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ABSTRACT. The approximation in the sense of I'-convergence of nonisotropic
Griffith-type functionals, with p—growth (p > 1) in the symmetrized gradi-
ent, by means of a suitable sequence of non-local convolution type functionals
defined on Sobolev spaces, is analysed.
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1. INTRODUCTION

The scope of this paper is to provide a generalization of recent results, obtained
in [23], concerning the approximation of brittle fracture energies for linearly elastic
materials, by means of nonlocal functionals defined on Sobolev spaces, which are
easier to handle also from a computational point of view.

In [23] an approach originally devised by Braides and Dal Maso [6] for the ap-
proximation of the Mumford-Shah functional has been generalized to the linearly
elastic context. Namely, it was shown that, for a given bounded increasing function
f: RT — RT the energies

1
F.(u):= g/ﬂf (6][195(1)09W(£U(y)) dy) dx

I’-converge to the functional
a/ W (Eu(z)) dz + 28H1(J,)
Q

with a = f/(0) and 8 = lim;_, 4 f(t), in the L!(Q)-topology. Above, W (Eu(y))
is a convex elastic energy depending on the linearized strain £u, given by the sym-
metrized gradient of a vector-valued displacement u, whose jump set J, represents
the cracked part of a material. The energy space of the limit functional is the one
of generalized functions with bounded deformation, introduced in [I7].
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It is noteworthy that the above result allowed one for a general (convex) bulk
energy W having p-growth for p > 1. The proof strategy must then avoid, at
least when estimating the bulk part, any slicing procedure. This latter is instead
successful in the special caseHW(f) = [¢|P , considered for instance in [22]. There,
non-local convolution-type energies of the form

é/ﬂf (6 /Rn [Eu)]” pe(z —y) dy) dz (1.1)

are considered, where p is a convolution kernel whose support is a convex bounded
domain and p.(z) is the usual sequence of convolution kernels p(z/¢)/e?. The
[-limit of (1.1]) with respect to the L' convergence is given by

/ |Eu(z)|? dz +/ ¢p(V) dni-t,
Q Ju

where the anisotropic surface density ¢, depends on the geometry and on the size
of suppp. A similar effort of generalizing the results of [6] to Mumford-Shah type
energies with non-isotropic surface part has been previously performed in [I3].

In this paper, we extend the focus of [22 23] by showing that general Griffith-
type functionals of the form

a/ W(Eu(m))dx—i—Qﬁ/ H(v)dHIL, (1.2)
Q Ju

where ¢ is any norm on R™, can be obtained as variational limit of non-local
convolution-type functionals

1/Qf (5 - W(Euly))p-(z — y) dy> dz .

3

Above, f is again a bounded nondecreasing function with @ = f/(0) and 8 =
lim;—, 4 oo f(t), and the unscaled kernel p has the bounded convex symmetric domain
S:= {£ €R": ¢(€) < 1} as its support. This is the analogue, in the linear elastic
setting, of the results in [13].

The proof strategy we devise is based on a localization method and involves
nontrivial adaptions to the method used in [23], in particular when estimating
the bulk term in the I'-liminf inequality (Proposition . There, we have to
impose (and this is the only point in the paper) an additional restriction on the
convolution kernel p, namely of being nonincreasing with respect to the given norm
¢ (see Assumption below). This is namely needed in order to be able to
estimate from below the size of the nonlocal approximations of the bulk term in
an anisotropic tubular neighborhood of the set where they exceed the threshold g,
which heuristically corresponds to the breaking of the elastic bonds. With this, a set
K! with small area and bounded perimeter, where the fracture energy concentrates
can be explicitly constructed. This yields an estimate of the I'-liminf which has
an optimal constant in front of the bulk term, although being non-optimal for the
surface energy.

Another non-optimal estimate for the I'-liminf, but with an optimal constant
for the surface energy can be instead obtained by a slicing procedure, involving a
comparison argument and the convexity of the open set S (Proposition . As
bulk and surface energy in are mutually singular as measures, a localization
procedure entail then the I'-liminf inequality (Proposition . Finally, the I'-
limsup inequality (Proposition can be obtained by a direct construction for

a regular class of competitors having a “nice” jump set, and which are dense in

Lye remark that this particular case is however not the most relevant one from a mechanical
point of view, as even for an isotropic material additional terms in the bulk energy are expected
to appear.
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energy. Notice indeed that such an approximation (see Theorem for a precise
statement) is possibile also with respect to an anisotropic norm ¢, combining the
recent results in [8] with the ones in [12].

As a final remark, it would be desirable to get rid on the structural assumption
on the convolution kernels, which is used only in Proposition It is our
opinion that this is going to require quite a delicate abstract analysis of the I'-limit
of nonlocal functionals which approximate free-discontinuity problems in GSBD,
possibly including also finite-difference models which are well suited to numerical
approximations (see [15] for a recent discrete finite-difference approximation of some
Griffith-type functionals in GSBD). A similar analysis for the SBV setting has
been performed in [I1], where integral representation formulas for the limit energy
have been provided. Furthermore, nontrivial sufficient conditions have been given
under which the bulk part of the energy can be recovered by only considering weakly
compact sequences in Sobolev spaces. We plan to defer this abstract analysis to a
forthcoming contribution. For the asymptotic analysis via I'-convergence of local
free-discontinuity functionals in linear elasticity and the related issues, we refer the
reader to the very recent papers [7, 14} 20].

Outline of the paper: The paper is structured as follows. In Section [2.I] we fix the
basic notation and results on the function spaces we will deal with (Section ,
together with some technical lemmas (Section which will be useful throughout
the paper. In Section [3| we list the main assumptions, introduce our model (eq.
(3.4)), and state the main results of the paper, provided in Theorem and The-
orem Section [4] is devoted to the proof of the compactness statements in the
main Theorems (Proposition , and to the I'-liminf inequality, which is proved
in Section |4.3| combining the estimates in Sections and The proof of the
upper bound is given in Section

2. NOTATION AND PRELIMINARY RESULTS

2.1. Notation. The symbol | - | denotes the Euclidean norm in any dimension,
while (-, -) stands for the scalar product in R”. We will always denote by € an open,
bounded subset of R™ with Lipschitz boundary, and by S"~! the (n—1)-dimensional
unit sphere. The Lebesgue measure in R” and the s-dimensional Hausdorff measure
are written as £" and H?, respectively. A(f2) stands for the family of the open
subsets of Q.

Let S be a bounded, open, convex and symmetrical set, i.e. S = —S. For n > 0,
we denote by 1S the n-dilation of S and we will often use the shorthand S(x,n) in
place of = +nS. We consider | - |s the norm induced by S, defined as

|z|s :=1inf{n >0: z €nS}, (2.1)

whose unit ball {|z|s < 1} coincides with S, and, correspondingly, we introduce
the distance to a closed bounded set K C R"™; namely,

distg(z, K) := min | — y|s, z€R". (2.2)
yeK

2.2. GBD and GSBD functions. In this section we recall some basic definitions
and results on generalized functions with bounded deformation, as introduced in
[17]. Throughout the paper we will use standard notations for the spaces (G)SBV
and (G)SBD, referring the reader to [2] and [I [l 24], respectively, for a detailed
treatment on the topics.

Let £ € R™\{0} and TI* = {y € R" : (¢,y) = 0}. If Q C R™ and y € TI* we set
Qey ={teR: y+tE €O} and Q¢ == {y € U*: Q¢ # 0}. Given u: Q — R,
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n > 2, we define ut : Q¢,y — R by

ut Y () = (u(y +££),€), (2.3)

while if v : @ — R, the symbol v*¥ will denote the restriction of v to the set Q¢ ,;
namely,

v&Y(t) = v(y + t€). (2.4)
Let £ € S"~!. For any = € R™ we denote by x¢ and ye the projections onto the

subspaces Z := {t¢ : t € R} and II¢, respectively. For o, > 0 and € R" we
define the cylinders

C5.r(0)={z €R™: |ag| <o, [yel <r}, CF,(2) =2+ C5,(0).

Note that C§ ,.(x) = (z¢ — 0, x¢ +0) x B! (y¢), where B"~! denotes a ball in the
(n — 1)-dimensional space TI¢.

Definition 2.1. An L£"-measurable function v : & — R”™ belongs to GBD() if
there exists a positive bounded Radon measure ), such that, for all 7 € C*(R")
with —% <7< % and 0 < 7/ <1, and all £ € S”fl, the distributional derivative
D¢(7((u,€))) is a bounded Radon measure on €2 whose total variation satisfies

|De(7({u, )| (B) < Au(B)
for every Borel subset B of ).

If u e GBD(Q) and & € R"\{0} then, in view of [I7, Theorem 9.1, Theorem 8.1],
the following properties hold:

(a) a5 (t) = (Euly + t€)E, &) for ace. t € Qe y;

(b) Jyew = (JS)e,y for HM Lae. y € TIS, where
Jii={z e Ju: (ut(z) —u(2),) #0}.

Definition 2.2. A function v € GBD(Q) belongs to the subset GSBD(Q) of
special functions of bounded deformation if, in addition, for every & € S*~! and
H* lae. y € II¢, it holds that us¥ € SBVioe(Qe,y).

The inclusions BD(2) € GBD(Q2) and SBD(QY) C GSBD(R2) hold (see [I7,
Remark 4.5]). Although they are, in general, strict, relevant properties of BD
functions are retained also in this weak setting. In particular, G B D-functions have
an approximate symmetric differential Eu(x) at L™-a.e. x € Q. Furthermore the
jump set J,, of a GBD-function is 1"~ !-rectifiable (this is proven in [I7, Theorem
6.2 and Theorem 9.1], but it has been recently shown that this property is actually
a general one for measurable functions [I§]).

Let p > 1. The space GSBDP({) is defined as

GSBDP(Q) := {u € GSBD(Q) : Eu € LP(GRY), H™ () < +oo}.

sym

Every function in GSBDP () can be approximated with the so-called “piecewise
smooth” SBV-functions, denoted W(2; R™), characterized by the three properties

u € SBV(; R") N W™ (Q\ J,; R") for every m € N,
H (T, \ Ju) =0,
J. is the intersection of Q with a finite union of (n—1)-dimensional simplexes .
(2.5)
This is stated by the following result, which combines [8, Theorem 1.1] with [12]
Theorem 3.9].
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Theorem 2.3. Let ¢ be a norm on R™. Let Q C R™ be a bounded open Lipschitz
set, and let w € GSBDP(Q;R™). Then there exists a sequence (u;) such that
u; € W(;R™) and

uj — u in measure on 2, (2.6)
Euj — Eu in LP(Q;RYXM),

sym

/J ot /J KA (2.8)

Moreover, if [ (|u]) dz is finite for i : [0,400) — [0,400) continuous, increasing,
with
Y(0) =0, P(s+1t) <CW(s) +9(t), ¢¥(s) <C(A+sP), lim ¢(s) =+oo

s——+oo

lim /Qi/}(|u] —u|)dz=0. (2.9)

j—+4oo

As observed in [9, Remark 4.3], we may even approximate through functions u
such that, besides , have a closed jump set strictly contained in €2 made of
pairwise disjoint (n—1)-dimensional simplexes, with J, N II; N II; = (§ for any two
different hyperplanes II;, II;.

We recall the following general GSBDP compactness result from [10], which
generalizes [I7, Theorem 11.3].

Theorem 2.4 (GSBD? compactness). Let 2 C R™ be an open, bounded set, and
let (uj); C GSBDP(Q) be a sequence satisfying

supjen (|€;llLr ) +H" ™ (u;)) < +oo.

Then there exists o subsequence, still denoted by (u;), such that the set A® = {z €
Q: |uj(x)| = +oo} has finite perimeter, and there exists u € GSBDP(QY) such that

(i) wj > u  in measure on 2\ A,
(i) Eu; —Eu in LP(QX\ A RL"),

sym

(i) liminf H" "' (Jy,) > H"(J, U (04> NQ)), (2.10)
J—00

where 9* denotes the essential boundary of a set with finite perimeter.

Remark 2.5. If in the statement above one additionally assumes that

sup/ Y(Juj]) de < +o00
jeENJQ
for a positive, continuous and increasing function @ with lim,_; 4 ¥(s) = 400,
then A = (), so that |u| is finite a.e., and (i) holds on Q. Moreover, if ¥ is
superlinear at infinity, that is

U(s)

lim = 400,
s—+oo 8

by the Vitali dominated convergence theorem one gets that u € L*() and (i) holds
with respect to the L!-convergence in 2.
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2.3. Some lemmas. We recall here (without adding the standard proofs) some
properties of integral convolutions in the setting of Sobolev spaces.

Proposition 2.6. Let w € WLP(Q:R™) and p € L°(R™) be a convolution kernel,
with suppp C S for some bounded, open and convexr set S C Q. Set pg(x) :=
e%p (%) Then the following holds:

(i) let Q' CC Q and 0 < 6 < distg(Q,9N). The convolution
@)= [ wlply—o)dy
belongs to WP(Q); R™). Moreover, it holds that
Vel (z) = /QVw(y)pg(y—m) dy a.e on(Q. (2.11)

(ii) assume that we — w in L*(;R™) and let . be any sequence with . — 0
when € — 0. Then the sequence

de(z) == /Q we(y)po. (y — ) dy

satisfies we — cw in L*(Q;R™), where ¢ =[5, p(z) dz.

We also recall the following convergence property of one-dimensional sections of
averaged functions (see, e.g., [23] Lemma 2.7(ii)]).

Lemma 2.7. Assume that w. — w in L'(Q;R™) and let n. be any sequence with
ne — 0 when € — 0. Then for all £ € S*™1 and a.e. y € 1%, the sequence

w8V (t) == ][ we(z +t€) dz
Bi ' (y)

satisfies WSY — wSY in LY(Qe s R™), where wSY(t) :== w(y + t§).

We will also make use of the following localization result, dealing with the supre-
mum of a family of measures (see, e.g., [4, Proposition 1.16]).

Lemma 2.8. Let p: A(Q) — [0, 4+00) be a superadditive function on disjoint open
sets, let X be a positive measure on 0 and let @y : @ — [0, +00] be a countable
family of Borel functions such that (A) > [, ¢ndX for every A € A(Q). Then,
setting p 1= SuPpen Pn, it holds that

n(A) = / pdA
A
for every A € A(Q).

Lower semicontinuous increasing functions can be approximated from below with
truncated affine functions. We refer the reader to [23] Lemma 2.10] for a proof of
the following result.

Lemma 2.9. Consider a lower semicontinuous increasing function f : [0, +00) —
[0, +00) such that there exist o, 8 > 0 with

Then there exist two positive sequences (a;)ien, (b;)ien with

supa; = «, supb; =p
i i

and min{a;t,b;} < f(t) for alli € N and t € R.
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2.4. T-convergence. Let (X, d) be a metric space. We recall here the definition
of I'-convergence for families of functionals F, : X — [—o00,+00] depending on a
real parameter ¢ (see, e.g. [5 [16]).

For all u € X, we define the lower T-limit of (F.) as € — 0 by

F'(u) := inf {l_iminf F. (uj): g5 — 0%, u; — u} ) (2.12)
and the upper T'-limit of (F.) as € — 07 by
F"(u) := inf {limsup F. (uj): g5 — 0%, uj — u} . (2.13)
Jj—4o00

We then say that (F.) T'-converges to F : X — [—o0, +00] as e — 07 iff
F(u)=F'(u)=F"(u), forallueX.

2.5. A one-dimensional I'-convergence result. The following one-dimensional
I’-convergence result will be useful in the proof of the lower bound for the surface
term. In the statement below, functions in L'(I) with I C R are extended by 0
outside I, so that the functionals H, are well-defined (actually, the result is not
affected by the considered extension).

Theorem 2.10. Let p > 1, let I C R be a bounded interval and consider a lower

semicontinuous, increasing function f : [0,400) — [0,4+00) complying with

lim 0 _ a, lim f(t)=p

t—0+ t t—+o0

for some o, 3> 0. Let H. : L*(I) — [0, +0cc] be defined by

1 1 x+e , ,
mw =2 [1(5] WwPry)da.
€Jr 2 r—e
where it is understood that
1 x+e
(5 ) wora)-s
r—e

if u g WhP(z — e,z +¢€). Then the functionals (H.) T-converge as e — 0% to the
functional

a/|u'|”dt+26#(]u), if ue SBV(I),
U) = I

400, otherwise

H(

in L'(I).
Proof. The proof can be found, e.g., in [4, Theorem 3.30]. O

3. THE NON-LOCAL MODEL AND MAIN RESULTS

In this section we list our assumptions and introduce the main results of the
paper. Let 2 C R™ be an open set with Lipschitz boundary, let 1 < p < +00 and
f:1]0,+00) — [0,400) a lower semicontinuous, increasing function satisfying

t
lim —f( )
t—0+ ¢

=a>0, tl}inoof(t):6>0. (3.1)

Let p € L>°(R™;[0,+00)) be a convolution kernel. The minimal assumption is that
(N1) p is Riemann integrable with ||p|][1 =1 and S =S, := {x € R" : p(z) # 0}
is a bounded, open, convex and symmetrical set.
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As every Riemann integrable function is continuous at almost every point, we may
also suppose, up to a modification on a null set, that p is lower semicontinuous.
Also notice that, by a simple scaling argument, one can always consider the case of
kernels with unit mass, up to modifying the constant « in .

A sequence (pe)eso of convolution nuclei is then obtained by setting, for every

z € R" and € > 0,
@ =0 (%)
x):=—pl—]).
Pe é_np -
For every v € R™ we define

$p(v) :=2sup{[(y,v)| : y € 5}. (3.2)
Under the previous assumptions on S, the function ¢, turns out to be a norm on
R™.

To obtain our main result, we will have to couple |(N1)| with the additional
assumption that the convolution kernel is a non-increasing function with respect to
the norm | - |g, that is

(N2) Jals > lyls = p(x) < p(y) for all z, y € R™.

Equivalently, we require that it exists a non-increasing function o: Rt — R such
that p(z) = o(Jz|s). Notice that, in the case S = Bj, every non-increasing radial

function p complies with |[(N2)]
Let W : R"™™™ — R be a convex positive function on the subspace MZ7X" of

sym
symmetric matrices, such that
W(0)=0, cMP<WM)<CL+|MP). (3.3)
For every € > 0 we consider the functional F. : L}(Q;R") — [0, +00] defined as
1
f/ f (5/ W (Eu(y))pe(x —y) dy) de, ifue€ WLP(Q;RY),
FE(U) = g Jo o)
+o0, otherwise on L'(Q;R").
(3.4)

We will deal with a localized version of the energies (3.4). Namely, for every
A € A(Q), we will denote by Fy(u, A) the same functional as in with the set
A in place of Q. When A = Q, we simply write F.(u) in place of F.(u, ().

The following theorem is the first main result of this paper. We notice that the
additional assumption on the structure of the convolution kernel is required in
(ii) below only to obtain the optimal lower bound for the bulk term of the energy.

Theorem 3.1. Let p € L*(R™;[0,+00)) be a convolution kernel as in and
let F. be defined as in (3.4). Under assumptions (3.1)) and (3.3)), it holds that
(i) there exists a constant ¢y independent of € such that, for all (u;) C LP(;R™)

satisfying Fe(u:) < C for every ¢ > 0, one can find a sequence u. €
GSBVP(Q; R™) with

Ue — u: — 0 in measure on §2
F.(us) > co (/ W(&Ea.)dx + 21" (Jg. N Q)) :
Q

(ii) If, in addition, p complies with then the functionals (Fy) I'-converge,
as € — 0, to the functional

a/ W(Eu)dz + 8 / ¢p(v)AHY, ifue GSBDP(Q)N LY (Q;R"),
) = 0 T

400, otherwise on L*(£2;R"),

F(u

(3.5)
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with respect to the L' convergence in €.

The L'-convergence on the whole 2 can be enforced with the addition of a
lower order fidelity term, as we have discussed in Remark This motivates the
statement below, where we consider a continuous increasing function v : [0, +00) —
[0, 4+00) such that

¥(s)

PO) =0, U(s+0) <O o), v <CO+s),  tm Yoo
(3.6)
and we set for every A € A(Q)
: 1, . RN
G (u, A) F.(u,A)+ [41/)(\u|)dx, if u e WHP(A4;R™), (3.7)
+o0, otherwise on L'(A;R").

As before, we simply write G (u) in place of G¢(u,2). Then we have the following
result.

Theorem 3.2. Under assumptions (3.1)), [(N1)| (3.3), and (3.6) it holds that
(1) If (ue) € LP(;R™) is such that G.(ue) < C for every € > 0, then (u.) is
compact in L'(Q;R").
(ii) If, in addition, |(N2)| holds, the functionals (G¢) T'-converge, as e — 0, to
the functional

Fu) +/ W(lu)dz, ifuc GSBDP(Q)N LY QR
G(u) = Q
+00, otherwise on L'(Q;R™),

with respect to the L' convergence in €.

4. COMPACTNESS AND ESTIMATE FROM BELOW OF THE I'-LIMIT

With the following proposition, we prove the compactness statements in Theo-
rem (i), and Theorem i), respectively. These results can be easily inferred by
a comparison with non-local integral energies whose densities are averages of the
gradient on balls with small radii, for which a compactness result has been provided
in [23, Proposition 4.1]. In order to do that, we will only require assumption
on the convolution kernel p.

Proposition 4.1. Let A € A(Q), and let F., G be defined as in (3.4), and (3.7),
respectively, where p € L (R™; [0, 4+00)) satisfies|(N1)l Then:

(i) Assume (3.1), (3.3). If (u.) C LP(;R™) is such that F.(u., A) < C for
every € > 0, one can find a sequence t. € GSBVP(A;R"™) with

Ue — ue — 0 in measure on A
Fo(ue, A) > ¢ </ W(Eu.)dx + 2H"  (Jz. N A)>
A

for some co > 0.

(ii) Assume (3.1), (3.3), and (3.6). If (uc) C LP(Q;R™) is such that Ge(ues, A) <
C for every € > 0, then (u.) is compact in L*(A;R™).

Proof. Let n € (0,1) be fixed such that B,(0) CC S, and denote by m, the min-

imum of p on E, which is strictly positive as we are assuming that p > 0 on S.
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Setting f(t) := f(mywpn™t) and for any € > 0, we consider the energies

~ 1/ f <€][ W(é’u(y))dy) dz, ifue W'P(Q;R"),
Fo(u)=<¢ ¢ Jo Bpe(2)NQ2
+o0, otherwise on L'(Q;R").
(4.1)
Since B, (0) € S and p > m,, on B,(0), a simple computation shows that
F.(u,A) < F.(u, A) (4.2)

for every u € WHP(Q;R™) and A C Q open set. By virtue of (£.2)), to obtain (i)
it will suffice to apply the argument of [23] Proposition 4.1] to the sequence ﬁg in
(4.1). We then omit the details.

We now come to (ii). If additionally G¢(ue, A) < C, following the argument for
[23] Proposition 4.1(ii)], it can be shown that the sequence (u@.) constructed in (i)
complies with

/ (e () de + / €0 (2P de + H™ (Ja. N A) < C < 400
A A

for all e. Therefore, in view of the growth assumption on ¢, Theorem
and Remark apply, and this provides the compactness of the sequence (@) in
L'(A;R™). Then, since u. — u. — 0 in measure on A, with the Vitali dominated
convergence Theorem we infer that (u.) is compact in L'(A;R"™) as well. This
concludes the proof of (ii). O

Now, we turn to provide a first estimate of the I'-liminf of the functionals F.. This
estimate is optimal, up to a small error, only for the bulk part of the energy, and this
is the only very point where we need to require the additional assumptions on
the convolution kernels (see Section . The proof of an optimal estimate for the
surface term, instead, will be derived separately by means of a slicing argument (see
Propositionbelow) for more general kernels complying only With providing
the comparison estimate . As the two parts of the energy are mutually singular,
the localization method of Lemma [2.8] will eventually allow us to get the I'-liminf
inequality.

4.1. Estimate from below of the bulk term. We begin by giving the announced
estimate for the bulk term.

Proposition 4.2. Let A € A(Q2) with A CC , and consider a sequence us €
WP (Q;R™) converging to u in L'(Q;R™). Assume (3.1)) and (3.3), let n € (0,1)
be fized and let p comply with (N1)—-(N2). Suppose that

sup Fr(u:, A) < C'. (4.3)
e>0

Then, for every fized 0 < 6 < 1, there exist a constant Ms,, only depending on f, §
and n, a constant o, depending on p,n such that o, — 0 asn — 0, and a sequence
of functions (v2") C GSBVP(A;R™) such that

(i) a(l —oy,)%(1 —8)2"*! / W (Evd(x)) dx < F.(uc, A);
A
(1) " (J,50) < My (e, A);
(ii) v2" — u in L'(A;R™) as € — 0.

Proof. We first consider the case f(t) = min{at, b}, with a,b > 0. For given 7, we
introduce the truncated kernel p"(z) := =2—p(x)(1 — x,s(x)), where the constant

l-oy,
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oy is given by

oy ::/ p(z)de,
nsS

and o, — 0 as 7 — 0. Notice that with this choice of o, one has [, p"(x)dz = 1.
For fixed ¢ € (0,1), we then define

1

Con T T o)

and the functions
wné fs/WEue )) (1— 6)( —x)dy
Ye(x) := s/ﬂW(Eue(y))ps(y —x)dy.

Observe that, since W > 0, by the definition of p” and assumption (N2), we get

Y20 (@) < Oy e () (4.5)
for all x € A. Define now the following sets, depending on 4,7 and S:

K. = {x €A: () > Cs,yy b} , (4.6)
a
K. :={z € A: dists(z,K.) < dne}. (4.7)
We prove the inclusion
K;Q{xGA: Ye(z) > b} . (4.8)
a

For this, if x € K. then there exists z € K. such that |z — z|g < dne. Now, by the
triangle inequality, for every y € €2 it holds that

|z —y|
g

Sgdn_’_w’
£

whence
[z —yls _ |z~ uls
S
if and only if |z —yls > (1 — §)ne. In this case, since p is non-increasing with
respect to | - |g, we have

p <y_€x> Z (1 —=ay)p" ((3_52)6) '

Notice that this inequality holds true also if |z—y|s < (1—J)ne. In this case, indeed,

one has (1 5 € nS and hence p” ((1 5y ) = 0 by definition of p". Rescaling the
kernels and using we get

02(1_5)@ —z) < C6,np€(y —z),
so that

and the proof of (4.8)) is concluded.
Now, from the inclusion (4.8) and the fact that f(t) = b for t > 2, we deduce
that

Lr(K!) < %FE(UE,A). (4.9)
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Applying the coarea formula (see for instance [19, Theorem 3.14]) to the 1-Lipschitz
function g(x) := distg(z, K.) in the open set {0 < g(x) < nde} C K. we get

e
PP (e ) > £ > g = ar.
It follows that we can choose 0 < 0. < nde such that, for
K!:={xe A: distg(z,K.) < 3.}, (4.10)
it holds

1

We define a sequence (v2") of functions in GSBVP(A;R") as

/Que(y)p’(l,(;)g(y —z)dy ifx e A\KZ,
0 otherwise.

Since ||p"||l1 = 1, by Proposition ii) (applied for 6. = (1 — 4)) and the fact
that, by construction and , it holds £L"(K!) — 0 when ¢ — 0, we have that
02" — u in LY(A;R") as € — 0. We also have ’H”*I(ng,n) < H"L(OK!), so that
with we deduce (ii) for M;s, = %.

Now, since K. C K/ and A CC ©, it holds ¢¥(z) < C;s,,2 for all z € K. As
f(t) = min{at, b}, this gives

HHOK!) =H"""({z € A: distg(z,K.) =6.}) <

V3 () = (4.12)

F () > %ﬂwz% (4.13)

for all z € A\ K. Now, since the function f is concave and f(0) = 0, it holds
f(At) > Af(t) for all A € [0,1]. Combining with the monotonicity of f and (4.5)),

we have

F W) > o1 (42 (@) (414

o,m

for all z € A. With this, using (4.13)), the Jensen’s inequality, (2.11)), (4.12), and

since W(0) = 0, we get
1
Fe(ue, A) > */ [ (We(2)) da
3 A\K!

1 / 5 a 5
f (Wl (z)) de > / YI°(x) do
505777 A\K! ( ( )) 603’77 A\K! ( )

a
> [ w ([ sutisl g - 00ay) o
4,n A\Ké’ Q

== / W (E03(2)) da
Csn Janky

>

=a(l—0,)*(1— 5)2"/ W(Ev2(x)) dz .
A
For a general f complying with (3.1)), use Lemma to find ag,bs > 0 with as >

a(l —6) and f(t) > min{ast,bs} for all t € R, and perform the same construction

as in the previous step. This gives (iii), (ii) (with M; := 5;-) and

Fu(ue, A) > as(1 — o)2(1 — 6)2" /A W (E057(2)) da
> a(l —0,)%(1 —8)*"*! / W(Ev2" (z)) dx,
A

that is (i). O
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4.2. Estimate from below of the surface term. In this section we derive by
slicing a lower bound for the surface term in the energy. It is worth mentioning
that, by virtue of , the desired estimate could be probably also obtained by
adapting to the GSBD-setting the semi-discrete approach of [22] Proposition 6.4].
Nonetheless, that argument is quite delicate for our purposes, and more complicated
than we need. It indeed aimed to provide an optimal lower bound for both the bulk
and the surface terms in a unique proof by means of a slicing procedure. In our
case, the general form of the bulk energy we are considering does not comply with
slicing arguments. Therefore, on the one hand, the two terms have to be estimated
separately. On the other hand, an independent and simpler strategy can be followed
to provide a lower bound with optimal constant in front of the surface energy.
We set

re=H'({zeS: x=tefort € R}), (4.15)
for every £ € S"~1.

Proposition 4.3. Let p € L*(R"™;[0,+00)) be a convolution kernel complying

with|(N1), and let F. be defined as in (3.4)). Assume (3.1) and (3.3). Let 6 € (0,1)
be fized, and consider a sequence 5 — 0. Let A € A(Q) and u; € WHP(A;R™)

converging to u in L'(A;R™). Assume that
liminf F, (u;, A) < +o00.
J—+oo

Then w € GSBDP(A) and

lim inf F; (u;, A) > B(1 —0) /5 e[ (v, €) dH™ ! (4.16)
JENnA

J—+oo

for every € € SP1L.

Proof. It follows from Proposition and Theorem that u € GSBDP(A). To
prove (4.16]), we first note that, by virtue of the growth assumption (3.3]), we have

W(Eu) = cleul’ = c[((Ew)€, 7,

for every & € S*!. Thus, for every fixed &, since f is non-decreasing, it will be
sufficient to provide a lower estimate for the energies

1
FE )= — [ f e [ HEmEEOPp, () dz ) do. (1a7)
€jJa Se, ()
We proceed by a slicing argument, and for each « € A we denote by z¢ and y, the
projections of x onto Z and II¢, respectively. Since S is open and convex, for every
fixed £ € S"! we can find a radius 7 = (6, .S) > 0 such that the cylinder

Cli_syr = (“Aess Aes) x BrH(0) cC S, (4.18)

where A¢ 5 := (1 — ) and 7¢ is the length of the section S¢. Indeed, since S

is open, some 1 > 0 can be found such that B,(0) is contained in S. Now, if
t = (1 —0)s for some s € S¢ and y € £+ with |y| < n, then t£ + dy € S from the
convexity of S. Thus, it will suffice to choose r := dn.
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If we denote by m¢ the minimum of p on C’(gl_ 5y We then have

FEEJ (ujv A)
1
=/ dH"™ (ye) (/ f (Cﬁj/ [((Eus(2))€, ) pe; (2 — ) dZ) dfﬂe)
I €5 J Agy, e, (x)
el 1 ~ 1 »
> dH™ (ve) | — I == [((Eu;(2))€, )P dz | dae |,
H£ E‘j A&,yg 6] C(Elfé)aj,raj (ZE)
(4.19)
where f(t) := f(cmet). Note that f(t) — 3 as t — +oc.
We now set
73 _ 1 £ 1 P
F€j (uj7A§,y§) . f n—1 ‘<(SUJ(Z))£,§>‘ dz dl’& .
EJ A&,yg 6] (glfé)aj,ra-(m)

J
We denote (with a slight abuse of notation) still with z the (n — 1)-dimensional
variable in B;gl(yg). Set wg’yé an 1 uj z+1£)), &) dz.

By virtue of Lemma ii), applied Wlth 6‘5 = re;, we have that wg Y¢ converges
to us¥% in L'(Ae,y,) for a.e. ye. Furthermore, setting g(t) := f(wn_lrnflt),
Fubini’s Theorem, Jensen’s inequality and the monotonicity of f entail that

&,
sty£ (uij&ys
1

x5+)\5,5£]~
= (s (= + 1)), )P dt | due
€ Brat(ye) x

j Te— e, 5€;

1

J

zg—&-)\g,gej b
anlrn_l/ ][ ((Euj(z +1£))€,€) dz | dt | dae
xg—)\gygej' B:L;jl(yé)
Z£+)\§‘5€]
L g/ S ()P dt | dae
€j Ag e Tg—Ae 665

1 I£+/\g,(si~:] .
o[ ol [ ()P dt ) da
6,665 J Ag,y, Te— e 5€;
(4.20)

Now, for the function ¢ — g¢(t) it still holds g(¢) — S when ¢t — +oo. Hence,
applying Theorem to the one-dimensional energies

e, &Y 1 TetAeass &y
F‘é; E(wj’ E7A€7y€) = / g / | ’ 5( )|pdt dl‘f
A Te—Ng,5€5
we obtain the lower bound

A¢.5€j
lim inf FEYS (S, Ag ye) > 2B4(J ewe N Acy,) - (4.21)

Jj—+oo

Therefore, using (4.20) and (4.21)) we deduce

S 13 s e TEYe o &Y
ljlggngsj (g Aguye) 2 Agg liminf FEY (w; ™, Agye)

> ﬂTE(l — 5)#(Ju5,y§ n Ag_’y&) .

1

Y

)
f( il

B 1 Te+Ae 565

f <€n_1 /xé_Ag‘égj (/B:}Ejl yé) |<(Eu](z + tf))§,£>‘p dZ) dt) dCL‘g
(

1

€j
i Ag Ye
i Ag, Ye
1

173
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With (4.19) and Fatou’s Lemma we finally have

lim inf F¢ (u;, A) > lim inf Ffj’yg (uj, Aeye) dH (ye)

Jj—+o0 j—+oo Jr1e

Z/ (hmmfFf (Uj,Ag)y§)> dH " (ye)
G

j—+oo

> Bre(1 - 0) /Hg BT e O Agye) dHO ()

=ﬁnt1—6y/ (v, €)] AHET,

JSNA

where in the last equality we used the Area Formula. This concludes the proof of
(14.16). O

4.3. Proof of the I'-liminf inequality. For any A € A(Q)), we denote by F’(u, A)
and G'(u, A) the lower I'-limits of F.(u, A) and G¢(u, A), respectively, as defined
in (2:12)). It holds that G'(u, A) > F'(u, A) for each A € A(Q) and u € L'(A;R")
(see, e.g., [16, Proposition 6.7]). The results of the previous subsection lead to the
following estimate.

Proposition 4.4. Assume (3.1), (3.3), and (3.6)). Let F. and G. be defined as in

B-4) and [B.7), respectively, and let p comply with (N2) Letu € LY(Q;R"),

A€ A(Q), and define F'(u, A) and G'(u, A) by (2.12)) in correspondence of F. and
G., respectively. If F'(u, A) < 400, then u € GSBDP(A) and

(i) F'(u,A) > a/ W(Eu) dz,
A
(ii) G'(u,A) > F'(u, A) > 5/ Te| (vu, )| dH 4
JENA
for every & € S*™L. If in addition G'(u, A) < +oco holds, then one also has
(i) G(u, A) 204/ W(gu)dx—i—/ () dz.
A A
Proof. With (2.12) and a diagonal argument, one may find (not relabeled) subse-
quences (u;) and (ii;) converging to u in L'(A4;R™) such that

F'(u, A) = lim+inf F. (uj,A), G'(u,A) =liminf G, (a;, A).
j—+o0

Jj—+oo

With the first equality and Proposition we have that, if F'(u, A) < +o0, then
u € GSBDP(A). By the second one, the superadditivity of the liminf, Fatou’s
lemma and ([2.12)), we have

G'(u, A) =liminf G, (a;, A) > liminf F; (i, A +11m1nf/ P(|a

j——+o00 Jj—r+o0 Jj—+oo
> F(u,4)+ [ wljal)da.
A

Hence, (iii) will follow once we have proved (i).
We therefore only have to check (i) and (ii). To this aim, let i, d € (0,1) be fixed.
Then, by applying Proposition to the sequence (u;), we can find a sequence

(vj’") C GSBVP(A;R") such that v?’" — win L'(A) as ¢; — 0 and

(a) a(l —o,)*(1 —g)*H! /A W(Ev?’"(x)) dr < F. (uj, A);
(b) HY“ (T 5 NA) < M Fr, (uj, A).
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Now, the equiboundedness of I, (uj, A) combined with the bounds (a) and (b)
allows to apply the lower semicontinuity part of Theoremto the sequence (vj’").
Taking into account that A = ) because u € L'(A4;R™), by the convexity of W

and (2.10)), (ii), we have
a(l—a,)*(1 —5)2”“/ W (Eu(z))dx < hmlnf/ W(E 5" ) dz
A

Jj—+oo

< liminf F, (u;, A) = F'(u, A).

Jjortoo

We then obtain (i) by letting 6 — 0 and n — 0 above.
For what concerns (ii), from of Proposition we get

B(1— 5)/ Te| (v, )| dH" ! < liminf FL, (uj, A) = F'(u, A)
£ A J—+oo

u

for every € € S*71, so that (ii) follows by taking the limit as § — 0 again. O
For the proof of the I'-liminf inequality, we need the following lemma, which can
be found in [22] Lemma 4.5].

Lemma 4.5. Let S C R" be a bounded, conver and symmetrical set, and let ¢,
and T¢ be defined as in (3.2) and (4.15), respectively. Then

¢p(v) = sup 7e[(v, &) (4.22)
gesn—1t

We are now in a position to prove the I'-liminf inequality.

Proposition 4.6. Let p € L>®(R";[0,+00)) be a convolution kernel satisfying

(INDH(N2)[ Assume (3.1), (3.3)), and (3.6). Consider F., and G. given by (3.4), and

(3.7), respectively. Let u € L*(;R™) and let A € A(Q), and define F'(u, A) and
G'(u, A) by (2.12)) in correspondence of F. and G, respectively. If F'(u, A) < +00,
then w € GSBDP(A) and

F'(u, A) >a/W€udx+ﬂ/ v)dH™ .
mA
If it additionally holds G'(u, A) < 400, then

G'(u, A) ZQ/AW(Su)dx—Fﬂ qﬁp(u)d?—["*l—i—/Aw(\uDdx

JuNA

Proof. The proof can be obtained by a standard localization method based on
Lemma In order to prove, e.g., the second assertion containing an additional
term, we can apply Lemma to the set function p(A) := G'(u, A), which is
superadditive on disjoint open sets since G¢(u, +) is superadditive as a set function:
G'(u, A1UAs) > G'(u, A1)+G'(u, A2)  whenever A;, As € A(Q) with A;NAy =10.

Then, we consider the positive measure A\(A) := L"(A) + H"~(J, N A) and the
sequence (@p)p>0 of A-measurable functions on A defined as

() = aW (Eu(z)) + ¥ (ju(z)]), ifze€ A\J,,
0, ifreAnJ,,

(2) = 0, if x € A\J,,,
PRI Bgn (), itz e ANy,

where

¢Eh(x) = T§h|<1/u($),£h>| , ifxe Jgh ﬁA,
0, otherwise in J, N A,
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for (£,)n>1 a dense sequence in S"~1.
Now, by virtue of Proposition [£.4] it holds that

H(A) = /A ond)

for every h =0,1,..., so that all the assumptions of Lemma [2.8| are satisfied. The
assertion then follows once we notice that, taking into account Lemma [£.5] it holds

_ _JaW(€u(@)) + ¥(lu(@)]), if z € A\Jy,
ié% on(x) = p(x) 1= {B%(Vu(x)) | feeanT
for M-a.e. x € A. O

5. ESTIMATE FROM ABOVE OF THE I'-LIMIT

We denote by F” and G” the upper I'-limits of (F.) and (G.), respectively, as
defined in (2.13).

Proposition 5.1. Let u € GSBDP(Q) N LY(Q;R™). Then
F'(u) < a/QW(Eu) de +p /J dp(v)dH™ . (5.1)
If, in addition, it holds that [, ¢(|u|)dx < 400, :hen
G" (u) ga/QW(Su) dw+ﬁ/J bp(V) dH”—1+/Qw<\u|)dx. (5.2)

Proof. We only prove by using the density result of Theorem as
follows by an analogous construction with the additional property (2.9).

In view of Theorem and remarks below, since we perform a local costruction
and by a diagonal argument it is not restrictive to assume that v € W(Q; R™) and
that J, is a closed simplex contained in any of the coordinate hyperplanes, that we
denote by K.

For every h > 0, let K} := UzexS(z, h) be the anisotropic h-neighborhood of
K. As K is compact and (n — 1)-rectifiable, it holds (see for instance [21I, Theorem
3.7)

1
Jim £(05) = [ 6,0 a7 (5.3)

(observe that a factor 2 is already contained in our definition (3.2) of ¢,). Let
~ve > 0 be a sequence such that v./e — 0 as € — 0. Notice that, for & small,

KCK, CCK,y4.CCQ,

recalling that K C Q. Let ¢. be a smooth cut-off function between K, and K, L.,
and set

ue(x) = u(x)(1 — ¢ (x)) .
Since u € WH>°(Q\J,;R™) we have u. € WH>°(Q;R"). Note also that, by the
Lebesgue Dominated Convergence Theorem, u. — u in L*(£; R™). Moreover, since
u. =wuon S(zr,e)NQif x & K, 4., we have

9

Fo(u) <t / f ( /S g WE ety ) dy> O

Setting
we(z) == / W(Euly))po(y — z)dy.
S(z,e)NQ
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we have that w.(z) converges to w(z) := W(Eu(z)) in L () as ¢ — 0. Since f

complies with (3.1]) and it is increasing, there exists & > « such that f(t) < at for
every t > 0. This gives

1
gf(ewE (z)) < awe(z) for every z € 2 and every € > 0,

t
and, taking into account that lim+ y = q, we also infer that
t—0

éf(gws(x)) — aw(xz) for ae. z €.

Thus, by Lebesgue’s Dominated Convergence Theorem,

1
lim - [ f 5/ W(Eu(y))pe(y —x)dy | dz = a/ W (Eu)dz .
e=0¢€ Jg S(z,e)NQ Q

As %Tﬁ — lase — 0, from (5.3)), (5.4), the subadditivity of the limsup and ([2.13|)
we get (5.1)). O

Proof of Theorems and[3-9. The two results follow by combining Propositions
[T 1 and BT 0
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