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Concentration phenomena for the fractional ()-curvature equation
in dimension 3 and fractional Poisson formulas

Azahara DelaTorre, Maria del Mar Gonzalez, Ali Hyder and Luca Martinazzi

ABSTRACT

We study the compactness properties of metrics of prescribed fractional Q-curvature of order 3
in R®. We will use an approach inspired from conformal geometry, seeing a metric on a subset of
R3 as the restriction of a metric on Ri with vanishing fourth-order @-curvature. We will show
that a sequence of such metrics with uniformly bounded fractional @-curvature can blow up on
a large set (roughly, the zero set of the trace of a non-positive bi-harmonic function ® in R%), in
analogy with a four-dimensional result of Adimurthi-Robert—Struwe, and construct examples of
such behaviour. In doing so, we produce general Poisson-type representation formulas (also for
higher dimension), which are of independent interest.

1. Introduction

Consider a Riemannian manifold (M,g). A classical problem in differential geometry is to
conformally transform the metric ¢ in such a way that the scalar curvature of the new metric
coincides with a given function K. When (M, g) is the round sphere, this corresponds to the
intensely studied Nirenberg problem, or when K is chosen to be constant we have a so-called
uniformization problem.

Similar problems arise and have been (and are being) studied with the Riemannian scalar
curvature replaced by other notions of curvature, among which the @-curvature. For instance,
the uniformization problem for closed manifolds of even dimension 2m > 4 has been addressed
in [22, 34|, under the assumption that the total Q-curvature [ o @g dvolg is not a multiple
of the constant A; := (2m — 1)!vol(S?™), which is the total Q-curvature of S?”*. Removing
this assumption, the problem is still open, to the best of our knowledge. A fundamental tool
in approaching this, and other prescribed curvature problems, is the so-called blow-up (or
concentration) analysis of a sequence of metrics with prescribed curvature. For instance, in the
seminal paper [9] Brézis and Merle studied the case of the Gaussian curvature in dimension 2:

THEOREM 1.1 [9]. Given an open subset Q of R?, assume that (uy) C L, () is a sequence
of weak solutions to

—Auy, = Kpe®™  inQ (1.1)
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with K}, > 0 and such that || K|~y < & and |[e***||11q) < A, for &, A positive constants.
Then, up to subsequences, either

1. wuy, is bounded in L{%.(Q2), or

2. there is a finite (possibly empty) set B = {z1,...,xn} C Q (the blow-up set) such that
ug(x) — —oo locally uniformly in Q\ B, and

N
Kkegu’”‘ N Z o;0,, for some numbers o; > 2, (1.2)
1=1

where = denotes the weak-* convergence in the sense of Radon measures.
In (1.1) the function K} is the Gaussian curvature of the metric e?“r|dz|?, having area
l€2“* || 1 () < A. The constant 27 on the right-hand side of (1.2) corresponds to the half of
the total Gaussian curvature of S?, a feature that will appear again.

That case (1.2) actually occurs can be easily seen by considering the function

=log ——
and then defining ug(z) = u(kx) + logk. Each wuy solves (1.1) in Q =R? with Ky =1 and
|2 || 1 (gey = 47, so that e?*s = 47dy.
In higher even dimension 2m one can replace equation (1.1) with

(—A)Muy, = Qre®™™* in Q C R*™, (1.3)

having the geometric interpretation that @y is the Q-curvature of the conformal metric
e?“r|dz|?> on €. In spite of similar scaling properties, as discovered by Adimurthi, Robert
and Struwe [4], equation (1.3) exhibits a richer blow-up behaviour than (1.1) when 2m = 4. In
particular blow-up is possible not only on isolated points but also on hyperplanes or, in general,
on zero sets of non-positive bi-harmonic functions, see [4, 28|. This was later generalized to
arbitrary even dimension 2m > 4 in [32]. For a finite set S; C €2 define

K(Q,51) ={peC®(Q\S1):¢<0,p#£0, A¢p =0}, (1.4)
and for a function ¢ € K(, 51) set
Sy ={x € Q\ S : p(z) =0} (1.5)

THEOREM 1.2 [4, 32]. Let (uy) be a sequence of solutions to (1.3) for some m > 1 under
the bounds

1@kl () < C, / e dx < C. (1.6)
Q

Then the set

A
S;i=qzeN: limlimsup/ |Qile®™™ dy > =X V. where Ay := (2m — 1)! vol(S*™),
10 koo JB.(2) 2

is finite (possibly empty) and, up to a subsequence, either

(i) (uy) is bounded in C."~"*(Q\ Sy), or
(ii) there exists a function ¢ € (2, S1) and a sequence (B, — +0o as k — +o0o such that
Uk

B

In particular, u, — —oo locally uniformly in 2\ (S, U S1).

— ¢ locally uniformly in Q \ S;.
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In fact, in case (ii) of Theorem 1.2, one can prescribe the blow-up set S, in the sense that
given any ¢ € K(€2, (), one can construct a sequence (uy) solving (1.3) and (1.6) with u, — 400
on S, as shown in [28]. Moreover in the radial case of dimension 6, it was also shown in [29]
that the blow-up set S; = {0} and S, = {x : |[x| = 1} can coexist; see also [23, 31, 34] for the
case of a closed manifold of even dimension 4 and higher.

The problem of prescribing Q-curvature is not confined to even dimensions, but a crucial
difficulty that arises when studying a problem as (1.3) in any odd dimension n is that one has
to deal with the fractional Laplacian operator (—A)Z, which is non-local. This was done in
dimension 1 in the cases of S! and of the real line by Da Lio, Martinazzi and Riviere [20, 21].
In particular, the following compactness result is proven:

THEOREM 1.3 [20]. Let (uy) C L1(R) be a sequence of solutions to

(—A)7uy = Kpe™ inR (1.7)
and assume that

[Kallm <0, [ eman<c (1.8)
R

Up to a subsequence assume that Kj - K., in L>(R). Then there exists a finite (possibly
empty) set B :={x1,...,zy} C R such that, up to extracting a further subsequence, one of
the following alternatives holds:

(i) up — Uoo in WoP(R\ B) for p < oo, where

N
Kpe™ 5 K et~ + Zﬂ'éwi. (1.9)

i=1
(ii) up — —oo locally uniformly in R\ B and

N
K e i\Zajéxj, for some ay,...,ay = 7. (1.10)
=1

The geometric interpretation of (1.7) is not in terms of intrinsic curvatures, but rather
of the curvature of ®|g: : S' — C, where ® : D — C is a conformal immersion of the unit
disc of the complex plane. The constant 7 appearing in (1.9) and (1.10) corresponds to half
the total curvature of S' and is the one-dimensional analog of the constant % appearing in
Theorem 1.2. It arises as consequence of a pinching phenomenon, as already described in [21].
Note that Theorem 1.3 is more general than Theorem 1.1 as no assumption on the sign of Kj
is made and, in fact, to have N > 0 in case (i) it is necessary that K} changes sign near the
blow-up points.

In this paper we shall focus on the three-dimensional case. In particular, on the three-
dimensional analog of (1.3), suitably defined. Instead of the geometric interpretation of (1.7)
in terms of conformal immersions, we will consider the function u to be the trace of a function
defined in all of the half-space R% . This leads to a different geometric interpretation in terms
of conformal geometry and fractional Q-curvature, which is the natural setting to understand
(1.3) and a curved generalization on it.

More precisely, let us denote any point X € R* by X = (z,y) = (21,22, x3,y) and set R} =
{(z,y) : y > 0}. We will identify R* = {(z,y) : y =0} = 0R%. In the following, A will denote
the Laplacian in ]Ri and A, the Laplacian in R3.



426 A. DELATORRE, M. D. M. GONZALEZ, A. HYDER AND L. MARTINAZZI

Assume that U € C* (@) is a solution to the problem

A*U=0 inR%,
(1.11)
9,U(-,0)=0 on R?

Let u be its Dirichlet data u = Ulgs. If U € W22(R%), then, as we shall see, U is characterized
by the Poisson representation formula

4 y3 B
= — dT 1.12
V) = =5 | | g di, (112)
and one can define
1.
LsU = 5;%89AU (1.13)

Then it is known (see Proposition 6.1 in Section 6) that

LsU = (-A.)%u, (1.14)

where the %-fractional Laplacian is defined as the operator with Fourier symbol |£|.

On the other hand, to have more general geometric phenomena, we will need to admit
functions with polynomial growth at infinity and thus, not in the energy space. Thus we define

the broader class
L, (R™) := LL (R™): [u()] d .
s(R™) {u € Li,.(R") /Rn NPT x < 00

The fractional Laplacian of a function u € Ls(R"™) can be defined distributionally. More
precisely, we say that u € Lg(R3) is a distributional solution to (—A,)2u = w in R if
/ w(—A)2 pdr = / we dx for all ¢ € C2°(R?). (1.15)
R3 R3
In addition, £ 3 can also be defined in a distributional sense for functions in a space larger
than W*2(RR% ). In order to do so, given u € Lg(R?), we first define U € L] (@) to be a weak

loc
solution to

2 S
AU =0 inRY,

(1.16)
U(,0)=u, 09,U(-,0)=0 onR?
if
/ UAN’pdX = —/ udyAypdx, (1.17)
R% R3

holds for every ¢ € C2°(R?%) with ¢ = 9, = 0 on R?, compare to Proposition 2.1.

Note that if we admit functions U with polynomial growth, uniqueness is lost, in the sense
that (1.16) has more than one solution for every u € Lg(R?). Of course this is not the case if
we restrict to solutions as in (1.12), and we will discuss this in Proposition 2.1.

DEFINITION 1.4. We say that a function U € L, (R%) is a representable (weak) solution

loc

of (1.11) if it can be defined as the Poisson integral (1.12) for a function u € Lg(R?).

Let now ¥ be an open connected domain in R3.
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DEFINITION 1.5. A function U € L} (R%) weakly solving (1.16) for some u € Lg(R?) is a
weak solution to

for some w € L (R3) if

loc
[

for every test function ¢ € C2°(R% U Xy) satisfying 9,9 = 0 on X.

UA*pdX = 2/

R3

ded:E—/ udy At dx, (1.18)
R3

4
+

Now we can recover (1.14) for functions u in the larger space Lg(R?). More precisely, from
the arguments in Proposition 2.1 we will obtain that for u € Lg(R?), the function U defined by
(1.12) satisfies LU = (—=A)2u, where both quantities are defined distributionally as indicated
above by (1.18) and (1.15), respectively. Note that maximum principles and removability
theorems for weak solutions of higher order fractional Laplacian equations have been considered
in [6].

\[N]ith these definitions in mind, we would like to study the (localized) non-linear equation

A’U=0 inR%,
U(-,0)=u, 0,U(-,0)=0 in R (1.19)
E%U = Q(x)e*" on X,
on an open connected domain ¥y C R3. As we have seen, this is equivalent to the equation
(—A,)2u = Q(z)e®™ in . (1.20)

The interpretation of (1.20) in conformal geometry will be further explained in Section 6
(see [11, 16, 17] and the survey [14]). Indeed, on the boundary M? of a four-dimensional
manifold it is possible to define a third-order curvature, the T-curvature, in relation to a
four-dimensional Gauss—Bonnet formula for manifolds with boundary [19]. This T-curvature
satisfies the conformal property

Py +T9 =TI, (1.21)

under the conformal change of metric § = e?“g, where P is a third-order boundary operator,
corresponding to the (fourth-order) Paneitz operator on the four-dimensional ambient manifold.
Thus, (1.21) can be understood as a prescribing curvature problem (see [25] for the related
fractional Yamabe equation). In the flat setting, (1.21) reduces to (1.20) for a conformal metric
g = e?%|dz|* on R3.

In some particular cases, this operator P can be understood as the limit v — 3/2 of the
conformal fractional Laplacian P, (see, for instance, [13, 15], the survey [24] and the references
therein for the necessary background). P, is a non-local operator with principal symbol the
same as (—Ajs)? and, in the flat case, P, = (—A,)".

Our main theorem studies concentration phenomena for the Liouville equation (1.20) in
dimension 3. In analogy with Theorem 1.2 we will see that solutions can blow up on isolated
points and also on the zero set of certain bi-harmonic functions. More precisely, let us set

K(Zo):={H € C®°(R}, UXo) : A’H =0, H <0, in R},
(1.22)
H#0,9,H=0on R L3H =0on 3o}
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THEOREM 1.6. Let (Uy) C Li (@) be a sequence of representable functions satisfying

loc

AU, =0 inRY,
Ur(-,0) = ug, 0,Ur(-,0) =0 inR? (1.23)
ﬁgUk = Qre*"*  on Xy,

and Q) is uniformly bounded in L>°(X). We assume that

/ e*r dx < C (1.24)
3o
and
+
de < C. 1.25
/]Rs 1 + ‘.%"6 * ( )
Set

A
Si = {3‘: € Yo : lim liminf/ |Qr e da > 1}, Ay = 2|S3| = 47,
B ()

e—0t k—oo 2
Then S, is a finite set and, up to a subsequence, one of the following is true:

(i) Up = Uso in C2*(R*U (20 \ S1)) for any a € [0,1);

loc

(ii) there exist ® € K(X) and numbers 5, — oo such that

g:—wb in C29((RLUS0)\ S), S = SpUSy,

where Sg = {x € X : &(z) = 0}. Moreover Sg has dimension at most 2.

Finally, if for some T € Sy there is a neighbourhood V' of & such that Qi > 0 in V for every
k, then necessarily case (ii) occurs.

After the completion of this work, the third author [27] showed that under the additional
condition ||[VQ||co < C, in case (i7) of the theorem one has the following quantization result:
up to a subsequence

Qre®™ — Y 4r’Nyd; in o\ Se
CEESl\Sq>

for some Nz € N\ {0}.

REMARK 1.7. Since the operator (—A,)? is non-local, the extra assumption (1.25) is
needed in order to control the behaviour of uy outside of ¥y (where the equation lives), but
it does not prevent concentration happening. Indeed, take u to be the model concentration
solution to (1.20) in R?® with finite volume condition Jas e3* dr < oo. This is, of the form
u(x) ~ —log|z| — c|x|?, ¢ = 0. Then uy(x) = u(kx) + logk also satisfies the same equation
with the same volume. Now we define U}, using the extension (1.12). Clearly U}, satisfies the
assumptions of Theorem 1.6.

REMARK 1.8. Let us make a comment on localization. Note that if A is a harmonic function
in R? then H(z,y) = h(z)y? € H, where we have defined

H:={HeC*R}):A’H=0inR}, H=0,H=00nR* LsH=0o0n%}. (1.26)

One could localize the first two equations in (1.19) to a subset ¥ = QN {y > 0}, where Q is
a smoothly bounded open subset of R* intersecting R*® x {0}. However, by working on R%
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with globally defined representable solutions we avoid the presence of bi-harmonic functions
belonging to the kernel (1.26) and the extension function U is unique for each u. In other words,
if for a solution U of (1.19) one removes the representability assumption, we could construct a
sequence Uy = U + ky? (or Uy = U + Hy, with Hy € H) still solving (1.19). Here the sequence
(Uk) is unbounded, however, (u) is bounded. This is in agreement, again, with the general
fact that the fractional Laplacian is a non-local operator.

Several ideas in the proof of Theorem 1.6 rely on the paper [4] on concentration phenomena
for a fourth-order Liouville’s equation in dimension 4. Both are inspired from the two-
dimensional case [9, 30|, where the main step is to prove a Brezis-Merle estimate. This is
done in Lemma 3.1.

As in the two-dimensional case [9, 36], alternative (i) cannot happen with S # () if the Qg
are non-negative (see Lemma 4.1). However, if the functions @} are allowed to change sign
then alternative (i) can occur with S; # (). More precisely, we have the following example.

PROPOSITION 1.9. Fix Xg = B; the unit ball in R3. There exist sequences {Uy}, {Qr} of
solutions to problem (1.23), satisfying [|Qx||z~(s,) < C and the volume bound (1.24), such
that

up(0) =00 as k— oo,

Sy = {0} and {U} is bounded in C2*(R* U (X \ S1)) for any « € [0,1).

loc

We next show that case (ii) of Theorem 1.6 is non-trivial:

PROPOSITION 1.10. Let ® € K(X0) solve 8,®(x,0) = 0 for every x € R3. Assume further
that ® is representable and set

Se :={z € Xy : &(x) =0}.

Then, given a sequence (Qr) C L>(Xg) with ||Q|/z~(s,) < C, there exists a sequence of

solutions (Uy) C C(RY) to (1.23) such that Uy — oo on S and case (ii) of Theorem 1.6
holds with S; = 0.

The crucial difficulty in the proofs in this paper is the fact that the operator (—AI)% is non-
local, and some of the usual arguments for elliptic local problems cannot be used. We are able
to deal with this issue by passing to a local equation in the extension. While this is a common
procedure to handle the fractional Laplacian (—A,)” in R”, for powers v € (0,1), here we
present the corresponding scheme for higher powers of the Laplacian v € (0, 5. In particular,
we obtain explicit formulas for solutions of the poly-harmonic equation in the upper half-space
such as (1.11), in terms of its Dirichlet data and its Neumann-type data (1.13). These formulas
are valid in any odd dimension n.

PROPOSITION 1.11. Let n = 2m + 1 be an odd integer. For U € W™+L2(R") we consider
the extension problem

A"y =0, inRYH (1.27)

with the (natural) boundary conditions

IT(m+35—j :
m!T(m + 5 —j) (A;)U(z,0) for 1<j<|[n/4],

A]U(x,()) = (m —j)!I‘(m n %) (1.28)

9,AU(2,0) =0 for 0<j<m—[n/4] -1,
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and the Dirichlet condition

U=f onR". (1.29)
Then a solution can be written by the Poisson formula
U(z,y) = . Kao(z —2,y)f(Z)dz, (1.30)
where
Kn(z,y) = kn Y- _ I (1.31)

e Kn = ooaome
(> + |=[*)" I(5)m>
If one considers the extension problem (1.27)-(1.28) with a Neumann-type condition

r 1
Lim+3) lim 0,A™U =w onR", (1.32)
mly/m  y—0

instead of (1.29) then a solution can be written as

Uleg) = [ Ryl - () d.

where

1
Ko(x,y) =Rfylog ——=, Rp=——"0.
+(7,7) & y? + |x|? 20D (%)=

(1.33)

This paper is structured as follows: in Section 2 we prove the two representation formulas that
are needed for the proof of the main theorem, that is contained in Section 3. Then, in Section 5
we consider the existence result from Proposition 1.10. Finally, Section 6 is of independent
interest, and it contains the proof of the representation formulas from Proposition 1.11 using
techniques from conformal geometry. Moreover, we explain here the geometric content of (1.20).

2. Representation formulas (in dimension n = 3)

General representation formulas for poly-harmonic functions in the upper half-space were given
in Proposition 1.11. However, these are proven using Fourier transform arguments and are well
suited for energy solutions U € Wm=2(]R7fr+1). In the following, we concentrate on bi-harmonic
functions in dimension n + 1 = 4, and move outside the energy class. More precisely, we prove
the following uniqueness result (note that this is not the sharpest possible statement, but it is
enough for our purposes):

PROPOSITION 2.1. Given u € Lg(R?) (compare to Definition 1.4), the function

R3 °
with
4 Y3
Ks(z,y) = w————5—
0 e

solves (1.16) weakly in the sense that (1.17) holds for every ¢ € C’j"(@) with ¢ = 0y =0
on R3. Moreover U is the unique weak solution to (1.16) (that is, (1.17)) among the functions

U € Li,.(R%) satistying the bound

loc

U
)] +l0,U (0] + PIAUX)| < ¢+ XY), tim TEY) g ve R

y—r00 y2

for some N > 1.
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Proof. That U as defined in (2.1) solves (1.16) in the strong sense when u € C°(R3) follows
from (1.30) for n = 3. The general case is proven by approximation. More precisely, set u. = u *
pe, where p. is the standard mollifier as € — 0, and U be the corresponding Poisson extension.
Then use that u. — u in Lg(R3), which implies that U. — U converges in L} . The uniqueness

loc*
part follows at once from Proposition 2.2. O

PROPOSITION 2.2. Let U € Llloc(@) be a weak solution to (1.16) with w = 0. Then U has
a bi-harmonic extension on R*. Moreover, if U satisfies

U
U(X)| 4+ y|0,U(X)| +y*AUX)| < C(1 +|X[Y), lim @

Y—00 y

=0 VzeR’ (22
for some N > 1, then U = 0.
Proof. We shall follow [5, Lemma 2.3]. We define the distribution

(U, ¢) = » U(X){e(X) = 5p(X™) + 6y(9,9)(X") = y*(Ap)(X")} dX, ¢ € CZ(RY),

where for X = (z,y) € R? x R we have set X* = (x, —y). We claim that U is the unique bi-
harmonic extension of U in R*. Uniqueness follows immediately since bi-harmonic distributions
are analytic.

First we show that U is indeed an extension of U. For every ¢ € C(R%) we have

<U,<P>=/ UpdX,
R

i
and hence U = U on Ri. Next, to show that U is bi-harmonic in the weak sense, we compute
for ¢ € C(R?)

(U,A%p) = / U(X){A%p(X) = BA%p(X™) 4 6y(0,A%0)(X*) — y*A%p(X™)} dX

4
L

= / U(X)A2®(X) dX,
RS

where
B(X) = p(X) — (X7) = y*Ap(X7) - 2y(9y9) (X7).
Note that (I)‘Ri € S. Therefore
(U,A%p) =0 for every p € C°(RY),

in other words, U is bi-harmonic in R%.
Now we prove the second part of the proposition. From the definition one can show that

UX)=-U(X*) = 2y(8,U)(X*) — y*(AU)(X*) for X € R*.

It follows from the growth assumptions on U and its derivatives that U(X)| <C(1+|XV),
and therefore, by Liouville theorem we obtain that U is a polynomial, that is, we can write

N
U(X)=Y P(a)y,
i=0
for some polynomials P; in R?. The boundary conditions U = 0,U =0 on R? imply that Py =

0 = P;. Finally, the assumption U(x,y) = o(y?) implies that P; = 0 for i > 2. This completes
the proof. O
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REMARK 2.3. Proposition 2.2 holds true if the growth assumption (2.2) is replaced by

/JU(X)+y!5yU(X)\+y2|AU(X))dX <CRY, 1im YY)

Y—00 Y

=0, (2.3)
BR,

for every R > 1, z € R® and for some N > 1. In fact, using the first condition in (2.3), one can

show that the bi-harmonic function U is a polynomial. Then, as before, we have that U = 0.

We note here that formulas for higher order extension problems in the ball have been
considered in [1, 2].
Next, we give an expression for a solution to (1.16) in terms of its third-order Neumann data
L 3 U given in a subset Y5 C R3. Recall, from Proposition 1.11 and the subsequent discussion,
that
1

3 1 .
2—7r2(—AI)g log ] =& in R®.

Then it is natural to define, for w € L'(3),

x :L 0 S o w(z)dz, (z 3
V(z,y) 2W2/201g(|($,y)_(j70)‘> (#)di, (2,y) € R? xR (2.4)

It is easy to see that V € C°°(R*\ X) and V is well defined for almost every (z,0) € .

DEFINITION 2.4. An open set 2 C R* shall be called admissible if it is bounded and QN
R3? e 0.

LEMMA 2.5. Given w € L'(X) and V given by (2.4) we have (note that (ii) and (iii) are
to be understood in weak sense):

(i) A%V =0 in R*\ Z;
(i) & V(0)=0inR?
(ili) L3V =w on Xo;
(iv) Jo |V (z,y)|dedy < C(Q,%0)||wl| 1 (s, for every bounded domain @ C R*.

Proof. Most of the statements in this lemma are contained in the proof of Proposition 1.11.
However, let us give a direct proof.

Since log | - | is a fundamental solution for A% in R*, we have (i). Next, differentiating under
the integral sign, from (2.4), one has

0 1 Y N
a—yV(l‘,y) ) /Eo EEEEEs w(T) dz.

In order to prove (ii) and (7ii) we can first assume that w € L*(3g) N C°(X) and in the general
case approximate w in L'(Xg) with a sequence of continuous functions, and pass to the limit
in (1.17) and (1.18). Then (i7) follows by dominated convergence theorem (with dominating

function %)
Again differentiating under the integral sign we get
1 1
AV(z,y) = — = / Y @) (2.5)
7T2 o ’$—x’2+y2
This gives

0 2 Y N
—A = — d .
oAV (@) = /E @) iy £ 0
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Now we fix x € Xg. Since w € C%(X), given ¢ > 0 we have w(%) = w(x) + 0. on B.(z), with
0e — 0 as € — 0. Therefore, since lim,_, fZO\B @) (y/|z — Z|* + y*)w(Z) dz = 0,

P 2 : Y G
lim — A =5 e) ] !
ylg%) oy Viz.y) 2 (w(z) +o0 )ylg%) B.(z)CR3 (|Jz — Z[* + y?)? !
2 1
= — e 7d
2w +o )/Rs (=P +12 %
=0 2w(x),

and this yields (éi7). Note that in the second last to last line we have used that

/ L4 ISQ\/OO " 4 /oor( 1 )/dr
S " g —dr _ -t
e (14 |2]%)2 o (1+7r?)? o \2(1+7?)

<1
:27'('/ dr = n°.
o L1472

To prove (iv) we use Fubini’s theorem and get

[ v iaay < [ ) | fos

as desired. 0

drdydz < C(Q, %o)[|w| 11 (5,)

3. Proof of Theorem 1.6

The main idea of the proof is similar to the one of [4], namely we will split Uy into the sum of
two functions Vj, and Hy, where £ 3 Hi; =0 and Vj, is given as

T 1 o 1+—|IE~| 73Uk (@) g5 T 3«
Vo) = 515 [ dor (o Sy ) Q@ D @) e R xR (3)

Then the behaviour of Hj, in particular the local boundedness or unboundedness of its L!
norm, will determine whether we are in case (i) or (ii) of the theorem.
We will use the following notation:

Br(Xo) = {(z,y) € R* : |(2,y) — (z0,%0)| < R}, Xo = (z0,90) € RY,
Br(zo) ={z € R®: |z — 20| < R}, z0€ R

The following lemma can be seen as a Brezis—Merle-type estimate.

LEMMA 3.1. For every K € (R*\ S}) there exists p > 1 such that

/ ePVe@0) 4y < C(K), (3.2)
KnNXo

uniformly with respect to k.

Proof. For every X € K we can find Rx < i such that

A
liminf/ |Qp e do < — L
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By compactness we can extract a finite covering, that is, points Xi,..., X such that for
Rj = RXj,

K c | JBg, (X))

Jj=1

and up to extracting a subsequence we can assume that

A
limsup/ |Qrle®™ do < ==(1 - 6),
Bar, (X;)NS0 2

k—o00

for some 0 = §(K) > 0. Fix j € {1,..., M}. For X € Bg,(X;) we bound

1 1 ]
Vie(X) = / log <>Qk 7)edur(®) g
( ) 22 Bar, (X;)NXZo |X - ($’O)| ( )

1 1+ |z
L1 i

g (g

=);+(I); +0(1).

)Qk(z)e%k(f) di + O(1)

Observe that
|(11);] < C|log R |Qre™ || 11 () < Cj(K).
Assuming that
ak = [|Qre” || L (B, (x,)050) > 0
(otherwise (I); = 0), we can use Jensen’s inequality with

v 3uk (:i)
djue (%) = ‘Qk(xijlf dz,

and using that for k large enough

1
1-6°

/ e3PV (@) o
Br; (X;)NZo
SpOzk

- 1
<Cj exp / log <~>d,u(:%) dz
! Br, (X;)NSo { 2m? Bz2r, (X;)NZo | X — (,0)]

we get, for p <

~ 1
< C-/ / — du(z)dx
’ Br, (X;) JBar; (X;)NZ0 |X - (x70)‘3p(1—5)
<c,
with C depending on p, hence on K. Summing over j we conclude the proof of (3.2). O

Now we are ready for the proof of Theorem 1.6. First recall the definition of V}, from (3.1)
and set hy := up — v, where uy := Ug|gs and vy := Vi|gs. We also define Hj by the Poisson
representation formula (2.1)

Hy(X) = | Kas(z—2,9)h(T)dz, X =(z,y)€ RY.
R3
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Note that, thanks to Proposition 2.1, we have U, = Vi, + H}. Indeed, setting

Vi(X) = | Ks(z—&y)(E)ds, X =(z,y) eRY,
R3
we see that
A2V, — Vi) =0 ~ inRY,
Vk — Vk =0= 81/(‘/1{; — Vk) on RS,

thanks to Proposition 2.1 and Lemma 2.5. Since Vj, and Vi satisfy (2.3), by Proposition 2.2 we
conclude that Vi = Vj.. In particular, as U is representable, we have that U, = Vi + Hy.

We now extend Hy on R* by setting Hy(z,y) := Hy(z,—y). From Lemma 2.5, Proposi-
tion 1.11 and (1.23) it follows that

;ii% ;ka(az,y) =0= Z}ll)% ;yAHk(Ly) for every x € X.

Therefore,
A?H, =0 inR*\ (X x {0}),
or, equivalently, A2Hj, = 0 in Q for every admissible 2 C R*. Since

ok ()] N1 Bu (E / log |z — || , .
dr < . ug (Z) ol 2l grds <
/R3 1 s WSO, 1Q@le e 1t @S

+ +
/ hi de < / M dr < C,
rs 1+ |z[6 rs 1+ |x|6

thanks to assumption (1.25). This implies that, for Q € R*,

we have

WG [y
H dad < k dxdydr < Q). .
/Q ¢ dody < C R31+|az6/g<x—f\2+y2>3 wdydi < (%) (3:3)

In the last inequality we have used that for every (z,y) € Q

y3(1 + |]%) _ ) 1 for dist(z, QN %)
(Jo — &2 +y2)% = for dist(z, QN %)

9

>1
< 1.

Y
To=2F47)°

For a given Xy = (x,0) € 3¢ we let Ry > 0 be such that Bag,(xg) C X and set

Bre :/ | Hy| dady.
BRO (XO)

Case 1: B, & 0o. Then, we claim that up to a subsequence,
H, — H in C*(Q) for every £ > 0, Q admissible, (3.4)

Indeed, up to a subsequence, f; < C so that, by elliptic estimates (see Lemma A.1), up to
extracting a further subsequence we get Hy — H in C_(Bg,(Xp)) for every ¢ >0 and for
a smooth function H. Consider now X; € Br (Xo) and any R; > 0 such that Bg, (X;) is
admissible. Applying Pizzetti formula (A.1) we have

1
Br, (X0)| Jeg, (x1)

Then, since |H(X1)| < C and |AH,(X1)| < C, the integral on the left-hand side is bounded,
and considering (3.3) we obtain

R2
Hyp(X)dX = Hp(X1) + T;AHIC(XI)'

/ \H,|dX < C
BRl (Xl)
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with a constant depending on Bp, (X1). Again by the same elliptic estimates we have, up to
a subsequence, Hy, — H in Cf_(Bg, (X)) for £ > 0. Now, in order to prove (3.4) it suffices
to cover the compact set Q with a finite number of balls By, (X;), i =0,..., N, such that
X; €Bgr,_,(X;_1) and use induction to prove that Hj converges in C*(Bg,(X;)) for every
0<i<Nand?=>0.

We now prove that, up to a subsequence, U, — Uy, in C’fof(R‘l U (X0 \ S1)) for a function
Uso € C**(R%). To show this, consider a point z € Xo \ S1. By the previous discussion and
by Lemma 3.1 we have that for » > 0 sufficiently small e3** = e3Vre3"* i uniformly bounded
in LP(B,(zp)) for some p > 1. Inserting this into (3.1) and taking into account the bound

|Qk|| L= < C gives the bound
[0ell2 (5 ooy < C.

with C' independent of k. This in turn implies that ||ug]| L>=(By (x0)) S < C. By a covering

argument, we have proven that wy is locally uniformly bounded in Xy \ 51. Inserting this
information into (3.1) we finally get uniform bounds of the form

[Villc2a) < Cla,2), a€[0,1), Q admissible, S; N Q = 0, (3.5)

hence by Ascoli’s theorem, up to a subsequence, Uy = Vi, + Hj converges in C’fO’S‘(Ri U (o \

S1)).
Case 2: If B, — oo, recalling (3.3), we must have

Br < O(1 / K(x —z,y)h, (T) dzdzdy
Br,(Xo) JR3

4 _ y3
— o1 +/ h,ﬁ%/ ____ Jrdyd
W) 72 Js ¢ (@) Bry (Xo) (y? + |z — 2[?)3

- hy ()
N0(1)+/R$1+|53|6dx

b (3
~ / k (Lf) dz,
R3 1 -+ ‘fL’|6
where for positive sequences (ar) and (bx) the notation aj =~ b;, means Ck < ap < Cb, and
ap < by means ap < Cby, for a constant C' > 0 not depending on k. Also note that

B 2 _/ HydX = K(z — &,y)(hy (&) — b (&) dZdady
Br, (Xo) Br, (Xo) JR3

+ / K(x — z,y)h, (T) dTdxdy.
Bry (Xo) J/R3

Thus

hy, hy,
~ — —dr ~ ———dx. .
ﬁk /]RB 1+‘$|6 /RB 1+|$|6 * (3 6)

By elliptic estimates (Lemma A.1) we have (up to a subsequence) gk — ®in Cf _(Br(Xo)),
and using Pizzetti’s formula again together with a covering as in Case 1, we also get

H,
—2 5 ® inCYQ), (>0,
Bk
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for every €2 admissible, where the bi-harmonic function ® satisfies

P <0, / |®|dX =1, 0,®=0,AP =0 on X.
Br(Xo)

We claim that the set Sg := {z € ¥ : ®(x) = 0} has empty interior in R?. Indeed, assume
by contradiction that Ba.(§) C Sy for some € > 0 and € € 20 Then A, ® =0 on B.(§). Since
AP =0, ® < 0and ® # 0, Pizzetti’s formula implies that 02, ®(&,0) < 0 on S. In particular,
for r small enough

/07“ O(&,y)dy = %(1)6(570)7“3(1 +o0(1)), asr—0. (3.7)

We write
Hy(&y) =1 + Iy,

where

/IC; —z,9)hi(x)de, Ay := B.(£), Ay :=R*\ A;.

Since fy, = o(f) uniformly on A; and K3 € L'(R%), we have

[ nwas=o) [ [ Ky sty = oo
0 0 Aq

For z € Ay and r < € we obtain

T 3
Y
IC dN/d, a:=|—zxl€le, 0
| s v~ [ a=li-alcleo)
1/2 i dt <e< — at
= 5 71 4o\3 9y 7,‘\6\61/7 a
a2 J, (1+2)3 Y
7,,4 T4
N E ST

Therefore, for r < e

/Orfz(y)dywr“/A hielo)_ O(r Br)

1z o

and thus, for r < ¢
T H ) T
/ ké&y) dy = O(r*), which yields / (&, y) dy = O(rh),
0 k 0

contradicting (3.7).

Therefore we have proven that @[5, # 0. Since Sp := {X € R* : ®(X) = 0} is analytic, it
follows that Sg = gq, N %o has Hausdorff dimension at most 2.

To conclude, we observe that for  admissible and K € 2\ Sp, we have ® < 0 in K, hence
Hj = Bi(® + o(1)) = —o0 in K. In particular H; — —oo locally uniformly on Q \ Sg for every
Q) admissible. Writing e3“* = e3“ke3"  one can apply (3.1) and Lemma 3.1 as in the last
paragraph of Case 1 to prove (3.5). Then we have for K € Q\ (S¢ US7), Q admissible,

Ue. Hp Vg
B Br B

with o(1) — 0 uniformly on K, and we are done. O
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REMARK 3.2. It follows from (3.6) that the function @ is strictly negative on R . Indeed,
for a fixed Xo = (zo,y0) € Ri,

.1 _ -1 h, (Z) .
O(Xy) = kli}rgo G s K(xo — Z,y0)hi(Z) d = kli)r{.lo B /]R3 T4 |0 dz ~ —1.

4. The sign-changing case

Here we comment on alternative (i) in Theorem 1.6. As in the local case, we have:

LEMMA 4.1. If Qr >0 in a small neighbourhood of some point in Sy # () then (i)
cannot occur.

Proof. On the contrary, there exists Bas(xg) € ¥ for some zy € S; and § > 0 such that
Q1 = 0 in Bys(wo) and alternative (i) in Theorem 1.6 occurs. From (3.1), for x € Bs(zg) we
get

1 1 ~
Py log ( =51 | Qu(#)e** P di + O(log 6 .
2m? /Bza(ﬂﬁo) g<l(x,y)(ﬂc,0)|>Q"( ) (log d)|Qk | o= (o)

thanks to (1.24). Assuming S; N Bas(zo) = {zo} we see that vy = Vi|gs — vee in CP (Bs \
{z0}), where v, satisfies

Vie(z,y) =

Voo () > log —C for x € Bs(xo) \ {zo}-

|z — 0
Therefore, as Hy, = O(1) in Bas(z),

Uk — Uso = log —C  for x € Bs(zo) \ {zo}-

|z — x|

This contradicts to the uniform bound on the volume (1.24). O

Now we look at the sign-changing case and give the proof of Proposition 1.9. Wang [36]
constructed blowing up solutions for the classical case in dimension 2, but the proof heavily
depends on explicit solutions of some ODEs. Though our main idea comes from [36], our proof
seems to be slightly simpler.

Let us start with some preliminary lemmas:

_ 31 1
(z) = == 1 di.
Welo) ded /{ﬂgs} o <’$—f’> !

W.(x) = min {log é,log é,} + O(1).

LEMMA 4.2. Define

Then

Proof. First compute

— 3 1 3 [° 1 1 1

W.(0) = — log —di=— | t’log=dt=1log -+ ~.

-(0) 47753/~< 81z 83/ 8% Og€+3
{‘I‘\E} 0

We have the following bound on the gradient:

VW (z)| < C/{ @ _ ¢ (4.1)

e Jpicey le =2 e
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This implies that, on the one hand,

We(x) =W_(0)+0(1) for |z| < 2e.
On the other hand, since

1 , T i 1 3 -
= 9:(x, %) with = <g. <= for |Z]| <e, |z| > 26,
|z — Z| || 2 2

we obtain

— 1

We(x) = log 2l +0(1) for |z| > 2¢,

z

as desired. OJ

LEMMA 4.3 [27, Lemma 3.5]. Let Q be a regular bounded domain in R™ and let w be a
solution to

w(x) = n/ log( ! )Q(z)e"w(z) dz+C, "™ ¢ L'Q),
Q |z — 2|

for some Q € C*(2) and k,C € R. Then, setting A := [, Q™" dz, we have

A(M — 1) _ ! / (x-VQ)e™ dx — ! Qe"(z - v)do.
Q

2 n n Joo

Now, for the proof of Proposition 1.9, fix 7 > 1.

LEMMA 4.4. For every 0 < p < 1 there exists a radial solution w = w,(|z|) for z € R® to
the problem

1 / 2 1 i e
w(z) =——— 10g<> @ 4z e, w(l) = 0. 4.2
=790 Jpepmeny i W .

|z — 2|

In particular, w < 0 in By, and it is monotone increasing in the radial variable.

Proof. Differentiating under the integral sign we see that the above problem is equivalent
to

— Aw = F,(z,w) in By,
{ w

w(l) =0,

where

1 1 1
F,(z,w) = —— —5 =
’ 2 Jipsizicay lo = 22 |27
Since F(z,w) < 0 and F(z,w) = O(1) for w < 0, we see that

w(z)=M(jz|* =1) and wW=0,

3@ gz,

are sub and super solutions to (4.3), respectively, for M >> 1. Thus, there exists a (radially
symmetric) minimal solution w. Take also @ to be the integral in (4.2). Then A(®w — w) =0
in By. As w — w is radial, we have that w — @ = const. This shows that if w is a solution to
(4.3) then w is also a solution to (4.2), provided we choose ¢ := —w(1).

Finally, w < 0 in B; follows from the boundary condition w(1) = 0 and an application of the
maximum principle. Monotonicity of w is an easy consequence of the integration by parts

0B, |w'(r) = dywdo = / Aw dw.
OB, B,
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LEMMA 4.5. Let w, be a solution to (4.2) with 0 < p < 1. Then there exist constants
My, My > 0 such that

e3wp(i')
Ap = / —=—d¥ < M, and 3 we(P) 33T <My for every 0 < p < 1. (4.4)
to<lal<y |2PT

Proof. Applying Lemma 4.3 to the integral equation (4.2) with Q@ = B;\ B, and Q =
1

_W7
A 1 1 1 3o (@)
Y P_ 1) =—= VWV —— | e3we(@)g / - . d
e R T G s T L
4
=\, — g(p3—3763wp(p) _ 1)’
that is,
Ao Ar 3-37 3w Am
Ap(wlT) =5 (Lo e ) <
The Lemma follows immediately. O

LEMMA 4.6. There exists C' > 0 such that, for every p > 0 small, we have
[wy(p) —w,(0)] < C, (4.5)

where w,, is given by Lemma 4.4.

Proof. Using (4.2) we obtain

1 ] |e3we®
0,0) = w,(p)] < 51 [ L [
? ? 212 Jip<iz1<1y [z, — || |23
1 . 3w, (y)
) / +/ log ‘$|~ e~3r dy
2w \ Jp<izi<zoy - Jizo<izi<ny |z, — 2| |2|
= Il + IQ,
where |z,| = p. Since
. _
Lo Bl oo fo 1% > 2p,

2 |z, — 7

we get that I, < C, thanks to Lemma 4.5. Moreover, as w, is monotone increasing, we have
that

3w
Ay = / % dx > e3we(20) / 7137 dr = _Am e3we(2p) ((zp)SfBT —1),
B\B, 17 Bi\Bs, |7 313

which gives p? 373w (22) < C for every p € (0,1). Therefore, again using that w, is monotone
increasing, we obtain

I < CP_S/
{121<2p}

and this concludes the proof of the lemma. O

|Z]

|z, — 2

|Z]

ler — 7|

dr =C

B>

lo log dz < C,
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4.1. Proof of Proposition 1.9

Now, for € < p we set

3rr 1 1
w, = 1 dz
(@) 2e3 272 /{|5;|<s} o8 <|95 - j|> L

where ¢. € R is a normalizing constant so that W.(1) = 1. Note first that, for 0 < e < 1, we
have ¢. = 1+ o(1): since log |z — Z| = o(1) for |z| =1, |Z| < €, we obtain

1
= W.(1)+ 0(1)3/ di =1+ o(1),
€% J{|z|<e}

and this yields the claim. Moreover,
1 1
We.(z) = 7 min {log 8,10g||} + O(1), (4.6)
x
thanks to Lemma 4.2. It follows from the monotonicity of w, and Lemma 4.5 that p, :=

e3we(0) p3=37 < M, . Therefore, there exists ¢ := g, < p such that

37—3
P M

537’—3 o

For this choice of €, we set u, := w, + W, . Then we have that

1
u,(0) =log—+0O(1) = 00 as p—0. (4.7)
€p
From the definition of u, we have that
3
(=A)2u, = f,,
where we have defined
(3TT
E for |z] < e,
— 3w, (x)
fola)i=q e for p < |z| < 1, (4.8)
‘.’L’|3T
0 on the rest of R3.

Thus, if we define Q, := f, e *“» and U, the usual Poisson extension (1.12), we have found a
sequence of solutions to (1.23), for p — 0. Finally, we would like to show that

3u ’LL;(CC)
Q,| < C, e’rdr < C and 71+]x|6 z < C.
By R3
To see this, note that
e—3We,
Qp:—w =O0(1) on B\ B,

thanks to (4.6). Moreover, recall Lemma 4.6 and the gradient bound (4.1). The estimate
[u,(7) —u,(0)] < C on B, and (4.7) imply that

Q, <C on B, / ede dr < C.
€p

Again by Lemma 4.6 and the definition of ¢, we get

dx
/ eSup dr < CeSwP(O)/ — < C@3wp(0)€2_37— < C,
{ep<lzl<p} {ep<lal<ot 12|
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and by Lemma 4.5

, 1
/ et dx < C = e dx < C.
{p<lel<1} {p<lal<ry 2]

Finally, A, < C implies that u, < C'log(2 + |z|) on Bf, which leads to

u-l-
/ — P _der<C.
oo L+ [af

This finishes the proof.

REMARK 4.7. With similar arguments it is also possible to obtain a sequence of solutions
with smooth @,. For this, one has just to consider a smooth version of the functions xp_/e?

and (XBI\BP)/|33|3T-

5. Proof of Proposition 1.10

Here we prove the existence result of Proposition 1.10. Given ® € K(X() set ¢ := ®|y,. We
shall first look for solutions (uy) to

(—Aw)%uk = Qre®  in X

of the form u; = vy + k¢ + ¢, for some (vi) bounded in C? = and real numbers c; = o(k).

loc
Since ¢ < 0 a.e. in X, we get
A = / Sk gp F20, 0.
3o
For € > 0 (to be chosen later, independent of k) we set

1
ck::flogi if S #0 and ¢ :=1 if Sp = 0.
6 Ak

We claim that ¢, = o(k) as k — oco. When S¢ = () and ¢, = 1 this is obvious. In order to prove
the claim also in the case Sp # () we assume, by contradiction, that ¢, > 26k for some ¢ > 0
and for k large. Then we have

€= / L / eSR(0+29) g > SR {1 € B - (z) = —0}| — o0,
20 E0

a contradiction. - B
We define T'=T. ;. : C°(Zg) — 2o, that maps v — ¥ where we have set

1 1 - p 5 g
o(x) = 27T2/2 log <\x — i“>Qk(.%')€3(k¢)(£)+ck)€3v(z) di, = €R3.
0

It follows easily that T' is compact. By Hoélder’s inequality we can now fix € > 0 small enough
such that

IT(v)||cogsy) <1 for [[u]lcogs,) < 1.

Then Schauder’s fixed point theorem implies that 77 ;, has a fixed point, which we call vj;,. Note
that v, is defined on R3 and it satisfies

(—A,) 2o = QpePrthoter)  on 3.

Let Uy, be the extension of ug := vy + k¢ + ¢x on Ri using the Poisson formula (2.1). Since ®
is representable, we can rewrite Uy as

U, = U + k®,
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where U}, is the extension of vy + ¢, using the Poisson formula (2.1). It follows that
/ |Ux| dX = O(cx) = o(k),
Br

and (as in the previous section) % — & with 8y = k.
REMARK 5.1. The easiest example of functions ® € K(X() with Sg # 0 are polynomials.
For instance

2 2 2
O(x1,22,23,y) = —01T] — 2% — asry, ai,as,asz =0,

or similar polynomials obtained via translations and rotations.

6. Representation formulas and conformal geometry

In our last section we prove Proposition 1.11. In addition, we explain the relation to the non-
local operator (—A;)% on R", for n odd. Our ideas come from conformal geometry and could
be easily generalized to the curved setting (although there would not be explicit formulas in
general).

We remark that the proofs here involve Fourier transform and are well suited for energy
solutions. Since it is not our objective to develop the whole formulation in Sobolev spaces,
but to simply write an explicit representation formula, we assume enough regularity for the
statements below. A more precise statement (together with a uniqueness result) was already
given in Section 2 for dimension n = 3. In general, we set § = m + % forme N, m >1. We
note that we are working in a critical dimension and the kernels (1.31) and (1.33) need to be
calculated via analytic continuation as it will be explained below.

Let us first introduce the characterization of the fractional Laplacian (—A,)” on R™ as a
Dirichlet-to-Neumann operator for a higher order extension problem in a non-critical dimension
n > 2v. We will use the notation A, = A, , + gﬁy, b € R. Although there are several references

now [13, 18, 37], the precise statement is taken from [12].

PropPOSITION 6.1 [12, Corollary 6.3]. Let v € (0, %) be some non-integer. Let also m <
v < m+ 1, this is, m = [v], and set b(y) = 2m + 1 — 2v. Assume that U € W"L+1’2(R1+1,yb)
satisfies the equation

APTIU =0 in R

’ i (6.1)
U=/f onR"

where f is some function in HY(R™) and furthermore, that

m!T'(y — j)
(m — )T (y)

Y9, AU (x,0) =0 for 0<j<m~—[y/2] 1.
Then we have that

AU (x,0) = (A.)U(2,0) for 1< <[v/2,

(~2,)7f = d, lim 40,87 Uz,y) = w, (6.2)

where we have defined
; 2°70(y —m)

7T P T (—)”
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REMARK 6.2. In the proposition above one can take v = 5 for n odd (via analytic
continuation), which yields that the relation between the Dirichlet data (1.29) and the
Neumann-type condition (1.32) for problems (1.27) and (1.28) is precisely

w=(—=A,)"?f inR"

Note also that if v = k for k € N, one also recovers the (entire) powers of the Laplacian using
a residue formula at the poles of a meromorphic functional. Since it is not our objective to
consider this case, we refer the reader to [26] for more precise statements.

The interpretation of Proposition 6.1 comes from conformal geometry, since (6.1) is the flat
version of the extension problem for the construction of the conformal fractional Laplacian
P, on a manifold M™, for v € (0,%). P, is defined as the associated Dirichlet-to-Neumann
operator for an extension problem when M is the boundary of a conformally compact Einstein
manifold X (or, more generally, asymptotically hyperbolic) and, thus, is a non-local operator
on M. In the particular case of Euclidean space R™ it coincides with (—A,)Y (compare to
(6.2)). The most important property of P, is its conformal covariance, this is, if one makes the
conformal change of metric

g=vr7g onM, forsomeuv >0, (6.3)
then the operator in the new metric can be calculated by the simple intertwining rule
~ _ n+2y
Py =v 2> Pl(v-). (6.4)
We define the fractional curvature of (M, g) as
1
Qg = ——PIL). (6.5)
2 =7
In particular, the conformal property (6.4) yields the @), curvature equation
~ n—+2~y
PI(v) = (% —7)QJv~—2 on M. (6.6)

If M is the Euclidean space R"”, this reduces to the fractional Nirenberg equation
(=A,)"v = F(x) v on R™.

The conformal fractional Laplacian P, was originally defined in terms of the scattering
operator for the conformally compact Einstein manifold X. This is inspired in four-dimensional
gravitational Physics (see, for instance, the survey [24] and the references therein). Here we will
not attempt to give a full description of this geometric problem, instead, we will concentrate
on the particular case of Euclidean space and explain the relation between the scattering
problem on hyperbolic space and the higher order extensions for the fractional Laplacian from

dy®+|dax|?
y2

Proposition 6.1. The hyperbolic metric is written here as g™ = on the upper half-space

n+1
R

PROPOSITION 6.3 [13, 18]. Fix v € (0, %)\N. Let U be a solution to (6.1) with Dirichlet
condition U(-,0) = f, and set ® = y=7U. Then ® is the unique solution of the scattering
problem

Age®+ (% —9?) 0 =0 R},

d=y? "F4+y>@G, F,GGCOO(@), (6.7)
F(z,0) = f on R",
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and it satisfies
d,G(z,0) = w on R", (6.8)
where w is the Neumann-type data (6.2). Here the constant is given by

_ 92y F(FY)
R YE)

The main idea in the proof of our Proposition 1.11 is to obtain a convolution expression
for the solution of the scattering problem (6.7) and then to relate it back to the original
equation (6.1) using Proposition 6.3. Finally, we will use an analytic continuation argument to
let v — n/2.

Problem (6.7) has been well studied in conformal geometry. For convenience of the reader,
we will give full details of the arguments. We first recall [15, Theorems 3.1 and 3.2], that relate
the scattering problem to a second-order Bessel-type equation:

PROPOSITION 6.4 [15]. In the notation of Propositions 6.1 and 6.3, let ® be a solution to
(6.7) and define, as above,

Uz,y) =y :®(z,y), (6.9)

then U is a solution to the new extension problem

1—2v

AU + 0yU + 0, U =0 in R,

(6.10)
U(z,0) = f(x) in R".

Moreover,

w=(=A,)"f= diA;zl lim yl_2way [y_lé)y (y_18y(- ~y_18yU))],
270 y—=0

where we are taking m + 1 derivatives in the above expression, yg = v — m, and the constant
is given by

Ap =2"(y 1)+ (y—m+1).

Using this proposition one can give an explicit expression for the Poisson kernel of the
scattering operator in terms of its Dirichlet data:

PRrROPOSITION 6.5. Let v € (0, %) \ N. Any solution ® for (6.7) can be written as

P(z,y) = an ,C’Y(x - i?@/)f(i') dz

where the kernel is defined by

and the constant is
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Proof. This kind of calculation is quite standard by now, but we provide full details for the
reader. Let U be as in (6.9), which is a solution of equation (6.10). Take Fourier transform * (in
the variable z) of this equation. Then for any fixed £ € R we have that U satisfies the ODE

—€°U + =220,U + 9, U = 0,

Yy

which after the change of variable

z =&y (6.11)

becomes

1 —2v

aZZU+ aZU_U:O

This is a Bessel equation. Lemma A.2 implies that the solution for (6.10) is given by

0(e.0) = "L feery i, (ely) (6.12)

where K, is the modified Bessel function of second kind, or Weber’s function. Taking inverse
Fourier transform we infer

()~ o
Ue) = gt [ e 1@l (el e

This, together with (6.9), yields

O(x,y) = - Ki(z—2,y)f(2)dz, (6.13)
where we have defined
ry)~' .
o) = gt [ cos (€ D)lel I (el .

It is a straightforward computation to check that this IC, (x, y) is rotationally invariant (in the
variable € R™). Thus we can assume, without loss of generality, that x = |z|e1, e; € S™.

Let us assume first that n > 2. Using polar coordinates (with r = |£|) and property (A.4) in
the Appendix, we obtain that

I'(y)™" 2 [T e cos
K7($7y) (’Y) . ‘Sn—Z‘ Y /(; /0 ez|az|rcos an—1+’y(sin g)n_2K,Y(T'y) do dr

~21(2m)

2t AT ()
() (2m)"

sn2 Y /0 r%ﬂjg_quyr)m(ry)dr.

n—2
[

Now use property (A.5) to rewrite this kernel as

K (:L' y): F(g_%)r(%—i_’y) ’Sn72’ y%-i-'y '
T e o + )5
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In the case that n = 1, using (A.3),

K, (o.y) = %y / €[ (1) de
T 277

(v

_ / / cos |§|t dtd§
F t2 +y
1“( 2 1+’y —z£t
2F / / o dt dé

_T(v+ %) ys
C(YVT (22 +y2)2 T

and this completes the proof of the Proposition. O

REMARK 6.6. By looking at the Neumann condition for U given (6.12), recalling the relation
(6.9), one easily obtains (6.8).

Let us comment here on the passing to the limit v — % in geometric terms, and the
motivation for the Q-curvature equation (1.20). This is done by an analytic continuation
argument as described in [7, 8, 26].

2u

We write the conformal factor in (6.3) as e*" = v 7=77, Then the fractional curvature equation

(6.6) becomes

n+2vy

):Q,gye =" on M.

n— 2'y

n—2y P’g(
2

By adding and subtracting a constant (and recalling (6.5)) we obtain

n—22vy
u 1 n
Py (e —— > +Q7 = QI on M.

Now we can pass to the limit as v — n/2, at least formally. We arrive to the non-local Liouville
equation

Pg/zu—i— Qi/z = QZ/Q e™ in M,
for a change of metric § = e?“g. In the particular case that § = e*|dz|?, the background
curvature vanishes and the equation reduces to

(A)"Pu=Q4 ,(x)e™ inR". (6.14)

There is a more general interpretation of (6.14) (see [11] for instance). Indeed, for n = 3 it is
the T-curvature equation on R?. The T-curvature is defined on the boundary M? of a smooth
4-manifold X, and it was introduced in the setting of functional determinants ([16, 17], and
the survey [14]). The pair of the fourth-order @) curvature (the one associated to Paneitz)
and the third-order T curvature constitute the higher dimensional analogue of the pair of
Gauss curvature and boundary geodesic curvature for surfaces with boundary. Indeed, they
are the quantities that appear in the four-dimensional Gauss—Bonnet formula for manifolds
with boundary (see [19]).

The T curvature satisfies the following conformal property: for a conformal change § = e*“g
on M,

Pou+T9 =T%*" on M,
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where P is a third-order boundary operator which generalizes P3/,. In the flat case, all
these coincide.

Proof of Proposition 1.11. We have just constructed a suitable Poisson kernel to recover the
solution ® of the scattering problem (6.7) from its Dirichlet data f. Using Propositions 6.1 and
6.3 and passing to the limit v — % we obtain (1.30) (note that (6.1) reduces to the original
problem (1.27), and also their associated boundary conditions, as v — n/2).

Next, if we wish to recover ® from its Neumann data (6.8), then it is clear from the symmetry
of the equation that, up to the multiplicative constant d., the only change is v <+ —7. Note that
this duality already appeared in [10]. Then we see that the kernel associated to the Neumann
condition, using the notation of Proposition 6.5, is exactly

/ -1 _ Rn,—~ ygi’y _ F(% _’Y) ygiv
Ka(@y) = dy Ky(z,y) = dy (g2 + [2)E © 221731 (v) (y2 + |z} 5

R~y yz~7
S (R af)E

Then, given w, there exist F(x,y) and G(z,y) smooth such that a solution to
Age®+ (5 —42)@ =0in R,

®=y2 "F(z,y) +y2 " G(z,y) in R",

satisfying w = d,G(x,0) can be written as

O(x,y) = [ Kz -, y)w(®)dr.
]Rn
Note, however, that since we have a Neumann problem, ® is uniquely defined up to addition of
a term of the form Cy? =7 (this can be seen easily from (6.10)). We will choose this constant
to be able to perform the analytic continuation argument as v — n/2. Thus we take instead
the new kernel

K, n)2)—
Ky(z,y) = ’Cly(%y) - ﬁy( /2=

and pass to the limit v — n/2. Noting that the constant &, , extends analytically across

v =mn/2, and that
1 1
lim ( — ) = —log z,
a—0 \ az? a

we obtain expression (1.33). Finally, remark that the (n/2) —~ factor that appears in this
proof explains the normalization constant in (6.5). U

Appendix

A.1. Pizzetti’s formula

LEMMA A.1 [33, 35]. Let A™h =0 in Bygr C R". For any v € B and 0 <r < R — |z| we
have

1
|B'“| B, (z)

h(z)dz = Z_: cir? A'h(z), (A1)
i=0
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where
co=1, ¢ =c(i,n) >0, foriz>1.
Moreover, for every k > 0 there exists C = C(k, R) > 0 such that
[”llcrBry < ClAllLr (Bar)-

A.2. A review of Bessel functions

Here we summarize some properties of the Bessel functions, mostly taken from [3].

LEMMA A.2. Any solution for the Dirichlet problem
Ooatp+ 2200 — 0 =0,
p(+00) =0, (A.2)
p(0) =1,

can be written as

o) = ok )

Proof. First, rewrite equation (A.2) in terms of 1(z) = 27 7p(2) to get
220,90 + 20,9 — (2> +4%)¢ = 0 in R
This is a Bessel equation, thus ¢ can be written as a linear combination
P(z) = crly + oK,

where I, K, are the modified Bessel functions of second kind. These have the following
asymptotic behaviour:

Ko (a) ~ 2 e (14 o)

Finally, the first Dirichlet condition in (A.2) implies ¢; = 0, while the second one fixes the value
of co =T71(y)/27 1. O

Some useful properties of the modified Bessel functions are

PROPOSITION A.3.

(v + 3)(22)7 /°° cos(at)
o (

K, (az) = Vra? 2 4 22)%’”

dt, for all a with Re(a) > —5.

N[
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J—Y(Z) = Q'Y\/;fij(’)"f‘é)/o eiz cos(0) Sin2’y(9) d0 (A4)

H2b)' T (u+ v + 1)
(a2 + b2)ntv+l

/00 r“+”+1KM(ar)Jy(bT) dr = (2a)
0
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