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localization of eigenvalues for the Dirac and Klein–Gordon operators, starting from
known resolvent estimates already established in the literature combined with the
renowned Birman–Schwinger principle.
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1. Introduction

Since around the turn of the millennium, there has been a tremendous rise in interest for spectral
properties of non-self-adjoint operators in quantum mechanics. The physical relevance relies, inter alia, on
the new concept of representing observables by operators which are merely similar to self-adjoint ones, while
the mathematical community is challenged by the absence of the spectral theorem and variational tools.

To make up for this lack of conventional methods, the key tool usually employed in the non-selfadjoint
settings is the celebrated Birman–Schwinger principle (see, e.g., [1–8,8,9] to cite just few recent works).
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Roughly speaking (see below for precise statements), the principle states that z is an eigenvalue of an
perator H := H0 + B∗A if and only if −1 is an eigenvalue of the Birman–Schwinger operator Kz :=
A(H0 − z)−1B∗. In typical quantum-mechanical examples, H0 is a differential operator representing the
inetic energy of the system, while B∗A is a factorization of an operator of multiplication representing
n electromagnetic interaction. In this way, the spectral problem for an unbounded differential operator
s reduced to a bounded integral operator. In particular, the eigenvalues of the perturbed operator H

re confined in the complex region defined by 1 ≤ ∥Kz∥ and the point spectrum is empty if ∥Kz∥ < 1
niformly with respect to z. We refer to [10] for an abstract spectral-theoretic machinery based on the

Birman–Schwinger idea.
It is clear from the definition of the Birman–Schwinger operator that this approach reduces to establishing

suitable resolvent estimates for the unperturbed operator H0. Indeed, once we know how to bound (H0−z)−1,
t is usually an easy matter setting A and B in a suitable normed space, and then obtain an estimate
or Kz. Of course, this näıf reasoning is well-known, and can be synthesized claiming that each resolvent
stimate corresponds, via the Birman–Schwinger principle, to a localization estimate for the eigenvalues of
he perturbed operator.

Since resolvent estimates have been an object of study for a considerably longer time with respect to the
igenvalues confinement for non-selfadjoint operators, it is natural that some results for the latter problem,
ven if interesting per se, go unnoticed. The goal of the current note is indeed bringing to light some
ew spectral results for the Dirac and Klein–Gordon operators, by inserting already established resolvent
stimates in the main engine of the Birman–Schwinger principle.

The assumptions we will impose on the potential are essentially pointwise smallness and decay near the
rigin and infinity. It would be desirable to explore other conditions, notably those involving Lp norms of
he potential, as in the case of Schrödinger operators in the seminal work by Frank [1]. However, for this
urpose, one needs Lp −Lq estimates for the resolvent, which are not easy to get and in some situations fail
o hold. For example, Cuenin, Laptev and Tretter [2] prove in 1-dimension their celebrated result about the
igenvalues enclosure of the perturbed Dirac operator in two (optimal) disks of the complex plane, provided
hat the L1 norm of the potential is small. This is obtained by straightforward computations based on an
1−L∞ resolvent estimate. However, such Lp−Lp′ estimates does not hold in higher dimensions, as observed

n [11] (see also [7]).
Before moving to the main results of the present note, let us observe that despite the robustness of the

irman–Schwinger principle, it is not the only tool for obtaining spectral enclosures for non-self-adjoint
perators. Indeed, another powerful technique which has been recently employed in various related problems
s the method of multipliers (see, e.g., [6,12–15]).

The present note is organized as follows. In Section 2 we informally introduce the operators and list our
ain results. The key resolvent estimates are collected in Section 3, while the Birman–Schwinger principle

s recalled in Section 4, where we also properly define the perturbed operators. Finally, the main results are
stablished in Section 5.

. Main theorems

In this note we are concerned with relativistic quantum-mechanical systems modeled by scalar Klein–
ordon and spinorial Dirac operators in the whole space Rn. They are formally defined respectively as

Gm,V = Gm + V,

Dm,V = Dm + V,

where, for fixed mass m ≥ 0, the free Klein–Gordon and Dirac operators are√
m2 − ∆,
Gm =

2
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Dm = −iα · ∇ +mα0 = −i
n∑

k=1
αk∂k +mα0.

he matrices αk ∈ CN×N , N := 2⌈n/2⌉ being ⌈·⌉ the ceiling function, are elements of the Clifford algebra
atisfying the anti-commutation relations

αjαk + αkαj = 2δj
kIN for j, k ∈ {0, . . . , n}

here δj
k is the Kronecker symbol. If we set for simplicity N := 1 when we are dealing with the Klein–Gordon

perator, we can say that both the operators Gm and Dm act on H = L2(Rn;CN ), have domain H1(Rn;CN )
and are self-adjoint with core C∞

0 (Rn;CN ).
Concerning both perturbed operators, the potential V : Rn → CN×N is a generic, possibly non-Hermitian,

matrix-valued function (resp. scalar valued in the case of Klein–Gordon). With the usual abuse of notation,
we denote with the same symbol V the multiplication operator by the matrix V in H with initial domain
dom(V ) = C∞

0 (Rn;CN ).
Moreover, for any matrix-valued function M : Rn → CN×N and norm ∥·∥ : C → R+, we write ∥M∥ :=

∥|M |∥, where |M(x)| denotes the operator norm of the matrix M(x).
For simplicity, we will say that the spectrum of Gm,V or Dm,V is stable (with respect to the corresponding

free operator spectrum) if
σ(Gm,V ) = σc(Gm,V ) = σ(Gm) = [m,+∞) (2.1)

in the case of the Klein–Gordon operator, whereas

σ(D0,V ) = σc(D0,V ) = σ(D0) = R , (2.2)
σ(Dm,V ) = σc(Dm,V ) = σ(Dm) = (−∞,−m] ∪ [m,+∞) , (2.3)

n the case of the massless and massive Dirac operators respectively (see for instance [16]). In any case, note
hat this means in particular that the point and residual spectra of the perturbed operator are empty.

Finally, let us introduce the weights defined as

τε(x) := |x|
1
2 −ε + |x| (2.4)

wσ(x) := |x|(1 + | log |x||)σ, for σ > 1. (2.5)

We are ready to enunciate the claimed results.

Theorem 1. Let n ≥ 3. There exist positive constants α and ε, independent of V , such that ifτ2
ε V


L∞ < α

hen the spectrum of Gm,V is stable, viz. (2.1) holds true.

heorem 2. Let n ≥ 3. For m = 0, there exists a positive constant α, independent of V , such that if

∥wσV ∥L∞ < α

then the spectrum of D0,V is stable, viz. (2.2) holds true.
For m > 0, there exist positive constants α and ε, independent of V , such that ifτ2

ε V


L∞ < α
hen the spectrum of Dm,V is stable, viz. (2.3) holds true.
3
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For the Dirac operator we can improve the above theorem in two ways. Firstly, slightly generalizing the
choice of the weights (see also Remark 2.3). Secondly, and above all, we can give a quantitative form for
the smallness condition of the potential (even if our expression for the constant is probably far from being
optimal). With this aim we bring into play the dyadic norms defined as

∥u∥ℓpLq :=

⎛⎝∑
j∈Z

∥u∥p

Lq(2j−1≤|x|<2j)

⎞⎠1/p

, ∥u∥ℓ∞Lq := sup
j∈Z

∥u∥Lq(2j−1≤|x|<2j) , (2.6)

or 1 ≤ p < ∞ and 1 ≤ q ≤ ∞.

Theorem 3. Let n ≥ 3, m ≥ 0 and ρ ∈ ℓ2L∞(Rn) be a positive weight. If m > 0, assume in addition that
x|1/2

ρ ∈ L∞(Rn). For m > 0, define

C1 ≡ C1(n,m, ρ) := 576n
[√
n+ (2m+ 1) 4√64n+ 324

]
∥ρ∥2

ℓ2L∞

+ (2m+ 1)
√

π

2(n− 2)

|x|1/2
ρ
2

L∞

whereas if m = 0,

C1 ≡ C1(n, 0, ρ) := 2C2 ∥ρ∥2
ℓ2L∞ , C2 ≡ C2(n) := 576nmax{

√
n, 4√64n+ 324}. (2.7)

upposing
C1

|x|ρ−2V


L∞ < 1

hen the spectrum of Dm,V is stable, viz. (2.3) holds true.

In the massless case, we can ask for less stringent conditions on the potential in order to still get the
pectrum stable.

heorem 4. Let n ≥ 3, m = 0 and
2C2 ∥|x|V ∥ℓ1L∞ < 1,

here C2 is defined in (2.7). Then the spectrum of D0,V is stable, viz. (2.2) holds true.

Last but not least, we prove some results on the eigenvalues confinement in two complex disks for the
assive Dirac operator. To this end one can use either the weighted dyadic norm (this gives the counterpart

or m > 0 of Theorem 4), or again the weighted-L2 norm with weaker conditions on the weight ρ (namely,
emoving in Theorem 3 the assumption |x|1/2

ρ ∈ L∞(Rn) when m > 0).

heorem 5. Let n ≥ 3, m > 0 and

N1(V ) := ∥|x|V ∥ℓ1L∞ , N2(V ) := ∥ρ∥2
ℓ2L∞

|x|ρ−2V


L∞

or some positive weight ρ ∈ ℓ2L∞(Rn). For fixed j ∈ {1, 2}, if we assume

2C2Nj(V ) < 1,

ith C2 defined in (2.7), then
σp(Dm,V ) ⊂ Br0(x−

0 ) ∪Br0(x+
0 )

here the two closed complex disks have centers x−
0 , x

+
0 and radius r0 defined by

x±
0 := ±m

V2
j + 1

V2
j − 1 , r0 := m

2Vj

V2
j − 1 , with Vj :=

[
1

C2Nj(V ) − 1
]2
> 1.
4



P. D’Ancona, L. Fanelli, D. Krejčiřík et al. Nonlinear Analysis 214 (2022) 112565

N

o
o

R
t
p

w
e
t

(

w
B
f
b
s
i
o

c
t
o

p
a
i

R
s
c

a
w

Remark 2.1. In Theorem 5, the case j = 2 is actually redundant. Indeed, one can easily observe that
1(V ) ≤ N2(V ) simply by Hölder’s inequality. Thus, if 2C2N2(V ) < 1, it follows that V2 ≤ V1 and the disks

btained for j = 1 are enclosed in those obtained for j = 2. However, we explicit both the case since, as
bserved above, Theorem 5 is in some sense the counterpart of Theorem 3 and Theorem 4.

emark 2.2. In our results, the low dimensional cases n = 1, 2 are excluded. This restriction comes from
he key resolvent estimates we are going to employ, collected in Lemma 1, Lemma 2 and Lemma 3 and
roved in [17] and [18] (see Section 3).

Indeed, regarding the last lemma, it holds for n ≥ 3 since to prove it the multiplier method is exploited,
hich fails in low dimensions. In the case of the first two lemmata instead, the low dimensions are excluded
ssentially due to the use of Kato–Yajima’s estimates; but there is a deeper reason behind instead of a mere
echnical one.

In fact, tracing back the computations in [17], a key step in the proof of Lemma 1 and Lemma 2 is equation
2.19) of [17] concerning the Schrödinger resolvent, namelyτ−1

ε (−∆ − z)−1f


L2 ≤ C(1 + |z|2)−1/2 ∥τεf∥L2 ≤ C ∥τεf∥L2 ,

ith some positive constant C and n ≥ 3. The above inequality is obtained by fusing together results by
arceló, Ruiz and Vega [19] and by Kato and Yajima [20], and it is without any doubt false for n = 1, 2. In

act, by contradiction, exploiting computations similar to the ones we will carry on in Section 5, one should
e able to prove the counterpart of Theorems 1 and 2 for the Schrödinger operator, in other words the
pectrum of −∆ + V would be stable if

τ2
ε V


L∞ < α for some positive constants α and ε. This assertion

s true for n ≥ 3, but certainly impossible for n = 1, 2, due to the well-known fact that the Schrödinger
perator is critical if, and only if, n = 1, 2.

The criticality of an operator H0 means that it is not stable against small perturbations: there exists a
ompactly supported potential V such that H0 + ϵV possesses a discrete eigenvalue for all small ϵ > 0. For
he Schrödinger operator this is equivalent to the lack of Hardy’s inequality. On the contrary, the existence
f Hardy’s inequality in dimension n ≥ 3 is sometimes referred to as the subcriticality of −∆.

In the light of this argument for the Schrödinger operator, a very interesting question, deserving to be
ursued, naturally arises: one can conjecture that also the Klein–Gordon and Dirac operators are critical if
nd only if n = 1, 2, that is Theorems 1 and 2 are false in low dimensions and their spectra are not stable
f perturbed by small compactly supported potentials.

emark 2.3. In Theorems 1 and 2 we used the explicit weights τε and wσ, while in the subsequent
tatements exploiting the weighted-L2 norm they are replaced by the weight |x|ρ−2 with ρ ∈ ℓ2L∞(Rn). We
ompare these assumptions.

It easy to check that ρ1 := (1 + | log |x||)−σ/2 and ρ2 := (|x|−ε + |x|δ)−1 are weights in ℓ2L∞(Rn) for
any σ > 1 and ε, δ > 0. Consequently we can set |x|ρ−2 = wσ(x) or |x|ρ−2 = (|x|1/2−ε + |x|1/2+δ)2. The
dditional condition |x|1/2

ρ ∈ L∞ can be obtained for ρ2 if we set δ = 1/2, and hence τ2
ε = |x|ρ−2

2 . In other
ords, wσ and τε are the prototypes of the class of weights we used, since |x|1/2

w
−1/2
σ , |x|1/2

τ−1
ε ∈ ℓ2L∞(Rn)

and |x|τ−1
ε ∈ L∞(Rn).

This generalization gives only a minor improvement in the type of admissible weights, however we think
it is useful since it stresses the properties and limiting behaviors required of them.

Finally, we note that the extra condition |x|1/2
ρ ∈ L∞(Rn) affects the behavior of ρ ∈ ℓ2L∞(Rn) only at

infinity. Indeed, near the origin, say when |x| ≤ 1,

|x|1/2
ρ ≤ ∥ρ∥ ≤ ∥ρ∥ ,
L∞ ℓ2L∞

5
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so no further requirement is added on the behavior of ρ near x = 0; on the contrary

∥ρ∥ℓ2L∞(|x|≥1) ≤
|x|−1/2


ℓ2L∞(|x|≥1)

|x|1/2
ρ


L∞
=

√
2

|x|1/2
ρ


L∞

when |x| ≥ 1, so L∞(|x| ≥ 1) ⊂ ℓ2L∞(|x| ≥ 1).

Remark 2.4. For a concrete example, let us make the constants C1 and C2 explicit in a special case. We
set n = 3, m ∈ [0, 1] and choose ρ = |x|1/2

τ−1
1/2 = (|x|−1/2 + |x|1/2)−1, which implies easily ∥ρ∥ℓ2L∞ ≤ 2 and

|x|1/2
ρ


L∞
≤ 1.

Therefore, it follows that C2 ≤ 8.24 · 103, C1 ≤ 1.11 · 105 if m > 0 and C1 ≤ 6.59 · 104 if m = 0. Hence
he smallness condition on the potential in Theorem 3 is implied by

(1 + |x|)2V


L∞ <

{
9.00 · 10−6 if m > 0,
1.51 · 10−5 if m = 0,

and the one in Theorem 4 by ∥|x|V ∥ℓ1L∞ < 6.06 · 10−5.

Our conditions on the potential V are certainly not sharp. We conjecture that the pointwise smallness
conditions of Theorem 2 can be replaced by suitable integral hypotheses.

Conjecture. Let n = 3. There exists a positive constant α independent of V such that if ∥V ∥L3 < α

respectively, ∥V ∥L3 + ∥V ∥L3/2 < α), then the spectrum of D0,V (respectively, Dm,V ) is stable, viz. (2.2)
respectively, (2.3)) holds true.

. A bundle of resolvent estimates

As anticipated in the Introduction, the main ingredients in our proofs are a collection of inequalities
lready published in the literature. The first two, recalled in the next two lemmata, come from [17].

emma 1. Let n ≥ 3 and z ∈ C. There exist ε > 0 sufficiently small and a constant C > 0 such thatτ−1
ε (

√
m2 − ∆ − z)−1f


L2

≤ C ∥τεf∥L2

here the weight τε is defined in (2.4).

The massless (m = 0) case for this Klein–Gordon resolvent estimate is obtained by equation (2.39) in [17]
letting W = 0. Instead, equation (2.43) from the same paper gives us the massive case for unitary mass
m = 1, and for all positive m by a change of variables.

Let us face now the Dirac operator.

Lemma 2. Let n ≥ 3 and z ∈ C. There exist ε > 0 sufficiently small and a constant C > 0 such thatw−1/2
σ (D0 − zIN )−1f


L2

≤ C
w1/2

σ f


L2
, (3.1)τ−1

ε (Dm − zIN )−1f


L2 ≤ C ∥τεf∥L2 , (3.2)

in the massless and massive case respectively, where the weights τ and w are defined in (2.4) and (2.5).
ε σ

6
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These estimates correspond to equations (2.49) and (2.52) from [17] respectively, even if the estimate
for the massless case was previously proved in [21] by the same authors. It should be noted that, in the
cited paper, estimates (2.49) and (2.52) are explicated only in the 3-dimensional case, but it can be easily
seen that they hold in any dimension n ≥ 3, since their proofs mostly rely on the well-known identity
D2

m = (−∆ +m2)IN .
The resolvent estimates just stated are uniform, in the sense that the constant C in the estimates is

independent of z. This will imply, as we will see, the total absence of eigenvalues under suitable smallness
assumptions on the potential.

For the Dirac operator the above result can be improved. First of all, we can give a non-sharp but explicit
estimate for the constant C. Moreover, paying with a constant dependent on z (obtaining then a localization
for the eigenvalues instead of their absence in the massless case) we can substitute the weighted-L2 norms
with dyadic ones, or relax the hypothesis on the weights in the massive case.

This step-up will be gained making use of the sharp resolvent estimate for the Schrödinger operator in
dimension n ≥ 3 contained in Theorem 1.1 of [18] (the same estimate can be obtained also e.g. from Theorem
1.2 in [22], but the latter does not provide explicit constants). Setting a = In, b = c = 0, N = ν = 1 and
Ca = Cb = Cc = C− = C+ = 0 in the referred theorem, one immediately obtain the trio of estimates stated
below.

Lemma 3. Let n ≥ 3, z ∈ C \ [0,+∞) and R0(z) := (−∆ − z)−1. Then

∥R0(z)f∥2
Ẋ + ∥∇R0(z)f∥2

Ẏ ≤ (288n)2 ∥f∥2
Ẏ ∗ ,

|ℜz| ∥R0(z)f∥2
Ẏ ≤ (576

√
2n2)2 ∥f∥2

Ẏ ∗ ,

|ℑz| ∥R0(z)f∥2
Ẏ ≤ (864

√
2n)2 ∥f∥2

Ẏ ∗ ,

here the Ẋ and Ẏ norms are the Morrey–Campanato type norms defined by

∥u∥2
Ẋ := sup

R>0

1
R2

∫
|x|=R

|u|2dS, ∥u∥2
Ẏ := sup

R>0

1
R

∫
|x|≤R

|u|2dx,

nd the Ẏ ∗ norm is predual to the Ẏ norm.

Since the Morrey–Campanato type norms above introduced are not so handy, observe that the Ẋ norm
an be written as a radial–angular norm

∥u∥Ẋ =
|x|−1

u


ℓ∞L∞
|x|L

2
θ

:= sup
j∈Z

sup
R∈[2j−1,2j)

|x|−1
u


L2(|x|=R)

whereas the Ẏ norm is equivalent to the weighted dyadic norm
|x|−1/2 ·


ℓ∞L2

, and hence by duality the Ẏ ∗

norm is equivalent to
|x|1/2 ·


ℓ1L2

(being ∥·∥ℓpLq defined in (2.6)). More precisely, since we want to show
explicit constants, we have that|x|−1/2

u
2

ℓ∞L2
= sup

j∈Z

∫ 2j

2j−1
|x|−1|u|2dx ≤ 2 sup

j∈Z

1
2j

∫
|x|≤2j

|u|2dx ≤ 2 ∥u∥2
Ẏ ,

hile from the other side, fixed R ∈ [2j−1, 2j) for some j ∈ Z, we get

1
R

∫
|x|≤R

|u|2dx ≤ 21−j

j∑
n=−∞

2n

∫ 2n

2n−1
|x|−1|u|2dx ≤ 4

|x|−1/2
u

2

ℓ∞L2
.

Summarizing

2−1/2
|x|−1/2

u


ℓ∞L2
≤ ∥u∥Ẏ ≤ 2

|x|−1/2
u


ℓ∞L2

2−1
|x|1/2

u
 ≤ ∥u∥Ẏ ∗ ≤ 21/2

|x|1/2
u

 .

ℓ1L2 ℓ1L2

7
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Inserting the above norm equivalence relations in Lemma 3 one can straightforwardly infer the following.

Corollary 1. Under the same assumptions of Lemma 3, the estimates|x|−1
R0(z)f


ℓ∞L∞

|x|L
2
θ

≤ 576n
|x|1/2

f


ℓ1L2
,

|z|1/2
|x|−1/2

R0(z)f


ℓ∞L2
≤ 576n 4√64n+ 324

|x|1/2
f


ℓ1L2

,|x|−1/2∇R0(z)f


ℓ∞L2
≤ 576n

|x|1/2
f


ℓ1L2

,

hold true.

Simply applying Hölder’s inequality, one can deduce also the weighted-L2 version of Corollary 1. Moreover,
his allows us to employ the −∆-supersmoothness of |x|−1 to obtain a homogeneous (in effect even stronger)
eighted-L2 estimate for the Schrödinger resolvent. Namely, we have the following.

orollary 2. Under the same assumptions of Lemma 3, the following estimates hold|x|−3/2
ρR0(z)f


L2

≤ 576n ∥ρ∥2
ℓ2L∞

|x|1/2
ρ−1f


L2

,

|z|1/2
|x|−1/2

ρR0(z)f


L2
≤ 576n 4√64n+ 324 ∥ρ∥2

ℓ2L∞

|x|1/2
ρ−1f


L2

,|x|−1/2
ρ∇R0(z)f


L2

≤ 576n ∥ρ∥2
ℓ2L∞

|x|1/2
ρ−1f


L2

, (3.3)

for any arbitrary positive weight ρ ∈ ℓ2L∞(Rn).
If in addition |x|1/2

ρ ∈ L∞(Rn), then

⟨z⟩1/2
|x|−1/2

ρR0(z)f


L2
≤ C3

|x|1/2
ρ−1f


L2

here
C3 ≡ C3(n, ρ) := 576n 4√64n+ 324 ∥ρ∥2

ℓ2L∞ +
√

π

2(n− 2)

|x|1/2
ρ
2

L∞

nd ⟨x⟩ :=
√

1 + x2 are the Japanese brackets.

roof. By Hölder’s inequality we easily obtain the set of inequalities|x|1/2
u


ℓ1L2

≤ ∥ρ∥ℓ2L∞

ρ−1|x|1/2
u


L2

,|x|−1/2
ρu


L2

≤ ∥ρ∥ℓ2L∞

|x|−1/2
u


ℓ∞L2

,|x|−3/2
ρu


L2

≤
|x|−1/2

ρ


ℓ2L2
|x|L

∞
θ

|x|−1
u


ℓ∞L∞

|x|L
2
θ

≤ ∥ρ∥ℓ2L∞

|x|−1
u


ℓ∞L∞

|x|L
2
θ

,

which inserted in Corollary 1 give us the first three weighted-L2 estimates.
The last one is instead obtained making use of the celebrated Kato–Yajima result in [20], that is|x|−1

R0(z)f


L2
≤

√
π

2(n− 2) ∥|x|f∥L2 ,

ith the best constant furnished by Simon [23], combined with the trivial bounds

∥|x|u∥L2 ≤
|x|1/2

ρ


L∞

|x|1/2
ρ−1u


L2

,|x|−1/2
ρu


L2

≤
|x|1/2

ρ


L∞

|x|−1
u


L2

,

given again by Hölder’s inequality. □
8



P. D’Ancona, L. Fanelli, D. Krejčiřík et al. Nonlinear Analysis 214 (2022) 112565

f
(

4

a
b
t
c

We can return now to the Dirac operator. As a consequence of Corollaries 1 and 2 we obtain the following
lemma.

Lemma 4. Let n ≥ 3 and z ∈ C \ {ζ ∈ R : |ζ| ≥ m}. Then|x|−1/2(Dm − z)−1f


ℓ∞L2
≤ C2

[
1 +

⏐⏐⏐⏐z +m

z −m

⏐⏐⏐⏐sgn ℜz/2
] |x|1/2

f


ℓ1L2

where C2 is defined in (2.7), and in particular|x|−1/2
ρ(Dm − z)−1f


L2

≤ C2 ∥ρ∥2
ℓ2L∞

[
1 +

⏐⏐⏐⏐z +m

z −m

⏐⏐⏐⏐sgn ℜz/2
] |x|1/2

ρ−1f


L2
(3.4)

for any positive weight ρ ∈ ℓ2L∞(Rn).
If in addition |x|1/2

ρ ∈ L∞(Rn), then|x|−1/2
ρ(Dm − z)−1f


L2

≤ C1

|x|1/2
ρ−1f


L2

(3.5)

where C1 is defined in the statement of Theorem 3.

Proof. By Corollary 1 and the identity

(Dm − z)−1 = (Dm + z)(−∆ +m2 − z2)−1IN

we obtain |x|−1/2
ρ(Dm − z)−1f


ℓ∞L2

≤

|x|−1/2
ρ

n∑
k=1

αk∂kR0(z2 −m2)f


ℓ∞L2

+
|x|−1/2

ρ(mα0 + zIN )R0(z2 −m2)f


ℓ∞L2

≤
√
n

|x|−1/2
ρ∇R0(z2 −m2)f


ℓ∞L2

+ max{|z +m|, |z −m|}
|x|−1/2

ρR0(z2 −m2)f


ℓ∞L2

≤C2

[
1 +

⏐⏐⏐⏐z +m

z −m

⏐⏐⏐⏐sgn(ℜz)/2
] |x|1/2

ρ−1f


ℓ1L2
.

Similarly we have the other two inequalities, using Corollary 2 and the fact that

max{|z +m|, |z −m|}⟨z2 −m2⟩−1/2 ≤ 2m+ 1

or the homogeneous estimate (3.5). Note also that, in the massless case, (3.5) is already contained in
3.4). □

. The Birman-Schwinger principle

In this section, we recall the technicalities of the Birman–Schwinger principle and we properly define
n operator perturbed by a factorizable potential. We rely completely on the abstract analysis carried out
y Hansmann and Krejčǐŕık in [10], to which we refer for more results and background. There, in addition
o the point spectrum, appropriate versions of the principle are stated even for the residual, essential and
ontinuous spectra.
9
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Let us start recalling some spectral definitions. The spectrum σ(H) of a closed operator H in a Hilbert
pace H is the set of the complex numbers z for which H − z : dom(H) → H is not bijective. The resolvent

set is the complement of the spectrum, ρ(H) := C\σ(H). The point spectrum σp(H) is the set of eigenvalues
f H, namely the set of complex number such that H − z is not injective. The continuous spectrum σc(H)
s the set of elements of σ(H) \ σp(H) such that the closure of the range of H − z equals H; if instead such
losure is a proper subset of H, we speak of the residual spectrum σr(H).

Here we collect the set of hypotheses we need.

ssumption I. Let H and H′ be complex separable Hilbert spaces, H0 be a self-adjoint operator in H and
H0| := (H2

0 )1/2 its absolute value. Also, let A : dom(A) ⊆ H → H′ and B : dom(B) ⊆ H → H′ be linear
perators such that dom(|H0|1/2) ⊆ dom(A) ∩ dom(B).

We assume that for some (and hence for all) b > 0 the operators A(|H0| + b)−1/2 and B(|H0| + b)−1/2

are bounded and linear from H to H.

At this point, defining G0 := |H0|+1, we can consider, for any z ∈ ρ(H0), the Birman–Schwinger operator

Kz := [AG−1/2
0 ][G0(H0 − z)−1][BG−1/2

0 ]∗, (4.1)

hich is linear and bounded from H′ to H′.
The second assumption we need is stated below.

ssumption II. There exists z0 ∈ ρ(H0) such that −1 ̸∈ σ(Kz0).

While in general Assumption I is easy to check in the applications, Assumption II is more tricky. Thus,
e can replace it with the following one, stronger but more manageable.

ssumption II’. There exists z0 ∈ ρ(H0) such that ∥Kz0∥H′→H′ < 1.

That the latter implies Assumption II can be easily proved by observing that the spectral radius
s dominated by the operator norm, or recurring to Neumann series. Alternative conditions implying
ssumption II are collected in Lemma 1 of [10], but for our purposes Assumption II’ will be enough.
Before recalling the Birman–Schwinger principle, we properly define the formal perturbed operator H0+V

ith V = B∗A.

heorem 6. Under Assumptions I and II, there exists a unique closed extension HV of H0 + V such that
om(HV ) ⊆ dom(|H0|1/2) and the following representation formula holds true:

(ϕ,HV ψ)H→H = (G1/2
0 ϕ, (H0G

−1
0 + [BG−1/2

0 ]∗AG−1/2
0 )G1/2

0 ψ)H→H

or ϕ ∈ dom(|H0|1/2), ψ ∈ dom(HV ).

This result corresponds to Theorem 5 in [10], where the operator HV is obtained via the pseudo-Friedrichs
xtension. However, an alternative approach to obtain a closed (and quasi-selfadjoint) extension of H0+B∗A

s following Kato [24]. We refer to the paper of Hansmann and Krejčǐŕık for a cost–benefit comparison of
he two methods, and for a list of cases when the two extensions coincide.

Finally, we can exhibit the abstract Birman–Schwinger principle, for the proof of which see Theorems
, 7, 8 and Corollary 4 of [10].
10
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Theorem 7. Under Assumptions I and II, we have:

(i) if z ∈ ρ(H0), then z ∈ σp(HV ) if and only if −1 ∈ σp(Kz);
(ii) if z ∈ σc(H0) ∩ σp(HV ) and HV ψ = zψ for 0 ̸= ψ ∈ dom(HV ), then Aψ ̸= 0 and

lim
ε→0±

(Kz+iεAψ, ϕ)H′→H′ = −(Aψ, ϕ)H′→H′

for all ϕ ∈ H′.

In particular

(i) if z ∈ σp(HV ) ∩ ρ(H0), then ∥Kz∥H′→H′ ≥ 1;
(ii) if z ∈ σp(HV ) ∩ σc(H0), then lim infε→0± ∥Kz+iε∥H→H′ ≥ 1.

While from the “in particular” part of the previous theorem one could infer a localization for the
igenvalues of HV , the principle can be employed in a “negative” way to prove their absence when the norm
f the Birman–Schwinger operator is strictly less than 1 uniformly respect to z ∈ ρ(H0). This is precisely
tated in the next concluding result, corresponding to Theorem 3 in [10], which is even richer: not only gives
nformation on the absence of the eigenvalues, but also on the invariance of the spectrum of the perturbed
perator.

heorem 8. Suppose Assumption I and that supz∈ρ(H0) ∥Kz∥H′→H′ < 1. Then we have:

(i) σ(H0) = σ(HV );
(ii) σp(HV ) ∪ σr(HV ) ⊆ σp(H0) and σc(H0) ⊆ σc(HV ).

n particular, if σ(H0) = σc(H0), then σ(HV ) = σc(HV ) = σc(H0).

.1. A concrete case

We now specialize the situation from the abstract to a concrete setting, typical in many common
pplications and relevant for this note.

Suppose that H = H′ = L2(Rn;CN×N ), N ∈ N, and V is the multiplication operator generated in H

y a matrix-valued (scalar-valued if N = 1) function V : Rn → CN×N , with initial domain dom(V ) =
∞
0 (Rn;CN ). As customary, we consider the factorization of V given by the polar decomposition V = UW ,
here W =

√
V ∗V and the unitary matrix U is a partial isometry. Therefore we may set A =

√
W ,

=
√
WU∗ and consider the corresponding multiplication operators generated by A and B∗ in H with

initial domain C∞
0 (Rn;CN ), denoted by the same symbols. In the end, we can factorize the potential V in

two closed operators A and B∗. Via the closed graph theorem, Assumption I is verified.
Furthermore, in general the operator Kz defined in (4.1) is a bounded extension of the classical Birman–

Schwinger operator A(H0 − z)−1B∗ defined on dom(B∗). Since in our case the initial domain of B∗ is
C∞

0 (Rn;CN ), hence dense in H, we get that Kz is exactly the closure of A(H0 − z)−1B∗.
In conclusion, as suggested in the Introduction, everything reduces to the study of

A(H0 − z)−1B∗

H→H

:
if there exists z0 ∈ ρ(H0) such that this norm is strictly less than 1, then Theorem 7 holds; if this is true
uniformly respect to z ∈ ρ(H0), then also Theorem 8 holds true.

5. Proofs of the main theorems

Taking into account the last subsection and recalling the uniform resolvent estimates from Section 3,
proving our claimed results on the Klein–Gordon and Dirac operators is now a simple matter.
11
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For z ∈ ρ(H0) and ϕ ∈ C∞
0 (Rn), from the resolvent estimate in Lemma 1, we immediately getA(Gm − z)−1B∗ϕ


L2 ≤ ∥Aτε∥L∞

τ−1
ε (Gm − z)−1B∗ϕ


L2

≤ C ∥Aτε∥L∞ ∥τεB
∗ϕ∥L2

≤ C
τ2

ε V


L∞ ∥ϕ∥L2

< αC ∥ϕ∥L2 .

f α = 1/C, then Theorem 1 follows from Theorem 8. By analogous computations one obtains Theorem 2
aking use of the resolvent estimates in Lemma 2, and the other theorems concerning the Dirac operator

xploiting Lemma 4.
Let us just make explicit the computations for Theorem 5 with N1(V ) = ∥|x|V ∥ℓ1L∞ . By Lemma 4 we

ave that A(Dm − z)−1B∗ϕ


L2 ≤
A|x|1/2


ℓ2L∞

|x|−1/2(Dm − z)−1B∗ϕ


ℓ∞L2

≤ C2

[
1 +

⏐⏐⏐⏐z +m

z −m

⏐⏐⏐⏐sgn ℜz/2
] A|x|1/2


ℓ2L∞

|x|1/2
B∗ϕ


ℓ1L2

≤ C2

[
1 +

⏐⏐⏐⏐z +m

z −m

⏐⏐⏐⏐sgn ℜz/2
]

∥|x|V ∥ℓ1L∞ ∥ϕ∥L2 .

Setting V1 := [1/[C2N1(V )]−1]2 > 1, the condition
A(Dm − z)−1B∗ϕ


H→H

≥ 1 turns out to be equivalent
o the expression (

ℜz − sgn(ℜz)mV2
1 + 1

V2
1 − 1

)2

+ (ℑz)2 ≤
(
m

2V1

V2
1 − 1

)2

which define exactly the disks in the statement of the theorem. Just take any z0 ∈ ρ(Dm) outside these two
disks to verify Assumption II’, and finally we can prove the statement applying the “in particular” part of
Theorem 7.
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[6] Luca Fanelli, David Krejčǐŕık, Luis Vega, Spectral stability of Schrödinger operators with subordinated complex
potentials, J. Spectr. Theory 8 (2018) 575–604.
12

http://refhub.elsevier.com/S0362-546X(21)00200-5/sb1
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb1
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb1
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb2
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb2
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb2
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb3
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb3
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb3
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb4
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb4
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb4
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb5
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb5
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb5
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb6
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb6
http://refhub.elsevier.com/S0362-546X(21)00200-5/sb6


P. D’Ancona, L. Fanelli, D. Krejčiřík et al. Nonlinear Analysis 214 (2022) 112565
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