L� �1

2 Le
�.�1C n�2�

2 /t
i
j 0

 Ck�k⇤ e� .n�2�/L
4 .1C⇠/e

�.�1C n�2�
2 /t

i
j 0

and

I3 D

Z

Rn=
S

i B.pi ;1/

Œ.wi
0

j 0/ˇ�1
� Nuˇ�1ç�Zi

0
j 0; l 0 dx

 Ck�k⇤
Z

RnnSi B.pi ;1/

jxj
�.n�2�/

jxj
�.nC2�/.�i

0
j 0/

n�2�
2 e��L dx

 Ck�k⇤ e�1tj 0 ��Le
�.�1C n�2�

2 /t
i
j 0

 Ck�k⇤ e� .n�2�/L
4 .1C⇠/e

�.�1C n�2�
2 /t

i
j 0 ;

where we have used �
n�2�

2
< �1 < �

n�2�

2
C 2� .

On the other hand, for l 0 D 1; : : : ; n, recalling from (3.12) that

Zi
0

j 0; l 0 D O
�
jx � pi j

� n�2�
2 .vi

0
j 0/

1C 2
n�2�

�
;

then one can get similar estimates as above. In conclusion, one has
Z

Rn

Œ.�Å/�� � cn;�ˇ Nuˇ�1�çZi
0

j 0; l 0 dx  Ck�k⇤e� .n�2�/L
4 .1C⇠/e

�.�1C n�2�
2 /t

i
j 0

for every l 0 D 0; : : : ; n, which gives a good control of the left-hand side of (3.25).
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Now, for the first term on the right-hand side of (3.25),
Z

Rn

hZi
0

j 0; l 0 dx  C

Z

RnnSi B.pi /

khk⇤⇤ jxj
�.nC2�/

jxj
�.n�2�/e

� .n�2�/
2 t

i
j 0 dx

C

Z

B.pi0 /
khk⇤⇤ jx � pi 0 j�1�2�

jx � pi 0 j�
n�2�

2

⇥

h
e

� .n�2�/
2 t

i
j 0 C e

�.
n�2�

2 C1/t
i
j 0
i
dx

C

X

i¤i 0

Z

B.pi /

khk⇤⇤ jx � pi j
�1�2�e

� n�2�
2 t

i
j 0 dx

 Ckhk⇤⇤ e
�.�1C n�2�

2 /t
i
j 0 :

The next step is to isolate the term ci

j; l
in (3.25), by inverting the matrix

Z

Rn

.wi

j
/ˇ�1Zi

j; l
Zi

0
j 0; l 0 dx:

For this, recall the orthogonality estimates from (3.13)–(3.14), which yield, for all l D 0; : : : ; n,
Z

Rn

.wi

j
/ˇ�1Zi

j; l
Zi

j; l 0 dx D C0ıl;l 0

and Z

Rn

.wi

j
/ˇ�1Zi

j; l
Zi

j 0; l 0 dx D O
�
e

� n�2�
2 jt i

j �t
i
j 0 j� if j ¤ j 0;

plus a tiny error. Then using [23, Lemma A.6] for the inversion of a Toeplitz-type operator, one
has from (3.25) that

jci

j; l
j  C

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
e�.�1C n�2�

2 /t
i
j

C C
X

j 0¤j

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
e� n�2�

2 .1Co.1//jtj �tj 0 je�.�1C n�2�
2 /t

i
j 0

 C
⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
e�.�1C n�2�

2 /t
i
j :

From the estimates for Zi

j; l
from (3.11)–(3.12) and the previous bound for ci

j; l
one can check

that in B1.pi /,

jci

j; l
.wi

j
/ˇ�1Zi

j; l
j  C jci

j; l
j � jx � pi j

� nC2�
2 e� nC2�

2 jt i �t
i
j j

 C jx � pi j
�1�2�

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤

⇥ e�.�1C n�2�
2 /t

i
j e.�1C n�2�

2 /t
i

e� nC2�
2 jt i �t

i
j j

 C jx � pi j
�1�2�

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
e�� jt i �t

i
j j

for some � > 0.
For x 2 Rn n

S
i
B1.pi /, one has

jci

j; l
.wi

j
/ˇ�1Zi

j; l
j  C.�i

j
/

n�2�
2 jxj

�.nC2�/
jci

j; l
j

 C jxj
�.nC2�/

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
e�� t

i
j :

Combining the above two estimates yields

(3.28)
��
X

ci

j; l
.wi

j
/ˇ�1Zi

j; l

��
⇤⇤  C

⇥
e� .n�2�/L

4 .1C⇠/
k�k⇤ C khk⇤⇤

⇤
:
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Step 2: A priori estimates. We are going to prove the a priori estimate (3.18) by a con-
tradiction argument. First let us recall the problem we are going to consider:

(3.29)

8
<

:

.�Å/�� � cn;�ˇ Nuˇ�1� D Nh;
Z

Rn

�.wi

j
/ˇ�1Zi

j; l
dx D 0; i D 1; : : : ; k; j D 0; 1; : : : ; l D 0; : : : ; n;

where have we denoted Nh WD hC
P
ci

j; l
.wi

j
/ˇ�1Zi

j; l
, and which satisfies, by (3.28), that

k Nhk⇤⇤  C.khk⇤⇤ C o.1/k�k⇤/:

We are going to prove that

(3.30) k�k⇤  Ck Nhk⇤⇤;

for where (3.18) follows immediately.
Assume that there exist sequences πL

.n/

i
º withL.n/

i
! 1, πr

i;.n/

j
; a

i;.n/

j
º, πh.n/º, πc

i;.n/

j; l
º

and the corresponding solution π�.n/º such that

(3.31) kh.n/
k⇤⇤ ! 0; k�.n/

k⇤ D 1:

In the following we will drop the index n if needed. First by the Green’s representation formula
for the first equation in (3.29) we have

(3.32) �.x/ D

Z

Rn

.cn;� Nuˇ�1� C Nh/.y/G.x; y/ dy DW I1 C I2;

where G is the Green’s function for the fractional Laplacian .�Å/� , given by (see [7])

G.x; y/ D C jx � yj
�.n�2�/:

First we consider the region πdist.x;†/ � 1º. Here, for I2,

I2 D

Z

Rn

Nh.y/G.x; y/ dy



 Z

πdist.y;†/1º
C

Z

π1<dist.y;†/<
jxj
2 º

C

Z

π jxj
2 <dist.y;†/<2jxjº

C

Z

πdist.y;†/�2jxjº

�
Nh.y/G.x; y/ dy DW I21 C I22 C I23 C I24;

one has

I21 

Z

πdist.y;†/<1º

1

jx � yjn�2�
k Nhk⇤⇤jyj

�1�2� dy  Ck Nhk⇤⇤jxj
�.n�2�/;

I22 

Z

π1<dist.y;†/<
jxj
2 º

1

jx � yjn�2�
k Nhk⇤⇤jyj

�.nC2�/ dy

 Ck Nhk⇤⇤jxj
�.n�2�/

Z

π1<dist.y;†/<
jxj
2 º

jyj
�.nC2�/ dy  Ck Nhk⇤⇤jxj

�.n�2�/;

I23 

Z

jxj
2 <dist.y;†/<2jxj

1

jx � yjn�2�
k Nhk⇤⇤jyj

�.nC2�/ dy

 k Nhk⇤⇤jxj
�.nC2�/

Z

πx�yj< 5jxj
2 º

1

jx � yjn�2�
dy  Ck Nhk⇤⇤jxj

�.n�2�/;

I24 

Z

πdist.y;†/�2jxjº

1

jx � yjn�2�
k Nhk⇤⇤jyj

�.nC2�/ dy  Ck Nhk⇤⇤jxj
�.n�2�/:
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Putting all together,

(3.33) I2  Ck Nhk⇤⇤jxj
�.n�2�/:

Next for I1,

I1 D

 Z

πdist.y;†/1º
C

Z

πdist.y;†/�1º

�
cn;�ˇ Nuˇ�1�G.x; y/ dy DW I11 C I12:

Since for dist.y;†/ � 1 it holds that Nu D O.e� n�2�
4 L/jyj�.n�2�/ (recall (2.5)), we have

I12  Ce��L
k�k⇤

Z

πdist.y;†/�1º
jyj

�.nC2�/G.x; y/ dy;

and similar to the estimate above we get that

I12  o.1/k�k⇤jxj
�.n�2�/:

Moreover,

I11 

kX

iD1

Z

πjy�pi j1º
jy � pi j

�2�

 1X

j D0

vi

j

!ˇ�1

k�k⇤jy � pi j
�1 jx � yj

�.n�2�/ dy

 Ck�k⇤jxj
�.n�2�/

Z

πjy�pi j<1º
jy � pi j

�1�2�

 1X

j D0

vi

j

!ˇ�1

dy

 Ck�k⇤jxj
�.n�2�/

Z 1

0

e�.nC�1�2�/t

 1X

j D0

vi

j

!ˇ�1

dt

 Ce�.nC�1�2�/
L
2 k�k⇤jxj

�.n�2�/:

Since �1 > �
n�2�

2
, by the above estimates one has

(3.34) I1  o.1/k�k⇤jxj
�.n�2�/:

Summarizing, from (3.33) and (3.34) we obtain that, for dist.x;†/ � 1,

sup
dist.x;†/�1

πjxj
n�2�

j�.x/jº  C.k Nhk⇤⇤ C o.1/k�k⇤/ ! 0 as L ! 1;

by our initial hypothesis (3.31). Moreover, because of the same reason, we know that there
exists pi such that

(3.35) sup
jx�pi j1

πjx � pi j
��1�.x/jº �

1

2
:

The next step is to consider the region πjx � pi j  1º. In order to simplify the notation,
we assume that pi D 0; jxj < 1. Again, we use Green’s representation formula (3.32), and we
estimate both integrals I1, I2. On the one hand,

I2 D

 Z

πjyj�1º
C

Z

πjyj< jxj
2 º

C

Z

π jxj
2 <jyj<2jxjº

C

Z

π2jxj<jyj<1º

�
G.x; y/ Nh dy

DW I21 C I22 C I23 C I24;
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where

I21  C

Z

πjyj�1º

1

jx � yjn�2�
k Nhk⇤⇤jyj

�.nC2�/ dy  Ck Nhk⇤⇤jxj
�1 ;

I22 

Z

πjyj< jxj
2 º

1

jx � yjn�2�
k Nhk⇤⇤jyj

�1�2� dy

 Ck Nhk⇤⇤
Z

πjyj< jxj
2 º

1

jxjn�2�
jyj

�1�2� dy  Ck Nhk⇤⇤jxj
�1 ;

I23 

Z

π jxj
2 <jyj<2jxjº

1

jx � yjn�2�
k Nhk⇤⇤jyj

�1�2� dy

 Ck Nhk⇤⇤jxj
�1�2�

Z

πjx�yj< 5jxj
2 º

1

jx � yjn�2�
dy  Ck Nhk⇤⇤jxj

�1 ;

I24 

Z

π2jxj<jyj<2º

1

jx � yjn�2�
k Nhk⇤⇤jyj

�1�2� dy

 Ck Nhk⇤⇤
Z

π2jxj<jyj<2º
jyj

�1�2��nC2� dy  Ck Nhk⇤⇤jxj
�1 :

Thus one has
I2  Ck Nhk⇤⇤jxj

�1 :

On the other hand, for I1,

I1 D

 Z

πjyj>1º
C

Z

πjyj<1º

�
cn;�ˇ Nuˇ�1�G.x; y/ dy DW I11 C I12:

Similar to the estimates for Nh,

I11  C

Z

πdist.y;†/�1º
e��L

jyj
�4�

1

jx � yjn�2�
k�k⇤jyj

�.n�2�/ dy  o.1/k�k⇤jxj
�1 :

The final step is to estimate I12. For this we consider � in the region

Aj WD

q
�i

j C1
�i

j
< jxj <

q
�i

j
�i

j �1
;

and define a scaled function Q�j . Qx/ D .�i

j
/��1�.�i

j
Qx/ defined in the region QAj D

Aj

�
i
j

! .0;1/

as n ! 1. Then Q�j will satisfy the following equation:
8
ˆ̂<

ˆ̂:

.�Å/� Q�j � cn;�ˇ

✓
1

1C j Qxj2

◆2�

.1C o.1// Q�j D .�i

j
/2���1 Nh.�i

j
Qx/ in QAj ;

Z

Rn

Q�j .w
i

j
/ˇ�1.�i

j
Qx/Zi

j; l
.�i

j
Qx/ d Qx D 0:

Since j Nhj  Ck Nhk⇤⇤j�i

j
Qxj�1�2� as n ! 1, we have Q�j ! N� in any compact set 1

R
 j Qxj  R

for R large enough (to be determined later), where N� is a solution of the following equation:
8
<

:

.�Å/� N� � cn;�ˇw
ˇ�1 N� D 0;

Z

Rn

N�wˇ�1Zl dx D 0;
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where w is the standard bubble solution and Zl , l D 0; : : : ; n, are the corresponding kernels
mentioned in Lemma 2.1. By the non-degeneracy of the bubble, one has N� D 0, i.e., Q�j ! 0 in
1

R
< j Qxj < R. If we consider the original �, this is equivalent to that

jxj
��1�.x/ ! 0 in

[

j

®�
i
j

R
< jxj < R�i

j

¯
as n ! 1.

Using this result, we now consider I12:

I12 D

Z

πjyj<1º
cn;�ˇ Nuˇ�1�G.x; y/ dy



X

j

 Z
®�i

j
R <jxj<R�

i
j

¯C

Z

πjyj<1ºnSj

®�i
j

R <jxj<�
i
j R

¯
�

Nuˇ�1�G.x; y/ dy

DW I121 C I122:

Recalling (3.4), we have that in πjyj < 1º,

Nu D jyj
� n�2�

2

 1X

j D0

vi

j

!
.1C o.1//:

Then in the region πjyj < 1º n
S

j
π

�
i
j

R
< jxj < �i

j
Rº, one has

X

j

vi

j
 Ce� .n�2�/

2 R;

which can be small enough choosingR large enough but independent of n. Using this estimate,
we can assert that

I122  Ce�2R

Z

jyj<1

jyj
�2�

k�k⇤jyj
�1

1

jx � yjn�2�
dy  Ce�2R

jxj
�1 :

In addition, by the previous argument we know that jxj��1�.x/ ! 0 in
S

j
π

�
i
j

R
< jxj < R�i

j
º,

and one has

I121  C
X

j

Z

π
�i

j
R <jyj<R�

i
j º

j�jjyj
��1

jyj�1�2� .
P

j
vi

j
/ˇ�1

jx � yjn�2�
dy

 o.1/

Z

πjyj1º

jyj�1�2�

jx � yjn�2�
dy  o.1/jxj

�1 :

Combining all the above estimates yields that in the set πjxj < 1º, we must have

jxj
��1�.x/ D o.1/ as n ! 1,

which is a contradiction to (3.35). This completes the proof of the a priori estimate (3.30),
as desired.

Step 3: Existence and uniqueness. Consider the space

H D

≤
u 2 H � .Rn/ W

Z

Rn

u.wi

j
/ˇ�1Zi

j; l
dx D 0 for all i; j; l

≥
:

Notice that problem (3.17) in � gets rewritten as

(3.36) � CK.�/ D Nh in H ;
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where Nh is defined by duality andK W H ! H is a linear compact operator. Using Fredholm’s
alternative, showing that equation (3.36) has a unique solution for each Nh is equivalent to show-
ing that the equation has a unique solution for Nh D 0, which in turn follows from the previous
a priori estimate. This concludes the proof of Lemma 3.4.

Proof of Proposition 3.3. The proof relies on the contraction mapping in the above
weighted norms. We set

S. Nu/ D .�Å/� Nu � cn;� Nuˇ ;

and also define the linear operator

L.�/ D .�Å/�� � cn;�ˇ Nuˇ�1�:

We have that NuC �, � 2 C⇤ solves equation (3.15) if and only if � satisfies

(3.37) � D G.�/;

where
G.�/ WD L�1.S. Nu//C cn;�L�1.N.�//:

Here we have defined
N.�/ WD . NuC �/ˇ � Nuˇ

� ˇ Nuˇ�1�:

Also, by L�1, we are denoting the linear operator which, according to Lemma 3.4, associates
with h 2 C⇤⇤ the function � 2 C⇤ solving (3.17).

We find a solution for (3.37) by a standard contraction mapping argument. First by the
definition of G, one has

kG.�/k⇤  C.kS. Nu/k⇤⇤ C kN.�/k⇤⇤/:

Fixing a large C1 > 0, we define the set

BC1
D

≤
� 2 C⇤ W k�k⇤  C1e

� .n�2�/L
4 .1C⇠/;

Z

Rn

�.wi

j
/ˇ�1Zi

j; l
dx D 0 for all i; j; l

≥
:

Note that

j. NuC �/ˇ � Nuˇ
� ˇ Nuˇ�1�j  C

´
Nuˇ�2�2 if j Nuj �

1

4
�;

�ˇ if j Nuj 
1

4
�:

Now, let � 2 BC1
. By our construction, we have that if dist.x;†/ < 1,

jN.�/j  C. Nuˇ�2�2
C �ˇ /

 C

kX

iD1

⇥
k�k

2

⇤ Nuˇ�2
jx � pi j

2�1 C k�k
ˇ

⇤ jx � pi j
ˇ�1

⇤

 C

kX

iD1

⇥
k�k

2

⇤jx � pi j
�1�2�

jx � pi j
�1C n�2�

2

C k�k
ˇ

⇤ jx � pi j
�1�2�

jx � pi j
ˇ�1��1C2�

⇤

 C

kX

iD1

⇥
k�k

2

⇤ C k�k
ˇ

⇤
⇤
jx � pi j

�1�2� ;
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and for dist.x;†/ � 1,

jN.�/j  C
⇥
k�k

2

⇤ Nuˇ�2
jxj

�2.n�2�/
C k�k

ˇ

⇤ jxj
�ˇ.n�2�/

⇤

 C jxj
�.nC2�/

⇥
e�.ˇ�2/

.n�2�/L
4 k�k

2

⇤ C k�k
ˇ

⇤
⇤
:

Combining the above two estimates, one has

kN.�/k⇤⇤  C
⇥
e�.ˇ�2/

.n�2�/L
4 k�k

2

⇤ C k�k
ˇ

⇤
⇤

 o.1/k�k⇤:

Now we consider two functions �1;�2 2 BC1
, it is easy to see that for L large,

kN.�1/ �N.�2/k⇤⇤  o.1/k�1 � �2k⇤:

Therefore, by the above estimates for N.�/ and (3.19), G is a contraction mapping in BC1
,

thus it has a fixed point in this set. This completes the proof of the proposition.

4. Estimates on the coefficients ci
j; l

In this section we prove some estimates related to the coefficients ci

j; l
obtained in the

last section, first in the special case of the configuration .r i

j
; ai

j
/ D .0; 0/ and then for a general

configuration of parameters satisfying (3.7)–(3.10). These are studied in Sections 4.1 and 4.2,
respectively. Later on, in the next section, we study also the derivative with respect to a variation
of the parameters.

4.1. Estimates on the ci
j; l

for .ai
j

; ri
j

/ D .0; 0/. In this subsection, we prove the
decay of ci

j; l
when the parameters

.ai

j
; r i

j
/ D .0; 0/:

We denote Nu0 to be the approximate solution and � the perturbation function found in Propo-
sition 3.3 for this particular case. Define the numbers Ňi

j; l
as

Ňi

j; l
D

Z

Rn

Œ.�Å/� . Nu0 C �/ � cn;� . Nu0 C �/ˇ çZi

j; l
dx:

Then we have the following estimates on Ňi

j; l
:

Lemma 4.1. Given πRiº satisfying (3.7) and let Nu0 be the function defined in (3.4)
for the parameters .r i

j
; ai

j
/ D .0; 0/. Let � and .ci

j; l
/ be given in Proposition 3.3. Then the

coefficients Ňi

j; l
satisfy

Ňi

0;0
D �cn;�qi


A2

X

i 0¤i

jpi 0 � pi j
�.n�2�/.RiRi

0
/

n�2�
2 qi 0 � qi

�
e� .n�2�/L

2 .1C o.1//

CO
�
e� .n�2�/L

2 .1C⇠/
�

and for l D 1; : : : ; n,

Ňi

0; l
D cn;��

i

0


A3

X

i 0¤i

.pi 0 � pi /l
jpi 0 � pi j

n�2�C2
.RiRi

0
/

n�2�
2 qi 0qie

� n�2�
2 L

CO
�
e� .n�2�/L

2 .1C⇠/
��
:
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For j � 1, we have

Ňi

j;0
D O

�
e� .n�2�/L

2 .1C⇠/e�� t
i
j
�
;

Ňi

j; l
D O

�
e� .n�2�/L

2 .1C⇠/e�.1C�/t
i
j
�
;

where A2 > 0;A3 < 0 are two constants independent of L and � D minπ�1 C
n�2�

2
; n�2�

4
º

independent of L large.

Proof. With some manipulation and the orthogonality condition satisfied by �, we find
that

Ňi

j; l
D Ňi

j; l;1
C Ňi

j; l;2
C Ňi

j; l;3

for

Ňi

j; l;1
D

Z

Rn

Œ.�Å/� Nu0 � cn;� . Nu0/
ˇ çZi

j; l
dx;

Ň
j; l;2 D

Z

Rn

L0.�/Z
i

j; l
dx D �cn;�ˇ

Z

Rn

Œ. Nu0/
ˇ�1

� .wi

j
/ˇ�1çZi

j; l
� dx;

Ňi

j; l;3
D �cn;�

Z

Rn

Œ. Nu0 C �/ˇ � . Nu0/
ˇ

� ˇ. Nu0/
ˇ�1�çZi

j; l
dx;

where we have defined L0.�/ D .�Å/�� � cn;�ˇ. Nu0/
ˇ�1�.

Step 1: Estimate for Ňi
j; l;2

and Ňi
j; l;3

. By the estimates in the proof of Lemma 3.4
and the bounds satisfied by �, one has

j Ňi

j; l;2
j  Ce� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /tj :

In addition,

� Ňi

j; l;3
D

Z

Rn

N.�/Zi

j; l
dx

D

Z

B.pi ;1/

C

X

i 0¤i

Z

B.pi0 ;1/

C

Z

RnnSi B.pi ;1/

DW J1 C J2 C J3:

We estimate this expression term by term. For l D 0, one has

J1 D

Z

B.pi ;1/

N.�/Zi

j; l
dx  C

Z

B.pi ;1/

k�k
2

⇤ jx � pi j
2�1 Nuˇ�2Zi

j; l
dx

 Ck�k
2

⇤

Z

B.pi ;1/

jx � pi j
2�1� 6��n

2 jx � pi j
� n�2�

2 jv0
j
j dx

 Ce� .n�2�/L
2 .1C⇠/e� minπ2.�1C n�2�

2 /;
n�2�

2 ºt
i
j ;

recalling (3.16). Similarly,

J2 D

X

i 0¤i

Z

B.pi0 ;1/

N.�/Zi

j; l
dx

 Ck�k
2

⇤
X

i 0¤i

Z

B.pi0 ;1/

jx � pi 0 j2�1 jx � pi 0 j
6��n

2 Zi

j; l
dx

 Ck�k
2

⇤ .�
i

j
/

n�2�
2  Ce� .n�2�/L

2 .1C⇠/e� n�2�
2 t

i
j
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and

J3 D

Z

RnnSi B.pi ;1/

N.�/Zi

j; l
dx

 Ck�k
2

⇤

Z

RnnSi B.pi ;1/

jxj
�2.n�2�/

Nuˇ�2Zi

j; l
dx

 Ck�k
2

⇤

Z

RnnSi B.pi ;1/

jxj
�2.n�2�/e�.ˇ�2/

.n�2�/L
4

⇥ jxj
�.n�2�/.ˇ�2/.�i

j
/

n�2�
2 jxj

�.n�2�/ dx

 Ce� .n�2�/L
2 .1C⇠/e� n�2�

2 t
i
j :

Combining the above estimates, we have for l D 0,

j Ňi

j;0;2
j C j Ňi

j;0;3
j  Ce� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j :

For l D 1; : : : ; n, by the estimate for � given in (3.16) and the bounds for the term I1

from (3.26) in Section 3 one obtains a similar estimate as above. But this is not enough for
our analysis; one needs to be more precise. In order to do this, first recall the definition of Nu0

from (3.4). Then

Nu0 D

kX

iD1

Ui .jx � pi j/;

where Ui are radial functions in jx � pi j.
Near each singular point pi , we can decompose

Nu0 D Ui .jx � pi j/CDi CO.�i

0
jx � pi j/;

where Di depends on pi � pi 0 for i 0 ¤ i . And similarly, we can decompose S. Nu0/ into two
parts,

S. Nu0/ D E.jx � pi j/C E1.x/;

where E is radial function in jx � pi j and can be controlled byCe� .n�2�/L
4 .1C⇠/

jx � pi j
�1�2� ;

the second term can be controlled by Ce� .n�2�/L
4 .1C⇠/

jx � pi j
�1�2�C1. We now proceed as

follows. Let 'i D 'i .jx � pi j/ be the solution to
8
ˆ̂̂
<

ˆ̂̂
:

.�Å/�'i � cn;�ˇŒUi CDi ç
ˇ�1'i�i D E.jx � pi j/�i C

1X

j D0

ci

j;0
.wi

j
/ˇ�1Zi

j;0
;

Z

Rn

.wi

j
/ˇ�1Zi

j;0
'i dx D 0 for j D 0; : : : ;1:

Note that the existence of such a 'i can be proved similarly to the arguments in Section 3.
Moreover, as in (3.16) one has

k'ik⇤  Ce� .n�2�/L
4 .1C⇠/:

Then we decompose � D
P

k

iD1
'i�i C Q'. In this case, since we have cancelled the radial part

in the error near each singular point pi by 'i , then the extra error will have an extra factor
jx � pi j and Q' will satisfy

j Q'j  C

´
e� .n�2�/L

4 .1C⇠/
jx � pi j

�1C1 in B.pi ; 1/;

e� .n�2�/L
4 .1C⇠/

jxj�.n�2�/ in Rn n
S

i
B.pi ; 1/:
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Therefore, by the above decomposition of � into radial and nonradial parts one deduces

� Ňi

j; l;2
D �

Z

Rn

L0.�/Z
i

j; l
dx

D

Z

Rn

Œ. Nu0/
ˇ�1

� .wi

j
/ˇ�1çZi

j; l
� dx

D

Z

Rn

Œ.Ui CDi /
ˇ�1

� .wi

j
/ˇ�1çZi

j; l
Q' dx

C

Z

Rn

Œ. Nu0/
ˇ�1

� .Ui CDi /
ˇ�1çZi

j; l
� dx:

Similar to the estimate of I1 in the proof of Lemma 3.4, recalling the asymptotic behavior of Q'

near pi , we can get that the first term can be controlled by

�i

j
e� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j

in a ball B.pi ; 1/ (see (3.27) and notice the extra factor �i

j
). For the second term,

Z

B.pi ;1/

Œ. Nu0/
ˇ�1

� .Ui CDi /
ˇ�1çZi

j; l
� dx

 Ce� .n�2�/L
4 k�k⇤

Z

B.pi ;1/

jxj
�1�2�C1

✓X

j 0
vj 0

◆ˇ�2

v
1C 2

n�2�

j
dx

 Ce� .n�2�/L
2 .1C⇠/

Z

B.pi ;1/

jxj
�1�2�C1v

ˇ�1C 2
n�2�

j
dx

 C�i

j
e� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j :

Combining the above two estimates,
Z

B.pi ;1/

L0.�/Z
i

j; l
dx D O

�
�i

j
e� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j
�
:

Next, the asymptotic behavior of Zi

j; l
at infinity, given by

jZi

j; l
j D .�i

j
/

n�2�
2 C1

jxj
�.n�2�C1/ if jx � pi j � 1;

yields that

X

i 0¤i

Z

B.pi0 ;1/

L0.�/Z
i

j; l
dx C

Z

RnnSi0 B.pi0 ;1/

L0.�/Z
i

j; l
dx

 C�i

j
e� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j :

Using a similar argument, we obtain an analogous estimate for Ňi

j; l;3
. Thus for l D 1; : : : ; n,

j Ňi

j; l;2
j C j Ňi

j; l;3
j  C�i

j
e� .n�2�/L

2 .1C⇠/e�.�1C n�2�
2 /t

i
j ;

which completes the proof of Step 1.
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Step 2: Estimate for Ňi
j; l;1

. Denote E WD S. Nu0/ D .�Å/� Nu0 � cn;� Nu
ˇ

0
: We compute

Ňi

j; l;1
D

Z

Rn

EZi

j; l
dx D

h Z

B.pi ;1/

C

X

i 0¤i

Z

B.pi0 ;1/

C

Z

RnnSi0 B.pi0 ;1/

⇤
dx

DW I1;j; l C I2;j; l C I3;j; l :

Recalling the estimate for E from (3.19) one has

I2;j;0  Ce� .n�2�/L
4 .1C⇠/

X

i 0¤i

Z

B.pi0 ;1/

jx � pi 0 j�1�2� .�i

j
/

n�2�
2 dx

 Ce
.n�2�/L

2 .1C⇠/e� n�2�
4 t

i
j

and

I3;j;0  Ce� .n�2�/L
4 .1C⇠/

Z

Rn=
S

i0 B.pi0 ;1/

jxj
�.nC2�/.�i

j
/

n�2�
2 jxj

�.n�2�/ dx

 Ce� .n�2�/L
2 .1C⇠/e� n�2�

4 t
i
j :

For l D 1; : : : ; n, we know that
jZi

j; l
j D O.�i

j
/Zi

j;0
;

which yields easily that

jI2;j; l j C jI3;j; l j  Ce� .n�2�/L
2 .1C⇠/e�.1C n�2�

4 /t
i
j :

Next, for l D 0; : : : ; n, we consider I1;j; l : fixed i; j , substitute the expression for Nu0

from (3.4), so

E D .�Å/� Nu0 � cn;� Nu
ˇ

0

D .�Å/�

 1X

j 0D0

wi

j 0

!
C .�Å/��i � ˇcn;� .w

i

j
/ˇ�1�i C .�Å/� .1 � �i /�i
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" 1X

j 0D0
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j 0 C �i C

X
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0

j

!ˇ

�
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0

j
/ˇ � ˇ.wi

j
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#
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j 0D0
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j 0 C �i C

X

i 0¤i

wi
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!ˇ

�

1X

j D0

.wi

j
/ˇ �

X

i 0¤i

.wi
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j
/ˇ � ˇ.wi

j
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#

C Li

j
�i C .�Å/� .1 � �i /�i

D �cn;�

"
Nuˇ

�

1X

j 0D0

.wi

j 0/ˇ �

X

i 0¤i

.wi
0

j
/ˇ � ˇ.wi

j
/ˇ�1

✓
�i C

X

i 0¤i
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0

j
C

X

j 0¤j

wi

j 0

◆

C ˇ.wi

j
/ˇ�1

✓X

i 0¤i

wi
0

j
C

X

j 0¤j

wi

j 0

◆#
C Li

j
�i C .�Å/� .1 � �i /�i :

Here Li

j
denotes the linearized operator aroundwi

j
. Looking at the equation that �i satisfies and

its bounds (see formula (3.2) and Corollary 2.4), we have in general the following estimates.
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On the one hand, for l D 0, since Zi

j;0
is odd in the variable t i � t i

j
, where we have

defined t i D � log jx � pi j, by the above expansion for E,

I1;j;0  C

Z

B.pi ;1/

.wi

j
/ˇ�1Zi

j;0

✓X

i 0¤i

wi
0

0
C

X

j 0¤j
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j 0

◆
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�
e� .n�2�/L

4 .1C⇠/.�i

j
/

n�2�
2
�

 C
X

i 0¤i

.�i
0

0
/

n�2�
2

Z

B1

jxj
�2� .vi

j
/ˇ�1

jxj
� n�2�

2 j.vi

j
/0j dx

C

Z

B1

X

j 0¤j

jxj
�n.vi

j
/ˇ�1.vi

j
/0vi

j 0 dx

 Ce� n�2�
4 L

Z 1

0

e� n�2�
2 t .vi

j
/ˇ dt C

Z 1

0

.vi

j
/ˇ�1.vi

j
/0
X

j 0¤j

vi

j 0 dt

CO
�
e� .n�2�/L

4 .1C⇠/.�i

j
/

n�2�
2
�

 Ce� n�2�
4 Le� n�2�

2 t
i
j C

X

j 02j

Z 1

0

.vi

j
/ˇ�1.vi

j
/0vi

j 0 dt

C

X

j 0�2j C1

Z 1

0

.vi

j
/ˇ�1.vi

j
/0vi

j 0 dt:

Let us bound the two terms in this expression:
Z 1

0

.vi

j
/ˇ�1.vi

j
/0
X

j 02j

vi

j 0 dt

D

Z
t

i
2j C Li

2

0

.vi

j
/ˇ�1.vi

j
/0
X

j 02j

vi

j 0 dt C

Z 1

t
i
2j C Li

2

.vi

j
/ˇ�1.vi

j
/0
X

j 02j

vi

j 0 dt .t 0 D t � t i
j
/

D

Z
t

i
j

�t
i
j

vˇ�1v0.t 0/
X

0j 02j

vi

j 0 dt 0 C

Z

t�t
i
2j C Li

2

.vi

j
/ˇ�1.vi

j
/0
X

j 02j

vi

j 0 dt:

For the first integral, since v0.t 0/ is odd in t 0 and
P

j 02j
vi

j 0 is an even function of t 0, this
integral is 0. In the meantime, thanks to the exponential decaying of v, the second integral is
bounded by e� nC2�

2 t
i
j , and we may conclude that

Z 1

0

.vi

j
/ˇ�1.vi

j
/0
X

j 02j

vi

j 0 dt  Ce� nC2�
2 t

i
j :

In addition,

X

j 0�2j C1

Z 1

0

.vi

j
/ˇ�1.vi

j
/0vi

j 0 dt  Ce� .n�2�/
2 jt i

2j C1�t
i
j j

 Ce� n�2�
4 Le� n�2�

2 t
i
j :

In conclusion, one has

I1;j;0  Ce� n�2�
4 Le� n�2�

2 t
i
j C e� nC2�

2 t
i
j :
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On the other hand, for l D 1; : : : ; n, sinceZi

j; l
is odd in x � pi , and bothwi

j
, �i are even

in x � pi , one has

I1;j; l  C

Z

B.pi ;1/

X

i 0¤i

.wi

j
/ˇ�1Zi

j; l
wi

0
0
dx

 C

Z

B.pi ;1/

X

i 0¤i

.wi

j
/ˇ�1

jx � pi j
� n�2�

2 C1v
1C 2

n�2�

j
.�i

0
0
/

n�2�
2 dx

 Ce� n�2�
4 L

Z

B1

jxj
�2�v

ˇ�1

j
jxj

� n�2�
2 C1v

1C 2
n�2�

j
dx

 Ce� n�2�
4 Le�.1C n�2�

2 /t
i
j :

From the above two estimates, when j � 1,

I1;j; l 

´
e� .n�2�/L

2 .1C⇠/e�� t
i
j if l D 0;

e� .n�2�/L
2 .1C⇠/e�.1C�/t

i
j if l D 1; : : : ; n;

for some ⇠; � > 0.

On the contrary, for j D 0 one has

I1;0;0 D O
�
e� n�2�

2 L
�
; I1;0;l D O.�i

0
/e� n�2�

2 L;

but can obtain more accurate estimates in this case. This is going to be the crucial step in the
proof of the lemma since it gives the formula for the compatibility condition of the balancing
condition.

First, if l D 0,

I1;0;0 D �cn;�ˇ

Z
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✓
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:

In this case, by expression (7.1),
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;

and by formula (7.2) and the relation that Zi

0;0
D
�wi

0��i
0
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0
Ri ,
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/2ç:

Combining the above two estimates yields
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:
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On the other hand, for l D 1; : : : ; n,

I1;0;l D �cn;�ˇ

Z

Rn

.wi

0
/ˇ�1

✓X

i 0¤i

wi
0

0

◆
Zi

0;0
dx CO

�
e� .n�2�/L

2 .1C⇠/�i

0

�
;

and recall that Zi

j; l
D �
�wi

j�xl
�i

j
, by estimate (7.3), one has

I1;0;l D cn;�A3�
i

0

"
X

i 0¤i

.pi 0 � pi /l
jpi 0 � pi j

n�2�C2
.�i

0
�i

0
0
/

n�2�
2

#
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�
e� .n�2�/L

2 .1C⇠/�i

0

�
:

Then combining the estimates for Ňi

j; l;1
; Ňi

j; l;2
; Ňi

j; l;3
, we achieve the proof of the lemma.

Remark 4.2. Fixed i , if we consider the approximate solution Nu0

i
with ai

j
D 0; r i

j
D 0

for j D 0; : : : ;1, then the same estimates for Ňi

j; l
in the above lemma hold.

4.2. Estimates for general parameters. Next we study the coefficients ci

j; l
for a gen-

eral configuration space satisfying (3.9) and (3.10). Most of the estimates of the previous sub-
section will continue to hold, but we need to be especially careful when considering ˇi

j; l;1
.

First, from Remark 4.2, one can see that only the perturbations of ai

j
; r i

j
will affect the num-

bers ˇi

j; l
, i.e., we can get the same estimates for ˇi

j; l
for general parameters .ai

0
j
; r i

0
j
/ satisfying

(3.9) and (3.10) if .ai

j
; r i

j
/ D .0; 0/. So fixing i D I , we would like to study the estimates for

ˇi

j; l
when we vary the parameters ai

j
; r i

j
. First we have the following estimates:

Lemma 4.3. Suppose that the parametersRi satisfy (3.7). Let eI

J
be a vector in Rn and

let rI

J
be a real number in R. We let X.t/ be the configuration for which all the parameters

.ai

j
; r i

j
/ are fixed to be .0; 0/ if j ¤ J and where .aI

J
; RI

J
/ D .teI

J
; RI .1C t rI

J
//. Assume that

jeI

J
j  C.�I

J
/2 and jrI

J
j  Ce�⌧ t

I
J :

We also let
wI

J; t
D w

RI .1Ctr
I
J /
.x � teI

J
/:

Then we have the following:

✏ If i D I , J ¤ j ,��t ˇ̌ˇtD0

Z

Rn

S. Nut /Z
i

j; l
dx

D

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂:

�
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◆ log �
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�
i
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i
J

�
i
j

ˇ̌

#
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�
e� .n�2�/L

2 .1C⇠/e�⌧ t
I
J e�� jtI

j �t
I
J j� if l D 0;

�
��t "cn;�A0�

i

j
min

´
�i

J

�i

j

;
�i

j

�i

J

µn�2�
2

tel

jmaxπ�i

j
;�i

J
ºj2

#

CO
�
�i

j
e� .n�2�/L

2 .1C⇠/e�⌧ t
I
J e�� jtI

j �t
I
J j� if l D 1; : : : ; n;

for some � > 0 independent of ⌧ and L.
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✏ If i D I , J D j D 0,��t ˇ̌ˇtD0

Z

Rn

S. Nut /Z
i

j; l
dx

D

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:
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X
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0
0
/
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C F
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�i

0

�i

1
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◆ log �

i
1

�
i
0
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log �

i
1

�
i
0
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#
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�
e� .n�2�/L

2 .1C⇠/
�

if l D 0;

cn;��
i

0

��t "A3

X

i 0¤i

pi 0 � pi

jpi 0 � pi j
n�2�C2

.�i

0
�i

0
0
/

n�2�
2

C A0 min

´
�i

0

�i

1

;
�i

1

�i

0
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2
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jmaxπ�i

j 0 ;�i

J
ºj2

#
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�
�i

0
e� .n�2�/L

2 .1C⇠/
�

if l D 1; : : : ; n:

✏ If i D I , J D j � 1,��t ˇ̌ˇtD0

Z

Rn

S. Nut /Z
i

j; l
dx

D

8
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
<

ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
ˆ̂̂
:

�cn;�

X

j 0¤j

��t "F✓ˇ̌ˇ̌log
�

i
j

�
i
j 0

ˇ̌
ˇ̌
◆ log

�
i
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�
i
j

jlog
�

i
j 0

�
i
j

j

#

CO
�
e� .n�2�/L

2 .1C⇠/e�⌧ tj
�

if l D 0;

cn;��
i

j

��t "A0

X

j 0¤J

min

´
�i

j 0

�i

J

;
�i

J

�i

j 0

µn�2�
2
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jmaxπ�i

j 0 ;�i

J
ºj2

#

CO
�
�i

j
e� .n�2�/L

2 .1C⇠/e�⌧ tJ
�

if l D 1; : : : ; n:

Proof. Fix i D I . We first consider the case in which J ¤ j . We have

d

dt

ˇ̌
ˇ
tD0

Z

Rn

S. Nut /Z
i

j; l
dx

D cn;�ˇ

Z

Rn

Œ.wi

J; t
/ˇ�1

� Nu
ˇ�1

t ç
�wi

J; t�t Zi

j; l
dx

D �cn;�ˇ

Z

Rn

.wi

j
/ˇ�1
�wi

J; t�t Zi

j; l
dx

C cn;�ˇ

Z

Rn

Œ.wi

j
/ˇ�1

C .wi

J; t
/ˇ�1

� Nu
ˇ�1

t ç
�wi

J; t�t Zi

j; l
dx

DW M1 CM2:

From the proof of the appendix, more precisely, (7.1) for l D 0 and (7.5) for l D 1; : : : ; n, one
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can find that

M1 D �cn;�ˇ

Z

Rn

.wi

j
/ˇ�1
�wi

J; t�t Zi

j; l
dx D �cn;�ˇ

��t ZRn

.wi

j
/ˇ�1Zi

j; l
wi

J; t
dx

D

8
ˆ̂̂
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂̂
ˆ̂:
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´
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;
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for a constant A0 > 0. Moreover,
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Z
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j
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�wi

J; t�t Zi

j; l
dx
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´
O
�
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I
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I
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O
�
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j
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2 .1C⇠/
�
e�⌧ t

I
J e�� jtI

j �t
I
J j for l D 1; : : : ; n;

which proves the assertion when J ¤ j .
Now we consider the case J D j , for which we have

d

dt
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tD0

Z
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S. Nut /Z
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j; t; l
dx

D

Z
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Z
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Z
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⇥
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i
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wi

j 0 C

X
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0

j
C �Li

� ��t Zi
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X
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0

j
C �Li

��wi
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C

´
O
�
e� .n�2�/L

2 .1C⇠/e�⌧ t
I
j
�

if l D 0;

O
�
�i

j
e� .n�2�/L

2 .1C⇠/e�⌧ t
I
j
�

if l � 1:

From the equation satisfied byZt;l;i , and taking derivative with respect to t , one can cancel the
terms containing �Li

, which yields

d

dt

ˇ̌
ˇ
tD0

Z

Rn
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i

j; t; l
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D

Z
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i
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/ˇ�1
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j 0¤J
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X
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0

j

� ��t Zi
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Z
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X
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´
O
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I
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�
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O
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D �cn;�

��t ZRn

ˇ.wi
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/ˇ�1Zi

j; t; l
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´
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O
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if l � 1;

DW N1 CN2 CO. � � � /:

Similar to the estimates before, one can get that for l D 1; : : : ; n, by estimate (7.5) in the
Appendix,
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and from (7.3),
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On the other hand, for l D 0, by (7.1),
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and using (7.2),
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if J D 0;

e� .n�2�/L
2 .1C⇠/e�⌧ t

I
J if J � 1:

Combining all the above estimates, the proof of the Lemma is completed.

From Lemma 4.1 and Lemma 4.3, we find the decay estimate for the ˇi

j; l
for general

parameters ai

j
; r i

j
satisfying conditions (3.9) and (3.10).
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Lemma 4.4. For the parameters .ai

j
; Ri

j
/ satisfying (3.9) and (3.10), we have the fol-

lowing estimates:
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i
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�
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for j � 1;

where � is obtained in Lemma 4.1.

Proof. Using the notation in the previous subsection, we will first estimate ˇi
j ; l;1

. Using
Lemmas 4.1 and 4.3, and integrating in t from 0 to 1, varying the parameters .a;R/ D .0; Ri /

to .ai

j
; Ri

j
/, and using the estimates satisfied by the parameters. The integration yields
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´
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for j � 1:

Similarly to the estimates in subsection 4.1, ˇi

j; l;2
and ˇi

j; l;3
can be bounded by

jˇi

j; l;2
j C jˇi

j; l;3
j 

´
Ce� .n�2�/L

2 .1C⇠/e�� t
i
j ;

C�i

j
e� .n�2�/L

2 .1C⇠/e�� t
i
j :

Hence we get the desired bounds on ˇi

j; l
.

5. Derivatives of the coefficients ˇi
j; l

with respect to
the variation of πai

j; l
º and πri

j; l
º

In this section we study the derivatives of the coefficients ˇi

j; l
with respect to the param-

eters πai

j; l
º and πr i

j; l
º. As in the previous remark, we only need to care about the perturbation
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of ai

j
; r i

j
. Thus we first consider the derivatives of ˇi

j; l
with respect to ai

j
; r i

j
for the special

configuration space that ai

j
; r i

j
D 0 for fixed i . For this, we need to consider the variation of �

with respect to these parameters.

5.1. Derivatives of ˇi
j; l

for ai
j

; ri
j

all equal to zero. In this subsection, we fix i
and let Nu0

i
to be the approximate solution with ai

j
; r i

j
D 0. Given � as in Proposition 3.3 for

the approximate solution Nu D Nui

0
, we introduce the operator
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i
C �/ˇ�1:
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j
, and ⇠ i

j; l
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for l D 1; : : : ; n.

Lemma 5.1. For L large, let Nu0

i
and � be as above. Then we have the following esti-

mates on ���⇠i
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near pi :
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j j; l � 1;

in B.pi ; 1/:

Proof. We first consider the case l D 0. If we differentiate the first equation in Proposi-
tion 3.3 with respect to r i

j
, after some manipulation, we obtain that
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;

where
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i
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i
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We now introduce two new norms:
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;

where t i D � log jx � pi j and � > 0 is a small positive constant to be determined later.
Similarly to the proof of Lemma 3.4, if we work in the above weighted norm spaces, one

can check that given k Qhk⇤⇤� < C1, the following problem is solvable:
8
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ˆ̂:

QLv D QhC

X

j; l;i

ci

j; l
.wi

j
/ˇ�1Zi

j; l
;

Z

Rn

v.wi

j
/ˇ�1Zi

j; l
dx D 0; j D 0; 1; : : : ; l D 0; : : : ; n;
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and the solution v satisfies kvk⇤�  Ck Qhk⇤⇤� , where C only depends on � . We would like to
apply this estimate to (5.1), but we do not have the orthogonality condition on ���ri

j

. This can be
recovered by adding some corrections.

For this, the L2-product of ��=�r i

j
and .wi

j
/ˇ�1Zi

j; l
can be estimated as follows: differ-

entiating the second equation in Proposition 3.3 with respect to r i

j
, we obtain by the estimate

satisfied by � given in (3.16) that
ˇ̌
ˇ̌
Z

Rn

���r i

j

.wi

j 0/ˇ�1Zi

j 0; l
dx

ˇ̌
ˇ̌ D

ˇ̌
ˇ̌ �

Z

Rn

�
��r i

j

Œ.wi

j 0/ˇ�1Zi

j 0; l
ç dx

ˇ̌
ˇ̌(5.4)

 Ce� .n�2�/L
4 .1C⇠/ıjj 0e�� t

i
j

for some � > 0 independent of L large.
Since for i 0 ¤ i , the orthogonality is satisfied, we set

(5.5) O� D
���r i

j

C

X

j; l

˛i

j; l
Zi

j; l
;

for some ˛i

j; l
2 R. We would like to choose the numbers ˛i

j; l
so that the new function O� will

satisfy the orthogonality condition. In order to have this, we need
Z

Rn

���r i

j

.wi
0

j 0/ˇ�1Zi
0

j 0; l 0 dx C

X

j; l

Z

Rn

˛i

j; l
Zi

j; l
.wi

0
j 0/ˇ�1Zi

0
j 0; l 0 dx D 0:

From estimate (5.4), one has

(5.6) j˛i

j; l
j  Ce� .n�2�/L

4 .1C⇠/e�� t
i
j :

Then O� will satisfy the following equation:
8
ˆ̂̂
<̂

ˆ̂̂
:̂

QL. O�/ D OhC

X

j 0; l 0;i 0

�ci
0

j 0; l 0�r i

j

.wi
0

j 0/ˇ�1Zi
0

j 0; l 0 ;

Z

Rn

O�.wi
0

j 0/ˇ�1Zi
0

j 0; l 0 dx D 0;

where
Oh D QhC cn;�ˇ

X

j; l;i

˛i

j; l
Zi

j; l
Œ. Nu0

i
/ˇ�1

� . Nu0

i
C �/ˇ�1ç:

In conclusion, to estimate O� and hence ���ri
j

, it suffices to estimate Oh. So we now bound Oh term
by term.

Concerning �S. Nu0
i /�ri

j

, we have from the arguments in Section 3 that
����
�S. Nu0

i
/�r i

j

����
⇤⇤�

 Ce� .n�2�/L
4 .1C⇠/:

From the estimates satisfied by �, the same estimate holds for the second term in (5.3)
if � < �1 C

n�2�

2
. For the third term, it contains the symbol ıjj 0 , so the estimate follows by the

bounds for ci

j; l
in the proof of Lemma 3.4. Moreover, from (5.6), one can get the same estimate

for the fourth term. In conclusion, one has

k Ohk⇤⇤�  Ce� .n�2�/L
4 .1C⇠/:
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Hence by the above reasoning, k O�k⇤�  Ce� .n�2�/L
4 .1C⇠/. Formulas (5.5) and (5.6) yield

����
���r i

j

����
⇤�

 Ce� .n�2�/L
4 .1C⇠/:

Finally, by the definition of k � k⇤� norm, we obtain the first assertion in (5.2).
Similarly, differentiating the first equation in Proposition 3.3 with respect to ai

j
and argu-

ing as above, always keeping in mind that�wi

j�ai

j

⇠
1

�i

j

jx � pi j
� n�2�

2 .vi

j
/

2
n�2� C1;

one can get that ����
���ai

j

����
⇤�


C

�i

j

e� .n�2�/L
4 .1C⇠/;

which yields the second estimate in (5.2).

We now describe the asymptotic profile of the function ��=�⇠ i

j; l
. First of all, we con-

sider the ideal case when there is only one point singularity at p D 0 and u D uL, i.e., the
exact Delaunay solution from (3.1). By definition, uL is a solution of (3.15) with � D 0 and
vanishing right-hand side. For j � 1, we assume that we are varying wj by aj ; rj , and denote
the corresponding approximate solution by NuL. We are still able to perform the reduction in
Proposition 3.3 to find a solution of the form NuL C N� of the following equation:

(5.7)

8
ˆ̂<

ˆ̂:

.�Å/� . NuL C N�/ � cn;� . NuL C N�/ˇ D

X

j;l

cj; lw
ˇ�1

j
Zj; l ;

Z

Rn

N�w
ˇ�1

j
Zj; l dx D 0:

Note that an estimate similar to that of Lemma 5.1 will hold true for the corresponding N�. But
we also need to control the derivative of cj; l with respect to the perturbations. In order to do
so, we first introduce some notation. Define

ǰ; l WD

Z

Rn

Œ.�Å/� . NuL C N�/ � cn;� . NuL C N�/ˇ çZj; l dx:

We are interested in the derivatives of ǰ 0; l 0 with respect to π⇠j; lº D πrj ; aj;1; : : : ; aj;nº for
l D 0; : : : ; n.

Lemma 5.2. For L large, the following estimates hold:� ǰ;0�rj D �2cn;�F
0.L/CO

�
e� .n�2�/L

2 .1C⇠/
�
;� ǰ �1;0�rj D cn;�F

0.L/CO
�
e� .n�2�/L

2 .1C⇠/
�
;� ǰ C1;0�rj D cn;�F

0.L/CO
�
e� .n�2�/L

2 .1C⇠/
�
;�ˇJ;0�rj D O

�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j� for jJ � j j � 2:
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For l D 1; : : : ; n,� ǰ; l�aj; l

D cn;��j

X

j 0¤j

min
≤
�j 0

�j

;
�j

�j 0

≥n�2�
2 1

maxπ�2

j 0 ;�2

j
º

CO
�
e� .n�2�/L

2 .1C⇠/
�

and if j ¤ J , �ˇJ; l�aj; l

D �cn;��J


min

≤
�J

�j

;
�j

�J

≥n�2�
2 1

maxπ�2

J
;�2

j
º

CO

✓
1

�i

e� .n�2�/L
2 .1C⇠/e�� jtJ �tj j

◆�
:

In addition, �ˇJ; l�⇠j; l 0
D 0 if l ¤ l 0:

Here the derivatives are evaluated at aj ; rj D 0.

Proof. Differentiating the expression for ˇJ; l with respect to rj , and recalling equa-
tion (5.7), one has �ˇJ; l�rj D

Z

Rn


NL
✓ � N��rj ◆C

�S. NuL/�rj �
ZJ; l dx(5.8)

C

X

j 00; l 0
cj 00; l 0

Z

Rn

w
ˇ�1

j 00 Zj 00; l 0
�ZJ; l�rj dx;

where we have defined
NL D .�Å/� � cn;�ˇu

ˇ�1

L
;

since N� D 0 when NuL D uL. We write
Z

Rn

NL
✓ � N��rj ◆ZJ; l dx D

Z

Rn

LJ .ZJ; l/
� N��rj dx C

Z

Rn

. NL � LJ /.ZJ; l/
� N��rj dx

CO
�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j�

D cn;�ˇ

Z

Rn

Œw
ˇ�1

J
� u

ˇ�1

L
ç
� N��rj ZJ; l dx

CO
�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j�

D O
�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j�;

where
LJ D .�Å/� � cn;�ˇw

ˇ�1

J
:

Since uL is the exact solution, the corresponding cj 00; l D 0. Thus for the last term in (5.8)
we have

X

j 00; l

cj 00; l

Z

Rn

w
ˇ�1

j 00 Zj 00; l 0
�ZJ; l�rj dx D 0:
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In conclusion, one has�ˇJ; l�rj D
��rj ZRn

S. NuL/ZJ; l dx CO
�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j�;

where we have used the fact that S. NuL/ D 0 for NuL D uL.
Similarly, recalling the definition of ZJ; l D �j

�wJ�aJ; l
, and the estimates for � N��aj

from the
previous paragraphs,�ˇJ; l�aj

D
��aj

Z

Rn

S. NuL/ZJ; l dx CO

✓
�J

�j

e� .n�2�/L
2 .1C⇠/e�� jtJ �tj j

◆
:

Both variations above can be calculated from Lemma 4.3, with the obvious modifications as
we just have one singular point so there is no summation in i . Thus one has�ˇJ;0�rj D cn;�

X

j 0¤j 0

��rj "F �ˇ̌log �j 0
�J

ˇ̌� log �j 0
�J

jlog �j 0
�J

j

#
CO

�
e� .n�2�/L

2 .1C⇠/e�� jtJ �tj j�:

The first four conclusions in Lemma 5.2 follow by taking different values of J and from the
definition of �j .

Very similarly, for l D 1; : : : ; n, applying Lemma 4.3 we obtain�ˇJ; l�aj; l

D O

✓
�J

�j

e� .n�2�/L
2 .1C⇠/e�� jtJ �tj j

◆

C

8
ˆ̂̂
ˆ̂<

ˆ̂̂
ˆ̂:

cn;��j

��aj; l

X

j 0¤j


min

≤
�j 0

�j

;
�j

�j 0

≥n�2�
2 aj; l

maxπ�2

j 0 ;�2

j
º

�
if J D j;

�cn;��J

��aj; l


min

≤
�J

�j

;
�j

�J

≥n�2�
2 aj; l

maxπ�2

J
;�2

j
º

�
if J ¤ j:

In addition, by the symmetry of the problem, we have �ˇJ;l0�⇠j; l
D 0 if l ¤ l 0. This completes the

proof of the lemma.

The reason we have studied the special configuration uL is that we will identify the
quantities �ˇi

j; l
=�⇠ i

j; l
as the limits of the derivatives of ǰ; l with respect to ⇠j; l as j ! 1. We

fix a point p D pi and a Delaunay parameter L D Li . We denote NuLi
, N�i the pair that gives

the solution to (5.7). Before we state the result, we first need to compare the functions ��=�⇠ i

j; l

and � N�i=�⇠j; l for i fixed, as in the lemma below:

Lemma 5.3. Take Nu0

i
and � as in Lemma 5.1. For i fixed and j � 1 we have the fol-

lowing estimate:

����
���⇠ i

j; l

�
� N�i�⇠ i

j; l

����
⇤�



8
<

:
Ce� .n�2�/L

4 .1C⇠/e�� t
i
j for l D 0;

C

�
i
j

e� .n�2�/L
4 .1C⇠/e�� t

i
j for l � 1:

Proof. As before, we write down the equations satisfied by � and N�i ,

.�Å/� . Nu0

i
C �/ � cn;� . Nu0

i
C �/ˇ D

X

i 0;j; l

ci
0

j; l
.wi

0
j
/ˇ�1Zi

0
j; l
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and
.�Å/� . NuLi

C N�i / � cn;� . NuLi
C N�i /

ˇ
D

X

j; l

cj; l.w
i

j
/ˇ�1Zi

j; l
:

We will differentiate both expressions with respect to ⇠ i

j; l
; one has from the first equation that

.�Å/�
✓ � Nu0

i�⇠ i

j; l

C
���⇠ i

j; l

◆
� cn;�ˇ. Nu0

i
C �/ˇ�1

✓ � Nu0

i�⇠ i

j; l

C
���⇠ i

j; l

◆

D

X

i 0

1X

j D0

ci
0

j; l

��⇠ i

j; l

Œ.wi
0

j
/ˇ�1Zi

0
j; l
çC

X

i 0

1X

j 0D0

�ci
0

j 0; l�⇠ i

j; l

.wi
0

j 0/ˇ�1Zi
0

j 0; l
:

Here, by the definition of the approximate solution Nu0

i
, one knows that� Nu0

i�⇠ i

j; l

D
�wi

j�⇠ i

j; l

:

Next, differentiating the second equation,

.�Å/�
✓� NuLi�⇠j; l

C
� N�i�⇠j; l

◆
� cn;�ˇ. NuLi

C N�i /
ˇ�1

✓� NuLi�⇠j; l

C
� N�i�⇠j; l

◆

D

1X

j 0D�1

�cj 0; l 0�⇠j; l

.wi

j 0/ˇ�1Zj; l C

1X

j D�1
cj; l

��⇠j; l

Œw
ˇ�1

j
Zj; l ç:

To simplify this expression, recall that when NuLi
D uLi

is a exact solution, one has cj; l D 0

and N�i D 0. So when evaluating at ⇠j; l D 0, this equation becomes

.�Å/�
� N�i�⇠j; l

� cn;�u
ˇ�1

Li

� N�i�⇠j; l

C .�Å/�
�wj�⇠j; l

� cn;�ˇu
ˇ�1

Li

�wj�⇠j; l

D

1X

j 0D�1

�cj 0; l 0�⇠j; l

.wi

j 0/ˇ�1Zj; l

Denote
L Nu0

i
D .�Å/� � cn;�ˇ. Nu0

i
/ˇ�1:

Taking the difference of the above two expressions we obtain an equation for ���⇠i
j; l

�
� N��⇠j; l

:

L Nu0
i

✓ ���⇠ i

j; l

�
� N�i�⇠j; l

◆
D cn;�ˇ

�
. Nu0

i
C �/ˇ�1

� u
ˇ�1

Li

� �wi

j�⇠ i

j; l

C
�
. Nu0

i
/ˇ�1

� u
ˇ�1

Li

� � N�i�⇠j; l

�

C cn;�ˇŒ. Nu0

i
C �/ˇ�1

� . Nu0

i
/ˇ�1ç
���⇠ i

j; l

C

X

i 0

1X

j D0

ci
0

j; l

��⇠ i

j; l

Œ.wi
0

j
/ˇ�1Zi

0
j; l
ç

C

X

i 0

1X

j 0D0

�ci
0

j 0; l�⇠ i

j; l

.wi
0

j 0/ˇ�1Zi
0

j 0; l
�

1X

j 0D�1

�cj 0; l 0�⇠j; l

.wi

j 0/ˇ�1Zj; l



Ao, DelaTorre, González and Wei, Singular fractional Yamabe problem 67

D cn;�ˇ


.. Nu0

i
C �/ˇ�1

� u
ˇ�1

Li
/
�wi

j�⇠ i

j; l

C .. Nu0

i
/ˇ�1

� u
ˇ�1

Li
/
� N�i�⇠j; l

�

C cn;�ˇŒ. Nu0

i
C �/ˇ�1

� . Nu0

i
/ˇ�1ç
���⇠ i

j; l

C

1X

j D0

ci

j; l

��⇠ i

j; l

Œ.wi

j
/ˇ�1Zi

j; l
çC

X

j 0<0

�cj 0; l 0�⇠j; l

.wi

j 0/ˇ�1Zj 0; l 0

C

1X

j 0D0

✓�ci

j 0; l 0�⇠ i

j; l

�
�cj 0; l 0�⇠j; l

◆
.wi

j 0/ˇ�1Zi

j 0; l 0

C

X

i 0¤i

�ci
0

j 0; l 0�⇠ i

j; l

.wi
0

j 0/ˇ�1Zi
0

j 0; l 0 :

Neglecting the terms in the last line, taking into account the estimates in Section 3, the estimates
for ��=�r i

j
in Lemma 5.1 and the estimates in Lemma 5.2, one can find that the right-hand side

of the above equation can be bounded by e� .n�2�/L
2 .1C⇠/e�� t

i
j in k � k⇤⇤� norm.

We first consider the case l D 0, i.e., ⇠ i

j; l
D r i

j
. In this case, to have control on ���ri

j

�
� N�i�ri

j

,
we can reason similarly as in Lemma 5.1. More precisely, we first set

O� D
���r i

j

�
� N�i�r i

j

C

X

i 0; j 0; l 0
˛i

0
j 0; l 0Z

i
0

j 0; l 0 :

In order to get the orthogonality condition
R

Rn
O� .wI

J
/ˇ�1ZI

J;L
dx D 0 for every I; J; L,

we need

(5.9)
Z

Rn

 ���r i

j

�
� N�i�r i

j

�
.wI

J
/ˇ�1ZI

J;L
dx D

X

i 0; j 0; l 0
˛i

0
j 0; l 0

Z

Rn

.wI

J
/ˇ�1Zi

0
j 0; l 0Z

I

J;L
dx:

Differentiating the orthogonality condition of � and N�i with respect to r i

j
, in analogy with (5.4),

we get
ˇ̌
ˇ̌
Z

Rn

 ���r i

j

�
� N�i�r i

j

�
.wI

J
/ˇ�1ZI

J;L
dx

ˇ̌
ˇ̌ D

X

I;J;L

ˇ̌
ˇ̌
Z

Rn

.� � N�i /
��r i

j

Œ.wI

J
/ˇ�1ZI

J;L
ç dx

ˇ̌
ˇ̌



´
Ce� .n�2�/L

4 .1C⇠/e�� t
i
j if j D J;

0 if j ¤ J;

where we have used the fact that N�i D 0 for uLi
. Therefore, from (5.9) we have the following

estimates:

(5.10) j˛i
0

j 0; l 0 j 

8
ˆ̂<

ˆ̂:

Ce� .n�2�/L
4 .1C⇠/e�� t

i
j if i 0 D i; j 0 D j;

Ce� .n�2�/L
4 .1C⇠/e

�� jt i
j �t

i
j 0 j if i D i 0; j 0 ¤ j;

0 if i ¤ i 0:

Moreover, O� solves

L Nu0
i
. O�/ D L Nu0

i

✓ ���r i

j

�
� N�i�r i

j

◆
C L Nu0

i

✓X

j 0; l 0
˛i

j 0; l 0Z
i

j 0; l 0

◆

D L Nu0
i

✓ ���r i

j

�
� N�i�r i

j

◆
� cn;�ˇ

X

j 0; l 0
˛i

j 0; l 0.. Nu0

i
/ˇ�1

� .wi

j 0/ˇ�1/Zi

j 0; l 0 :
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By (5.10), we know that the second term is bounded by e� .n�2�/L
2 .1C⇠/e�� t

i
j in k � k⇤⇤� norm.

So the right-hand side of the above equation can be controlled by e� .n�2�/L
4 .1C⇠/e�� t

i
j in

k � k⇤⇤� norm, and thus, applying Proposition 3.3 to O�,

k O�k⇤�  Ce� .n�2�/L
4 .1C⇠/e�� t

i
j :

Looking back at (5.5), from the estimates for ˛i

j; l
we have

����
���r i

j

�
� N�i�r i

j

����
⇤�

 Ce� .n�2�/L
4 .1C⇠/e�� t

i
j :

A similar argument yields
����
���ai

j

�
� N�i�ai

j

����
⇤�


C

�i

j

e� .n�2�/L
4 .1C⇠/e�� t

i
j :

The proof of the lemma is completed.

From the previous lemma we can obtain estimates on derivatives of ˇi

j; l
with respect

to ⇠ i

j; l
.

Lemma 5.4. In the previous setting, we have the following estimates:

ˇ̌
ˇ̌�ˇi

j 0; l 0�⇠ i

j; l

�
� ǰ 0; l 0�⇠j; l

ˇ̌
ˇ̌ 

8
<

:
Ce� .n�2�/L

2 .1C⇠/e�� t
i
j e

�� jt i
j �t

i
j 0 j if l D 0;

C

�
i
j

e� .n�2�/L
2 .1C⇠/e�� t

i
j e

�� jt i
j �t

i
j 0 j if l � 1;

for j � 1:

Proof. Recall that by the definition of ˇi

j; l
and ǰ; l ,

ˇi

j; l
D

Z

Rn

Œ.�Å/� . Nu0

i
C �/ � cn;� . Nu0

i
C �/ˇ çZi

j; l
dx;

ǰ; l D

Z

Rn

Œ.�Å/� . NuLi
C N�i / � cn;� . NuLi

C N�i /
ˇ çZi

j; l
dx:

Differentiating the above equations with respect to ⇠ i

j; l
and taking the difference, one has��⇠ i

j; l

.ˇi

j 0; l 0 � ǰ 0; l 0/ D

Z

Rn

L Nu0
i
.
���⇠ i

j; l

�
� N�i�⇠ i

j; l

/Zi

j 0; l 0 dx

� cn;�ˇ

Z

Rn

.. Nu0

i
/ˇ�1

� u
ˇ�1

Li
/
� N�i�⇠ i

j; l

Zi

j 0; l 0 dx

� cn;�ˇ

Z

Rn

.u
ˇ�1

Li
� . Nu0

i
C �/ˇ�1/

�wi

j�⇠ i

j; l

Zi

j 0; l 0 dx

� cn;�ˇ

Z

Rn

Œ. Nu0

i
C �/ˇ�1

� . Nu0

i
/ˇ�1ç
���⇠ i

j; l

Zi

j 0; l 0 dx

C ci

j; l

Z

Rn

.wi

j
/ˇ�1Zi

j; l

��⇠ i

j; l

Zi

j 0; l 0 dx:
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By oddness, one can first get that the term in the last line vanishes. Moreover, by the esti-
mates in Lemma 5.1 and Lemma 5.3, one can get that the first two lines can be controlled
by e� .n�2�/L

2 .1C⇠/e�� t
i
j e�� jt i

j �t
i
j 0 j when l D 0 and 1

�
i
j

e� .n�2�/L
2 .1C⇠/e�� t

i
j e�� jt i

j �t
i
j 0 j when

l � 1. Thus one has
ˇ̌
ˇ̌ ��⇠ i

j; l

.ˇi

j 0; l 0 � ǰ 0; l 0/

ˇ̌
ˇ̌ 

8
<

:
Ce� .n�2�/L

2 .1C⇠/e�� t
i
j e

�� jt i
j �t

i
j 0 j if l D 0;

C

�
i
j

e� .n�2�/L
2 .1C⇠/e�� t

i
j e

�� jt i
j �t

i
j 0 j if l � 1;

for j � 1:

The proof is completed.

5.2. Derivatives of the numbers ˇi
j; l

for the general parameters ai
j

; ri
j

. In this sub-
section, we consider the derivatives of the numbers ˇi

j; l
for the general parameters ai

j
; r i

j
satis-

fying (3.7)–(3.10). We write the counterpart of Lemmas 5.3 and 5.4, but we do not prove them
since the methods are quite similar. In the following, we assume that ⌧ < � .

Lemma 5.5. Suppose ai

j
; r i

j
satisfy (3.7)–(3.10). ForL large, let Nu and � be as in Propo-

sition 3.3. Then we have the following estimates for ���⇠i
j; l

�
� N�i�⇠j; l

:

����
���⇠ i

j; l

�
� N�i�⇠j; l

����
⇤�

 C

8
<

:
Ce� .n�2�/L

4 .1C⇠/e�⌧ t
i
j if l D 0;

C

�
i
j

e� .n�2�/L
4 .1C⇠/e�⌧ t

i
j if l � 1;

for j � 1 if we choose ⌧ < � .

Lemma 5.6. Suppose ai

j
; r i

j
satisfy (3.7)–(3.10). ForL large, let Nu and � be as in Propo-

sition 3.3. Then we have the following estimates:

ˇ̌
ˇ̌ ��⇠ i

j; l

.ˇi

j 0; l 0 � ǰ 0; l 0/

ˇ̌
ˇ̌ 

8
<

:
Ce� .n�2�/L

2 .1C⇠/e�⌧ t
i
j e

�� jt i
j �t

i
j 0 j if l D 0;

C

�
i
j

e� .n�2�/L
2 .1C⇠/e�⌧ t

i
j e

�� jt i
j �t

i
j 0 j if l � 1;

for j � 1, where ⇠ > 0 is a positive constant independent of L large.

6. Proof of the main theorem

In this section we prove our main results. We keep the notation and assumptions in the
previous sections. Before we start, we define some notation:

Qai
D . Qai

0
; : : : ; Qai

j
; : : : /t ; ri

D .r i

0
; r i

1
; : : : ; r i

j
; : : : /t

and
T i

Qa.Qa
i / D T i

Qa Qai ; T i

r
.ri / D T i

r
ri ;

where

T i

Qa D

0

BBBBB@

�1 1C e�2Li �e�2Li 0 � � � � � � 0

0 �1 1C e�2Li �e�2Li 0
: : : 0

0 0 �1 1C e�2Li �e�2Li 0
:::

� � � � � � � � � � � � � � � � � � � � �

1

CCCCCA
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and

T i

r
D

0

BBBBB@

�1 2 �1 0 � � � � � � 0

0 �1 2 �1 0
: : : 0

0 0 �1 2 �1 0
:::

� � � � � � � � � � � � � � � � � � � � �

1

CCCCCA
:

For ⌧ > 0, let us also introduce the weighted norm and space

j.xj /j⌧ D sup
j

e.2j C1/⌧
jxj j

and
`⌧ D π. Qai

j
; r i

j
/ W j. Qai

j
/j⌧ C j.r i

j
/j⌧ < C1º:

At first glance, these infinite-dimensional matrices are not invertible, since they have the
trivial kernel .1; 1; : : : /t , but they are indeed invertible in some suitable weighted norm, which
is given in the following:

Lemma 6.1. The operators T i

Qa , T i
r

have inverse whose norm can be bounded by Ce�2⌧ .

Proof. Given .fi /i�1 with j.fj /j j⌧ < 1, our goal is to solve T i

Qa.Qa
i / D .fi /i . Defining

Qai

j
D

1X

lDj C1

 
l�j �1X

sD0

e�2Li s

!
fl ;

one can easily check that the solution Qai

j
satisfies the required conditions and that the operator

is an inverse of T i

Qa both from the left and from the right (here the index for f starts from 1,
while the index for a starts from 0). Moreover, one has

j Qai

j
j  C jfj j⌧

1X

lDj C1

 
l�j �1X

sD0

e�2Li s

!
e�.2lC1/⌧

 Ce�.2j C3/⌧
jfj j⌧ ;

which proves the result for T i

Qa . The proof for the inverse for T i
r

was given in [23, Lemma 7.3].
The lemma is proved.

Recall that in Proposition 3.3 one has found a solution u D NuC � for

.�Å/�u � cn;�u
ˇ

D

X

i;j; l

ci

j; l
.wi

j
/ˇ�1Zi

j; l
:

The solvability of the original problem (1.1) is reduced to the following system of equations:

ˇi

j; l
D

Z

Rn

Œ.�Å/�u � cn;�u
ˇ çZi

j; l
dx D 0

for all i D 1; : : : ; k, j D 0; : : : ;C1, and l D 0; : : : ; n.
Using the above lemma and a perturbation argument, we can prove the following result:

Proposition 6.2. Given πRi ; Oai

0
; qiº satisfying (3.7) and (3.8) with L sufficiently large,

if we choose ⌧ < minπ⇠; �º, there exist . Qai

j
/i;j and .r i

j
/i;j such that (3.10) holds true with

ˇi

j; l
D 0 for j � 1 and all l D 0; : : : ; n, i D 1; : : : ; k.
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Proof. For l D 0, consider

Gi

0
D

0

BB@

:::
1

F .Li /
Œˇi

j;0
� Ňi

j;0
ç

:::

1

CCA � T i

r
.ri /

and for l D 1; : : : ; n,

Gi

l
D

0

BBBB@

:::

e
n�2�

2
Li

�
i
j

Œˇi

j; l
� Ňi

j; l
ç

:::

1

CCCCA
� T i

Qa.Qa
i /;

where Ňi

j; l
correspond to the numbers ˇi

j; l
for the approximate solution Nu0

i
, i.e., the solu-

tion when Nai

j
, r i

j
are all zero.

One can easily see that ˇi

j; l
D 0 for j � 1 if

(6.1) Qai
D �T �1

Qa

8
ˆ̂̂
<̂

ˆ̂̂
:̂

0

BBBB@

:::

e
n�2�

2
Li

�
i
j

Ňi

j; l

:::

1

CCCCA
CGi

l

9
>>>>=

>>>>;

and

(6.2) ri
D �T �1

r

8
ˆ̂<

ˆ̂:

0

BB@

:::
1

F .Li /
Ňi

j;0

:::

1

CCACGi

0

9
>>=

>>;
:

Next we show that the terms on the right-hand sides of (6.1)–(6.2) are contractions in an
appropriate sense. First, by Lemma 4.1, one has

j Ňi

j; l
j 

8
<

:
Ce� .n�2�/Li

2 .1C⇠/e�� t
i
j if l D 0;

C�i

j
e� .n�2�/Li

2 .1C⇠/e�� t
i
j if l � 1;

for j � 1:

We write the j -th component of Œe
n�2�

2
Li

�
i
j

.ˇi

j; l
� Ňi

j; l
/ç � T i

Qa.Qa
i / as G1;l;j CG2;l;j , where

G1;l;j D

Z
1

0


e

n�2�
2 Li

�i

j

�ˇi

j; l
.t.Nai ; ri //�t � NAi

�
.Nai ; ri / dt

and
G2;l;j D NAi

� T i

a
.Qai /

for

NAi

j
.Nai ; ri / D

1X

j 0D0

e
n�2�

2 L

�i

j

� ǰ; l� Nai

j 0
� Œ Nai

j 0 ç;

where ǰ; l is given before Lemma 5.2 and Nai

j
corresponds to the translation perturbation of the

j -th bubble in the Delaunay solution, see Lemma 5.2. Also observe that

TQa.Nai / D TQa.Qai /:
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Let us begin by estimating G1;l;j : using Lemma 5.4 for l D 1; : : : ; n, one finds

jG1;l;j j 

1X

j 0D0

e
n�2�

2 L

�i

j

ˇ̌
ˇ̌�ˇi

j; l� Nai

j 0
�
� ǰ; l� Nai

j 0

ˇ̌
ˇ̌ j Nai

j 0 j CO
�
e� .n�2�/Li

2 ⇠e� minπ�;⌧ºt
i
j
�

 Ce� .n�2�/Li
2 ⇠

X

j 0
e�� tj 0 e�� jtj �tj 0 j

j Nai

j 0 j CO
�
e� .n�2�/Li

2 ⇠e� minπ�;⌧ºt
i
j
�

 C
�
e� .n�2�/L

2 ⇠e� minπ�;⌧ºt
i
j
�
:

To estimate G2;l;j , we apply Lemma 5.2 which gives

jG2;l;j j  Ce� .n�2�/Li
2 ⇠


e��Li

�
j Qai

j �1
j C j Qai

j C1
j
�

C

X

j 0¤j ˙1

e
�� jt i

j 0 �t
i
j j

j Qai

j 0 j

�
:

Combining the above two estimates, one has for ⌧ < � ,

kGi

l
k ⌧Li

2

 Ce⌧Le� .n�2�/Li
2 ⇠

kQai
k ⌧Li

2

CO
�
e� .n�2�/Li

2 ⇠
�

for l D 1; : : : ; n:

Similarly, for l D 0, one can get that

kGi

0
k ⌧Li

2

 Ce⌧Le� .n�2�/Li
2 ⇠

kri
k ⌧Li

2

CO
�
e� .n�2�/Li

2 ⇠
�
:

Next, with some abuse of notation, equations (6.1) and (6.2) are equivalent to

Qai
D T �1

a

⇥
e⌧Le� .n�2�/Li

2 ⇠
kQai

k⌧Li
CO

�
e� .n�2�/Li

2 ⇠
�⇤

DW Ga.Qai /

and
ri

D T �1

r

⇥
e⌧Le� .n�2�/Li

2 ⇠
kri

k⌧Li
CO

�
e� .n�2�/Li

2 ⇠
�⇤

DW Gr.ri /;

where the terms on the right-hand sides of the above two equations are estimated in k � k ⌧Li
2norm. We now consider the set

(6.3) B D π.Qai

j
; ri

j
/ W kQai

k ⌧Li
2

C kri
k ⌧Li

2

 Ce�⌧L
º:

For ⌧ < ⇠ small enough, it follows that .Ga; Gr/ maps B into itself for L large. Furthermore,
it is a contraction mapping. So by fixed point theory, there exists a fixed point in set B. Thus
we have found Qai

j
; r i

j
such that ˇi

j; l
D 0 for all j � 1, as desired.

We are now in a position to prove our existence result.

Proof of Theorem 1.1. By Proposition 6.2, we are reduced to find Ri ; Oai

0
and qi for

which ˇi

0; l
D 0.

For j D 0, from Lemma 4.4, one has that equation ˇi

0;0
D 0 is reduced to

ˇi

0;0
D �cn;�qi


A2

X

i 0¤i

jpi 0 � pi j
�.n�2�/.Ri

0
Ri

0
0
/

n�2�
2 qi 0

�

✓
Ri

1

Ri

0

◆n�2�
2

qi

�
e� .n�2�/L

2 .1C o.1//CO
�
e� .n�2�/L

2 .1C⇠/
�

D 0:
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Recall that by the definition of Ri

j
, i.e., Ri

0
D Ri .1C r i

0
/, and the estimate for r i

j
(6.3), the

above equation can be rewritten as

(6.4) A2

X

i 0¤i

jpi 0 � pi j
�.n�2�/.RiRi

0
/

n�2�
2 qi 0 � qi D o.1/:

On the other hand, the equations ˇi

0; l
D 0 for l D 1; : : : ; n are reduced to

ˇi

0; l
D cn;�


A3

X

i 0¤i

.pi 0 � pi /l
jpi 0 � pi j

n�2�C2
.Ri

0
Ri

0
0
/

n�2�
2 qi 0

C A0

✓
Ri

1

Ri

0

◆n�2�
2 ai

0
� ai

1

.�i

0
/2

qi

�
qie

� n�2�
2 L

CO
�
e� .n�2�/L

2 .1C⇠/
�

D 0:

By the definition of ai

j
, i.e., ai

j
D .�i

j
/2 Nai

j
and Nai

j
D Oai

0
C Qai

j
, and the estimates satisfied by Qai

j

(6.3), the above equation can be rewritten as

A3

X

i 0¤i

.pi 0 � pi /l
jpi 0 � pi j

n�2�C2
.RiRi

0
/

n�2�
2 qi 0 C A0 Oai

0
qi D o.1/:(6.5)

Our last step is to choose suitable Oai

0
; Ri ; qi such that equations (6.4) and (6.5) are solv-

able. Recalling the balancing conditions (3.5)–(3.6) satisfied by Oai; b

0
; Ri; b; qb

i
, the solvability

of (6.4)–(6.5) depends on the following invertibility property of the linearized operator of the
above equations around Oai; b

0
; Ri; b; qb

i
:

Lemma 6.3. If we denote

F .Ri ; qi / D A2

X

i 0¤i

jpi 0 � pi j
�.n�2�/.RiRi

0
/

n�2�
2 qi 0 � qi ;

then the linearized operator of F around .Ri; b; qb

i
/ is invertible.

Proof. From the definition of F , one has the following expression for the linearized
operator FRi ;qi

j
.Ri; b;q

b
i /

W R2k ! Rk:

Fqi
D .qij /

for
qi i D �1; qij D A2jpi � pj j

�.n�2�/.Ri; bRj;b/
n�2�

2 ; i ¤ j;

and
FRi D .Rij /

for

Ri i D
n � 2�

2

1

Ri; b

X

i 0¤i

A2jpi 0 � pi j
�.n�2�/.Ri; bRi

0
;b/

n�2�
2 qb

i
;

Rij D
n � 2�

2

1

Rj;b
A2jpj � pi j

�.n�2�/.Ri; bRj;b/
n�2�

2 qb

j
; i ¤ j:

From the balancing condition (3.5) we know that

F .Ri; b; qb

i
/ D 0:
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One can easily see that the matrix Fqi
is symmetric and has only one-dimensional kernel,

which is given by
Ker.Fqi

/ D Spanπ.qb

1
; : : : ; qb

k
/º:

The balancing condition (3.5) also implies that

FRi

0

BB@

R1;b

:::

Rk;b

1

CCA D
.n � 2�/

2

0

BB@

qb

1

:::

qb

k

1

CCA :

Thus we conclude that the operator F
Ri; b;q

b
i

is surjective.

From Lemma 6.3 and the balancing condition (3.5), one can easily find .Ri ; qi / which
solves (6.4) by perturbing near .Ri; b; qb

i
/. Looking at the second balancing condition (3.6),

once .Ri ; qi / are known, one can find Oai

0
around Oai; b

0
which solves (6.5).

In conclusion, we have chosen Ri ; qi ; Oai

0
such that (6.4)–(6.5) are solved, i.e., ˇi

0; l
D 0.

The last step in our argument is to use the maximum principle in [11] to show that u > 0. This
concludes the proof of the main theorem.

7. Appendix

In this appendix we will derive some useful integrals which are important in our proof.
All of the following expressions may be found in A. Bahri’s book [5] for the special case � D 1.
Below we derive the estimates for general � .

We define

w1 D

✓
�1

�2

1
C jxj2

◆n�2�
2

;

w2 D

✓
�2

�2

2
C jxj2

◆n�2�
2

;

w3 D

✓
�3

�2

3
C jx � pj2

◆n�2�
2

:

Lemma 7.1. It holds

(7.1) ˇ

Z

Rn

w
ˇ�1

1
w2

�w1��1

dx D
1

�1

F
�ˇ̌

log �2

�1

ˇ̌� log �2

�1

jlog �2

�1
j
;

where

F.`/ WD ˇ

Z

R
v.t/ˇ�1v.t C `/v0.t/ dt D e� n�2�

2 `.1C o.1//; ` ! 1:

Proof. By the relation between w and v, one has

w1 D jxj
� n�2�

2 v.� log jxj C log�1/;

w2 D jxj
� n�2�

2 v.� log jxj C log�2/:
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Thus

ˇ

Z

Rn

w
ˇ�1

1
w2

�w1��1

dx D ˇ

Z

Rn

jxj
�2�v

ˇ�1

1
jxj

� n�2�
2 v0

1

1

�1

jxj
� n�2�

2 v2 dx

D ˇ
1

�1

Z

R
vˇ�1.t C log�1/v

0.t C log�1/v.t C log�2/ dt

D ˇ
1

�1

Z

R
vˇ�1.t/v0.t/v.t C log �2

�1
/ dt

D
1

�1

F
�ˇ̌

log �2

�1

ˇ̌� log �2

�1

jlog �2

�1
j
;

ad desired.

Lemma 7.2. If �3 D O.�1/, then the following estimates hold:

ˇ

Z

Rn

w
ˇ�1

1
w3

�w1��1

dx D A2

jpj�.n�2�/

�1

.�1�3/
n�2�

2 Œ1CO.�1/
2ç(7.2)

and for l D 1; : : : ; n,

ˇ

Z

Rn

w
ˇ�1

1
w3

�w1�xl

dx D A3
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jpjn�2�C2
.�1�3/

n�2�
2 .1CO.�2

1
//;(7.3)

and the constants are given by

A2 D
nC 2�

2

Z

Rn

jxj2 � 1

.1C jxj2/
nC2�C2

2

dx > 0

and

A3 D �
.n � 2�/2

n

Z

Rn

jxj2

.1C jxj2/
nC2�C2

2

dx < 0:

Proof. We calculate

ˇ

Z
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w
ˇ�1

1
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�w1��1
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D
nC 2�

2

Z
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�
nC2�

2 �1

1
.jxj2 � �2

1
/
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1
/
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2 C1

✓
�3

jx � pj2 C �2

3

◆n�2�
2
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D
nC 2�

2
�
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2 �1

1
�
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2

3

Z

Rn

jxj2 � 1

.1C jxj2/
nC2�

2 C1

1

.j�1x � pj2 C �2

3
/

n�2�
2
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D
nC 2�

2
�

n�2�
2 �1

1
�

n�2�
2

3
jpj

�.n�2�/

Z

Rn

jxj2 � 1

.1C jxj2/
nC2�

2 C1
dx .1CO.�2

1
//;

where we have used the expansion

(7.4) .�2

3
C j�1x � pj

2/�
n�2�

2 D jpj
�.n�2�/

C .n � 2�/
�1p � x

jpjn�2�C2
CO.�2

1
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Moreover, rescaling �1 in the second step,

nC 2�

2

Z

Rn

jxj2 � 1

.1C jxj2/
nC2�

2 C1
dx D

���1

ˇ̌
ˇ
�1D1

Z

Rn

w
ˇ
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Next, by (7.4) again,
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Lemma 7.3. For jaj  maxπ�2

1
;�2

2
º ⌧ 1 and minπ

�1

�2
; �2

�1
º ⌧ 1, the following esti-

mates hold:
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Proof. We consider the case �2 ⌧ �1:
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Using the assumption that jaj  C�2

1
and �2 ⌧ �1, by Taylor’s expansion for the second term

in the integral, the above integral is

�.n � 2�/

✓
�2

�1

◆n�2�
2

��1

1

Z

Rn

��1

1
.a � x/xjxj�.n�2�/�2

.1C jxj2/
nC2�

2 C1

⇥


1CO

✓
a

�1

◆2

CO

✓
�2

�1

◆2 a

�1

�
dx

D �
n � 2�

n

✓
�2

�1

◆n�2�
2 a

�2

1

Z

Rn

1

jxjn�2� .1C jxj2/
nC2�

2 C1
dx

⇥


1CO

✓
a

�1

◆2

CO

✓
�2

�1

◆2 a

�1

�

D �
A0

nC 2�

✓
�2

�1

◆n�2�
2 a

�2

1

CO

✓
�2

�1

◆n�2�
2
✓

a

�1

◆2

C

✓
�2

�1

◆2 a

�1

�
:

One can deal similarly with the case �1 ⌧ �2; we leave this proof to the reader.
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