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Abstract  
Metamaterials are artificial composites, developed to exhibit specific properties. Their 

characteristics majorly stem from the tailored structure itself rather than its composing 

materials. What drew attention to this family is the exotic behaviours they inherently present, 

which is unusual with respect to those observed in nature. Acoustic metamaterials, in particular, 

could provide attractive features for practical purposes, including cloaking and noise 

cancelling. A second original viewpoint on metamaterials suggests the possibility of enjoying 

the tantamount effects by introducing a domain within which distant points interact mutually. 

Thus, developing distinct configurations through embedding long-range connectors within host 

structures could provide the potential to manipulate wave paths across the domain.  

Bearing in mind the need for a wide variety of propagation phenomena in different applications, 

systems with long-range inclusions, which challenges the common notion of exclusive first 

neighbour interaction, could be a potential candidate. By initiating the graph-periodicity 

concept, two major categories of long-range configurations are introduced, namely long-range 

homogenous and non-homogenous systems. With reference to the graph-periodicity concept, 

genuine periodic configuration can be built, where the system captures the tree-periodicity 

property. In this case, due to the contribution of select groups of points in constructing the 

configuration, a non-homogenous periodic configuration is met. On the other hand, long-range 

homogenous configurations are those in which all points adhere to an identical connectivity 

template. Although such arrangements are not genuinely periodic (no tree-periodicity), they 

can be leaf-periodic depending on the template.  

This thesis presents the analysis of wave propagation in conventional structures, namely 

waveguide, membrane and shell, integrated with long-range connector. Regarding long-range 

homogenous configurations, the long-range forces are modelled by summation and integral 

terms. The long-range operators are majorly modelled by simple spring-like connections, and 

in some instances by resonator units. Wave propagation behaviour of the system is 

comprehensively realized by examining the dispersion relation, obtained analytically. Several 

phenomena, including wave-stopping, negative group velocity, and redistribution of 

eigenstates, are observed under different circumstances depending on the comparative stiffness 

of long-range connections.  

Next, the problem of wave propagation in long-range non-homogenous periodic configurations 

is investigated. Although extracting the dispersion curves for such systems is not a trivial task 

due to non-homogeneous distribution of long-range connectors, the adopted connectivity 

template provides the opportunity to take the advantage of the well-known Floquet theorem to 

identify the band structure. The emergence of gaps over the frequency band is confirmed. The 

model implies the possibility of pulling the gaps towards ultra-low frequencies and even 

generating stopbands, which could virtually open from zero, when connections assume 

negative stiffness. Insertion loss analysis is performed to roughly validate the arrangements of 

stopbands over the frequency band, yielded by the Floquet theorem.  

Given the fact that human beings are social creatures, this creates several layers of human 

interactions yielding a giant network of intercommunications in societies. Thus, mathematical 
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modelling, analogous to the above, could be a big asset to shed light on behaviour of crowds 

in large scale. Correspondingly, dynamic memory, being the temporal counterpart of spatial 

long-range interactions, can be included in some long-established problems such as natural 

economic growth to achieve a more effective and accurate description of the system. Current 

study exclusively considers the effect of nonlocal interactions in the realm of physics and 

engineering though the underlying message conveyed by this concept can be extremely 

relevant in other fields as well.  
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Chapter 1: Introduction and state of the art  
 

 

 

1.1. Background and state of the art 
Studying the wave propagation behaviour of systems integrated with long-range interactions is 

the major objective of the present work.  A typical feature of molecular and supramolecular 

scaled systems, i.e. nonlocality is brought to the macro scale systems constructing a particular 

type of metamaterials called elastic metamaterials. The nature of elastic domains, which 

embrace the long-range forces, is profoundly changed with respect to the nature of that 

considering only standard interactions (short-range), generating potential supplemental 

propagation effects. 

Early studies on the wave path in the artificially structured materials were conducted at the end 

of nineteenth century. Bose [1] investigated the status of electromagnetic waves propagating 

within a twisted structure, identified as chiral structure in the recent terminology, in terms of 

refraction and polarisation. Regarding the modern metamaterials, the pioneering studies by 

Veselago [2], Pendry [3] and Smith [4] incentivized many researchers to develop new 

contributions to achieve a better understanding of metamaterials’ behaviour. Although the 

Greek word “meta” refers to emergence of new occurrences [5], nowadays, by attaching this 

prefix to a word, a further concept is created, possessing a more comprehensive essence  with 

respect to its stem. Metamaterials yield beyond the common propagation behaviours, provided 

by the conventional materials, and exhibit brand new properties. Such anomalies primarily 

stem from the orientation and arrangement of their constructing blocks. In the light of the 

foregoing, a metamaterial, as accurately defined in [6], is a “macroscopic composite of periodic 

or non-periodic structures, whose function is due to both the cellular architecture and the 

chemical composition”. The above definition highlights the meaning of: (1) connectivity 

template among the unit cells and (2) both individual and collective effects in the network. The 

constructing elements, which form the array should be smaller or equal with respect to the 

wavelength they are interacting with, for the metamaterial to be capable of manipulating the 

waves [6].  

Two major classifications are available for metamaterials, namely electromagnetic and 

acoustics. Unlike the bulk materials, electromagnetic metamaterials grant the gradation of the 

refractive index, even negative values, providing the possibility to achieve some 

unconventional devices such as invisibility cloaks [7–9]. Negative index metamaterials, 

wherefore both permittivity and permeability are negative, felicitate the development of more 

enhanced equipment, in particular filters, antennas and phase shifters [10–13] though some 

natural substances such as noble metals display negative permittivity only in specific 

wavelength bands. Electromagnetic metamaterials also allow for designing lenses with 

elevated resolutions owing to their lack of diffraction limit with respect to that of classical 

optical devices [3,14,15]. 
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The task of controlling the sound waves is afforded by acoustic metamaterials, for which the 

bulk modulus and the density could adopt a range of values, not applicable for conventional 

materials. The existence of double negative acoustic metamaterials, inspired by Veselago’s 

medium in electromagnetism, was shown by Li and Chan [16] yielding a medium with negative 

refractive index. Effective negative bulk modulus and density are counterintuitive concepts in 

the context of classical mechanics since no natural-based substance presents such intrinsic 

characteristics, meaning the system experiences expansion when being compressed and out of 

phase acceleration with respect to the driving force. To gain an insight into how negative 

parameters could emerge, a simple two degrees-of-freedom mass-spring configuration, as 

shown in Fig. 1. 1, is considered.  

 

Fig. 1. 1: A two degrees-of-freedom mass-in-spring system 

Assuming the existence of the interior resonator is not perceived by the observer, when the 

system is under harmonic excitation 𝐹 = 𝐹0𝑒
𝑖ω𝑡, the associated effective stiffness of the system 

�̃� is obtained as:  

�̃� = 2𝑘2 +
𝑘1

1−
Ω2

𝜔2 
         (1-1) 

with Ω2 = 𝑘1/𝑚1 being the resonant frequency of the resonator. Provided that Ω > ω and 

2𝑘2(Ω
2/𝜔2 − 1) < 𝑘1, �̃� adopts a negative value. As an illustration a mass-mass configuration 

could be taken into account as a system possessing negative effective mass.  

Analysis of phononic crystals (PCs), a special subcategory of acoustic metamaterials, reveals 

the existence of frequency bands within which the transmission of energy is prohibited [17–

24], i.e. stopbands. Emergence of such gaps originates from the venture of wavefronts for 

adjusting their phase while crossing the interface between the constructing impedance 

mismatched elements of the crystal. Bragg scattering, which explains the working mechanism 

of PCs, was first submitted to discuss the x-ray diffraction from crystals and later utilized to 

identify their structure. As shown in Fig. 1. 2, the radiated waves from the scatterers, the 

parallel planes composed of periodic arrays of atoms, may interfere both constructively and 

destructively depending upon the characteristics of the diffracted waves as well as the spacing 

between the planes.  Concerning periodic arrays, Bragg scattering defines a condition on the 
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length scale, to secure the occurrence of destructive interference. This implies the need for 

large size crystals for the sake of compatibility with the long wavelength of sound waves in the 

audible range, thereby limited applications. In contrast with PCs, locally resonant acoustic 

metamaterials (LRAMs), which take the advantage of dynamic local resonance [25], are 

disassociated from the preceding issue, providing the opportunity to design markedly smaller 

devices compared with the wavelength. Based on several contributions available in literature 

[25–31], stopbands are born due to the attachment of subunits to a host matrix, resonating and 

subsequently absorbing the energy propagating across the system within specific frequency 

bands, analogous to Fig. 1. 1. Various application including acoustic cloaking, acoustic diode, 

ultrasonic metamaterial lens etc. [32–36], are provided by the remarkable gift of acoustic 

metamaterials, capable of manipulating the mechanical waves. 

 

Fig. 1. 2: Bragg scattering mechanism  

Apart from the wave propagation anomalies in metamaterials, distinct behaviours concerning 

the travelling waves within other domains are also engaging. For instance, light discloses 

peculiar effects concerning its propagation including slowing, stopping, time reversal and 

superluminality [37–42], when subjected to certain circumstances. As reported in [43–45], a 

phenomenon called near-irreversibility is met in conservative linear systems with singularities 

in their modal density. Since the function of near-irreversible configurations is tied with the 

conversion of mechanical energy to heat, not typical of linear systems and intrinsic to nonlinear 

ones, they could be beneficial for absorption purposes.  

Another category of metamaterials could be developed by embracing the underlying ideas of 

nonlocal and micropolar elasticity [46–50], which tackles the problems in the micro and nano 

scale. To plainly state the idea, let us consider the nonlocal theory of elasticity law as:  

𝒕𝑘𝑙,𝑘 + 𝜌(𝑭𝑙 − �̈�𝑙) = 0        (1-2a) 

𝒕𝑖𝑗(𝑿) = ∫ 𝛼(|𝑿′ − 𝑿|, 𝜏)
𝑽

𝝈𝑖𝑗(𝑿
′)𝑑𝑣(𝑿′)      (1-2b) 

𝝈𝑖𝑗(𝑿
′) = 𝜆𝒆𝑟𝑟(𝑿

′)𝜹𝑘𝑙 + 2𝜇𝒆𝑘𝑙(𝑿
′)       (1-2c) 

𝒆𝑘𝑙(𝑿
′) =

1

2
(
𝜕𝒘𝑘(𝑿′)

𝜕𝑥𝑙
′ +

𝜕𝒘𝑙(𝑿
′)

𝜕𝑥𝑘
′ )       (1-2d) 
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where 𝜌, 𝑭 and 𝒘 are the mass density, body forces and the displacement vector, respectively. 

𝜆 and 𝜇 are the Lame’s coefficients and 𝝈 denotes the classical stress tensor. Based on the 

presented theory, the state of stress 𝒕 at a given point 𝑿 is not essentially determined by the 

strain at the immediate neighbouring points. Indeed, the state of strain at all points 𝑿′is 

instrumental in the response of the system. Clearly this formulation considers the effect on 

every single point placed within the nonlocal body 𝑽 and the extent to which the stress at 𝑿 is 

influenced by the strain at other points is tuned by the kernel 𝛼. Extending this concept to 

elastic structures in the macro scale is the key to design a novel type of metamaterials, namely 

elastic metamaterials, which could potentially disclose unusual behaviour. The newly 

introduced nonlocalities induce new forces on points and consequently modify the dynamic 

response of conventional elastic solids in order to achieve a fruitful performance in terms of 

waves. Different tasks including attenuation, absorption and blocking are among the highly 

demanding applications, which may be afforded by this update.  

To name the established composite a metamaterial, some criteria must be met based on the 

submitted definition. It is evident that the individual and collective actions of both the original 

configuration as well as the nonlocalities are vitally important in the overall response of the 

system. On the other hand, the promotion of a conventional elastic system to an intricate 

configuration may take place by considering various spatial templates for initiating long-range 

forces, which unequivocally deliver different topologies. This indicates that the points entitled 

to such mutual forces may be selected in accordance with a certain mathematical rule or no 

rule at all. Since all crucial factors involved in the definition play a key role in the response, 

the final arrangement is indeed a metamaterial.  

Acknowledging the importance of the topology in the response of systems, the connectivity 

matrix demonstrates how constituents are linked within a lattice. The off-tridiagonal entries in 

long-range systems assume non-zero values since tridiagonal matrices generally characterize 

purely elastic lattices. Thus, the matrix adopts a specific form for a given topology. As 

explained in [51], different patterns for communication channels including, one-all, all-all, 

random sparse and all-all limited, as shown in Fig. 1. 3 could be adopted, each exhibiting a 

certain behaviour unlike that of conventional short-range elastic solids.  

 

Fig. 1. 3: Connectivity templates [51]: (a) one-all (b) all-all (c) random sparse (d) all-all limited 

The idea of “action at a distance” contributed substantially in the early mechanistic theories to 

achieve a better understanding of nature. For instance, the Newton’s law of universal 

gravitation determines the instantaneous gravitational force between two agents, being 
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proportional to the inverse square of the distance. Although the underlying claims of the theory 

including instantaneous communication later challenged by the general and special relativity 

of Einstein, it still yields very plausible results in the low-gravity regime. Nowadays, it is 

evident that a force, which acts in a distance is transmitted with a delay due to the existence of 

an upper limit on the speed of travelling information. Several fields have borrowed the fruitful 

concept of long-range interactions in order to explain the challenges faced in the science world.  

For instance, a substantial number of studies have been devoted to realizing the effects induced 

by the distant elements in chemical substances [52–55] and biological agencies [56–58]. Long-

range transport is proven to be a beneficial tool for modelling ecological populations [59–61], 

most important when separated groups are mixed. Quantum entanglement [62], the significant 

contribution of Einstein to quantum physics, demonstrates the bold link between the long-range 

interactions and physics. Further investigations in various branches of physics including 

quantum mechanics [63–65], chemical physics [66–68] and optics [69–71] are carried out. 

Long-range scheme brings also a variety of new features into the thermodynamics of the 

system. For example, the entropy in such systems is not proportional to the amount of material 

within the domain [72], i.e. non-extensive entropy, a key term in Tsallis statistical mechanics 

[73]. Other unconventional phenomena such negative specific heat and ergodicity breaking 

emerge in systems with slow decay of interactions [74], where strong long-range forces are 

present. The influence of a connectivity template among a mass of particles in an elastic 

medium has been underlined earlier. Similarly, the effect of communications among the non-

adjacent agents in a crowd is vital as taken into account by several scholars in the fields of 

swarm dynamics [75–77], traffic flow [78,79] and population dynamics [80,81].  

From a different angle, the dynamic evolution of some systems indicates the potential 

involvement of its time-history in the overall response suggesting the emergence of temporal 

long-range effects, i.e. dynamic memory. A case in point is the retarded action of the pressure 

fields induced by vortices on air foils, when the effect is perceived later in time. The memory 

effect is observed in the context of economics [82–84], where considering its influence 

provides more realistic predictions for the natural growth and foreign exchange rates. The 

introduction of delay has also shown to be a useful asset in understanding the conduct of a 

crowd of autonomous agents such as traffic and pedestrian flow [85–87], especially for control 

purposes. An integral term, usually of the convolution type, appears in the corresponding 

constitutive equations of viscoelastic media relating the response to the time-history of strain 

and this is implicitly confirmed by their macroscopic behaviour [88–90]. Studies on the 

transmission of optical waves in disordered media indicate the conservation of important 

information about the incident waveform during the passage [91–93], being the signature of 

memory effect.  

Regarding the theory of elasticity, Kroner [94], for the first time, brought up the importance of 

electric cohesive forces in the state of stress within an elastic domain and was followed by 

Eringen [46,49] who presented an elegant mathematical framework to address the problems in 

this field. The results from the plane wave solution of the wave equation associated to a one-

dimensional linear nonlocal elastic waveguide were virtually verified by an experimental study 

[49]. Even though no explicit wavenumber-frequency relation is presented in [49], the results 

provided by the experimental campaign underline the potent effect of long-range forces  on the 
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response, as shown in Fig. 1. 4. Based on this figure, the trend of curves differs considerably 

with respect to that of the conventional waveguide (D’Alembert). 

 

Fig. 1. 4: Wavenumber-frequency curves in nonlocal medium [49] 

To overcome the difficulties facing the nonlocal theory of elasticity, mainly when the selected 

kernel yields fractional derivates in stress-strain relation, Zingales [95–99] developed new 

models to model the dynamic response of elastic configurations with long-range interactions. 

Discrepancies between his model and that of Eringen emerge when the analysis concerns the 

bounded medium for which the no spatially periodic wave forms is predicted by the present 

model. Based on his model, the following dispersion relation is formulated to tackle the 

problem of wave propagation in a long-range one-dimensional waveguide [96]:  

𝜔2 = 𝛽1𝑐𝑙
2𝜅2 +

𝐴

𝜌
[∫ 𝑔(𝑥, 𝜉)(cos 𝜅𝑥 − cos 𝜅𝜉)𝑑𝜉

∞

−∞
]    (1-3) 

In Eq. (1-3), the integral term, which is originally coming from an additional elastic potential 

energy corresponding to the nonlocal terms, modifies the dispersion relation associated with a 

conventional wave equation. The interaction of points with other counterparts within the 

domain is regulated by the kernel 𝑔(𝑥, 𝜉). The analysis suggests some changes in the response 

of the system including the shape modification of travelling disturbances, when the long-range 

forces are present (see Fig. 1. 5). 

 

Fig. 1. 5: Path of an initial disturbance in different waveguides (a) a long-range waveguide (b) a 

conventional waveguide [96] 
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Although the given numerical analysis provides insight into the propagation of travelling 

pressure along a cantilever bar and subsequently the behaviour of long-range elastic materials, 

failure to deliver an analytical dispersion relation leaves the intrinsic characteristics of such 

systems uncertain. Among other major contributions in the field, Tarasov [100–103] puts 

forward a highly mathematical approach to realize the continuous dynamic description of long-

range domains. The mathematical dexterity of the analysis is shown by considering a vast 

variety of interaction laws among the particles including power law and Grunwald-Letnikov-

Riesz interactions. The investigations generally begin with a chain of oscillators with long-

range interactions and their corresponding set of equations. The system of equations concerning 

a configuration with linear long-range force is transformed into the continuous medium 

equation employing a transform as [100]: 

𝜕𝑠

𝜕𝑡𝑠 𝑢(𝑥, 𝑡) − 𝐺𝛼𝐴𝛼
𝜕𝛼

𝜕|𝑥|𝛼
𝑢(𝑥, 𝑡) − 𝐹(𝑢(𝑥, 𝑡)) = 0     (1-4)  

where 𝜕𝛼/𝜕|𝑥|𝛼 is the Riesz fractional derivative with 𝛼 being non-integer. The transform �̂� 

is the combination of other three separate operations, which transforms discrete model to a 

continuous one. Eq. (1-4) is obtained in the infrared red limit, when the wavenumber tends to 

zero and thereby it is an approximate description. Besides, the approach claims achieving the 

fractional generalization of weak and strong nonlocal elasticity. This is examined by presenting 

the solution for a long-range continuum with fractional elasticity of Grunwald-Letnikov-Riesz 

type, as [103] 

𝑢(𝑥) =
𝑓0

𝜋𝜌
∫

cos𝜆|𝑥|

𝐶𝑒
2𝜆2+𝐶(𝛼)𝜆𝛼 𝑑𝜆

∞

0
        (1-5) 

which reduces to the solution of the fractional integral elasticity for 0 < 𝛼 < 2 and fractional 

gradient elasticity for 𝛼 > 2. His works typically is an attempt to show the robustness of the 

methodology since  no specific dynamic behaviour of such systems is underlined, certainly not 

in terms of waves. To delve into the intrinsic dynamic characteristics of systems with embedded 

long-range connectivity, Carcaterra et al. [104] proposed a novel idea inspiring several articles 

and essays [105–112] including the present work. An analytical dispersion relation is available 

for the extracted equivalent partial differential equation, which stems from a set of equations 

describing the dynamics of a 1D lattice with particles interacting through electromagnetic 

forces, giving the possibility to reach an extensive knowledge of long-range systems. In [109], 

the equation of motion for a three-dimensional long-range elastic body is derived as:  

𝜌𝒖𝑡𝑡(𝒙, 𝑡) −
𝐸

2(1+𝜈)
[∇2𝒖(𝒙, 𝑡) +

1

1−2𝜈
∇(∇ ∙ 𝒖(𝒙, 𝑡))] + ∫ 𝑓(|𝒓|)𝒓

𝝃∈ℝ3 𝑑𝑉 = 0 (1-6) 

Here the integral ∫ 𝑓(|𝒓|)𝒓
𝝃∈ℝ3 𝑑𝑉 represents the long-range forces between two arbitrary 

points, say 𝒙 and 𝝃, located at the distance 𝒓 from one another. Remarkably, the linearized 1D 

version of the above equation, when Gauss-like and Laplace-like interaction laws are 

implemented, yields an analytical dispersion relation. This wavenumber-frequency relation 

provides rich propagation scenarios as compared with the D’Alembert waveguide, specifically 

in longer wavelengths. Based on Fig. 1. 6, different propagation regimes including 

superluminality and wave-stopping emerge for certain threshold of 𝜒, a nondimensional 
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parameter that characterizes the intensity of long-range forces with respect to the short-range 

forces. 

 

Fig. 1. 6: Different propagation scenarios in long-range metamaterials [109] 

Recently some studies have been carried out to implement the idea of long-range forces into 

the context of locally resonant acoustic metamaterials [113,114] though no abnormality such 

as negative group velocity has been observed in the response. The need for utilizing a more 

general mathematical framework to treat the elastic metamaterials could be a rationale for 

researchers not to approach them. In fact, the common differential equations, which describe 

the dynamics of the conventional elastic solids are no longer sufficient when the distant points 

are interacting, for which integral terms represent such forces, reminiscent of Eq. (1-6).  

Nowadays the popularity of metamaterial is rising due to the exotic behaviour they afford to 

present. Bringing the intrinsic features of Eringen’s nonlocal elasticity [49] into the macro scale 

as proposed by Carcaterra et al. [104], promises the development of new kind of metamaterials, 

i.e. elastic metamaterials. Indeed, inserting nonlocalities into a conventional elastic solid could 

lead to forming two separate kind of configurations: long-range homogenous systems [109] 

and long-range non-homogenous  systems, each capable of displaying specific phenomena. 

Although several works have been presented in the context of long-range metamaterials [110–

112], this is the first time that a rough analysis is presented to investigate noise-induced wave 

propagation within a nonlinear domain with long-range interactions. The possibility of altering 

the propagation regime due to the change in the intensity of noise and nonlinearity is the key 

finding of this analysis.  

One application yielded by metamaterials is the capability of filtering a range of frequencies, a 

major demand in a variety of industries  and several periodic structures have been proposed to 

accomplish this objective [17,22,26,28]. This thesis is the pioneer in providing a basis for 

achieving an unconventional periodic structure by developing a model in which the periodicity 

arises from arrangement of external long-range links. The Floquet analysis of the proposed 

structure certifies the generation of stopbands in the associated band structure. The novel 

mechanism responsible for the birth of such gaps, different from the conventional periodic 

system with impedance mismatch, has been realized and underlined. Besides, a complementary 
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model of periodic configuration is provided, where the periodicity cell includes both high 

contrasts constructing blocks as well as nonlocalities.  

Eventually, an effort has been made to include the idea of local resonance to the context of 

long-range metamaterials, which provides the possibility of generating stopbands without 

achieving a conventional periodic structure. In fact, this is an attempt to construct a model, 

which simultaneously benefits from the advantages of LRAMs and long-range metamaterials. 

The analysis suggests that the number of branches depends on degrees-of-freedom the 

employed external link, i.e. resonator unit, and the velocity of acoustic and optical phonons is 

highly impacted by the characterising parameters of resonator units including resonant 

frequencies and nondimensional relative stiffness.  

 

1.2. Original contributions of the present investigations  

This work is an attempt to provide a general understanding of occurring wave phenomena due 

to the introduction and combination of two notions: long-range interactions, and some sort of 

periodicity. The periodicity here presented under the name of graph-periodicity includes the 

classical periodic structures but generalizes this concept to cases in which the physical 

periodicity surprisingly does not imply necessarily periodic coefficients in the equations of 

motion. 

In this study, spring-like links (massless elements) connects distant points along the waveguide 

following some prescribed connectivity pattern. However, a more general type of links comes 

afterwards by embracing the idea of local resonance. 

Introducing the graph-periodicity concept (see Fig. 1. 7), the connectivity template is a graph 

made by tree and leaves, and this structure replicates itself along the waveguide. Replicating 

the tree-leaves structure periodically, leads to a standard periodic structure. However, if the 

trees are continuously distributed (i.e., not periodic) and the leaves are periodic, then a new 

kind of periodicity is borne, characterized by non-periodic coefficients for the equations of 

motion. 

 

Fig. 1. 7: Sketch illustrating the graph-periodicity concept 
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For these reasons, two major categories of long-range configurations emerge. First, long-range 

homogenous (LRH) configurations, which consider identical connectivity template for all 

points. Second, long-range non-homogenous (LRNH) configurations, wherefore the 

connectivity template could differ from a point to another. Along this thesis, all cases 

associated with the second category are genuinely periodic, later cited as tree-periodic, due to 

the proper choice of connectivity templates, constructing long-range non-homogenous periodic 

arrangements. In a certain sense (not conventional), periodicity may also be present in LRH 

systems, later referred to as leaf-periodicity. In the first category, the particular form of 

dynamic description provides the opportunity for realizing the details of wave path by 

analytically expressing the dynamic description in the spatiotemporal Fourier domain, which 

enables a fruitful study on the envelope of waves. Other mathematical tools such as Floquet 

theorem are useful to understand the dynamic behaviour of the second category since the quest 

for obtaining the equation of motion is a challenging task and subsequently the derivation of 

the relation between the wavelength and the associated frequency is not immediate. 

Regarding the long-range homogenous systems, the marriage of short-range and long-range 

interactions is beneficial for easing the path to develop technologies requiring anomalous wave 

propagation effects. In fact, short-range forces are ceased to be the dominant player in forming 

the dynamics due to the new mechanisms for energy transmission within the domain of interest, 

and thereby the violation from the standard behaviour of waves. Two separate long-range 

domains, namely waveguide and membrane, are taken into account and the emergent wave 

phenomena are discussed in detail. The existence of transcendental terms in the corresponding 

dispersion relations suggests that infinite values of wavenumber are available to produce a 

single frequency. The dispersion relations bring to light the emergence of different phenomena 

including the redistribution of eigenstates over the frequency domain, wave-stopping and 

negative group velocity, each scenario associated to a certain threshold of physical properties 

of the structures. Furthermore, along with previously mentioned phenomena, stopbands are 

generated in the band structure of the system, when resonator-based units are employed as 

long-range connectors. Moreover, a rough analysis on a randomly excited long-range 1D 

configuration with nonlinear connections shows that a shift in propagation regime of plane 

waves may be experienced given the proper circumstances with regards to the intensity of 

nonlinear effect and noise.  

When the non-homogenous distribution of long-range connections results in conventional 

periodic structures, i.e., long-range non-homogenous periodic structures, stopbands emerge in 

the band structure of the systems. Two host elements, in particular rod and hollow shell, are 

chosen for studying the characteristics of such systems. A complementary analysis on the semi-

infinite counterpart of the preceding demonstrates the interference between two sources. In 

fact, the difference in transmission speed across channels, i.e., rod and the spring-like links 

leads to the generation of sources and thus the stopbands. This effect is unique for the systems 

in which periodicity is induced by such long-range connectors and this mechanism is not 

present in conventional periodic configurations, where the impedance mismatch is responsible 

for the creation of gaps.  

 



P a g e  | 11 

 

 

1.3. Thesis structure  
The present chapter of the thesis declares explicitly the novel ideas we intend to bring in the 

scenario of long-range structures, and how it frames in the state of the art in the field. 

Chapter 2 provides a bird eye view of the general conclusion drew from the analysis performed 

in the following chapters in order to gain a vision of the benefits submitted by long-range 

interactions and periodicity. 

In Chapter 3, the plane wave analysis of the long-range homogenous domains is given, and the 

corresponding propagation schemes such as negative group velocity and wave-stopping are 

discussed in terms of group velocity. In the succeeding step, more general configurations are 

considered as long-range connectors, providing stopbands in the dispersion map of system 

together with the previously mentioned propagation effects.  

Chapter 4 presents a detailed mathematical framework required to realize the effect of 

nonlinear long-rang interactions on a randomly excited system. Eventually, the effect of 

nonlinearity and noise on the status of travelling waves is examined by putting forward a rough 

approximate solution.  

Chapter 5 is devoted to analysis of systems in which a periodic arrangement of external links 

leads to a periodic structure, a special type of long-range non-homogenous configurations. By 

means of Floquet theorem, the band structure of such systems is identified and the underlying 

mechanism responsible for the generation of stopbands is understood by investigating the 

energy flow across the system.  

Conclusions and possible future developments are given in Chapter 6.  
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Chapter 2: Long-range and periodicity: an overview  
 

 

 

2.1. Introduction 
The general purpose of this thesis is the identification of the wave effects promoted by the 

introduction of long-range connectors to elastic domains. Several types of long-range systems 

may be imagined thanks to the different arrangements that such connectors may adopt.  This 

chapter is an attempt to provide an overview, as complete as possible, of a variety of systems 

and the corresponding effects.  

Elastic metamaterials take the advantage of the concepts proposed in nonlocal elasticity and 

demonstrate the effects already observed in the context of electromagnetic metamaterials such 

as hypersonic travelling wave envelopes [115]. The core idea here is to establish long-range 

communications among the non-adjacent particles, which violates the notion promoted by the 

classical theory of elasticity allowing for interaction with the immediate neighbours only. 

Forces induced by nonlocal channels deeply influences the dynamics, and the response 

predictably deviates from the behaviour yielded by the conventional “short-range” systems. 

Clearly, the propagation regime could alter with the change in the intensity of the interactions. 

On the other hand, the connectivity template of the new communication channels, or long-

range connectors, is another source of generation of new propagation phenomena. 

Development of conventional periodic configurations, when the periodicity is induced by 

nonlocal forces, is a new scenario. In fact, the proper attachment of long-range connectors to 

host structures such as waveguides forms periodic configurations capable of providing the 

frequency bands within which the wave propagation is inhibited.  

In this chapter, a general overview of the results obtained in the following chapters is given. 

Although all phenomena are originated from the introduction of long-range forces into 

conventional systems, what causes the discrepancies is the way these nonlocalities are 

implemented. Since several long-range configurations have been considered along this thesis, 

the systems are presented as classified into two main categories: i) long-range homogenous 

(LRH) structure, and ii) long-range non-homogenous (LRNH) structures. Each class includes 

a few systems, contributing to better understanding of the arising effects. The closing remarks 

associated to each investigation are accommodated in the corresponding class, providing a 

scenic view of the entire study.   

 

2.2. Graph-periodic structures 
Notions of long-range interactions and periodicity, when suitably combined, lead to an 

interesting distinction between two different ways of building up long-range connectivity 

templates, enriching both the scenarios of nonlocal elasticity and periodic systems. This 
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distinction is important for the present investigation, enlightening a physical difference 

together with the related different mathematical approaches to the corresponding problems.  

A classical periodic system shows, in general, a modular structure, where the characteristic 

module sequentially replicates itself along the system. This produces, as a mathematical 

counterpart, a differential equation of motion with periodic coefficients that characterize a 

conventional and genuine periodicity. We show ahead that a wider scenario discloses through 

the concept of graph-periodicity leading to some forms of periodicity even in the presence of 

constant coefficients.  

For the sake of argument, let us consider a conventional infinite waveguide, described for 

simplicity by the standard wave equation 𝐸𝐴
𝜕2𝑢

𝜕𝑥2
− 𝜌𝐴

𝜕2𝑢

𝜕𝑡2
 , with 𝑢(𝑥, 𝑡), 𝜌, 𝐸 and 𝐴 being the 

longitudinal displacement, mass density, Young’s modulus, and the cross-section area, 

respectively. An additional archetypal long-range connectivity is  superimposed, connecting, 

by a suitable long-range set of connectors, i.e., springs and in different possible fashions, distant 

points of the host waveguide.  

For a given superimposed connectivity 𝐺 on a conventional waveguide, we can introduce its 

formal description through the symbol 𝐺𝑇(𝑥−𝑁 , 𝑥−𝑁+1, … , 𝑥−1, 𝑥𝑇 , 𝑥1,𝑥2, … , 𝑥𝑀). The graph 𝐺𝑇 

specifies the set of connectors applied to the waveguide. Namely, the graph has a tree at 

𝑥𝑇  connected to each of the selected points 𝑥1,𝑥2, … , 𝑥𝑀 on its right, and to each of the points 

𝑥−𝑁 , 𝑥−𝑁+1, … , 𝑥−1 on its left, that are the leaves of 𝐺𝑇. 𝑀 and 𝑁 are generally different, and 

the end points of leaves not necessarily equally spaced. In case the leaves are equally spaced, 

the spacing 𝐿 is named the period of the leaves and the related connectivity leaf-periodic (see 

Fig. 2. 1) 

 

Fig. 2. 1: Sketch illustrating the graph-periodicity concept 

The superposition of more connectivity graphs 𝐺𝑇𝑘 with different trees positions 𝑥𝑇𝑘, for 

𝑘 = 1,2… ,𝑀𝑃, generates a new long-range connectivity graph 𝐺: 

𝐺 =∪𝑘=1
𝑀𝑃  𝐺𝑇𝑘           (2-1) 

If the trees are equally spaced, the spacing 𝑃 is the period of the trees, distinct from the period 

of the leaves 𝐿 and the connectivity is tree-periodic (in some cases 𝑃 = 𝐿).   

The combination of tree-periodicity and leaf-periodicity leads to discuss several interesting 

cases, some of them considered in the present investigation. 
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A connectivity 𝐺 that is tree-periodic (independently of the leaf periodicity) produces a 

structure that is periodic in a genuine-conventional sense, i.e., its equation of motion has 

periodic coefficients. In fact, the connectivity 𝐺 applies only to specifically selected points 

along the waveguide, and we call for this reason the structure long-range non-homogenous 

periodic and its connectivity  𝐺𝑛−ℎ𝑜𝑚, a case analysed in this work. 

If the connectivity is tree-periodic and leaf-periodic, we can generate a long-range 

homogeneous periodic structure through 𝐺ℎ𝑜𝑚 =
𝑙𝑖𝑚

𝑃 → 0
 𝐺𝑛−ℎ𝑜𝑚, that has a continuous 

distribution of trees. In fact, this means that the same connectivity applies identically to any 

point at x (the trees becoming infinitely dense), therefore producing homogeneity, and the 

presence of constant coefficients in the equation of motion (not periodic anymore). However, 

although in this way the tree-periodicity disappears, the leaf-periodicity still holds. Therefore, 

we have a constant coefficients equation of motion, but still characterized by a residual leaf-

periodicity, that is an intriguing new concept investigated in the present part.  

If the leaves are non-periodic, 𝐺ℎ𝑜𝑚 =
𝑙𝑖𝑚

𝑃 → 0
 𝑇𝑛−ℎ𝑜𝑚  produces simply a long-range 

homogenous connectivity without elements of periodicity, that is another case investigated in 

the present work. 

The case 𝐺ℎ𝑜𝑚 =
𝑙𝑖𝑚

𝑃 → 0, 𝐿 → 0
 𝑇𝑛−ℎ𝑜𝑚 produce finally a continuous distribution of trees and 

leaves, periodicity is absent, and again a simply a long-range homogenous connectivity is 

defined. 

Let us illustrate, by elemental examples, the equations of motion related to the previously 

introduced graph-periodicity. 

The modified waveguide equation, when including the presence of the long-range elastic links, 

becomes: 

𝐸𝐴
𝜕2𝑢

𝜕𝑥2 − 𝜌𝐴
𝜕2𝑢

𝜕𝑡2 + Λ(𝑥, 𝑡) = 0       (2-2) 

Let us consider, as a first example, a periodic-tree and periodic-leaf connectivity, with an 

infinite number of trees along the waveguide, each with N leaves. The single-tree connectivity 

𝐺𝑇, with its tree at 𝑥𝑇 , is associated to the connector Λ𝑇(𝑥, 𝑡) =  −𝜅 ∑ 𝛿(𝑥 −+𝑁
𝑖=−𝑁

𝑥𝑇)[𝑢(𝑥, 𝑡) − 𝑢(𝑥 − 𝑖𝐿, 𝑡)]. Simple consideration, including serially repeated trees, shows the 

long-range term Λ𝑛−ℎ𝑜𝑚(𝑥, 𝑡) reads: 

Λ𝑛−ℎ𝑜𝑚(𝑥, 𝑡) = −𝜅 ∑ ∑ 𝛿(𝑥 − 𝑟𝑃)[𝑢(𝑥, 𝑡) − 𝑢(𝑥 − 𝑖𝐿, 𝑡)]+𝑁
𝑖=−𝑁

+∞
𝑟=−∞   (2-3) 

The nature of the equation 𝐸𝐴
𝜕2𝑢

𝜕𝑥2 − 𝜌𝐴
𝜕2𝑢

𝜕𝑡2 + Λ𝑛−ℎ𝑜𝑚(𝑥, 𝑡) = 0 is differential, with periodic 

coefficients: the differential part is 𝐸𝐴
𝜕2𝑢

𝜕𝑥2
− 𝜌𝐴

𝜕2𝑢

𝜕𝑡2
, the periodic coefficients are 𝜅𝛿(𝑥 − 𝑟𝑃), 

and: 

Λ(𝑥, 𝑡) = Λ(𝑥 + 𝑛𝑃, 𝑡),     ∀𝑛 ∈ 𝑁       (2-4) 

This is an example of long-range non-homogenous periodicity. The most acknowledged 

method for periodic coefficients equations is the Floquet theorem. 
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However, as seen through the graph-periodicity concept, one can conceive a different way of 

using the same connectivity template that is not selective, i.e., does not involve only special 

points along the waveguide (as those at 𝑥𝑇𝑟 = 𝑟𝑃 as in the previous case) but it applies serially 

and homogenously to each point x of the structure (that means 𝑃 becomes infinitely small). 

Hence, the name long-range homogeneous periodicity. In this case, the equation of motion 

does not exhibit periodic coefficients anymore. In fact: 

Λℎ𝑜𝑚(𝑥, 𝑡) = −𝜅 ∑ [𝑢(𝑥, 𝑡) − 𝑢(𝑥 − 𝑖𝐿, 𝑡)]𝑁
𝑖=−𝑁      (2-5) 

This connector shows a different nature with respect to the form (3) previously presented. 

Using the form (5), Eq. (2-2) becomes a differential-delay equation with constant coefficients, 

i.e., 𝐸𝐴
𝜕2𝑢

𝜕𝑥2
− 𝜌𝐴

𝜕2𝑢

𝜕𝑡2
+ −𝜅 ∑ 𝑢(𝑥, 𝑡) − 𝑢(𝑥 − 𝑖𝐿, 𝑡)𝑁

𝑖=−𝑁 = 0. Although a periodically delayed 

term appears as ∑ 𝑢(𝑥 − 𝑖𝐿, 𝑡)𝑁
𝑖=−𝑁 , the coefficients are constant. In this case the Floquet 

theorem, the typical tool for genuine periodic structures, can be skipped and replaced by a 

simpler direct double Fourier transform of the equation of motion.  

More precisely, the first tree-periodicity case requires, because of the non-homogenous nature 

of the structure, a piecewise solution, each part living within any module of the system, i.e.: 

𝑢(𝑖)(𝑥, 𝑡) = (𝐴(𝑖)𝑒𝑗𝑘𝑥 + 𝐴(𝑖)∗𝑒−𝑗𝑘𝑥)𝑒𝑗𝜔𝑡,   𝑥 ∈ [𝑥𝑖 , 𝑥𝑖 + 𝑃]    (2-6) 

Different solutions satisfy continuity conditions at the module’s boundaries, i.e., at  

𝑥𝑖  𝑎𝑛𝑑 𝑥𝑖 + 𝑃, and the Floquet’s theory finds the non-trivial solutions for the unknown 

coefficients 𝐴(𝑖). A set of eigenvalues follows for the wavenumbers, and their nature establishes 

the chance of propagating waves or inhibiting them (stopband effects).  

The second case, with homogenous nature, due to the constant coefficients, permits a direct 

double Fourier transform, space and time, with a continuous solution along the entire 

waveguide (no need to express a piecewise solution as for periodic coefficients): 

𝑢(𝑥, 𝑡) = ∫ ∫ 𝑊(𝑘,𝜔)
+∞

−∞

+∞

−∞
𝑒𝑗𝑘𝑥𝑒𝑗𝜔𝑡𝑑𝑘 𝑑𝜔      (2-7) 

Its substitution into the equation of motion produces the dispersion relationship 𝑘(𝜔) and its 

nature determines the chance of wave propagation or its inhibition, and additionally the group 

velocity behaviour of the waveguide is determined. 

Although the two methods do not admit any mathematical interchange, and each type needs its 

own technique, on the physical ground, the interpretation of the results of the two methods are 

comparable. In fact, they both rely of the nature of the complex wavenumber (whatever its 

mathematical origin, i.e., the eigenvalues analysis or the dispersion relationship), as an 

indicator of the kind of waves established along the waveguide.  

For both the different kinds of periodicity, some transition effects are expected when the 

wavelength 𝜆 becomes much smaller than 𝑃, and/or of 𝐿 i.e., 𝑘𝑃 >> 1, and/or 𝑘𝐿 >> 1 where 

the wave energy remains trapped into the periodic inclusions, conferring to the system 

properties of energy propagation disruption in some frequency range. 

In both cases, namely long-range homogenous and non-homogenous configurations, 

uncommon wave propagation effects emerge that include stopbands, wave-stopping, negative 
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group velocity and instabilities that amount to a rather rich scenario investigated in detail in 

the next sections. 

 

2.3. Investigated structures 
As stated in the previous section, two major categories of structures are considered. The first 

category, namely long-range homogenous structures, is the one wherefore every single point 

within the domain interacts nonlocally with other counterparts according to a specific 

connectivity law, and thereby homogenous. Four different systems are included in this class, 

three of which being composed of linearly elastic materials, two long-range one-dimensional 

waveguides with different long-range connectors, and a long-range membrane. Examples of 

such systems are shown respectively in Fig. 2. 2a, Fig. 2. 2b, and Fig. 2. 2c. The fourth structure 

displayed in Fig. 2. 3, is the nonlinear counterpart of the long-range waveguide with simple 

spring-like links as the long-range connectors (see Fig. 2. 2a).  

These four systems are divided into three distinct minor groups based on the effects they 

represent, in the following sections. In fact, the minor classification facilitates to distinguish 

between novel effects induced by nonlinearity and the type of connections used in developing 

configurations. Plane wave solution is the key tool to carry out analyses on genuine long-range 

structure. Applying the plane wave solution yields analytical dispersion relations, containing 

key information about the propagation velocity of plane waves with different wavelengths as 

well as the wave envelope of mixed wavelengths. Regarding the nonlinear long-range 

waveguide, linearization of the dynamic description has been carried out with the help of 

statistical linearization method and rough estimation of the effect of noise and nonlinearity is 

obtained by applying the same solution to the homogenized version of the linearized problem. 

Further features of the system are extracted by employing the Fredholm theory.  

 
(a) 

  
(b) (c) 

Fig. 2. 2: Linear long-range homogenous configurations (first and second minor groups): a) 

waveguide with spring-like links, b) waveguide with resonator units, and c) membrane  
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Fig. 2. 3: Nonlinear long-range homogenous waveguide (third minor group) 

When only a selected group of particles contributes to constructing a long-range system, the 

configuration may give rise to totally different phenomena with respect to that of the first 

category. The second category being the long-range non-homogenous periodic structures 

assumes a special case, where the long-range connectors connect a selected group of points 

distributed periodically across the systems, generating a conventional periodic configuration. 

Therefore, all long-range non-homogenous configuration in thesis are periodic. To unveil the 

consequences of such connectivity law, three different systems are studied, shown in Fig. 2. 4 

and Fig. 2. 5 The first two will later form a new minor group due to the similarity of effects 

they produce. In addition to these effects, the proposed periodic cylindrical shell (see Fig. 2. 5) 

present another effect, making it qualified to own its minor group.  

  

(a) (b) 

Fig. 2. 4: Long-range non-homogenous periodic one-dimensional configurations: a) 

conventional waveguide b) compound waveguide 

 

Fig. 2. 5: Long-range non-homogenous periodic cylindrical shell 

In such cases, where the arrangement of spatial nonlocalities results in a periodic array, other 

methods must be selected for treating the corresponding dynamics. This stems from the 

intrinsic characteristics of the mathematical model, which contains periodic coefficients. 

Therefore, the band structure of these periodic configurations, namely conventional 

waveguide, compound waveguide and cylindrical shell, has been determined by Floquet 
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theorem. Other characteristics of such systems as well as the underlying mechanism for birth 

of the stopbands is identified by assessing the energy flow across different channels within the 

structures. 

Fig. 2. 6 presents a general overview of contents mentioned in this section. Note that only the 

main classes are displayed in this figure. This research is devoted to analysing the propagation 

of waves in structures with spatial long-range interactions, shown in blue and orange. Other 

materials including the types of structure and the methods utilized for the investigations are 

also highlighted in the figure. All the configurations are assumed to be linear unless stated 

otherwise. 

 

Fig. 2. 6: Overview of the systems and methods used in the thesis 

As earlier mentioned, by breaking main classes, minor classification will be introduced based 

on the effects promoted by each system. This helps to reach a clear understanding of the relation 

between each system and the associated effects.  
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2.4. Upcoming dynamic effects  
A few key concepts must be clarified before discussing the effects observed in systems 

mentioned above. To begin with, the concept of group velocity is essential to many of the topics 

investigated in this thesis. Plane waves of different wavelength form a packet, and group 

velocity is the measure, which determines the speed of the generated packet. The mathematical 

description of a general envelope of waves is of the form: 

𝛼(𝑥, 𝑡) = ∫ 𝐴(𝑘)𝑒𝑖(𝑘𝑥−𝜔𝑡)𝑑𝑘
∞

−∞
       (2-8) 

Assuming the packet 𝛼(𝑥, 𝑡) to be peaked at the wavenumber 𝑘0, above relation, with linear 

expansion of 𝜔(𝑘) around 𝑘0, takes the form:  

𝛼(𝑥, 𝑡) = 𝑒𝑖(𝑘0𝑥−𝜔0𝑡) ∫ 𝐴(𝑘)𝑒𝑖(𝑘−𝑘0)(𝑥−𝜔0
′ 𝑡)𝑑𝑘

∞

−∞
     (2-9) 

The first factor 𝑒𝑖(𝑘0𝑥−𝜔0𝑡) describes a waveform travelling at the phase speed 𝜔0/𝑘0, and the 

integral term represents the packet propagating across the domain at the group velocity  

𝜔0
′ =

𝑑𝜔

𝑑𝑘
|
𝑘0

. This measure is of high significance, especially while intending to manipulate the 

flow of energy. In fact, the energy is not carried by individual waves of different wavenumbers, 

rather by an infinite set of them. Thus, the effects such as wave-stopping, and negative group 

velocity are referring to behaviour of the explained packet under specific circumstances.  

The second concept to be addressed is related to the identification of ranges of frequency within 

which the transportation of energy is allowed, namely band structure. This consequential 

concept regains its importance when the elastic configuration under studying is periodic. For 

instance, the governing dynamics for a one-dimensional compound waveguide with the period 

𝑝 is: 

𝑑

𝑑𝑥
(𝐸(𝑥)

𝑑𝑢(𝑥)

𝑑𝑥
) + 𝜔2𝜌(𝑥)𝑢(𝑥) = 0       (2-10) 

Since the configuration is periodic, Floquet theorem gives the interfacial condition for a unit 

cell of the structure as: 

𝑢(𝑥 + 𝑝) = 𝑒𝑖𝑘𝑝𝑢(𝑥)         (2-11) 

with 𝑘 being the Bloch parameter. This provides the chance to extract the band structure giving 

the information about the frequency ranges, whereby the propagation is permitted and 

forbidden. The forbidden bands, majorly known as stopbands or stopbands are highly 

beneficial for practical purposes including filtration.   

Several distinct phenomena have been highlighted in this thesis, all emerged due to the 

modification of dynamics because of long-range interactions. As mentioned earlier, in this 

section, a new grouping system, called minor classification, is introduced for the systems. This 

classification, as brought in Table 2. 1, is based on the type of effects each group presents. All 

effects, as listed in Table 2. 2, are also presented in five distinct groups.  Besides, a number is 

assigned to each single system as well as the effects, and their concise description are provided 

in the tables as well. The systems accommodated in the first group of both main classes 
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generate some effects included in the group with same indicator in Table 2. 2.  The same holds 

for the second group of each class along with the effects related for the corresponding first 

group. Eventually, the effects promoted by the third minor group of the HLR structures are 

brought under group #3 in Table 2. 2. Note that the stopband effect is listed twice in Table 2. 2 

for demonstration purposes.  

Table 2. 1: List of the systems 

System No. Description 
Minor 

Groups  

Main 

Groups 

System #1 Long-range waveguide with spring-like links 
Group #1 

LRH 

Structures 

System #2 Long-range membrane (2D) 

System #3 Long-range waveguide with resonator units Group #2 

System #4 Nonlinear long-range waveguide with spring-like links Group #3 

System #5 Long-range waveguide (periodic) 
Group #4 LRNH 

Structures 
System #6 Long-range compound waveguide (periodic) 

System #7 Long-range cylindrical shell (periodic) Group #5 

 

Table 2. 2: List of the effects induced by long-range interactions 

Effect No. Description Groups 

Effect #1 Wave-stopping 

Group #1 Effect #2 Negative group velocity 

Effect #3 Eigenstate redistribution 

Effect #4 Stopband Group #2 

Effect #5 
Propagation regime shift induced by nonlinearity 

and noise Group #3 

Effect #6 Wavenumber entanglement 

Effect #7 Stopband 

Group #4 Effect #8 Ultra-low frequency stopbands 

Effect #9 Multiple source generation 

Effect #10 Coupled mode filtering Group #5 

 

Having introduced to concepts of group velocity and stopbands, one may follow most effects 

presented in Table 2. 2. In fact, a major number of effects concerning the long-range 

homogenous system are related to group velocity. For instance, in chapter 3, it is shown that 

the zero/negative group velocity is met under certain circumstances. Additionally, the 

introduction of nonlinearity to a system brings some other phenomena such as coupling of the 

wavenumbers into the light (see chapter 4). Regarding long-range non-homogenous periodic 

system, where genuine periodicity is promoted by long-range connectors, the emergence of 

stopbands in the band structure of the systems is the predominant effect. However, dexterity of 

the concept of long-range interactions provides the chance to block the energy transported by 

coupled modes of different nature for the case of long-range cylindrical shell (periodic).  
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2.5. Relation between systems and effects  
Although the existence of some delicate links is realized among effects represented by systems 

in different main classes, not all these occurrences are shared for a given configuration. For 

instance, it is demonstrated that the generation of multiple sources is inherent to periodic 

waveguide, when the periodicity is induced by the spring-like external links; therefore, it does 

not seem further from mind to conjecture the advent of this effect in other long-range 

configurations.  

To ensure no confusion, a map of the effects promoted by long-range interactions in each 

system is given in Fig. 2. 7. The naming convention initiated in Table 2. 1 and Table 2. 2 has 

been taken into account, while providing the map. As observed, two sets of data are emphasized 

in Fig. 2. 7: i) the definite effects  (marked with blue dots), those directly deduced from 

mathematical analyses, and ii) the anticipated effects (marked with orange dots), which are 

expected to occur due to the similarity with other analysed systems though are not explicitly 

demonstrated in the presented results. The alternative possibility for an effect to be 

accommodated in the latter is non-robustness of the method that implied its emergence. For the 

sake of clarification, two separate examples may be considered. First, the analysis on the long-

range waveguide (periodic) suggests the possibility of pulling the stopbands towards arbitrary 

low frequencies (Effect #8) by adopting negative stiffness for long-range connectors. System 

#6 is expected to present the identical behaviour because of comparable configurations. The 

other example comes from the rough plane wave analysis put forward for the nonlinear long-

range waveguide, and however the study indicates the emergence of wave-stopping, negative 

group velocity and eigenstate redistribution, here it is taken as a hypothesis for the sake of 

accuracy.    

 

Fig. 2. 7: General map of relations among the systems and effects 

2.6. Final remarks 
This chapter delivers in a broad sense the effects promoted by the long-range interactions, when 

integrated with a conventional elastic solid. This helps to avoid the confusion for readers, while 

proceeding with the analyses brought in the following chapters. The phenomena are 

categorized in different groups; each corresponds to a specific class of systems though subtle 
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extension of some occurrences to other groups of systems is anticipated. This overview is 

inclined towards highlighting the extensive benefits of long-range interactions.  
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Chapter 3: Long-range homogenous configurations: 

leaf-periodicity and more  
 

 

 

3.1. Introduction  
Above all, the current chapter tends to unveil how imposition of forces induced by long-range 

connectors alters the dynamics of elastic solids subjected to such interactions. Interaction 

among distant points can take place via different means including electromagnetic forces, 

simple elastic links and resonator units. Throughout this thesis, the long-range forces are 

majorly modelled by spring-like connectors, connecting distant points based on certain 

connectivity laws.  

This chapter is devoted to studying the long-range homogenous media. The term homogenous 

is beneficial to distinguish the key difference between the systems presented in this part of 

thesis and those investigated in the chapter 5. Homogenous refers to systems in which all points 

interact nonlocally based on the corresponding connectivity template as opposed to long-range 

systems, where a limited number of particles communicate remotely with their counterparts. 

Also, some structures considered in this chapter are homogenous periodic based on the concept 

of graph-periodicity, which was discussed in the previous chapter. It should be noted that this 

term “periodic” does not refer to the periodicity of the entire configuration. Capturing this 

quality drastically influences the dynamics yielding distinct occurrences. 

The chapter contains straightforward analyses on homogenous long-range domains, namely 

one-dimensional (1D) waveguides and a membrane. First, the dynamic description of two 1D 

waveguides with different distribution of long-range links is formulated and the arising 

phenomena are realized from the associated dispersion relations. Then, similar study is 

conducted on long-range system, where the spring-like links are replaced by resonator units. 

Eventually, the analysis is extended to a two-dimensional (2D) long-range domain and 

performance of the system in terms of waves is investigated.  

 

3.2. Homogenous long-range waveguide with spring-like links 
In this section, a 1D waveguide is considered as the host structure. The wave equation 

describing the motion of mechanical waves in a 1D elastic domain is: 

𝜌𝐴
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2
= 𝐸𝐴

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
        (3-1) 

where 𝜌 and 𝐸 are the mass density and Young’s modulus, respectively; and 𝑢 represents the 

axial displacement. In this context, the authors intend to modify the above equation so that the 

corresponding system to include the effects promoted by spatial long-range likes. First, a few 

analyses are provided for systems with open interaction region. This means that any arbitrary 
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point within the domain can establish communication with other non-adjacent points regardless 

of their distance. Then, the interaction region corresponding to each point is considered to be 

no longer open, which is a realistic assumption; and accordingly, some examples are provided 

to realise the associated effects.   

 

3.2.1. Open interaction region    

In the following, the behaviour of the waveguide is considered assuming that the long-range 

interaction region for any point is not confined to its vicinity but is arbitrarily wide, ideally 

infinite; and thereby an open interaction region. Primarily, the focus of this section is to develop 

a simple model, which possesses this characteristic; as presented in the first subsection. 

Subsequently, the system of interest is analysed comprehensively in terms of waves, and the 

arising phenomena are discussed in detail. Afterwards, in the second subsection, a comparable 

system is taken into account for which the connectivity template is mistuned to highlight the 

possibility of altering the propagation regimes by introducing a mistuning parameter to the 

system.  

Note that, with reference to the graph-periodic concept, in subsection 3.2.1.1., we analyse the 

case of long-range homogenous periodic structure, characterized by the periodicity of the 

leaves, while the periodicity of the trees is lost because their continuous distribution (𝑃 tends 

to zero). In section 3.2.1.2., the leaf-periodicity is lost making leaves non-equally spaced or 

continuously distributed, constructing a long-range homogenous structure. 

 

3.2.1.1. A basic model for long-range waveguide 

Here, the connection between non-adjacent cross-sections of the waveguide is made possible 

via spring-like links, as pointed out beforehand. A very simple model for a long-range 

waveguide is considered, as shown in Fig. 3. 1. Based on this connectivity template, each point 

of the waveguide at x interacts with the equally spaced points 𝑥𝑖 = 𝑥 ± 𝑖𝐷 by simple spring-

like links.  

Although the model implies that each particle can ideally interact with an infinite number of 

its counterparts (open interaction region), a limited number of long-range exchanges is also a 

valid case. The equation describing the dynamics of the system is:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 = 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 − ∑
𝜅

2|𝑖|
[𝑢(𝑥, 𝑡) − 𝑢(𝑥 + 𝑖𝐷, 𝑡)]𝑁

𝑖=−𝑁     (3-2) 

where 𝐷 is the closest distance between two particles interacting remotely, and 𝜅 denotes a 

constant with the quality of stiffness. Based on the model, the intensity of interactions decreases 

by the factor 1/2|𝑖| as the distance between two points increases. Note that any other factor 

satisfying this condition is justifiable. The summation term represents the contribution of long-

range forces, altering the dynamics of the conventional waveguide.  
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Fig. 3. 1: Schematic of the system 

Since the summation term in Eq. (3-2) is valid for any arbitrary 𝑥, the external links responsible 

for distant communication are action at all points of domain according to the adopted 

connectivity template. Therefore, the configuration is homogenous due to the contribution of 

all cross-sections of the system to long-range interaction within the domain. Besides, leaf-

periodicity still holds in the current case, and thereby a long-range homogenous periodic 

waveguide. Note that these two points are valid for all systems studied along the current 

chapter. 

Assuming the displacement of the form 𝑢(𝑥, 𝑡) = 𝑢0𝑒
𝑗(𝑘𝑥−𝜔𝑡) with 𝑢0, 𝑘 and 𝜔 being the 

amplitude, wavenumber and frequency, respectively; the associated dispersion relation is:  

𝐸𝑘2 − 𝜌𝜔2 + ∑
𝜅

2|𝑖| [1 − 𝑒𝑗𝑖𝑘𝐷]𝑁
𝑖=−𝑁 = 0      (3-3) 

This equation contains rich information about the intrinsic characteristics of the system such 

as propagation speed of the wave envelope. Introducing the nondimensional parameters 𝐾 =

𝑘𝐷, Ω = 𝜔𝐷√𝜌/𝐸 and 𝜒 = 𝜅𝐷2/𝐸, Eq. (3-3) takes the form: 

𝐾2 − Ω2 + 𝜒∑
[1−𝑒𝑗𝑖𝐾]

2|𝑖|
𝑁
𝑖=−𝑁 = 0       (3-4) 

The parameter 𝜒 uniquely characterizes the intensity of interactions with respect to that of 

short-range forces. A close examination of Eq. (3-4) reveals that no explicit expression is 

available to express the nondimensional wavenumber 𝐾 as a function of the nondimensional 

frequency Ω. In fact, the transcendental nature of the dispersion relation owing to the presence 

of exponential terms implies the existence of infinite number of 𝐾 for every single value of Ω. 

As Fig. 3. 2 shows the different values of 𝐾 that are extracted numerically for fixed values of 

Ω, validating the correctness of the claim raised above. In the figures, only the first seven 

branches are taken into account, and since complexed-valued wavenumbers are detected, the 

real and imaginary part of the wavenumber are separately displayed in Fig. 3. 2a and  

Fig. 3. 2b, respectively.  

Almost all the branches are composed of complex-valued roots (marked in blue); nevertheless, 

solely real-valued wavenumbers contribute to forming a unique branch (marked in red), 

denoting the possibility of pure propagation over the domain. Each branch is associated to a 

specific propagation mode and certainly among all branches, the propagation mode marked in 

red is capable of transporting energy. 
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Although the dispersion relation does not permit to obtain 𝐾 in terms of Ω, i.e., 𝐾(Ω), it is 

straightforward to act conversely, yielding 𝛺(𝐾) as:  

Ω = ±√𝐾2 + 𝜒∑
[1−𝑒𝑗𝑖𝐾]

2|𝑖|
𝑁
𝑖=−𝑁        (3-5) 

Simple examination of Eq. (3-5) suggests that the expression under the square root is always 

positive for any given real-valued 𝐾. It is noteworthy that the frequencies generated by the 

preceding create the red branch shown in Fig. 3. 2.  

Two parameters are involved in determining the arising phenomena and consequently their role 

should be studied. First, the indicator related to the number of interactions for each point, i.e., 

𝑁. Secondly, the parameter regulating the relation between frequencies and the wavenumber, 

i.e. 𝜒. The change in value of 𝑁 implies the development of a new dynamics yet alerting 𝜒 

means the manipulation of the mechanical and geometrical features of a specific system.  

 
(a) 

 
(b) 

 

Fig. 3. 2: Different propagation modes for long-range waveguide: (a) Real part of wavenumber (b) 

Imaginary part of wavenumber (𝑁 = 1, 𝜒 = 5) 



P a g e  | 27 

 

 

In accordance with Eq. (3-5), the phase and group velocities are obtained as:  

𝑐𝑝 =
Ω

K
=

√𝐾2+𝜒∑
[1−𝑒𝑗𝑖𝐾]

2|𝑖|
𝑁
𝑖=−𝑁

𝐾
          (3-6a) 

𝑐𝑔 =
𝑑Ω

𝑑K
=

2𝐾+𝜒∑
−𝑖𝑗

2|𝑖|
𝑁
𝑖=−𝑁 𝑒𝑗𝑖𝐾

2√𝐾2+𝜒∑
[1−𝑒𝑗𝑖𝐾]

2|𝑖|
𝑁
𝑖=−𝑁

       (3-6b)  

For a system with 𝑁 = 1, the dispersion curves are displayed in Fig. 3. 3, where the variation 

the nondimensional frequency is plotted against the nondimensional wavenumber for different 

values of 𝜒. Although the curves approach to that of the D’Alembert waveguide as the 

wavelength grows shorter, in general, considerable changes in the trend of curves is observed.  

 

Fig. 3. 3: Dispersion curves for a long-range waveguide (𝑁 = 1) 

The figure shows, as 𝜒 rises, two group of curves are evident: i) those lying beneath a critical 

value  𝜒𝑐𝑟 = 9.207, for which the slope  is always positive, and ii) those sitting above the 

critical value, which experience negative slope along their path. In order to gain insight into 

the implications of this classification, the group velocity curves corresponding to above 

dispersion curves is provided in Fig. 3. 4. The highlighted region accommodates the first group 

curves, where the group velocity is always positive, typical of conventional system. Once 𝜒 

adopts the critical value, the packet of waves is forced to stop propagating at a particular 

frequency, i.e. wave-stopping frequency, the first irregular phenomenon induced by long-range 

interactions is featured. This is exclusive to the packet of the waves implying that the plane 

waves of different wavelength keep travelling across the domain. Another unconventional 

effect called negative group velocity is met, when 𝜒 increases slightly beyond the critical value. 

This takes place within a frequency range between two wave-stopping frequencies, causing 

backward moving wave envelopes. The phenomena such as wave-stopping and negative group 

velocity were already reported by Eringen [49] and Carcaterra et al. [109].   
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Fig. 3. 4: Group velocity curves for a long-range waveguide (𝑁 = 1) 

Although sharp variations in the value of phase velocity is evident, as presented in Fig. 3. 5, no 

specific irregularity such as backward propagation is occurred. It is apparent that propagation 

occurs at higher speed, when the stiffer spring-like links act as long-range connectors. The 

introduction of long-range interactions dominantly impacts the waves of comparatively longer 

wavelength and thereby the effect weakens as the wavelength becomes shorter.   

 

Fig. 3. 5: Phase velocity curves for a long-range waveguide (𝑁 = 1) 

A supplementary feature of long-range systems is realized via modal density analysis 𝑛(Ω), 

providing information regarding the mean number of modes per unit frequency bandwidth 

[116]. The term mode is essentially meaningful for systems with discrete distribution of 

wavenumbers and consequently the concept of modal density is inherent to finite-size systems, 

not unbounded domains [110]. The boundaries of finite configurations generate phase shift, 

while reflecting the waves and this shift is normally negligible for high frequency perturbations 

[116]. Since the effect of boundaries are not significant under this condition, the behaviour of 

finite systems resembles an infinite one. Asymptotic treating of the governing resonance 

condition yields a general expression for any one-dimensional dispersive medium. For 1D 

domains, this measure is inversely proportional to the group velocity, i.e. 𝑛(Ω) ∝ 1/𝐶𝑔 [116]. 
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Fig. 3. 6 plots the variations of modal density as a function of frequency for an arbitrary 

subcritical value of 𝜒.  

 

Fig. 3. 6: Modal density for a long-range waveguide (𝑁 = 1) 

Through the use of colouring, two distinct kinds of regions are underlined: i) those highlighted 

in magenta refer to the bandwidths within which modal distribution is denser with respect to 

that of a D’Alembert waveguide, and ii) those marked with cyan, which possess the opposite 

quality. An interesting phenomenon called modal migration is revealed by examining the area 

under each group of regions. Surprisingly, the overall area corresponding to first group is 

equivalent to the area associated to the second group, suggesting the migration of the exact 

same number of modes from the less dense regions to the ones with higher density. However, 

a question remains whether the modes of high frequency relocate to lower frequency range or 

vice versa. To clarify this ambiguity, a crop of Fig. 3. 6 is illustrated in Fig. 3. 7, consisting of 

the first six region. 

 

Fig. 3. 7: Modal density for a long-range waveguide (𝑁 = 1) 

It is interesting that the area confined between two curves within the band [0, Ω1] is exactly 

equal to the area of region number two, and the same holds for the next two pairs of regions. 
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By mathematical induction, this is a valid pattern for other following pairs. Thus, the analysis 

implies the redistribution of the modes from low frequency band to higher ranges. Note that 

this remark is only true for long-range waveguide with subcritical 𝜒, and clearly singularities 

appear on the modal density curves of systems with 𝜒 ≥ 𝜒𝑐𝑟.  

Up to this point, the parameter 𝑁 was fixed and all the effects discussed above emerged due to 

the change in intensity of forces exerted by the long-range connections. Although such 

configurations generally submit to the concept of long-range interactions, new dynamics are 

developed as 𝑁 varies. On the other hand, the magnitude of the forces decreases as the number 

of links rises due to the considered modulation in the interaction law and thereby negligible 

effect on the response. In the light of all this, it is reasonable to examine the limiting behaviour 

of the term responsible for long-range interactions ∑
[1−𝑒𝑗𝑖𝐾]

2|𝑖|
𝑁
𝑖=−𝑁 , when 𝑁 tends to infinity. 

Existence of a closed-form expression for the limit promotes a new dispersion relation as:  

𝐾2 − Ω2 + 3𝜒 (1 −
1

5−4cos𝐾
) = 0       (3-7) 

Variation of the group velocity 𝐶𝑔 associated to this system is plotted against the 

nondimensional wavenumber 𝐾 in Fig. 3. 8. Analogous to the waveguide with specific 𝑁, in 

this case, the emergence of wave-stopping, negative group velocity and redistribution of modes 

is confirmed as well. Furthermore, the curves indicate the chance of having several wave-

stopping frequencies, given strong enough elastic links. For this system, the threshold is 

defined by the critical value 𝜒𝑐𝑟 = 4.352. A significant decrease in value of 𝜒𝑐𝑟 is realized as 

compared to that of the long-range waveguide with 𝑁 = 1, implying the need for less stiff links 

to drive the system towards exhibiting irregular behaviours.   

 

Fig. 3. 8: Group velocity curves for a long-range waveguide (𝑁 → ∞) 
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3.2.1.2. Mistuned long-range connectivity 

Mistuning is an effect that has been the subject of many investigations [117,118]. In structures 

with periodicity, the presence even of small perturbations in the periodicity pattern produces 

the effect of blocking the wave propagation. It is interesting to investigate how the presence of 

deterministic and random perturbations in the regular texture of the long-range connections, 

that essentially reminds the phenomenon of mistuning, affects the long-range propagation 

characteristics and namely the group velocity. Here the mistuning parameter changes the 

position, where second end of the spring-like links attaches to the waveguide, at the distance 

𝑖𝐷 from the central point x in the unperturbed configuration. In this case, the leaf-periodicity 

is lost and the structure under studying is a simple long-range homogenous one.  

The model considered here is an extension of what discussed in the previous subsection (see 

Fig. 3. 1) though spring-like links of the identical stiffness 𝜅 are taken into consideration as 

long-range connectors. Here, a nondimensional mistuning parameter 𝜖 is introduced that 

modifies the attachment point of the long-range link. Note that 𝜖 may either adopt a 

deterministic or a random value, in the following analysis.  

The equation of motion for a long-range waveguide with mistuned connectivity is: 

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 = 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 − 𝜅 ∑ [𝑢(𝑥, 𝑡) − 𝑢(𝑥 + 𝑖𝐷 − 𝜖𝐷(−1)𝑖, 𝑡)]−1
𝑖=−𝑁 − 𝜅 ∑ [𝑢(𝑥, 𝑡) −𝑁

𝑖=1

𝑢(𝑥 + 𝑖𝐷 + 𝜖𝐷(−1)𝑖, 𝑡)]        (3-8) 

The summation in Eq. (3-8) is split into two summations due to the factor (−1)𝑖, inducing a 

reciprocating distance between the extremes of each link.  

In this case, the corresponding dispersion relation is:  

𝐾2 − 𝛺2 + 𝜒{∑ [1 − 𝑒𝑗𝐾[𝑖−𝜖(−1)𝑖]]−1
𝑖=−𝑁 + ∑ [1 − 𝑒𝑗𝐾[𝑖+𝜖(−1)𝑖]]}𝑁

𝑖=1 = 0  (3-9) 

Here, the definition of the nondimensional parameters 𝐾, 𝛺 and 𝜒 are identical to those of the 

previous subsection.  

The mistuning effect is evaluated by altering the parameter 𝜖, and analysing the associated 

change in group velocity for a waveguide with 𝑁 = 3 and 𝜒 = 10. The plot of the group 

velocity in terms of K and 𝜖 is provided in Fig. 3. 9. 

 

Fig. 3. 9: Group velocity surface of mistuned long-range waveguides (𝜒 = 10, 𝑁 = 3) 
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It appears the group velocity is highly sensitive to the mistuning effect, since 𝜖 affects the 

oscillatory trend of the group velocity, when changing the wavenumber. More precisely, the 

presence of mistuning effects enriches the number of bandwidths within which the wave-

stopping, and backwards energy propagation phenomena appear.  

Fig. 3. 10 shows that, in the absence of mistuning, i.e., 𝜖 = 0, the long-range waveguide shows 

a single wavenumber bandwidth within which the backward energy transfer is allowed, and 

correspondently two wave-stopping frequencies. In the presence of mistuning (𝜖 = 0.4), three 

bands with such characteristic are identified, together with six frequencies at which the wave-

stopping occurs. This shows that the mistuning permits to emphasize the unusual wave 

propagation effects, originated owing to the presence of the long-range connections. 

Furthermore, it is demonstrated that such effects can emerge even in the presence of smaller 

number of connections 2𝑁, and of less stiff spring-like links.     

Finally, the effect of considering a randomly mistuned connectivity is studied in Fig. 3. 11. For 

that matter, depending on 𝑁, different values for 𝜖 are selected by a random generator in a 

specific interval, and thereby no identical 𝜖 for all the long-range links. Note that 𝜖  should 

adopt identical values for pairs of links identified with multipliers of the same absolute value, 

otherwise dispersion relation will not yield any purely propagating modes. As shown in  

Fig. 3. 11, by implementing random mistuning parameter into the Eq. (3-9), the unconventional 

behaviour can be emphasised. In fact, multiple wave-stopping frequencies, and subsequently 

multiple bandwidths of backwards propagation can be reached. This implies that one may 

assume different 𝜖 for different pairs of long-range links to achieve a certain behaviour 

 

Fig. 3. 10: Group velocity curves of mistuned long-range waveguides (𝜒 = 10, 𝑁 = 3) 
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Fig. 3. 11: Group velocity curves of randomly mistuned long-range waveguides (𝜒 = 10, 𝑁 = 3) 

3.2.2. Confined interaction region 

The previous examples assume no constraints on the width of the interaction region for each 

point. It is realistic to assume (in view of possible applications) that the interaction region is 

confined. In the following two subsections, two general models are presented, wherefore each 

point is allowed to interact with distant points within confined regions of interaction. In the 

first subsection, an integral formula, which includes a restricting window is presented for 

modelling the long-range forces. The second subsection develops a model, similar to those of 

the previous section, to demonstrate the possibility of reaching a confined interaction region 

without adopting integral formulation. Note that, neither leaf-periodicity nor tree-periodicity 

holds for the following examples, and hence long-range homogenous structures.  

 

3.2.2.1. Integral model for long-range waveguides 

In the previous case, although an arbitrary number of connections can be imagined for each 

point, only a specific group of particles can communicate with the central point 𝑥. The 

following model takes the advantage of integral formulation to consider all possible 

connections within a confined interaction region. For that matter, a rectangular window 𝐻(𝑥) 

of the length 2𝐷 defines the bounded region of interaction (see Fig. 3. 12).  

The general equation of motion for such a system may be stated as:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2
− 𝐸

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
+ 𝜅 ∫ [𝑢(𝑥, 𝑡) − 𝑢(𝜉, 𝑡)] 𝐻(𝑥 − 𝜉)𝑑𝜉

∞

−∞
= 0   (3-10) 

where 𝜌 and 𝐸 are the mass density and Young’s modulus of the waveguide, respectively; and 

𝜅 represents the stiffness of the spring-like links (assumed to be constant). 
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Fig. 3. 12: Demonstration of rectangular confining interaction region 

The integral expression 𝜅 ∫ [𝑢(𝑥, 𝑡) − 𝑢(𝜉, 𝑡)] 𝐻(𝑥 − 𝜉)𝑑𝜉
∞

−∞
 explains the forces induced by 

the external elastic links, the underlying cause for generation of special dynamic behaviours. 

Through mathematical manipulations, Eq. (3-10) takes the equivalent form: 

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + 2𝜅𝐷𝑢(𝑥, 𝑡) − 𝜅𝐻(𝑥) ∗ 𝑢(𝑥, 𝑡) = 0    (3-11) 

Here the symbol ∗ represents the convolution operation. To study the response of the system 

in terms of waves, the dispersion characteristics must be analysed. Again, the system is long-

range homogenous since both 𝑃 and 𝐿 tend to zero, based on the discussion given in chapter 

2. 

By expressing Eq. (3-11) by its Fourier transform (both in frequency and wavenumber domain), 

the dispersion relation is: 

𝜌𝜔2 = 𝐸𝑘2 + 2𝜅𝐷(1 − sinc 𝑘𝐷)       (3-12) 

with 𝜔 and 𝑘 being the angular frequency in 𝑟𝑎𝑑/𝑠 and spatial frequency in 𝑟𝑎𝑑/𝑚, 

respectively. Note that the nonunitary form of the spatiotemporal Fourier transform is utilized 

here. For the sake of simplicity, the dispersion relation (3-12) is rewritten in the 

nondimensional form as: 

Ω2 = 𝐾2 + 2𝜒(1 − sinc𝐾)        (3-13)  

with  

Ω = 𝜔𝐷√𝜌/𝐸          (3-14a) 

𝐾 = 𝑘𝐷          (3-14b) 

𝜒 = 𝜅𝐷3/𝐸          (3-14c) 

Similar to the previous case, the dynamics of the system and hence the propagation regimes 

can be then discussed in terms of 𝜒  only. This parameter provides a measure of the strength of 

long-range interactions with respect to the classical short-range ones. The dispersion relation 

(3-13) includes a cardinal sin function (or sinc function), which brings the transcendental 

feature to this system akin to the exponential terms in Eq. (3-4).  
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Fig. 3. 13 presents the dispersion behaviour of the system  for a wide range of  𝜒. Since the 

response is in terms of sinc function, several ripples are observed on curves. Curves located 

within the yellow shaded region do not deviate considerably from the D’Alembert response 

and thus roughly similar behaviour is declared. Once the value of 𝜒 violates the critical value 

𝜒𝑐𝑟 = 34.815, the corresponding curves capture new characteristics recognized by the local 

extrema.  

 

Fig. 3. 13: Dispersion curves corresponding to a long-range waveguide  

Fig. 3. 14 and Fig. 3. 15 report, respectively, the phase velocity and group velocity curves. 

Changes in phase velocity 𝐶𝑝 are similar regardless of the value 𝜒 adopts and it is demonstrated 

that 𝐶𝑝 approaches to the response of the conventional waveguide (D’Alembert) as the 

wavelength shortens. Fig. 3. 15 confirms the claim raised above regarding the development of 

new propagation phenomena for 𝜒 ≥ 𝜒𝑐𝑟. Based on the figure, any curve, which falls outside 

the shaded area crosses the axis at two distinct 𝐾 implying the possibility of stopping the packet 

of waves. Furthermore, the group velocity is negative for any 𝐾, which locates within the 

interval defined by the aforementioned wavenumbers. Again, the system proceeds towards the 

conventional path, that of the D’Alembert waveguide, as the wavenumber becomes larger. 

Identical phenomena were already observed for the systems discussed in the previous 

subsection.  
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Fig. 3. 14: Phase velocity curves for the long-range waveguide  

 

Fig. 3. 15: Group velocity curves for the long-range waveguide 

To verify the occurrence of modal migration in current system characterized by subcritical 

value of 𝜒, the variation of modal density 𝑛(Ω) against the nondimensional frequency Ω is 

shown in Fig. 3. 16. Several regions have been created due to the intersection of curves 

associated to the modal density of long-range and conventional waveguide in a similar manner 

to Fig. 3. 6. The overall area caught between these two curves is zero, denoting the 

redistribution of modes across the frequency domain. However, it is not clear how this 

redistribution is directed since the modes of the less dense regions (marked in cyan) are 

assigned to different denser regions (marked in magenta).  
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Fig. 3. 16: Modal density for the long-range waveguide 

Note that what comes in the remaining part of this section is built around the study performed 

above, which was also reported in Ref. [111]. In that regard, the problem is generalized by 

considering a window, which itself contains several sub-windows identical to that showed in 

Fig. 3. 12. The definition of window is modified as (see Fig. 3. 17): 

𝐻(𝑥) = {
1, (4𝑛 − 1)𝐷 ≤ 𝑥 ≤ (4𝑛 + 1)𝐷

0, (4𝑛 + 1)𝐷 < 𝑥 < (4𝑛 + 3)𝐷
       (3- 51 ) 

with 𝑛 being the numbers, which fall within a symmetric closed interval from the integer 

domain. Considering an unbounded waveguide with limited number of sub-windows 𝑁 (a 

natural odd number), Eq. (3-10) takes the form:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + 2𝜅𝑁𝐷𝑢(𝑥, 𝑡) − 𝜅𝐻(𝑥) ∗ 𝑢(𝑥, 𝑡) = 0   (3- 61 ) 

The corresponding dispersion relation, in the nondimensional form, is:  

Ω2 = 𝐾2 + 2𝑁𝜒 +
𝑗𝜒(1−𝑒2𝑗𝐾)

𝐾
∑ 𝑒2𝑗(1−2𝑁+4ℎ)𝐾𝑁−1

ℎ=0      (3-17) 

Evidently the above equation reduces to Eq. (3-13) when 𝑁 = 1.  

 

Fig. 3. 17: Long-range waveguide with arbitrary number of rectangular interaction region 
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To investigate the behaviour of plane waves in systems with arbitrary number of interaction 

regions, as characterized by Eq. (3-17), Fig. 3. 18 shows the effect of 𝑁 (number of sub-

windows) on the dispersion curves. It is clear the general trend is distorted radically as the 

number of inclusions 𝑁 (sub-windows) grows. Notably, even a small subcritical value (𝜒 = 1) 

for a system with 𝑁 = 1 causes several crest and trough on the curves associated to systems 

with higher number of interaction regions. Therefore, single/multiple pair of frequencies, 

depending upon the number of inclusions, are born at which elastic waves stop travelling.  

Fig. 3. 18 implicitly suggests the change in the critical value of  𝜒 for systems with different 

number of sub-windows. To demonstrate this fact, Fig. 3. 19 exhibits the variation of log 𝜒𝑐𝑟 

against the change in number of sub-windows. The figure reveals the larger the 𝑁, the smaller 

the 𝜒𝑐𝑟.  

 

Fig. 3. 18: Dispersion curves corresponding to a long-range with a single sub-window  

 

Fig. 3. 19: Change in 𝜒𝑐𝑟 against 𝑁 
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However, the value of the critical value drops by two orders of magnitude at the first step, when 

𝑁 varies from one to three, smoother decline in value of 𝜒𝑐𝑟 is observed in further steps. The 

practical implication of this assessment is the possibility of achieving zero/negative group 

velocity by far less stiffer connections when more sub-windows are considered. For instance, 

roughly 200 times smaller 𝜒 is required to have backwards going wave envelopes by adding 

only two more interaction regions (𝑁 = 3). 

Another feature of such systems is realized by investigating the response of their finite 

counterpart under external loading. To that end, Eq. (3-11) is discretized by finite difference 

method (FDM). Courant-Friedrich stability condition with 𝜎2 = 0.5 is assumed to guarantee 

the convergence of the applied method. A long-range bar of length ten, with  𝐷 = 1, 𝑐 = 1, 

𝐸/𝜅 = 0.01, ∆𝑥 = 0.01 and ∆𝑡 = 𝜎 ∆𝑥 /𝑐 is considered. A random noise is applied to the 

system as initial condition. The nondimensional response of the bar as well as the Fast Fourier 

Transform (FFT) of the displacement signal is shown in Fig. 3. 20. Note that the wave 

amplitude is nondimensionalized with the respect to the largest amplitude at each associated 

time step.  

 
(a) 

 
(b) 

Fig. 3. 20: a) Nondimensional wave amplitude and b) the corresponding fast Fourier transform 

for a long-range waveguide (𝜒 = 100) 
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Fig. 3. 20a shows the variations of nondimensional wave amplitude along the waveguide at 

different time instants. This figure illustrates the development of localization caused by 

nonlocal interactions which may be realized a priori by delving into the dispersion relation 

corresponding to the unbounded counterpart of the system, i.e., Eq. (3-13). In fact, the 

emergence of sinc function in the dispersion relation of the long-range waveguide implies the 

existence of a specific type of localization phenomenon, namely low pass, which causes the 

suppression of the energy content of the output signal as time goes by. To gain a better insight, 

the FFT of the displacement signals at each time steps is computed and depicted in Fig. 3. 20b. 

The figure highlights the changes in the contributing spatial frequencies through time. It 

appears that at larger time steps, only smaller wavenumbers are allowed to pass and the 

bandpass becomes narrower.  

 

3.2.2.2. A summation model for long-range waveguides 

Here, a simple model is considered in which the nonlocalities are not equally spaced and the 

interaction distance between the latter extreme of two consecutive spring-like links varies by 

the factor 𝐿/2|𝑖| with 𝑖 being the indicator corresponding to the second link, unlike to those of 

the previous section. This leads to confinement of the interaction window  of the length 4𝐷 as 

the number of nonlocalities tends to infinity. The schematic of such system is shown in  

Fig. 3. 21.  

The dynamic description of the system is follows:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 = 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 − ∑
𝜅

2|𝑖| [𝑢(𝑥, 𝑡) − 𝑢 (𝑥 +
1−2|𝑖|

2|𝑖|−1 𝐷, 𝑡)]0
𝑖=−𝑁 −

                                      ∑
𝜅

2|𝑖| [𝑢(𝑥, 𝑡) − 𝑢 (𝑥 +
2|𝑖|−1

2|𝑖|−1 𝐷, 𝑡)]𝑁
𝑖=0     (3-18) 

 

Fig. 3. 21: Waveguide with unequally spaced nonlocalities 

Similar to the model shown in Fig. 3. 1, the mutual interactions are assumed to become weaker 

as the distance between two extremes increases.  

The dispersion relation corresponding to Eq. (3-18) is:  

𝐾2 − Ω2 + 𝜒∑

[1−𝑒

𝑗𝐾(1−2|𝑖|)

2|𝑖|−1 ]

2|𝑖|
0
𝑖=−𝑁 + 𝜒∑

[1−𝑒

𝑗𝐾(2|𝑖|−1)

2|𝑖|−1 ]

2|𝑖|
𝑁
𝑖=0 = 0   (3-19) 

and the group velocity curves associated to this case are:  
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Fig. 3. 22: Group velocity curves for the waveguide with unequally spaced nonlocalities (𝜒 = 10) 

Although no explicit formula may not be extracted for the case with 𝑁 → ∞, the figure 

demonstrates the convergence of curves to a specific trend as the number of nonlocalities 

increases. Furthermore, for a supercritical value of 𝜒 (dependent upon 𝑁), the performance of 

the system shown in Fig. 3. 21 is similar to the previous cases although the long-range 

interactions are confined within a restricted region.  

 

3.3. Resonator-based long-range homogenous waveguide  
Here in this section, we aim to introduce a category of homogenous long-range configurations 

(see section 2.2. in chapter 2), which provide stopbands unlike the type studied in the previous 

section. To develop such models, we propose a brand-new class of long-range connectors. The 

newly selected long-range connectors bring extra degrees-of-freedom (DOF) to the system, 

analogous to conventional locally resonant acoustic metamaterials (LRAMs). A rather 

complete analysis of such systems is given in the following subsections. A conventional 1D 

waveguide is considered as the host structure, coupled with different long-range 

superstructures, each composed of specific long-range connectors having various degrees-of-

freedom. Note that the long-range interactions among non-adjacent points are assumed to take 

place within a confined window, and thereby the integral model is adopted, similar to that of 

subsection 3.2.2.1.  

 

3.3.1. Generalized mathematical model  

Let us consider a comprehensive arrangement for the resonator unit, which can be seen as a 

generalization for simpler layouts. Two examples of more trivial cases are brought in the next 

two subsections. Here, the long-range superstructure is composed of identical resonator units, 

where the unit itself contains an arbitrary number of layers with each layer consisting of fixed 

numbers of masses and springs, but arbitrary for now. Masses and springs are included in the 

corresponding composition in each layer, as shown in Fig. 3. 23.  
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Fig. 3. 23: waveguide with a generalized long-range resonator-based superstructure  

In this case, long-range connectors are no longer simple spring-like links unlike those of the 

previous section, and they are replaced by generalized resonator units. The foremost distinction 

lies in the contribution of the assumed unit to the overall degrees of freedom of the entire 

configuration. The long-range connectors employed in the previous section do not add any 

extra degrees-of-freedom to the system and the dynamic of the system is totally controlled by 

the already existing ones, provided by the host structure (waveguide). Instead, the constituents 

of the long-range superstructure i.e., the generalized resonator units bring multiple degrees-of-

freedom to the system, as shown in Fig. 3. 23. Note that the masses may move in the axial 

direction exclusively.  

The governing equation of motion for the system is: 

𝜌𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2 − 𝐸𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2 − ∫ 𝑁𝑥(𝑥, 𝜁, 𝑡)
∞

−∞
𝑌(𝑥 − 𝜁)𝑑𝜁 = 0    (3-20) 

Here, 𝑁(𝑥, 𝜁, 𝑡) represents the long-range force exerted by composing elements of the long-

range superstructure, and 𝑌(𝑥) is an arbitrary kernel responsible for confining the interaction 

region. From physical point of view, the intensity of interactions typically reduces by some 

significant orders of magnitude as the distance between the hub point 𝑥 and the hovering point 

𝜁 increases. Besides, it is essential to  put restrictive limits on the interaction region in order to 

avoid obtaining infinite values from the integral term, which describes the summation of long-

range forces induced by the generalized resonator units. Other parameters involved in Eq. (3-

20) are identical to those employed in the previous sections.  

The long-range force 𝑁(𝑥, 𝜁, 𝑡) is:  

𝑁(𝑥, 𝜁, 𝑡) = 𝑇𝑇𝑞 − 𝑆 𝑤(𝑥, 𝑡)        (3-21) 

where 

𝑆 = 𝜅𝛼1
+ 𝜅𝛽1

+ ⋯+ 𝜅𝛾1
        (3-22a) 

𝑇𝑇 = [𝜅𝛼1
, 0, … ,0, 𝜅𝛽1

, 0, … ,0, … , 𝜅𝛾1
, 0, … ,0]     (3-22b) 

To extract the only unknown in Eq. (3-21) being 𝑞, the dynamic description of the masses 

involved in the corresponding configuration is derived as:  
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𝑀 �̈� + 𝐾 𝑞 = 𝐵 𝛼1
[𝑤(𝑥, 𝑡) − 𝑅 𝛼1

𝑇 𝑞] + 𝐵 𝛽1
[𝑤(𝑥, 𝑡) − 𝑅 𝛽1

𝑇 𝑞] + ⋯+ 𝐵 𝛾1
[𝑤(𝑥, 𝑡) − 𝑅𝛾1

𝑇 𝑞] +

𝐵 𝛼𝑁
[𝑤(𝜁, 𝑡) − 𝑅 𝛼𝑁

𝑇 𝑞] + 𝐵 𝛽𝑁
[𝑤(𝜁, 𝑡) − 𝑅 𝛽𝑁

𝑇 𝑞] + ⋯+ 𝐵 𝛾𝑁
[𝑤(𝜁, 𝑡) − 𝑅 𝛾𝑁

𝑇 𝑞] (3-23) 

where 𝑤(𝑥, 𝑡) is the axial displacement of the waveguide at 𝑥 and accordingly 𝑤(𝜁, 𝑡) is the 

associated displacement at 𝜁. 𝐵 and 𝑅𝑇 are vectors with constant entries, and Greek letters with 

the subscripts “1” and “𝑁” are respectively referring to masses located at the back and the front 

ends of each layer within the unit. 𝑀 and 𝐾 are the inertial and stiffness matrices of the 

generalized resonator unit and 𝑞 is the corresponding displacement vector for all masses 

involved in the unit. Clearly, the dimensions of the presented vectors and matrices are to be 

determined for any specific unit, which subscribes to the general layout shown in Fig. 3. 23.  

The expression for 𝑁(𝑥, 𝜁, 𝑡) in the temporal Fourier domain becomes:  

�̂�(𝑥, 𝜁, 𝜔) = 𝑇𝑇�̂� − 𝑆 �̂�(𝑥, 𝜔)       (3-24) 

To obtain �̂�, the temporal Fourier transform is applied to Eq. (3-23), providing:  

�̂� = 𝐻1�̂�(𝑥, 𝜔) + 𝐻2�̂�(𝜁, 𝜔)        (3-25) 

with 

𝐻1 = [−𝑀𝜔2 + 𝐾 + 𝑈]
−1

𝐵 𝛼1
+ [−𝑀𝜔2 + 𝐾 + 𝑈]

−1
𝐵 𝛽1

+ ⋯+ [−𝑀𝜔2 + 𝐾 + 𝑈]
−1

𝐵 𝛾1
 

           (3-26a) 

𝐻2 = [−𝑀𝜔2 + 𝐾 + 𝑈]
−1

𝐵 𝛼𝑁
+ [−𝑀𝜔2 + 𝐾 + 𝑈]

−1
𝐵 𝛽𝑁

+ ⋯+ [−𝑀𝜔2 + 𝐾 + 𝑈]
−1

𝐵 𝛾𝑁
 

           (3-26b) 

where 

𝑈 = 𝐵 𝛼1
𝑅 𝛼1

𝑇 + 𝐵 𝛽1
𝑅 𝛽1

𝑇 + ⋯+ 𝐵 𝛾1
𝑅𝛾1

𝑇 + 𝐵 𝛼𝑁
𝑅 𝛼𝑁

𝑇 + 𝐵 𝛽𝑁
𝑅 𝛽𝑁

𝑇 + ⋯+ 𝐵 𝛾𝑁
𝑅 𝛾𝑁

𝑇  (3-27) 

Substituting Eq. (3-25) into Eq. (3-24) as well as use of the temporal Fourier transform of Eq. 

(3-20) gives: 

−𝜌𝐴𝜔2�̂�(𝑥, 𝜔) = 𝐸𝐴
𝜕2�̂�(𝑥,𝜔)

𝜕𝑥2 + ∫ {{𝑇𝑇𝐻1 − 𝑆}�̂�(𝑥, 𝜔) + 𝑇𝑇𝐻2�̂�(𝜁, 𝜔)}𝑌(𝑥 − 𝜁)𝑑𝜁
∞

−∞
 

           (3-28) 

Introducing 𝐺0 = 𝑇𝑇𝐻1 − 𝑆 and 𝐺1 = 𝑇𝑇𝐻2, Eq. (3-28) takes the form: 

−𝜌𝐴𝜔2�̂� = 𝐸𝐴
𝜕2�̂�

𝜕𝑥2
+ 𝐺0�̂� ∫ 𝑌(𝑥 − 𝜁)𝑑𝜁

∞

−∞
+ 𝐺1�̂� ∗ 𝑌(𝑥)    (3-29) 

Defining 𝑌0 = ∫ 𝑌(𝑥 − 𝜁)𝑑𝜁
∞

−∞
, the dispersion relation, after applying the spatial Fourier 

transform, is: 

𝜌𝐴𝜔2 − 𝐸𝐴𝑘2 + 𝐺0𝑌0 + �̂�1�̂� = 0       (3-30) 

Here �̂� denotes the spatial Fourier transform of the kernel 𝑌(𝑥).  
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In the following subsections, two simple types of resonator units are considered as the 

constituents of the long-range superstructure. Although the dispersion relations of interest can 

be extracted based on the presented framework, a direct approach is adopted for the 

corresponding task. The analyses provide numerical results, helpful for realization of occurring 

phenomena.   

 

3.3.2. Single degree-of-freedom resonator unit 

At this point, the long-range connectors are single degree-of-freedom resonator units, as shown 

in Fig. 3. 24. The kinematic parameter associated with the mass is denoted by 𝑞(𝜁, 𝑡). 

 

Fig. 3. 24: A simple model for long-range resonator-based waveguides 

Each resonator unit is composed of a mass as well as two identical springs of stiffness 𝜅, and 

thereby a single degree-of-freedom (SDOF) subsystem. The springs attach the mass to the 

waveguide at 𝑥 and 𝜁.  

The governing equation of motion for the system is: 

𝜌𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑡2 − 𝐸𝐴
𝜕2𝑤(𝑥,𝑡)

𝜕𝑥2 − ∫ 𝑁𝑥(𝑥, 𝜁, 𝑡)
∞

−∞
𝐻(𝑥 − 𝜁)𝑑𝜁 = 0    (3-31) 

A similar notation is employed here with respect to the previous subsection; and 𝐻(𝑥) is a 

symmetric rectangular window, identical the window shown in Fig. 3. 12. Unlike 𝑌(𝑥), 𝐻(𝑥) 

is a specific window, which satisfies the required condition regarding the confinement. Note 

that the present system is a homogenous long-range configuration according to the discussion 

given in chapter 2. 

The long-range force 𝑁𝑥(𝑥, 𝜁, 𝑡) is proportional to the relative displacement of the resonator’s 

mass with respect to that of the waveguide at 𝑥 as: 

𝑁𝑥(𝑥, 𝜁, 𝑡) = 𝜅 [𝑞(𝜁, 𝑡) − 𝑤(𝑥, 𝑡)]       (3-32) 

The governing equation of motion for the mass is:  

𝑚�̈�(𝜁, 𝑡) + 𝜅[𝑞(𝜁, 𝑡) − 𝑤(𝑥, 𝑡)] + 𝜅[𝑞(𝜁, 𝑡) − 𝑤(𝜁, 𝑡)] = 0    (3-33) 

Expressing Eq. (3-33) in the temporal Fourier domain and performing a simple mathematical 

manipulation, one obtains:  
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�̂�(𝜁, 𝜔) =
𝜅[�̂�(𝑥,𝜔)+�̂�(𝜁,𝜔)]

2𝜅−𝑚𝜔2         (3-34) 

Here, the over-hat indicates the temporal Fourier transform of the associated displacement 

signal and 𝜔 is the temporal frequency of the structure.  

Substituting Eq. (3-34) into the temporal Fourier transform of the long-range force (3-32) 

provides:  

�̂�𝑥(𝑥, 𝜁, 𝜔) = 𝜅 [
𝜅[�̂�(𝑥,𝜔)+�̂�(𝜁,𝜔)]

2𝜅−𝑚𝜔2 − �̂�(𝑥, 𝜔)]      (3-35) 

In the light of Eq. (3-35), the temporal Fourier transform of Eq. (3-31) takes the form:  

−𝜌𝐴𝜔2�̂�(𝑥, 𝜔) = 𝐸𝐴
𝜕2 �̂�(𝑥,𝜔)

𝜕𝑥2
+ 2𝐷𝜅 {

𝜅 �̂�(𝑥,𝜔)

2𝜅−𝑚 𝜔2
− �̂�(𝑥, 𝜔)} +

𝜅2 �̂�(𝑥,𝜔)

2𝜅−𝑚 𝜔2
∗ 𝐻(𝑥) (3-36) 

where ∗ denotes the convolution operation and 2𝐷 is the active length of the window 𝐻(𝑥). 

The dispersion relation is obtained by applying the spatial Fourier transform to Eq. (3-36) as: 

𝜌𝐴𝜔2 = 𝐸𝐴𝑘2 − 2𝜅𝐷 {
𝜔0

2

2𝜔0
2−𝜔2 − 1} − 2𝜅

𝜔0
2

2𝜔0
2−𝜔2

 sin (𝑘𝐷)

𝑘
    (3-37) 

Note that the dispersion relations (3-37) can be directly extracted using the generalized 

mathematical model presented in the previous subsection. In the above equation, 𝜔0 = √𝜅/𝑚 

is a natural frequency parameter and 𝑘 is the wavenumber.  

Introducing the nondimensional parameters 𝐾 = 𝑘𝐷, Ω = 𝜔𝐷√𝜌/𝐸, Ω0 = 𝜔0𝐷√𝜌/𝐸 and 

𝜒 = 𝜅𝐷3/𝐸𝐴, the dispersion relation becomes: 

Ω2 = 𝐾2 + 2𝜒 {1 −
Ω0

2

2Ω0
2−Ω2 [1 +

sin(𝐾)

𝐾
]}      (3-38) 

As evident, the dispersion behavior of the systems is controlled by the nondimensional natural 

frequency parameter Ω0 and the nondimensional characterizing parameter 𝜒, which roughly 

specifies the intensity of long-range forces. 

The dispersion behaviour of the long-range waveguide with long-range SDOF resonator units 

(see Fig. 3. 24) is displayed in Fig. 3. 25. Owing to the special mathematical form of the 

dispersion relation in terms of frequency, it provides two separate dispersion branches, namely 

acoustic branch (AB) and optical branch (OB). In the optical mode, the particular movement 

of the resonator’s mass with respect to 𝑤(𝑥, 𝑡) allows the structure to interact with existing 

electromagnetic fields, if present. Therefore, the optical mode can be activated by some 

electromagnetic emissions such as infrared radiation. Evidently, a complete stopband can 

emerge between the branches, dependent upon the adopted value for the frequency parameter 

Ω0.  The term “stopband” refers to a range of frequencies within which propagation of acoustic 

and optical phonons is forbidden. stopbands are exhibited by red shaded regions. Based on the 

figures, width of the generated gap varies by Ω0, and it shrinks as the natural frequency Ω0 

rises, for a fixed value for 𝜒; and it eventually fades away.  
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In order to evaluate the effect of 𝜒 on characteristics of the stopband, the dispersion curves are 

provided for two different values of 𝜒 in Fig. 3. 26 for Ω0
2 = 100. The figure suggests that the 

corresponding gap of  𝜒 = 50 is distinguishably wider with respect to that of the system with 

𝜒 = 10. One may intuitively perceive this conclusion from Eq. (3-38), where the magnitude of 

the second term on the right-hand side of the equation, the contribution of long-range forces, 

is largely managed by the value of 𝜒, and since the associated term includes Ω2, the placement 

of one branch varies by a change in 𝜒 on Ω − 𝐾 map.  

Therefore, considering Fig. 3. 25 and Fig. 3. 26, the width of the generated stopband can be 

tuned by manipulating both parameters Ω0 and 𝜒. One crucial point to be understood is the 

possibility of achieving complete stopbands in such configurations unlike the systems 

described in the previous section. Again, the replacement of simple springs by resonator units 

brings extra degrees-of-freedom to long-range systems, laying the foundation for the born of 

stopbands by the identical mechanism observed in LRAMs.  

  

(a) Ω0
2 = 1 (b) Ω0

2 = 10 

Fig. 3. 25: Representation band structure of a resonator-based long-range waveguide (SDOF) 

(𝜒 = 1) 

What makes this study interesting is the existence of some ripples along the curve path of the 

acoustic branch unlike conventional locally resonant acoustic metamaterials. In fact, the speed 

of acoustic phonons in the long wavelength limit is impacted by the long-range nature of the 

system, and thereby a system with conceived potentials for presenting intriguing effects. As 

shown in Fig. 3. 27, the group velocity associated with the acoustic branch is plotted against 

the nondimensional wavenumber 𝐾. One to one correspondence of speed of acoustic phonons 

and the corresponding group velocity allows to reach a clear idea about the velocity of acoustic 

phonons. The figure indicates the possibility of occurrence of a situation in which the acoustic 

phonons are forced to stop travelling in the vicinity of some individual 

wavenumber(s)/frequency(ies) as well as propagating backwardly. From the figure, such 

phenomena do not occur unless 𝜒 exceeds a certain threshold. For instance, the curve 

corresponding to the system with 𝜒 = 1 neither touches nor crosses the horizontal axis, 
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implying no unusual behaviour, whereas the curve associated with 𝜒 = 100  crosses the axis 

for twice, i.e., wave-stopping and the speed of acoustic phonons becomes negative within the 

bands bounded by the wave-stopping  wavenumbers. As earlier mentioned, these characteristics 

are unique to the long-range configurations as distinct from LARMs. Eventually, the speed of 

acoustic phonons tends to zero for small wavelengths. 

 

Fig. 3. 26: Band structure of a resonator-based long-range waveguide (Ω0
2 = 102) 

 

Fig. 3. 27: Group velocity curves corresponding to the acoustic branch for different value of 𝜒 

(Ω0
2 = 102) 
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Fig. 3. 28: Group velocity curves corresponding to the optical branch for different value of 𝜒 

(Ω0
2 = 102) 

On the other hand, the optical dispersion branch contains attractive information about the 

propagation of optical phonons including the speed of travelling optical phonons. Analogous 

to the previous comment, the group velocity response corresponding to the optical branch is 

correlated with the speed of optical phonons. Curiously enough, all the curves shown in  

Fig. 3. 28 start from zero moving towards negative values, implying backward propagation of 

optical phonons in a specific long-wavelength band, and hence the occurrence of the 

zero/negative speed for the optical phonons is guaranteed for the adopted value of 𝜒. This once 

more demonstrates the intriguing potential of the long-range property, absent in conventional 

LRAMs.  

In brief, the existence of distant communication among points produces certain intriguing 

phenomena, detectable from the group velocity response of both principal branches, namely 

acoustic and optical. The chance of steering acoustic and optical phonons in the backward 

direction is provided by the modified dynamics owing to the inclusion of the long-range 

superstructure.  

 

3.3.3. Double degrees-of-freedom resonator unit 

The present case considers a double degrees-of-freedom resonator unit as the long-range 

connector, allowing for distant communication between the hub point 𝑥 and the hovering point 

𝜁 (see Fig. 3. 29). The unit contains two masses, 𝑚1 and 𝑚2 and three identical springs of the 

stiffness 𝜅. The axial displacement of masses is represented by 𝑞1(𝜁, 𝑡) and 𝑞2(𝜁, 𝑡), 

respectively.  
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Fig. 3. 29: Long-range waveguide with a rectangular interaction region 

Similar to the previous case, all points within the rectangular window 𝐻(𝑥) of length 2𝐷 

interact nonlocally with 𝑥 via long-range connectors, here double degrees-of-freedom 

resonator units, as shown in Fig. 3. 29.  

Although the general equation of motion for the above system is identical to that given in Eq. 

(3-31), the mathematical expression for long-range force 𝑁𝑥(𝑥, 𝜁, 𝑡) takes the following form: 

𝑁𝑥(𝑥, 𝜁, 𝑡) = 𝜅[𝑞1(𝜁, 𝑡) − 𝑤(𝑥, 𝑡)]       (3-39) 

The governing equations of motion for the masses are: 

𝑚1�̈�1(𝜁, 𝑡) + 𝜅[𝑞1(𝜁, 𝑡) − 𝑤(𝑥, 𝑡)] + 𝜅(𝑞1(𝜁, 𝑡) − 𝑞2(𝜁, 𝑡)) = 0   (3-40a) 

𝑚2�̈�2(𝜁, 𝑡) + 𝜅[𝑞2(𝜁, 𝑡) − 𝑤(𝜁, 𝑡)] + 𝜅[𝑞2(𝜁, 𝑡) − 𝑞1(𝜁, 𝑡)] = 0   (3-40b) 

Through the instrumentality of temporal Fourier transform and some mathematical operations, 

the expression for 𝑞1(𝜁, 𝑡), in the temporal Fourier domain, is:  

�̂�1(𝜁, 𝜔) =
�̂�(𝜁,𝜔)+(2−𝜔2/𝜔2

2)�̂�(𝑥,𝜔)

3−2𝜔2(1/𝜔1
2+1/𝜔2

2)+𝜔4/𝜔2
2𝜔1

2      (3-41) 

Following the similar procedure adopted in the previous subsection, the counterpart of Eq. (3-

36) is:  

𝜌𝐴𝜔2�̂�(𝑥, 𝜔) = 𝐸𝐴
𝜕2�̂�(𝑥,𝜔)

𝜕𝑥2 − 2𝜅𝐿 (
2−

𝜔2

𝜔2
2

3−2𝜔2(
1

𝜔1
2+

1

𝜔2
2)+

𝜔4

𝜔2
2𝜔1

2

− 1) �̂�(𝑥, 𝜔) −

𝜅

3−2𝜔2(1/𝜔1
2+1/𝜔2

2)+𝜔4/𝜔2
2𝜔1

2 �̂�(𝑥, 𝜔) ∗ 𝐻(𝑥)      (3-42)  

where 𝜔1 = √𝜅/𝑚1 and 𝜔2 = √𝜅/𝑚2 are two frequency parameters. The dispersion relation 

corresponding to the above equation, in the nondimensional form, is: 

Ω2 = 𝐾2 + 2𝜒{1 −
1

3−2(
Ω2

Ω1
2+

Ω2

Ω2
2)+

Ω4

Ω2
2Ω1

2

[2 −
Ω2

Ω2
2 +

sin(𝐾)

𝐾
]}     (3-43) 

with  

𝐾 = 𝑘𝐷           (3-44a) 

Ω = 𝜔𝐷√𝜌/𝐸           (3-44b) 
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Ω1 = 𝜔1𝐷√𝜌/𝐸          (3-44c) 

Ω2 = 𝜔2𝐷√𝜌/𝐸          (3-44d) 

𝜒 = 𝜅𝐷3/𝐸𝐴           (3-44e) 

To realize the dispersion characteristics of the current configuration, the dispersion curves are 

provided in Fig. 3. 30 for two different sets of (Ω1, Ω2). Since the special mathematical form 

of the dispersion relation (3-43) is sixth order in terms of frequency Ω, it is composed of three 

separate branches. The low-frequency branch is the acoustic one and the one on the top is the 

optical branch. The one in middle is a mixed mode. Due to the existence of three branches, the 

band structure can contain at most two complete stopbands, placing between every two 

consecutive branches. High sensitivity of the band structure to the value of (Ω1, Ω2) is realized 

by comparing Fig. 3. 30a and Fig. 3. 30b, where a rise in Ω2 leads to the closure of upper gap. 

Clearly, adopting resonator units with higher degrees-of-freedom is associated with the 

generation of a larger number of stopbands in the corresponding band structure. 

Regarding the effect of the nondimensional parameter 𝜒 on the dispersion characteristics, Fig. 

3. 31 suggests the possibility of widening the lower gap by considering larger χ, similar to what 

concluded for Fig. 3. 26. Besides, it is shown that the upper gap does not emerge for the adopted 

parameters 𝜒, Ω1 and Ω2, which confirms the hypothesis raised in the previous comment. This 

gives us an instrument to manipulate the gaps in a desired manner.   

  

(a) Ω1
2 = 1 & Ω2

2 = 1 (b) Ω1
2 = 1 & Ω2

2 = 102 

Fig. 3. 30: Representation band structure of a resonator-based long-range waveguide (2DOF) 

(𝜒 = 10) 
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Fig. 3. 31: Band structure of a resonator-based long-range waveguide 

(Ω1
2 = 102 & Ω2

2 = 102) 

Fig. 3. 32 is devoted to investigating the speed of acoustic phonons while travelling across the 

system. Again, unusual behaviours such as zero/negative group velocity are seen in the group 

velocity response, exclusively when the long-range system is characterized by either the critical 

or supercritical values of 𝜒, as displayed in Fig. 3. 32. Clearly, the critical value 𝜒𝑐𝑟 depends 

on other involved parameters, Ω1 and Ω2.  

 

Fig. 3. 32: Group velocity curves corresponding to the acoustic branch for different values of 𝜒  

(Ω1
2 = 102 & Ω2

2 = 104) 
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Fig. 3. 33: Group velocity curves corresponding to the optical branch for different values of 𝜒  

(Ω1
2 = 102 & Ω2

2 = 104) 

The last assessment in this part examines the influence of long-range property on the speed of 

optical phonons. Here, curves demonstrate the relation between the wavenumber 𝐾 and the 

group velocity curves connected with optical dispersion branch, as displayed in Fig. 3. 33. 

Evidently, the long-range nature of the system alters the curve paths, generating significant 

fluctuations in the long-wavelength range. Such fluctuations produce zero/negative values of 

𝐶𝑔
𝑂𝐵 within a particular wavenumber/frequency band. Similar trends have been observed in the 

previous case, as exhibited in Fig. 3. 28. 

 

3.4. Long-range homogenous membrane 
This section is an attempt to study the effects of long-range forces when introduced to a simple 

two-dimensional domain. The spring-like links run the interactions among non-adjacent 

particles. Note that the results of the following analysis was already published and reported in 

Ref. [107,111].  

To begin with, the dynamic discerption of a classical membrane is: 

𝜌
𝜕2 𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2 − 𝑇 ∇2𝑢(𝑥, 𝑦, 𝑡) = 0       (3-45) 

where  ∇2 represents the Laplacian operator. Also, 𝑢(𝑥, 𝑦, 𝑡),  𝜌 and 𝑇 are the deflection, mass 

per unit area, and the tension per unit length, respectively. This equation is typical of a structure, 

which exclusively considers the elastic connections between a point and the immediate 

neighbours. New advances in additive manufacturing open the chance to  assume connections 

among distant points as well. Their presence is regarded by allocating an integral term, 

analogous to that in Eq. (3-10), to the equation of motion as:  

𝑇 ∇2𝑢 − 𝜌
𝜕2 𝑢

𝜕𝑡2 − 𝜅 ∬  [𝑢(𝑥, 𝑦, 𝑡) − 𝑢(𝜉, 𝜂, 𝑡)]𝐻(𝑥 − 𝜉, 𝑦 − 𝜂)𝑑𝜉𝑑𝜂
∞

−∞
= 0  (3-46) 
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where 𝜅 represents the spatial stiffness modulation of the spring-like links. The mathematical 

model carries two distinct elastic behaviours: the long-range interactions described by the 

integral term ∬ 𝜅 [𝑢(𝑥, 𝑦) − 𝑢(𝜉, 𝜂)]𝐻(𝑥 − 𝜉, 𝑦 − 𝜂)𝑑𝜉𝑑𝜂
∞

−∞
, and the short-range interactions 

described by the differential term ∇2𝑊. The integral term mechanically resembles simple 

springs, connecting two points. The axisymmetric cylindrical window 𝐻(𝑟) = 𝐻(√𝑥2 + 𝑦2) 

is chosen as (see Fig. 3. 34) 

𝐻(𝑟) = {
1, |𝑟| ≤ 𝑎
0, |𝑟| > 𝑎

         (3-47) 

where 𝑎 is a positive number representing the interaction radius. Using the convolution 

theorem, equation (3-46) reads into: 

𝑇 ∇2𝑢(𝑥, 𝑦, 𝑡) − 𝜌
𝜕2 𝑢(𝑥,𝑦,𝑡)

𝜕𝑡2
− 𝜅 𝑆 𝑢(𝑥, 𝑦, 𝑡) + 𝑘 𝐻(𝑥, 𝑦) ∗ 𝑢(𝑥, 𝑦, 𝑡) = 0  (3-48) 

where S is the area of the region of interaction and ∗ denotes the convolution operation. In this 

case, both the tree-periodicity and the leaf-periodicity are not present, and the investigated 

system is simply long-range homogeneous.  

 

Fig. 3. 34: Representation of a cylindrical window 

Assuming plane wave solution, the dispersion relation is obtained as:  

𝜌𝜔2 = 𝑇(𝑘1
2 + 𝑘2

2) + 𝜅 𝑆 − 𝜅 𝑎𝐽1 (𝑎√𝑘1
2 + 𝑘2

2) /√𝑘1
2 + 𝑘2

2   (3-49) 

𝐽1 is the Bessel function of first kind. The term 𝜅(𝑎𝐽1(𝑎𝑘1
2 + 𝑘2

2)/√𝑘1
2 + 𝑘2

2 − 𝑆) 

corresponding to nonlocal interactions may give birth to new propagation scenarios.  

Eq. (3-49) is rewritten in nondimensional form as follows: 

Ω2 = (𝐾1
2 + 𝐾2

2) + 𝜒 [𝜋 − 𝐽1 (√𝐾1
2 + 𝐾2

2) /√𝐾1
2 + 𝐾2

2]    (3-50) 

with  

Ω = 𝑎√𝜌/𝑇 𝜔          (3-51a) 

𝐾1,2 = 𝑎 𝑘1,2          (3-51b) 
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𝜒 = 𝜅 𝑎4/𝑇          (3-51c) 

According to Eq. (3-51c) and similarly to the one-dimensional cases, 𝜒 is a ratio comparing 

roughly the strength of long-range and the short-range forces. Eq. (3-50) discloses that the 

system presents specific phenomena such as wave-stopping and negative group velocity given 

a large enough 𝜒. This is shown in Fig. 3. 35a and Fig. 3. 35b, where the dispersion surfaces 

corresponding to the long-range membrane with subcritical and supercritical 𝜒 are plotted. 

Since the slope of the tangents to the dispersion surfaces is directly associated to the group 

velocity, these surfaces provide some information about the potential phenomena in system. 

As for the one-dimensional cases, wave-stopping and negative group velocity emerge when the 

nondimensional parameter 𝜒 exceeds a threshold and subsequently severe wrinkles are 

embedded into the texture of the surface (see Fig. 3. 35b). 

  

(a) (b) 

Fig. 3. 35: Dispersion surfaces for long-range membrane a) 𝜒 = 100 b) 𝜒 = 1000 

The phase and group velocities are as follows:  

𝑪𝑝 = 𝑲 ̂ Ω/|𝑲|          (3-52a) 

𝑪𝑔 = ∇⃗⃗ 𝑲Ω          (3-52b) 

where ∇⃗⃗  denotes the gradient of the nondimensional frequency Ω and 𝑲 ̂ is the unit vector in 

𝑲-direction.   

Fig. 3. 36 exhibits the vector plot corresponding to the phase velocity vector 𝑪𝑝 of a long-range 

membrane with 𝜒 = 1000. The figure shows considerably high magnitude phase velocity 

vectors (red) when the wavenumber vector 𝑲 approaches zero due to the presence of the 

expression �̃� = √𝐾1
2 + 𝐾2

2 in the denominator of 𝑪𝑝’s components. From the direction of 

stream vectors (blue), no irregularity in the phase velocity behavior is perceived and similar 

trends are observed for any arbitrary value of 𝜒. 
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Fig. 3. 36: Vector plot of phase velocity for long-range membrane (𝜒 = 1000) 

Fig. 3. 37 depict the changes in the group velocity of the long-range membrane. According to 

the vector plot provided for the system with 𝜒 = 100, the typical stream vectors,  similar to 

those of the classical system (𝜒 = 0), is preserved though considerable decrease in magnitude 

of velocity vectors (red) is observed in some regions. On the other hand, unlike the previous 

case, one distinguishes both inwards and outwards streamlines for the system with 𝜒 = 1000, 

implying the emergence of negative group velocity within a sectorial region in 𝐾1 − 𝐾2 plane. 

Accordingly, the modal density n(Ω) is mathematically singular at frequencies generated by 

any ordered pair (𝐾1, 𝐾2) placed on the borders of the sectorial region.  

  

ss(a) (b) 

Fig. 3. 37: Vector plot of group velocity for long-range membrane 

 a) 𝜒 = 100 b) 𝜒 = 1000 
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Eventually, as with the one-dimensional case, the dispersion relation corresponding to the long-

range membrane contains a term that plays a key role in removing large spatial frequency 

components. In fact, some aspects of the output signal alter due to the introduction of the 

additional expression, which includes the Bessel function, usually identified as a low-pass 

filter. Note that there is no need for external device as a controller to block the energy contents 

with small wavelengths and the intrinsic property of the structure takes the charge 

automatically.  

 

3.4. Final remarks  
The nature of conventional systems subject to profound change, when integrated with external 

links responsible for long-range interactions. This chapter intends to shed a light on the 

alteration took place due to this integration, majorly in terms of wave propagation behaviour. 

Towards that end, various combinations of connectivity templates and long-range connector 

types have been defined for a long-range one-dimensional waveguide, and a complementary 

example has been provided to show the ingenuity of the long-range interaction concept, when 

associated to a higher dimension domain, i.e., membrane. Application of plane wave solution 

to the dynamic description of each case yields an analytical dispersion relation, revealing the 

very essence of the systems under investigation. Uncommon effects such as zero/negative 

group velocity, redistribution of modes across the frequency domain, and stopbands are 

demonstrated by the virtue of the obtained analytical wavenumber-frequency relations.  
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Chapter 4: Nonlinear long-range homogenous 

waveguide 
 

 

 

4.1. Introduction  
Nonlinearity is the source of many interesting phenomena in systems. It generally refers to the 

nonlinear terms in the strain-displacement relation. Although such terms are usually 

disregarded, they regain their importance once the large displacements are predominant. 

Nonlinearity is the common link among a variety of mechanical systems, which ties the 

resonances to the amplitude of oscillations, unlike linear systems.  Other intrinsic 

characteristics of nonlinear systems is the occurrence of resonances that are the modulation of 

the excitation frequency, namely subharmonic and superharmonic resonances.  

Both long-range connectors and the host structure were assumed to behave linearly in the cases 

investigated in the previous chapter; nevertheless, deep influences on the performance of 

systems in terms of waves was realized. This chapter tries to reach an understanding of changes 

made in behaviour of genuine long-range systems, in particular a long-range waveguide, when 

the structure happens to capture the nonlinear characteristics.  

The analysis studies a bounded nonlinear host structure with embedded linear long-range 

connectors under random excitation. Considering the first vibrational mode, the system is 

linearized with the aid of statistical linearization. Due to the presence of an integral term in the 

resulting dispersion relation, a specific feature of the system is understood via Fredholm 

theorem. Then the effect of nonlinearity and noise on the plane wave characteristics of the 

system is estimated by homogenising the dispersion relation.     

 

4.2. Randomly excited nonlinear long-range waveguide  
A nonlinear waveguide under random excitation with linear spatial nonlocalities is the centre 

of attention in this section. The stochastic excitation brings out the nonlinear characteristics, 

which are only present in large displacement regime. A couple of simplifying assumption are 

raised to treat the sophisticated dynamics.  

 

4.2.1. General formulation and linearization procedure (random excitation) 

A waveguide subjected to an external longitudinal random force is considered. infinitesimal 

strain-displacement relation cannot be employed when the system undergoes large strains. The 

displacement at each point is the difference between the deformed and undeformed position: 

𝑢 = 𝑋 − 𝑥           (4-1)  
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where 𝑥 is the position of a particle in the reference configuration and 𝑋 represents the spatial 

coordinate of the same particle in the deformed configuration. The Piola-Kirchhoff stress is: 

𝜎11 = 𝐸0ϵ11 = 𝐸0 (1 +
1

2

𝜕𝑢

𝜕𝑥
)

𝜕𝑢

𝜕𝑥
        (4-2) 

Here, 𝐸0 is the Young’s modulus and ϵij represents the Lagrangian strain tensor, which may be 

obtained as:  

ϵij =
1

2
(
𝜕𝑢𝑖

𝜕𝑥𝑗
+

𝜕𝑢𝑗

𝜕𝑥𝑗
+

𝜕𝑢𝑘

𝜕𝑥𝑖

𝜕𝑢𝑘

𝜕𝑥𝑗
)         (4-3) 

Applying Hamilton’s principle, the nonlinear equation of motion reads:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸0
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 {1 + 3
𝜕𝑢(𝑥,𝑡)

𝜕𝑥
+

3

2
[
𝜕𝑢(𝑥,𝑡)

𝜕𝑥
]
2

} = 𝐹(𝑥, 𝑡)    (4-4)  

Here the term 𝐹(𝑥, 𝑡) denotes the random excitation stimulating the nonlinear characteristics. 

This equation is yet to be integrated with another term, which would explain the presence of 

long-range effects via external spring-like links. The interactions are assumed to take place 

within a rectangular window, analogous to the case studies in the previous chapter. Since the 

system of interest assumes the same connectivity template suggested in subsection 3.2.2.1, the 

configuration is a simple long-range homogenous one.  

Thus, the governing equation for the new configuration is:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸0
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 {1 + 3
𝜕𝑢(𝑥,𝑡)

𝜕𝑥
+

3

2
[
𝜕𝑢(𝑥,𝑡)

𝜕𝑥
]
2

} + 𝜅 ∫ [𝑢(𝑥, 𝑡) − 𝑢(𝜉, 𝑡)] 𝐻(𝑥 − 𝜉)𝑑𝜉
∞

−∞
= 𝐹(𝑥, 𝑡) 

           (4-5) 

where 𝐻(𝑥) represents the interaction region, and 𝜅 is the characteristic stiffness of the links. 

This equation involves linear and nonlinear differential terms as well as an integral 

contribution, governing the dynamic behaviour of the system. To treat this nonlinear integral-

differential equations, statistical linearization (SL) [119] is employed to approach the problem 

as an effective method. To reach an understanding of how the method works, let us consider 

the general form of a nonlinear equation as: 

𝐷 𝐿(𝑢) + 𝐷 𝑁𝐿(𝑢) = 𝐹(𝑥, 𝑡)        (4-6) 

where 𝐷 𝐿 and 𝐷 𝑁𝐿 are, respectively, the linear and nonlinear integral-differential connectors 

acting on a displacement vector. The SL method suggests replacing the nonlinear connectors 

by a set of arbitrary linear ones, say �̅� 𝐿 (𝑢, 𝑝), as: 

𝐷 𝐿(𝑢) + �̅� 𝐿 (𝑢, 𝑝) = 𝐹(𝑥, 𝑡)        (4-7)  

Here, �̅� 𝐿 denotes the arbitrary equivalent linear connectors, and 𝑝 is an array of parameters 

which works as weighting functions. These parameters are to be learned accurately for the 

resulting linear system to mimic the behaviour of the nonlinear configuration. Here a second 
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order derivative differential operator is adopted for producing a linearized dynamic description. 

Thus, the equivalent linearized form is: 

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸0(1 + �̌�)
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + 𝜅 ∫ [𝑢(𝑥, 𝑡) − 𝑢(𝜉, 𝑡)] 𝐻(𝑥 − 𝜉)𝑑𝜉
∞

−∞
= 𝐹(𝑥, 𝑡) (4-8)  

The term �̂�
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2
 is employed as the equivalent linear term. Comparing Eq. (4-6) and  

Eq. (4-7), it is immediate to evaluate the function error as: 

ℯ (𝑢, 𝑝) =  �̅� 𝑁𝐿(𝑢) − 𝐷 𝑁𝐿(𝑢)       (4-9) 

Based on the considered model, the function error is: 

ℯ =
𝜕2𝑢

𝜕𝑥2
{3

𝜕𝑢

𝜕𝑥
+

3

2
(
𝜕𝑢

𝜕𝑥
)
2

} − �̌�
𝜕2𝑢

𝜕𝑥2
       (4-10)  

where �̌� is an unknown parameter to be determined via the minimization condition. The SL 

approach necessitates to minimize of the expected value of ℯ with respect to the entries of 𝑝: 

𝜕𝔼{ℯ𝑇(𝑝) ℯ(𝑝)}

𝜕𝑝
= 0         (4-11) 

Thus, the optimal the vector 𝑝∗, obtained by the condition (11), enables to proceed with the 

linear equation 𝐷 𝐿(𝑢) + �̅� 𝐿 (𝑢, 𝑝∗) = 𝐹(𝑥, 𝑡) rather than a comparatively complex nonlinear 

one. Expressing the displacement in terms of the first normal mode  𝑢(𝑥, 𝑡) = 𝜙(𝑥)𝑞(𝑡) with 

the temporal parts of the displacement signal 𝑞(𝑡) to be stationary random processes,  

Eq. (4-10) and Eq. (4-11) provide: 

�̌� =
3

2
(
𝜕𝜙

𝜕𝑥
)
2

𝔼{𝑞2} + 3
𝜕𝜙

𝜕𝑥
𝔼{𝑞}       (4-12) 

Note that, for the sake of simplicity, only the first mode is considered in this study. In fact, 

while studying the system in low frequency range, it is reasonable to define the correction 

factor �̌� in terms of the fundamental mode only. Provided that the random variable is equipped 

with Gaussian probability density function, a reasonably simplified expression for �̌� is derived 

as: 

 �̌� =
9

2
(
𝜕𝜙

𝜕𝑥
)
2

�̂�𝑞
2         (4-13) 

Here �̂�𝑞
2 is the variance associated to the random variables 𝑞. The governing equation of motion 

in the modal form for a specific index is: 

 𝜌𝜙
𝜕2𝑞

𝜕𝑡2
− 𝐸0 (1 +

9

2
(
𝜕𝜙

𝜕𝑥
)
2

�̂�𝑞
2)

𝜕2𝜙

𝜕𝑥2
𝑞 + 𝜅𝑞 ∫ [𝜙(𝑥) − 𝜙(𝜉)]𝐻(𝑥 − 𝜉)𝑑𝜉

∞

−∞
= 𝐹(𝑥, 𝑡) 

           (4-14) 

Note that the equivalent linear term simply serves as a correction factor for the coefficient of 

the conventional second order spatial derivative. The parameters �̂�𝑞
2 in this equation are yet 
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determined. For that purpose, the above equation is multiplied by the orthogonal eigenfunction 

�̅� and integrated over the domain, yielding:  

𝜌
𝜕2𝑞

𝜕𝑡2 ∫ 𝜙�̅� 𝑑𝑥
𝑙

0
− 𝐸0𝑞 ∫ (1 +

9

2
(
𝜕𝜙

𝜕𝑥
)
2

�̂�𝑞
2)

𝜕2𝜙

𝜕𝑥2
�̅� 𝑑𝑥

𝑙

0
+ 𝜅𝑞 ∫ �̅� 

𝑙

0
[∫ [𝜙(𝑥) − 𝜙(𝜉)]𝐻(𝑥 −

∞

−∞

𝜉)𝑑𝜉]𝑑𝑥 = ∫ 𝐹(𝑥, 𝑡)�̅� 𝑑𝑥
𝑙

0
        (4-15) 

To further proceed with analysis, specific definitions for the orthogonal basis 𝜙 is vital. Using 

the orthogonal property of the basis 𝜙, the above equation simplifies as: 

𝜕2𝑞

𝜕𝑡2 + 𝑅2𝑞 = �̃�(𝑡)         (4-16) 

where 𝑅2 is the unique coefficient for each type of boundary conditions, and: 

�̃�(𝑡) = ∫ 𝐹(𝑥, 𝑡)𝜙 𝑑𝑥
𝑙

0
        (4-17) 

Using Duhamel’s integral, the solution to Eq. (4-16) is: 

𝑞(𝑡) =
1

𝑅
∫ �̃�(𝜏) sin[𝑅(𝑡 − 𝜏)] 𝑑𝜏

𝑡

0
       (4-18) 

To capture the statistical properties of the output signal 𝑢, covariance calculations should be 

done. Assuming 𝐹(𝑥, 𝑡) = 𝜓(𝑥)𝑓(𝑡), after doing several mathematical manipulations, �̂�𝑞
2 can 

be evaluated from:  

�̂�𝑞
2 =

1

2𝜋
[∫ 𝜙2 𝑑𝑥

𝑙

0
 ][∫ 𝜓 𝜙 𝑑𝑥]

𝑙

0

2
[∫ |�̂�(𝜔, �̂�𝑞

2)|
2
𝑆𝑓 𝑑𝜔

+∞

−∞
]    (4-19) 

where 𝑆𝑓 is the power spectral density of the random noise 𝑓(𝑡). This equation suggests a 

random noise with high intensity generates greater values of the variance �̂�𝑞
2, affording 

significant changes in the response of system due to the larger value of the correction factor. 

Having �̂�𝑞
2 determined, the motion of the system can be described by Eq. (4-14).  

 

4.2.2. Periodically modulated coefficient and instability 

The emergence of instability in systems governed by partial differential equations with periodic 

coefficients has been observed, giving rise to stopbands in the band structure of the system. In 

particular, the Mathieu’s differential equation, which includes a spatially varying periodic 

coefficient can present such behaviour in certain frequency ranges. Since the linearization 

procedure brought above influences the differential part and eventually generate an equation 

in nodding acquaintance with the form of Mathieu’s equation, it is important to examine the 

stability of the resulting differential part. From Eq. (4-14), the non-integral contributions of the 

linearized equation of motion is:  

𝜌
𝜕2𝑢

𝜕𝑡2 − 𝐸(1 +
9

2
𝜙′2�̂�𝑞

2)
𝜕2𝑢

𝜕𝑥2 = 𝐹(𝑥, 𝑡)      (4-20) 
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Since the eigenmode 𝜙 is uniquely defined for any specific boundary condition, each case 

should be investigated separately. Assuming 𝑢(𝑥, 𝑡) = 𝑈(𝑥)𝑒−𝑗𝜔𝑡, the above equation, for a 

clamped waveguide, for which 𝜙 = sin (𝜔0𝑥) takes the form: 

𝜌𝜔2𝑈 + 𝐸 (1 +
9𝜋2�̂�𝑞

2

2𝐿2
cos (

𝜋𝑥

𝐿
)
2
)

𝑑2𝑈

𝑑𝑥2
= −𝐹(𝑥, 𝑡)     (4-21) 

Assuming a substantially lengthy rod, the contribution of the term 
9𝜋2�̂�𝑞

2

2𝐿2  is very small so that it 

can be considered as a perturbation 𝜖. To realize the status of stability in such a system, multiple 

scale method is selected as an efficient method to construct a valid approximate solution for 

the problems. Defining the dependence of 𝑥 on different length scales 𝑋0, 𝑋1, 𝑋2, … , 𝑋𝑁, where:  

𝑋𝑛 = 𝜖𝑛𝑥          (4-22) 

Therefore, the displacement �̂� may be expressed as [120]:  

𝑈(𝑥; 𝜖) = ∑ 𝜖𝑛𝑁−1
𝑛=0 𝑈𝑛(𝑋0, 𝑋1, 𝑋2, … , 𝑋𝑁) + 𝑂(𝜖𝑋𝑁)    (4-23) 

where 𝑁 defines the number of scales. Considering 𝑁 = 2, the following equations 

corresponding to 𝑋0, 𝑋1 and 𝑋2 are obtained:   

𝜖0 : 
𝜕2𝑈0

𝜕𝑋0
2 + 𝜌𝜔2𝑈0 = 0        (4-24a) 

𝜖1 : 
𝜕2𝑈1

𝜕𝑋0
2 + 𝜌𝜔2𝑈1 + 2

𝜕2𝑈0

𝜕𝑋0𝑋1
+ cos (

𝜋𝑋0

𝐿
)
2 𝜕2𝑈0

𝜕𝑋0
2 = 0     (4-24b) 

The general solution of Eq. (4-24a) is: 

𝑈0(𝑋0, 𝑋1) = 𝐵1(𝑋1) sin(𝜔𝑋0) + 𝐵2(𝑋1) cos(𝜔𝑋0)     (4-25) 

Where 𝐵1(𝑋1)  and 𝐵2(𝑋1) are unknown coefficients. Substitution of Eq. (4-25) in Eq. (4-24b) 

gives  

𝜕2𝑈1

𝜕𝑋0
2 + 𝜔2𝑈1 = (

𝜌𝜔2

2
𝐵2 − 2𝜔√𝜌

𝜕𝐵1

𝜕𝑋1
) cos(𝜔√𝜌𝑋0) + (

𝜌𝜔2

2
𝐵1 + 2𝜔√𝜌

𝜕𝐵2

𝜕𝑋1
) sin(𝜔√𝜌𝑋0) +

𝜌𝜔2𝐵2

4
(cos ([√𝜌𝜔 −

2𝜋

𝐿
] 𝑋0) + cos ([√𝜌𝜔 +

2𝜋

𝐿
] 𝑋0)) +

𝜌𝜔2𝐶1

4
(sin ([√𝜌𝜔 −

2𝜋

𝐿
] 𝑋0) +

sin ([√𝜌𝜔 +
2𝜋

𝐿
] 𝑋0)) = 0        (4-26) 

To ensure no exponentially growing terms in �̃̂�1, the resonant terms are forced to be zero as:  

𝜌𝜔2

2
𝐵2 − 2𝜔√𝜌

𝜕𝐵1

𝜕𝑋1
= 0        (4-27a) 

𝜌𝜔2

2
𝐵1 + 2𝜔√𝜌

𝜕𝐵2

𝜕𝑋1
         (4-27b) 

Expressing one coefficient in terms of the other one gives: 

𝜕2𝐵1

𝜕𝑋1
2 +

𝜌𝜔2

8
𝐵1 = 0          (4-28) 
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The solution to the above equations implies no exponential growth, and thereby no instability. 

On the other hand, this analysis is only valid, when 𝜔√𝜌 is far away from 
𝜋

𝐿
. To investigate the 

stability in the vicinity of this value, the frequency is expanded as 𝜌𝜔2 + 𝜖𝛿. In this case,  

Eq. (4-24b) modifies as:  

𝜕2𝑈1

𝜕𝑋0
2 + 𝜌𝜔2𝑈1 + 2

𝜕2𝑈0

𝜕𝑋0𝑋1
+ cos (

𝜋𝑋0

𝐿
)
2 𝜕2𝑈0

𝜕𝑋0
2 + 𝛿𝑈0 = 0    (4-29) 

Then the secular term, counterpart of Eq. (4-28) becomes: 

𝜕2𝐶1

𝜕𝑋1
2 +

(2𝛿𝐿2−𝜋2)
2

16𝐿2𝜋2 𝐶1 = 0        (4-30) 

Based on this equation, a pointwise instability takes place at 𝛿 = 𝜋2/2𝐿2, where a stopband of 

zero width is generated. Thus, over the entire frequency domain, no broadband instability is 

created due to the introduction of nonlinearity in the system. 

 

4.2.3. Fredholm’s integral and entangled wavenumbers  

To investigate of the intrinsic dynamic features of the system, it is necessary to realize the 

corresponding dispersion behaviour. To start with, as mentioned earlier, a rectangular window 

𝐻(𝑥) is considered: 

𝐻(𝑥) = {
1, |𝑥| ≤ 𝐷
0, |𝑥| > 𝐷

          (4-31) 

with 𝐷 being the real positive quantity determining the length of the window. In the light of 

(31), the linearized governing equation motion is of the form  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸0 (1 +
9

2
(
𝜕𝜙

𝜕𝑥
)
2

�̂�𝑞
2)

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + 2𝐷κ 𝑢 − κ 𝐻 ∗ 𝑢 = 𝐹(𝑥, 𝑡)  (4-32)  

with ∗ denoting the convolution operation. Assuming 𝛷(𝑥) = (
𝜕𝜙

𝜕𝑥
)
2

, performing the 

spatiotemporal Fourier transform on the homogeneous form of Eq. (4-32) gives: 

𝜌𝜔2�̂̂� − 𝐸0𝑘
2�̂̂� −

9

2
𝐸0�̂�𝑞

2𝛷(𝑥) ∗ 𝑘2�̂̂� − 2𝜅𝐷(1 − sinc 𝑘𝐷)�̂̂� = 0   (4-33) 

Employing the definition of the convolution integral, Eq. (4-33) takes the form 

[𝜌𝜔2 − 𝐸0𝑘
2 − 2𝜅𝐷(1 − 𝑠𝑖𝑛𝑐 𝑘𝐷)]�̂̂� =

9

2
𝐸 ∫ �̂�𝑞

2𝛷(𝑘 − �̅�)
∞

−∞
�̅�2�̂̂�(�̅�)𝑑�̅�  (4-34) 

This evidently represents an inhomogeneous Fredholm’s integral equation. Expressing  

Eq. (4-34) in discrete domain, one obtains:  

𝐴 �̂̂� = 0          (4-35) 

with  

[ 𝐴 ]
𝑚 ×𝑛

=
9

2
�̂�𝑞

2𝛷(𝑘𝑚 − 𝑘𝑛)𝑘𝑛
2Δ𝑘 − (𝜌𝜔2 − 𝐸0𝑘𝑚

2 − 2 𝜅 𝐷(1 − sinc 𝑘𝑚𝐷))𝛿𝑚𝑛  



P a g e  | 63 

 

 

[ �̂̂� ]
𝑛 ×1

= [�̂̂�(𝑘1), �̂̂�(𝑘2),… , �̂̂�(𝑘𝑛)]
𝑇
      (4-36) 

The discretized form can be regarded as a homogenous matrix equation. Provided that the 

system has a singular matrix, where the determinant of 𝐴 vanishes, a solution is found. The 

above relation refers to an intricate underlying state giving birth to entanglement of 

wavenumbers, which is not the typical of conventional linear systems, implying that the 

exciting a frequency range is not necessarily correlated with the excitation of a particular spatial 

frequency band. This, presence of nonlinearity causes deep changes in propagation 

characteristics of the system. In fact, not a unique wavenumber can be associated to a specific 

𝜔 and numerous combinations of discrete wavenumber 𝑘𝑖 (𝑖 = 1, 2, … ,𝑁) with  𝑁 tending to 

infinity, are available to produce that frequency. 

 

4.2.4. Approximate dispersion analysis  

To have a rough idea of the dispersion behaviour of the system, Eq. (4-32) is rewritten as:  

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − �̃�(𝑥, �̂�𝑞
2)

𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 + 2𝐷κ 𝑢 − κ 𝐻 ∗ 𝑢 = 𝐹(𝑥, 𝑡)    (4-37) 

Here, the term �̃�(𝑥, �̂�𝑞
2) is the equivalent stiffness, which is a spatially varying parameter 

modulated by the intensity of the noise. For a clamped long-range rod, the variation of this 

parameter along the axis, in its generic form, is shown in Fig. 4. 1. To eliminate the problem 

of treating a parametric equation, �̃�(𝑥, �̂�𝑞
2) is expressed in terms of an average value �̅�. This 

provides the opportunity to achieve a rough understanding the status of the plane waves within 

the medium.   

 

Fig. 4. 1: Variation of the equivalent stiffness along the axis 

The dispersion relation corresponding to the homogenised problem, in the nondimensional 

form, is:  

 Ω2 = 𝐾2 + 2𝜒(1 − 𝑠𝑖𝑛𝑐𝐾)         (4-38) 
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with the following nondimensional parameters  

𝜒 = 𝜅𝐷3/�̅�          (4-39a) 

Ω = 𝜔𝐷√𝜌/�̅�           (4-39b) 

𝐾 = 𝑘𝐷          (4-39c) 

To realize the implication of this mathematical scheme, an exaggerated hypothetical example 

is made, where the level of noise massively modulates the value of �̅�, leading to considerable 

change in the value of 𝜒. Fig. 4. 2 reports the variation of group velocity 𝐶𝑔 = 𝑑Ω/𝑑𝐾 for 

different values of the nondimensional parameter 𝜒, when all geometrical and physical 

parameters of the systems are fixed but the intensity of noise. The figure explains the 

emergence of zero/negative group velocity in systems with 𝜒 exceeding a critical value (more 

information about the similar system is given in chapter 3). Furthermore, the system moves 

away from disclosing unconventional behaviour as the level of noise increases. Indeed, higher 

level of noise is accompanied by higher average stiffness �̅� and decrease in the value of 𝜒, and 

consequently farther from the irregular propagation regimes.   

 

Fig. 4. 2: Nondimensional dispersion relation 

The result presented are not sufficient to fully characterize the wave propagation behaviour 

within the system since nonlinearities give rise to a parametric integral-differential equation, 

taking away the opportunity to obtain an explicit dispersion relation. However, the approximate 

solution given above, at the minimum, provides a dim understanding regarding the status of 

travelling waves.  

 

4.3. Nonlinear long-range connectors 

As shown previously, nonlinearity makes additional influences including the coupling of the 

wavenumbers; however, the scenario might be hugely impacted in case of nonlinear 
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interaction. To give a general idea of this case, nonlinear spring-like connections are 

considered, wherefore the spring force satisfies:  

𝐹𝐿𝑅 = κ∑ 𝜗𝑖[𝑢(𝑥, 𝑡)]𝑖𝑖    &   𝜗1 = 1       (4-40) 

where 𝜗𝑖 is the corresponding nonlinearity parameter. Assuming first and second order terms, 

the governing equation for a long-range waveguide with rectangular interaction region is found 

as: 

𝜌
𝜕2𝑢(𝑥,𝑡)

𝜕𝑡2 − 𝐸
𝜕2𝑢(𝑥,𝑡)

𝜕𝑥2 − κ{2𝐿𝑢 − 𝑢 ∗ 𝐻(𝑥) + 2𝐿𝜗2𝑢
2 + 𝜗2𝑢

2 ∗ 𝐻(𝑥) − 2𝐿𝜗2𝑢[𝑢 ∗ 𝐻(𝑥)]} = 0 

           (4-41) 

To gain an insight in behaviour of the system in terms of waves, Fourier transform both in time 

and space has been applied, and one can arrive at:  

𝜌𝜔2�̂̂�(𝑘, 𝜔) − 𝐸𝑘2�̂̂�(𝑘, 𝜔) + κ{2𝑎�̂̂�(𝑘, 𝜔) − �̂̂�(𝑘)�̂̂�(𝑘, 𝜔) + 2𝑎𝜗2[�̂̂�(𝑘, 𝜔) ∗∗ �̂̂�(𝑘, 𝜔)] +

𝜗2�̂̂�(𝑘)[�̂̂�(𝑘, 𝜔) ∗∗ �̂̂�(𝑘, 𝜔)] − 2𝑎𝜗2�̂̂�(𝑘, 𝜔) ∗∗ [�̂̂�(𝑘)�̂̂�(𝑘, 𝜔)]} = 0  (4-42) 

Assuming the solution in terms of normal functions 𝜙𝑟 as:  

𝑢(𝑥, 𝑡) = ∑ 𝜙𝑟(𝑥)𝑟 𝑞𝑟(𝑡)        (4-43) 

with 

�̂̂�(𝑘, 𝜔) = ∑ �̂�𝑟(𝑘)𝑟 �̂�𝑟(𝜔)        (4-44) 

and employing the similar approach as of the one in subsection 4.2.3., the dispersion relation, 

for a given 𝑟 = 𝑅, may be expressed as follow  

𝑇𝑖𝑗𝑚𝑛�̂�𝑅𝑚×1
�̂�𝑅1×𝑛

= 0         (4-45) 

with  

𝑇𝑖𝑗𝑚𝑛 = [𝜌𝜔𝑛
2 − 𝐸𝑘𝑚

2 + 𝜅2𝑎 − 𝜅�̂̂�(𝑘𝑚)] 𝛿𝑖𝑚𝛿𝑗𝑛 + 𝜅 {2𝑎𝜗2[�̂�𝑅(𝑘𝑖 − 𝑘𝑚)�̂�𝑅(𝑘𝑚)Δ𝑘][�̂�𝑅(𝜔𝑗 −

𝜔𝑛)�̂�𝑅(𝜔𝑛)Δ𝜔] + 𝜗2�̂̂�(𝑘𝑖)[�̂�𝑅(𝑘𝑖 − 𝑘𝑚)�̂�𝑅(𝑘𝑚)Δ𝑘][�̂�𝑅(𝜔𝑗 − 𝜔𝑛)�̂�𝑅(𝜔𝑛)Δ𝜔] − 2𝑎𝜗2 [�̂�𝑅(𝑘𝑖 −

𝑘𝑚)�̂�𝑅(𝑘𝑚)�̂̂�(𝑘𝑚)Δ𝑘] [�̂̂�(𝑘𝑚)�̂�𝑅(𝜔𝑗 − 𝜔𝑛)�̂�𝑅(𝜔𝑛)Δ𝜔]} = 0    (4-46a) 

[ �̂�𝑅 ]
𝑚 ×1

= [�̂�𝑅 (𝑘1),… , �̂�𝑅 (𝑘𝑚)]
𝑇
      (4-46b) 

[�̂�𝑅 ]
1 ×𝑛

= [�̂�𝑅 (𝜔1),… , �̂�𝑅 (𝜔𝑛)]       (4-46c) 

As seen, 𝑇𝑖𝑗𝑚𝑛 is a multidimensional array with four dimensions. To characterize the behaviour 

of such a system, we utilize the notion of hyperdeterminant which is practical for 

multidimensional arrays. Hyperdeterminant 𝐷𝑒𝑡(𝑇) is a polynomial and describes the 

underlying field of the multi-dimensional vector spaces. One concludes each temporal and 

spatial frequency is entangled intricately with other counterparts within the introduced 
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discretized domain. Clearly, this complexity is originated from the introduction of nonlinearity 

to the forcing integral term, and it sets conditions which were not present before. 

 

4.4. Final remarks  
Nonlinearities usually trigger a new spectrum of phenomena to systems due to the higher level 

of complexity they introduce to the dynamics. This chapter is devoted to understanding the 

effects induced by nonlinearities in long-range systems, majorly in an implicit way. Unlike the 

spring-like links, the host structure (waveguide) is assumed to capture the nonlinear 

characteristics, and dynamics is linearized to facilitate the study by statistical linearization 

approach. This made possible by considering the imposition of a random excitation on the 

system responsible for making the effect of nonlinearities apparent. Homogenisation of the 

linearized dynamics suggests the occurrence postponement of the unusual effects discussed in 

the last chapter including the wave-stopping and negative group velocity. Independently, 

another case is concisely studied, highlighting how the integration of nonlinear long-range 

connectors to a conventional linear waveguide results in entanglement of frequencies and 

wavenumber, analogous to the coupling of wavenumbers in the previous case.  
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Chapter 5: Long-range non-homogeneous periodic 

configurations: tree-periodicity  
 

 

 

5.1. Introduction  
Several studies have revealed that periodic structures bring eccentric characteristics to the band 

structure of systems, dissimilar to that of conventional domains. This could stem from simple 

mechanical components such as mass-spring units, attached to a host structure, absorbing the 

travelling energy at their resonance frequencies, and consequently prohibiting the energy to 

propagate within certain frequency ranges. On the other hand, Bragg’s scattering is another 

mechanism, which enables the generation of such frequency bandwidth. In fact, due to the 

impedance mismatch among the constructing elements of the periodic array, the wavefronts try 

to adjust their speed while entering the neighbouring element with different acoustic properties, 

and the status of success in this attempt determines the band structure.   

This chapter is devoted to developing periodic structures by means of long-range connectors, 

i.e., nonlocalities. Although the utilized nonlocalities are simple spring-like springs, their 

unique distribution provide the chance to get periodic configurations. As a matter of fact, rather 

than the cases studied in chapters three and four, the adopted connectivity template here does 

not involve all particles inside the domain. In this fashion, the structure accommodates in the 

category of long-range non-homogenous periodic configurations according to the concept of 

graph-periodicity introduced in chapter 2. Here, long-range connectors serve as essential 

components for creating a genuine periodic arrangement as opposed to the classical 

metamaterials, where the specific sequence of impedance mismatched elements is responsible 

for the task.   

A comprehensive analysis is conducted on a periodic waveguide when the periodicity is 

induced by the long-range connectors. Floquet method is utilized to identify the band structure 

of the system, and the underlying mechanism in charge of generating the stopbands is realized 

by comparing the energy transmission across the new channel, i.e., the nonlocalities and the 

conventional path being the waveguide. Then this idea is implemented on a conventional elastic 

compound rod and the joint effects induced by impedance mismatch and nonlocalities is 

studied. Eventually, the possibility of blocking travelling waves by these extensional 

connections is demonstrated for an axisymmetric cylindrical shell, where the coupled flexural 

and longitudinal modes contribute in transporting the energy.  

 

5.2. Waveguide with periodic nonlocalities  
This section is concerned with the performance of a periodic waveguide, where the periodicity 

is promoted by long-range connectors. First, a simple model of propagation of plane waves 
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travelling across the domain is realized with the help of Floquet theorem. Then, other analyses 

are performed on the harmonically excited semi-infinite counterpart of the system to 

understand other characteristics of the system including the working mechanism responsible 

for forming the associated band structure. 

 

5.2.1. Band structure identification  

The simplest way to gain insights into the behaviour of systems with periodic nonlocalities 

(PN) is described in this section. The stopband structure of a conventional rod embedded with 

external links, forming a periodic structure, as shown in Fig. 5. 1, is investigated. A unit cell of 

the periodic structure is composed of two identical bar segments as well as of two springs. In 

the graph-periodicity classification, this can be seen as a tree-periodic structure of period 𝐿 and 

leaf-periodic with same period, with only two leaves each tree (𝑁 = 2). 

 

Fig. 5. 1: A unit cell of a uniform rod with nonlocalities 

As already mentioned, the functionality of the spring elements in this structure differs from the 

classical periodic configurations, where springs are assembled in various configurations with 

discrete masses to compose a waveguide [113,114,121–124] or resonators attached to a unit-

cell [27–29]. Note that the structure shown in Fig. 5. 1 is non-homogenous, which is true for 

all the configurations taken into account throughout the current chapter.  

The unit cell of the periodic array shown in Fig. 5. 1 features instantaneous transmission of 

force across itself, in parallel with conventional elastic wave propagation. The periodic nature 

of the system entails the presence of periodic coefficients in the corresponding governing 

equation of motion. Since the domain of interest is periodic, Floquet theorem provides a 

framework for finding the solution by considering a bounded portion of the system, i.e., the 

unit cell. To perform the Floquet analysis, obtaining the equation of motion and the matching 

conditions are required, and, for that purpose, the variational principle is adopted.  

To apply Hamilton’s principle 𝛿𝐻 = 0, the action integral should be formulated as: 

𝐻 = ∫ (𝑇 − 𝑈)
𝑡2
𝑡1

𝑑𝑡         (5-1) 

The total elastic energy 𝑈 stored in the deformable body (see Fig. 5. 1) and the kinetic energy 

𝑇 are given by: 
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𝑈 =
1

2
[∫ 𝐸𝐴 (

𝜕𝑢1

𝜕𝑥
)
2

𝑑𝑥
𝐿

0
+ ∫ 𝐸𝐴 (

𝜕𝑢2

𝜕𝑥
)
2

𝑑𝑥
2𝐿

𝐿
] +

1

2
𝜅[(𝑢1(𝐿, 𝑡) − 𝑢1(0, 𝑡))

2 + (𝑢2(2𝐿, 𝑡) −

𝑢2(𝐿, 𝑡))
2]          (5-2a) 

𝑇 =
1

2
[∫ 𝜌𝐴 (

𝜕𝑢1

𝜕𝑡
)
2

𝑑𝑥
𝐿

0
+ ∫ 𝜌𝐴 (

𝜕𝑢2

𝜕𝑡
)
2

𝑑𝑥
2𝐿

𝐿
]      (5-2b) 

Here, 𝐸, 𝜌, 𝐴 and 𝐿 are the Young’s modulus, the mass density, the cross-section and the length 

corresponding to the segments, in the order given; and distant points on the rod interact 

nonlocally via springs with the stiffness 𝜅.  

The governing equation of motion for longitudinal waves for each segment, based on the 

Hamilton’s principle, is: 

𝜕2𝑢𝑖(𝑥,𝑡)

𝜕𝑡2 =
1

𝑐2

𝜕2𝑢𝑖(𝑥,𝑡)

𝜕𝑥2    ,   𝑖 = 1, 2       (5-3) 

Here, 𝑐2 = 𝐸/𝜌 is the speed of the sound. The Hamilton’s principle yields the matching 

conditions, extracted using stationary conditions for the action integral (5-1), as: 

𝑢1⌋𝐿 − 𝑢2⌋𝐿 = 0         (5-4a) 

𝐸𝐴
𝜕𝑢1

𝜕𝑥
⌋
𝐿
− 𝐸𝐴

𝜕𝑢2

𝜕𝑥
⌋
𝐿
+ 𝜅[𝑢1(𝐿, 𝑡) − 𝑢1(0, 𝑡)] + 𝑘[𝑢2(𝐿, 𝑡) − 𝑢2(2𝐿, 𝑡)] = 0 (5-4b) 

Eventually, the Floquet-Bloch periodicity conditions are  

𝑢1⌋𝐿/2 − Λ 𝑢2⌋3𝐿/2 = 0        (5-5a) 

𝜕𝑢1

𝜕𝑥
⌋
𝐿/2

− Λ 
𝜕𝑢2

𝜕𝑥
⌋
3𝐿/2

= 0        (5-5b)  

where Λ is a nondimensional parameter function of the Bloch parameter 𝐾𝐵 [125]. Indeed,  

Λ = 𝑒𝑖𝐾𝐵 is a conventional notation for periodic structures, which enables a more 

straightforward discussion of the results than by interpreting them in terms of 𝐾𝐵. It will be 

discussed how for |Λ| = 1, a full wave transmission is observed. Instead, for any value such 

that |Λ| ≠ 1, stopbands occur in the dynamic response of the structure. One may note that the 

Floquet-Bloch periodicity conditions are chosen at the mid-span of the segments. It stems from 

the choice of symmetric periodicity cell. In order to reduce the number of involved parameters 

in this problem, the system of equations (4) and (5) is written in the nondimensional format as: 

�̂�1⌋1 − �̂�2⌋1 = 0         (5-6a) 

𝜕𝑢1

𝜕𝑋
⌋
1
−

𝜕𝑢2

𝜕𝑋
⌋
1
+ �̂�[�̂�1(1, 𝑡) − �̂�1(0, 𝑡)] + �̂�[�̂�2(1, 𝑡) − �̂�2(2, 𝑡)] = 0  (5-6b) 

�̂�1⌋1/2 − Λ �̂�2⌋3/2 = 0        (5-6c) 

𝜕𝑢1

𝜕𝑋
⌋
1/2

− Λ 
𝜕𝑢2

𝜕𝑋
⌋
3/2

= 0        (5-6d) 
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where 𝑋 = 𝑥/𝐿 and �̂�𝑖 = 𝑢𝑖/𝐿 (𝑖 = 1, 2) and the nondimensional stiffness is  

�̂� = 𝜅𝐿/𝐸𝐴. For each segment of the periodic rod, the displacement field �̂�𝑗(𝑋, 𝑡), the general 

solution of Eq. (5-3), has the canonical form: 

�̂�𝑗(𝑋, 𝑡) = 𝜑𝑗𝑒
𝑖𝜔𝑋−𝑖𝜔𝑡 + 𝜓𝑗𝑒

−𝑖𝜔𝑋−𝑖𝜔𝑡      (5-7) 

Here, 𝜔 = Ω𝐿/𝑐. Substituting the above equation in the system of Eqs. (6) yields a system of 

four linear homogeneous algebraic equations function of the amplitudes of the right- and left-

going waves in each segment and independent with respect to time. The nontrivial solution of 

the above system of equations is  

Λ2 + 𝑞(𝜔)Λ + 1 = 0         (5-8) 

with  

𝑞(𝜔) =
−2 [𝜔 cos(𝜔) + �̂�  sin(𝜔)]

𝜔 +  �̂� sin(𝜔)
        (5-9) 

The discriminant function (𝐷𝐹) of the quadratic equation (8) is given by:  

𝐷𝐹 = −
4 𝜔 sin(𝜔)(2�̂�(1−cos(𝜔))+ 𝜔 sin(𝜔))

(𝜔 + �̂� sin(𝜔))2 
      (5-10) 

If this function is positive, the roots of equation (5-8) are real-valued and the frequency 𝜔  falls 

into a stopband. If this function is negative, roots are complex conjugate and the frequency 𝜔 

belongs to a pass band. This discriminant, function of nondimensional stiffness and frequency, 

is depicted in Fig. 5. 2 with marked stopband borders. The areas shown in red are those 

associated with stopbands and the light brown domain corresponds to the pass bands. The 

borders between these two regions are defined by the condition DF = 0. To meet the preceding 

condition, three different solutions for Eq. (5-10) are available and clearly, the trivial solution, 

shown in yellow, is not of interest. The second set of solutions requires 𝑠𝑖𝑛(𝜔) to be zero, 

yielding 𝜔 = 𝑛𝜋, with 𝑛 being a natural number, which are distinctly shown in the figure with 

black solid lines. Eventually, the blue curves are associated with the third solution 

�̂� = −𝜔cot (𝜔/2)/2.  

The analysis of the eigenfrequencies of a unit periodicity cell shown in Fig. 5. 1 with free ends 

yields eigenfrequencies defined by the third solution and by the condition cos(𝜔) = 1. The 

second solution 𝜔 = 𝑛𝜋 perfectly matches the eigenfrequencies of the same unit cell with both 

ends fixed. Obviously, the set of eigenfrequencies 𝜔 = 2𝑛𝜋 is shared by the unit cells with 

fixed-fixed and free-free boundary conditions. Therefore, these frequencies define the gaps of 

the zero width [23].  
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 Fig. 5. 2: Stiffness-frequency diagram  

The frequency dependence of the roots of the characteristic equation (5-9) is shown in Fig. 5. 

3, for three values of   the  stiffness parameter. Two different regimes are clearly seen: a flat line, 

i.e., |Λ| = 1,  represents pass band, and the elliptic-like curves, result of distinct real roots of the 

characteristic equation, represent stopbands. The frequency, at which the stopband emerges, 

remains unchanged for different values of  �̂�, as reported earlier by Fig. 5. 2. Finally, as shown, 

stiffer external links promotes  wider gaps. It is worthwhile to note that the width and the 

location of the stopbands perfectly match the data already presented in Fig. 5. 2. 

 

Fig. 5. 3: Band structure for uniform waveguide with nonlocalities  

Inspection of Eq. (5-10) suggests 𝐷𝐹 becomes singular when its denominator vanishes, 

producing:  

 �̂� = −
𝜔

sin(𝜔)
          (5-11) 
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This implies that one root of Eq. (5-8) diverges and the other tends to zero. This indicates the 

birth of stopbands with infinitely large attenuation, a desirable effect for vibro-isolation 

purposes. Note that this effect is characteristic of the periodic nonlocality since it specifically 

depends on �̂�. In the absence of external springs, the denominator of 𝐷𝐹 simply collapses into 

𝜔, and no similar effect emerges.   

 

Fig. 5. 4: Critical stiffness as a function of frequency 

Fig. 5. 4 shows the plot of �̂� yielded by Eq. (5-11), provided over a wide range of �̂�. Note that 

the case of negative stiffness will be addressed in the next section. The infinite attenuation 

effect appears within regularly separated bandwidths. At lower frequencies, this ‘complete’, or 

‘ideal’ attenuation may be obtained by deploying springs of relatively small stiffness, while 

this effect is more difficult to reach when the frequency increases, requiring higher spring 

stiffness. The minimum stiffness, which delivers infinite attenuation, is easily found by 

equating the first derivative of denominator of Eq. (5-11) to zero giving tan(𝜔0) =  𝜔0. The 

first root is 𝜔0 = 4.721 with the corresponding nondimensional stiffness �̂� = 4.721.  

On balance, it is concluded that disruption of the energy transfer may be achieved using the 

instantaneous long-range forces between a priori selected fixed stations in a waveguide. Unlike 

the case considered in the previous section, the underlying physical mechanism employed here 

is the Bragg’s destructive interference of waves, the ‘trademark’ of periodic waveguides.  

 

5.2.2. Negative stiffness and low frequency stopbands 

The desirable influence of nonlocalities on the stopbands in terms of broadening and stronger 

attenuation, especially in the low frequency band, has been demonstrated in the previous 

section. However, the principal demand to pull the first stopband to the lowest possible 

frequencies has not been met neither using impedance mismatch nor using the long-range 

interactions. Hence, here a radical change in the physics of the system is assumed to accomplish 

this very highly demanding task. So far, the analysis has been limited to the physically 

meaningful positive values of the stiffness of the springs. Here, the stiffness �̂� in Eq. (5-10) is 
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allowed to attain negative values: that is, the forces exerted by the external links act in the 

opposite direction with respect to configuration described in section 3. For −1.5 ≤ �̂� ≤ 0.2, 

the analysis of the discriminant equation shows the possibility of pulling the stopbands to 

arbitrary low frequencies given a proper negative value for stiffness (see Fig. 5. 5).  

Although the negative values are not compatible with real-life springs, the equivalent force, 

exerted by the hypothetical springs with negative �̂�, can plausibly be generated by devices 

exhibiting such a behaviour, which are well known and broadly used in vibration control, with 

a magnet being a simple example. However, another possibility is an active control system, in 

which piezo elements are used to generate forces proportional to the instant difference in 

displacements of control points and acting in the requested direction. Note that technicalities 

of practical implementation of this concept are not dwelled here and in what follows just 

demonstrate the effect, which can be obtained by these means.  

 

Fig. 5. 5: Stiffness-frequency diagram  

 

5.2.3. Virtual experiment by insertion loss analysis 

So far, the analysis has been confined to solution of problems in free wave propagation for 

infinite periodic waveguides with periodic nonlocalities. Further insights into their behaviour 

come from solutions of the forcing problem. Its standard formulation is associated with 

calculations of Insertion Losses (IL). 

The insertion loss in dB is given by [126]: 

𝐼𝐿 = 10 log10 𝐸0/𝐸𝑠         (5-12) 

Here, 𝐸0 is the energy flux (EF) in a semi-infinite uniform D’Alembert waveguide (i.e., with 

the springs removed) and 𝐸𝑠 denotes the EF in the same semi-infinite waveguide equipped with 
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an insert (i.e., with the non-local connectors) in the same excitation conditions, as illustrated in 

Fig. 5. 6. The EF averaged over a period of motion for a dilatation time-harmonic wave in a 

one-dimensional waveguide is [127]: 

𝐸(𝑥) = −
1

2
𝑅𝑒[𝑁𝑥(𝑥)𝑉(𝑥)]        (5-13) 

where 𝑁𝑥(𝑥) and 𝑉(𝑥) are the axial force and the conjugate of the axial velocity, respectively.  

 

Fig. 5. 6: Semi-infinite uniform rod with nonlocalities with two inclusions 

Let us first consider a semi-infinite uniform waveguide with two long-range connectors as 

shown in Fig. 5. 6. Then the semi-infinite segment obeys Sommerfeld radiation condition and 

supports outgoing travelling wave, while pairs of direct and reflected waves are generated in 

segments 1 and 2. The amplitudes of these five waves are determined by using the following 

conditions: 

�̂� −
𝜕𝑢1

𝜕𝑋
⌋0 + �̂�[�̂�1⌋0 − �̂�1⌋1] = 0       (5-14a)     

�̂�1⌋1 − �̂�2⌋1 = 0         (5-14b) 

𝜕𝑢1

𝜕𝑋
⌋1 −

𝜕𝑢2

𝜕𝑋
⌋1 + �̂�[�̂�1⌋1 − �̂�1⌋0] + �̂�[�̂�2⌋1 − �̂�2⌋2] = 0    (5-14c) 

�̂�2⌋2 − �̂�3⌋2 = 0         (5-14d) 

𝜕𝑢2

𝜕𝑋
⌋2 −

𝜕𝑢3

𝜕𝑋
⌋2 + �̂�[�̂�2⌋2 − �̂�2⌋1] = 0       (5-14e) 

Here, �̂� = 𝐹/𝐸𝐴. Solving the above system fully characterizes the wave motion in the system. 

As already shown by various studies [22,23], insertion loss 𝐼𝐿 at the frequencies inside the 

stopbands is significantly higher with respect to those within pass bands. In fact, insertion loss 

is a mean to distinguish passbands from the stopbands, and its increase corresponds to the 

magnitude of 𝛬 within stopbands.  

Fig. 5. 7 compares the insertion loss for three different cases, i.e. two, three and four unit-cells. 

Based on the figure, the peaks are located around stopbands already predicted by the Floquet 

analysis. Indeed, the loss at stopband frequencies is notably large, which virtually verifies the 

performance of the infinite structure presented beforehand (see Fig. 5. 3). Furthermore, it is 

apparent how the higher the number of unit-cells, the larger the amplitude of peaks around the 
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stopband frequencies. It is worth mentioning that for a limited number of unit-cells, the 

bandwidth of the peaks does not precisely determine the bandwidth of the associated stopbands. 

Eventually, the plot suggests the existence of points at which the insertion loss becomes null 

for all the curves. These points have been defined as shared points. Furthermore, each curve 

presents other points of null insertion loss, but those are strictly related to the number of the 

unit-cells in the insert. The discussion that follows is devoted to the physical interpretation of 

all these points of zero insertion loss. 

 

 

Fig. 5. 7: Insertion loss for a semi-infinite uniform waveguide with nonlocalities (�̂� = 0.5) 

In the above figure, regardless of the number of unit-cells in the insert, there are shared points 

at which the insert is fully transparent, i.e., 𝐼𝐿 = 0. In Ref. [24], it is shown how the 

eigenfrequencies associated to the free-free unit-cell of a periodic structure are related to 

borders of stopbands. The eigenfrequency equations of the associated stopband are 

cos(𝜔) = 1 and �̂� + 𝜔 cot(𝜔/2) /2 = 0. Since the shared points occur exactly at these 

eigenfrequencies, it is clear how there is a one-to-one correspondence between shared points 

and borders of these stopbands. In addition to the shared points, there are other points on each 

curve, where 𝐼𝐿 = 0. These zeros correspond to eigenfrequencies of the corresponding insert 

with both ends free. 

To further explain the correspondence between shared points and stopbands, Fig. 5. 8 reports 

the single case of three unit-cells.  Fig. 5. 8 presents the case of a semi-infinite structure with 

an insert composed of three unit-cells to highlight the above comments. The global behaviour 

is partially determined by the collective characteristics of the insert, and by the intrinsic 

properties of the single unit-cell (see Fig. 5. 6). Indeed, the figure shows, more than the trend 

of the insertion loss 𝐼𝐿 (red solid curve), the eigenfrequencies of the insert, green dashed curves, 

and the eigenfrequencies of the unit-cell, magenta dot-dashed curves, all with respect to the 

nondimensional frequency. The behaviour of the insert is expressed by two separate equations, 

namely �̂� + 2𝜔 cot(𝜔) − 𝜔/ sin(𝜔) = 0 and �̂� + 2𝜔 cot(𝜔) /3 + 𝜔/3 sin(𝜔) = 0: the 

green curves and; since the insert changes according to the number of unit-cells, it carries the 
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information regarding the zeros related to the specific structure. These zeros belong to the pass 

band frequencies, since they fall outside the major peaks, as shown in Fig. 5. 7. It is worth 

mentioning that the zeros corresponding to the magenta curve are the shared points, identical 

to those exhibited in Fig. 5. 7, due to the presence of the unit-cell in each insert.  

 

 

Fig. 5. 8: Insertion loss and related eigenfrequency curves for a three-component semi-infinite rod: Red 

curve: insertion losses (�̂� = 0.5), Magenta lines: Eigenfrequency equation of the free-free unit cell, 

Green curves: Eigenfrequency equations associated with the free-free insert 

It is worth to notice how a same system with spring elements, characterized by negative 

effective stiffness, the stopbands are pushed leftwards. For a fixed value of stiffness, Fig. 5. 9 

highlights strong attenuation in the low frequency band, an attractive occurrence, which is in 

close agreement with what already demonstrated in Fig. 5. 5. Besides, the amplification of 

peaks is observed at low frequency range as the number of unit-cells in the insert increases, 

akin to cases displayed in Fig. 5. 7.  

 

 Fig. 5. 9: Insertion loss for a uniform rod with nonlocalities (�̂� = −0.98) 
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Fig. 5. 10  shows the variation of the insertion loss for a selected number of unit-cells and for 

different negative values of �̂�. It is evident how the more the stiffness turns into critical, the 

more the stopband is moved leftwards, in compliance with Fig. 5. 5. Again, the significant 

amplification of peaks is apparent in the low frequency band by an increase in �̂�. 

 

 

Fig. 5. 10: Effect of stiffness on insertion loss for a uniform rod with nonlocalities (three inclusions) 

 

5.2.4. Working mechanism and energy flow partition 

As pointed out in the previous subsection the distinctive feature of a periodic waveguide with 

periodic nonlocalities is the co-existence of the energy transport in its conventional 

‘continuous’ path and the instantaneous energy transfer by non-inertial long-range connectors. 

This intriguing issue is addressed in this section. As seen from equation (5-14a), the driving 

force �̂� at 𝑥 = 0 is balanced by two components: a force in the segment 1 and a nonlocal force 

in the spring. This is illustrated in Fig. 5. 6 and now in Fig. 5. 11 as a textbook setup ‘springs 

in parallel’. However, since we consider an open system with the energy leakage to the far 

field, the division of the external force to two components entails similar energy partition, as 

sketched in Fig. 5. 11. 

 

Fig. 5. 11: Semi-infinite uniform rod with nonlocalities with two inclusions 
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The force acquired by the segment 1 at 𝑥 = 0 generates the conventional energy transmission 

across the segments by a travelling wave at the finite speed 𝑐 in the amount 𝐸𝐼, see Fig. 15. 

Since the material losses are excluded, this energy is conveyed in full to the end of insert. This 

is the action of a primary source, well known in acoustics. The non-inertial springs transmit 

their part of a driving force instantaneously to the right end of the first cell, so do all the other 

springs till the end of last cell. Then the instantaneous “spring-borne” force acts at the right end 

of the insert as a secondary source. Naturally, the interaction between these sources may be 

either constructive or destructive. Such a secondary source cannot exist in the conventional 

periodic compound rods, and it induces appreciable changes in the energy flux. Indeed, while 

in conventional periodic structures with no material losses energy flux does not depend upon 

the distance 𝑥, here it experiences a jump at the interface between the insert and the semi-

infinite segment (see Fig. 5. 11). In Ref. [122], the similar effect is called ‘tunnelling power 

flow’., which is also customarily understood in a different sense [128]. To assess the interaction 

between the primary and the secondary source, the energy flux 𝐸𝐼 injected into the rod at  

𝑥 = 0, where the external force is applied, and the energy flux 𝐸𝐹𝐹 (i.e., in the far field) in the 

semi-infinite segment are compared: 

𝐸𝐹𝑃 = 10 log10 𝐸𝐼/𝐸𝐹𝐹        (5-15) 

where EFP, in dB, stands for energy flux partition. It is straightforward, using the mathematical 

induction method, to prove that, in contrast to insertion losses, this characteristic is independent 

upon the number of unit-cells in the periodic insert and is defined by the elementary formula:   

𝐸𝐹𝑃 = 10 log10
𝜔

𝜔+�̂�sin (𝜔)
        (5-16) 

This function is plotted in Fig. 5. 12. As long as 𝜔 < 𝜋, the constructive interference takes 

place as the secondary source cooperates with the primary source and adds to the energy 

flowing through the rod from x=0. Indeed, negative values of EFP are produced whenever 𝐸𝐼 <

𝐸𝐹𝐹. At the frequency 𝜔 = 𝜋,  𝐸𝐹𝑃 = 0, implying no energy injection produced by the force 

transmitted via springs and a constant energy flux along the whole structure. Recalling  

Eq. (5-13), this condition occurs, when the spring force is shifted by 𝜋/2 with respect to the 

complex conjugate of the velocity. When 𝜔 becomes larger than 𝜋, the inequality sign swaps: 

𝐸𝐼 > 𝐸𝐹𝐹 (see Fig. 5. 12). Thus, positive values of 𝐸𝐹𝑃 imply that the secondary source 

opposes the energy transmission to the far field, i.e., destructive interference takes place. 

Transitions between constructive and destructive interference occur every 𝜋 and at each 

‘switching frequency’ 𝜔 = 𝑛𝜋 (𝑛 = 2, 3, 4, … ,𝑁), with 𝑁 being a positive integer, the force 

imposed by the end spring does not contribute to the energy flux.   
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Fig. 5. 12: Energy flow partition  

For clarity, it should be emphasised that quantity Energy Flux Partition introduced and 

analysed in this section is completely different from the insertion losses dealt with in the 

previous subsection, despite that both involve the energy flux in a far field for a waveguide 

with an insert. In IL, this energy flux is referred to the energy flux in a uniform waveguide, so 

that IL strongly depend upon the number of periodicity cells. In EFP the reference is the amount 

of energy which travels with the conventional speed c in the rod from the point 𝑥 = 0, where 

the external force is applied, to the end on the periodic insert. This quantity does not depend 

upon the number of periodicity cells in an insert.        

 

 

5.3. Elastic compound waveguide with periodic nonlocalities  
This section explains the changes made in wave propagation properties of a conventional 

periodic elastic compound rod when integrated with nonlocalities. This implies the existence 

of two separate source for generation of stopbands in the band structure of the system. The 

studies put forward in the following section is provided in a concise format since most of the 

employed concepts and methods are indeed identical to those presented in the previous section.  

 

5.3.1. Band structure identification  

To generalize the posed problem given in last section, a unit cell of a periodic elastic compound 

rod with periodic nonlocality (PECRPN), which is composed of two different types of 

segments as well as of two springs, is taken into account (see Fig. 5. 13). 𝐸𝑖, 𝜌𝑖, 𝐴𝑖 and 𝐿𝑖  

(𝑖 = 1, 2) are the Young’s modulus, the mass density, the cross-section and the length 

corresponding to each segment, respectively.  
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Fig. 5. 13: A unit cell with nonlocalities and impedance mismatch 

Following the Hamilton’s principle as shown in the previous sections, the matching conditions, 

in the nondimensional form, are:  

�̃�1⌋1 − �̃�2⌋1 = 0         (5-17a) 

𝜕𝑢1

𝜕𝑋
⌋
1
−

𝑍

𝑐12

𝜕𝑢2

𝜕𝑋
⌋
1
= 0         (5-17b) 

�̃�2⌋1+𝛾 − �̃�3⌋1+𝛾 = 0         (5-17c) 

𝑍

𝑐12

𝜕𝑢2

𝜕𝑋
⌋
1+𝛾

−
𝜕𝑢3

𝜕𝑋
⌋
1+𝛾

+ �̃�[�̃�2(1 + 𝛾, 𝑡) − �̃�1(0, 𝑡)] + �̃�[�̃�3(1 + 𝛾, 𝑡) − �̃�4(2 + 2𝛾, 𝑡)] = 0

           (5-17d) 

�̃�3⌋2+𝛾 − �̃�4⌋2+𝛾 = 0         (5-17e) 

𝜕𝑢3

𝜕𝑋
⌋
2+𝛾

−
𝑍

𝑐12

𝜕𝑢4

𝜕𝑋
⌋
2+𝛾

= 0        (5-17f) 

where 𝑋 = 𝑥/𝐿1, 𝛾 = 𝐿2/𝐿1 and �̃�𝑖 = 𝑢𝑖/𝐿1 (𝑖 = 1, 2, 3, 4) are the nondimensional coordinate, 

the nondimensional length parameter and nondimensional displacement associated to each 

segment, respectively. In addition, 𝑍 = 𝜌2𝑐2𝐴2/𝜌1𝑐1𝐴1 denotes the impedance mismatch 

parameter, which is a ratio between the acoustic impedance of the segments, �̃� = 𝜅𝐿1/𝐸1𝐴1 is 

the nondimensional spring stiffness and finally, 𝑐12 = 𝑐1/𝑐2  symbolizes the sound speed ratio. 

It is already known by literature how impedance mismatch in periodic configurations is vehicle 

of stopbands in the dynamic response of a system [23]. Based on what earlier discussed, proper 

choice of periodicity conditions is necessary. To ensure that, the periodicity conditions are 

assumed as: 

�̃�2⌋1+𝛾/2 − Λ �̃�4⌋2+3𝛾/2 = 0        (5-18a) 

𝜕𝑢2

𝜕𝑋
⌋
1+𝛾/2

− Λ 
𝜕𝑢4

𝜕𝑋
⌋
2+3𝛾/2

= 0       (5-18b) 

Following the procedure outlined in the previous section, it is straightforward to obtain a 

characteristic equation corresponding to Eq. (5-8): 

𝑞(𝜔) =
−2 𝑍 cos(𝜏𝜔)(𝜔 cos(𝜔)+�̃� sin(𝜔))+sin(𝜏𝜔)(−2 �̃� cos(𝜔)+(1+𝑍2) 𝜔 cos(𝜔))

𝑍 𝜔 +𝑍 �̃� cos(𝜏𝜔) sin(𝜔)+ �̃� cos(𝜔) sin(𝜏𝜔) 
   (5-19) 
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Here, 𝜏 = 𝑐12𝛾 is the ratio of propagation times and it is defined at the outset that  𝜏 ≤ 1 [23]. 

The discriminant function is   

𝐷𝐹 =
𝜔(2𝑍−2𝑍 cos(𝜏𝜔)cos(𝜔)+(1+𝑍2) sin(𝜏𝜔)sin(𝜔))(−2𝑍𝜔−2𝑍 cos(𝜏𝜔)(𝜔 cos(𝜔)+2�̃� sin(𝜔))

𝑍 𝜔 +𝑍 �̃� cos(𝜏𝜔) sin(𝜔)+ �̃� cos(𝜔) sin(𝜏𝜔)
+

(−4�̃� cos(𝜔)+(1+𝑍2)𝜔 sin(𝜔)) sin(𝜏𝜔))

𝑍 𝜔 +𝑍 �̃� cos(𝜏𝜔) sin(𝜔)+ �̃� cos(𝜔) sin(𝜏𝜔) 
       (5-20) 

As explained in the previous section, positive/negative values of DF  correspond to the 

stop/pass bands.  As shown in the previous section, the long-range interaction is a novel 

promising tool to introduce periodicity in an otherwise uniform waveguide and to control 

location and width of stopbands. Given the mathematical framework in section 5.2., it is natural 

to explore possibilities to enhance the standard ‘impedance mismatch’ attenuation in periodic 

structures using non-locality.     

Considering Eq. (5-8) and Eq. (5-19), the variation of |Λ| against the frequency is demonstrated 

in Fig. 5. 14. It compares the response of a periodic elastic compound rod integrated with 

nonlocalities (PECRPN) and its counterpart without external elastic links (PECR). 

Additionally, the case of a uniform waveguide with nonlocalities is represented (PN). The 

numerical results are obtained for 𝑍 = 0.6, 𝑐12 = 0.4 and 𝛾 = 2. The periodic structure (Red 

line, PECR) generates five stopbands at frequencies around 1.7, 3.5, 5.2, 7 and 8.7. The uniform 

rod integrated with periodic long-range links (PN) with �̃� = 0.5 (Blue lines) introduce three 

distinct stopbands that, in the low-frequency range, are close to the red ones. While at low 

frequencies, the two configurations PECR and PN produce overlapping stopbands, at higher 

frequencies the configuration with nonlocalities generates smaller number of stopbands in the 

considered frequency range. Finally, the spring inclusions (Black dot dashed lines, PECRPN) 

have effects only over odd-numbered stopbands, while a perfect overlapping of the even-

numbered stopbands for PECR and PECRPN is observed. The odd-numbered ones appear 

slightly rightward moved, in a wider frequency bandwidth and with a larger amplitude as a 

consequence of the increased |Λ|, which further produces a sharper wave decay.  

 

Fig. 5. 14: Comparison between three different cases 
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The mathematical framework presented in this section allows gaining insight into band 

structure of a periodic elastic compound rod integrated with external links. These external links 

bring new feature to the classical periodic system due to their long-range exertion of force, 

which may be put into practice via various means. The impedance mismatch provides a larger 

number of gaps with respect to a uniform waveguide with nonlocalities. Since the broadening 

and the attenuation effect on the first gap is striking, for acoustic isolation purposes it is 

reasonable to combine an elastic compound rod with nonlocalities. For other applications, as 

whenever it is required to avoid specific resonances, the contribution of nonlocalities becomes 

less relevant. Accordingly, in the higher frequency ranges, sticking to the systems with only 

impedance mismatch seems justifiable.  

The results presented in Fig. 5. 14 are obtained for a priori chosen value of the geometrical and 

physical properties. One may think at the inverse problem by setting the value of the desired 

frequencies at which the stopbands should occur and consequently tailor the design of the 

system, as in real problems. As the interest is here on PN systems, this problem translates into 

identifying the stiffness of springs for the PN structure to mimic the behaviour of a 

conventional periodic system (PECR). The interest would be the magnification of all the 

existing stopbands in terms of amplitude and bandwidth. This is ideally achievable by a 

constructive combination of impedance mismatch and nonlocalities, as they both contribute in 

forming the final band structure of the system (see Fig. 5. 13), even though as shown in  

Fig. 5. 14, their coupling can only affect the odd-numbered ones. This is related to the adopted 

configuration given in Fig. 5. 13. As the springs connect neighbouring subunits, they miss the 

connection between the segments within a subunit, which is instead the case of the system PN 

in Fig. 5. 1, for the uniform cross section and material properties. However, a possible strategy 

can be easily outlined: the frequencies at which the stopbands emerge can be obtained by the 

𝐷𝐹 for the elastic compound rod with no nonlocalities [23] for given geometrical and 

mechanical properties; the introduction of this value of frequency into Eq. (5-9), which holds 

for PN system, returns the required value of stiffness for the spring-like connections.  

Unlike what is represented Fig. 5. 3, the seeds of the gaps, which are influenced by the 

nonlocalities, are not fixed anymore. This fact may be simply illustrated from a mathematical 

point of view. As indicated earlier, the boundaries between the pass and stopbands is defined 

by Eq. (5-9). Considering a simple compound elastic rod with no springs, 𝑞(𝜔) simplifies as 

[23]: 

𝑞(𝜔) = (𝑍 + 1/𝑍) sin(𝜏𝜔) sin(𝜔) − 2 cos(𝜏𝜔) cos(𝜔)    (5-21) 

Given the transcendental nature of Eq. (5-21), one may straightforwardly obtain the transition 

frequencies 𝜔 = 𝜔0 between the stop and pass bands once the impedance mismatch and the 

ratio of propagation times are fixed. Perturbing the stiffness by small quantity, i.e., �̃� = 𝜖, the 

frequency becomes: 

𝜔 = 𝜔0 + 𝜖𝜔1         (5-22) 

Expanding 𝐷𝐹 around 𝜖 = 0 and considering the contribution of the first order term only, one 

obtains:  
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𝜔1 = −
𝜕𝐷𝐹

𝜕�̃�
/

𝜕𝐷𝐹

𝜕𝜔
⌋ 𝜖 = 0
𝜔=𝜔0

        (5-23) 

Given Eq. (5-23) and the values of 𝜏 and 𝑍 as assumed, the first four critical frequencies are 

evaluated as a result of the change in the value of the stiffness. The exact values are obtained 

numerically and together with the approximated frequencies, i.e., 𝜔 = 𝜔0 + 𝜖𝜔1, are 

represented in Fig. 5. 15.  As it appears, no change is observed for the frequencies which 

correspond to the stopbands of zero width at 𝜔 = 0 and 𝜔 = 𝜋, which is in close 

correspondence to what already shown in Fig. 5. 2 and Fig. 5. 3. Evidently, the discrepancies 

become significant as 𝜖 diverges more from zero. Note that the value at the frequencies 

associated with non-zero width stopbands slightly increase as nonlocalities are introduced to 

the system. 

Although gaps widening and pushing them to lower bands is of value, the figure suggests that 

the latter is not satisfied. This can be achieved with the help of systems with negative stiffness 

as described earlier in subsection 5.2.2. 

 

 

Fig. 5. 15: Change in critical frequencies due to the introduction of nonlocalities (𝑍 = 0.6, 𝜏 = 1) 

 

5.3.2. Insertion loss analysis  

The investigation about the 𝐼𝐿 is completed by considering the case a semi-infinite rod 

characterized by nonlocalities and impedance mismatch. Fig. 5. 16 highlights the key role 

played by impedance mismatch in attenuating the wave energy and unveils two effects: 1) in 

agreement with the other structure, the higher the number of inclusions, the larger the 

magnitude of the peaks, to the limit of infinite magnitudes for an infinite number of inclusions; 

2) the comparison with uniform waveguide in Fig. 5. 7 reveals larger amplitude of the peaks 

due to impedance mismatch.  
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Fig. 5. 16: Insertion loss for an elastic compound rod with nonlocalities  

(𝑍 = 0.6, 𝑐12 = 0.4, 𝛾 = 2, �̃� = 0.5) 

 

5.4. Axisymmetric cylinder with periodic nonlocalities  
This section is an attempt to extend the concept of periodic nonlocalities to higher dimension 

domains in order to examine the possibility of blocking the energy within certain frequency 

ranges by employing solely longitudinal links, when coupled transverse and extensional modes 

are in charge of carrying energy. The system of interest, as in Fig. 5. 17, is composed of an 

infinite axisymmetric cylindrical shell. Besides, spring-like links let distant points interacting 

with each other. The inclusion of the periodically allocated axial connections generates new 

dynamic effects in the dynamic performance. The global dynamic response, by the 

displacements �̅�(𝑥, 𝑡) and �̅�(𝑥, 𝑡) along the axis and along the transverse direction, 

respectively, is associated by the following coupled differential equations:  

𝐸ℎ

1−𝜈2 (
𝑑2𝑢

𝑑𝑥2 +
𝜈

𝑅

𝑑�̅�

𝑑𝑥
) = 𝜌

𝑑2𝑢

𝑑𝑡2         (5-24a) 

𝐸ℎ

1−𝜈2 (
ℎ2

12

𝑑4�̅�

𝑑𝑥4 +
�̅�

𝑅2 +
𝜈

𝑅

𝑑𝑢

𝑑𝑥
) = 𝜌

𝑑2�̅�

𝑑𝑡2        (5-24b) 

with  𝜌, 𝐸, 𝑅, ℎ, and 𝜈 being the mass density, Young’s modulus, radius, thickness and 

Poisson’s ratio, respectively. The nondimensional forms become: 

𝑑2𝑢

𝑑𝑋2 + Ω2𝑢 − 𝜈
𝑑𝑤

𝑑𝑋
= 0        (5-25a) 

𝜈
𝑑𝑢

𝑑𝑋
+ 𝑤 +

ℎ2

12𝑅2

𝑑4𝑤

𝑑𝑋4 − Ω2𝑤 = 0       (5-25b) 

𝑋 = 𝑥/𝑅 denoting the nondimensional axial coordinate, 𝑢 = �̅�/𝑅 and 𝑤 = �̅�/𝑅 the 

nondimensional axial and bending displacements, are introduced. Ω = √(1 − 𝜈2)𝜌𝑅2𝜔2/𝐸 is 

the nondimensional frequency. In the correspondent structure, the energy is carried out via 
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coupled modes due to the coupling between the axial and bending terms in the equations of 

motion. This may be perceived by inspecting Eqs. (5-25) where both 𝑢 and 𝑤 are present in 

both equations indicating the link between the extensional and flexural modes.  

 

Fig. 5. 17: A periodicity cell of a cylindrical shell with periodic nonlocalities 

Using modal coefficients 𝜏𝑖,  the general solution for the system of equations (5-25) is:  

𝑤 = ∑ �̅�𝑖
6
𝑖=1 𝑒𝑗𝑘𝑖𝑥         (5-26a) 

𝑢 = ∑ 𝜏𝑖  �̅�𝑖
6
𝑖=1 𝑒𝑗𝑘𝑖𝑥         (5-27b) 

𝑘𝑖 (𝑖 = 1, 2, … , 6) are the roots of the dispersion relation for a homogenous and isotropic 

axisymmetric cylindrical shell. Given the above expressions for the displacements 𝑢 and 𝑤, 

twenty-four equations, in total, are necessary to fully characterize the kinematics of both 

segments. However, only twelve of them are self-sufficient and the rest are indeed connected 

to the independent ones by the modal coefficients. The modal coefficients are:  

𝜏𝑖 =
𝑗𝜈𝑘𝑖

𝑘𝑖
2−Ω2 = 𝑗

1+
ℎ2𝑘𝑖

4

12𝑅2−Ω2

𝜈𝑘𝑖
         (5-27) 

where 𝑗 is the imaginary unit. Considering a unit cell of the system, which contains two 

equivalent shell segments coupled with periodic nonlocalities of stiffness 𝜅, the interface 

conditions between the neighbouring segments 1 and 2, in the nondimensional form, are:  

𝑤1⌋𝑋=𝜆 = 𝑤2⌋𝑋=𝜆         (5-28a) 

𝑑𝑤1

𝑑𝑋
⌋
𝑋=𝜆

=
𝑑𝑤2

𝑑𝑋
⌋
𝑋=𝜆

         (5-28b) 

𝑑2𝑤1

𝑑𝑋2 ⌋
𝑋=𝜆

=
𝑑2𝑤2

𝑑𝑋2 ⌋
𝑋=𝜆

         (5-28c) 

𝑑3𝑤1

𝑑𝑋3
⌋
𝑋=𝜆

=
𝑑3𝑤2

𝑑𝑋3
⌋
𝑋=𝜆

         (5-28d) 

𝑢1⌋𝑋=𝜆 = 𝑢2⌋𝑋=𝜆         (5-28e) 

𝑑𝑢1

𝑑𝑋
⌋
𝑋=𝜆

+ 𝜈𝑤1⌋𝑋=𝜆 =
𝑑𝑢2

𝑑𝑋
⌋
𝑋=𝜆

+ 𝜈𝑤2⌋𝑋=𝜆 + �̂�[𝑢1⌋𝑋=𝜆 + 𝑢2⌋𝑋=𝜆 − (𝑢1⌋𝑋=0 + 𝑢2⌋𝑋=(1+𝛾)𝜆)]

           (5-28f) 
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where �̂� = 𝜅𝑅(1 − 𝜈2)/𝐸 denotes the nondimensional spring stiffness. 𝜆 = 𝐿1/𝑅 and  

𝛾 = 𝐿2/𝐿1 are nondimensional length parameters. Note that the parameter 𝛾 is kept as a 

variable in the above formulas for the sake of generality but it is set to one throughout this 

study. The above conditions are referring to the continuity of axial and bending displacements, 

the slopes 𝑑𝑤/𝑑𝑋, the flexural moments 𝑑2𝑤/𝑑𝑋2 and bending forces 𝑑3𝑤/𝑑𝑋3 at the 

interface. Besides, the condition regarding the continuity of the axial force i.e. Eq. (5-28f), is 

modified by an additional term �̂�[𝑢1⌋𝑋=𝜆 + 𝑢2⌋𝑋=𝜆 − (𝑢1⌋𝑋=0 + 𝑢2⌋𝑋=(1+𝛾)𝜆)], which brings 

into the system the effects induced by nonlocalities. To proceed with the analysis, six more 

equation are required, which are obtained by considering the Floquet-Bloch periodicity 

conditions, as: 

𝑤1⌋𝑋=𝜆/2 = Λ 𝑤2⌋𝑋=(1+𝛾/2)𝜆        (5-29a) 

𝑑𝑤1

𝑑𝑋
⌋
𝑋=𝜆/2

= Λ
𝑑𝑤2

𝑑𝑋
⌋
𝑋=(1+𝛾/2)𝜆

       (5-29b) 

𝑑2𝑤1

𝑑𝑋2 ⌋
𝑋=𝜆/2

= Λ
𝑑2𝑤2

𝑑𝑋2 ⌋
𝑋=(1+𝛾/2)𝜆

       (5-29c) 

𝑑3𝑤1

𝑑𝑋3 ⌋
𝑋=𝜆/2

= Λ
𝑑3𝑤2

𝑑𝑋3 ⌋
𝑋=(1+𝛾/2)𝜆

       (5-29d) 

𝑢1⌋𝑋=𝜆/2 = Λ 𝑢2⌋𝑋=(1+𝛾/2)𝜆        (5-29e) 

𝑑𝑢1

𝑑𝑥
⌋
𝑋=𝜆/2

+ 𝜈𝑤1⌋𝑋=𝜆/2 = Λ(
𝑑𝑢2

𝑑𝑥
⌋
𝑋=(1+𝛾/2)𝜆

+ 𝜈𝑤2⌋𝑋=(1+𝛾/2)𝜆)   (5-29f)  

Again, Λ is the standard parameter describing the phase shift in a periodic array. The relations 

(5-29) compare the state vector of neighbouring segments. It is apparent how the state vector 

gets modified from one cell to the next by the parameter Λ. Considering Λ = 𝑒𝑗𝐾𝐵  with 𝐾𝐵 

being the Bloch parameter, two possibility for its value may be imagined: real-valued 𝐾𝐵, hence 

|Λ| = 1, suggests the propagation is allowed in the structure, complex valued 𝐾𝐵, inducing 

|Λ| ≠ 1, disclosed the impossibility to project the state vector of one segment on the 

neighbouring, implying the existence of stopband frequencies.  Note that, once Γ is defined, its 

value is constant for any selected periodicity cell. A sixth-order transcendent equation 

associated with the described system is of the form:  

Λ6 + 𝐴1(Ω, �̂�) Λ5 + 𝐴2(Ω, �̂�) Λ4 + 𝐴3(Ω, �̂�) Λ3 + 𝐴4(Ω, �̂�) Λ2 + 𝐴5(Ω, �̂�) Λ + 1 = 0 

           (5-30) 

The above polynomial is the nontrivial solution of a system of equations obtained from the 

combination of Eqs. (5-28) and Eqs. (5-29). Eq. (5-30) proclaims the existence of three pair of 

roots possibly determining the energy transmission across the domain. Note that, the 

coefficients in the preceding equation may not be explicitly extracted and values of Γ are 

individually calculated for a given frequency Ω.  

This part is devoted to investigating the band structure of an unbounded axisymmetric 

cylindrical shell in the presence of periodic nonlocalities governed by the nondimensional 

stiffness �̂�. The analysis of the trend of Λ with respect to the nondimensional frequency Ω 
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unveils the existence of several stopbands induced by the introduction of periodic nonlocalities, 

occurring whenever |Λ| ≠ 1, spread along the entire frequency domain. Since the stopbands 

usually get smaller, the higher the frequency, only the first two stopbands are here illustrated 

in Fig. 5. 18a and Fig. 5. 18b. In fact, energy transmission is not permitted about Ω = 0.96 (see 

Fig. 5. 18a) and Ω = 1.23 (see Fig. 5. 18b), where |Λ| may adopt any value but unity.  

Evidently, the first gap is significantly broader with respect to the second one of the widths 

0.006. The figure implicitly points to the fact that the long-range interactions are conveniently 

beneficial for blocking the energy paths no matter it is being carried by extensional or bending 

modes. According to Eq. (5-25), the response of the system is dependent upon the thickness-

radius ratio 𝜂 = ℎ/𝑅; therefore, the effect of this parameter may sensibly influence the location 

and the width of the gaps dramatically. Considering other parameters to be fixed as 𝜈 = 0.3, 

𝛾 = 1, 𝜆 = 1 and �̂� = 0.5, for four different values of  𝜂, the location of the stopbands is given 

in Table 5. 1.  

 
(a) 

 
(b) 

Fig. 5. 18: Band structure of an axisymmetric cylindrical shell with periodic nonlocalities (�̂� =

0.5,  𝜂 = 0.02) a) First gap b) Second gap 
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Table 5. 1: The low-frequency stopbands in an axisymmetric cylindrical shell with periodic 

nonlocalities 

 𝜂 First gap Second gap 

0.005 0.94895 < Ω < 0.95495 0.96295 < Ω < 0.96895 

0.01 0.94895 < Ω < 0.95795 0.98695 < Ω < 0.98995 

0.015 0.94995 < Ω < 0.96195 1.12195 < Ω < 1.12595 

0.02 0.95195 < Ω < 0.96495 1.22695 < Ω < 1.23295 
 

To extract what is brought in the table, a narrow band Ω < 1.5 is taken into account. Although 

the change in  𝜂 roughly influences the width of the gaps, for the case of first stopband, a quite 

wider gap is met as this ratio increases. In fact, the left border of both gaps is pulled towards 

higher frequencies as the thickness-length ratio rises. Obviously, the origin of these gaps may 

be simply explained by the decoupling of the flexural and longitudinal modes, which are 

integrated because of the Poisson’s ratio  and the further discussion is held for the future works.   

The frequency dependence of |Λ| is demonstrated in Fig. 5. 19, for two values of   the 

nondimensional stiffness, namely �̂� = 0.2 shown in black and �̂� = 0.5 in red. Two distinct 

patterns are observed: those points which resemble non-flat curves are originated from the real 

roots of Eq. (5-30), and the roots constructing the flat lines i.e., |Λ| = 1,  are referring to pass 

band frequencies. Based on the figure, the right border of the stopband, the frequency at which 

the stopband vanishes, moves towards higher frequencies for higher values of  �̂�. The emerging 

frequency (seed of the stopband) picks a slightly higher value with respect to the frequency 

associated with the system having less stiff external links. Given the circumstances, a wider 

gap is attained.  

 

Fig. 5. 19: Band structure of an axisymmetric cylindrical shell with periodic nonlocalities for two 

different values of nondimensional stiffness �̂� (𝜂 = 0.02) 
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5.5. Final remarks  
Development of periodic structures by using long-range connectors is the core idea behind the 

studies of this chapter. Indeed, long-range communications among selected points of specific 

domains, based on a periodic pattern, generate arrays capable of mimicking the signature 

behaviours of conventional periodic configuration. Primarily, propagation of plane waves 

across a very simple structure with embedded periodic nonlocalities, namely rod, is realized to 

demonstrate the competence of the idea. Separate study on the energy flow across the system 

revealed the underlying mechanism for the alterations took place in the associated band 

structure. The same idea then exercised for other elastic structures such as compound rods and 

cylindrical shells to prove its beneficial performance and dexterity. The results imply the 

generation of stopbands in the band structure of the system. Parametric studies reveal the 

possibility of tuning the gaps’ location and their width by altering softer/stiffer nonlocalities.  
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Chapter 6: Concluding remarks 
 

 

 

This work is an inquiry to examine and identify the arising wave propagation phenomena in 

macro scaled structures with long-range interactions. Here, long-range models are developed 

by imposing a long-range superstructure on a conventional host structure, where the 

superstructure is responsible for establishing communication among non-adjacent parts of the 

system. The major objective of this study is to manipulate the travelling waves across the 

domain, which is approached by considering superstructures composed of well-known 

mechanical entities. In most cases presented along the way, simple spring-like links are 

considered as long-range connectors, enabling instantaneous transmission of force between 

non-adjacent points of the domain. A second type of external connectors, namely resonator 

units are also employed for the case of long-range homogenous systems to examine the 

emergence of other potential wave effects.  

From a certain point view, long-range systems are a special kind of metamaterials since they 

are artificial arrangements, which are designed for certain purposes. In fact, the essential idea 

behind this work is to borrow the common concepts proposed in nonlocal elasticity for the sake 

of engineering novel configurations capable of manipulating waves, which are referred to as 

elastic metamaterials. 

Throughout the thesis, several configurations are considered to underline the possibility of 

achieving various wave effects by the virtue of long-range interactions and periodicity. Due to 

the abundance of systems investigated in different chapters, the second chapter is devoted to 

providing a general overview of the contents to avoid any potential confusion for the readers. 

For that matter, systems under studying are categorized into two main classes, namely long-

range homogenous and non-homogenous configurations based the concept of graph-

periodicity, given in chapter 2. The key distinction between these two classes is related to the 

features of connectivity templates adopted for developing long-range models. Provided that the 

template is identical for all points of the domain, a homogenous configuration is met. On the 

contrary, contribution of selected groups of points of the domain in distant communication 

gives rise to long-range non-homogenous system. It is noteworthy that that structures with non-

homogenous periodicity are genuinely periodic (tree-periodic); however, long-range 

homogenous structures may capture the leaf-periodicity property depending upon the 

connectivity template.  

To reach a broad view of the characteristics of wave propagation in long-range systems, 

conventional thin-walled components such as rods, membrane, and cylindrical shells are 

selected as the host structure. Simultaneously, the corresponding long-range superstructure is 

defined so that the existence of analytical solution for the entire configuration is guaranteed. 

Mathematical details associated with dynamic model for each example is discussed, and then 

the results are extracted by applying a proper solution method to the developed model.  



P a g e  | 91 

 

 

The corresponding cases of linear long-range homogenous systems are brought in chapter 3, 

and closed form dispersion relations are obtained by utilising a plane wave solution. Emerging 

phenomena are hinged on a unique nondimensional parameter 𝜒, providing a measure for the 

intensity of long-range forces. Based on the analysis, the following propagation effects are 

realised:  

• Zero group velocity, i.e., wave-stopping phenomenon emerges, when the parameter 𝜒 

exceeds a certain threshold and meets a critical value 𝜒𝑐𝑟. For 𝜒 ≥ χcr, the wave 

envelope, responsible for carrying energy across the domain stops travelling around 

particular frequencies.  

• Negative group velocity is noticed for linear long-range homogenous configuration 

with 𝜒 > χcr, implying backward flow of wave envelopes. 

• Redistribution of eigenstates across the frequency domain is realised for systems 

characterised by 𝜒 < χcr though the group velocity remains positive over the entire 

frequency band.  

Along with 𝜒, nondimensional frequency parameter(s) concerned with the locally resonating 

mass(es) are in charge of determining the behaviour of resonator-based long-range 

homogenous configurations. In this case, the following conclusions are drawn: 

• Generation of stopbands is observed in the dispersion map of the system, when the 

constructing elements of long-range superstructure are resonator units instead of simple 

spring-like links.  

• Occurrence of zero/negative group velocity is demonstrated for the acoustic and optical 

dispersion branches for resonator-based long-range homogenous configurations.  

• Dependence of the response characteristics including stopband width and group 

velocity behaviour to the nondimensional parameter 𝜒 and nondimensional frequency 

parameter(s) is revealed.  

In chapter 4, some analyses are presented for long-range homogenous one-dimensional 

configuration with a nonlinear host structure under random excitation. The dynamic description 

is linearized by statistical linearization approach, and some characteristics of systems are 

identified qualitatively via different mathematical method. Eventually, an approximate 

dispersion relation is found by homogenizing the linearized equation of motion. The chief 

results are:  

• Wavenumber entanglement as a result of presence of nonlinearity.  

• Possibility of altering propagation behaviours by adjusting the level of noise. 

• Undesirable impact of noise for driving the system towards disclosing uncommon wave 

effects such as wave-stopping and negative group velocity.  

Long-range non-homogenous periodic systems are the main focus of the second half of the 

thesis, as given in chapter 5. In the chapter, only special variety of such non-homogenous 

systems is investigated, where the implementation of the long-range superstructure generates 

conventional periodic configurations. The associated results are ontained using Floquet 

theorem to identify the systems’ band structure. Subsequently, an insertion loss analysis is 
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performed to virtually verify the results of Floquet analysis, yielding a broader insight into the 

characteristics of such systems along with the intended objective. The key findings are:  

• Stopbands are present in the band structure of all studied configurations, a signature 

property of periodic arrangements.  

• Possibility of generating stopbands with Bragg’s destructive interference mechanism is 

demonstrated in absence of impedance mismatch in the system.  

• Prediction of ultra-low-frequency stopbands, which may even emerge from zero, for 

systems with spring-like links of negative stiffness.  

• Possibility of disrupting the energy transfer carried by coupled modes of different 

nature for the case of periodic cylindrical shell.  

The presented studies were conducted to demonstrate the capacities of conventional systems, 

when integrated with long-range inclusions. However, to gain insight into the behaviour of 

bounded counterparts of studied configurations, comprehensive numerical investigations are 

required, especially for monitoring their response in real-time. Furthermore, launching broad 

experimental campaigns would be a great asset to both verify the submitted conclusions, and 

realise the design and manufacturing limitations.   
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Appendix A: On systems with temporal long-range 

effects 
 

 

 

A.1. Introduction 
Domains with long-range interactions, as those examined in the previous chapters, possess 

some interesting features, nominating themselves as qualified options for designing devices 

requiring such kinds of characteristics. Thus, one may speculate this fertile idea could be the 

source for beneficial changes in the behaviour of system if extended to the temporal domain. 

In fact, all the studies presented up to this point of the thesis consider the existence of some 

physical entities providing spatial interaction among non-adjacent particles, thereby the 

enrichment of the dynamics. In this chapter, on the other hand, the dynamics is modified by 

introducing a force, which explains the dependence of the response on its time-history, i.e. 

temporal interaction.  

This topic has been the centre of attention is some fields, where the state of systems is not 

precisely identified by common formulations at each time step. In some cases [], temporal 

memory provides assistance for achieving a more realistic response. Bringing this concept to 

the context of elasticity could be highly beneficial to model several systems such as those for 

which the structures are in constant interaction with fluid. For instance, moving objectives 

travelling through a fluid generate vortices and their effect is perceived with certain delay by 

the body, giving rise to a retarded memory effect, i.e., temporal long-range interaction.  

This appendix provides a preliminary analysis to realize the behaviour of the systems with 

memory effect embedded. To begin with, a very simple continuous configuration, namely rod, 

is considered and the corresponding dynamics is altered by adding a new term explaining the 

dependence of displacement output signal on the its history based on certain interaction law. 

Then the challenges facing this hypothetical system is realized by the straightforward plane 

analysis. Note that the study carried out in this appendix is not the main focus of this thesis, 

and the topic is approached as an impulsive response to our curiosity. The following analysis 

[129] provides an early understanding of such systems though their behaviour is yet to be 

investigated broadly in the future.  

 

A.2. Plane waves  
An infinite waveguide with a memory effect is considered here. In such systems, the structural 

response is not only dependent on the instant displacement, velocity, and acceleration, but also 

upon the changes of the structural response along its time-history. We assume, as a reference, 

the governing equation for longitudinal vibration and for a linear homogeneous rod can be 

expressed as: 
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𝜌�̈� − 𝐸𝑢′′ + 𝜇 ∫ 𝑃(𝑡 − 𝜏) 𝑢(𝑥, 𝑡)
𝑡

−∞
𝑑𝜏 = 0         (A.1-1) 

where prime denotes space derivation. The additional term ∫ 𝑃(𝑡 − 𝜏) 𝑢(𝑥, 𝑡)
𝑡

−∞
𝑑𝜏 brings into 

the equation the memory effect through the kernel 𝑃(𝑡). For 𝑃(𝑡) = 𝑒−𝛼𝑡 𝐻(𝑡), 𝐻(𝑡) being 

the Heaviside step, and 1/𝛼 the memory persistency time, applying spatiotemporal Fourier 

transform, the dispersion relation is obtained as:  

𝜌𝜔2 = 𝐸𝑘2 +
𝜇

𝛼+𝑗𝜔
          (A.1-2) 

where the memory delay 𝛼 is a positive real number and 𝑗 is the imaginary unit. This is a 

complex equation with complex roots, which proclaims the fact that the low frequency 

propagation of waves in such systems is distorted with respect to the standard D’Alembert 

equation. At higher frequency the memory distortion term 
𝜇

𝛼+𝑗𝜔
 tends to vanish. To obtain a 

generic nondimensional form of the dispersion relation, the following nondimensional 

parameters are conveniently considered  

Ω = ω/𝛼          (A.1-3a) 

𝐾 = 𝑘 √𝐸/𝜌𝛼2         (A.1-3b) 

Γ = 𝜇/𝜌𝛼3          (A.1-3c) 

In view of these parameter, Eq. (A.1-2) changes as follow:  

Ω2 = 𝐾2 +
Γ

1+Ω2 − 𝑗
ΓΩ

1+Ω2        (A.1-4) 

Here, Γ is a nondimensional parameter, which distinctly characterizes the system’s response 

with respect to the classical one. The roots of this equation are found as  

𝐾(Ω) = ±
√−(1+𝑗Ω)(Γ−Ω2−𝑗Ω3) 

1+𝑗Ω
       (A.1-5) 

And the associated waveform is  

𝑢 = 𝐴 𝑒∓𝐾𝑖𝑥 𝑒𝑖(±𝐾𝑟𝑥−𝜔𝑡)        (A.1-6) 

where 𝐾𝑟(Ω) and 𝐾𝑖(Ω) are the real and imaginary components of the wavenumber 𝐾(Ω). This 

implies the response corresponding to an infinite waveguide with memory shows an 

exponentially decaying trend governed by 𝑒∓𝐾𝑖𝑥 of the travelling disturbance 𝑒𝑖(±𝐾𝑟𝑥−𝜔𝑡).  

 

A.3. Frequency response analysis  
The problem under investigation is the forced vibration of a finite waveguide of length 𝑙. The 

origin load is at the centre of the rod, and both ends (𝑥 = ±𝑙/2) are clamped. The system 

equation is  

𝜌�̈� − 𝐸𝑢′′ + 𝜇𝑃 ∗ 𝑢 = 𝑞(𝑡)         (A.1-7) 
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where 𝑞(𝑡) is a time-varying load. Provided the initial conditions are set to zero, Eq. (A.1-7), 

in the Laplace domain, takes the form 

 𝜌𝑠2�̅�(𝑥, 𝑠) − 𝐸
𝑑2𝑢(𝑥,𝑠)

𝑑𝑥2 +
𝜇𝑢(𝑥,𝑠)

𝑠+𝛼
= 𝑞(𝑠)       (A.1-8) 

Considering the assumed boundary conditions, one obtains  

�̅�(𝑥, 𝑠) = 𝐴 𝑞(𝑠) −
𝐴 𝑞(𝑠)

 (𝑒𝐵𝑙+1) 
𝑒𝐵(

𝑙

2
−𝑥) +

𝐴 𝑞(𝑠)

(𝑒𝐵𝑙+1)
𝑒𝐵(

𝑙

2
+𝑥)

     (A.1-9) 

with  

𝐴 =
𝑠+𝛼

𝜇+𝑠2𝜌(𝑠+𝛼)  
              

    𝐵 =
 1 

 √𝐸 √𝐴
                  (A.1-10) 

Hence, the transfer function is  

𝐻(𝑗𝜔) =
𝑢(𝑥,𝑠)

 𝑞(𝑠) 
= 𝐴−

 𝐴[𝑒
𝐵(

𝑙
2
−𝑥)

+𝑒
𝐵(

𝑙
2
+𝑥)

]

 (𝑒𝐵𝑙+1) 
|

𝑠=𝑗𝜔   ,   𝑥=𝑥0

             (A.1- 11) 

 

A.4. Modal analysis  
Let us consider a similar system described by Eq. (A.1-7) with arbitrary boundary conditions. 

Expressing the longitudinal displacement in terms of normal modes 𝜙𝑖, we have  

𝑢(𝑥, 𝑡) = ∑ 𝜙𝑖(𝑥)𝑞𝑖(𝑡)
∞
𝑖         (A.1-12) 

Substitution of Eq. (A.1-12) into Eq. (A.1-7) results in  

𝜌∑ 𝜙𝑖�̈�𝑖𝑖 − 𝐸 ∑ 𝑞𝑖𝜙
′′

𝑖𝑖 + 𝜇 ∫ 𝑃(𝑡 − 𝜏) [∑ 𝜙𝑖𝑞𝑖𝑖 ]
𝑡

−∞
𝑑𝜏 = 𝑞    (A.1-13) 

Multiplying the Eq. (A.1-13) by 𝜙𝑗 and integrating over the length 𝑙, in the view of 

orthogonality relationships, the preceding reduces to  

�̈�𝑖 + 𝜔𝑖
2𝑞𝑖 + 𝜇(𝑞𝑖 ∗ 𝑃) = �̃�(𝑡) ∫ 𝜙𝑖

𝑙

0
𝑑𝑥      (A.1-14) 

where 𝜇 = 𝜇/𝜌 and �̃� = 𝑞/𝜌. Applying Fourier transform yields  

𝑄𝑖(𝜔) =
�̃�(𝜔)∫ 𝜙𝑖

𝑙
0 𝑑𝑥

𝜔𝑖
2−𝜔2+

�̃�

𝛼+𝑗𝜔

         (A.1-15) 

Thus, the signal may be reconstructed easily in the frequency domain as  

  𝑢(𝑥, 𝜔) = �̃�(𝜔)∑
𝜙𝑖(𝑥) ∫ 𝜙𝑖

𝑙
0 𝑑𝑥

𝜔𝑖
2−𝜔2+

�̃�

𝛼+𝑗𝜔

∞
𝑖        (A.1-16) 
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A.5. Results and discussion  
This section is devoted to investigating the propagation properties of an infinite waveguide in 

the presence of memory effects governed by the nondimensional parameter Γ. On the other 

hand, a frequency response analysis on the finite counterpart of the investigated system is 

performed.  

 

A.5.1. Wave propagation  

Following the approach presented in section A.2, the propagation characteristics of infinite 

waveguide with non-instant interactions can be investigated. The imaginary component of the 

nondimensional wavenumber i.e., wave attenuation, with respect to the nondimensional 

frequency is plotted in Fig. A.  1, for different values of Γ. Based on the figure, such a 

waveguide may be employed as a potential medium for high-frequency energy transfer since 

the medium is significantly less attenuating at higher frequencies.  

 

Fig. A.  1: The wave attenuation curves for the waveguide with non-instant interactions for various the 

nondimensional parameters Γ 

Fig. A.  2 shows the phase velocity 𝐶𝜙 = Ω/𝐾𝑟(Ω)  against the nondimensional frequency for 

various values of Γ. Being the most obvious remarks, the system acts similarly to a 

conventional waveguide at higher frequencies. One may note that the amplitude of 𝐶𝜙 at the 

starting point of curve decreases for higher values of Γ. Furthermore, the phase velocity initially 

grows in a parabolic fashion with frequency and after reaching a maximum point, it decreases 

asymptotically to one.  

Fig. A.  3 shows that the group velocity, at first, decreases rapidly to substantially rise straight 

afterwards. Finally, the value of 𝐶𝑔 manifests a monotonic drop immediately after reaching a 

certain frequency and approaches the response of the conventional waveguide. Note that, the 

fluctuations corresponding to the group velocity shows rather large variations (the distortion 
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belong to a range 0.5-2 with respect to the conventional speed) that can be purposely used to 

affect the propagation regimes, for example including control systems based on memory effects 

[130]. The propagation regimes associated to both time and space memory effect can in fact 

permit a surprising control of the wave pattern, even inducing wave-stopping or superluminal 

propagation which are already reported for systems affected by space and time nonlocality 

[109]. 

 

Fig. A.  2: The phase velocity curves for the waveguide with non-instant interactions for various the 

nondimensional parameters Γ 

 

Fig. A.  3: The group velocity curves for the waveguide with non-instant interactions for various the 

nondimensional parameters Γ 
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A.5.2. Frequency response analysis  

Based on the mathematical framework developed in section A.3, the following graphical results 

for a finite waveguide of unit length with Young’s modulus 𝐸 = 1 and mass density 𝜌 = 1, are 

provided. Note that the frequency response function is evaluated at the origin. Fig. A.  4 

represents the amplitude of the complex frequency response for different values of 𝛼 and 𝜇. 

From the figure, it is clear the value of |𝐻(𝑗𝜔)| decreases as the memory effect grows stronger. 

This, indeed, reflects the influence of induced damping due to the integral term 

 ∫ 𝑃(𝑡 − 𝜏) 𝑢(𝑥, 𝑡)
𝑡

−∞
𝑑𝜏 when included into the conventional wave equation. The phase 

response of a waveguide with memory to an input signal with frequency content of sub-50 

𝑟𝑎𝑑/𝑠 is depicted in Fig. A.  5. The abruptness of the phase shift may be attributed to high 

damping at the corresponding frequency. Drastic changes in phase response of system is due 

to an increase in the memory gain 𝜇. Thus, temporal memory can cause a considerable delay 

of the input signal. 

 

Fig. A.  4: The variation in the amplitude of the transfer function for the central point of a waveguide 

with non-instant interactions with respect to frequency for various values of 𝛼 and 𝜇 

 

Fig. A.  5: The phase response for the central point of a waveguide with non-instant interactions with 

respect to frequency for various values of 𝛼 and 𝜇 
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A.6. Final remarks 
The frequency response and wave propagation analysis for a waveguide with temporal memory 

is investigated in this study. The standard one-dimensional wave equation is modified by 

considering a supplementary term which describes the dependence of the system’s response on 

the whole time-history. The spatiotemporal Fourier transform is applied to study the 

characteristics of waves in such a system with unbounded length and the dispersion relations 

is expressed in terms of nondimensional parameters. Results indicate the attenuation is 

significantly dependent upon the frequency. In the low frequency region, i.e. for Ω = ω/𝛼 

about less than 5, i.e. for ω < 5𝛼, the wave phase and group speeds are highly affected by the 

memory effects and can be reduced or increased of a factor up to 2.   Furthermore, the imposed 

forcing term which introduces the memory effects, causes significant variations in phase 

response as the influence of memory grows stronger.  
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