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1 Introduction

Given a non-empty open bounded domain Q ¢ R", n > 2, we consider the free boundary problem
my = min{J(u) := |Vuly, + Al{u > 0}] : u € Lip; (Q)}, (P)a
where A is a positive constant, [{u > 0}| denotes the Lebesgue measure of the set {x € Q : u(x) > 0}, and
Lip;(Q) := {u e Wh®(Q) : u>0in Q, u = 1 on 0Q}. (1.1)

This may be viewed as the supremal version of the Alt—Caffarelli minimization problem, which for p-
growth energies reads

min{JWulp dx+Alfu>0}:ueWP(Q), u=1on aQ}. (1.2)
Q

In both the minimization problems (P), and (1.2), the free boundary is given by the set
F(u) := ofu >0} n Q.

Clearly, the free boundary will be non-empty only if the parameter A is taken sufficiently large so that the
measure term becomes active in the competition between the two addenda in the energy functional. The
gradient term makes the difference: the integral functional appearing in (1.2) is converted into the supremal
functional ||Vu|ls, in (P)x.

Problem (1.2) has a long history: starting from the groundbreaking paper [1], where it was introduced in
the linear case p = 2, it has been widely studied in later works for any p € (1, +oo) (see for instance [8, 12,
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13, 17]). In particular, the topic which has been object of a thorough investigation is the regularity of the free
boundary, which has been settled to be locally analytic except for a 7"~ 1-negligible singular set [1, 13].

Among the motivations behind problem (1.2), of chief importance is that its minimizers solve for a suit-
able constant ¢ > 0 the “Bernoulli problem for the p-Laplacian”, namely,

Apu=0 in{u>0}nQ,
u=1 onoQ, (1.3)
[Vul=c onofu>0}nQ.

This overdetermined system, which is named after Daniel Bernoulli (in particular, from his law in hydrody-
namics), has many physical and industrial applications, not only in fluid dynamics, but also in other contexts
such as optimal insulation and electro-chemical machining. For a more precise description of the applied
side, including several references, see [15, Section 2].

In our recent paper [11], we have studied the existence and uniqueness of solutions to the following
“Bernoulli problem for the co-Laplacian”:

AU =0 inf{u>0}nQ,
u=1 ondQ, (1.4)
[Vul=A onod{u>0}nQ.

Among further recent works about free boundary value problems ruled by the infinity Laplacian, let us
quote [2, 3].
Recall that the co-Laplacian is the degenerated nonlinear operator defined by

Aot := V2uVu -Vu forallu € C%(Q).
It is well known since Bhattacharya, DiBenedetto and Manfredi [7] that solutions to
Au =0 (1.5)

must be intended in the viscosity sense since the differential operator is not in divergence form. Moreover, it
is a widely recognized fact that (1.5) may be seen as the fundamental PDE of the calculus of variations in L,
i.e., an analogue of the Euler-Lagrange equation when considering variational problems for supremal func-
tionals, the simplest of which is the L>°-norm of the gradient. Indeed, as proved by Jensen [16], a function u
is a viscosity solution to (1.5) in an open set A under a Dirichlet boundary datum g € C°(9A) if and only if
it is an absolutely minimizing Lipschitz extension of g (this property, usually shortened as AML, means that
u = gon 0A and, for every U e A, u minimizes the L*-norm of the gradient on U among functions v which
agree with u on oU). After Jensen, variational problems for supremal functionals have been object of several
works, among which we quote, with no attempt of completeness, [4-6, 9].

In this perspective, the aim of the present work is to investigate the variational side of problem (1.4),
which is precisely the new free boundary problem of supremal type (P),.

Our results are presented in the next section, which is divided into three parts:
o In Section 2.1, we study the existence and uniqueness of non-constant solutions to (P), on convex

domains (see Theorems 1 and 8). In particular, we introduce the “variational co-Bernoulli constant”

Ag,co :=inf{A > 0 : (P), admits a non-constant solution}, (1.6)

and we give a geometric characterization of it, involving the family of parallel sets of Q. This formula is
obtained with the help of the Brunn—Minkowski inequality and allows to explicitly compute the value of
Mg, 0, at least for simple geometries. In particular, if we compare A, with the “co-Bernoulli constant”,
defined in [11] by

Ag,c0 :=1nf{Ad > 0 : (1.4) admits a non-constant solution},

it turns out that A« > Ag,c0; the computation on balls reveals that the inequality can be strict.
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Still using its geometric characterization, we prove that Aq o satisfies an isoperimetric inequality,
namely, that it is minimal on balls under a volume constraint (see Theorem 6). This was inspired by
aresult in the same vein by Daners and Kawohl [12] for the variational p-Bernoulli constants associated
with problem (1.2).

o In Section 2.2, we elucidate the relationship between solutions to problem (P), and solutions to the
Bernoulli problem (1.4) for the co-Laplacian by showing they are closely related to each other. More
precisely, we answer the following natural questions (see Propositions 9 and 10):

(Q1) Let A > Ag,o so that problem (P), admits a non-constant solution.
Does a solution to problem (P), solve problem (1.4) for some A?

(Qz) LetA > Aq, o so that problem (1.4) admits a non-constant solution.
Does a solution to problem (1.4) solve problem (P), for some A?

o In Section 2.3, we show that problem (P), can be obtained not merely in a heuristic way, but by per-
forming a rigorous passage to the limit as p — +oco in a family of minimum problems of the Alt—Caffarelli
type for energies with p-growth (see Theorem 11). This result, which is somehow highly expected, is not
straightforward. In fact, the passage to the limit as p — +oo in problems of type (1.2) (suitably rescaled)
provides a minimization problem with gradient constraint, similarly to what was shown by Kawohl and
Shahgholian [17] for exterior Bernoulli problems. In order to arrive at problem (P),, one needs to perform
a further minimization with respect to an additional parameter which plays the role of a multiplier for
the gradient constraint.

The proofs of the results described above are given respectively in Sections 3, 4 and 5.

2 Results

2.1 Analysis of problem (P),

A major role in our study is played by the parallel sets of Q and by the functions v, defined for every r € [0, Rq]
(with R := inradius of Q) respectively by
Q, = {x € Q : dist(x, 0Q) > r},
Ve(x) i= [1 - %dist(x, aQ)L, xeQ. (2.1)
Clearly, for every r € (0, Rq], we have
v, € Lip1(Q), VWil = %, (v, >0nQ =D, :=0Q\Q,

where Lip, (Q) is the set of functions defined in (1.1). (To be precise, we consider any function u € Lip;(Q) as
a Holder continuous function in Q sinceu — 1 € Wé P(Q) forevery p > 1.)
We are going to provide an explicit characterization for the variational infinity Bernoulli constant intro-
duced in (1.6) and show that, for A > Ag ., non-constant solutions are precisely of the form (2.1).
Throughout the paper, we assume with no further mention that

Q is an open bounded convex subset of R", n > 2.
Moreover, since Q will be fixed, for simplicity in the sequel, we simply write A, in place of Ag,co.

Theorem 1 (Identification of Ay,). There exists a unique value r* in the interval (0, Rq) such that

Q] 1

— 2.2
[Qp|  1* (2:2)

and the variational infinity Bernoulli constant A, defined in (1.6) agrees with
3 1
Q|

* .
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More precisely,

o (P)A uniquely admits the constant solution u = 1 for A < A*;

e (P)a admits the constant solution u = 1 and the non-constant solution vy« for A = A*;

«  (P)a does not admit the constant solution u = 1 and admits the non-constant solution v,, for A > A*, where
1y is the smallest root of the equation m =A.

Moreover, for A > A*, any non-constant solution v to (P), has the same Lipschitz constant and the same posi-

tivity set, i.e., it satisfies

1
VVleo = . and {v>0}=D,, (2.3)
A
(where rp+ =r*).
Remark 2 (Computation of mp). The above result implies in particular that the infimum m, of problem (P),
can be explicitly computed as
B A|Q| if A <Aoo,
L4 AID,| i A2 A

Remark 3 (Infinity harmonic solution to (P)s). Forevery A > A, among solutions to (P),, there is exactly one
which is infinity harmonic in its positivity set, namely the infinity harmonic potential w,, of D,,, defined as
the unique solution to the Dirichlet boundary value problem

AWy, =0 inD,,,
wy, =1 onoQ, (2.4)

Wy, =0 onoQ,,.

Indeed, if (P)5 admits an infinity harmonic solution, it agrees necessarily with w,, because its positivity set
is uniquely determined by (2.3). To see that w;, is actually a solution to (P),, we observe that it has the
same positivity set as vy, and a Lipschitz constant not larger than v,, (because w,, has the AML property
mentioned in the introduction). Hence, we necessarily have J(vy,) = Ja(wy,), yielding optimality.

Below, we give the explicit expression of A, for some simple geometries (the ball in any space dimension
and the square in dimension 2), and we show that it enjoys a nice isoperimetric property.

Example 4 (Ball). Let Q = Bg ¢ R" be the n-dimensional open ball of radius R centered at the origin. Then

Rg =R, and
_ |aBR—r| _ n

r) = = , relo,R).
VO g “Ror TEd
. . : 1o % R
The unique solution to the equation (r) = ; is r* = .7, and hence
1 n+ 1)t
NeolBr) = S D (= 1B,

r*|Qp|  Kor*(R-r1*)"  Kkpn"RnH1

In particular, for n = 2, we get
27
4mR3’

Example 5 (Rectangle). Letn =2 and Q = Qq,p := (0, a) x (0, b), with O < b < a. In this case, Rq = %, and

Aoo(BR) =

|aQa—r,b—r| _ a+b-4r
|Qa-r,b-rl (a-2r)(b-2r) ’

1
T

_a+b-Va’?+b*-ab

Y(r) :=

b
re[o, 3).
The unique solution to the equation 1(r) = + in the interval [0, %) is

*

6
In particular, for the square Q, := Qq,4, We get r* = %, and hence
27
Aoo(Qq) = SO
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Theorem 6 (Isoperimetric inequality). Denoting by Q* a ball with the same volume as Q, it holds
Aoo(Q) 2 Moo (Q7),
with equality sign if and only if Q is a ball.

Remark 7. As mentioned in the introduction, a result analogous to Theorem 6 has been obtained in [12] for
a variational Bernoulli constant related to the Alt—Caffarelli minimization problems for p-growth energies.
We wish to point out that Theorem 6 cannot be obtained simply by passing to the limit as p — +co in the
isoperimetric inequality by Daners and Kawohl. After the discussion in Section 2.3, we will be in a position
to give more details in this respect (see Remark 12).

We now turn our attention to the uniqueness of solutions to problem (P),. To that aim, we introduce the
singular radius of Q, defined as
Ising := dist(Z, 0Q),

where X denotes the cut locus of Q (i.e., the closure of the set of points where the distance from 0Q is not differ-
entiable). Accordingly, since the map R: A — rp (with rp defined as in Theorem 1) turns out to be monotone
decreasing from [A*, +00) to [r*, 0) (see Lemma 16 below), the value

Asing = :Ril(rsing)

is uniquely defined.

We point out that the radius rsine may be smaller or larger than r* according to the domain under consid-
eration (and consequently Agine may be larger or smaller than A, = A*). For instance, in dimension n = 2, if
Q = Bp (the ball of radius R), it holds

Tsing=R>T1" =3

on the other hand, if Q = Q, (the square of side a), we have

a
Tsing =0 < 1" =g

We are now in a position to discuss the uniqueness of solutions to (P),.

Theorem 8 (Uniqueness threshold). We have the following:
o If Aging < Moo, then (P)p admits a unique solution (given by v,,) if and only if A > Ac.
o If Asing > Aco, then (P)p admits a unique solution (given by v,,) if and only if A > Asing.

2.2 Relationship with the co-Bernoulli problem

We now examine the link between solutions to (P), and solutions to (1.4). A first glance in this direction
has been already given in Remark 3. A more precise answer to the questions (Q;) and (Q;) stated in the
introduction is contained in the next two statements.

Proposition 9 (Solutions to (P), versus solutions to (1.4)). Let A > A,. Among solutions to problem (P),,
there is exactly one which solves (1.4) (for A = % ); it is given by the infinity harmonic potential w,, of D;,.
In particular, when (P) , admits a unique solution, this one solves (1.4) (for A = % ), and it is given by wy, = vy,.

Proposition 10 (Solutions to (1.4) versus solutions to (P)p). Let A > R;)l. Among solutions to problem (1.4),
there is one which solves (P), if and only if

1> ri 2.5)

In this case, such solution is given by w,,, withry = % and agrees with v, if and only if

1 1
A> max{—*, }
" Tsing
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2.3 Approximation by minima of p-energies

We now show that problem (P), arises through an asymptotic analysis as p — +oo of problems of type (1.2).
Let A > A be fixed. For every A > 0 and p > 1, let us consider the minimization problem

min{/2 (w) : u € WP (Q)}, (2.6)

where the functionals ]f\’/l are defined by

p _
]ﬁ”‘(u) = 1 J.<@> dx + A+ p—lAI{u >0} forallue W, (Q):=1+ Wé’p(Q).
r) A p

Incidentally, let us recall from [13] that a solution to problem (2.6) exists, is non-negative in Q and satisfies the
overdetermined boundary value problem (1.3) with ¢ = AAY? (provided the Neumann boundary condition
on the free boundary is interpreted in a suitable weak sense).

If, for a given A > 0, we consider a sequence of solutions (upf”‘)j to problem (2.6) for p = p; — +o0, it is
not difficult to see that, up to passing to a (not relabeled) subsequence, the functions u?* converge uniformly
in Q to a function u? which is infinity harmonic in its positivity set and solves the variational problem

min{JA () : u € Lip;(Q)}, (2.7)

the functionals ]ﬁ being defined on Lip, (Q) by

(2.8)

1 A+ Al{u >0} if|Vule <A,
]A(u) =
+00 otherwise.

The proof of this fact, which will be detailed in Section 5 (see Lemma 20), is similar to the one given by
Kawohl and Shahgholian in the paper [17], where they deal with the asymptotics as p — +co of exterior
p-Bernoulli problems. (Indeed, by computing a I'-limit, they arrive precisely at a minimum problem with
gradient constraint analogue to (2.7), in which they fix A = 1.)

Now we observe that the functionals ]j‘\ are related to J, by the equality

Ja(u) = /i\n(f)]ﬁ(u) for all u € Lip,(Q) (2.9)

(and actually, the above infimum can be equivalently taken over A > % since, for every u € Lip;(Q) with
IVulloo < %, it holds |{u > 0}| = |Q)).

The validity of (2.9) is precisely the reason why we put the constant addendum A into the expression of
the functionals J© ’A; it can be interpreted as a sort of Lagrange multiplier for the gradient constraint [|Vu| o, < A
which appears when passing to the limit at fixed A.

In the light of (2.9), it is now natural to guess how the value of m, can be obtained from ]f’\’A in the limit
as p — +0o; one has to take a double infimum, over u ¢ Wi P(Q) and over A > %.

Theorem 11 (p-approximation). Let A > Ay. Then

lim inf  inf ]f\’A(u) =my. (2.10)
P40 A>1/Rg ueW, P (Q)
Remark 12. The variational p-Bernoulli constant A, considered by Daners and Kawohl in [12] agrees with
the infimum of positive A such that problem (2.6) (with A = 1) admits a non-constant solution. In the limit
as p — +0o, Ap does not converge to A, (in fact, in [11], we proved that limp_,.co Ap = %), and this is pre-
cisely the reason why, as mentioned in Remark 7, Theorem 6 cannot be obtained by passing to the limit as
p — +oo in the isoperimetric inequality proved by Daners and Kawohl in [12]. In view of Theorem 11, one
should not be surprised by the missed convergence of Ap, to A Indeed, (2.10) suggests that, in order to find
a p-approximation of A,, one should consider rather the constants Kp defined as the infimum of positive A
such that the problem
inf  inf 2w
ueW;?(Q) A=1/Rq
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admits a non-constant solution. Indeed, a straightforward formal computation shows that

-1
inf Z T 2y Pl @ 14 Alfu >0 0 as o,
/\ZI/RQ] = ” Ul " + e I{ H— Ja(u) p — +00

3 Proof of the results in Section 2.1

To start, we establish a simple existence result.
Lemma 13 (Existence of solutions to (P)p). Problem (P), admits a solution for every A > 0.

Proof. Let A > 0and let (uj) c Lip; (Q) be a minimizing sequence for J . Clearly, it is not restrictive to assume
that Ja (uj) < Ja(1) = AlQ], so that |Vujll« < AlQ| for every n. Hence, the sequence (u;) is equi-Lipschitz. Since
uj = 1 on 0Q for every n, by Ascoli-Arzela’s theorem we deduce that there exist a subsequence (not relabeled)
and a function u € Lip, (Q) such that u; — u uniformly in Q.
Since, forallj € N,
|uj () - wi(Y)| < IVl Ix -yl forallx,y € Q,

passing to the limit, we get
lu(x) —u(y)| < (I%mjnf IVujll )Ix -yl forallx,y e Q

so that [[Vully, < liminf; |Vl
Moreover, since uj(x) — u(x) for every x € Q, it is easy to verify that

Xiusop(x) < liminf yg501(x),
j—+00
and hence, by Fatou’s lemma, we deduce that

{u > 0}| = JX{u>0} <lim infj)({uPo} = liminf|{u; > 0}|.
j—+00 j—+00
Q Q

In conclusion, J, islower semicontinuous with respect to the uniform convergence, and hence u is a minimum
point for /. O

We establish now the first part in the statement of Theorem 1.

Lemma 14. There exists a unique value r* in the interval (0, Rq) satisfying equality (2.2). Moreover, the function
r — r|Q,| attains its unique maximum on [0, Rq] precisely at r*:

max (r|Q;]) = r*|Q,].
[0,Rq]

Remark 15. In the proof of Lemma 14 below (and also of the subsequent Lemma 16), we heavily make use of
the Brunn—Minkowski inequality for the volume functional of the parallel sets Q,, and for their surface area
measure as well. This motivates the convexity assumption made on the domain Q.

Proof of Lemma 14. Let us prove the following claim:

[0Q,|

Y(r) := K r € [0,Rq), iscontinuousand increasing,and lim ¥(r) = +oo.
r

r—Rq—

In fact, by the Brunn-Minkowski inequality, the functions r — |Q,|/", r — |0Q,|Y/®D are concave in
[0, Rq]. (Here and in the following, |0Q,| denotes the (n — 1)-dimensional Hausdorff measure of 0Q,.) Hence,
Y is continuous in [0 Rq), and the composition r — log|Q,| = nlog|Q,|'/" is concave in the same interval.
In particular, since ar 410,| = -|0Q,|, we conclude that

Y(r) = 1og|Q I
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is increasing in [0, Rg). Finally, from the isoperimetric inequality, we have

[0Q," _ 10Q" = 1 [0B4]" 1
Q" 1Q Q] T Br™ Q]

Yo" =

— +00, T —Ry.

The claim follows. As a consequence, there exists a unique value r* € (0, Rq) such that

109, <1 forallr € (0, r*), 109, > % forallr € (r*, Ro). (3.1)

Q) r 19|

Finally, in order to determine the maximum of the function ¢(r) := r|Q,| on [0, Rq], we compute its first
derivative

o 1 |aQ,|)

¢'(1) = 10,1 - o] = p(n)( ; - ).
By (3.1), itholds ¢'(r) > Oforr € (0, r*)and ¢'(r) < Oforr € (r*, Rq), and hence ¢ attains its strict maximum
at r*. O

In the next lemma, which is the key step towards the completion of the proof of Theorem 1, we study the
behavior of the function
fa(r) :==Ja(vy) =Ja(1), re(0,Rql, (3.2)

where v, is defined by (2.1), and we analyze in particular the value of

= min r .
HA ©, ]f/\( )
Lemma 16. Th€7€ exist two values 0< A’ < A*, With

*

1

r* Q|
with r* given by Lemma 14, such that the following holds:
(a) Forevery A € (0, A'], the function f, is strictly monotone decreasing (in particular, uy = fao(Rq) = % > 0).
(b) Forevery A > N\, there exist points O < ry < pp < Rq such that
rar =ppr, N 1y strictly decreasing, A w— py strictly increasing,
fara) =fylpa) =0,  fy(r)>0 & re(rp,pa).

Inparticular, for A = \', the map fa admits a flex at rn = ppr, whereas, for every A > N, fa admits a local

minimum at rp and a local maximum at p .
(c) Forevery A € (0, A*), it holds pp > O (and up = min{%,fA(rA)}).
(d) Forevery A > A*,itholds up = fa(ra) < 0,and up = Oifand only if A = A*.

Remark 17. By inspection of the proof of Lemma 16 given hereafter, it turns out that, for every A > A’, the
radius r can be identified as stated in Theorem 1, namely as the smallest root in (0, Rq] of the equation

1
5= N0Q,|.
Proof of Lemma 16. A direct computation shows that
1
Ja(vr) = IVVilleo + A(l{vy > 0}]) = Tt A(QI=1Q0), 1€(0,Ral,

and hence 1 1
fa(r) = i AQyl, f,'\(r) ] +AloQ,], 1€ (0,Rql.

o) >0 = "AI0Q,| > y2/(n-1)

Since, by the Brunn—-Minkowski theorem, the map r — "3/|0Q,| is decreasing and concave in [0, Rq],
whereas r — r~2/("-1) is decreasing and convex in (0, Rq], there exists a unique A’ > 0 such that (a) and (b)
hold.

We have
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201

051

-05¢

Figure 1: Plot of the map fp when Q is the unit two-dimensional ball, for A = A’ = 1,07 (top), A = A* = 2.15 (center)
and A = 3 (bottom)

Observe that fy(r) = % is positive and monotone decreasing in (0, Rq], whereas, for every r € (0, Rq), the
map A — f,(r) is affine with strictly negative slope. By continuity, there exists a value A* > A’ such that

i 0 forall A < A*, i -(r)=0, i 0 forall A > A*.
rer(%}gg] fa(r) > ora < rer(r(}}}r%lg] fax(r) rer(réfgﬂ] falr) < ora >

Moreover, if r* € argmin fy -, then the pair (r*, A*) satisfies the conditions
far)=0, fi(r =0,
i.e.,
1 1
Z —AIQ/ =0, _—2+A|aQr|:O.
r r

From the first equation, we have A = (r|Q,|)~!; substituting into the second equation, we get the condition

0O, 1
=—. (3.3)
Q] 7
By Lemma 14, there exists a unique r* € (0, Rq) satisfying (3.3) so that A* = (r*|Q,«])~.
The properties stated in (c) and (d) follow. O

Example 18. When Q = Bg c R", for r € (0, R], we have

fa(r) = % ~ kAR -1, fr(n) = —rlz + nkp AR — )L,

A,_1< n )”‘1A*
T 4\n-1 ’

where the value of A* has already been computed in Example 4.
The graph of f), in the case n = 2 and R = 1, for the three choicesA = A’ = 1.07, A = A* = 2.15and A = 3,
is shown in Figure 1.

An explicit computation gives

Proof of Theorem 1. The existence of a unique value r* satisfying (2.2) has already been proved in Lemma 14.
Let now A > 0. By Lemma 13, the functional J5 admits a minimizer v € Lip,(Q). Since v =1 on 0Q and
[v(x) = v(y)| < IVV|lsolx — y| for every x, y € Q, we observe that

{v>0}2D, withr:= (3.4)

V¥Vl
In particular,
1
if V| < R then {v>0}=Q. (3.5)
Q

Then we distinguish two cases.
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o IfIVV|g < %, then we conclude that necessarily v = 1 and A < A* by (3.4), for otherwise Ja (vy,) < Ja(1)
by Lemma 16.

o If|VV|w = %, let7 := "W” € (0, Rq]. The function vy, defined in (2.1), has the same Lipschitz constant
as v. Moreover, since {v; > 0} = Dy, by (3.5), we deduce that J5(vy) < Ja(v). Since v is a minimizer, then
equality must hold, and hence {v > 0} = D5

Then, recalling the definition (3.2) of the function f,, we have

(g’l}ieg]f/\ < fa(m) =Jalve) =Ja(1) = Jalv) = Ja(1) < (g}éﬂ]f”

Hence, we have min(,r,] fao = Ja(v) = Ja(1) < 0. By Lemma 16, this implies that A > A*, and 7 = rx.

From the above analysis, it follows that Ao, = A* and that, forevery A > A*, v,, isanon-constant solution
to (P), (and any other non-constant solution has the same Lipschitz constant and the same positivity set
as vy, ). O

Proof of Theorem 6. By Theorem 1, Lemma 14 and the explicit computation in Example 4, we have to prove

that npn+l 1/
Knn"R Q n
max r|Q,| < ————, withR= (' l)
re[0,Rq] (n+ 1)n+1 Kn

By the Brunn-Minkowski inequality, the function y(r) := |Q,|'/" is concave in [0, Rq], and hence we have
y(r) < y(0) + 1y, (0), i.e.,

|Qr|1/”leI”"—%IQF“”"lam or |Q|<|Q|(1——%) forallr € [0, Rq].

(For related inequalities, see [10, § 3].) Hence,

0Q
1oyl < r|Q|<1 - —%) —: p(r) forallr e [0, Rg).
It is easy to check that ¢ attains its maximum at ry := o +1 Il)QI , and hence
nn+1 |Q|2
max ¢ = ¢ro) = ot oq”

By the isoperimetric inequality and the definition of R, we have

|Q| |Q|(n+1)/n IQl(n_l)/n < (Tl+1)/an+1 1 _ R™1
10Q] oQ] ~ " nK},/" n ’
with equality if and only if Q is a ball, and finally,
an+1
Q —,
nax. Q] < @(ro) < TR
with equality if and only if Q is a ball. O

Proof of Theorem 8. We are going to prove the following two facts:

(@) IfA> Ay and A < Asing, there are at least two distinct solutions.

(b) If A > Ay and A > Aging, there is a unique solution.

Let us check first that the statement easily follows from (a) and (b).

o Case Aging < Moo. If there is a unique solution, it must be A > Ay, (otherwise, both v, and the constant
function 1 are solutions). Vice versa, if A > A, by (b), there is a unique solution.

o Case Asing > Moo If there is a unique solution, it must be A > Aging (otherwise, by (a), there would be at
least two solutions). Vice versa, if A > Asing, by (b), there is a unique solution.

Let us now prove (a). Let A > Ay, and A < Aging. Then, recalling from Lemma 16 that the map A +— r, is

monotone decreasing, we infer that ry > rsing S0 that v;, is not everywhere differentiable in D,,. On the other

hand, the function w,, defined by (2.4), which is a minimizer of J, by Corollary 3, is differentiable everywhere

in Dy, (see [14]). Hence, we have at least two different solutions, v,, and w;,.
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Finally, let us prove (b). Let A > Ay, and A > Aging. Since A > Ao, by Theorem 1, any solution v satisfies
{v>0}nQ =D,,. Let us prove that v = v,,.

Assume by contradiction that there exists a point x € D,, such that v(x) # v, (x). Since rp < rsing, the dis-
tance function dist( -, 0Q) from the boundary of Q is differentiable everywhere in D,,. Therefore, the point x

admits a unique projection y € 0Q such that |x — y| = dist(x, 0Q). Setting v := ﬁ and y; := y + tv, we have

yt €Dy, forallte (0,ra), z:=Yy, €0Q,,.

Since v;, (2) = v(z) = 0, if v(x) > v;, (x), then we would have

v(X) = v(2) > vy, (X) = vy, (2) = IXr:\ZI’ (3.6)

and hence |VV| s > %, a contradiction. Similarly, if v(x) < v;, (x), since v,, (y) = v(y) = 1, then we would have

V(Y) = V(X) > Vi, (¥) = Vi, (X) = % (3.7)

and again ||Vv||, > %, a contradiction.
Notice that, to obtain the last equality in formulas (3.6) and (3.7), we have used the identity

dist(¢, 9Q) = ra - |£ - 2|

holding for every ¢ in the segment [y, z] because dist( -, 0Q) is differentiable in D, for rp < rging. O

4 Proofs of the results in Section 2.2

Before giving the proofs of Propositions 9 and 10, we need to recall a result from our paper [11] about the
Bernoulli problem (1.4) on convex domains (therein, also the more general case of non-convex domains is
considered).

We first resume a few preliminary definitions. A solution u to (1.4) is called non-trivial if the set {u = 0}
has non-empty interior. Given r € (0, Rq), we define w, as the infinity harmonic potential of Q,, namely the
unique solution to -

AW, =0 inD,:=Q\ Q,,
wy=1 onoQ,
wy=0 inQ,.

Finally, still for r € (0, Rq), we introduce the subset of D, defined by

D, = | {Iys2l: z e Moa(y)},
y€oQ,

where ]y, z[ denotes the open (i.e., without the endpoints) segment joining y to z, and I1yq(y) denotes the set
of projections of y onto 0Q.

Theorem 19 (See [11]). The following statements hold.
(a) ForeveryA > %, the function w1, is the unique non-trivial solution to problem (1.4); moreover, it satisfies
the estimates

1 - Adist(x, 0Q) < wya(x) < Adist(x, 0Qq/p) in 51/,1, with equalities in ﬁl/A.
(b) ForeveryA € (0, %], problem (1.4) does not admit non-trivial solutions.

Proof of Proposition 9. From Corollary 3, we know that, for every A > Ay, the infinity harmonic potential
w;, of Dy, is a solution to problem (P),. Moreover, by Theorem 19, the function w,, solves problem (1.4)
(forA=1).

A
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In order to prove that there are no other solutions to (P), which solve (1.4), it is enough to recall that the
positivity set of any solution to problem (P), is given by D, (cf. (2.3) in Theorem 1); since clearly a solution
to (P)a needs to be infinity harmonic in its positivity set in order to solve (1.4), it agrees necessarily with w,, .

Finally, since we know from Theorem 1 and from Corollary 3 that v,, and w;,, are both solutions to (P),, in
case of uniqueness, we conclude that v,, = w,, ; moreover, from the first part of the statement already proved,
we deduce that such function solves (1.4) (for A = %). O

Proof of Proposition 10. By Proposition 9, among solutions to problem (P),, there is one which solves prob-
lem (1.4) (forA = %) ifand onlyif A > A (and in this case, it is given precisely by the function w;, ). Then it is
enough to observe that, by the continuity and decreasing monotonicity of the map R: A + r,, the condition
A > A is equivalent to (2.5) (being A = %).

The last part of the statement follows from Theorem 19, combined with the fact that D, = D, holds if and
only if r < rsing. O

5 Proofs of the results in Section 2.3

Let A > Ay . As explained in Section 2.3, our first step towards the proof of Theorem 11 is the study of the
asymptotics of a sequence of solutions to problem (2.6), for a fixed A, in the limit as p = p; — +oco.

To that aim, it is useful to notice preliminarily that the minimum of the functionals ]j‘\ defined in (2.8)
can be explicitly computed as

i 1
. ]Az{/l+A|Q| ifA €0, L), 651)

min Jjiy : 1
Lip, (Q) /1+A|D1/}(| ifA> Rg*
Indeed, if A < %, then {u > 0} = Q for every u € Lip; (Q) with ||[Vul|, < A; on the other hand, for A > %, argu-
ing as in the proof of Theorem 1, we see that a minimizer is given by the function vi;, = [1 - Adist(-, 0Q)],.

Figure 2 represents the plot of the map A — min ]f\ when Q is the unit two-dimensional ball, for three
different values of A.

Lemma 20 (Convergence of minimizers at fixed A). Let A > A,. Let (upi”‘),- be a sequence of solutions to prob-
lem (2.6) for agiven A > 0 and p = pj — +oo. Then, up to passing to a (not relabeled) subsequence, we have

uPir ~yr weakly in Wh9(Q)  forallg > 1, uPir Syt uniformly in Q, (5.2)

where u’ is a solution to problem (2.7) and is infinity harmonic in its positivity set.

2 4 6 8

Figure 2: Plot of the map A — min/;‘\ in (5.1) when Q is the unit two-dimensional ball, for A = A’ = 1.07 (top),
A =A* =2.15 (center) and A = 3 (bottom)
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Furthermore,
« ifAel0, g), then u! = 1 and uPi* = 1 for j large enough;
. ifdx %, then
>0} =D13U0Q, [Ville = A

Before the proof of Lemma 20, we make a useful observation.

Remark 21. For every u € W, (Q) and every fixed A, the map p ]ﬁ’A(u) is monotone non-decreasing. We
omit the proof of this property, which can be found in [17, Proposition 1]. Moreover, it is readily checked that
the limit as p — +o0 of ]ﬁ’A(u) is given precisely by the number ];‘\(u) € [0, +oo] defined in (2.8).

Proof of Lemma 20. Since

}17 I 'V“;’A' ) dxeds Bt < i) = A+ 2 Lajar <A+ ajal,
Q
we get ||Vup”‘||p < A(pA|Q|)Y/P. For every fixed exponent q € (1, +00), by the Hélder inequality, forevery p > g,
it holds
IVuP g < IVuP 101 % < ApAIQD? (015 = ApA)? 19l < C, (5.3)

where C > 0 is a constant independent of p.

Therefore, the family (u?) p is uniformly bounded in Wh4(Q) forevery g > 1. Using a diagonal argument,
we can construct an increasing sequence p; — +oo satisfying (5.2) for some u?. Moreover, from (5.3), we
deduce that |Vu!|« < A. Since u? = 1 on 0Q, we conclude that u* € Lip,(Q) and |Vu?|, < A.

The fact that u” is co-harmonic in its positivity set is a standard consequence of the fact that the functions
uPiA are pj-harmonic in their positivity set, with p; — +co; see, for instance, the arguments in [18, proof of
Theorem 1].

Let us prove that u? is a minimizer of ]f\ in Lip; (Q). Let us fix € > 0. Since uPi»
exists an index j. € N such that

A _ y! uniformly in Q, there

{u! > 0} < {uPA > 0} +& forallj > jg;

moreovet, for every j > j., we have

| -1
KMWW52A+&F—NW”J>WL

)

So we obtain

A 1 -1
A ) < ;HM S0} + A+ p’p_m{m > 0}
] ]

1 i—1
< 101+ A+ B2 aquet s o)1+ )
17 p

]

1 )
<lol + 2 Pty + ce.
]

For every u € Lip;(Q), passing to the limit as j — +oo (cf. Remark 21), we obtain
A = tim 2wt <liminf 72 @Prd) < Timinf 72 ) = 73 )
j—+00 j—+o00 j—+00

so that u” is a minimizer of J} in Lip, (Q).

IfA e [0, iﬂ), then u? = 1 (because u? is co-harmonic in Q, with u* = 1 on 0Q). Since u?»* — 1 uniformly
for j large enough, then {u?"* > 0} = Q, and hence uPi" = 1.

It remains to prove that, for A > %, the positivity set {u! > 0} coincides with D; /AU 0Q, and ||VMA||00 =A
Since [Vu?|l, < A, we have {u? > 0} 2 D1/, U 9Q. On the other hand, since u is a minimizer of J} in Lip, (Q),
it minimizes |{u > 0}| among all functions u € Lip; (Q) with ||Vu|ls, < A, which implies (by taking the competi-
tor v1,,) that [{u? > 0}| < |D1,1]. We infer that {u? > 0} = D14 U Q.

Finally, as a consequence of (5.1) and the equality {u? > 0} = D1y U 0Q, we obtain |[Vul|y, = A. O
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Proof of Theorem 11. Observe that the limit as p — +oo in (2.10) does exist, thanks to Remark 21. Let up-A
and u” be as in Lemma 20.
For every A > R—, let vija(x) = [1 - Adist(x, 0Q)]+, x € Q. Clearly,

vin>0lnQ =D p=w'>0nQ, |Vvial=21 ae.inDy),

so that ]ﬁ’/\(u/‘) < ]f\’/l(vl/,\). Observe that

A 1 -1 1
Jﬁ(hm)=5qu+A+p AID1l < 101+ A+ AIDy . (5.4)
Hence,
1
inf J& (ul’")< 1nf ]""(uA)< 1nf ]A (v1/,1)<—|Q|+—+A|D,A| (5.5)
A>1/Rq 'z

Notice carefully that, in the last 1nequa11ty above, we have exploited the assumption A > Ay, and we
have used Lemma 16 (in particular, the definition of r, given therein, and part (d) of the statement).

In view of the upper bound obtained in (5.5), and taking into account that ]p ’A(ul’ Ay > A for every A > 0,
we see that the infimum w.r.t. 1i 1n (2.10) canbe takenforA e I = [R , Cpl, being Cp := Q| + % + A|Dy, |.

From the explicit form of J%* A (v1 /1) in (5.4), we also get

-1
A+ ADy)) = 2

IK’A(VI//I) > P

-1/71
(= +am,1),
A
which, together with (5.4) and (5.5), gives

1
lim mf ]A (vl/,\) H+A|D,A|. (5.6)

p—+0A>1/

Let (Ax) c I be an enumeration of the rational points in I. Since the map A — ]‘X’A(u) is continuous, it is
easy to check that

inf{]ﬁ’/‘(up’/‘) tA> Ri} = inf{J%’ A ke N} forallp > 1.
0

Using Lemma 20 and a diagonal argument, we can construct a sequence p; — +oo such that, forevery g > 1,
forj — +oo,

uPi M weakly in Wh9(Q), uPM — yM uniformlyin Q forall k € N.

For every j € N, let us choose k;j € N such that

. s Ak; .
inf72 Pty s A2 1R} < T (P M) + 1%' (5.7)
J

Upon extracting a further subsequence (not relabeled), we can assume that Ak,— — A e Iand that (again using

Lemma 20) B
1

wbih A weakly in W19(Q), uPik A uniformly in Q.

Claim. Forevery € > 0, there exists j. € N such that
[ > O}l = 1Dy | < 1™ > O} + & forallj = je.
Proof of the claim. Let jy € N be such that
ID1ja, | < 1D, 71 + % forall j > jo. (5.8)
Since uPiA — ut uniformly in Q, there exists j. € N, j¢ > jo, such that
Dy 51 = > 0} < |{uPh > 0] + E forallj > je. (5.9)
From (5.8) and (5.9) the claim follows.
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Let us fix € > 0. Using the claim, for every (p, A) = (pj, Aki) with j > j., we have

p-1

AWy = A+ A(ID1al - €),

and hence

p-1 p-1

Ae +]f\’A(up”‘).

A A A 1 1
TR WPy < PRty < 7R (vm)=5|D1M|+A+ A|D1M|s5|m+

Finally, from (5.6) and (5.7), we conclude that (2.10) holds. O
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