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1 Introduction

Yukawa interactions are, together with gauge and scalar self-interactions, the building
blocks of renormalizable theories. In the Standard Model (SM) they are a crucial ingredient
as they describe the interactions between quarks and leptons and the Higgs boson, with the
latter being ultimately responsible for the generation of fermion masses after electroweak
symmetry breaking (EWSB).

They are also ubiquitous in new physics (NP) theories that try to address the short-
comings of the SM. For example, they appear in theories that generate neutrino masses
both at tree-level, as for the case of the well know seesaw mechanism [1-9], as well as
at higher orders [10-13] and in models where a fermion Dark Matter (DM) candidate is
connected to the SM through a scalar portal, see e.g. [14] for a review. Interestingly,
the existence of new scalar bosons or some beyond the SM (BSM) fermions that possess
Yukawa interactions with the SM could solve some anomalies reported in the recent years
in low energy data. This is, for example, the case of the measurement of the anoma-
lous magnetic moment of the muon (g — 2),, for which the recent measurement by the
E989 experiment at Fermilab [15], which is in agreement with the previous BNL E821
result [16], implies a ~ 4.20 discrepancy with respect to the SM prediction [17], although
a recent lattice calculation seems in agreement with it [18]. It is also the case of other
long-standing anomalies in semileptonic decays of B mesons both in charged- [19-27] and
neutral-current [28-30] decays, usually dubbed Rp.) and Ry (., that can be accounted for
by various models involving additional Yukawa sectors. Some or all of these anomalies can
be solved by postulating the existence of leptoquarks (LQ) [31-78], i.e. new colored states
which connect quark and leptons, or by extending the SM with new heavier scalars and
vector-like fermions [79-92]. Obviously, new Yukawa interactions are constrained by a large
variety of experimental searches, ranging from direct production of new on-shell degrees
of freedom at high energy colliders to low energy precision measurements. The results of
these analyses are generally expressed as limits on combinations of couplings and masses,
and the resulting bounds strongly depend on the specific structure of the NP realization
and on the experimental settings.

There exists, however, and old tool of theoretical physics, namely perturbative uni-
tarity (PU), that can be used to set an upper limit on the magnitude of the couplings,
above which the perturbative expansion is expected to break down. Most famously this
tool, that we review in section 2.1, has been applied to set an upper bound on the Higgs
boson mass [93-96] and on the masses of quarks and leptons participating in weak inter-
actions [97, 98]! if weak interactions were to remain weak at all energies. It has then been
widely used in the literature to assess the range of validity of both renormalizable and
effective operators [101-114]. In this work we consider the problem in more generality and
we answer the following question:

!See also [99, 100] for related works.



Given a Yukawa interaction between a scalar and two fermions with gemeric
quantum number under a group G = [[; SU(V;) ® U(1), what is the mazimum
allowed value for the coupling with the requirement of PU?

To answer this question we consider the most general form of Yukawa-type interactions
and all possible 2 — 2 tree-level scatterings in the high-energy limit. We obtain compact
expressions for the upper limit on the value of the Yukawa coupling up to which perturba-
tion theory could be trusted, and highlight their dependence on the various fields’ quantum
numbers under G.

More specifically, we start by computing all the necessary ingredients for building the
partial wave scattering matrix, namely the Lorentz parts of the scattering amplitudes and
the group structure factors entering the amplitudes themselves, in a set of phenomenolog-
ically relevant toy models where the various fields are only charged under a single SU(N)
factor. We firstly show how the SU(N) group structure of the interaction can lead to en
enhancement of the scattering amplitudes and thus to a tightening of the partial wave
unitarity bounds, while the role of the U(1) charge is to enforce a selection rule that makes
some amplitudes vanish. We then use these toy models as building blocks for more compli-
cated theories, where the various fields are charged under multiple SU(NV;) factors, giving as
a working example the case of the SM quark Yukawa sector. We then apply our results to
different NP models which solve, by introducing a new Yukawa sector, the aforementioned
anomalies in (g —2), and/or in the semileptonic decay of B meson, showing that while the
proposed theories can generally still provide an explanation to these measurements, their
model parameters are stretched close to the limit of our-tree level unitarity bound criteria.

Altogether the results presented in this work are of practical use and can be used
to analyze scenarios beyond the examples presented in the text. While we restrict only
to a limited number of irreducible SU(NV) representations under which the various fields
can transform (singlet, fundamental and adjoint), we believe that our computations fur-
nish the necessary ingredients to study a large set of NP theories with additional Yukawa
interactions.

The paper in organized as follows. In section 2.1 we review the tool of PU and clarify
the physical interpretation of the inferred bounds, while in section 2.2 we discuss the general
properties of Yukawa interactions relevant for the study of PU. In section 3 we introduce
the toy models and discuss how they can be used to construct the most general partial wave
scattering matrix. Then in section 4 we study the partial wave unitarity bounds for the
first type of toy models which have a Dirac type structure for the Yukawa interaction. In
section 5 we apply our formalism to the case of the SM quark Yukawa sector, also highlight-
ing the role that multiplicity due to a flavor structure can have in the determination of the
bound. In section 6 we then discuss a second class of toy models, which present Majorana
type Yukawa interactions. Then in section 7 we show some phenomenological applications,
finally concluding in section 8. We also add few relevant appendices. In appendix A we
list our conventions for the calculation of the partial wave matrix, while in appendix B we
report the results for other Dirac type theories not included for brevity in the main text.



2 General aspects

2.1 The tool of perturbative unitarity

Perturbation theory is a powerful tool to provide approximate solutions to physical prob-
lems. Within this approach the relevant result is expressed in terms of a power series of
some small parameter €. In general, however, it is not easy to determine if some specific
numerical value of € allows for a good approximate solution of the problem under consid-
eration. The aspect we want to face in this section is to identify a reasonable criterium to
state whether a parameter is too large to be treated in perturbation theory.

A level zero criterium for considering a parameter as perturbative is to ask the expan-

sion parameter entering the S functions ¢ = =7 to be small. The requirement ¢ < 1

T47)2
implies g < 4w, which is the maximum value ?;re)quently adopted in the literature. This
condition can however be improved by analyzing the problem in more detail. Consider an
abelian gauge theory with coupling g and Ny copies of matter fields charged under the
local symmetry. The scaling of the contribution to the one-loop two point function for the

gauge field is

The requirement of small expansion parameter then suggest a more refined version of the
naive criterium, since a small value of g is in fact not enough if Ny becomes very large.

4
/Ny’

has to be taken into account for a more refined version of the perturbative criterium.

One can then require g < where it is clear that the multiplicity of the matter fields

One can however do even better than the former proposal. It is possible to use results
that hold beyond perturbation theory to motivate a more stringent criterium based on
partial wave PU.

The key point of our analysis are the so-called partial waves, i.e. the scattering am-
plitudes with fixed total angular momentum J. In the case of 2 — 2 scatterings in the
high-energy massless limit they are defined as [115]

af; = o / dcos@duw( )T7i(\/s,cos0) . (2.1)

Here 6 is the polar scattering angle in the center of mass frame and /s the center of mass
energy, d;, ;.. (0) are the small Wigner d—functions where p; = iy — Ai, and pp = Ay, — Ay,
are defined in terms of the helicities of the initial and final states, and (27)*¢®(P; —
P)iTi(\/s, cos0) = (f|S—1[i), with S the S-matrix, that defines the scattering amplitude.
We report in appendix A.1 the definition and the explicit expressions of the small Wigner
d—functions used throughout our analysis. The unitarity condition on the S—matrix,

StS =1, implies
1
2 (a’f'L zf Zahfahw (22)



where the sum runs over all the intermediate states h. By focusing on elastic channels
i = f and restricting the sum over h only to 2-particle states one obtains the condition

Im[al] > |af|? . (2.3)
This last equation defines a circle in the complex plane, the Argand circle, inside which
the amplitude must lie at all orders in perturbation theory

2
Re2[al] + <1m[a;{.] - ;) < i . (2.4)

Since for 2 — 2 high-energy scatterings the tree-level elastic amplitudes are real,? this
suggests the following unitarity bound

Jtree ’ <

[ : (2.5)

N | —

While the factor 1/2 is somewhat arbitrary, it gives a reasonable indication of the range
of validity of the perturbative expansion, since a tree-level value which saturates eq. (2.5)
needs at least a higher-order correction of ~ 40% in order to re-enter the Argand circle,
thus signalling the breakdown of the perturbative expansion itself. In order to extract the
best PU bound, one then needs to identify the optimal elastic channel and this corresponds
to diagonalizing the partial wave scattering matrix afi. The most stringent limit will be

then set by the largest, in absolute value, eigenvalue.

2.2 The structure of the Yukawa interaction

In this section we specify the class of models we are interested in and the assumptions we
make in our analysis.

First of all we assume that mass terms are negligible and all the computation are
performed in the high energy regime. In this limit we can consider massless fields as the
most natural degrees of freedom. Regardless of the symmetry structure of the interactions,
we can always (re-)write a generic Yukawa interaction between a set of Ny real scalar fields
$o and of Ny, Weyl fermion fields ¢% in the following way:

1 o
— £ = 3 Vaibati ¥’ +hec., (2:6)

where ¢7 ; = Cv,/jgi, C = i?4" is the charge conjugation matrix, Vaij = Yaji and the
index « runs from 1 to Ny, while 4, j = 1,... Ny. Notice that this form is the most general
one. For example, a complex scalar field can be always expressed in terms of two real fields
with specific restrictions on the phases of the coupling V,;;, in a similar way symmetry
properties of the Yukawa interactions are manifest through the presence of null elements
or by specific relations among them. We are going to clarify these aspects in what follows
with explicit toy models.

2This is a consequence of the optical theorem: intermediate states cannot go on-shell at the tree level if
the scattering energy is much larger than their masses.



Our task is now to compute the partial wave matrices afi of eq. (2.1) and extract
their eigenvalues. We start discussing the helicity and Lorentz structure of the scattering
amplitudes. To this end we firstly need to compute the 7;(y/s, cos #) amplitudes between
the initial and final states. It is useful to write the scattering matrix 7 in the following form

pi =0 pi = 0fpi = +1|pi =+1/2 py = —1/2
++  —= | 00 | +- +0 -0
4T T
pyp =0 |t 7
Tri = , (27)

pp=0 00 T+

pp=+1 +— TH00| T
pp=+1/2 40 T
py=—-1/2 +0 7070

where we have indicated the total helicities of the initial and final states, y; ¢, as well as the

helicities of the single particles involved in the scattering. Each of the amplitudes entering
the various blocks of the Ty; matrix are themselves matrices, whose dimensionalities depend
on the number of fermions and scalars of a given theory. Notice that the matrix of eq. (2.7)
has many zero entries, which correspond to the empty blocks. In particular the 7 0%+
TH0+= and 7190 amplitudes vanish because of total angular momentum conservation,
while 7999 is present if one adds also a potential for the scalar fields. Finally, the other
null amplitudes are strictly zero only in the massless limit we are considering. Since we
are working in the high-energy massless limit it is useful to compute the non vanishing
amplitudes by working with helicity eigenstates, following the conventions of Jacob and
Wick [115]. We refer the reader to appendix A.2 for the details on the choice of the
spinor helicity basis. The remaining non vanishing amplitudes can be computed explicitly
starting from the interaction in eq. (2.6). All the non vanishing amplitudes are reported
in eq. (A.10)

The usefulness of eq. (2.7) is that, when projecting the amplitudes onto the J—th
partial wave via eq. (2.1), only a subset of the non-zero blocks survives. In particular the
channels with p; = py = 0 have a non-zero projection only on J = 0, since the relevant
amplitudes do not depend on 6, see eq. (A.10). Again because of total angular momentum
conservation channels with p; ; = :l:% project only on half-integers values of J. Hence,
for integer J > 0 only the channels 7+~"~ and 7%%~ contribute and the scattering
matrix is effectively separated in three different blocks, allowing us to consider each of
them independently when studying partial waves with different values of J. Interestingly,
we will show that the stronger bound might arise from a partial wave different from J = 0.
In particular in section 4 we will see that the tighter limit can come from the analysis of
J = % or J = 1, while higher partial waves give a weaker bound.



3 Toy models and scattering amplitudes

The Lagrangian of eq. (2.6) describes the Yukawa interaction between any set of scalar and
fermion fields, where the entries of the Yukawa matrix ),;; are at this level completely
generic. By assigning definite quantum numbers under a group G = [, SU(N;)®@U(1) to the
scalar and fermion fields involved in the interaction, the Yukawa matrix, and consequently
the scattering matrix, acquires a well definite structure. In this section we consider two
types of toy models which we use as building blocks for the study of more general Yukawa
theories. More specifically we consider two theories, described by the following Lagrangians:

- EDiraC = yS)@? + h.c. ) (31)

and

1 —.C
- EMajorana = §ySXX +h.c., (32)

where x and 7 are left-handed and right-handed fermion fields respectively, and S a scalar
field that can be either complex or real. We dub these theories as Dirac type and Majorana
type respectively. To begin our study, we start by assuming that all fields are charged under
a single SU(N) factor and show later in section 5 how the case of multiple SU(N;) charges
can be dealt with. For both theories the parameter y can be chosen to be real without loss
of generality by a proper field redefinition. For concreteness we restrict our study to the
case where all the fields transform in the trivial, fundamental or adjoint representation of
SU(N) and we allow them to have arbitrary U(1) charges. For simplicity we also consider
theories where at most one field transforms in the adjoint SU(NN) representation. Under
these assumptions the various models that can be written are reported in table 1. Note
that in the Dirac type class, model number 5 can only be written in the case of SU(3) while
in the Majorana type class, model number 2 can only be written in the case of SU(2). A
comment regarding other possible models in the Majorana type class is in order:

o For the case of SU(2) one can write a gauge invariant interaction with x ~ [, and
S ~ 19, which however identically vanishes since yex® = 0, where ¢ is the SU(2)
totally antisymmetric tensor. One can restore this interaction by charging the field
x under a second SU(N) factor, or by considering different flavors for y, since in this
case one can antisymmetrize in the additional gauge and/or flavor index.

o For the same reason, in the case of SU(3) also the model where x ~ [, and S ~ [y,
vanishes if the states are not charged under another SU(N) group or flavor multiplicity
is not added.

We will comment on these possibilities when considering in more detail the Majorana type
class of models, presenting in section 6.3 a phenomenologically relevant example in which
the involved fields are charged under more than one SU(N;) factor.

For any given toy model, the task is to build the aJJci partial wave matrices and compute
their largest eigenvalues. This can be done mechanically by brute force by building the



Dirac type Majorana type

Model | x1, | nr S Model | xr, S
1|0 O | 1,4 11, | 1g
2 |0y | 1y | Opyg 25| Oy | Adjag
3 O | Oy | Adjg—g
4 Oy | Adjy | Oy—g
5" Ly iq’ iqfq’

Table 1. Dirac type and Majorana type theories described by the Lagrangians of eq. (3.1) and
eq. (3.2), respectively. If S is either a singlet or transforms in the adjoint representation of SU(N)
and also has a vanishing U(1) charge, then it is a real scalar field. Model 5 of the first class is only
present in the case of SU(3), while model 2 of the second class only in the case of SU(2).

Yukawa matrix Vai; entering eq. (2.6), computing all the amplitudes® and building the a}’i
matrices explicitly through eq. (2.7). Although straightforward, this process turns out to
be highly inefficient, due to the rapid increase in the afi matrix dimension when considering
SU(N) factors with large N. As an example for the third theory of the Dirac type with
a complex scalar field, the transition matrix has dimension 406 for N = 3 and 2346 for
N = 5. When considering the possibility of fields charged under more than one SU(XV;)
factor the dimensionality of the transition matrix dramatically increases, making also the
numerical calculation inefficient.

The situation drastically simplifies if one realizes that when considering any 2 — 2 scat-
tering, each amplitude can be decomposed into a Lorentz part which depends only on the
spin and helicity of the involved fields, and a group-theoretical part that depends on their
SU(N) quantum numbers, while the role of the U(1) charge is to enforce a selection rule
that will make some amplitudes vanish. More concretely any 2 — 2 scattering amplitude
among particles i1 2 and f1 2 with helicities A;, , and Ay, , can be written schematically as

YD TIDVIDY Afp A fg Nig A
7}1%11?2 b \[ 0 @ Z T At 2(\[ 9) f1f21112 (N)]]'dr7 (3'3)
r m=s,t,u

PYID VID VED W
where Tmfl fo Mg Nig

is a function that contains the group part coefficient for the scattering through the Man-

(v/s,0) is the Lorentz part of the scattering amplitude and F7;" f1 fzn i (V)

delstam m—channel in the SU(N) r irreducible representation that can be built from the
initial and final state particles, while d, stands for the dimensionality of r. The direct sum
runs over all the irreducible representation through which a scattering can proceed. One
of the necessary ingredients are thus the Tn/l\f 1272 (/s 9) functions for the two theories
of eq. (3.1) and eq. (3.2), which can be computed from the Lagrangian of eq. (2.6). We
report them, normalized by the common y? factor, in table 2 and table 3 for both the real

4

and complex scalar S case.” Here we clearly see the role played by the U(1) factor. As

3Here one has to consider the relevant factors of 1 /+/2 for identical particles, which can occur only for
two-fermion states when p; and/or py = 0 and for two-scalar states.

4As mentioned in section 2.2 we find now convenient, in the case of a complex scalar field, to directly
work with its complex components instead of the real ones, since as we will see the presence of the U(1)
symmetry allows us to simplify the scattering structure.



Dirac type models —£ = yxnS + h.c.

Real S Complex S
Af A fy Ay Niy States Ts T Tu Ts T Tu
+ o+ X1 = X1l -1 -1
——— | o | -1 -1
Xn — xn +1 +1
—— 4+ XX — 717 1| 41
nmm — xXx +1 +1
X7 — XN +1 +1
++— XX — 1 +1 +1
nn — XX +1 +1
- Z 0 1 ]
4040 XS — xS —cos g T —cos g
0 1 9
nS —nS — oS 5 Tes? | T cos 5
0 1 1
—0-0 XSHXS — COs 5 75053 7cos%
- - 0 1 1
T]S—>7]S —Cos 3 _cosg _cos%
¥S* — xS* —
+0* +0* X X COS%
* * 1
778 - nS COS%
e | XSS —cosy
nS* — nsS* —cosg
XX = i) —1 -1
+—+- X7 — X7 -1 -1
X = X -1 -1
_ 1 . Q
xx — 5SS tan? —tan g
00 + — 1 L | —tan?
nn — SS fan tan 5
XX — SS* —tan?
00 +— | X i
nn — SS* —tan 3

Table 2. Lorentz part of the amplitudes for the models of the first class divided by 2. In the
complex scalar case also the 0*0* + — amplitudes are zero. In the helicity amplitudes the notation
0* indicates the scattering involving the conjugate of the scalar S.

an example, when S is a complex scalar field the amplitude x7 — xn in 7+~ is zero,
because this process violates the conservation of the U(1) charge. Analogous selection rules
appear in other scattering channels.

In order to fix the idea let us make an explicit example and consider the first theory of
the Dirac type class, where both x and 7 transform under the fundamental representation
of SU(N) and S is a scalar singlet. The scattering yn — X1 which proceeds through the
+ + ++ helicity channel has only an s—channel contribution, with an amplitude which is
proportional to —y?, see table 2. Since []® IJ = 1 + Adj, this scattering can only proceed
through the singlet and the adjoint channels. Thus the scattering amplitude, by applying



Majorana type models —L = %)’(XCS + h.c.

Real S Complex S
Afy Afy Aig Aig States T, T T, T. 7, T,
++++ XX = XX -1 1
— XX = XX -1 1
-t XX = XX +1 +1 +1
tt+ - XX — XX +1 +1 +1
+0+0 XS — xS —cosg —Coig —cosg
8 | 1
—-0-0 xS — xS —Cos 5 o7 5
* * v q* o Q* I
MR K o
0
—0*—0* | xS* = xS* —cos ¢
-+ XX — XX -1 )
- N ;
00 + — xx — SS an? —tan 5
00" + — xXx — SS* - tang

Table 3. Lorentz part of the amplitudes for the models of the second class divided by y2. In the
complex scalar case also the 0*0* + — amplitudes are zero. In the helicity amplitudes the notation
0* indicates the scattering involving the conjugate of the scalar S.

eq. (3.3), reads®

5,1
Tt (/5.0) = (f ) i ) (3.4
XnXn NZ-1
With the same procedure one can build the amplitudes among irreducible representations
for all the possible scatterings of the theory. In each of the separated subsectors that we
have identified (J = 0, half-integer J and integer J > 0, see eq. (2.7)), the matrix can be
decomposed into scattering blocks among the various irreducible SU(N) representations.
Barring the convolution with the Wigner d—functions and the integration over the angular
variable 0, finding the eigenvalues of the partial wave matrix, and thus extracting the partial
wave unitarity bound, is then a trivial task. One only needs to compute the f;f}l;il i (N)
factors. The advantage of this procedure with respect to the mechanical brute force one
previously described is clear: being the group factor proportional to the identity in group
space, one needs in practice to consider for each representation only one scattering among
the dy ones, since all of them will give the same result.%

®In this particular case the amplitude in the adjoint channel vanishes since the amplitude has only an
s—channel contribution and S is a SU(NN) singlet.

5The Mathematica package SARAH [125] performs in automatic way a similar decomposition for pure
scalar theories with an SU(V) group symmetry.

~10 -



4 Dirac type theories

In the previous section we have described the general strategy for computing the afi partial
wave matrices and presented the Lorentz part of the amplitudes that are needed to compute
them. In this section we compute, for the various models of the Dirac type class presented
in table 1, the ;‘Tf]; i () group factors. For brevity of presentation we report in the main
text only the results for the first two type of models, while we defer to appendix B for the
remaining ones.

4.1 First model: y ~ Cp 1~y S~1,_g

In this model S is an SU(N) singlet, real if ¢ = ¢/, while  and x transform under the
fundamental representation of the SU(N) group. By choosing as basis’

" ( . a>T s S Real scalar (4.1)
= Xa N" ) = ) .
. (8,547 Complex scalar

where a runs from 1 to N. The Yukawa matrix of eq. (2.6) thus reads

Vo = Yy (ﬂ-N 1N> ) (42)

where o = 1 in the real scalar case and a = 1,2 in the complex scalar one. As previously
stressed we can separately consider the sectors with J = 0, half-integer and integer J >
0, since no amplitude has a non zero projection on more than one sector. Let us start
by considering J = 0 with a real scalar S. The two particle states with 4+ helicities
decompose as

xn ~ 14 Adj
++49mm~S+ AS (4.3)
XX ~ S+ AS,
while the states with —— helicities are their conjugates. Here above we indicate with S

and AS the totally symmetric and antisymmetric irreducible representations that arise
from the tensor decomposition 1 ® [ =S & AS. Note, however, that the antisymmetric
combination of two identical fermions identically vanishes for even J, see e.g. [115]. In
order to compute the scattering amplitudes we need to explicitly write the two-particle
states. We define them as
7 Loy 7
)1 = W%I%T/) )
) g = V2T, [$ar)
)8 = (T8 )ablvbaths) (4.4)

where ¢ = y and/or 1, T are the SU(N) generators, and TZ' are N(N + 1)/2 symmetric
matrices that we choose to be the symmetric SU(N) generators, with the addition of =

V2N’

"We adopt SU(N) tensor notation where lower (upper) indices transform in the fundamental (conjugate)

SU(N) representation.

- 11 -



which is normalized to preserve the canonical trace normalization Tr[TfTéB] = ‘sATB. Note
that in this case the symmetric combination is always built through two identical states:
this is the reason of the extra factor 1/4/2 in the symmetric two particle state with respect
to the adjoint one. By direct computation one obtains the following non zero group factor
amplitudes relevant for the scattering in J = 0, see again eq. (2.7),

s, 1
2 xnxn — N
Fbl =1
51 __ ) xma
++++{%WW_N T FEAL ; (4.5)
xnxn —
S S 1
“Frtmxx = Foix = 2
where the — — —— and — — ++4 amplitudes are equivalent since they are obtained by

conjugation. Note that among the vanishing + + ++ group factors we have that, for
example, the one in the adjoint channel is zero because S is a scalar singlet and the
amplitude thus turns out to be proportional to the trace of the SU(NN) generators, while
the one in the symmetric channel is zero since the theory does not mediate processes such
as nm — nn. From the explicit form of the group factors it is clear that it’s the singlet
channel that manifests an enhancement of the scattering amplitude due to the SU(N)
group structure. By using the general expression of eq. (3.3), the J = 0 partial wave in the
singlet channel written in the (xn, x7) basis reads

SR e |
a0 = Y dcos djy(0) _]_\[7; S NT; _JIE
327 )4 NT-++ 4T, NT;

_ny —N N+1 (46)
16 \N+1 —N |’ ’

2 41

whose largest eigenvalue in absolute value is 1%—2”(2]\7 + 1). The eigenvalues relative to the
scatterings in the other SU(V) irreducible representations are all smaller and thus the PU
condition of eq. (2.5) leads to the bound
2 < 8m
2N +1
If the scalar is complex the conservation of the U(1) charge forbids scattering in the £+FF

(4.7)

channel. The matrix of eq. (4.6) becomes thus diagonal with eigenvalues %N and the

bound now reads
8

2

4.8
v <y (4.8)
which is weaker than in the real scalar case.

For half-integer J the two-particle states with +0 helicities decompose for real scalar

S as
s
+0¢ % ,
nS ~ 0
while the states with —0 helicities are their conjugates. The group factors read
0 0 | ,
+0+0{ wsxs = Txsxs = Tusns = Fysns = 1, (4.9)
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which are equivalent to their conjugates. Since there is no scattering between the 40 and
—0 states in the massless limit, we can consider only the +04-0 scattering channel, while the
—0 — 0 will be its conjugate. For example for the former the scattering in the fundamental
channel for J = 1/2 reads

J=1 y?> [t 3

1
2 _ +0-+0 +0+0y 72 _ 2
= Iy =——M\1 4.1
am 397 |, dcos@ (7, +7, )d%%(Q) N 32)\ N (4.10)
thus leading to the bound
9 16w

One can understand that there is no multiplicity factor due to the SU(N) group structure
since for all the diagrams, both in the s— and w—channel, the SU(NN) index is never
contracted between initial or final states, but is instead conserved between them.

If S is a complex scalar the U(1) charge conservation enforces to treat separately the
scattering of two distinct Mandelstam channels. As an example both the nS — 7S and the
nS* — nS* scattering proceed through the fundamental representation, but the former via
an s—channel diagram, while the latter via u—channel one. The different angular function
of the two amplitudes makes the one in the u—channel dominate. For the scattering
nS* — nS* one obtains

ai:% = —y—Q o dcos T+0+0d%1 0) 1y = —i N (4.12)
O 327 J1 “ 23 16
which leads to the bound
y® < 8. (4.13)

For both the real and complex scalar the bounds in the J = 1/2 sector are weaker than in
the J = 0 one.

Finally we can consider the relevant scatterings for integer J > 0, starting again with
the case of a real scalar field. Here the two particle states among fermions decompose as

xXx ~ 1+ Adj
X7~ S+ AS
RV |

nx ~S+ AS

nn ~ 14+ Adj
while, the scalar field being an SU(N) singlet, only the trivial representation exists for 00.
Bose symmetry however forbids the scattering in the 00 + — channel for odd J [115], while
the relevant group factors in the + — +— channel are®

Folo=Fl =1

XXM nxXx
w,Adj _ ~u,1
+— 4 fXxnﬁ_fnﬁix_l (4.14)
Fu,S . Fu,l -1 . :
xxnm — Y nmxx —
u,AS _ u,l
]:Xxnﬁ - ‘Fnﬁfcx =-1

8Note that the antisymmetric combination no longer vanishes here, since it’s built with two non identical
fermions.
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y2

For the lowest partial wave J = 1 all the eigenvalues of the partial wave matrix are +55—,

therefore the bound is simply
y? < 167 . (4.15)

In the case of a complex scalar field instead one has additional non vanishing processes as
SS5* — xx and SS* — n7 that can however proceed only via the singlet channel, since the
scalar belongs to the trivial SU(NV) representation. The scattering among singlet is thus
modified with respect to the real scalar case. The group structure for these scatterings is

00" + — {Fadi o\ = Fidt o = VN (4.16)
and explicitly one has in the (yx,n7,SS*) basis

0 d (O T+ —db, (0) T2+~ 0 1 VN
y2 +1 11 u 01 u
a{=1=32—7T deos@| di,(0)TF - 0 —d(OTO o 1 0 VN|=
- dio(O) T~ dio(6)T+- 0 VN VN 0
) 0 1 V2N
-2 1 1 o vaN|, (4.17)

where o represents the Hadamard product.” Here we have split the Lorentz and group part

of the amplitudes to highlight that the different helicity channels are associated to different
2

group coefficients. The largest eigenvalue in absolute value is 6@2—”(1 + V14 16N) and the

bound th d
ound thus reads , 39

< —.
Y ST T /IF 16N

We then report in figure 1 the bounds on y obtained in the J = 0,1/2 and 1 partial waves.

(4.18)

In particular we see that in the case of a real scalar field the strongest bound is obtained
in the J = 0 channel. On the other hand for a complex scalar field the strongest bound is
obtained through the analysis of the scattering in the J = 1 channel, while the one in the
J = 0 channel dominates only in the case of an abelian theory. This is a non trivial result,
highlighting the role that higher partial waves can have in deriving a PU bound.

4.2 Second model: x ~[,n~1g, S~[] .

In this model the scalar transforms in the fundamental representation of SU(N), and is
thus always a complex field. By fixing the basis

¢L = (X(h UC)T ) ¢ = (Sa7 S*a)T ’ (419)

where a runs from 1 to N, one has for the Yukawa matrix of eq. (2.6)

8i 00 + (i< a<N
yaij:y{ 005 N+1 ( J) (4.20)

51",1_]\/5]‘,]\[4_1 + (Z <~ j) a>N ’

9The Hadamard product H of n matrices of the same dimension H = A'o...0A" is defined in components
as Hi]' = Aij .. A:L]
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Model 1
X~ n~Ly S~14-¢

2 4 6 8 10

Figure 1. PU bounds on the Yukawa couplings y for the model 1 of the Dirac type class for J = 0
(black), J = 1/2 (blue) and J =1 (red). The solid (dashed) lines correspond to the case of a real
(complex) scalar field.

with ¢,7 = 1,..., N + 1. We start again by considering the J = 0 partial wave. Here the
two particle states decompose as

xn ~0
++4xx ~S+AS
nn~ 1
and the —— states are the conjugates. Again, the antisymmetric combination identically

vanishes for even J. The two-particle states can be written in analogy with eq. (4.4), where
clearly the singlet combination is now the trivial state |nn), to which we add the state in
the antifundamental as
X = [X°) - (4.21)

In this theory all the scatterings in the £+ FF channels vanish together with the ones that
proceed through the singlet and symmetric channels in + + +4. The only non vanishing
amplitudes are the ones in the (anti)fundamental channel with a group factor that reads

++++{rd = ml =1, (4.22)
In this case the partial wave matrix is already diagonal and after the trivial integration
over the angular variable one obtains the bound

y* < 8m . (4.23)
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Moving onto the J = 1/2 channel we can consider the +0 + 0 scattering. Here we have

nS ~ [
nS* ~ 0
XS ~ 1+ Adj
XS* ~S+AS

+0

and the group factors for the non zero amplitudes are

l 71 —
)f(S)_(S =N
A o T I
0+0 ;SnS - 71;37]5 =1 ’ (424)
b J— ) S R
Fibegss = —Fgbegsr =1

with again the —0 — 0 being the conjugates. We can consider the singlet channel, which
exhibits a N multiplicity factor. In the +0 + 0 sector one has

J=
ay

vt
327 J_1

1 1
2 dcos® T,;700d3 , ()N = ———N . (4.25)
2

1
2
This is the largest eigenvalue for N > 1 while for N = 1 it’s the scattering in the
(anti)symmetric channels that dominates due to the u—channel amplitude which scales
as T,F0T0 ~ ﬁ and has eigenvalue +2y2. Altogether we obtain

2

9 8T N=1
¥ <9 16 . (4.26)
~ N=22

Finally for J = 1 the relevant two-particle states decompose as

Yx ~ 1+ Adj

>_‘X ! S5 ~ S + AS

nm ~1 . ,
+ - 004 SS* ~1+Adj .

nx ~ 0 e

- S*S* ~ S+ AS

xn ~ U

where however now it’s the symmetric combinations of the two identical scalars that van-
ishes identically for J = 1 [115]. The group factors for the non-zero amplitudes are

Pt
Fel _ gl _ gy R
Fisa = Fxan =1 FuAd 4
S5 xx

Note that the 00* 4+ — scattering in the singlet channel has two contributions, coming from
the two possible ways of making an SU(N) singlet from the two fermions. The strongest
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Model 2
X~ Dq n-~ lq' ~ Dq—q‘

y 4+ \~‘~ \\\ 4

Figure 2. PU bounds on the Yukawa couplings y for the model 2 of the Dirac type class for J =0
(black), J =1/2 (blue) and J =1 (red). In this case the scalar is always a complex field.

bound turns out again to be the one arising from the scattering among singlets. Explicitly
one has in the (xx,n7, SS*) basis

9 i1 0 diy ()T + —dgy ()T~ 0 VN 1
aj=l = —3y27r dcos@| di (O)T,F~+~ 0 —d5 (T |o| VN 0 VN
-1 * *
dig(O) Tt dig(0) T+ 0 1 VN 0

, (0 VN V2
:—33’27 VN 0 VaN|, (4.28)
V2 V2N 0

where we again have split for convenience the Lorentz and group structure of the amplitude.
The eigenvalues of this matrix have a complicated form for generic N and we thus show
the numerical results in figure 2. There we see that for NV < 4 it’s the J = 1 partial wave
that enforces the strongest bound while for N > 5 is the J = % one. As for the case of
the previous toy model we see that the stronger limit can arise from partial waves different
from J = 0. We also note that when N = 1 we recover, with no ambiguity, the same
bounds obtained for the first toy model in the case of a complex scalar field.
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5 The case of the Standard Model Yukawa sector

The two toy models discussed in the previous section can be used as building blocks through
which it is possible to study more involved theories where, e.g., the fields are charged under
multiple SU(N;) factors and/or where more than one generation of fields with the same
quantum numbers is present. We highlight this by discussing in detail the case of the
SM Yukawa couplings, focusing on the down type quark sector, for which the Yukawa
Lagrangian is

- L :yfquinj + h.c., (5.1)

where ¢ and @&/ are left-handed and right-handed fermions field respectively and where the
flavor indices ¢ and j run from 1 to 3. From the point of view of the gauge symmetries, this
theory belongs to the first Dirac type model described in section 4.1 with respect to SU(3).
and to the second Dirac type model described in section 4.2 with respect to SU(2)r, with
H being a complex scalar field.

5.1 Multiple SU(L;) factors

We start by discussing the role played by multiple SU(N;) factors under which the various
fields can be charged. To this end we consider a single generation of SM fermions, y}il = Yq-
The rule of eq. (3.3) is readily generalized, by considering that now each group factor
coefficient F is the product of the various group coefficient factors for the different SU(V)
groups and the dimension of the identity matrix is the product of the dimensions of the
considered irreducible representations for each SU(N) factor. It is again instructive to
work out the most important scattering amplitudes for the case of J = 0, half-integer J
and integer J > 0. We start with J = 0. Since the scalar is complex the only non-zero
amplitudes are in the +4 4= scattering channel. Working in the (gd, qd) basis one has that
the scattering proceeds through the (anti)fundamental channel for what concerns SU(2)p,
with a group factor proportional to the identity, see eq. (4.22). As regarding SU(3). one
can again consider the scattering in the singlet channel, which exhibits a group factor

enhancement, see eq. (4.5). The J = 0 partial wave explicitly reads

2 rtl Na T+ 0
_ Y 0 3/s
%uE)=150@)-0 " 3975 /|, d cos Odg (0) ( 0 N37;““> X 1n,, (5.2)

where N3 = 3, No = 2. Here the presence of two SU(NN) groups simply increases the
eigenvalue multiplicity, given that SU(2), group factor is proportional to the identity and
the scattering matrix is already diagonal. The bound in this case is simply the one of

eq. (4.8)
[ 8 | 8T

For J = 1/2 we can consider the +0+0 sector and it’s convenient to consider the ¢H <+ ¢H
in the antifundamental channel for SU(3) and singlet channel for SU(2). The group factors
can be read from eq. (4.9) and eq. (4.24) and are the identity for SU(3) and Ny = 2 for
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SU(2). Also in this case the presence of two SU(N) factors simply increases the eigenvalue
multiplicity. The partial wave reads

2

J=1/2 _ - vi [ d cos Gd% L(O)TOT0L N, Ny = ~ 1y, Ny (5.4)
su@)=0su@=1 327 J_; 33 s 3 32r P
leading to the same bound of eq. (4.26)
16
Ya < VZ = V81 ~5. (5.5)

The situation is more involved for J = 1. Focusing on the singlet channel scattering for
both the SU(3). and SU(2), groups one has the group coefficients of eq. (4.14), eq. (4.16)
and eq. (4.27). Explicitly then in the (grqr, drdr, HH?*) basis one obtains

y2o 0 diy ()T —dgy (O) T+
ai™ =L [ deost | diy ()T, 0 —dh ()T | o
- dbo(0) T+~ dlo(8) 700+~ 0

which leads to the bound
ya S 3.2 (5.7)

Here we see the non trivial interplay between the two SU(N) factors, which for this partial
wave gives a bound which is stronger than the one obtained considering only one of the
two SU(N) factors, see eq. (4.18) and eq. (4.28). Overall in the case of the SM Yukawa
sector the most stringent bound turns out then to arise from J = 0 partial wave. The limit
of eq. (5.3) implies that if there were additional quarks acquiring mass from EWSB, their
mass should have been < 500 GeV in order to preserve PU. Analogously, additional leptons
should have a mass < 700 GeV.

5.2 Multiple generations

We want now to highlight what is the role played by the presence of mutiple states with the
same quantum numbers, as in the case of multiple generations of SM fermions. We then
go back the general case of eq. (5.1) and, for simplicity, work with only two generations
of fermions. Through a biunitary rotation acting on the fermion fields q;, — Upqr and
dr = Ugdp it is possible to go to a basis where the Yukawa matrix becomes diagonal with
real and non negative entries, namely

Ua = ULydU;g : (5.8)
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It’s interesting then to ask what happens to the largest eigenvalues obtained in the single
family case of section 5.1. In the J = 0 sector the Higgs boson can mediate s—channel scat-
terings among different generations. Choosing as basis (g1dy, Godo, qud1, QQJQ) the partial
wave matrix in the singlet channel becomes, after the angular integration,

Ua1  Gai¥a2
_ Ni | 941002 93
g 0 = — d’2 ~9 - - X ]]-N27 (59)
Yd1 Yd1Yd2
Jd10d2 Ui
N3
167

of the two Yukawa couplings

| 81 /8T

~2 ~2

£/ <yl—=—=1/—~29. 5.10
yd,l + yd,Q N3 3 ( )

This is not the case for the scattering in J = 1/2, where different generations do not

whose largest eigenvalue is (gjfm + 53,2) and the bound is thus on the geometric mean

communicate since the scatterings proceed through the exchange of an s— or u—channel
fermion. In this case the eigenvalues give independent bounds on the two couplings sepa-
rately, which read

o 167
Yd,1,Yd2 < N, V8w ~ 3, (5.11)

in total analogy with the single family case. In J = 1 the situation is again more involved
due to the presence of the 00 two particle state which is common between all genera-
tions. The eigenvalues of the scattering matrix have a complicated analytical form, but
numerically one can see that the strongest bound is always given by the J = 0 partial wave.

6 Majorana type theories

In this section we study the Majorana type theories, described by eq. (3.2). As discussed
in section 3 and indicated in table 1, when only one SU(N) factor is present, or flavor
multiplicity is not added, only one model, other than the one where all fields are SU(N)
singlets, can be written. We firstly study these two theories in turn and then in section 6.3
we present an explicit, phenomenologically relevant, example in which the involved fields
are charged under multiple SU(/V) factors and the above caveat can thus be evaded. Given
that the two models of table 1 cannot be written for arbitrary SU(JV), in this section we
directly illustrate our findings without explicitly presenting the group factors F, as opposed
to the thorough derivation of section 4 for the Dirac type theories. We also do the same
for the explicit example of section 6.3. In this case the various amplitudes can be derived
analogously to the examples of section 4.

6.1 First model: x ~ 1, S~ 1y,

In this model both the fermion and the scalar are SU(V) singlets, where the latter is real
if ¢ = 0. Clearly, no group factor is present in this theory and the partial waves can be
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easily built directly from the Lorentz amplitudes of table 3. In the complex scalar basis
the Yukawa matrix of eq. (2.6) is simply )V, = y, where a = 1 in the real scalar case and
a = 1,2 in the complex scalar one. Let’s start again by discussing J = 0 with real S. In
this case both the + + ++ and + 4+ F7F helicity channels contribute. The partial wave
matrix is readily computed and, after integration in the (x, x) basis, reads

2
J—0 Yy (-1 3
-y 6.1
“ 37 ( 3 —1> ’ (6.1)

y? < dr . (6.2)

which gives the bound
Again, if the scalar is complex there is no scattering in the + &+ F=F helicity channels. The
partial wave matrix of eq. (6.1) becomes diagonal and the bound relaxes to

y® < 167 . (6.3)

Moving to the J = 1/2 partial wave, here we have a situation completely analogous to the
one of section 4.1 and the inferred bound are thus

el Real S
y?< {3 . . (6.4)
8T Complex S

For J = 1 in the real scalar case we have again only contributions from the + — +— helicity
channel and again we are in a configuration analogous to the one of section 4.1. The bound
can be directly read from the Lorentz part of the scattering amplitude and reads

y? < 167 . (6.5)

If S is a complex scalar there is now a contribution to the partial wave matrix from the
00* + — scatterings. In the basis (SS*, xx) and after the angular integration the partial

2 _
o=t =2 (_?@ _*f) , (6.6)

y? < 8. (6.7)

wave matrix is

which gives the bound

6.2 Second model: y ~ Clys S~ Adjyyy N =2

In this model the fermion transforms in the fundamental of SU(2) while S in the Adjoint
representation, and is then a real scalar if ¢ = 0 and complex otherwise. In the first case
we choose as basis

wL = (XL)T7 ¢ = (SA)T7 A= 17273a (68)

and the Yukawa matrix is then
Vaij = y(T%)7 , (6.9)
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where a = 1,2,3 and 4,7 = 1,2. When ¢ # 0 then S is a complex field. In this case we can

choose
o= (545", A4=1,23, (6.10)
and the Yukawa is now ‘
(Te)? a<3
Voii =y v ) (6.11)
o (T°3¢)?, a>3
where now a = 1,...,6. Proceeding in a similar manner as for the Dirac type models,

we find that in J = 0 the bound is the same for both real and complex scalar, due to a
cancellation between the s-, t- and u-channels in the + 4+ FF amplitudes. Moreover, since
for the £ +++ transition there is only the s-channel exchange of .S, the only non-vanishing
scattering has the fermions in the SU(2) triplet configuration, giving

y? < 327 (6.12)

Moving to the J = 1/2 partial wave, again the strongest bound is the same for real and
complex scalars, coming from the scattering in the 4 of SU(2):

y? < 167. (6.13)

Finally, in J = 1, the best bound for real S is obtained in the adjoint channel, where the

partial wave matrix reads

P T s
3= — x 1 6.14
A 3277(2' o) » (6.14)
with eigenvalues —%(1 + 1/65), thus giving the bound

2 1287
Y S Ves

For complex S, instead, the singlet channel gives the strongest constraint. The partial

(6.15)

wave matrix is

2 _V3

3
J=1_ Y i T2 1
o (kD) o

and it has eigenvalues —%(3 4+ 1/57). The bound therefore is

2 o 1287
TV A
6.3 The case of the S| leptoquark

(6.17)

As already mentioned above, there are more possibilities for the Majorana type models once
one allows for the fields to be charged under more than one SU(N) group. Of particular
phenomenological interest is the case of the leptoquark S7, that will be discussed in more
detail also in section 7. This field transforms under the SM gauge group as S; ~ (3,1, %)
One can thus write the following interaction term with the SM quark doublet

1
— L= iyslthqi +h.c., (6.18)

- 29 —



where the colour indices are contracted with the totally antisymmetric tensor €2 of SU(3),
compensating the SU(2) contraction geq®. The bounds on the coupling y in this case can
be obtained along the same lines as the ones in the previous sections, and we therefore
quote only the results for the three considered partial waves

4 J=0
y? < {4n J=1 (6.19)
167 _
1+V/17 J=1

7 Phenomenological applications

In this section we apply our results to some illustrative models which present additional
Yukawa interactions formulated to solve several anomalies reported in low energy measure-
ments, such as the muon anomalous magnetic moment (g — 2),, and the anomalies in the
charged- and neutral-current decays of B—mesons, commonly dubbed as R.) and Ry«
anomalies respectively. The former is an anomaly in the B(B — D"7v)/B(B — D¥)(v)
observable in b — cTv charged-current transitions, with ¢ = e, u, while the latter is an
anomaly in the B(B — K®utu=)/B(B — K®ete™) observable in b — sutp~ neutral-
current transitions. In order to explain the R, anomaly, a ~ 15% modification with
respect to the theory prediction is required. However in the SM the partonic process
b — cTv occurs at tree-level, hence when one tries to explain the experimental measured
value through some additional NP contribution one might encounter several problems.
Since the NP contribution to this observable scales, in case of a tree-level effect, as

gI%IP
5RD(*) ~ m2_ (71)
NP

where gnyp and myp are the coupling and the mass of the relevant NP state, a large effect
can be obtained either with a small NP mass or with a large NP coupling. However given
that the suppression scale for the SM effective operator %(QQ’Y“O'AQ:),)(&),’YMO'GE?,) that can
address this anomaly is A ~ 3 TeV, in the former case one has to face stringent limits from
direct searches from, e.g., the LHC, while in the latter case the coupling might be pushed at
the edge of perturbativity. On the other hand the partonic process b — su™ ™ entering the
Ry (+) anomaly occurs in the SM at one-loop level, with a Vy,V;s CKM suppression. When
considering NP models that try to explain this measurement also at one-loop level, again
one can obtain couplings which might be in conflict with the requirement of perturbative
unitarity. The purpose of this section is to apply our results to phenomenologically relevant
models and show that the requirement of PU can enforce significant bounds that might
deserve further investigation. Since typically in the models that we will consider more than
two couplings at the same time can enter the expression of the PU limit, our strategy will
be to trade some of them for other measurements and/or constraints and then to depict
the PU bound in the region of the two remaining independent couplings.
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7.1 Scalars and fermions for Ry, and (g — 2), anomalies

The first model that we study extends the SM by adding new scalars and fermions in order
to generate contributions to b — su™p~ and (g — 2),, both at loop-level and it is based
on [79, 80]. We first consider the simplest extension which contains only left-handed (LH)
couplings and then we evaluate the consequences of adding right-handed (RH) couplings.

7.1.1 Left-handed scenario

In the LH scenario, the NP states couple only to LH SM quarks and leptons. We can

consider two models with the following schematic interactions'®

e Model a) with one additional scalar ® and two additional fermions ¥, and ¥,

Lo =N, &+ NT D+ hc. . (7.2)

o Model b) with two additional scalars ®, and ®, and one additional fermion W

—Ly = Mgt &, + NV &y + hec. (7.3)

where g and ¢ are the SM quark and lepton doublet respectively and where the NP fields
quantum numbers under the SM gauge group are at this level unspecified. Here however
we wish to assess how constraining the PU requirement could be and since, as shown in
section 4, bounds are generally stringent when the theory features a real scalar field, we
wish to consider models that feature a real scalar. In model a), however, by making ® a real
scalar one obtains an exact cancellation of the various contributions to b — su™u~ [88],
an option disfavored if one is willing to explain the Ry (.) anomaly. This is not the case for
model b), where one can choose ®; to be a real scalar.

Altogether we consider the following quantum number assignments under the SM gauge
group for the two models

model a) @ ~ (1,1,X) U, ~ (1,1,-3+X) ¥,~ (3,1, +X]), 4
model b) ¥ ~ (1,2,X) &, ~ (1,1,-3+X) &, ~(3,1,1+X), (7.4)
where by fixing X = % one has that ®, is a real scalar in model b). Regarding the flavor
structure of the theory, since the goal is to generate a contribution to b — su™u™, we only
need couplings to the second and third quark families,'! M = X\, M = A and to the second
generation of leptons \§ = Au- The loop-level diagrams responsible for generating the NP
contribution to b — sy~ are shown in figure 3.

By fixing for simplicity all the masses of the NP states at a common value myp ~
O(TeV), the most stringent bound for the couplings to quarks comes from By — B, oscil-
lations, where using the result in [116] we get

MNP
1TeV "

ONote that one can also construct a model where ® and ¥ couple to SM quarks while the conjugate

INA| < 0.15 (7.5)

fields ®¢ and W€ couple to leptons. This however leads to very similar phenomenological results.
1YWe work in down-quark aligned basis.
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Figure 3. Loop-level diagrams responsible for generating the NP contribution to b — su™u™ for
the models of eq. (7.2) and eq. (7.3).

This relation can be inserted in the expression for the ACY = —ACY, coefficients'? for
reproducing the neutral-current anomaly Ry () from where one has

1TeV)2 | (7.6)

ACH] =034 X0 P (

mNp

for both model a) and model b). By plugging eq. (7.5) into eq. (7.6) one can set a lower

bound on the |A,| coupling [80]

MNP

1TeV’

where we use the updated 1-dimensional fit ACY = —ACY; = —0.41£0.07 in [117]. Hence,

by saturating the bound in eq. (7.5), i.e., by imposing |[AsAp| ~ 0.15 755 we can compute

1TeV>
the bound set by PU to see if one can explain at the same time the observed value for

Aul? > 20 [ACY]

(7.7)

ACY relevant for the Ry (. anomaly. In order to do so we fix myp = 1TeV, which for
SU(3). charged NP states is at the edge of exclusion from direct searches at the LHC, and
plot the allowed regions from PU in the (\,, \;) parameter space, accounting for the ACY
value from [117]. We illustrate this for model a) in figure 4 where, as explained before, the
scalar is a complex field. There in green (yellow) we illustrate the regions compatible with
the measured value of ACY at 1o and 20 while in gray we show the one compatible with
PU. We see that, in this case, there is an overlap between the two regions and the Ry (.
anomaly can be explained with couplings whose magnitude is compatible with perturbative
unitarity. For the case of model b) we show the results in figure 5 for both the real and
complex @, case. In the latter case the results are very similar to the one of 4. On the
other side in the case of real ®; the PU bounds become more stringent and there is no
longer an overlap region where ACY can be explained with perturbative couplings. By
setting A\, = 0 for these 3 models, the PU limits for the A\, coupling are

Complex @, |Aul < 3.5

(7.8)
Real @, |Aul < 2.2

Model a) Complex & [A,| < 4.0 Model b) {

'2ACY is defined as the Wilson coefficient encoding all the NP contributions to the operator o =
2
16— (57" Prb) (v ), whereas ACYT, as the Wilson coefficient encoding all the NP contributions to the

2, _
operator Ofy = 15— (57" Prb) (i ys1t)-

— 95—



a) Complex ¢

b-sup

PU

b-spp

Ap of

1

0
/l/l

Figure 4. In gray we show the regions of the parameter space compatible with PU. In green and
yellow we show the regions compatible with the R (.) anomaly at 1o and 20 respectively, by fitting
ACYH = —ACY, and assuming a common NP mass mxp = 1 TeV.
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Figure 5. In gray we show the regions of the parameter space compatible with PU. In green and

yellow we show the regions compatible with the Ry (.) anomaly at 1o and 20 respectively, by fitting
ACH = —ACY, and assuming a common NP mass mxp = 1 TeV.

where for model a) the bound is obtained from the model in section 4.2, while for model
b) the bounds correspond to the one in section 4.1.

Since in order to solve the neutral current anomaly we need a coupling to the muons,
it is natural to ask if one can reproduce the (g — 2), anomaly and how large the relevant
coupling has to be to achieve the correct NP contribution. For the observable a, = (g —
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2),,/2 we consider the recent value of the Fermilab Muon g — 2 experiment [15] for which
one has a ~ 4.20 discrepancy with respect to the SM prediction [17]

exp _ SM — (951 4+ 59) x 1071, (7.9)

Aa, = a, "

We want to see if this anomaly can be explained with the )\, coupling in a perturbative
regime. To illustrate this we consider the case of model a), since it’s the one for which one
has a less stringent PU bound. Using the results in [80], it turns out that to explain the
muon anomaly at the 1o level by saturating A, = 4.0 as per eq. (7.8) one needs to have

1 TeV\ 2
X ( eV) > 10.6. (7.10)
MNP

For a common NP mass of 1 TeV one needs a quite exotic and large value for the hyper-
charge X = 10.6. In this case one has to assess the validity of the perturbative regime
studying scattering processes that involve gauge bosons. Even more extreme hypercharge
values are needed for smaller values of /\M.l?’ The need for a large muon coupling in order to
explain the (g —2),, anomaly arises because the process needs a chirality flip, which can be
obtained in this LH model only via the muon mass term with a contribution proportional
to my,, which forces the couplings to be too large to account for the anomaly. This fact
could be solved by introducing NP that couples to RH SM muons together with a mixing
term among the NP states, since in this case one can generate a chirality flip proportional
to mnp > my, that allows for a smaller NP coupling. We present some models which
include RH couplings in the next section.

7.1.2 The inclusion of right-handed couplings

The possibility of adding RH couplings to scalar-fermion models has been largely discussed
before in the literature, also in the context of DM physics, since for some choices of the
field representations one can have suitable DM candidates [88, 92, 118-120]. Introducing
a coupling to RH leptons requires at least one new scalar or fermion field. A mixing term
among the NP fermion fields can be generated through the interaction with the Higgs boson,
while dangerous mixing terms between the Higgs, a SM and a NP field can be forbidden
by introducing an extra symmetry like a Z; symmetry or a U(1) charge. As explained
before, the motivation for introducing RH couplings in these kind of models is to be able
to account for the (¢ — 2), anomaly, while keeping the NP couplings in a perturbative
regime. This can be achieved provided that we have a chirality flip contribution bigger to
the one proportional to the muon mass. In a recent work [92], the Authors investigate two
models containing a good DM candidate while explaining at the same time the b — su™* ™
and the (g —2), anomalies. In particular one of the two scenarios is the extension of model
b) of section 7.1.1 with a real scalar ®;, whose Lagrangian reads

— L =N VUpd, + Nl Urdy + e U, &y + N (U W H + VRV, H) +hee., (7.11)

13Tn [80] other representations for the fields are discussed, where for a value of hypercharge |X| = 1 the
muon anomaly can be accounted for with |A\,| > 3.7, although in that case the PU limit also tightens to
[Aul < 2.5.
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where we labeled explicitly the chirality indices L, R in the new fermions ¥, ¥’. The field
quantum numbers that we consider in this case are

U~ (1,2,-8) W~ (1,1,-1) &~ (1,1,0) &y~ (3,1,%) . (7.12)

Again, we restrict our analysis to the case where the flavor structure enforces only couplings
to b and s quarks and to muons. Hence we are left with 5 parameters that will allow us
to explain the muon anomalous magnetic moment: Ay, As, Aﬁ, Ay, and M. By fixing, e.g.,
M = 0.1 it turns out that one can explain the (g—2) » anomaly with perturbative couplings.
In order to assess whether the neutral-current anomaly can be explained in this scenario
while remaining in the perturbative regime we proceed similarly to the case of the LH
scenario and start by saturating the By — By bound in eq. (7.5), which fixes the quark
coupling combination |A\yAs|. For what concerns the b — su™pu~ observable, we now have

no longer the ACY = —ACY, pattern, so that we take the 2D fit result from [117]
ACE = —0.68+0.16  AC! =0.24+0.13, (7.13)

and the ACY and ACY, expressions from [92].

We then focus on two benchmark points presented in [92], that can account for both
the (¢ — 2), and the Ry(.) anomalies and the DM relic density, while being compatible
with the bounds from direct searches, namely

e« Benchmark 1

Ag =01, me, =2TeV, my =1TeV, mg, =0.5TeV, mg =0.7TeV, (7.14)

e« Benchmark 2

)\H = 0.1, me, = 1.4 TeV, myr = 0.8 TeV, me, = 0.5 TeV, my = 0.7TeV, (7.15)

which uniquely fix the values of (Aﬁ,AZ). We then show in gray in figure 6 the region
compatible with the requirement of PU in the ()\f“ )\Z) plane, as well as the allowed region
for reproducing (g — 2), at 1o and b — sup at 20, which are depicted in brown and
yellow respectively. In the figures we also show the ()\ﬁ, Ap,) for both benchmark points.
Since this model features a real scalar field and the A}, needs to be small to satisfy flavor
observables, (g —2), and Ry, the PU bound is again dominated by the results of the
model of section 4.1, which enforces the |\,| < 2.25 bound. From the figures we see that
for the first benchmark point there is a tiny region where the (g — 2), anomaly and the
R~y anomaly can be simultaneously satisfied while being compatible with PU, while for
the second benchmark point there is no overlap between the predictions for the various
observables while remaining in a perturbative regime.

7.2 Scalar leptoquarks

Scalar LQs are a natural candidate to explain the charged- and neutral-current R
and Ry anomalies since they couple quarks to leptons, and are thus an ideal sce-
nario to be tested with the tool of perturbative unitarity. Among all the scalar LQs
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Figure 6. For benchmark point 1 (left) and benchmark point 2 (right)in gray we show the regions
of the parameter space compatible with PU. In brown we show the regions compatible with the
Ry vy anomaly at 20 while in yellow the region compatible with (g —2),, data at 1o. For both plot
we show in blue the benchmark points derived from [92].

the SU(2), triplet S5 and singlet S7 are the most robust candidates to explain the anoma-
lies [43, 46, 53, 64, 67, 69-73, 76, 77]. Under the SM gauge group they transform respec-
tively as S3 ~ (3,3,1) and 51 ~ (3,1, %) When both LQs are combined so as to explain
both the B—meson anomalies and the (g — 2),, and their mass is set to O(1) TeV, the SM
discrepancies can be explained without suffering from PU constraints. However, for higher
masses, the couplings are required to be tuned to higher values and perturbativity might
be lost. In a recent work [76] the Authors have considered the following SM extension

. %Af;ﬂég%eﬁw AL SIS, AL Gl S, he., (7.16)
where ¢T is an SU(3). and SU(2), singlet scalar with Y = 1. This model aims at explaining
the B—anomalies, the anomalous magnetic moment of the muon and the so called Cabibbo
Angle Anomaly [121, 122, 126] with the following flavor structure:

00 0 00 0 0 Ay O
M=100 x|, X=|ox |, A=| A 0 A, (7.17)
0 A, AL 00 AL 0 —Aur O

Setting mxp = mg; = my+ = 5.5TeV, the best fit point of this model appears in eq. (12)
of [76]. Taking the best fit values, each coupling turns out to be in the perturbative regime
when considering one of them at the time. However, when considering the contribution
from all the couplings simultaneously, perturbative unitarity is lost. This is mainly due to
the fact that A2 has to be very large in order to account for the R ., anomaly. Explicitly
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one has [59, 123]

1 TeV

mNp

1TeV
ARp- ~ —0.088 A" AL ( ——
NP

2
ARp ~ —0.235 A\l AL ( ) = 0.041 £ 0.029,

2
) = 0.037 +0.013, (7.18)

where ARp=R7¥,) — RSDI\({).

We then try to see whether it is possible to explain all the anomalies considered in [76]
while remaining in a perturbative regime, without changing the values of myp = 5.5 TeV
chosen by the Authors. In the left panel of figure 7 we show in the (A{_, \%.) plane the region
compatible with PU, depicted in gray, and the 20 region where R, can be reproduced,
depicted in purple, where the other couplings are set to their best fit value so that the other
relevant anomalies, (g —2), and the Cabibbo Angle, can be reproduced. We see that there
is a small region where R ) can be satisfied while being compatible with PU, provided
that we lower the value of |AY | from the best fit value to |A\¥ | = 2.5 and keep the best fit
value for A} . Thus, by fixing A%, = —2.5 and keeping the other couplings at the best fit as
indicated in [76], we show in the right panel of figure 7 in the (\¢,, A,r) plane the region
where the R (.) anomaly can be reproduced at 1o (green) and 1o (yellow). There we see
that there is compatibility between this requirement and the one of PU, although with a
slightly different benchmark point than the one of [76]. It is important to mention that
the coupling A¢, is introduced in the model in order to cancel undesired effects in 7 — py
due to the large value of \%.. For this region in the right panel of figure 7 we include the

region allowed by 7 — py [124], to show the compatibility with this latter measurement.

7.3 Yukawa sector in vector leptoquark models

Other than scalar LQ, a compelling possibility to simultaneously solve the R.) and Ry«
anomalies is through a vector LQ. The most remarkable candidate is the U}* vector with
SM quantum numbers Ul ~ (3,1,2/3) which has triggered a large theoretical activity
aiming at providing an UV completion [34, 35, 37, 46, 48-52, 56, 59, 60, 68, 78]. Generally,
in order to address the flavor anomalies, the models including U}" also require the presence
of new vector-like fermions and new scalars that couple to the SM via Yukawa couplings
which can be constrained by PU considerations. Here we focus as an example on the model
presented in [60], usually dubbed in the literature as 4321 model, since it possesses a gauge
symmetry G = SU(4) x SU(3) x SU(2) x U(1). The Yukawa part of the theory can be
divided in a SM-like part and a part which includes the NP fields £ = Lsy_iike + Lmix-
Explicitly

—LsM-tike = @ YaHdy + @Y Huy + 0 YeHelp + hoc.
_»Cmix = (j/L/\ng\I’R + Z/L)\gQ{\I/R + \i’L(M + )\15915)‘1’3 + h.c. s (719)

where we refer to [60] for the field definitions and their quantum numbers under G. Here
we focus on the last term of L£,,;x which contains the mixing between the new vector-like
fermions ¥ and the scalar {215, whose quantum numbers under G are

Q15 ~ (15,1,1,0) U~ (4,1,2,0) Up~(4,1,2,0). (7.20)
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Figure 7. Left: in gray we show the allowed region from PU and in purple the region compatible
with Rp at 20. The best fit point in [76] is shown in blue. Right: in gray we show the allowed
region from PU while in green and yellow the regions compatible with R .y at 1o and 20 respec-
tively. Between the dashed red lines constraints from 7 — py are satisfied. The best fit point in [76]
is shown in blue.

By computing the PU unitarity bound one obtains that the strongest limit is obtained
from the J = 1 channel and reads

A5 S2.1. (7.21)

This is a case where combining different SU(N) factors does not drastically strengthen the
bound. Here we have the combination of the model in section 4.1 for SU(2) and the model
in section B.1 for SU(4), and the possible enhancement in the singlet channel of J = 0
due to SU(2) structure is cancelled by the SU(4) group factors since the contraction in the
s—channel of the singlet vanishes. This is the opposite effect of the SM case in section 5.1
when we considered multiple generations.

Regarding the viability of perturbative couplings of the 4321 model, while in the orig-
inal work [60] the Authors set A5 ~ 2.5 in order to introduce a mass-spliting between
new heavy vector-like quarks and leptons, which would then be in contrast with the per-
turbative unitarity limit that we have derived, with the new experimental world averages
for the Rp) and Rp(.) anomalies, one can easily lower the Yukawa coupling to, e.g.,
A15 ~ 2, while remaining compatible with AF = 2 observables. Thus the model is still
viable, although the parameters are stretched to the edge of perturbativity according to
our criteria.

7.4 Right-handed neutrinos for B anomalies

There are also models that can account for the anomalies with the addition of a RH neu-
trino, thus connecting the flavor tensions with the one of the neutrino mass generation.

~ 31—



In [59] the authors have proposed a model that can address the R, anomaly by adding
a new decay channel B — D®)7Np into a right-handed sterile neutrino Ng while simul-
taneously solving the Ry () anomaly at one-loop level, through the exchange of a scalar
leptoquark S;. The Lagrangian of the theory is

— L = S1(AL a5 ek + A\dENR + M\ g7 eld) + hec., (7.22)

(67 (283

with the following flavor structure

000 00 0

q_ q u _ u d_ d \7"

M=10x2,0|, a=looxs |, A=(00 Ny) (7.23)
0 A, 0 00 0

For what concerns the charged-current anomaly one has [59, 123]

Rp 42 <1TeV>4 5 (1TeV>4

—= ~140.14/ A%\ 19|Aw N\ =1.137+0.101

RSDM +0 ’ cT bN| ms, +0 9| cT bﬂ| ms, 37+ 0.10 )

Rp- J 2 <1TeV>4 ) <1TeV>4

a1+ 0.14|2% )\ 0.032| A%\ =1.1434+0.057 . (7.24
R%\,{I + | cT bN| ms, + | cT bH| ms, ( )

In order to reproduce the neutral current anomaly one has to tune

Vey
q . 4
A . )‘bu (7.25)
in order to avoid violation of lepton flavor universality in b — cfv processes, see again [59],

where V is the CKM matrix. With this tuning one has that the neutral-current anomaly

q 12 ms, AC’;
AL 2~ 0.87 +3.15 (1 Tev) (_0.41 , (7.26)

is reproduced for

where we have normalized the expression to the latest best fit for the ACY coefficient [117].
Barring the mass of the RH neutrino, there are four couplings and one mass in this model.
One parameter is eliminated by the tuning of eq. (7.25), while we can eliminate, e.g., the

value of A\ by asking to reproduce the Rp~ anomaly, which is the one with the smaller
q

b
check the constraints imposed by PU. We show the results in figure 8 for two representative

experimental error. This leaves two independent couplings, )\f)lN and A; , on which we can
values of the LQ mass. In those figures the region compatible with the PU of the Yukawa
couplings is shown in gray, while the brazilian band plot illustrates the region of parameter
space that can explain the Ry (. anomaly at 1o and 20. Finally in purple we show the
20 region compatibility for Rp, having fixed A\Y, so as to reproduce Rp). Altogether we
see that for a LQ mass of 1 TeV (left panel) we can simultaneously explain both anomalies
while remaining in the perturbative regime. However for this value of the LQ mass, the
solutions to the Ry (.) anomaly is excluded by the experimental bounds on B, mixing, see
again [59]. We can restore the compatibility with this measurement by raising the L(Q mass
up to 2TeV (right panel), where however now the /\gN and Xblﬂ couplings are pushed at the
edge of the perturbativity.
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Figure 8. In black we show the region compatible with PU of the Yukawa couplings A, and
)‘Zu for a LQ mass of 1 TeV (left) and 2 TeV (right). The brazilian band represents the region
compatible with the Ry ) anomaly at 1o and 20, while in the purple region the measured value
Rp is reproduced, having fixed A% so as to reproduce Rp). A LQ mass of 1 TeV is excluded by
experimental bounds on B mixing.

8 Conclusions

Yukawa interactions are ubiquitous in NP theories that try to address the shortcomings
of the SM and are largely employed in models that try to solve experimental anomalies
reported in the recent years in low energy data, as for the case of the muon (g — 2), and
semileptonic decays of B—mesons. In this paper we have studied the constraints imposed
by PU on generic Yukawa interactions where the fields involved have arbitrary quantum
numbers under an []; SU(N;) ® U(1) group.

By considering all 2 — 2 tree-level scatterings in the high-energy limit we have con-
structed the general form of the partial-wave matrices %{i and derived compact expressions
for the upper limit on the value of the Yukawa interaction up to which perturbation theory
can be trusted. This has been achieved by computing all the necessary ingredients for
building the partial-wave matrix, namely the Lorentz parts of the scattering amplitudes
and the group structure factors entering the amplitude themselves. We have started by
considering a set of phenomenologically relevant toy models with Dirac type and Majorana
type interactions, where the various fields are only charged under a single SU(N) factor,
working for concreteness in the case where all the fields transform in the trivial, fundamen-
tal or adjoint representation of SU(N) and allowing them to have arbitrary U(1) charges.
We have shown how the SU(N) group structure of the interaction can lead to an enhance-
ment of the scattering amplitudes and thus to a tightening of the partial wave unitarity
bound, while on the other hand the presence of the U(1) symmetry enforces a selection rule
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that makes some amplitudes vanish. Interestingly, we obtained that the stronger bound
might arise from a partial wave different from J = 0.

The results obtained for these toy models can then be used as building blocks for more
complicated theories, where the various fields are charged under multiple SU(N;) factors.
To highlight the strategy we have provided a guided working example, by focusing on the
case of the SM quark Yukawa sector. For this case we have also stressed the role that a
non trivial flavor structure has in determining the PU bound. We have then applied our
results to various more complicated NP models which solve the aforementioned anomalies
in (9 — 2), and/or semileptonic B—meson decays by postulating the existence of new
Yukawa interactions. We have highlighted that, while the proposed theories can generally
still provide an explanation to these measurements, their models parameters are stretched
close to the limit where perturbation theory cannot be trusted and care must be taken in
deriving any conclusion.

Finally, the results presented in this paper and illustrated in figures 1, 2, 9 and 10, are of
practical use, and their applicability lies beyond the simple examples presented in the text.
While we have restricted only to a limited number of irreducible SU(N) representations
under which the various field can transform, the expressions that we have derived furnish
the necessary ingredients to study the limits imposed by the requirement of PU in a large set
of phenomenologically relevant NP theories that present additional Yukawa interactions.
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A Notation and conventions

A.1 Wigner d-functions

The small Wigner d—functions are defined in the angular momentum basis as
. . _ .Gj .
&) (8) = (jm’|e™ "] jm) (A1)

where jy is the generator of the rotations around the y—axis. The explicit expression of
these functions used throughout our analysis are

d80 =
1 0 1 0
2 _ z 2 — Qi —
d%% —0052 d%f% sm2
0 in 6
dl, = cos® = dal, =2 (A.2)

with the properties
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A.2 Helicity spinor formalism

The fields entering eq. (2.6) can explicitly be expanded in terms of creation and annihilation
operators as

o10) = [ s o™+ afpyte]

3 . .
vrle) = [ (2752‘“2]5 (b (ku_ (ke + dl (ko (k)™ |
3 . .
vie) = [ (2733"“2]5 b (R0 (R + dy (B (ke ] (A1)

where we choose the spinor basis to be

w(p) — VP T oi(p) — [ VP ONs
r(p) ( W&«)’ s(p) (_ W%)’ (A.5)

where o = (13,0%), 7* = (12, —0") and ¢* are the Pauli matrices. We can choose ¢ to be
an eigenstate of o3, i.e. €7 = (1,0) and £~ = (0,1) corresponding to spin up and down
along the z-direction and we fix n* = (0,1) and n~ = (—1,0) with the same convention.
By building the helicity operator

S Ao ]j ot 0
)‘p_p S_2<O 0.1')’ (AG)
one has
Xpur(p) = ru®(p), vas(p) = —sv®(p), (A.7)

where s,7 = £1 indicate helicity i% for both particle and antiparticle and where for the
antiparticle the helicity is defined with the opposite sign according to standard definitions
of helicity spinors, see e.g [97]. Then the field ¥;, of eq. (A.4) annihilates negative helicity
states ¥_ and creates positive helicity states ¢4 while the conjugate field annihilates pos-
itive helicity states 1, and creates negative helicity states ¢_. To compute the relevant
amplitudes we also need rotated spinors that can be built as

Ro+/p - UR(;l 0
| ——
ur(p) = <R9 0 ) ur(p) = e ) (R"&) : (A.8)
0 Ry 0 —Ryg/p- Ry | \Ro&r
—_———
PG
where
cos % —sin g
Ry = .0 0 . (A.Q)
Sin 5 COS 3

is the rotation matrix in the = — z plane by an angle § with respect to the y—axes. An
analogous expression holds for v*(p’).
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A.3 Scattering amplitudes in the real scalar basis

By making the choice of basis where all the fields in eq. (2.6) are expressed in terms of
their real components, the Lorenz parts of the scattering amplitudes read
A+t y————
751@1 = (ﬁjkl )" = —YaijYaki
tu,—— T e —
Tiim = (Tiwt ) = YaikYagi + YaitYodk + Yadi Yokl

0 1
+0+0 ,—0—0\x * .
s +04+0 (Tsu ) = —YaikY 3k COS 5 — YBikYajik g >

g g cos ¢
+—+t— _ *
7;;191 = “YailYajk s
tu,00+— u,+—00\* __ u,00—4\* __ u,—+00 _ ¥ . or¥
Timg = —(T" ) = (T ) =—T" = Yaikyjk g ~ YikYagk b0 5
2

(A.10)
where the s, t and u supscripts indicate the Mandelstam channel through which the relative

amplitude proceeds.

B Other Dirac type theories
Here we present the results for model 3,4 and 5 in the Dirac type class.

B.1 Third model: y ~ []q, n~ Dq/ S ~Adj,—y

In this model S transforms under the adjoint SU(N') representation and is thus a real field
if ¢ = ¢, complex otherwise. We choose as basis

wL = (Xaa nCVG)Ta ¢ =

54 Real scalar
, (B.1)

(84, 849T Complex scalar

where the index a and A run from 1 to N and N? — 1 respectively. With this choice the
Yukawa matrix in the real scalar case reads

Oy (T);77%
- , 7 B.2
You =Y ((T“)J_.Ni Ox (2
with i,7 =1,...,2N and a = 1,..., N2 — 1 while in the complex scalar case it is instead
0 T2y 7N
o (T%); : a<N2-1
(T)", On
Va=y , (B.3)
0 Ta—N2—1 "j—N
i v )i ., a>N2-1
(Toa—N2—1)J*N‘ On
<
where now o = 1,...,2(N? — 1). In the case of J = 0 the relevant two particle states

decompose again as in eq. (4.3). The relevant group factors for the non zero amplitudes in
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the real scalar case are

1 N2-1

]:imxﬁ — 2N

]:—s,Adj _ 1

s,Adj 1 o xXnxn — 2
+++ {Fad = ++ o . (B.4)

xXnxin — 2N
S _ ruS _ N-1

]:;tmxx =7 mxx — 4N

The partial wave matrix for J = 0 in the (Y7, x7) basis'* after integration on the angular
variable is

0 MN-1
2N .
N1 Singlet
2N
2 _1 N-1
J=0 N ..
a = E N1 il X ]]‘N271 AdJOlnt s (B5)
2N 2
0 N-—1
No1 R Inwsy  Symmetric
0 —7
2N
where x denotes the Kronecker product. For N > 1 the largest eigenvalue of this matrix
2
comes from the singlet channel and is equal to ?’yz—ﬂ N ?V_l, which thus gives the bound
N
2
<16m——— . B.6
y TNT1 (B.6)

If S is a complex scalar again the amplitudes in the 4+ 4+ FF channels are zero. The only
non vanishing scatterings when the matrices in eq. (B.5) are diagonal are the ones in the
adjoint channel. The largest eigenvalue is 35— and the perturbative bound becomes

y? < 167 . (B.7)

Moving now to the scattering in the J = 1/2 partial wave the two particle states now
decompose as

XS ~0O+T1 4T3
nS ~O+ry+ra

+0

where r; and ro are the two irreducible representations arising from the tensor decompo-
sition [J X Adj =0+ ry + rz. In tensor component this reads

A'BY = < [NA'Bs, — A'Bjs]| +
1 ;o L iy 1
1 o L 1 o 1 .
~|A'BY + AB}} — ——A'B/s; AlB'%SJ] B.
+2{ A R G D R O (B8)

14We use here a compact notation to indicate the basis, where however when considering scattering in
representations with dimension greater than one the corresponding two particle states are vectors in that
group space.

— 37 —



having indicated with A and B,'Cj two tensors transforming in the antifundamental and ad-
joint SU(N) representation. The first line of eq. (B.8) indicates the fundamental represen-
tation, while the second and third are symmetric and antisymmetric tensors in ¢, 7 with null
traces with respect to k. As an example, in the case of SU(3) this reads 3 ® 8 = 3 © 69 15,
and in SU(4) it is 4 ® 15 = 4@ 20 ¢ 36. The two-particle state in the fundamental repre-

sentation is easily built as
[SUe =\ 77 (T 15" - (B.9)

For the other two irreducible representations ry 2 one needs to build by hand the basis for

the vector space. Let’s start with the representation with the higher dimension rs. Here
one can split the vector space of the last line of eq. (B.8) in three categories. Tensors where
i # j # k, which are trivially traceless, tensors with ¢ = j, ¢ # k, which again are trivially
traceless, and tensors which are traceless but where the null trace arise because of the sum
of non zero elements.'®> One can count the dimensionality of these three categories to be
w, N(N — 1) and N(N — 1) respectively, whose sum is w, matching
the dimensionality of ro. For ry, instead, one has that only the tensor with i # j are non
vanishing due to the antisymmetry in those indices. One can build then two categories for
the tensor basis with dimensions w and N (N —2), whose sum is %(N2 —N-2)
which matches the dimension of r;. Note that this representation vanishes for the case of
SU(2). In order to compute the group factor entering the scattering amplitude it’s enough
to explicitly build only one of this states, since all of them will give the same result. For
example we construct the state with unit norm belonging to the first category for ro as

|SYY LT = (570679 + 13670 (T4 ¥ K |9p;S?Y with T#J, I #K,J#K, (B.1l)

where I, J, K label the irreducible representation and range from 1 to dy,, 4, j, k range from
1to N and A from 1 to N? — 1. Analogously one can build the state in ry of the same
category as

|SYYLIE = (518575 — §ligThy(TA) T 6K |y SAY  T# T I#K,J#K . (B.12)

The group factors entering the amplitudes for J = 1/2 turn out to be

F57i JT_'SJ:‘ _ N2

xSxS — Y mSnS T 2N
u,l:‘ _ u,D _ _L
L0040 Fxsxs = Tnsns = "an . (B.13)
I_%I‘l _fu7r1 _ 1
XSxS T Y nSnS — 2
u,r2 _ ru,rz2 _ 1
f)ZS)ZS - ’FnSnS -2

15This works for N > 3, since for SU(2) it is not possible to have i # j # k. In order to be able to
compute the scattering in the representation rz also for N = 2 (rz = 4), one can construct e.g. the states

with i = j # k as
ISP = V28" 81 (T4 T 55 |1pi S . (B.10)

This is relevant for instance when computing the bounds for the second model of the Majorana type class.
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In the case of a real scalar S and considering the scattering in the fundamental channel
and for the +0 + 0 helicity amplitude, which is then 7S — 1S, one has explicitly
J=1 y? [t

a 327 dcosf d

ISIEYNIE

toro NP1 o0 L

2 2
%NT For what concerns the scattering in the ry 2 channels,

they all have :I:% eigenvalues. The bound is thus

whose largest eigenvalue is

2

If the scalar is complex one has that in the +0 + 0 helicity channel the nS — 7S and
XS — xS scatterings proceed through s—channel, while the nS* — nS* and yS* — xS*
through u—channel. Considering the s—channel diagrams in the fundamental channel the
eigenvalue is 6%; N ?V*l while the u—channel diagrams in the rq 2 channel have eigenvalue

:|:3y2—27r. The bound is thus

) 1 N <2
y© < 167 . (B.16)

2N
2N N>2

Finally in the J = 1 channel, while the +— two-particle states decompose again as
in eq. (4.3), the same is not true for 00, since the scalar field now belongs to the adjoint
representation. Here one has the decomposition Adj ® Adj= 1P AdjB Adj+... . Given the
irreducible representations that can be built out from two fermions, only the singlet and
adjoints channels are relevant. For real scalar fields the two particle states can be built as

o6)1 = N;_léAB\¢A¢B>
fABC B
66) 44 6767

\F

|6B) Aa f,/ ABC|¢B¢C (B.17)

fABC are the antisymmetric and symmetric SU(N) structure constant

and dABC¢

where
respectively.'® However, both the singlet and the symmetric adjoint state do not contribute

in J =1 [115]. The relevant group factors read

— Fwl _ N?-1
74 xxml =T nixx . 2N
J—_-u JAdj J—_-u Adj 1 ft Adj t,Adj _~\/N
o xxn — Ymaxx T T 2N 00 + — SSnin = SSxx — ~'71 (B.18)
TP T pus _ gus _ N ]_—uAdJ_ wAdj _ VN :

nxXnx XTIXT] 2N SSnn Ssxx —'7a
uw,AS _ Tu,AS _ N41

Iy NXNX =T XnxXn — 2N

SNote that d*Z¢ identically vanishes in SU(2).
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The channels with the highest eigenvalues are the singlet and adjoint ones, for which the
partial wave matrix explicitly reads, in the (xx,n7,SS) basis,

2 0 —di,(0)  +2cscOdy,(0)
a1 = 39~ dcosf —di,(0) 0 +2cscfdy, (6) | o
-1 —2cscldlg(0) —2cscOdiy(6) 0
N2-1
2N
% Singlet
] , (B.19)
VN
e —iYN [ x1y2_;  Adjoint
L YN
1

where for convenience we have written explicitly the expressions of the 7 amplitudes and

g is the angular part arising from the sum of the t— and u—
fABC

where 2csc =

channel contributions which have a different sign because of the antisymmetry of
entering the amplitude computation. We further note that, as expected, the matrix in the
adjoint channel is complex but hermitian, yielding thus real eigenvalues. The strongest
bound comes from the adjoint channel for N < 5 and from the singlet channel for N > 5
and reads

N
y? < 647T1+\/1+16N3 N <5 . (B.20)
321 A N>5

When the scalar is a complex field one has a non zero contribution also in the singlet
channel of the 00* + — scattering, since one can build a non symmetric state, and the
scatterings proceed now via the u—channel. Also in the adjoint channel the contribution
from the symmetric state built with the d4B¢ structure constant, see eq. (B.17), no longer
vanishes. The correct normalization for the state is now

fABC

\/7 ’SBS*C>

* N *
157 Ay = | 72— 41E15757), (B.21)

and the group factors become

S5%)Aa

u,1 _ Tu,l _ 1 /N2-1
Fs5eni }—sswx =3V W~
* . uAdJ u,Adj—f _ 4 /N
uAdj u,Adj 1 /N2—-4
fSS*m] ‘FSS*XX -2 2N

where we have indicated with Adj—f and Adj—d the two contributions from the 00 two-
particle states built with the antisymmetric and symmetric SU(NN) structure constants
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Model 3

Figure 9. PU bounds on the Yukawa couplings y for the model 3 of the Dirac type class for J = 0
(black), J = 1/2 (blue) and J =1 (red). The solid (dashed) lines correspond to the case of a real
(complex) scalar field. The dashed blue is slightly moved for presentation since it overlays exactly
with the solid black.

respectively. For simplicity we only write the amplitude in the singlet channel, which is
the one yielding the stronger limits:

g2 [ 0 diy ()T —dgy (O) T+
a’=t = 3o dcos® | di,(O)T, T~ 0 —d ()T | o
7.(— —_— * *
1 dio(6) T~ dlg(6)T 0"+ 0
N2-1
2N

(¢]

NI— NI=

Singlet . (B.23)

N2—1
2N
1 /N2-1 1 /N2-1
2V N 2 N
From the largest eigenvalue of this matrix one obtains the bound

N

2
< 647 .
Y N2 — 1+ /N2t 16N3 —2N2 — 16N + 1

(B.24)

Altogether the limits arising from the various partial waves are reported in figure 9.

B.2 Fourth model: x ~ []q, N~ Adjq,, S ~ Dq_q,
In this model S is always a complex scalar field and by fixing the basis
c,A)T

U1 = (Xas 0 . 0=(8,5, a=1,...,N,, A=1,...,N>—1, (B.25)
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where @ and A are indices running from 1 to N and N? — 1 respectively, the Yukawa

o=, ). s

matrix reads

TI7N)% Onzy
As in the previous cases, in the J = 0 partial wave there is no scattering in the
+ + —— sector because the scalar is complex, so we focus on the + + ++ channel where
only the Yn — Xxn process is non vanishing. We then use the tensor decomposition for
[(Ox Adj =41y +r2 of eq. (B.8) and built the two particle states analogously to eq. (B.9),
eq. (B.11) and eq. (B.12). One obtains non vanishing amplitudes only in the fundamental

channels
s _ N2
++++{md = (B.27)
from which one can immediately extract the bound
N
2

In J = 1/2 we can again focus only on the +0+ 0 helicity amplitude. Here one decomposes
the two particle states as

nS ~O+ry +rs

+0 XS ~ 1+ Adj
nS* ~O+Ti+72
XS* ~S+AS
and the group factors for the non vanishing scatterings are
s ] _ N2-1
‘FnSnS - 2N
s,Adj 1
F. XSxS = 2
fu,D — 7L
+0 404~ TS N . (B.29)
fu,l‘]_ . fu,l‘z _ 1
nS*nS* — T Y pStpS* T T2
u,S _ N-1
‘F)ZS*)ZS* - 2N
u, AS _ N+1
‘F)ZS*)ZS* - 2N

Also in this case the channel yielding the stronger limits depends on the value of N. One
obtains

N
X N<3
y® < 167 {N;;Vl - (B.30)
. N>3

where the first comes from the scattering in the antisymmetric channel while the second
from the one in the fundamental.
Finally, for J = 1 we can decompose the two-particle states as

xXx ~ 1+ Adj
in ~ 1+ Adj + Adj + 95~ 8+ AS
T . PRI 00l s~ 14 Ad
~[]4+ri1+r _ _
X 1tz S*S* ~ 8+ AS

xn~0O+T1+72
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Model 4
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Figure 10.

PU bounds on the Yukawa couplings y for the model 4 of the Dirac type class for
J =0 (black), J =1/2 (blue) and J =1 (red). In this case the scalar is always a complex field.

and the group factors for the non vanishing amplitudes are

2 2_
]:%clnﬁ_:}—#ﬁ;x_%_ % fgbi*;zx:N2N12
Rt =t~y /7 i = 1/

j— j— 2_ U
P =~k P = 1F
Fij = ~FiRa = =3 Fssm =V ow

For brevity we report only the partial wave in the singlet channel, which is the one giving
the most stringent bound, which reads, in the basis (xx,n7, S5%),

0
2
J=1 Y +1

diy ()T, —dg T2
_ 1 +—t—
397 | dcost |dy(6)7T,

1 0*+—
0 —dy, T
dig(O) T+ dipT" *~ 0
1 /N2-1 N2-1
2 N 2N
2_ 2_
0|1,/ ISVASEEE I (B.32)
N2-1 1 /N2-1
2N 2 N

The eigenvalues of this matrix have a complicated form and we report the numerical results
in figure 10, together with the limits from the other partial waves.
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B.3 Fifth model: x ~ [, 7~ [Jy» S ~[J,_y

This last model is only present in the case of SU(3) since it’s possible to build a singlet
from three fundamentals by using the three-dimensional Levi-Civita tensor.!” With the
choice of basis

wL = (tha 7767a)T s (Z) = (Sav Sa*)T ) (B33)
where a runs from 1 to N the Yukawa matrix reads
0 i
yalj — y < N 804717.7 N) ) (B34)
—€ai-N,j On

In the J = 0 partial wave only the &£+ scatterings proceeding through the antisymmetric
channel are non zero, due to the antisymmetry of . The group factor is simply 2 and the
bound turns out to be

y* < Ar . (B.35)

For J = 1/2 the two particle states decompose as
nS ~S+AS
nS* ~ 1+ Adj
xS ~S+AS
YS* ~ 1+ Adj

+0

and the group factors are

71 71
'F;;LS*US* - f;{s*)zs* - (N - ]-)

Adj Adj
AS _ s AS
fgsns = f;sxs =2

where now N = 3. The highest eigenvalues clearly arise from the singlet and antisymmetric
channels which lead again to the bound

y? < dr . (B.37)

Finally for J = 1 all the two-fermion states decompose as ~ 1 + Adj and the same is true
for the SS* scalar state, which is the only one which leads to non zero amplitudes. The
group factors for + — +— are all £(N — 1) for scatterings in the singlet channel and +1
for scatterings in the adjoint one. On the other side in the 00 + — helicity channel for the
group factors one obtains +2 in the singlet channel and +1 for the adjoint one. The most
stringent bound is then obtained from the scattering among singlets where one has, in the
(mm,mx, X7, XX, SS™) basis and after the angular integration,

-1 =2

, (B.38)

17We ﬁX €123 = 1.
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which gives the bound

2

16

which is the most stringent among the various partial waves.
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