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Introduction

Nowadays, lossless and lossy compression are themes of central importance: ef-
ficient data transmission and storage is a fundamental problem even for modern
computers and broadband connections. Lossless compression has been exten-
sively studied since mid 20-th century [1], and many methods exist, such as
Huffman coding (used in jpeg encoding) [2], arithmetic coding [3] or Lempel-
Ziv algorithms (used in the zip compressed file format) [4].

Regarding lossy compression, several approaches exist. Most of the times a
suitable representation for the uncompressed data is chosen and then reduced
using some heuristic, usually related to the specific task. For example, in the
jpeg format a real cosine transform is applied to the data and then its coef-
ficients are quantized and discarded according to considerations based on the
human perception system [5]. Similarly, in mp3 audio format a modified cosine
transform is implemented and the quantization process is constructed around
the psychoacoustic effect of frequency masking [6].

However, in a more general context, such particular information about the
data might not be available, and hence it might not be possible to formulate
any particular ad-hoc strategy.

For this reason, since the 1980’s, methods to compactly approximate data
have been investigated. Most of the methods belong to the field of function
approximation.

Wavelets and wavelet transform have been one of the most important math-
ematical tools developed to this aim in the last decades [7]. Although defined
as a continuous transform, a proper sampling of the wavelet transform pro-
vides a representation which is complete and stable in L2(R); if the sampling
is performed at dyadic scales the representation is an orthonormal basis for
the Hilbert space L2(R) endowed with the usual scalar product [8]. Different
sampling schemes produce frames instead, which provide stable and invertible,
yet redundant, representations. As a consequence, discrete wavelet transform
(DWT) is derived, defining an orthogonal, complete, stable and invertible repre-
sentation in Rn. If the wavelet is chosen accurately, DWT is capable of achieving
a good sparsity for a wide class of functions, in the sense that most of the coeffi-
cients of the transform are almost zero. Donoho and Johnstone [9, 10] proposed
to threshold wavelet coefficients of a function f(t) corrupted by additive gaus-
sian noise in order to recover the original function. If the noise has variance σ2,
they proved that thresholding the wavelet coefficients at σ

√
2 log(n), where n

is the length of the discrete signal, is asymptotically optimal – this threshold is
commonly known as Donoho universal threshold. Even if no noise is present,
thresholding the wavelet coefficients is a viable solution to approximate f(t).
This approach has been generalized and formalized by DeVore and is known as

xi



Introduction

nonlinear approximation [11, 12, 8].
Instead of choosing an orthonormal basis a priori, basis selection aims at

constructing the best representation of a function f(t) by selecting elements from
a redundant dictionary according to some cost function [13, 8]. Basis pursuit
formulates bases selection as a linear programming problem, for which several
efficient algorithms exist [8, 14, 15, 16, 17, 18]. Mallat and Zhang proposed
a faster, greedy approach to basis pursuit called matching pursuit [19, 20] for
which several variations and improvements have been proposed [21, 22, 23, 24,
25, 26, 27, 28].

Another approach to achieve sparsity is through the definition of a suitable
convex cost-fidelity functional where, given a fixed representation of a discrete
function f (i.e. a basis or a frame), a vector of coefficients x is found such that
it balances fidelity to f with some penalization term, which is usually taken as
a combination of `p norms of x, p ≥ 1, weighted by a regularization parameter
λ. Methods like least squares regularization (or Tikonov regularization)[29, 30],
LASSO [31, 32] or elastic net regularization [33] belong to this approach. Non-
convex functionals, which further promote sparsity, have been proposed as well
[34, 35, 36, 37, 38, 39, 40, 41, 42, 24]. Since non-convex functionals are usually
non-differentiable as well and usual optimization techniques are not feasible,
several dedicated numerical techniques have been proposed [43, 44, 45, 46, 47,
48]. It is worth noting that, if the chosen representation is an orthonormal basis,
approximations obtained through thresholding realize the minimum of specific
cost-fidelity functionals for some λ, which is related to the threshold value.

A more recent approach to sparse representation is given by compressed
sensing, introduced by Donoho, Candés and Tao [49, 50], which aims at find-
ing the sparsest representation of a given discrete signal. Compressed sensing
revived interest in non-convex optimization and sparsity in the last years; sev-
eral theoretical results have been established on the topic and several numerical
algorithms have been proposed [51, 52, 53, 54, 55, 56].

The main issue with all the aforementioned methods and approaches is that
none of them is truly completely automatic. In thresholding methods the thresh-
old has to be set from the user, basis selection and matching pursuit require a
maximum error tolerance or a limit on the number of selected vector; basis
pursuit also require the constraints in the penalization term to be set by the
user.

The issue persists in the case of regularization functionals, where the choice
of the regularization parameter λ is crucial.

Several approaches have been proposed for the estimation of parameters but,
apart from ad-hoc techniques, few general methods exist.

One of the most successful is the L-curve method, where the residual ap-
proximation error is considered as a function of the regularization parameter
λ [57]. The shape of the curve strongly resembles that of the letter “L”, i.e.
it is composed of a first part that decays rapidly, and then of a second part
that decays more shallowly. The optimal point, separating these two regions, is
then located as the point maximizing the curvature of the L-curve. In practice,
computation of the second derivative is impossible due to numerical error or
noise, and methods to approximate the optimal point have been proposed [58].

Another well established method is generalized cross validation (GCV),
where the explicit dependency of the approximation on the regularization pa-
rameter λ is expressed, and a particular function depending on it is minimized.
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Unfortunately, it requires either strong theoretic results about the relation be-
tween x and λ, or numerical computation of x.

The contribution of this thesis

In this thesis, novel information-based methods for the automatic selection of
expansion coefficients in Hilbert space are proposed. Considering the curve of
the monotonically decreasing rearranged absolute values of the expansion coef-
ficients, the proposed methods aim at finding the optimal point that separates
important coefficients from superfluous ones. Indeed, following the L-curve ap-
proach [57, 58], it is possible to separate the rearranged coefficients curve into
two portions: the first one, rapidly decaying, is composed of the “more repre-
sentative” coefficients, the second one, which decays slowly, is composed of the
“less representative” coefficients. The proposed approach is to assume each of
those sets of coefficients emitted from a different stochastic source, and a sep-
aration point is searched by looking at their difference in terms of information
contribution. In order to do so, three different novel information measures have
been proposed. The first one is inspired by Vitanyi’s normalized compression
distance (NCD). While in NCD a compressor C is used to measure the dis-
tance between two strings a and b – by comparing the size of their compressed
concatenation C(ab) against C(a) and C(b) – in the proposed measure the com-
pressor is replaced by properly weighted differential entropy. For this reason
the measure has been named ENID (entropic NID). For each pair of rearranged
coefficients sets, ENID is computed and the separation point between sources is
individuated as the one realizing the global minimum of ENID.

In order to formalize ENID, differential entropy of a function f has been
defined by defining a correspondence between functions and random variables,
following the approach of Kolmogorov [59]. More recently, a similar approach
has been used in [60]. As a result, differential entropy of a function f(t) can be
expressed in time-domain in terms of its monotonically decreasing rearrange-
ment f∗(t): if f(t) : Ω → R is a measurable limited function and Ef is its
differential entropy, then

Ef =
1

|Ω|

∫ |Ω|
0

ln(|Ω||f∗′(t)|)dt. (I.1)

The above representation formula also allows to design a consistent numerical
scheme to approximate Ef in time-domain. Moreover, it holds that differential
entropy of a properly normalized function f(t) is always negative and is equal
to 0 if and only if f(t) = t. As a result, differential entropy is a complexity
measure that takes into account the difference of f(t) from the identity.

Pushing the investigation one step forward in the same direction, Kullback-
Leibler divergence DKL(f ||g) has been considered as direct asymmetric com-
plexity measure between two functions f(t) and g(t).

Similarly to eq. (I.1), it is possible to write Kullback-Leibler divergence
between f and g in terms of their monotonically decreasing rearrangements.
Moreover, a stronger relation is proved in this thesis: given two monotone func-
tions f, g : [0, 1] → [0, 1] then the Kullback-Leibler divergence of f from g is
equal to the negative of the differential entropy of the composition of g−1 with
f :
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DKL(f ||g) = −Eg−1◦f . (I.2)

As a result, two novel information measures are defined as different sym-
metrizations of DKL(f ||g): KLID (Kullback-Leibler information distance) is
defined as the maximum between DKL(f ||g) and DKL(g||f); JID (Jeffrey in-
formation distance) is defined as the sum of DKL(f ||g) and DKL(g||f), which
is also known as Jeffrey divergence.

The relation expressed in eq. (I.2) allows one to give approximations of
KLID and JID in terms of differential entropies and in terms of averages of f
and g, along with conditions on f and g such that the approximations are valid.
Hence it is possible to compute KLID and JID without explicitly computing
inverse functions.

As in the case of ENID, coefficients selection for both KLID and JID is per-
formed computing the chosen information measure for each pair of rearranged
coefficients sets; the separation point between sources is individuated by its
global minimum.

The performances of the proposed methods have been investigated through
several numerical experiments. Different wavelet bases and frames have been
considered, and comparisons with other methods and other a priori selection
criteria have been presented.

In particular, is has been noted that the behaviours of both ENID, KLID and
JID qualitatively match approximation error measured through NCD: critical
points of the proposed measures mark change of trend in NCD approximation
error.

Moreover, KLID and JID are robust to noise, and their performances under
noisy conditions are in line with state of the art methods and close to the
theoretical optimum.

Apart from wavelet basis, an application to shape descriptors in Fourier basis
[61] is presented.

As a last contribution, the problem of locating modes interferences in mul-
ticomponent chirp-like signals is addressed [62, 63, 64]. A novel time-domain
method is proposed, employing KLID and JID to automatically select the opti-
mal smoothing kernel for an energy-based signal. Interferences are then located
as extrema of this smoothed energy signal. The proposed interference locating
method proved capable of automatically locating interference regions in both
synthetic data and simulated micro-doppler data [65, 66].

Plan of the thesis

The thesis is structured as follows.
Chapter 1 provides the reader the necessary mathematical tools and with an

overview of the state of the art methods in approximation theory and regular-
ization.

In Chapter 2, differential entropy and Kullback-Leibler divergence of deter-
ministic functions are formally defined, and eqs. (I.1) and (I.2) are proved,
along with some other technical results. The numerical scheme to compute dif-
ferential entropy is defined and its consistency is proved. To further validate the
advantages of the proposed approach, a new proof of Pinkser inequality with a
tighter constant is given in the case of two random variables attaining the same
range of values.
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Chapter 3 is the core of this thesis, as it is devoted to ENID, KLID and JID.
In the first part, ENID is introduced and its connection with NCD is illustrated.
The meaning of differential entropy as a complexity measure is explained and
the existence of a global minimum is proved. Numerical experiments in sev-
eral wavelet bases and frames are presented. KLID and JID are presented in
the second part and the rationale behind their definition is explained, detailing
a connection with Kolmogorov complexity. The proposed approximations are
derived and validity conditions are established. Numerical experiments are pre-
sented, in both noiseless and noisy conditions. In particular, in noisy conditions
the results are compared with state of the art denoising methods and with the
optimum. To conclude the chapter, an application of the proposed measures to
shape descriptors is proposed.

In Chapter 4, the problem of locating chirp interferences is presented, de-
tailing the proposed interference locating method and the role that KLID and
JID play in it. Numerical evidence is provided, proving that it performs well
with both synthetic data and simulated micro-doppler data.
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Chapter 1

Approximation and
sparsity: preliminaries and
mathematical tools
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Let H be a real Hilbert space endowed with inner product 〈·, ·〉 and let
B = {ψn}n∈N be a basis of H. Every function f ∈ H can be written (up to
density) as a linear combination of elements of the basis, i.e. there exists a
sequence f = {fn}n∈N ∈ `2 such that

f =
∑
n∈N

fnψn.

If the basis vector are pairwise orthogonal (i.e. 〈ψi, ψj〉 6= 0 if and only if
i = j), then the generic coefficient fn is the projection of f on the n-th element
of the basis via the inner product of H:

fn = 〈f, ψn〉 .

We say that f̃I is an approximation of f if it is the linear combination of
elements of the basis B indexed by I ⊂ N:

f̃I =
∑
n∈I

fnψn,

1



Bases and frames Approximation and sparsity

It is trivial that the approximation f̃I of f gets better the larger the set I is,
but in several applications compactness of representation is a desirable property.
Hence it is of great interest the problem of finding the best approximation f̃I
of f using only M elements of the basis B. This problem is called sparsity
problem.

More formally, let H be finite dimensional, let B = {ψj}j∈N be a basis of H
and let Ψ ∈ RN×N be the matrix whose columns are the elements of B. Define
the 0-norm of a vector v ∈ RN as the number of its non zero entries:

‖v‖0 = |{i : vi 6= 0}|,

then

Problem 1.0.1 (Sparsity problem). Let H of dimension N . Given a function
f ∈ H, a frame B of H and its matrix Ψ ∈ RN×N and an integer M , find a
vector x∗ ∈ RN such that

x∗ = arg min
x∈RN

‖f −Ψx‖ ‖x‖0 ≤M.

A similar statement holds true if H is infinite dimensional, with Ψ a suitable
synthesis operator and x ∈ `2.

Let us remark that the constraint ‖x‖0 ≤ M is equivalent to ‖x‖0 = M ,
since once we know how to solve one problem, then we are able to solve the
other one in a finite number of steps.

The sparsity problem belongs to the class of NP-hard optimization problems
[67, 68]. This implies that is not known whether a polynomial time algorithm
exists or the problem is impossible to be solved in polynomial time. In this chap-
ter, several approaches to provide an approximate solution to sparsity problems
are reviewed.

1.1 Bases and frames

A brief introduction to the mathematical tools that will be used in this thesis
will now be given. For a more complete discussion, the reader may refer to [8].

In a generic Hilbert space H, it is possible to define an analogous of the basis
of a finite dimensional space.

Definition 1.1.1 (Hilbert basis). Let H be a Hilbert space. A set B = {ψi}i∈I ⊂
H, I ⊆ N, is said to be an orthonormal basis for the Hilbert space if

1. 〈ψi, ψj〉 = 0 if and only if i = j;

2. ‖ψi‖ = 1, ∀i ∈ I;

3. Span(B) is dense in H.

If the space H is separable, then it admits a countable orthonormal basis
and it is possible to uniquely write each f ∈ H as

2
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f =
∑
i∈N
〈f, ψi〉ψi.

Furthermore, the Plancherel identity holds:

‖f‖2 =
∑
i∈N
| 〈f, ψi〉 |2.

1.1.0.1 Riesz bases

In many applications the requirements for an orthogonal basis are too strong. If
the elements of B are not orthogonal, but they are linearly independent instead,
a Riesz basis is obtained.

Definition 1.1.2 (Riesz basis). Let H be a Hilbert space. A set B = {ψi}i∈I ⊂
H, I ⊆ N, is said to be a Riesz basis for the Hilbert space if

1. B is linear independent;

2. ‖ψi‖ = 1, ∀i ∈ I;

3. for every f ∈ H there exist two costants A > 0 and B > 0 and a sequence
λ = {λi}i∈N such that

f =
∑
i∈I

λiψi

and

1

B
‖f‖2 ≤

∑
i∈I
|λi|2 ≤

1

A
‖f‖2 .

The absence of the orthogonality condition on B implies that, in general,
λi 6= 〈f, ψi〉. However, if H = L2(R), the Riesz-Fréchet representation theorem
shows that, for each element λi of the sequence λ, there exists a vector ψ̃i such
that λi = 〈f, ψ̃i〉 and, as a consequence,

f =
∑
i∈I
〈f, ψ̃i〉ψi.

The set B̃ = {ψ̃i}i∈N is also a Riesz basis of H and it is possible to prove
that

f =
∑
i∈I
〈f, ψi〉ψ̃i.

Since

〈ψi, ψ̃j〉 = δij , ∀i, j ∈ N

the bases B and B̃ are said to be biorthogonal bases.

3
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1.1.0.2 Frames

It is possible to further weaken the requirements on the set B, by dropping the
linear independence. In this case the set B is called frame.

Definition 1.1.3 (Frame). Let H be a Hilbert space. A set B = {ψi}i∈I ⊂ H,
I ⊆ N, is said to be a frame of the Hilbert space if there exist two constants
A > 0 and B > 0 such that for any f ∈ H

A ‖f‖2 ≤
∑
i∈I
| 〈f, ψi〉 |2 ≤ B ‖f‖2 .

If A = B the frame is said to be tight. A frame is an orthonormal basis if
and only if A = B = 1.

Similarly to a Riesz basis, a frame allows for a function f ∈ H to be recon-
structed from its frame coefficients 〈f, ψi〉, but not necessarily on the same set
of vectors. Let us define the frame operator U as the operator that assigns f
to its coefficients:

(Uf)i = 〈f, ψi〉 .

It is possible to prove that, if B is linearly dependent, U is invertible on its
image ImU and it admits an infinite number of left inverses. In this case, the
pseudo inverse Ũ−1 is defined as the left inverse that is zero on ImU⊥.

The pseudo inverse can be written as follows,

Ũ−1 = (U∗U)−1U∗,

where U∗ is the adjoint operator of U .
The following theorem proves that it is possible to reconstruct f ∈ H as a

linear combination of a dual frame.

Theorem 1.1.4. Let B = {ψi}i∈I be a frame with bounds A and B. The dual
frame is defined by

ψ̃i = (U∗U)−1ψi

and, for any f ∈ H, it satisfies

1

B
‖f‖2 ≤

∑
i∈I
|〈f, ψ̃i〉|2 ≤

1

A
‖f‖2

and

f = Ũ−1Uf

=
∑
i∈I
〈f, ψi〉ψ̃i

=
∑
i∈I
〈f, ψ̃i〉ψi.
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If the frame B is tight, then

ψ̃i =
1

A
ψi

and

f =
1

A

∑
i∈I
〈f, ψi〉ψi.

The frame operator is also called Analysis Operator and the pseudo in-
verse operator is also called Synthesis Operator.

Efficient and general algorithms exist to invert the frame operator but, in
most cases, ad-hoc methods are used, such as for Gabor frames or wavelet
frames.

Several different Hilbert basis have been proposed, depending on the context.
A brief summary will be given about Fourier basis, wavelet bases, Gabor bases
and Riesz bases, that have been implemented in several real world applications,
such as voice communication [6, 19], lossy image compression [69, 70, 71], audio
processing [72], signal and image denoising [73, 74, 75, 9] and pattern recognition
[76]. A more deeper discussion may be found in [8] and in [77].

In the rest of this thesis the space of real square Lebesgue-integrable func-
tions L2(R) or the euclidian space of dimension N RN will be mostly considered.

1.2 Transforms

Integral transforms are a fundamental tool in mathematics. In signal processing,
integral transforms, and their discrete counterparts, are commonly used for a
wide range of applications, from analysis to compression to approximation and
extrapolation [8]. Some of the most commonly used integral transforms are
closely related to bases and frames.

1.2.1 Fourier transform

Fourier series were originally introduced by Joseph Fourier as a tool to study
heat diffusion problems on bounded domains. In one dimension, a function is de-
composed on an orthogonal basis of sine and cosine functions, whose frequencies
are integer multiples of the dimension of the domain interval.

In particular, let f(t) ∈ L2([0, L]), and let a = {an}n∈N and b = {bn}n∈N
two sequences such that

an =
2

L

∫ L

0

f(t) cos(2πnt/L)dt

and

bn =
2

L

∫ L

0

f(t) sin(2πnt/L)dt.

5
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It is easy to prove that B = {cos(2πnt/L), sin(2πnt/L)}n∈N is an orthogonal
system, meaning that its elements are pairwise orthonormal with respect to the
inner product of L2([0, L]). It is less trivial but not too difficult to prove that,
for every f ∈ L2([0, L]), the series

∑
n∈N

an cos(2πnt/L) + bn sin(2πnt/L)

is convergent. This proves that B is an orthogonal basis for L2([0, L]).
Fourier transform generalizes the approach of Fourier series for functions

defined on the entire real line.

Definition 1.2.1 (Fourier transform). Let f ∈ L1(R). The Fourier transform

f̂ of f is a function f̂(ξ) : R→ C defined as

f̂(ξ) =

∫
R
f(t)eiξtdt.

It is easy to prove that Fourier transform is well defined for L1(R) functions.
Indeed, for all ξ ∈ R,

|f̂(ξ)| ≤
∣∣∣∣∫

R
f(t)eiξtdt

∣∣∣∣
≤
∫
R
|f(t)|dt

< +∞.

In the case of Fourier series, f is decomposed on an orthogonal basis, hence
the decomposition is invertible. Since Fourier transform does not project on
an orthogonal basis, the previous results do not apply here. Nevertheless, the
following theorem proves that, provided it is in L1(R), Fourier transform is
invertible.

Theorem 1.2.2 (Inverse Fourier transform [8]). Let f ∈ L1(R) and f̂ ∈ L1(R).
Then

f(t) =
1

2π

∫
R
f̂(ξ)eitξdξ.

1.2.1.1 Linear time-invariant filtering

From a physical point of view, Fourier series decompose a function on the natural
modes of its domain. In the one dimensional case this is particularly evident as
the basis is composed of trigonometric functions. Similarly, f̂(ξ) may be thought
as the projection of f on the complex sine wave of frequency ξ. This intuition is
self-evident if acoustic signals are taken into account. Manipulation of a signal
affecting its frequency content is commonly referred to as filtering. In particular,
if the filtering is obtained as a convolution product of f with a kernel h it is
called linear time-invariant filtering. Let f ∗ h denote the convolution product
between two functions f and h and let us recall the convolution theorem.

6
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Theorem 1.2.3 (Convolution theorem [8]). Let f ∈ L1(R) and h ∈ L1(R).
Then g = h ∗ f ∈ L1(R) and

ĝ(ξ) = ĥ(ξ)f̂(ξ).

Convolution theorem says that the convolution product of a signal f with a
signal h results in a frequency dependent weighting of f̂ . The signal h is called
the impulse response of the filter and its transform ĥ is called the frequency
response of the filter.

1.2.1.2 Extension to L2(R)

Recall that L2(R) is an Hilbert space, endowed with the scalar product

〈f, g〉 =

∫
R
f(t)g∗(t)dt,

where g∗(t) is the complex conjugate of g(t), and with the resulting norm

‖f‖ = 〈f, f〉
1
2

=

(∫
R
|f(t)|2dt

) 1
2

.

Since the inner product will be used for the Fourier transform as well, it is
defined as an hermitian product if a complex function is considered.

If the Fourier transform is restricted to the intersection of L2(R) and L1(R),
then it preserves inner product and norm, up to a proportionality constant.

Theorem 1.2.4 (Parseval identity [8]). Let f and h in L1(R) ∩ L2(R). Then∫
R
f(t)h∗(t)dt =

1

2π

∫
R
f̂(ξ)ĥ∗(ξ)dξ.

Corollary 1.2.5 (Plancharel identity [8]). Let f and h in L1(R)∩L2(R). Then∫
R
|f(t)|2dt =

1

2π

∫
R
|f̂(ξ)|2dξ.

Since L1(R) ∩ L2(R) is dense in L2(R), using theorems 1.2.4 and 1.2.5 it is
possible to extend the definition of Fourier transform to the whole L2(R) space.

1.2.1.3 Regularity

A remarkable property of Fourier transform is that the global regularity of a
function f depends on the decay of its Fourier transform f̂ , as stated in the
following proposition.

Proposition 1.2.6. Let f ∈ L2(R). If∫
R
|f̂(ξ)|(1 + |ξ|p)dξ < +∞

then f is bounded and p times continuously differentiable with bounded
derivatives.

7
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Using the frequency interpretation, the less high frequencies a function has,
the more it is regular. If f̂ is compactly supported, then f ∈ C∞(R) and it is
called a bandlimited function.

This last proposition allows to deduce global regularity of f from its Fourier
transform f̂ , but nothing can be said about its local regularity. Global regularity
means worst regularity, hence if a function is discontinuous in one point but
infinitely differentiable everywhere else, its Fourier transform still decays like
ξ−1, giving no clue that most of the function is regular. As it will be shown,
wavelet transform will overcome this issue.

1.2.1.4 DTFT, DFT and FFT

Fourier transform is well defined for continuous functions, but in many appli-
cations there is the need for a discrete equivalent, which is provided by the
discrete time Fourier transform (DTFT).

Definition 1.2.7 (DTFT). Let f = {fj}j∈Z ⊂ R. The DTFT of f is defined
as

DTFTf (ξ) =
∑
j∈Z

fje
−iξj .

Discrete time Fourier transform will be simply denoted as f̂(ξ), if no risk of
confusing it with regular Fourier transform is present.

Inversion of the DTFT is possible by the following reconstruction formula:

fj =
1

2π

∫ 2π

0

DTFTf (ξ)eiξjdξ.

To numerically compute the DTFT a sampling of the frequencies is required.
The most common choice is to sample ξ uniformly in the interval [0, 2π]. In this
case it is called the discrete Fourier transform (DFT).

Definition 1.2.8 (DFT). Let f ∈ RN . The DFT of f is defined as

DFTf (k) =

N−1∑
j=0

fje
−i2π k

N j .

Similarly to the DTFT, the DFT is invertible as well. The inverse is provided
by the following formula:

fj =
1

N

N−1∑
k=0

DFTf (k)ei2π
k
N j .

By precalculating the coefficients ei2π
k
N j , DFT can be computed in Θ(N2)

operations.
In practice, a complexity of Θ(N2) can easily be too large, but there exists

a category of algorithms that compute DFT in O(N log(N)). These algorithms
are collectively known as fast Fourier transform (FFT) algorithms. Albeit
the first known application of a FFT algorithm is due to C. F. Gauss, the first
contemporary FFT algorithm has been published in 1965 and it is known as
Cooley-Tukey algorithm [78]. For further details, the reader may refer to [79].
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1.2.1.5 STFT

Despite its many good properties, Fourier transform (and hence its discrete
counterpart DTFT), being a global operator does not yield any local informa-
tion. To overcome the lack of time localization, in 1946 Gabor introduced a
windowed version of Fourier transform, known as short time Fourier trans-
form (STFT).

Definition 1.2.9 (STFT). Let f ∈ L2(R) and let g ∈ L2(R) such that ‖g‖2 = 1.
The short time Fourier transform is defined as

Sf(u, ξ) =

∫
R
f(t)g(t− u)e−iξtdt.

If g is chosen properly (usually with compact support or energy concentrated
around t = 0), the STFT performs the Fourier transform of the signal f only in
the neighbourhood of u, thus providing frequency information for that portion of
signal only. Time and frequency resolutions of the STFT depend on the window
function g: time resolution depends on the spread of g, frequency resolution
depends on the spread of ĝ.

Unfortunately, it is not possible to achieve arbitrary resolution in both time
and frequency. If the window function g is narrow, resolution in space is high
but resolution in frequency is low; conversely, if g is wide, resolution in frequency
is high while resolution in time is low.

The following theorem proves that STFT is invertible and, as for Fourier
transform, the energy is preserved. A proof can be found in [8].

Theorem 1.2.10. Let f ∈ L2(R). Then

f(t) =
1

2π

∫
R

∫
R
Sf(u, ξ)g(t− u)eiξtdξdt

and

∫
R
|f(t)|2dt =

1

2π

1

2π

∫
R

∫
R
|Sf(u, ξ)|2dξdt.

If g(t) is a normalized gaussian function, then the collection gu,ξ(t) = g(t−
u)e−iξt, properly sampled, is a frame for L2(R) called the Gabor frame.

1.2.2 Wavelet transform

Unlike Fourier transform, which analyses a function f in the frequency domain,
wavelet transform analyses a function in scale domain. Fourier transform of a
function f at frequency ξ may be thought as the projection of f on the complex
sinusoid e−iξt using the scalar product of L2(R) — since e−iξt /∈ L2(R), the
previous result holds in the sense of distributions. Wavelet transform, on the
contrary, does not project on a sinusoid, but on dilated and translated copies of
a function whose energy is concentrated around t = 0 called wavelet.

9
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Definition 1.2.11 (Wavelet). A function ψ ∈ L2(R) is said to be a wavelet if∫
R
ψ(t)dt = 0,

‖ψ‖22 =

∫
R
|ψ(t)|2dt

= 1,

and its energy is mostly concentrated around t = 0.

Definition 1.2.12 (Wavelet transform). Given a function f ∈ L2(R) and a
complex wavelet ψ, the continuous wavelet transform at time u and scale s
is defined as

Wf(u, s) =
1√
s

∫
R
f(t)ψ∗

(
t− u
s

)
dt,

where ψ∗ is the complex conjugate of ψ.

The wavelet transform can be rewritten as a convolution:

Wf(u, s) = f ∗ ψ̄s(u),

where

ψ̄s(t) =
1√
s
ψ∗
(
−t
s

)
.

Hence the wavelet transform can be understood as a linear filtering of f

using a filter with frequency response ̂̄ψs(ξ) =
√
sψ̂∗(ξ). Since

∫
R ψ(t)dt = 0,

the filter is a band-pass filter and the wavelet transform is the result of the
filtering of f using dilated band-pass filters.

The wavelet ψ can be a real function as well as a complex one. In this thesis,
we focus on real wavelet transform. More details about wavelet transform using
complex wavelet can be found in [8].

Similarly to STFT, wavelet transform is invertible and preserves the energy
of f .

Theorem 1.2.13 (Calderón, Grossmann, Morlet). Let ψ ∈ L2(R) be a real
function such that

Cψ =

∫ +∞

0

|ψ̂(ξ)|2

ξ
dξ < +∞.

Then, for any f ∈ L2(R),

f(t) =
1

Cψ

∫ +∞

0

∫
R
Wf(u, s)

1√
s
ψ

(
t− u
s

)
du
ds

s2
,

10
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and

∫
R
|f(t)|2dt =

1

Cψ

∫ +∞

0

∫
R
|Wf(u, s)|2duds

s2

A proof can be found in [8].

1.2.3 Regularity measurements

As seen in Subsection 1.2.1.3, Fourier transform of f is related to its regularity,
but only in a global sense. On the contrary, wavelet transform measures local
regularity.

Definition 1.2.14 (Lipschitz regularity). Let f ∈ L2(R). Then

1. f is pointwise Lipschitz γ at v if there exist a constant α > 0 and a
polynomial pv(t) of degree m = bγc such that, ∀t ∈ R

|f(t)− pv(t)| ≤ α|t− v|γ . (1.1)

2. f is uniformly Lipschitz γ over [a, b] if it satisfies eq. (1.1) for all v ∈ [a, b],
with a constant α that is independent of v.

3. The Lipschitz regularity of f at v over [a, b] is the supremum of the γ such
that f is Lipschitz γ.

Lipschitz regularity extends the concept of regularity understood as the num-
ber of times f is differentiable at a point, meaning that if f is n times differen-
tiable in v, then f is at least n-Lipschitz regular in v. If 0 < γ < 1, then the
degree of pv(t) is zero, hence it is a constant. In this case Lispchitz regularity
is more commonly known as Hölder regularity.

Wavelet transform is related to Lipschitz regularity, under a condition on
the number of vanishing moments of the wavelet ψ.

Definition 1.2.15. A wavelet ψ is said to have n vanishing moments if, for
every k such that 0 ≤ k < n,

∫
R
tkψ(t)dt = 0.

The following theorem has been proved by Jaffard [80] and it relates point-
wise Lipschitz regularity of a function with its wavelet transform.

Theorem 1.2.16 (Jaffard). Let ψ be a wavelet with n vanishing moments and
let f ∈ L2(R), f Lipschitz γ ≤ n at v. Then, there exists a constant A such
that, for every u ∈ R and every s ∈ R+,

|Wf(u, s)| ≤ Asγ+1/2

(
1 +

∣∣∣∣u− vs
∣∣∣∣γ) .

11
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Conversely, if γ < n is not an integer and there exist A and γ′ < γ such
that, for every u ∈ R and every s ∈ R+,

|Wf(u, s)| ≤ Asγ+1/2

(
1 +

∣∣∣∣u− vs
∣∣∣∣γ′
)

then f is Lipschitz γ in v.

In [81], Mallat and Hwang used this relation to estimate the local regularity
of a function through its wavelet transform.

1.2.3.1 Multiresolution approximations

Similarly to DFT, it is possible to define a discrete equivalent of the wavelet
transform.

Definition 1.2.17. Given a parameter a and a wavelet ψ, the discrete wavelet
transform (DWT) of f ∈ L2(R) is a sequence {dj,n}(j,n)∈Z2 defined as

{dj,n}(j,n)∈Z2 =
1√
aj

∫
R
f(t)ψ

(
t− ajn
aj

)
dt.

If a = 2 then the DWT is said to be dyadic.

Definition 1.2.17 defines DWT as the sampling across times and across scales
of the continuous time wavelet transform, but a better understanding of the
DWT, and a numerically efficient and stable method to compute it, demands
the introduction of multiresolution approximations.

Loosely speaking, multiresolution approximations are the formalization of
the intuitive fact that, since wavelet transform analyses f at different scales,
those scales are not completely apart one another. Indeed, a relation exists be-
tween adjacent sampled scales. This implications allow one to define an efficient
procedure to compute one scale from another.

Definition 1.2.18 (Multiresolutions). A sequence {Vj}jinZ of closed subspaces
of L2(R) is a multiresolution analysis if the following six properties are
satisfied:

1.

f(t) ∈ Vj ⇐⇒ f(t− 2jk) ∈ Vj , ∀(j, k) ∈ Z2;

2.

Vj+1 ⊂ Vj , ∀j ∈ Z;

3.

f(t) ∈ Vj ⇐⇒ f(t/2) ∈ Vj+1, ∀(j, k) ∈ Z2;

12
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4.

lim
j→+∞

Vj =

+∞⋂
j=−∞

Vj = {0};

5.

lim
j→−∞

Vj = Closure

 +∞⋃
j=−∞

Vj

 = L2(R);

6. There exists θ ∈ L2(R) such that {θ(t− n)}n∈Z is a Riesz basis of V0.

More details concerning multiresolution approximations can be found in [8];
here we will just give some basic notions that are needed to construct the discrete
wavelet transform.

By using the existence of a Riesz basis in the space V0 and combining prop-
erties (1) and (3), it is possible to verify that {2−j/2θ(2−jt − n)}j∈Z is indeed
a Riesz basis of Vj , whose constants Aj and Bj are bounded uniformly with
respect to the scales: there exist A > 0 and B > 0 such that Bj > B and
Aj < A, for all j ∈ Z.

We omit the details, but it is possible to construct, for each j ∈ Z, an
orthonormal basis {φj,n}n∈Z for the space Vj by dilating and rescaling a single
function φ called scaling function. The elements of the basis of Vj are defined
as

φj,n(t) =
1√
2j
φ

(
t− n

2j

)
n ∈ Z.

Since {φj,n}n∈Z is an orthonormal basis, the projection PVjf of f onto the
space Vj is written as

PVjf =
∑
n∈Z
〈f, φj,n〉φj,n.

As a result, the coefficients aj,n = 〈f, φj,n〉 can be rewritten as a convolution
product:

aj,n = 〈f, φj,n〉

=

∫
R

1√
2j
φ

(
t− 2jn

2j

)
dt

= f ∗ φ̄j(2jn),

with φ̄j(t) =
√

2−jφ(2−jt). It is straightforward to see that, for each j, φ̄j
is the impulse response of a low pass filter.

Since V1 ⊂ V0, using property (3) it is possible to write

13
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1√
2
φ

(
t

2

)
=
∑
n∈Z

gnφ(t− n), (1.2)

with

gn =

〈
1√
2
φ

(
t

2

)
, φ(t− n)

〉
.

Hence g = {gn}n∈Z is the impulse response of a discrete-time filter that
relates Vj to Vj+1.

Taking the DTFT of both sides of eq. (1.2), we get

φ̂(2ξ) = ĝ(ξ)φ̂(ξ).

Using this form, it is clear that it is not said whether such an gn does exist.
It is indeed true that gn exists for any scaling function, and also it satisfies

a property known as conjugate mirror filter property

Definition 1.2.19. A discrete time filter with impulse response g = {gn}n∈Z
and frequency response ĝ(ξ) = DTFTg(ξ) is a conjugate mirror filter if

|ĝ(ξ)|2 + |ĝ(ξ + π)|2 = 2.

The converse is true if the conjugate mirror filter property holds for gn and
if infξ∈[−π/2,π/2] |ĝ(ξ)| > 0. Further details and a proof can be found in [8].

To see how multiresolution approximations relate with wavelet transform,
consider the orthogonal complement Wj of Vj in Vj−1:

Vj−1 = Vj ⊕Wj .

The projection of f onto Vj−1 can be written as the sum of the projections
onto Vj and onto Wj ,

PVj−1
f = PVjf + PWj

f.

The following theorem and the subsequent lemma prove that a basis of Wj

can be constructed by dilating and translating a proper wavelet function.

Theorem 1.2.20 (Mallat, Meyer). Let φ be a scaling function and g the corre-
sponding conjugate mirror filter. Let ψ be the function whose Fourier transform
si

ψ̂(ξ) =
1√
2
ĥ

(
ξ

2

)
φ̂

(
ξ

2

)
,

with

ĥ(ξ) = e−iξ ĝ∗(ξ + π).

14
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Let us denote

ψj,n(t) =
1√
2j
ψ

(
t− 2jn

2j

)
.

For any scale 2j, {ψj,n}n∈Z is an orthonormal basis of Wj. For all scales,
{ψj,n}(j,n)∈Z2 is an orthonormal basis of L2(R).

Lemma 1.2.21. The family {ψj,n}n∈Z is an orthonormal basis of Wj if and
only if

|ĝ(ξ)|2 + |ĝ(ξ + π)|2 = 2

and

ĝ∗(ξ)ĥ(ξ) + ĝ∗(ξ + π)ĥ(ξ + π) = 0.

Theorem 1.2.20 says that, if the scales are sampled dyadically, consecutive
scales are obtained by linear filtering. It also implies that the DWT is invertible,
since any f ∈ L2(R) can be written as

f(t) =
∑

(n,j)∈Z2

〈f, ψj,n〉ψj,n(t).

1.2.4 Fast DWT

In order to describe an efficient computation scheme for the discrete wavelet
transform, let us define, respectively, the detail coefficients and the approxima-
tion coefficients as

dj,n = 〈f, ψj,n〉

and

aj,n = 〈f, φj,n〉 .

It is possible to compute the approximation {aj,n}n∈Z and the detail coef-
ficients {dj,n}n∈Z at dyadic scale j from the approximation coefficients at the
preceding dyadic scale j − 1 using the discrete filters {gn}n∈Z and {hn}n∈Z:

aj,n = (aj−1 ∗ g)n

dj,n = (aj−1 ∗ h)n,

15
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where aj denotes the sequence {aj,n}n∈Z. Using a cascade algorithm it is
possible to compute the entire DWT using only discrete convolution operations.

It is possible to achieve something more. From the theory of critically sam-
pled filterbanks, if the filter impulse responses h and g are compactly supported,
it is possible to reduce the number of coefficients by downsampling by a factor
of 2 after each convolution, still having perfect reconstruction.

Downsampling is denoted by the symbol ↓ followed by a number k ∈ N indi-
cating the downsampling factor. The opposite of downsampling is upsampling,
and it is denoted by ↑ followed by a number indicating the upsampling factor.
Let fn be a sequence, then

(f ↓ k)n = fkn.

and

(f ↑ k)n =

{
fn/k if n ≡ 0 mod k

0 otherwise

In order to compute the frequency response of the downsampling operator,
define the auxiliary sequence

∆(k)
n =

∑
r∈Z

δn,rk,

where δn,m is the Kronecker delta.

The sequence ∆
(k)
n is 1 if n is an integer multiple of k and 0 else. In addition,

it is easy to verify that

∆(k)
n =

∑
r∈Z

δn,rk

=
1

k

k∑
r=1

ei2πrn/k,

Hence,
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(̂f ↓ k)(ξ) =
∑
n∈Z

(f ↓ k)ne
−iξn

=
∑
n∈Z

fkne
−iξn

=
∑
n∈kZ

fne
−iξn/k

=
∑
n∈Z

∆(k)
n fne

−iξn/k

=
∑
n∈Z

1

k

k∑
r=1

ei2πrn/kfne
−iξn/k

=
1

k

k∑
r=1

∑
n∈Z

fne
−i(ξ/k−2πr/k)n

=
1

k

k∑
r=1

f̂(ξ/k − 2πr/k)

.
With regard to the frequency response of the upsampling operator,

(̂f ↑ k)(ξ) =
∑
n∈Z

(f ↑ k)ne
−iξn

=
∑
n∈kZ

fn/ke
−iξn

=
∑
n∈Z

fne
−iξkn

= f̂(kξ)

As a result, the frequency response of the downsampling operator is the
arithmetic mean of k shifted and rescaled copies of the DTFT f̂ of the sequence
fn.

In the case k = 2, the downsampling operation is also called decimation and
the frequency response reduces to

(̂f ↓ 2)(ξ) =
1

2

[
f̂(ξ/2) + f̂(ξ/2 + π)

]
.

Define the decimated approximation coefficients and the decimated detail
coefficients as

ãj,n = ((aj−1 ∗ g) ↓ 2)n

d̃j,n = ((aj−1 ∗ h) ↓ 2)n.

As the next proposition proves, it is possible to perfectly reconstruct aj−1

from ãj,n and d̃j,n.
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Proposition 1.2.22. For every j ∈ Z, it holds that

aj−1,n = ((ãj ↑ 2) ∗ g′)n + ((d̃j ↑ 2) ∗ h′)n,

where h′n and g′n are the reconstruction filters defined by

ĥ′(ξ) = −e−iwĝ(ξ + π)

and

ĝ′(ξ) = e−iwĥ(ξ + π)

A proof of Proposition 1.2.22 can be found in [8].
The decimated cascade filterbank algorithm, also known as fast discrete

orthogonal wavelet transform, is very efficient as it takes only O(N) number
of operations, where N is the length of the input signal and produces M <
log2(N) detail scales {d̃j,n}n∈Z, 1 ≤ j ≤ M and an approximation scale, each
consisting of N/2j samples. If N is not a power of 2, the signal can be zero-
padded. A similar algorithm for bi-orthogonal wavelet families can be found in
[8].

1.2.4.1 SWT

A limitation of DWT is that, since the downsampling/upsampling operations
are not time-invariant, the transform itself is not, meaning that the DWT of a
translated copy of a signal f is not the translation of the DWT of f . Addressing
this problem, in [82] the stationary wavelet transform (SWT) is defined.
SWT is approximately shift-invariant and can be computed efficiently by the
so called algorithm-a-trous [8]. The only difference with ordinary DWT is that
the signal decimation step is omitted and the filters are upsampled each step
instead. The time-shift invariance property is a consequence of the fact that
SWT is the averaging of time-shifted DWT [83].

1.3 Linear & non-linear approximations

Let us assume that H = L2(R), and rewrite the sparsity problem accordingly.

Problem 1.3.1 (Sparsity problem). Given a function f ∈ L2(R), a basis B =
{ψm}m∈N of L2(R) and an integer M , find a sequence x∗ ∈ `2 such that

x∗ = arg min
x∈`2
‖f − fM‖2 ‖x‖0 ≤M,

where

fM =
∑
m∈N

xmψm.
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Let B = {ψm}m∈N be an orthonormal basis of the Hilbert space L2(R). Any
f ∈ L2(R) can be decomposed as

f =
∑
m∈N
〈f, ψm〉ψm.

If only the first M inner products 〈f, ψm〉 are considered, the resulting func-
tion is a linear approximation of f :

fM =

M∑
m=1

〈f, ψm〉ψm.

Since fM is the orthogonal projection of f on the subspace VM spanned by
the first M elements of B, the resulting error is

εlM = ‖f − fM‖

=

+∞∑
m=M+1

| 〈f, ψm〉 |2.

The error εlM goes to zero as M grows toward infinity, but the decay rate of
εlM is related to the regularity of f , as the following theorem states.

Theorem 1.3.2. For any s > 1/2, there exist two constants A > 0 and B > 0
such that if

∑
m∈N |m2s|| 〈f, ψm〉 |2 < +∞ then

A
∑
m∈N
|m2s|| 〈f, ψm〉 |2 ≤

∑
M∈N

M2s−1εlm ≤ B
∑
m∈N
|m2s|| 〈f, ψm〉 |2

and εlm = o(M−2s).

If B is a Fourier basis or a wavelet basis, then the space

WB,s(R) =

{
f ∈ L2(R) :

∑
m∈N
|m2s|| 〈f, ψm〉 |2 < +∞

}

is a Sobolev space.
Linear approximation projects f on the first M elements of B, but it is

possible to adaptively select the M vectors over which f is projected. This is
called non linear approximation [11, 8]. If IM is the set of the indices of the
chosen elements of the basis then

fM =
∑
m∈IM

〈f, ψm〉ψm

and the approximation error is
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εM =
∑
m/∈IM

| 〈f, ψm〉 |2.

To minimize the error, the indices in IM should refer to the M highest
magnitude coefficients. Let fm = 〈f, ψm〉 and let {f∗k}k∈N the decreasing re-
arrangement of the coefficients {fm}m∈N, that is a sequence f∗k = fmk such
that

|f∗k | ≥ |f∗k+1|.

Hence the best approximation is

fM =

M∑
k=1

f∗kψmk

and the relative minimum error is

εM =

+∞∑
k=M+1

|f∗k |2.

Similarly to the linear case, the decay rate of the error is related to the decay
of the rearranged coefficients f∗k .

Theorem 1.3.3. Let s > 1/2. If there exists a constant C > 0 such that
|f∗k | ≤ Ck−s then

εM ≤
C2

2s− 1
M1−2s. (1.3)

Conversely, if eq. (1.3) holds, then

|f∗k | ≤
(

1− 1

2s

)−s
Ck−s.

A proof can be found in [8].
The following theorem relates the decay of εM to the `p norm of the coeffi-

cients of f :

‖f‖B,p =

(∑
m∈N
|fm|p

)1/p

.

Theorem 1.3.4. Let p < 2. If ‖f‖B,p < +∞ then

|f∗k | ≤ ‖f‖B,p k
−1/p

and εM = o(M1−2/p).
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Theorem 1.3.5. Let f ∈ L2([0, 1]) and suppose f has a finite number of dis-
continuities and is uniformly Lipschitz γ between these discontinuities. Then

εM = O(M−2γ).

The space

BB,p =
{
f ∈ L2(R) : ‖f‖B,p < +∞

}
is a particular case of Besov space. More in general, Besov spaces are defined

as follows

Definition 1.3.6 (Besov spaces). Let M = {VJ ,WJ ,WJ−1,WJ−2, . . .} be a
multiresolution approximation of L2([0, 1]) truncated at level J and let {φJ,n}n∈Z
be a basis of VJ and {ψj,n}n∈Z, j = 0, . . . , J bases of W0, . . . ,WJ and denote
ψJ+1,n = φJ,n.

The Besov space Bsβ,α[0, 1] is the set of the functions f ∈ L2([0, 1]) such
that

‖f‖s,β,α =

 J+1∑
j=−∞

2−j(s+1/2−1/β)

2−j−1∑
n=0

| 〈f, ψj,n〉 |β
1/β


α

1/α

< +∞.

It has been shown [84, 85] that Besov spaces do not depend on the choice of
the particular wavelet basis, as long as ψ ∈ Cq(R) has q > s vanishing moments.
Other characterizations of Besov spaces exist in literature, equivalent to the one
given here [12, 86]. For a more in-depth discussion of Besov spaces in the context
of function approximation, the reader may refer to [8].

1.4 Basis selection

Approximation error depends on the selected basis. As a result, it would be
desirable to select the best basis to represent f among a collection of bases,
called dictionary.

Definition 1.4.1 (Dictionary). A dictionary D is a union of orthonormal bases
in finite dimensional space of dimension N :

D =
⋃
λ∈Λ

Bλ,

where Bλ = {ψλm}1≤m≤N are orthonormal basis.

A first example of dictionary is the wavelet packet dictionary, introduced in
[13]. To build a wavelet packet, consider a DWT where, at each scale, both
approximation and detail coefficients are filtered for both approximations and
details at the next scale. In this way the wavelet packet tree is generated, each
node corresponding to either an approximation or a detail at a certain scale.
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Another example is the Gabor dictionary, introduced in [87] and [88], con-
sisting in gaussian functions translated in both time and frequency.

Before searching for the best basis to represent f , it is needed to define
what a best basis is. Let IλM the set that indexes the M vectors that maximize
|
〈
f, ψλm

〉
|. The approximation error is computed as

ελ[M ] =
∑
m/∈Iλm

|
〈
f, ψλm

〉
|2

= ‖f‖2 −
∑
m∈Iλm

|
〈
f, ψλm

〉
|2

Definition 1.4.2 (Bases comparison). Given two bases Bλ1 = {ψλ1
m }1≤m≤N

and Bλ2 = {ψλ2
m }1≤m≤N , we say that Bλ1 is a better basis than Bλ2 for approx-

imating f if for all M ≥ 1

ελ1

M ≤ ε
λ2

M .

This bases comparison defines a partial ordering in D. The following theorem
gives a criterion based on Schur concave cost functions.

Theorem 1.4.3. A basis Bλ1 is a better basis than Bλ2 to approximate f if and
only if for all concave functions Φ(u)

N∑
m=1

Φ

(
|
〈
f, ψλ1

m

〉
|2

‖f‖2

)
≤

N∑
m=1

Φ

(
|
〈
f, ψλ2

m

〉
|2

‖f‖2

)
.

A proof can be found in [8].
Checking all the concave functions is impratical, that is why a single concave

function is commonly used.
The cost of approximating f in a basis Bλ is defined by the Schur concave

sum:

C(f,Bλ) =

N∑
m=1

Φ

(
|
〈
f, ψλm

〉
|2

‖f‖2

)
.

The condition

C(f,Bλ1) ≤ C(f,Bλ2)

is a necessary but not sufficient for Bλ1 to be a better basis than Bλ2 . Coif-
man and Wickerhauser [13] find a best basis by minimizing the cost of f among
all possible bases in D:

C(f,Bλ) = min
λ′∈Λ

C(f,Bλ
′
).
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The basis is optimal in the sense that no other basis exists better than Bλ
but, since the ordering over D is partial, there may exist bases that are not
comparable with the chosen one.

Several other cost functions have been proposed. Among the others, we
recall the Shannon entropy function (Φ(u) = −u log(u)) and the `p cost function
(Φ(u) = |u|p/2, p < 2).

Given a cost function, brute force comparison for searching the best basis
is often prohibitive due to the large size of dictionaries. If the dictionary has
a tree structure, such as wavelet packets, the dynamic programming approach
proposed in [13] finds the best basis in O(N log2(N)) operations by taking ad-
vantage of this structure.

1.4.1 Basis pursuit

Let D = {ψp}1≤p≤P be a dictionary of P > N redundant vectors, with at least
N linearly independent vectors. An approximation of f using M vectors is a
linear combination of elements of D:

fM =

M∑
m=1

αpmψpm . (1.4)

Computing the approximation fM that minimizes ‖f − fM‖ would solve the
sparsity Problem 1.0.1.

Basis pursuit searches for a basis that minimizes the following `1 cost func-
tion:

C(f,B) =
1

‖f‖

N∑
m=1

|αpm |.

On the one hand, the `1 cost function limits the spread of the energy among
many vectors, promoting sparsity. On the other hand, it allows to write the
problem as a linear programming problem.

A standard linear programming problem can be stated as follows. Given
A ∈ RL×N , b ∈ RN and a linear cost function C(x) = ctx =

∑L
i=1 cixi, find

x∗ ∈ RL such that

x∗ = arg min
x∈RL

C(x) subject to Ax = b and xi ≥ 0, ∀i = 1, . . . , L.

To this aim, define the matrix G ∈ RP×N as Gpn = ψp,n, 1 ≤ n ≤ N ,
1 ≤ p ≤ P and let f ∈ RN the discrete function to approximate. The first
constraint provides

Gα = f,

where α ∈ RP is the vector of all the possible unknown coefficients in eq.
(1.4).
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Since the linear programming computes a positive solution, let us introduce
the so called slack variables u, v ∈ RP , up ≥ 0, vp ≥ 0, p = 1, . . . , P , such that

αp = up − vp.

As a result

Gα = Gu−Gv = f

and

P∑
p=1

|αp| =
P∑
p=1

up +

P∑
p=1

vp.

The resulting linear programming problem is of size L = 2P with

A = (G,−G), x =

(
u
v

)
, b = f, c = 1.

Standard results of linear programming prove that if the matrix A has rank
N then x has at most N non-zero coefficients. Since the dictionary D has N
linearly independent vectors, then A has rank N . Several algorithms exist for
linear programming problems, such as interior point algorithm [14], Log-barrier
method [16, 15], simplex algorithm [17] and ellipsoid algorithm [18].

1.4.2 Matching pursuit

Despite efficient algorithms exist for approximating the solution of linear pro-
gramming problems, basis pursuit is computationally expensive. Matching pur-
suit, introduced by Mallat and Zhang [19], employs a greedy local approach
to reduce computational cost. Let D = {ψp}1≤p≤P be a dictionary of P > N
vectors, with ‖ψp‖ = 1, and including at least a basis of RN . Matching pursuit
iteratively searches for elements of the dictionary that minimizes the approxi-
mation error. Let Rmf the approximation error at the m− 1-th iteration. The
next vector ψpm is chosen such that

| 〈Rmf, ψpm〉 | ≥ A sup
1≤p≤P

| 〈Rmf, ψp〉 |,

where A ∈ (0, 1] is a sub-optimalty factor introduced for computational
efficiency.

When the iteration stops, the approximation is given by

fM =

M∑
m=1

〈Rmf, ψpm〉ψpm

The following theorem [8] proves that matching pursuit converges and that
the remainder Rmf converges exponentially to zero.
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Theorem 1.4.4. There exists λ > 0 such that for all m ≥ 0

‖Rmf‖ ≤ 2−λm ‖f‖ .

As a consequence,

f =
∑
m∈N
〈Rmf, ψpm〉ψpm

and

‖f‖2 =
∑
m∈N
| 〈Rmf, ψpm〉 |2

1.4.2.1 Orthogonal Matching Pursuit

When matching pursuit searches for the element of the dictionary that maxi-
mizes the inner product 〈Rmf, ψpm〉 it might reintroduces directions that have
already been included in the approximation of f due to the dictionary redun-
dancy. A Graham-Schmidt orthogonalization procedure has been proposed in
[21] and [22] to address this problem. Once ψpm has been selected, it is orthog-
onalized with respect to the previously selected vectors:

um = ψpm −
m∑
p=1

〈ψpm , up〉
‖up‖2

up.

Hence the remainder Rmf can be decomposed as

Rmf =
〈Rmf, um〉
‖um‖2

um +Rm+1f.

As a result,

f =

k∑
m=1

〈Rmf, um〉
‖um‖2

um +Rkf

= PVkf +Rkf,

where Vk is the space spanned by {um}1≤m≤k and Rkf ⊥ Vk.
Orthogonal matching pursuit converges in a finite number of iterations [8],

but the Graham-Schmidt orthogonalization must be implemented carefully to
avoid numerical instabilities. Orthogonalizing M vectors requires O(NM2) op-
erations. In case of wavelet packets and Gabor dictionariesM orthogonal match-
ing pursuit operations require O(MN log2(N)) operations. If M is large,it is
often more efficient to implement non-orthogonal matching pursuit, due to the
computational overhead of orthogonalization.

Improvements and modifications of matching pursuit have been proposed re-
cently, such as Block Orthogonal Matching Pursuit (BOMP) [23, 24], Compres-
sive Sampling Matching Pursuit (CoSaMP) [25], Generalized Orthogonal Match-
ing Pursuit (gOMP) [26], Nonnegative Orthogonal Matching Pursuit (NOMP)
[27] and Constrained Matching Pursuit (CMP) [28].
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1.5 Thresholding

Linear approximation considers the first M coefficients while non-linear approx-
imation considers the first M coefficients of greatest magnitude. In the latter
case, it is equivalent to set to zero all the coefficients whose magnitude is less
than |f∗M+1|. This operation is called hard thresholding. There are several type
of thresholding, in this section a brief review of the main ones will be given.

1.5.1 Wavelet shrinkage and universal threshold

Wavelet shrinkage has been introduced by Donoho and Johnstone in their sem-
inal paper [9]. In order to recover a function corrupted by noise, they propose a
technique, dubbed wavelet shrinkage, consisting of a thresholding of coefficients
of the expansion of the same function in a wavelet basis.

Donoho and Johnstone propose two shrinkage procedures, called
RiskShrink and VisuShrink, corresponding to hard and soft thresholding
respectively. Let w = (w1, . . . , wn) the vector of the coefficients of the wavelet
transform. Given a threshold λ, the two thresholding operators on the coeffi-
cients w of a wavelet transform are

ηH(wi, λ) = wi1{|wi|>λ} (hard thresholding)

ηS(wi, λ) = sign(wi)(|wi| − λ)+ (soft thresholding). (1.5)

As it will be shown in Section 1.6, RiskShrink and VisuShrink minimize a
proper functional related to a sparsity problem.

The choice of the threshold is not trivial. A minmax procedure has been
proposed to compute the optimal thresholds in both the cases of hard and soft
threshold, but it has been proved that, in both cases the optimal threshold is
λ∗n = σ

√
2 log(n), whenever n → +∞ and gaussian noise of amplitude σ is

considered. λ∗n is also known as Donoho universal threshold.
Considering an oracle providing perfect information about noise strength, it

comes out that the best choice is to retain the wavelet coefficients whose am-
plitude is larger than the noise level, while discarding the others. The expected
error, in `2 norm, between real (wi) and estimated (ŵi) wavelet coefficients is

E
[
‖wi − ŵi‖2

]
=

n∑
i=1

min{w2
i , σ

2}.

In addition, for soft thresholding it holds

E
[
‖wi − ŵi‖2

]
≤ (1 + 2 log(n))

(
σ2 +

n∑
i=1

min{w2
i , σ

2}

)
.

Hence, the performances of soft thresholding are within those of an oracle-
guided reconstruction by a factor of 1 + 2 log(n).

As a matter of fact, a more precise error estimate can be given. If λ∗n is such
that
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λ∗n = arg max inf
λ

sup
µ

ρ(λ, µ)

n−1 + min(µ2, 1)
,

where ρ = E [ηS(Y, λ)− µ]
2
, with Y ∼ N(µ, 1) a gaussian random variable,

then

E
[
‖wi − ŵi‖2

]
≤ Λ∗n

(
σ2 +

n∑
i=1

min{w2
i , σ

2}

)
,

where Λ∗n only depends on n and Λ∗n ≤ 1 + 2 ln(n). In addition,

Λ∗n ∼ 2 log(n) as n→ +∞,

and then

λ∗n ∼
√

2 log(n).

The same result holds for hard thresholding with a constant Ln that can not
be exactly asymptotically estimated, but Ln ∼ 2 log(n) for large n.

1.5.2 SUREshrink

In [89], Donoho and Johnson introduced an improvement to the previous
RiskShrink and VisuShrink. Since in this new method the threshold is cho-
sen using SURE (Stein’s Unbiased Risk Estimate) estimator [90], the method
has been dubbed SUREshrink. SURE estimator gives an unbiased estimate
of a multivariate normal random variable. Applying Stein’s results to the ideal
soft thresholding operator, an unbiased estimate of the error is given by

SURE(λ,w) = n− 2|{i : |wi| ≤ λ}|+
n∑
i=1

min(w2
i , λ

2). (1.6)

Eq. (1.6) can be used to select a threshold λ∗n as

λ∗n = arg min
0≤λ≤

√
2 log(n)

SURE(λ,w).

Since threshold selection via SURE does not yield better results if the wavelet
representation is very sparse, the authors proposed an hybrid scheme, combining
universal threshold and SURE estimation.

1.6 Regularization

The sparsity Problem 1.0.1 is an NP-hard problem, but approximate solutions
can be found by relaxing the problem, for example using `1 or `2 norms.

In case of `2 norm, the problem is known as the Ridge Regression prob-
lem.
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Problem 1.6.1 (Ridge regression problem). Let H of dimension N . Given a
vector f ∈ H, a frame B of H, its matrix Ψ ∈ RN×M and n ∈ N, find a vector
x∗ ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 ‖x‖22 ≤ n.

Due to the explicit constraint on the norm of x, this problem is still difficult
to solve, hence it is relaxed again from the constrained form to the penalized
form. The relaxed penalized form, or regularized form, of ridge regression is
best known in mathematics as least square problem and it can be stated as
follows.

Problem 1.6.2 (Least squares problem). Let H of dimension N . Given a
vector f ∈ H, a frame B of H, its matrix Ψ ∈ RN×M and a regularization
parameter λ, find a vector x∗ ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 + λ ‖x‖22 .

Least squares problem is related to ridge regression problem in the sense
that it does exist a parameter λ such that Problem 1.6.1 and Problem 1.6.2
have the same solution.

Despite the least squares problem has an explicit solution in terms of Moore-
Penrose pesudo inverse and it has been extensively studied [29, 30], the `2 norm
penalization term does not promote sparsity enough.

A more strict relaxation can be found considering `1 norm instead of `2:
the resulting problem is called LASSO problem. It has been introduced by
Tibshirani in [31], inspired by Breiman’s Nonnegative Garrote [91] and it is
widely used in statistics.

Problem 1.6.3 (LASSO). Let H of dimension N . Given a vector f ∈ H, a
frame B of H, its matrix Ψ ∈ RN×M and a regularization parameter λ, find a
vector x ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 + λ ‖x‖1 .

The solution of the LASSO problem is unique under the assumption that
the columns of Ψ are in general position [32]. Similarly to the least squares
problem, it is possible to write LASSO problem in penalized form and prove
that, for some λ, it has the same solution of Problem 1.6.3. A good review of
LASSO and its generalizations can be found in [92].

The functional associated with LASSO is convex but non-differentiable,
hence standard minimization algorithms such as gradient descent can’t be used.
Alternate direction multiplier method (ADMM), used in conjunction with an
augmented Lagrangian framework, is guaranteed to converge. In addition if
the matrix Ψ is orthogonal, as it will be shown in next subsection, the LASSO
problem admits an explicit solution in terms of the soft thresholding operator.

A generalization of LASSO, that combines LASSO with least squares prob-
lem, is the Elastic Net problem [33]
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Problem 1.6.4 (Elastic net). Let H of dimension N . Given a vector f ∈ H, a
frame B of H, its matrix Ψ ∈ RN×M and regularization parameters λ1, λ2, find
a vector x ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 + λ1 ‖x‖1 + λ2 ‖x‖22 .

The functional associated with elastic net problem is differentiable and com-
bines least squares approach with the sparsity of the LASSO.

We note that it is possible to write a penalized form relaxation of the sparsity
Problem 1.0.1 and that a solution can be written in terms of the hard thresh-
olding operator, but in this case it not true that it always exists a parameter λ
such that the two problems have the same solution.

Problem 1.6.5 (Relaxed sparsity problem). Let H of dimension N . Given
a vector f ∈ H, a frame B of H, its matrix Ψ ∈ RN×M and a regularization
parameter λ, find a vector x ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 + λ ‖x‖0 .

1.6.1 Non-convex optimization

Another possible approach is to relax the `0 norm to a `p semi-norm, 0 <
p < 1 [34, 35]. Similarly to the case of LASSO, the problem is written in
relaxed penalised form and the solution is found as the minimum of a non-
convex functional.

Problem 1.6.6 (Non-convex relaxation). Let H of dimension N . Given a
vector f ∈ H, a frame B of H, its matrix Ψ ∈ RN×M and a regularization
parameter λ, find a vector x∗ ∈ RM such that

x∗ = arg min
x∈RM

1

2
‖f −Ψx‖22 + λ‖x‖pp. (1.7)

The use of `p semi-norm, 0 < p < 1 promotes sparsity more than `1 or `2

norm, but it is much more hard to deal with,
Except for some particular cases, the minimum (1.7) is computed numer-

ically. Several approaches exist, such as gradient projection algorithms [43],
Forward-Backward splitting methods [44, 45], ADMM iterations [46, 93] or ad-
hoc iterations [47, 48].

To formalize some elementary results for convex and non convex optimiza-
tion, it is necessary to introduce the theory of proximal mapping [94].

Definition 1.6.7 (Proximal operator). The proximal mapping operator for a
function g(x) : Rn → R is defined as

Proxλg (v) = arg min
x∈Rn

(
g(x) +

1

2λ
‖x− v‖22

)
Even if the tools of proximal calculus allow to simplify calculations, explicit

proximal operators exists in very few cases, some of them will be listed in the
sequel.
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The proximal operator for `1 norm is the soft thresholding operator, per-
formed component-wise,

Proxλ‖·‖1(v)i = sign(vi)(|vi| − λ)+.

In the case of `0 norm, the proximal operator does exist, but it is not a
function:

Proxλ‖·‖0(v)i =


vi if |vi| >

√
2λ

{0, vi} if |vi| =
√

2λ

0 if |vi| <
√

2λ

.

By redefining the value of Proxλ‖·‖0(v) in
√

2λ, the hard thresholding operator
is obtained:

Proxλ‖·‖0(v)i = vi1{|vi|>
√

2λ}.

In general, proximal operators are not explicitly computable, but numerical
methods have been proposed for efficient estimation [95, 96].

In the last years interest in non-convex functionals has been growing, espe-
cially for applications in machine learning, and many different penalty terms
have been proposed other than `p norms [36, 37, 38, 39, 40, 41, 42].

Among the many recent proposals, it is worth noting the approach of Huang
[24]: generalized Shannon entropy function and generalized Rényi entropy func-
tion are proposed as penalty terms and an efficient algorithm for the compu-
tation of the optimal solution is given. In addition he shows that sparsity is
promoted with the proposed penalty terms in the sense that the solutions of the
minimization problem are on the boundaries of the orthants of the euclidean
space RN .

1.6.1.1 Explicit solutions with proximal operators

From the theory of proximal mapping, it is clear that explicit solutions to prob-
lems 1.6.3 and 1.6.5 can be stated using soft and hard thresholding operators in
case Ψ is orthogonal, i.e. B is an orthonormal basis. Let us consider the LASSO
problem. If Ψ is orthogonal,

arg min
x∈RM

1

2
‖f −Ψx‖22 + λ ‖x‖1 = arg min

x∈RM
1

2
‖Ψ(Ψtf − x)‖22 + λ ‖x‖1

= arg min
x∈RM

1

2
‖Ψtf − x‖22 + λ ‖x‖1

= Proxλ‖·‖1(Ψtf),

and the same result holds for the relaxed constrained sparsity problem.
Also, Donoho’s VisuShrink (eq. (1.5)) and RiskShrink (eq. (1.5)) operators

solve the following problems
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x∗ = arg min
x∈RM

‖f −Ψx‖22 + 2λ‖x‖1

and

x∗ = arg min
x∈RM

‖f −Ψx‖22 + 2λ‖x‖0

where Ψ is the matrix of the discrete wavelet transform. In order to see it,
observe that Ψ is orthogonal and then the coefficients of the transform are given
by Ψ−1f . It turns out that the proof is the same as for the LASSO.

1.6.2 Parameter choice

Solutions of relaxed problems are solution to the actual problem only for some
parameter λ. Hence, it is of great importance to correctly estimate the pa-
rameter. In classical convex minimization problems many methods have been
proposed, such as discrepancy principle [30], but any method is guaranteed to
correctly estimate the right parameter. Recently, Mousavi et al. [97] studied
the solutions of LASSO as functions of λ, producing an algorithm based on ap-
proximate message passing (AMP) that converges to a solution with the same
mean square error as LASSO solution with the optimal parameter. A naive
approach to the issue is to numerically compute numerical solutions for several
choices of the parameters, and then pick the one realizing the minimum error,
but such approach is numerically intensive and is not guaranteed to produce the
optimum solution.

In many real world applications it is often possible to use ad-hoc choices, such
as in video, image and audio coding [5, 6], where thresholds are chosen according
to consideration about human perception system. On the other hand, to the
best of the author knowledge, only two general methods for optimum selection
of parameters exist.

1.6.2.1 L-curve method

In general, one of the proposed method is the L-curve method. Introduced by
O’leary and Hansen in [57], the L-curve for a regularization problem is the curve
of the size of the regularized solution versus the size of the corresponding residual
as function of λ. The actual way to measure the sizes depends on the considered
problem: for example in the case of LASSO the size of the regularized solution
is the term ‖x‖1, while the size of the residual is 2−1 ‖f −Ψx‖22. The L-curve
strongly resembles rate/distortion curves used in compression and information
theory [98]. Through the study of several examples, the authors observe that
the L-curve is divided in two regions: a first region in which the curve is strongly
decreasing and almost vertical and a second region, where the curve has a more
shallow behaviour. The first region is where the error is dominant, the second
region is where the regularization is dominant. The optimal parameter choice
is the point separating these two regions. In [57], it is proposed to identify this
point as the maximum curvature point but, in real cases, numerical errors do not
allow for a correct estimation. Addressing this issue, in [99] Natarajan proposes
to search for the optimal point as the intersection of two linear functions, one
estimated at the beginning and the other at the end of the L-curve.
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1.6.2.2 Generalized Cross Validation

Another method for λ estimation is the generalized cross validation method
(GDV), introduced in [100] and in [101]. To illustrate it, let us consider, for
example, least squares problem and let x(λ) the solution as a function of λ and
ΨI(λ) a matrix such that x(λ) = ΨI(λ)f . GCV finds the best parameter as the
one minimizing the function

G(λ) =
‖Ψx(λ)− y‖22

(trace(I −ΨΨI(λ)))2
.

Although GCV is widely used in several fields, it requires either the numerical
computation of the solution x(λ) or theoretical results about the form of the
solution with respect to λ.

1.7 Compressed sensing

Introduced simultaneously by Donoho [49] and by Candès and Tao [50] in 2006,
compressed sensing aim is to find a sparse representation of a signal x from few
observations y, provided that it is sparse in some basis. In the last years the
advent of compressed sensing revived interest in sparsity problems and in reg-
ularization problems. Many techniques in convex and non-convex optimization
have been borrowed by compressed sensing.

The compressed sensing problem can be stated as follows.

Problem 1.7.1 (Compressed sensing). Given a vector of observations y ∈ RM
and a measurement matrix Φ ∈ RM×N , M � N , find x∗ such that

x∗ = arg min
x∈RN

‖x‖0 subject to Φx = y. (1.8)

The formulation of compressed sensing is inherently discrete, but in several
contexts the columns of Φ are elements of a basis or elements of a frame, often
coming from a discrete transform (e.g. a stationary wavelet transform or a
discrete Fourier transform), meaning that the components of the observation
vector y are indeed coefficients of said transform. To better understand it, let
the columns of Φ be the elements of the Fourier basis and let y = (y1, . . . , yM )
the sampling of a real function f(t) at equispaced time steps ti, i.e. yi =
f(ti). Solving the compressed sensing problem for this setting means to find the
trigonometric polynomial of minimum degree interpolating y.

More generaly, let us consider a discrete transform represented by a matrix
Ψ ∈ RN×N . Suppose the goal is to achieve sparsity in the transform, i.e. to
have few non zero entries in the vector x = Ψy of the coefficients, for a given
vector y. Assuming the transform is invertible, the problem is to find x∗ such
that

x∗ = arg min
x∈RN

‖x‖0 subject to Ψ−1x = y.

The sparsity problem is, in some sense, dual to the compressed sensing prob-
lem, but if the observation matrix Φ is orthogonal (i.e. its columns form an
orthonormal basis of Rn), the two problems are equivalent.
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It is easy to check that, for an arbitrary matrix Ψ, a solution to the com-
pressed sensing Problem 1.7.1 is a solution for Problem 1.0.1 with a proper
choice of parameters, but the converse is not always true.

Interest in compressed sensing has been growing since its introduction [102],
and a complete review is over the scopes of this thesis. A brief overview of the
basic concepts along with the main results will be given.

1.7.1 Existence results

Existence results for the compressed sensing problem can be stated in term of
the so called restricted isometric property.

Definition 1.7.2 (s-sparse vector). Let x ∈ RN . The vector x is said to be
s− sparse if

‖x‖0 ≤ s.

Definition 1.7.3 (Restricted isometry property). Let Φ ∈ RM×N . For each s,
Φ is said to possess the restricted isometric property if

(1− δs)‖x‖22 ≤ ‖Φx‖22 ≤ (1 + δs)‖x‖22 (1.9)

for each s-sparse vector x.

The smallest δs satisfying eq. (1.9) is called the restricted isoperimetric
constant.

The existence of solutions for the compressed sensing problem is stated in
terms of the restricted isoperimetric constant in the following theorem.

Theorem 1.7.4 (Candès [51]). The compressed sensing problem (1.8) admits
a solution provided that δ2s < 1.

The compressed sensing problem is not easy to solve, in fact, similarly to the
sparsity problem, it is an NP-hard combinatorial problem. In order to compute
an approximate solution, the problem is relaxed, using less restrictive conditions
on the sparsity of x.

The first relaxation of Problem 1.7.1 is the so called basis pursuit problem,
in which `1 norm subsitutes `0 norm:

Problem 1.7.5 (Basis pursuit). Given a vector of observations y ∈ RM and a
measurement matrix Φ ∈ RM×N , M � N , find x∗ such that

x∗ = arg min
x∈RN

‖x‖1 subject to Φx = y. (1.10)

A sufficient condition for the solution of the basis pursuit problem to be a
solution of the compressed sensing problem is provided by the following theorem.

Theorem 1.7.6 (Candès [52]). Assume that δ2s <
√

2 − 1 and let xs be the
s-sparse vector of the s largest entries of x. The solution x∗ to the problem
(1.10) obeys

‖x∗ − x‖1 ≤ C0‖x− xs‖1 (1.11)

and

‖x∗ − x‖2 ≤ C0s
−1/2‖x− xs‖1,

for some constant C0. In particular, if x is s-sparse, the recovery is exact.
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In order to clarify, let x̃ be a solution of the compressed sensing problem
(which exists since

√
2 − 1 < 1). The observation vector y is the same in both

problems; hence, in the basis pursuit problem it is possible to consider y = Φx̃.
Then, since x̃ is s− sparse, the estimate (1.11) becomes

‖x∗ − x̃‖1 ≤ C0‖x− x̃s‖1
= 0.

proving that the solutions coincide.
Several improvements to the bound on δ2s have been proved; the latest stated

by the following theorem.

Theorem 1.7.7 (Mo & Li [53]). The compressed sensing problem (1.8) and
the basis pursuit problem (1.10) uniquely obtain the same s-sparse solution if
δ2s ≤ 0.4931.

The basis pursuit is not the only possible relaxation to the compressed sens-
ing problem. Another common approach, useful in the case of noisy measure-
ments, is the quadratically constrained basis pursuit problem:

Problem 1.7.8 (Quadratically constrained basis pursuit problem). Given a
vector of possibly noisy observations y ∈ RM , a measurement matrix Φ ∈
RM×N , M � N , and a noise amplitude ε, find x∗ such that

x∗ = arg min
x∈RN

‖x‖1 subject to ‖Φx− y‖2 ≤ ε. (1.12)

Definition 1.7.9 (s-compressible vector). Let x ∈ RN , p > 0 and let.

σs(x)p = min
z∈RN

‖x− z‖p subject to ‖z‖0 ≤ s.

The vector x is said to be s− compressible in norm `p if σs(x)p is small for
some p.

Theorem 1.7.10 (Candès [52], Foucart & Rauhut [103]). Given x ∈ RN and
a matrix Φ ∈ RM×N such that δ2s ≤ 4/

√
41 ≈ 0.6246, then every solution of

(1.12) satisfies

‖x∗ − x‖2 ≤ Cs−1/2σs(x)1 +Dε,

with C > 0 and D > 0.

In practice, Least Absolute Shrinkage and Selection Operator (LASSO), in-
troduced by Tibshirani in [31] and widely used in statistics, is more efficient for
computations [54]. Similarly to the LASSO problem in Section 1.6, the LASSO
problem for compressed sensing is stated as follows.

Problem 1.7.11 (LASSO). Given a vector of observations y ∈ RM and a
measurement matrix Φ ∈ RM×N , M � N , find x∗ such that

x∗ = arg min
x∈RN

1

2
‖y − Φx‖22 + λ‖x‖1.
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Using a sequence of LASSO estimation, an efficient algorithm for the basis
pursuit problem has been proposed [55]. The following theorem proves that
LASSO estimator is capable of recovering sparsity patterns.

Theorem 1.7.12 (Wainwright [56]). Let y = Φx+ ε, where x is supported on
S ⊂ {1, . . . , n}, with |S| ≤ s and ε is a zero-mean additive noise. Let ΦS and
ΦSc the restriction of Φ to, respectively, S and its complement Sc. Assume Φ
satisfies

‖ΦTScΦS(ΦTSΦS)−1‖∞ < 1,

λmin(ATSAS) > M and maxj∈Sc ‖Φj‖ ≤
√
M.

Further, assume that N = O(eM
γ

), s = O(Mα), mini∈S xi > 1/M1−β2 with

0 < α+γ < β < 1. For λ = M
1−δ
2 such that δ ∈ (γ, β−α), the LASSO recovers

the sparsity pattern S with probability 1− e−cMδ

for a constant c > 0.

Non-convex regularization techniques are also used for compressed sensing
[102].
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Deterministic Information
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In the following chapter some of the fundamental instruments that will be
used in this thesis are introduced. Some information quantities will be correctly
defined for functions, whilst they are typically defined on random variables.

In the following the concepts of entropy and Kullback-Leibler divergence
of a function will be formally defined, and some classical information theory
results will be derived in this new context. A strong connection between differ-
ential entropy and Kullback-Leibler divergence will be established in terms of
composition of functions, which will allow to consider both these quantities as
complexity measures. Moreover, the influence of noise will be investigated.

2.1 Differential entropy

Let us recall the definition of differential entropy for a random variable X [98].

Definition 2.1.1. Let X be a random variable with associated probability den-
sity function (p.d.f.) pX(y) compactly supported in S ⊂ R. The differential
entropy of X is defined as

EX = −
∫
S

pX(y) ln(pX(y))dy. (2.1)

Differential entropy differs from Shannon entropy in many ways. Shannon
entropy is the average number of bits needed to encode a message sent from
a stochastic source p; differential entropy lacks such a precise interpretation.
Furthermore, differential entropy might be negative, where Shannon entropy is
always positive.
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Although the differential entropy defined in Definition 2.1.1 is well-defined
for a stochastic source, in the present discussion we consider deterministic sig-
nals. The following definition concerns the differential entropy of a function.

Definition 2.1.2. Let f : Ω→ R be a measurable function.
The differential entropy of a function is defined as the differential en-

tropy of f composed with a random variable U uniformly distributed in Ω:

Ef := Ef◦U .

Albeit definition 2.1.2 formally defines differential entropy for any function
f , it gives no insight on what it is, or on how it can be computed. Indeed, the
following definitions will lead to a convenient and useful representation.

Definition 2.1.3. Let Ω be a limited subset of R, µ be a positive measure defined
on Ω and f(t) : Ω → R be a µ-measurable function. The determinisitc
distribution function Mf (y) of f is defined as follows:

Mf (y) = µ({t ∈ Ω : f(t) > y}). (2.2)

This definition of distribution is akin to those used in measure theory, for
example to state Markov inequality or to define the layer-cake representation.

We remark that, despite similar names that might cause confusion, deter-
ministic distribution functions are different objects from cumulative probability
distribution functions: the cumulative probability distribution function of a
random variable attains values in the range [0, 1] and is non-decreasing, while
the distribution function of a function f attains values in [0, µ(Ω)] and is non-
increasing, making it more similar to a tail distribution.

We will refer to Mf just as distribution function when the context is clear
and no confusion is possible.

Despite this differences, from a mathematical point of view these two ob-
jects are very similar. In Kolmogorov’s interpretation of probability, a random
variable can be represented as the composition of a function with a uniform
random variable defined on an appropriate event space [104, 59].

Indeed, there is a deep connection between deterministic distribution func-
tions and random variables, as it will be pointed out in the following discussion.
A similar approach has been taken in [60].

Let us consider a measure µ, a measurable function f : Ω→ R and a uniform
random variable U that attains values in Ω and let us consider the probability
space (Ω,F ,Pµ), where F is the Borel σ-algebra and dPµ = µ(Ω)

−1
dµ. Assume

pF to be the probability density function of the random variable F = f(U).
With the preceding assumptions,

1

µ(Ω)
Mf (y) = µ({t ∈ Ω : f(t) > y})

= Pµ(f(U) > y)

= Pµ(F > y)

= 1− Pµ(F < y)

=

∫ +∞

y

pF (z)dµ(z)
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Mathematically, the definition of deterministic distribution function is com-
pletely identical to that of cumulative distribution function (apart from a mul-
tiplicative constant and different sign).

In light of this discussion, the following definition derives naturally.

Definition 2.1.4. Let Ω be a limited subset of R, µ be a positive measure defined
on Ω and f(t) : Ω → R be a µ-measurable function. The deterministic
density function mf (y) of f is defined as the derivative of Mf (y):

mf (y) =
d

dy
Mf (y) (2.3)

From the distribution function Mf of f it is possible to define the decreasing
rearrangement of f [105, 106, 107, 108], which will be central in our discussion.

Definition 2.1.5. Let f(t) : Ω → R be a µ-measurable function. The de-
creasing rearrangement f∗ of f is a monotonic decreasing function f∗(t) :
[0, µ(Ω)]→ f(Ω) defined as the generalized left-continuous inverse of Mf (y):

f∗(t) = (Mf )−1(t)

= inf
y
{Mf (y) < t}.

Decreasing rearrangements are a well-known tool in mathematical analy-
sis [108]. The definition we use has been previously used in [105], where sev-
eral interesting properties of decreasing rearrangements have been pointed out.
Among them, the following are obtained easily from the definitions, and we
report them here for their fundamental importance:

Mf (y) = Mf∗(y)

and ∫
Ω

f(t)dµ(t) =

∫ µ(Ω)

0

f∗(t)dt.

The decreasing rearrangement may be understood as the unique non-
increasing function f∗ with the same distribution function as f .

In the following we will consider µ as the usual Lebesgue measure on R, and
it will be simply denoted as µ(Ω) = |Ω|.

The following proposition, as foretold, gives an interesting and useful repre-
sentation for the differential entropy of a function.

Proposition 2.1.6. Let f(t) : Ω → R be a measurable function that is non-
constant almost everywhere. Then the following identity holds:

Ef =
1

|Ω|

∫ |Ω|
0

ln(|Ω||f∗′(t)|)dt,

where Ef is the differential entropy of f and f∗ is the decreasing rearrange-
ment of f .
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Proof. From eq. (2.1) and eq. (2.3) and since (Mf )−1 = f∗, we have

Ef = −
∫
f(Ω)

pf (y) ln(pf (y))dy

= −
∫
f(Ω)

1

|Ω|
|mf (y)| ln

(
1

|Ω|
|mf (y)|

)
dy (2.4)

= − 1

|Ω|

∫
f(Ω)

∣∣∣∣ ddyMf (y)

∣∣∣∣ ln( 1

|Ω|

∣∣∣∣ ddyMf (y)

∣∣∣∣) dy
= − 1

|Ω|

∫
f(Ω)

∣∣∣∣ ddy (f∗)−1(y)

∣∣∣∣ ln( 1

|Ω|

∣∣∣∣ ddy (f∗)−1(y)

∣∣∣∣) dy.
Since Mf and f∗ are monotone functions, then they are differentiable almost

everywhere and their Radon-Nikodym derivatives exist. Taking the change of
variable y = f∗(t) and observing that the equality

d

dy
(f∗)−1(y) =

1

f∗′((f∗)−1(y))

holds almost everywhere, then

Ef = − 1

|Ω|

∫
f(Ω)

∣∣∣∣ 1

f∗′((f∗)−1(y))

∣∣∣∣ ln( 1

|Ω|

∣∣∣∣ 1

f∗′((f∗)−1(y))

∣∣∣∣) dy
=

1

|Ω|

∫ |Ω|
0

∣∣∣∣ 1

f∗′(t)

∣∣∣∣ ln( 1

|Ω|

∣∣∣∣ 1

f∗′(t)

∣∣∣∣) f∗′(t)dt
=

1

|Ω|

∫ |Ω|
0

ln
(
|Ω|
∣∣f∗′(t)∣∣) dt

A first important property of differential entropy is that a rescaling of the
domain of f does not change differential entropy, while rescaling the values of
f results in an additive constant.

Lemma 2.1.7. Let f : Ω = [a, b] → R a measurable function and let f̃(t) =
βf(αt), α, β > 0. Then

Ef̃ = Ef + ln(β).

Proof. It suffices to observe that, by definition of rearrangement,

(f̃)∗(t) = βf∗(αt),

and, using the change of variable τ = αt,

Ef̃ =
α

|Ω|

∫ |Ω|/α
0

ln

(
|Ω|
α
βαf∗′(αt)

)
dt

= Ef + ln(β).
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2.1.1 Some bounds

In this section some bounds for differential entropy will be developed. A
straightforward trivial upper bound for differential entropy follows from Jensen’s
inequality:

1

|Ω|

∫ |Ω|
0

ln
(
|Ω|
∣∣f∗′(t)∣∣) dt ≤ ln

(
−
∫ |Ω|

0

f∗(t)dt

)
(2.5)

= ln(f∗(0)− f∗(|Ω|))
= ln(|f(Ω)|).

This result is in agreement with the classic results in information theory,
where entropy is trivially bounded by the logarithm of the size of the alphabet
for Shannon entropy or by the logarithm of the size of the support of pf for
differential entropy [98].

The following proposition provides a lower bound for differential entropy,
guaranteeing that Ef > −∞ whenever mf ∈ L2.

Proposition 2.1.8. Let f : Ω→ R be a measurable function. Then

Ef ≥ − ln

(
1

|Ω|2

∫ |Ω|
0

1

|f∗′(t)|
dt

)

= − ln

(∥∥∥∥ 1

|Ω|
mf

∥∥∥∥2

2

)
.

Proof. Lemma 2.1.7 allows us to limit our proof to the case |Ω| = 1. Using
Jensen inequality,

Ef =

∫ 1

0

ln(|f∗′(t)|)dt

= −
∫ 1

0

ln

(
1

|f∗′(t)

)
dt

≥ − ln

(∫ 1

0

1

|f∗′(t)|
dt

)
.

Using the change of variables y = f∗(t) and observing that mf (y) =
(f∗−1)′(y) then

∫ 1

0

ln(|f∗′(t)|)dt ≥ − ln

(∫ 1

0

1

|f∗′(t)|
dt

)
= − ln

(∫ 1

0

|(f∗−1)′(y)|2dy
)

= − ln

(∫ 1

0

|mf (y)|2dy
)
.

Rescaling f completes the proof.
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Getting results about differential entropy in terms of the rearrangement is
not straightforward. One of the difficulties is that the derivative of the rear-
rangement appears in the differential entropy, rather than the rearrangement
itself.

It is easily proven from the definition of rearrangement that, if f is sufficiently
regular, then

|f∗′(t)| =

 ∑
ti∈f−1(f∗(t))

1

|f ′(ti)|

−1

.

This pointwise relation between the derivative of f and the derivative of its
rearrangement has been extendend to a global property by Duff in [106, 107].
We rewrite Duff’s result in terms of entropy.

Proposition 2.1.9 (Duff). Let

ng(y) = #|g−1(y)|,

that is ng(y) is the number of (discrete) solutions of the equation g(t) = y.
Let f : Ω→ R be a measurable function. Then it holds that

1

Ω

∫
Ω

ln(|f ′(t)|)dt− 1

Ω

∫
Ω

ln (nf (f(t))) dt ≤ Ef − ln(|Ω|) ≤ 1

Ω

∫
Ω

ln(|f ′(t)|)dt.

Proposition 2.1.9 shows that the differential entropy of a function is differ-
ent from the differential entropy of a random variable. Indeed, the following
Proposition 2.1.10 can be seen as the discrete version of Proposition 2.1.9, as it
relates the differential entropy of a function f with the differential entropy of
the restrictions of f on a partition of Ω.

Proposition 2.1.10. Let Ω ⊂ R bounded and let Ω1, . . .Ωn be a covering of
Ω, i.e. such that Ω =

⋃n
k=1 Ωk, Ωi ∩ Ωj = ∅ if i 6= j. Let f : Ω → R be

a measurable function, let fk be the restriction of f to Ωk and define λk =
|Ωk|/|Ω|, k = 1, . . . , n. Then

n∑
k=1

λkEfk + Eλ − ln(n) ≤ Ef ≤
n∑
k=1

λkEfk + Eλ.

where

Eλ = −
n∑
k=1

λk ln(λk)

is the discrete Shannon entropy of λ = (λ1, . . . λ2).
Furthermore, both bounds are tights: the upper bound is attained if f is

monotonic, the lower bound is attained if, for any i 6= j, Ωi = Ωj and fi ≡ fj.

Proof.
From the definition of distribution function in eq. (2.3), it is trivial that

Mf (y) =

n∑
k=1

Mfk(y)
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and hence

mf (y) =

n∑
k=1

mfk(y).

To ease the notation, we will denote

mk(y) = mfk(y).

Upper bound. Since − ln(t) is a monotonically decreasing, then for any
strictly positive finite sequence {ak}k=1,...,n and any i = 1, . . . , n,

− ln

(
n∑
k=1

ak

)
≤ − ln(ai).

Hence, from eq. (2.4),

Ef = − 1

|Ω|

∫
f(Ω)

n∑
k=1

|mk(y)| ln

(
1

|Ω|

n∑
h=1

|mh(y)|

)
dy

= −
n∑
k=1

1

|Ω|

∫
fk(Ωk)

|mk(y)| ln

(
1

|Ω|

n∑
h=1

|mh(y)|

)
dy

≤ −
n∑
k=1

1

|Ω|

∫
fk(Ωk)

|mk(y)| ln
(

1

|Ω|
|mk(y)|

)
dy

= −
n∑
k=1

|Ωk|
|Ω|

[
1

|Ωk|

∫
fk(Ωk)

|mk(y)| ln
(

1

|Ωk|
|mk(y)|

)
dy + ln

(
|Ωk|
|Ω|

)]

=

n∑
k=1

λkEfk −
n∑
k=1

λk ln(λk).

In order to prove that the bound is tight, observe that, if f is monotonic,
the Mfk ’s have disjoint supports and then, for any i,

∫
f(Ωi)

1

|Ω|
|mi(y)| ln

(
1

|Ω|

n∑
k=1

|mk(y)|

)
dy =

∫
f(Ωi)

1

|Ω|
|mi(y)| ln

(
1

|Ω|
|mi(y)|

)
dy.

Lower bound. Since the function −t ln(t) is concave, then
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− 1

|Ω|

∫
f(Ω)

n∑
k=1

|mk(y)| ln

(
1

|Ω|

n∑
h=1

|mh(y)|

)
dy =

− 1

|Ω|

∫
f(Ω)

n
1

n

n∑
k=1

|mk(y)| ln

(
n

1

n

1

|Ω|

n∑
h=1

|mh(y)|

)
dy

= − n

|Ω|

∫
f(Ω)

1

n

n∑
k=1

|mk(y)| ln

(
1

n

1

|Ω|

n∑
h=1

|mh(y)|

)
dy − ln(n)

≥ −n 1

n

n∑
k=1

1

|Ω|

∫
fk(Ωk)

|mk(y)| ln
(

1

|Ω|
|mk(y)|

)
dy − ln(n)

=

n∑
k=1

λkEfk −
n∑
k=1

λk ln(λk)− ln(n).

To see that the bound is tight observe that, if Ωi = Ωj and fi ≡ fj , then

n∑
k=1

mk(y)

|Ω|
= n

m1(y)

|Ω|

=
m1(y)

|Ω1|
.

In the following corollary we deduce the differential entropy of a mixture of
independent random variables.

Corollary 2.1.11. Let X1, . . . , Xn be random variables and q = (q1, . . . , qn) a
discrete probability density. Let X be the mixture of the Xi’s according to q.

Then the entropy of X is

EX =

n∑
k=1

qiEXi + Eq,

where Eq is the Shannon entropy of q.

Proof. The mixture X is defined as

X = Xi with probability qi.

It is immediate to see that the probability density function of the mixture
X is the convex combination of the probability density functions of the Xi’s
according to p:

pX(y) =

n∑
k=1

qkpXk(y). (2.6)

LetQk =
∑k
i=1 qi, let fk : [Qk−1, Qk]→ R be increasing monotonic functions

such that fk((Qk − Qk−1)Uk) = Xk, where the Uk’s are independent random
variables uniformly distributed on [0, 1] and let
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f(t) =

n∑
k=1

[fk(t) + ak]1[Qk−1,Qk)(t),

where the ak are chosen so that f is monotonically increasing. Then

mf (y) =

n∑
k=1

mfk(y).

Since pXk(y) = mfk(y)/qk, from eq. (2.6) pX(y) = mf (y) and, applying
Proposition 2.1.10 to f , we get

EX = Ef

=

n∑
k=1

pkEfk + Ep

=

n∑
k=1

pkEXk + Ep.

2.1.2 Numerical scheme

One of the most important advantages of representing differential entropy of f
in terms of the rearrangement f∗ is that it is possible to design a simple and
stable numerical scheme to correctly approximate it.

By Lemma 2.1.7 let us consider, without loss of generality, f : [0, 1] → R.
Then, assuming constant discretization step h = 1/N and f∗j = f∗(jh), the

numerical approximation E
(N)
f of Ef is defined as follows

Ef ≈ E(N)
f

=
1

N

N−1∑
j=0

ln(N |f∗j+1 − f∗j |). (2.7)

The following proposition proves that the numerical scheme given in eq.
(2.7) is convergent as h→ 0 and gives an upper bounds for the error.

Proposition 2.1.12. Let |f∗(3)(t)/f∗′(t)| ≤ L1 and |f∗′′(t)/f∗′(t)|2 ≤ L2.
Then the numerical scheme (2.7) is consistent with order 2 as h→ 0 and∣∣∣Ef − E(N)

f

∣∣∣ ≤ h2

8

[
L1 +

1

3
L2

]
Proof. In order to study the consistency of the scheme, let us introduce the

points tj = h(j − 1/2) and the function F (t) = ln(|f∗′(t)|). Using composite
rectangular integration, it follows that there exists ξ ∈ [0, 1] such that
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Ef =

∫ 1

0

F (t)dt

= h

N−1∑
j=0

F (tj) +
N

24
h3F ′′(ξ)

=
1

N

N−1∑
j=0

F (tj) +
1

24
h2F ′′(ξ) (2.8)

Then

F (tj) = ln(|f∗′(tj)|)

= ln

(∣∣∣∣f∗j+1 − f∗j
h

∣∣∣∣+
h2

12
f∗(3)(ζj)

)
= ln

(∣∣∣∣f∗j+1 − f∗j
h

∣∣∣∣)+Rj(h), (2.9)

where ζj ∈ [h(j − 1), hj] and

Rj(h) =
h2f∗(3)(ζj)/12

|f∗′(tj)|+ θjh2f∗(3)(ζj)/12
, (2.10)

with θj ∈ [0, 1].
Combining eqs. (2.8), (2.9) and (2.10) and invoking the discrete mean value

theorem, it follows that there exist τ, ξ, ζ, θ ∈ [0, 1] such that the total error is

ε(h) =
∣∣∣Ef − E(N)

f

∣∣∣
= h2

[
1

12f∗′(τ)/f∗(3)(ζ) + h2θ
+

1

24

(
f∗(3)(ξ)

f∗′(ξ)
−
(
f∗′′(ξ)

f∗′(ξ)

)2
)]

≤ h2

[
1

12|f∗′(τ)/f∗(3)(ζ)|
+

1

24

∣∣∣∣∣f∗(3)(ξ)

f∗′(ξ)

∣∣∣∣∣+
1

24

∣∣∣∣f∗′′(ξ)f∗′(ξ)

∣∣∣∣2
]

≤ h2

[
1

8

∣∣∣∣∣f∗(3)(ξ)

f∗′(ξ)

∣∣∣∣∣+
1

24

∣∣∣∣f∗′′(ξ)f∗′(ξ)

∣∣∣∣2
]

≤ h2

[
1

8
L1 +

1

24
L2

]

2.2 Kullback-Leibler divergence

Another information quantity of fundamental importance is the Kullback-
Leibler divergence. In classical discrete information theory, given two stochastic
sources p and q, the Kullback-Leibler divergence of p from q is the excess quan-
tity of bits needed to encode a message sent from p if it is mistakenly assumed
distributed as q.
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For two random variable X and Y , the Kullback-Leibler divergence is defined
as follows [98].

Definition 2.2.1. Let X be a random variable with associated probability den-
sity function pX(y) and let Y be a random variable with associated probability
density function pY , both compactly supported in S ⊂ R. Then the Kullback-
Leibler divergence of X from Y is defined as

DKL(X||Y ) = −
∫
S

pX(y) ln

(
pX(y)

pY (y)

)
dy.

As we did for the entropy, we will define Kullback-Leibler divergence for
functions.

Definition 2.2.2. Let f : Ω1 → R, g : Ω2 → R measurable functions and
let U1, U2 be independent uniform random variables attaining values respectively
on Ω1 and Ω2. The Kullback-Leibler divergence of f from g is defined as the
Kullback-Leibler divergence of f(U1) from g(U2):

DKL(f ||g) := DKL(f(U1)||g(U2)).

Considering monotonic functions defined from the unit interval to the unit
interval, the following lemma establishes a strong connection between Kullback-
Leibler divergence and entropy: given such f and g, the Kullback-Leibler diver-
gence of f from g is the entropy of the composition g−1 ◦ f .

Lemma 2.2.3. Let f, g : [0, 1] → R be strictly increasing monotone functions
such that f([0, 1]) = g([0, 1]) and g−1 ◦ f is well defined. Then

DKL(f ||g) = −Eg−1◦f

Proof. Let U1 and U2 two independent uniform random variables attaining
values in [0, 1] and let F = f(U1) and G = g(U2).

Since pF (y) = mf (y) and pG(y) = mg(y), the Kullback-Leibler divergence
of f from g is

DKL(f ||g) = DKL(f(U1)||g(U2))

= −
∫ 1

0

|mf (y)| ln
(
|mg(y)|
|mf (y)|

)
dy

= −
∫ 1

0

1

f ′(f−1(y))
ln

(
f ′(f−1(y))

g′(g−1(y))

)
dy.

Operating the change of variable y = f(t) then

DKL(f ||g) = −
∫ 1

0

ln

(
f ′(t)

g′(g−1(f(t)))

)
dy.
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On the other hand

(g−1 ◦ f)′(t) = (g−1)′(f(t))f ′(t)

=
f ′(t)

g′(g−1(f(t)))
,

and the thesis follows.

The next proposition extends Lemma 2.2.3 to functions defined on any
bounded domain and not both monotonic.

Proposition 2.2.4. Let f : Ω1 → R, g : Ω2 → R two measurable functions, g
strictly monotone and such that f(Ω1) = g(Ω2) and g−1 ◦ f is well defined.

Then the following equality holds

DKL(f ||g) = −Eg−1◦f + ln(|Ω2|). (2.11)

Proof. For t ∈ [0, 1], define f̃(t) = f(|Ω1|t) and g̃ = g(|Ω2|t).
Since the difference between f and f̃ is a rescaling of the domain, then

mf̃ (y) =
mf (y)

|Ω1|
,

and similarly

mg̃(y) =
mg(y)

|Ω2|
.

Hence, proceeding as in the proof of Lemma 2.2.3,

DKL(f̃ , g̃) = DKL(f̃(U1), g̃(U1))

= −
∫
S

|mf̃ (y)| ln

(
|mf̃ (y)|
|mg̃(y)|

)
dy

= −
∫
S

|mf (y)|
|Ω1|

ln

(
|Ω2||mf (y)|
|Ω1||mg(y)|

)
dy

= DKL(f ||g).

On the other hand, observing that g̃−1(f̃(t)) = |Ω2|−1g−1(f(|Ω1|t)) then
Lemmas 2.2.3 and 2.1.7 prove that

DKL(f ||g) = DKL(f̃ ||g̃)

= −Eg̃−1◦f̃

= −Eg−1◦f + ln(|Ω2|)
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2.2.1 Pinsker inequality

The connection established in Proposition 2.2.4, although interesting, allows
one to approach problems involving the Kullback-Leibler divergence from a new
point of view. To better validate this claim, we will prove an improved bound for
Pinsker inequality [109, 110, 111] for the particular case that the two random
variables involved attain the same values. This new proof uses an argument
similar to that of the famous short proof due to Pollard [112].

One of the classic results in information theory is Pinsker inequality [113,
109, 110], which sets a lower bound for Kullback-Leibler divergence in terms of
L1 norm between density functions: let X and Y random variables, with density
functions pX and pY , then

DKL(X||Y ) ≥ 1

2
‖pX − pY ‖21.

If X and Y attain the same values, it is immediate to rewrite this result
in term of rearrangements. Let us consider two random variables X and Y ,
attaining values in some set S ⊆ R and with probability density functions px
and py compactly supported in S. Then there exist two monotone functions
f, g : [0, 1] → R and two independent uniform random variables U1, U2 such
that X = f(U1), Y = g(U2) and pX(y) = mf (y), pY (y) = mg(y). Then the
following equality holds

‖pX − pY ‖1 =

∫
S

|pX(y)− qY (y)|dy

=

∫
S

|mf (y)−mg(y)|dy

=

∫
S

∣∣∣∣ 1

f ′(f−1(y))
− 1

g′(g−1(y))

∣∣∣∣ dy
=

∫ 1

0

∣∣∣∣ 1

f ′(t)
− 1

g′(g−1(f(t)))

∣∣∣∣ f ′(t)dt
=

∫ 1

0

∣∣∣∣1− f ′(t)

g′(g−1(f(t)))

∣∣∣∣ dt. (2.12)

Using the definitions given in this chapter, if pX and pY have the same
support, it is then possible to improve Pinsker inequality’s constant from 1/2
to 1. This improvement is solely due to the fact that the functional approach
developed in this thesis simplifies the problem, and allows one to have a deeper
insight on the meaning of each passage of the proof. To the best of the authors’
knowledge no such improvement exists in literature for the particular case con-
sidered here. The problem of the best constant for Pinsker inequality has been
studied in [109], where a general method to generate polynomial lower bound of
Kullback-Leibler divergence in terms of L1 norm is given. Even so, the tighter
bound given in [109] for the squared L1 norm is 1/2.

Let us first prove the following simpler result.

Lemma 2.2.5. Let h(t) : [0, 1]→ R and
∫
h(t)dt = 1.
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Then

−
∫ 1

0

ln(h(t))dt ≥
(∫ 1

0

|1− h(t)|dt
)2

. (2.13)

Proof.
The proof can be sketched as follows.

1. A lower bound for the logarithm function will be established depending
on two constants a and b, detailing the set of viable values for a and b.

2. A first inequality depending on a and b is proved, using Cauchy-Schwartz
inequality.

3. It is proved that, taking the supremum over a and b, eq. 2.13 holds.

Step 1 Generalizing the approach in [112], let us consider the following
inequality, for some positive constants a and b:

ln(t) > 1− 1

t
+ a

(t− 1)2

t(1 + bt)
. (2.14)

In order to prove that eq. 2.14 holds, define

g(t) = 1− 1

t
+ a

(t− 1)2

t(1 + bt)
− ln(t).

Then

g′(t) = − (t− 1)[(bt+ 1)2 − a((2b+ 1)t+ 1)]

t2(bt+ 1)2
.

Note that g′(1) = 0 and g(1) = 0. If g attains a unique maximum in t = 1,
then (2.14) holds. To this end, it suffices that g′(t) > 0 if t < 1 and g′(t) < 0 if
t > 1. Hence, it suffices that

p(t) = (bt+ 1)2 − a((2b+ 1)t+ 1)

= b2t2 + [(1− a)2b− a]t+ 1− a
> 0.

The roots t1 and t2 (t1 ≤ t2) of the associated second order equation are

t1,2 =
−((1− a)2b− a)±

√
((1− a)2b− a)2 − 4b2(1− a)

2b2
.

Since we are interested only in t > 0 two cases arise: p(t) > 0 if one of two
cases happens: if ∆ = ((1− a)2b− a)2 − 4b2(1− a) < 0 or if t2 ≤ 0.

In the first case
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∆ < 0 ⇐⇒ ((1− a)2b− a)2 − 4b2(1− a) < 0

⇐⇒ (1− a)24b2 + a2 − 4a(1− a)b− 4b2(1− a) < 0

⇐⇒ −a(1− a)4b2 + a2 − 4a(1− a)b < 0

⇐⇒ a− 4(1− a)[b2 + b] < 0

⇐⇒ b2 + b− 1

4

1

1− a
< 0

⇐⇒ b ∈

[
−1

2
− 1

2

√
1 +

1

1− a
,−1

2
+

1

2

√
1 +

1

1− a

]

⇐⇒ 0 < b < −1

2
+

1

2

√
1 +

1

1− a
.

So, if

{
0 < a < 1

0 < b < − 1
2 + 1

2

√
1 + 1

1−a
(2.15)

then inequality 2.14 holds.
In the second case a necessary condition is that

−((1− a)2b− a) ≤ 0.

This is true if and only if

b ≥ 1

2

a

1− a
.

Hence

t2 < 0 ⇐⇒ ((1− a)2b− a) ≥
√

((1− a)2b− a)2 − 4b(1− a)

⇐⇒ ((1− a)2b− a)2 ≥ ((1− a)2b− a)2 − 4b(1− a)

⇐⇒ 4b(1− a) > 0,

which is always true if a < 1.
Since it is necessary that ∆ ≥ 0, and

∆ ≥ 0 ⇐⇒ b ≥
−1 +

√
1 + 1

1−a

2
,

it is necessary to verify which bound on b is tighter. The two curves b1(a) =
a/(2(1 − a)) and b2(a) = −(1/2) + (1/2)

√
1 + 1/(1− a) intersect in the point

a = 3/2−
√

5/2 and

b1(a) > b2(a) ⇐⇒ a >
3−
√

5

2
.
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Figure 2.1: Graphical representation of conditions 2.17.

Hence if

{
b > − 1

2 + 1
2

√
1 + 1

1−a if 0 < a < 3−
√

5
2

b > 1
2

a
1−a if 3−

√
5

2 < a < 1
. (2.16)

then inequality 2.14 holds.
As a result, merging condition 2.15 and condition 2.16 together, inequality

2.14 holds if and only if

{
b > 0 if 0 < a < 3−

√
5

2

b < − 1
2 + 1

2

√
1 + 1

1−a or b > 1
2

a
1−a if 3−

√
5

2 < a < 1
. (2.17)

The set of admissible a’s and b’s is shown in figure 2.1. Let D denote the set
of a and b that satisfy conditions 2.17 and denote by D its topological closure.

Step 2 For any (a, b) ∈ D,

−
∫ 1

0

ln(h(t))dt =

∫ 1

0

ln

(
1

h(t)

)

≥
∫ 1

0

1− h(t) + a

(
1
h(t) − 1

)2

1
h(t)

(
1 + b 1

h(t)

)
 dt

=

∫ 1

0

a
(h(t)− 1)2

h(t) + b
dt.
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Using Cauchy-Schwartz inequality,

−
∫ 1

0

ln(h(t)) ≥
∫ 1

0

a
(h(t)− 1)2

h(t) + b
dt

=

∫ 1

0

a
(h(t)− 1)2

h(t) + b
dt

1

1 + b

∫ 1

0

(b+ h(t))dt

=

∫ 1

0

a
(h(t)− 1)2

(
√
h(t) + b)2

dt
1

1 + b

∫ 1

0

(
√
b+ h(t))2dt

≥ a

1 + b

(∫ 1

0

|h(t)− 1|h(t) + b

h(t) + b
dt

)2

=
a

1 + b

(∫ 1

0

|h(t)− 1|dt
)2

.

As a result, for any (a, b) ∈ D,

−
∫ 1

0

ln(h(t)) ≥ a

1 + b

(∫ 1

0

|h(t)− 1|dt
)2

. (2.18)

Step 3 Consider the function U(a, b) : D → R defined as

U(a, b) =
a

1 + b
.

Then, for each (a, b) ∈ D,

∇U(a, b) =

(
1

1 + b
,− a

(1 + b)2

)
6= 0.

As a result, since U is continuous in D, its maximum values are attained on
its border ∂D.

Let us first note that

U(1, 0) = 1.

Then, it is easy to see that

U(a, b1(a)) =
a

1 + b1(a)

=
a

1 + 1
2

a
1−a

< 1

and
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U(a, b2(a)) =
a

1 + b2(a)

=
a

1
2 + 1

2

√
1 + 1

1−a

< 1.

As a result, for every (a, b) ∈ D ⊂ D,

U(a, b) < 1.

Taking the supremum over a and b in inequality 2.18 concludes the proof.

A direct consequence is the following Pinsker-like inequality for differential
entropy.

Proposition 2.2.6 (Pinsker inequality for differential entropy). Let f : [0, 1]→
[0, 1] be a measurable function. Then

−Ef ≥ ‖|f∗′| − 1‖21. (2.19)

Furthermore, let f : Ω→ R be a measurable bounded function. Then

−Ef + ln(|f(Ω)|) ≥ |Ω|2

|f(Ω)|2

(
1

|Ω|

∫ |Ω|
0

∣∣∣∣|f∗′| − |f(Ω)|
|Ω|

∣∣∣∣ dt
)2

=
1

|f(Ω)|2

∥∥∥∥|f∗′| − |f(Ω)|
|Ω|

∥∥∥∥2

1

Proof. The first part trivially follows from Lemma 2.2.5 taking h(t) =
f∗′(t). For the second part it suffices to apply inequality (2.19) to f̃(t) =
f(|Ω|t)/|f(Ω)|.

Since the Kullback-Leibler divergence between two functions f and g is the
entropy of the composition g−1 ◦ f , Pinsker inequality follows immediately.

Proposition 2.2.7 (Pinsker inequality). Let f, g : [0, 1] → R be measurable
functions, g strictly monotonically increasing, such that f([0, 1]) = g([0, 1]) and
the composition g−1 ◦ f is well defined. Then

DKL(f ||g) ≥
(∫ 1

0

∣∣∣∣ |f∗′(t)|
|g∗′(g∗−1(f∗(t)))|

− 1

∣∣∣∣ dt)2

.

Furthermore, let f : Ω1 → R, g : Ω2 → R, g monotonically increasing. Then

DKL(f ||g) + ln(|Ω2|) ≥
|Ω1|2

|Ω2|2

(
1

|Ω1|

∫ |Ω1|

0

∣∣∣∣ |f∗′(t)|
|g∗′(g∗−1(f∗(t)))|

− |Ω2|
|Ω1|

∣∣∣∣ dt
)2
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Proof. Both the first and the second part follows from Proposition 2.2.6
observing that, if f, g : [0, 1]→ R, then g−1 ◦ f : [0, 1]→ [0, 1] and that

((g∗)−1(f∗(t)))′ =
f∗′(t)

g∗′(g∗−1(f∗(t)))
.

Remark 2.2.8. From Proposition 2.2.7 it is possible to deduce the equivalent
Pinsker inequality for random variables. Given two random variables X and Y
attaining the same values, there exist two function f, g : [0, 1] → R such that
f([0, 1]) = g([0, 1]) and two independent uniform random variables U1 and U2

such that X = f(U1) and Y = g(U2). Since DKL(X||Y ) = DKL(f ||g) then, by
eq. (2.12) and Proposition 2.2.7,

DKL(X||Y ) ≥ ‖pX − pY ‖21

Pinsker inequality confirms that differential entropy discriminates well a
function f from the identity. Indeed, DKL(f, ||g) = 0 if and only if f = g. In
this sense, even if Kullback-Leibler is not a distance (it doesn’t satisfy triangular
inequality), it provides a metric between functions with respect to composition.

It is also possible to observe that in the bound given in Lemma 2.2.5, equality
is actually reached by some function.

Proposition 2.2.9. There exists at least one function h(t) : [0, 1] → R+,∫
h(t)dt = 1 and h(t) 6≡ 1 such that

−
∫ 1

0

ln(h(t))dt =

(∫ 1

0

|h(t)− 1|dt
)2

. (2.20)

Proof. In order to prove the proposition, we will explicitly construct a
piece-wise constant function such that both sides of eq. 2.20 are equal to one.

Let us consider λ ∈ (0, 1), a ∈ (0, 1) and b ∈ (1,+∞) and define

h(t) = a1[0,λ)(t) + b1λ,1)(t).

The conditions on λ, a and b such that (2.20) is satisfied are


−λ ln(a)− (1− λ) ln(b) = 1

λ(1− a) + (1− λ)(b− 1) = 1

λa+ (1− λ)b = 1.

(2.21)

From the last equation we get b = 1 + λ(1− a)/(1− λ), and note that, since
a < 1, then b > 1. Substituting in the second equation, we get a = 1 − 1/(2λ)
and note that a < 1 if and only if λ > 1/2. Substituting both a and b in the
first equation we get

−λ ln

(
1− 1

2

1

λ

)
− (1− λ) ln

(
1 +

1

2

1

1− λ

)
= 1.
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Now define

H(λ) = −λ ln

(
1− 1

2

1

λ

)
− (1− λ) ln

(
1 +

1

2

1

1− λ

)
− 1

and observe that H(λ) is continuous if λ ∈ (1/2, 1) and that

lim
λ→1/2+

H(λ) = +∞ > 0,

lim
λ→1−

H(λ) = ln(2)− 1 < 0.

As a result there exists λ̃ ∈ (1/2, 1) such that H(λ̃) = 0, a and b are well
defined and all the equations in system 2.21 are satisfied.

Hence

−
∫ 1

0

ln(h(t))dt = 1

=

∫ 1

0

|h(t)− 1|dt

=

(∫ 1

0

|h(t)− 1|dt
)2

.

2.3 Entropy and noise

An important issue that we will address in this section is how differential entropy
is affected by additive noise. Several results exist about the rearrangement of
a sum of functions [105, 108, 114], but since they are always given as bounds,
they are of no use to estimate the derivative of the rearrangement of a sum of
functions.

As a first step, let us establish how distribution functions behave with respect
to noise.

Proposition 2.3.1. Let Ω ⊂ R, µ be the Lebesgue measure and let f(t), g(t) :
Ω→ R be µ-measurable functions. Then

Mf+g(y) =
1

µ(Ω)

∫
R
Mf (y − η)|mg(η)|dη. (2.22)

Proof. Let us consider two independent uniform random variables U1, U2

defined on Ω and denote by F = f ◦U1 its composition with f and by G = g◦U2

its composition with g. As a result F and G are independent.
Observe that

pF (y) =
1

µ(Ω)
|mf (y)|
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and the same holds for G and g.
Then, let us consider the probability space P = (Ω,B,Pµ), where Pµ =

µ/µ(Ω) and B is the Borel σ-algebra. Using the law of total probabilities,

1

µ(Ω)
Mf+g(y) =

1

µ(Ω)
µ({f(t) + g(t) > y})

=
1

µ(Ω)
µ({f(U1) + g(U2) > y})

= P(F +G > y)

=

∫
R
P(G > y − η)pG(η)dη

=
1

|µ(Ω)|2

∫
R
Mf (y − η)|mg(η)|dη.

Albeit Proposition 2.3.1 gives an explicit representation of the distribution
function of the sum of two functions, the convolution in eq. (2.22) might not be
easy or even possible to compute.

Nevertheless, it is possible to use this result to estimate the influence of noise
on the rearrangement of f and on its derivative.

If the deterministic distribution function of the noise is known and eq. (2.22)
can be explicitly computed and inverted, then the rearrangement of the sum can
be written explicitly. If the distribution function of the noise is not known, we
shall assume that the noise is the realization of some random variable with
known probability density function. We shall also assume that the noise cor-
rupting f has a deterministic distribution function that well approximates the
behaviour of the underlining random variable.

Definition 2.3.2. We say that a function h : Ω→ R is ε-representative of a
random variable H if there exists ε > 0 such that.

∣∣∣∣pH(y)− 1

|Ω|
|mh(y)|

∣∣∣∣ ≤ ε.
The value ε is called the representativeness bound.

Proposition 2.3.3. Let f(t) : Ω → R be a measurable function, let H be a
random variable and let h(t) : Ω→ R be ε-representative for H.

Then

mf+h(y) ≈
∫
R
mf (y − η)pH(η)dη,

in the sense that∣∣∣∣mf+h(y)−
∫
R
mf (y − η)pH(η)dη

∣∣∣∣ ≤ ε|Ω|.
Proof. Differentiating both sides of eq. (2.22) leads to
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mf+h(y) =
1

|Ω|

∫
R
mf (y − η)|mh(η)|dη.

By hypothesis,

pH(y) =
1

|Ω|
|mh(y)|+Rε(y),

with |Rε(y)| ≤ ε. Hence

∣∣∣∣mf+h(y)−
∫
R
mf (y − η)pH(η)dη

∣∣∣∣ =

∣∣∣∣mf+h(y)−
∫
R
mf (y − η)

(
1

|Ω|
|mh(η)|+R(η)

)
dη

∣∣∣∣
≤
∫
f(Ω)∩h(Ω)

|mf (y − η)||Rε(η)|dη

≤ ε
∫
R
|mf (y − η)|dη

≤ ε|Ω|.

2.3.1 Uniform noise

Uniform noise is the simplest case. Let us suppose that a signal f is corrupted
by uniform noise n distributed in [−δ, δ].

We are going to provide an estimate of |mf+n((f + n)∗(t))−mf (f∗(t))| that
depends on the noise width δ, the noise representativeness bound ε and the
derivatives of f∗ and of (f + n)∗. Even if the noise n is non differentiable,
(f + n)∗ is indeed differentiable almost everywhere, since it is a monotonically
decreasing function.

As a first step, adding and subtracting mf ((f + n)∗(t)), we get

|mf+n((f + n)∗(t))−mf (f∗(t))| ≤ |mf+n((f + n)∗(t))−mf ((f + n)∗(t))|
+ |mf ((f + n)∗(t))−mf (f∗(t))| .

(2.23)

Assuming that the noise realization ε-approximates the true distribution,
i.e. |mn(y)/|Ω| − pn(y)| ≤ ε|Ω|, in order to estimate the first term in (2.23) we
set y = (f + n)∗(t) and invoke Proposition 2.3.3 expanding mf (y − η) using a
Taylor expansion around y with the remainder expressed in integral form:

mf+n(y) =
1

2δ

∫ δ

−δ
mf (y − η)dη +Rε(y)

= mf (y) +
1

2δ

∫ δ

−δ

∫ y−η

y

m′f (ξ)dξdη +Rε(y).

As a result, exploiting that mf (y) = f∗′(f∗−1(y)),
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|mf+n(y)−mf (y)| ≤ ε+
1

2δ

∫ δ

−δ

∫ η

0

|m′f (y + ξ)|dξdη

≤ ε+

∫ δ

−δ
|m′f (y + ξ)| 1

2δ

∫ δ

−δ
dηdξ

≤ ε+

∫ δ

−δ
|m′f (y + ξ)|dξ

= ε+

∫ y+δ

y−δ

∣∣∣∣ f∗′′(f∗−1(ξ))

(f∗′(f∗−1(ξ)))3

∣∣∣∣ dξ
= ε+

∫
Γy,δ

1

|f∗′(τ)|2
dτ, (2.24)

where the change of variables τ = f∗′(f∗−1(y)) has been used and Γy,δ =
f∗−1([y − δ, y + δ]).

The only obstacle left to give a useful estimate is that, since the rearrange-
ment is a non-local operator, in general (f + n)∗(t) 6= f∗(t).

It is easy to check that, if |(f + n)(t) − f(t)| < 2δ for any t ∈ Ω, then
|(f + n)∗(t)− f∗(t)| < 2δ for any t ∈ [0, |Ω|] (see also [105]).

With this simple observation it is possible to estimate mf+n(f(t)) and bound
the second term of (2.23).

Since

mf (f∗(t) + ∆f∗) = mf (f(t)) +

∫ f∗(t)+∆f∗

f∗(t)

m′f (τ)dτ.

then, setting ∆f∗ = (f + n)∗(t)− f∗(t) and observing that |∆f∗| ≤ 2δ,

|mf ((f + n)∗(t))−mf (f∗(t))| = |mf (f∗(t) + ∆f∗)−mf (f∗(t))|

≤
∫ f∗(t)+|∆f∗|

f∗(t)−|∆f∗|
|m′f (ξ)|dξ

≤
∫ f∗(t)+δ

f∗(t)−δ

∣∣∣∣ f∗′′(f∗−1(ξ))

(f∗′(f∗−1(ξ)))3

∣∣∣∣ dξ
=

∫
Γy,δ

1

|f∗′(τ)|2
dτ, (2.25)

where Γy,δ = f∗−1([y − δ, y + δ]).
Finally, putting together estimates (2.24) and (2.25), the following proposi-

tion is proved.

Proposition 2.3.4. Let f(t) : Ω→ R be a measurable function, let n be a noise
uniformly distributed in [−δ, δ], let ε be its representativeness bound and define

Q(t) =

∫
Γ((f+n)∗(t),δ)

1

|f∗′(τ)|2
dτ +

∫
Γ(f∗(t),δ)

1

|f∗′(τ)|2
dτ.

Then, for any t ∈ [0, |Ω|],

|mf+n((f + n)∗(t))−mf (f∗(t))| ≤ ε|Ω|+Qδ(t).
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Proposition 2.3.4 guarantees that, if
∫
|f ′(t)|−2dt is small, then the distri-

bution functions of f and f + n are close and, in particular, it is small when
f ′(t) � 0. As it was foreseeable, when f is “almost flat” (its derivative is
close to zero), then the influence of noise is greater than where f is “steep” (its
derivative is much greater than zero).

Proposition 2.3.5 (Entropy error under uniform noise). Let f(t) : Ω → R a
measurable function and let n be a noise uniformly distributed in [−δ, δ] and let
ε be its representativeness bound. Define

Qδ = sup
t∈[0,|Ω|]

Qδ(t).

Then

|Ef+n − Ef | ≤ |ε+Qδ|2
1

|Ω|

∫ |Ω|
0

1

|f∗′(t)|
dt

Proof. From Lemma 2.1.7 we can consider f̃ = f(|Ω|t). In addition, for the
sake of simplicity, we will consider f : [0, 1] → R and rescale the result at the
end. By Proposition 2.3.4 it is possible to write

ln(|mf+n((f + n)∗(t))|) = − ln(−(f + n)∗
′
(t))

= − ln
(
−f∗′(t) +R(t)

)
,

where

|R(t)| ≤ ε+Qδ.

∫ 1

0

ln(|(f + n)∗
′
(t)|)dt =

∫ 1

0

ln(|f∗′(t)|+R(t))dt

=

∫ 1

0

[
ln(|f∗′(t)|) +

∫ |f∗′(t)|+R(t)

|f∗′(t)|

1

ξ
(|f∗′(t)| − ξ)dξ

]
dt.

Hence,

|Ef+n − Ef | ≤
∫ 1

0

∫ |f∗′(t)|+|R(t)|

|f∗′(t)|

1

ξ
||f∗′(t)| − ξ|dξdt

≤
∫ 1

0

|R(t)|
∫ |f∗′(t)|+|R(t)|

|f∗′(t)|

1

ξ
dξdt

=

∫ 1

0

|R(t)| ln
(
|f∗′(t)|+ |R(t)|
|f∗′(t)|

)
dt

≤ sup
t∈[0,|Ω|]

|R(t)|2
∫ 1

0

1

|f∗′(t)|
dt

≤ |ε+Qδ|2
∫ 1

0

1

|f∗′(t)|
dt.

Rescaling the last term completes the proof.
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Remark 2.3.6. Is it trivial that Q ≤
∫ |Ω|

0
|f∗′(t)|−2dt, but it is a less tight

estimate. As noted before, even if the rearrangement is a global operator, its
derivative is ”local around the values”, in the sense that, given t ∈ [0, |Ω|], it
holds that

|f∗′(t)| =

 ∑
ti∈f∗−1(f(t))

1

|f ′(t)|

−1

,

meaning that f∗′ in t depends on the values of f ′ in the set f∗−1(f(t)), i.e.
the set of those ti such that f∗(ti) = f(t).

Remark 2.3.7. Let us consider f : [0, 1]→ R and a random variable F = f(U),
where U is a uniform random variable in [0, 1]. Then, from definition 2.1.2 and
from the definition of pF ,

|EF+n − EF | ≤ |ε+Qδ|‖pF ‖22.

2.3.2 Bound on the entropy of the sum of two functions

Although Proposition 2.3.4 gives an explicit estimate on the error, the constants
involved in the bound are very difficult to compute in practice.

A more useful bound can be given by directly estimating the entropy of the
sum of functions. In order to do this, the following lemmma is required.

Lemma 2.3.8. Let z(t) = (z1(t), . . . , zn(t)) : Ω ⊂ R → Rn, n ∈ N be a curve,
let µ(Ω) = 1 and let

ϕ(x1, . . . , xn) = ln (ex1 + . . . exn)

Then

0 ≤ ϕ
(∫

Ω

z(t)dt

)
−
∫

Ω

ϕ(z(t))dt ≤
∫ 1

0

∥∥∥∥z(t)− ∫
Ω

z(s)ds

∥∥∥∥2

2

dt.

Proof. Without loss of generality, consider Ω = [0, 1].

Let z̃ = (
∫ 1

0
z1(t)dt, . . .

∫ 1

0
zn(t)dt) and consider the second order Taylor ex-

pansion of ϕ centered in z̃:

ϕ(z(t)) = ϕ(z̃) +∇ϕ(z̃) · (z(t)− z̃) +
1

2
Hξ(z(t)− z̃, z(t)− z̃),

where ξ is such that ‖ξ − z̃‖ < ‖z(t) − z̃‖ and Hξ(·, ·) is the bilinear form
associated to the Hessian matrix of ϕ in ξ.

Hence
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∫ 1

0

ϕ(z(t))dt− ϕ(z̃) =

∫ 1

0

[
∇ϕ(z̃) · (z(t)− z̃) +

1

2
Hξ(z(t)− z̃, z(t)− z̃)

]
dt

= ∇ϕ(z̃) ·
(∫ 1

0

[z(t)− z̃] dt
)

+
1

2

∫ 1

0

Hξ(z(t)− z̃, z(t)− z̃)dt

=
1

2

∫ 1

0

Hξ(z(t)− z̃, z(t)− z̃)dt.

Let λmax and λmin be, respectively, the maximum and minimum eigenvalue
of the matrix Hxi associated to the bilinear form Hξ(·, ·). Then

λmin‖x‖22 ≤ Hξ(x, x) ≤ λmax‖x‖22.

As a first step to estimate λmin and λmax, let us write down explicitely the
generic element (Hξ)ij of Hξ:

(Hξ)ij =



∂2

∂x2
i

ϕ(ξ) =
eξi
(∑

k=1,k 6=i e
ξk
)

(
∑
k=1 e

ξk)
2 i = j

∂2

∂xixj
ϕ(ξ) = − eξieξj

(
∑
k=1 e

ξk)
2 i 6= j

It is easy to check that det(Hξ) = 0 and, since ϕ is convex, then λmin = 0.
The maximum eigenvalue can be bounded from above by the Frobenius norm

of Hξ:

‖Hξ‖2F =

n∑
i=1

n∑
j=1

(Hξ)
2
ij

=

n∑
i=1


(
eξi
(∑

k=1,k 6=i e
ξk
))2

(
∑
k=1 e

ξk)
4 +

n∑
j=1,j 6=i

(
eξieξj

)2
(
∑
k=1 e

ξk)
4


=

1

(
∑
k=1 e

ξk)
4

n∑
i=1

(eξi)2


 ∑
k=1,k 6=i

eξk

2

+

n∑
j=1,j 6=i

(eξj )2

 .

Let us consider polar coordinates, i.e. ρ and η1, . . . , ηn such that eξi = ρηi
and

∑n
i=1 η

2
i = 1. Then

‖Hξ‖2F =
1

ρ4 (
∑
k=1 ηk)

4

n∑
i=1

ρ2η2
i


 ∑
k=1,k 6=i

ρηk

2

+

n∑
j=1,j 6=i

ρ2η2
j


=

1

(
∑
k=1 ηk)

4

n∑
i=1

η2
i


 ∑
k=1,k 6=i

ηk

2

+

n∑
j=1,j 6=i

η2
j


≤ 2.
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As a result, λmax ≤ 2 and

0 ≤ ϕ
(∫ 1

0

z(t)dt

)
−
∫ 1

0

ϕ(z(t))dt ≤
∫ 1

0

‖z(t)− z̃‖22dt

The following results bounds the entropy of the sum of n functions.

Proposition 2.3.9. Let f1, . . . , fn : Ω → R be measurable strictly monotone
functions, let f = f1 + . . .+ fn and let nf (y) be the number of solutions of the
equation f(t) = y. Then

−l ≤ Ef1+...+fn − ln
(
eEf1 + . . .+ eEfn

)
≤ L,

where

l =
1

Ω

∫
Ω

ln(nf (f(t)))dt

L =
1

|Ω|

∫
Ω

√√√√ n∑
i=1

(
ln(|f∗i

′(t)|)− Efi
)2
dt.

Proof.
Without loss of generality, consider Ω = [0, 1]. For the lower bound, from

Proposition 2.1.9,

Ef1+...+fn =

∫ 1

0

ln
(
(f1 + . . .+ fn)∗

′
(t)
)
dt

≥
∫ 1

0

ln (|f ′1(t)|+ . . .+ |f ′n(t)|) dt− l

=

∫ 1

0

ln
(
eln(|f ′1(t))| + . . .+ eln(|f ′n(t)|)

)
dt− l

=

∫ 1

0

ln
(
eln(|f∗1

′(t)|) + . . .+ eln(|f∗n
′(t)|)

)
dt− l.

Applying the leftmost inequality of Lemma 2.3.8 with zi(t) = ln(f∗i
′(t)),

then

Ef1+...+fn ≥
∫ 1

0

ln
(
eln(|f∗1

′(t)|) + . . .+ eln(|f∗n
′(t)|)

)
dt− l

≥ ln
(
e
∫ 1
0

ln(|f∗1
′(t)|)dt + . . .+ e

∫ 1
0

ln(|f∗n
′(t)|)dt

)
− l

= ln
(
eE1 + . . .+ eEn

)
− l

Regarding the upper bound, from Proposition 2.1.9,
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Ef1+...+fn ≤
∫ 1

0

ln(|f ′1(t)|+ . . .+ |f ′n(t)|)dt

=

∫ 1

0

ln
(
eln(|f ′1(t))| + . . .+ eln(|f ′n(t)|)

)
dt

=

∫ 1

0

ln
(
eln(|f∗1

′(t)|) + . . .+ eln(|f∗n
′(t)|)

)
dt.

Applying the rightmost inequality from Lemma 2.3.8 with zi(t) = ln(f∗i
′(t)),

then

Ef1+...+fn ≤
∫ 1

0

ln
(
eln(|f∗1

′(t)|) + . . .+ eln(|f∗n
′(t)|)

)
dt

≤ ln
(
eE1 + . . .+ eEn

)
+ L.

Remark 2.3.10. If all the fi’s are monotonically increasing, then so it is f ,
hence the lower bound is just

ln
(
eEf1 + . . .+ eEfn

)
≤ Ef1+...+fn ,

which is very similary to what is known as power entropy inequality in informa-
tion theory [115].

It is easy to see that, if a signal f is corrupted by an excessive amount of
noise, the entropy of f is non-influent in the entropy of the sum.

More formally, if |g| � 0, then the ratio between Ef+g and Eg is approxi-
mately one, meaning that, asymptotically, the “bigger” function dominates.

Proposition 2.3.11. Let f : [0, 1] → R be a continuous function with entropy
Ef , let g : [0, 1] → R be another function with entropy Eg corrupting f and
consider σ > 0 and the function gσ = σg. Then

lim
σ→+∞

Ef+gσ

Egσ
= 1.

Proof. In order to consider the limit σ → +∞ in Proposition 2.3.9, it is
necessary to prove that l and L do not depend on σ.

Observe that Egσ = Eg + ln(σ) and |g∗σ
′(t)| = σ|g∗′(t)|, hence

L2 ≤
∫ 1

0

(
ln(|f∗′(t)|)− Ef

)2
dt+

∫ 1

0

(
ln(|gσ∗′(t)|)− Egσ

)2
dt

≤
∫ 1

0

(
ln(|f∗′(t)|)− Ef

)2
dt+

∫ 1

0

(
ln(|g∗′(t)|)− Eg

)2
dt

≤ C2

where C does not depends on σ.
On the other hand, in order to bound l observe that, by definition,
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nf+gσ (y) = |{t ∈ [0, 1]|f(t) + σg(t) = y}|
= |{t ∈ [0, 1]|f(t) = y − σg(t)}|.

Assume by contradiction that, for any fixed y, it is possible to find a sequence
{σk}k∈N such that nf+gσk

(y)→ +∞ as σk → +∞.
Then, for any σk it is possible to find (at least) a point tσk such that f(tσk) =

y−σg(tσk), i.e. tσk ∈ f−1(y−σg(tσk)). By construction tσk is well defined and,
since f is continuous in the closed interval [0, 1], it can assume a given value
only a finite number of times, say M . Hence

nf+gσn
(y) = |f−1(y − σg(tσn))|
≤M,

contradicting the hypothesis that nf+gσ (y) → +∞ as σn → +∞. As a
result, there exists a constant C ′, independent from σ, such that −l > −C ′.

By Proposition 2.3.9,

Ef+gσ

Egσ
≤ 1

Egσ
ln
(
eEf + eEgσ

)
+

L

Egσ

= ln
(
1 + eEf−Egσ

)
+

L

Egσ
.

Since Egσ → +∞ as σ → +∞ and L does not depend on σ, then

lim
σ→+∞

Ef+gσ

Egσ
≤ 1.

Since l also does not depend on σ, the same technique proves the opposite
inequality.

Proposition 2.3.11 shows that, for a strong enough noise, the entropy of the
noise is dominant and the constants L and l can be ignored.

Proposition 2.3.9 can be used to estimate the strength of the noise affecting
a signal, provided the entropy of the signal is known.

Consider a function f and a noise n. Then, for Proposition 2.3.9,

Ef+n ≈ ln
(
eEf + eEn

)
.

As a result, the entropy of the noise n can be estimated as

eEn ≈ eEf+n − eEf . (2.26)

Indeed, in figure 2.2 the result of a numerical experiment to validate propo-
sitions 2.3.9 and 2.3.11 is presented. The function Bumps, provided by the
MatLab function wnoise has been normalized and then corrupted by gaussian
noise of increasing variance σ and the exponential of the entropy of n has been
estimated according to eq. (2.26).

If the entropy of the clean signal Ef is not known, early numerical evidence
suggests that the entropy of f can be estimated from a smoothing of f +n, but
no further studies have been conducted.
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Figure 2.2: Estimation of the entropy of the noise n from the entropies of f +n
and f . Real and estimated entropy of noise n are displayed versus noise variance
σ.
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Chapter 3

Automatic coefficients
selection in a wavelet basis

Contents
3.1 Compression based information measure . . . . . . . . . . . . 67

3.2 Kullback-Leibler based information distances . . . . . . . . . . 90

3.3 Approximation of Kullback-Leibler divergence . . . . . . . . . 92

3.4 An application to Fourier shape descriptors . . . . . . . . . . 135

Function approximation is a mathematical tool that plays a key role in ap-
plied mathematics. In this thesis we are mainly concerned about the problem
of function approximation in Hilbert spaces. Given a separable Hilbert space H
and a function f ∈ H, it is always possible (up to density) to write f as a linear
combination of elements of an orthonomal basis of H. In real applications, it is
usually possible to choose a basis with good sparsity characteristics, depending
on the problem. This has been done with great success in several real world
applications, such as voice communications [19, 6], lossy image compression
[69, 71, 70], audio processing [72], signal and image denoising [74, 75, 73, 116]
and pattern recognition [76].

In Chapter 1 an extensive overview of existing methods for function ap-
proximation has been given and it should be noted that almost all the existing
methods require some form of parameter tuning.

In the case of linear and non-linear approximation in a basis the number of
coefficients must be set in advance while in the thresholding techniques, such
as Donoho’s universal thresholding or SURE thresholding, the knowledge of
the noise’s strength is required. Furthermore, any method requiring iterative
procedures, such as matching pursuit or functional minimization (required in
non-orthogonal LASSO or elastic net functional) requires a stopping criterion
whose choice significantly affects the performances.

Threshold estimation may present difficulties, as well as the choice of the
relaxation parameter in regularization problems. As pointed out in Chapter 1,
existing methods such as L-curve and GCV present several technical problems
that limit their application.
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A different approach from the ones described in Chapter 1 is represented
by the Minimum Description Length (MDL) principle, due to Rissanen
[117, 118]. In the MDL framework, a collection H of suitable models is given a
priori. Given an input datum x, for each H ∈ H define L(H) as the length, in
bit, needed to encode the model and L(x|H) as the length, in bit, of the encoding
of x using the model H. Then the model that minimizes L(H) + L(x|H) is
chosen. Since a greater length corresponds to a greater complexity, a trade off
between the complexity of the model and the complexity of the description is
reached in this way.

The MDL approach is notable for approaching the problem not from the
point of view of how good the approximation is but from the point of view of
how complex its description is. This different point of view is particularly ad-
vantageous in cases where overfitting may be a problem, such as in the case of
polynomial fitting of noisy data without constraint on the degree of the poly-
nomials. However, practical implementation of MDL may be difficult and, if it
is not possible to write explicitly the minimum, numerical techniques must be
employed.

In this chapter, a novel model for the automatic selection of expansion co-
efficients in an Hilbert basis is presented. Given a function f ∈ H and a basis
B = {ψj}j∈N ⊂ H, the proposed model uses novel information measures to select
the expansion coefficients that are the most significant, in the sense of informa-
tion contribution. Three novel measures are presented in this chapter, relying on
the differential entropy for continuous functions presented in Chapter 2: ENID,
which has been inspired by Vitanyi’s Normalized Information Distance (NID),
KLID and JID, which have been derived from Kullback-Leibler divergence. It
should be noted that the philosophy of the approach proposed in this thesis is
the same as MDL approach, i.e. taking into account the complexity of the rep-
resentation. A preliminary version of this model has been proposed in [119] and
in [120]. These early results have been improved and expanded in this thesis.

3.1 Compression based information measure

Instead of relying on Shannon entropy, as many information theory techniques
do, differential entropy is considered as the base for Entropic NID (ENID).
Under suitable hypothesis, differential entropy may be seen as a measure of
complexity of a continuous function and it is evaluated using the simple and
straightforward numerical scheme proposed in Chapter 2.

3.1.1 The proposed model

Let us consider an Hilbert space H endowed with an orthonormal basis B =
{ψj}j∈N ⊂ H and a function f ∈ H. Let fi = 〈f, ψi〉 be the i-th expansion
coefficient of f on the basis B. As seen in the previous chapter, in order to com-
pute an approximation of f , it is convenient to consider the sequence {f∗i }i∈N
of decreasingly rearranged coefficients, i.e. f∗i = fki , where the indexes ki’s are
chosen such that |f∗i+1| ≤ |f∗i |. As seen in the previous chapter, a straightfor-
ward way to produce an approximation is to consider the first M rearranged
coefficients and this non-linear approximation approach is equivalent to thresh-
olding.
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It is then possible to define a sequence of approximations

fn =

n∑
i=1

f∗i ψi, n ∈ N,

which corresponds to consider all the possible approximations for all the
viable thresholding values. As pointed out in the previous chapter, it is trivial
that the higher n, the lower the approximation error. Unfortunately, albeit
methods have been proposed, finding n that realizes the best trade-off between
number of coefficients and fidelity to f is still an open problem.

The proposed model looks at the problem as a source separation problem,
assuming that the expansion coefficients fi of f are emitted from two different
sources: one source emits the ”most representative” coefficients, while the other
emits the ”less representative” coefficients (see fig. 3.1). Then the problem
of finding the optimal n is equivalent to the problem of separating these two
sources. L-Curve method might be employed for this kind of problem but,
as pointed out in the first chapter, usually the optimal point in an L-curve is
identified with the point that maximizes its second derivative. Unfortunately,
rearranged coefficients suffer from several small variations, making them non-
smooth in practice: a direct computation of the second derivative is unreliable.
Similarly, automatic fitting methods would over-regularize the coefficients curve.
Another technique to find the optimal point in L-curves is the Occam filter
technique [99]: two straight lines are estimated at both ends of the L-curve and
the position of the optimal point is defined as the intersection point of said two
lines. Although the Occam filter has been proven reliable, it strongly depends
on how the two straight lines are estimated. Instead, the model proposed in this
chapter relies on a novel information measure inspired by Vitanyi’s Normalized
Information Distance (NID).

3.1.1.1 Information measures

In the following a very brief introduction to information measures will be given.

Definition 3.1.1. Let x be a string. Then its Kolmogorov complexity K(x)is
defined as the length of the smallest program that outputs x on a Turing machine.

Definition 3.1.2. Let x and y two different strings. Then the conditional
Kolmogorov complexity K(x|y) of x w.r.t. y is defined as the length of the
smallest program on a Turing machine that outputs x, given y as an input.

Kolmogorov complexity for a given string is universal in the sense that, up
to a constant, it does not depend on the particular Turing machine considered.
Kolmogorov complexity is a very large topic and a complete exposition is beyond
the scope of this thesis. The interested reader may refer to [98, 121].

The Normalized Information Distance, introduced by Vitanyi et al. in [122],
uses Kolmogorov complexity and conditional Kolmogorov complexity to assess
the difference, in terms of information contribution, between two strings.

Definition 3.1.3. Let x and y be strings. Then the Normalized Information
Distance (NID) is defined as
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NID(x, y) =
max{K(x|y),K(y|x)}

max{K(x),K(y)}
.

Since Kolmogorov complexity, and hence NID, is not computable, Vitanyi
et al. [123] proposed an approximation of NID based on data compression, the
Normalized Compression Distance (NCD).

Definition 3.1.4. Let C be a lossless compressor and let x and y two strings and
xy their concatenation. In addition, let |C(z)| be the size of the compression of
the string z. Then the Normalized Compression Distance (NCD) between
x and y is defined as

NCD(x, y) =
|C(xy)| −min{|C(x)|, |C(y)|}

max{|C(x)|, |C(y)|}
.

The main intuition behind the definition of NCD is that, if two strings x and
y are similar, then the difference between the size |C(xy)| of the compression of
their concatenation and the size |C(x)| of the compression of x is small. More
accurately, assuming the knowledge of x (or of a compressed version C(x) of x),
then y may be obtained using only |C(xy)| − |C(y)| bits.

Hence

K(x|y) ≈ |C(xy)| − |C(y)|

and the definition of NID comes from the fact that

max{|C(xy)| − |C(y)|, |C(xy)| − |C(x)|} = |C(xy)| −min{|C(x)|, |C(y)|}.

In [123] it has been proved that NCD is indeed an approximation of NID, whose
accuracy depends on the characteristics of the adopted compressor. Unfortu-
nately, practical use of NCD is not without issues. Since compression algorithms
are often batch-based, they fail to recognize, and hence properly compress, dis-
tant identical patterns. Moreover, compression is a computationally intensive
operation. For these reasons, an alternative information measure that is inde-
pendent of the compressor choice has been investigated. To reach this goal, the
compressor in NCD must be substituted for some other measure of complexity.
To this aim, differential entropy has been considered and an entropic version of
NID, named Entropic NID (ENID), has been defined in [119, 120].

3.1.2 ENID

Let us model the amplitudes of the expansion coefficients as a continuous func-
tion w(t) : [0, 1] → [−1, 1] – even if their amplitude exceeds 1, since expansion
coefficients are bounded, it is always possible to perform such a normalization.
Then the decreasing rearrangement a(t) = |w|∗(t) of its absolute value |w(t)|
is a monotonically decreasing function a(t) : [0, 1] → [0, 1]. An example of a is
shown in Figure 3.1.
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Figure 3.1: Rearranged absolute value of wavelet expansion coefficients using
wavelet db2 of function Bumps. Difference between coefficients sources evi-
denced.

As explained in the previous sections, we are looking at the problem of
coefficient selection as a problem of source separation. The set of coefficients
representing the sources are the values that a assumes in two intervals Ωλ1 = [0, λ]
and Ωλ2 = [λ, 1], λ ∈ (0, 1). Let E = Ea be the entropy of the whole set of
coefficients, Eλ1 the entropy of a∗ restricted to Ωλ1 and Eλ2 the entropy of a∗

restricted to Ωλ2 . The information measure ENID is defined as follows.

Definition 3.1.5. Given two subsets of expansion coefficients Ωλ1 and Ωλ2 , de-
fined as before, the ENID between Ωλ1 and Ωλ2 is defined as

ENID(λ) =

∣∣|E| −min{λ|Eλ1 |, (1− λ)|Eλ2 |}
∣∣

max{λ|Eλ1 |, (1− λ)|Eλ2 |}
. (3.1)

ENID compares the complexity of the whole set of coefficients to the mini-
mum of the complexities of the two sub intervals Ωλ1 and Ωλ2 , normalized by the
maximum of those complexities. This means that ENID measures the difference
between the two sets of coefficients as the difference between the complexity of
the whole set and the complexity of the simplest one of the two subsets. We
claim that the source separation point is located where ENID is minimum: here
both Ωλ1 and Ωλ2 are emitted from a single source. In terms of complexity, it
occurs when they are most similar.

The separation point will be then identified by the value of λ for which
ENID(λ) is minimum.

The following proposition ensures that ENID is well defined and always
attains a minimum.

Proposition 3.1.6. Let a(t) : [0, 1] → [0, 1] be a continuous, monotonically
decreasing function and Ea 6= 0. Then the following properties hold.

1. ENID(λ) is well defined for λ ∈ [0, 1];

2. 0 ≤ ENID(λ) ≤ 1, ∀λ ∈ [0, 1];
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3. ENID(λ) is continuous w.r.t λ and it attains a minimum in [0, 1].

Proof. (1) Let us observe that, from eq. (2.5), it is immediate that E ≤ 0,
Eλ1 ≤ 0 and Eλ2 ≤ 0. From Proposition 2.1.10 we know that, since a(t) is
monotonic,

E = λEλ1 + (1− λ)Eλ2 +B(λ),

where

B(λ) = −λ ln(λ)− (1− λ) ln(1− λ).

Since the signs of the entropies E, Eλ1 and Eλ2 are known, then

|E|+B(λ) = λ|Eλ1 |+ (1− λ)|Eλ2 |.

As a consequence, it is not possible that both Eλ1 and Eλ2 are 0. Note that
the hypothesis Ea 6= 0 is only needed in order to prove that ENID(λ) is well
defined up to the border of [0, 1]. If this hypothesis is removed, it is still true
that ENID(λ) is well defined in (0, 1).

(2) The leftmost bound is trivial from the definition of ENID. For the
rightmost bound, Proposition 2.1.10 and the relation A + B = max{A,B} +
min{A,B}, it follows

|E| −min{λ|Eλ1 |, (1− λ)|Eλ2 |} = max{λ|Eλ1 |, (1− λ)|Eλ2 |} −B(λ)

≤ max{λ|Eλ1 |, (1− λ)|Eλ2 |}. (3.2)

Dividing both members of eq. (3.2) by max{λ|Eλ1 |, (1 − λ)|Eλ2 |} the thesis
follows.

(3) Both Eλ1 and Eλ2 are continuous function w.r.t λ: if λ1 → λ2, λ1 < λ2,
then

|Eλ1
1 − E

λ2
1 | =

∫ λ2

λ1

ln(|a∗′(t)|)dt+ λ1 ln(λ1)− λ2 ln(λ2)

→ 0,

and the same result holds for Eλ2 .
It is worth observing that, if f and g are two continuous functions, then both

(f ∧ g)(t) = max{f(t), g(t)} and (f ∨ g)(t) = min{f(t), g(t)} are well defined,
continuous functions with respect to the variable t.

As a consequence, ENID(λ) is a continuous function w.r.t λ, and it attains
both a maximum and a minimum in [0, 1].
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3.1.3 The negativity of entropy

While Shannon entropy is always positive, differential entropy can be negative
– indeed, in the definition of ENID, it is crucial that the differential entropies
involved are negative. As a consequence, even if Shannon entropy is the average
number of bits needed to encode a random variable, differential entropy lacks
such a clear interpretation. In this paragraph a motivation of why differential
entropy can be considered a complexity measure is given.

Let p : [0, 1] → R+ be a probability density function, E its differential
entropy, N the number of quantization bins, ∆ = 1/N the bandwidth, p∆ the
discrete quantized version of p and E∆ its Shannon entropy.

If ∆ is sufficiently small, then

E ≈ E∆ + ln(∆),

in the sense that

lim
∆→0

[
E − E∆ − ln(∆)

]
= 0.

On the other hand, Shannon entropy is equal to the logarithm of N minus
the Kullback-Leibler divergence of the quantized version p∆ of p from a uniform
distribution U , hence

E ≈ E∆ + ln(∆)

= ln(N)−DKL(p∆||U) + ln(∆)

= −DKL(p∆||U).

As a result, it is possible to conclude that, if |E| is large, then p is complex
in the sense that, for every sufficiently fine quantization, it strongly deviates
from a uniform distribution.

In the continuous and deterministic case, the only function that has a uni-
form distribution (as defined by eq. (2.2)) is a straight line and, specifically, it is
the identity function y(t) = t. Its differential entropy is zero, as it is the number
of parameters needed to describe it, and therefore it is natural to consider it as
the simplest function. Any other function is viewed as the composition of itself
with the identity function and then we expect it to be more complex, i.e. to
have a higher magnitude differential entropy.

From Proposition 2.2.4 we know that the entropy of f equals the Kullback-
Leibler divergence between f and the uniform distribution (it suffices to consider
g(t) = t in eq. (2.11)):

Ef = −DKL(f ||U).

From the definition of Kullback-Leibler divergence if f(t) = t, then Ef = 0.
Conversely, for Pinsker inequality, if Ef = 0 then f∗′(t) ≡ 1 and hence f(t) = t.

We conclude that, up to rearrangement, the only function whose range is
[0, 1] and whose differential entropy is zero is the identity function: any other
function has a higher complexity (that is, a lower differential entropy). The
higher the magnitude of the differential entropy, the bigger the deviation fo f(t)
from the simplest function.
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3.1.4 Implementation and numerical results

In this section the algorithm for coefficients selection with ENID will be out-
lined, and numerical results will be presented, as well as some comparisons with
existing methods.

3.1.4.1 Algorithm formulation

The algorithm is structured as follows.
Input: Sequence of discretized values of a function u: {ui}i=1,...,M

Output: Approximation of u

Algorithm 1

1. Compute the discrete wavelet transform of {ui}i=1,...,M and ex-
tract the detail coefficients {aj}j∈1,...N

2. Sort the absolute values of the detail coefficients in decreasing
order

3. For all j = 1, . . . N

(a) Set λj = j/N

(b) Using eq. (2.7), compute the approximation of E
λj
1 using the

first j coefficients

(c) Using eq. (2.7), compute the approximation of E
λj
2 using the

las N − j + 1 coefficients

(d) Compute ENID(λj) according to eq. (3.1)

4. Find the index Ñ that realizes the minimum of ENID. Preserve
the first Ñ rearranged coefficients and set to zero the remaining
ones

5. Invert the discrete wavelet transform

3.1.4.2 Experimental results

In order to evaluate the performances of ENID, the functions Bumps, Heavy
Sine and Blocks, originally defined in [9], were considered, as well as a simple
piece-wise polynomial function named Poly. The first three functions were
provided by the Matlab function wnoise, while the latter is defined as follows
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Poly(t) =



0 if t ≤ 1/8

8t− 1 if 1/8 < t ≤ 1/4

3− 8t if 1/4 < t ≤ 3/8

2(4(t− 3/8)− 1/2)2 if 3/8 < t ≤ 5/8

1− (6− 8t)1/2 if 5/8 < t ≤ 3/4

2(1− (8t− 5)1/2)/3 if 3/4 < t ≤ 7/8

0 if t > 7/8

. (3.3)

The aforementioned functions are shown in fig. 3.3. In order to provide
a more real example, two differents rows of Lena and Peppers test images,
respectively shown in fig. 3.2(a) and fig. 3.2(b), have been chosen as test
funtions. The two rows are shown in fig. 3.3 (e) and (f).

(a) (b)

Figure 3.2: 512× 512× 8 bits Lena (a) and Pepper (b) image.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.3: Bumps (a), Heavy sine (b), Blocks (c), Poly (d), row nr. 256 of
Lena test image (e) and row nr. 256 of Pepper test image (f).

The functions were expanded in wavelet basis and only the detail coefficients
have been considered for selection; the whole approximation coefficients have
been retained for reconstruction. Numerical tests have been performed using
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both stationary wavelet transform (SWT) and dyadic wavelet transform (DWT),
4 decomposition levels have been considered and Daubechies’ wavelets of order
2 (db2), 4 (db4) and 12 (db12) and symlet wavelets of order 4 (sym4) and 12
(sym12) have been selected.

The proposed method has been compared with Donoho’s universal threshold,
matching pursuit algorithm and basis pursuit algorithm using Coifman’s entropy
cost function [13].

For comparison purposes, wavelet packet decomposition has been chosen
for both matching pursuit and basis pursuit. Matching pursuit and Coifman’s
best basis search are both natively implemented in MatLab, respectively in
the functions wmpalg and besttree. In the case of matching pursuit the
maximum relative error ε in `2 norm must be given as input, and the maximum
number of iterations must be set. In the following tests the matching pursuit
has been run with ε = 10−2 and ε = 10−4, where the maximum number of
iterations has been set equal to 500. In the case of thresholding, DWT has
been considered and the parameter σ, which represents the strength of the
noise in the denoising interpretation, here stands for the allowed risk taken in
reconstruction. It is worth noting that Coifman’s basis pursuit does not reduce
the number of coefficients, since the leaves of the wavelet packet tree are always
equal to the length of the original signal, even if the tree has been pruned by the
basis selection procedure. Nevertheless it has been included in the comparative
studies to provide best case situation, i.e. a method that should always exhibit
perfect reconstruction and hence minimum error.

Mean Squared Error (MSE), Normalized Compression Distance (NCD) and
compression ratio have been used as quality metrics. NCD has been computed
using Matlab gzip function, which implements lossless compression in *.zip for-
mat. Although not referenced in the MatLab documentation, experimental evi-
dence showed that gzip is not able to recognize identical patterns whose lengths
exceeds 512 floating-point samples; hence, the lengths of the test functions have
been set equal to 512.

Before showing numerical results, it is interesting to compare ENID with
rearranged wavelet coefficients, both depicted in fig. 3.4. Figs. 3.4 (a) and
(b) refer to Blocks, and in this case the behaviour of ENID closely matches
rearranged coefficients, reaching the minimum (fig. 3.4 (a)) or the constant
part (fig. 3.4 (b)) where sorted coefficients plot drops. Fig. 3.4 (c) and (d) refer
to Heavysine. In this case, ENID minimum is located where the rearranged
coefficients plot become almost constant. Finally, fig. 3.4 (e) and (f) refer to
the 256th row of Lena image. Since the signal is less regular, the rearranged
coefficients plot decays much slowly and it is difficult to tell to the naked eye
where the coefficients become less significant. However, even in this case, ENID
reaches its minimum in correspondence to the point where the monotonically
decreasing behaviour of wavelet coefficients becomes almost flat.

Figures 3.5–3.10 show some qualitative results in terms of adopted metrics.
In particular, it is worth observing that NCD plots present a clear breaking point
that separates two distinct different trends, usually switching from a linear trend
to a constant or different linear one, as it can be clearly seen in figs. 3.6 and
3.8. This breaking point represents the optimum point that ENID minimum
should identify. Tables 3.1–3.6 allow for some comparative studies and the
evaluation of the dependency on the wavelet functions. Due to the very low
reconstruction errors, we found superfluous to compare approximations plots to
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original functions.
Table 3.1 refers to Bumps. As it can be observed, if the considered wavelet

has few vanishing moments, the proposed method is slightly worse than match-
ing pursuit; on the contrary, if the wavelet has a high number of vanishing
moments, the proposed method outperforms matching pursuit in terms of MSE
and NCD, but matching pursuit still achieves a better compression ratio.

The behaviour of ENID on Bumps is illustrated in fig. 3.5 (DWT) and fig
3.6 (SWT). In both cases it is clear that the minimum of ENID corresponds to
the point where NCD gets almost constant. The only exception is for wavelet
function db12, as shown in fig. 3.6 (d), in which the minimum of ENID is
located near NCD knee.

The results concerning Heavysine are reported in table 3.2. In this case, as
fig. 3.7 shows, NCD does not get constant, but starts to stabilize on a linear
trend long before approaching the location of the minimum of ENID.

A completely different case is represented by Blocks, as shown in fig. 3.8:
both MSE and NCD drop abruptly. The behaviour of ENID closely matches
NCD’s one and in most of the cases the minimum of ENID is in correspondence
to the breaking point in NCD. Indeed, the numerical results for Blocks, in table
3.3, show null MSE error and very low NCD error in several cases.

The function Poly exhibits performances similar to Blocks, as it can be seen
in fig. 3.9. As 3.4 shows, the matching pursuit algorithm achieves better results
in term of MSE, but the proposed method achieves better NCD scores, especially
if the wavelet has a high number of vanishing moments.

Finally, fig. 3.10 refers to row no. 256 of Lena image (similar results have
been achieved for row no. 256 of Pepper image). The most striking fact is that,
since the input signal is not regular, Coifman’s best basis procedure does not
yield zero error, as reported in tables 3.5 and 3.6. Indeed, in this case matching
pursuit almost always reaches its maximum number of iterations, achieving very
poor compression ratios. For the NCD depicted in fig. 3.10, it is not immediate
to identify a breaking point as in the previous cases; nonetheless, ENID always
selects a point that corresponds to a trend change, albeit very small.

To conclude this section, a small remark concerning computational cost. Re-
garding eq. (2.7), assuming the cost of the logarithm computation is O(1), it
is possible to achieve O(N) computational cost by updating the sum instead of
computing it at each step. In addition the cost of the rearrangement must be
accounted for, leading to a computational cost of O(N log2(N)). The proposed
method is not faster than Donoho’s thresholding, which is O(N), but it is com-
pletely automatic, where in Donoho’s method the threshold must be chosen.
On the contrary, computational cost for the proposed method is comparable
to matching pursuit’s, which is O(KN log2(N)) in the case of wavelet packet
dictionaries, where K is the number of iterations [8]. Even though it is possible
that K equals N , it is usually much smaller. In our experiments K has been
set equal to 500, which is close to N , but, except for the cases of Lena’s and
Pepper’s row, it remains below 256.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.4: ENID and sorted coefficients. Blocks decomposed using DWT (a)
and SWT (b) with sym4 as wavelet basis sym4, Heavysine decomposed using
DWT (c) and SWT (d) with db12 as wavelet basis, row nr. 256 from image
Lena decomposed using DWT (e) and SWT (f) with sym4 as wavelet basis.
Sorted coefficients have been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.5: Function Bumps decomposed using DWT. ENID, MSE and NCD, for
wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The minimum of
ENID is marked by a cross. MSE has been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.6: Function Bumps decomposed using SWT. ENID, MSE and NCD, in
wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The minimum of
ENID is marked by a cross. MSE has been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.7: Function Heavy sine decomposed using DWT. ENID, MSE and
NCD, in wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The
minimum of ENID is marked by a cross. MSE has been normalized for illustra-
tion purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.8: Function Blocks decomposed using DWT. ENID, MSE and NCD, in
wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The minimum of
ENID is marked by a cross. MSE has been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.9: Function Poly decomposed using DWT. ENID, MSE and NCD, in
wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The minimum of
ENID is marked by a cross. MSE has been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.10: Row nr. 256 from image Lena.bmp, decomposed using DWT.
ENID, MSE and NCD, in wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d),
sym12 (e). The minimum of ENID is marked by a cross. MSE has been nor-
malized for illustration purposes.
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bumps

method MSE NCD Ñ N ratio

DWT ENID
db2 2.70676 ×10−11 0.33702532 377 521 0.774127
db4 1.127 ×10−13 0.23802001 381 538 0.762000
sym4 1.631 ×10−13 0.23154008 379 538 0.758000
db12 0 0.14556962 440 602 0.801457
sym12 0 0.14556962 432 602 0.786885

SWT ENID
db2 3.30726 ×10−11 0.34862869 1628 2048 0.522461
db4 5.451 ×10−13 0.28586498 1664 2048 0.531250
sym4 6.004 ×10−13 0.27584388 1662 2048 0.530762
db12 1.8985996390 ×10−6 0.88751290 1252 2048 0.430664
sym12 0 0.14556962 1771 2048 0.557373

Matching Pursuit, ε = 10−2

db2, 3.17 ×10−14 0.19883966 463 512 0.904297
db4, 2.77 ×10−14 0.19620253 423 512 0.826172
sym4, 3.01 ×10−14 0.19831224 421 512 0.822266
db12, 2.83 ×10−14 0.18411362 368 512 0.718750
sym12, 3.09 ×10−14 0.19568648 366 512 0.714844

Matching Pursuit, ε = 10−4

db2 3.17 ×10−14 0.19883966 463 512 0.904297
db4 2.77 ×10−14 0.19620253 423 512 0.826172
sym4 3.01 ×10−14 0.19831224 421 512 0.822266
db12 2.83 ×10−14 0.18411362 368 512 0.718750
sym12 3.09 ×10−14 0.19568648 366 512 0.714844

Basis Pursuit, Entropy cost function
db2 0 0.14556962 512 512 1.000000
db4 0 0.14556962 512 512 1.000000
sym4 0 0.14556962 512 512 1.000000
db12 0 0.14556962 512 512 1.000000
sym12 0 0.14556962 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 5.00187274816 ×10−5 0.82235108 164 521 0.336756
db4 3.69351005305 ×10−5 0.91322530 155 538 0.310000
sym4 3.95281050496 ×10−5 0.90615224 146 538 0.292000
db12 3.67218228157 ×10−5 0.93397177 170 602 0.309654
sym12 4.26536272669 ×10−5 0.94656489 145 602 0.264117

Table 3.1: Function Bumps: numerical results. Here N and Ñ stand, respec-
tively, for the total and for the selected number of coefficients.
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heavy sine

method MSE NCD Ñ N compression ratio

DWT ENID
db2 2.843989180 ×10−7 0.67355372 292 521 0.599589
db4 8.17 ×10−14 0.92533333 308 538 0.616000
sym4 7.69 ×10−14 0.24363992 314 538 0.628000
db12 0 0.11989529 383 602 0.697632
sym12 0 0.11989529 380 602 0.692168

SWT ENID
db2 8.2339381 ×10−9 0.45218244 1436 2048 0.475586
db4 5.20 ×10−14 0.17393535 1441 2048 0.476807
sym4 4.45 ×10−14 0.18374741 1450 2048 0.479004
db12 0 0.11989529 1531 2048 0.498779
sym12 0 0.11989529 1508 2048 0.493164

Matching Pursuit, ε = 10−2

db2, 1.315345 ×10−10 0.16761217 500 512 0.976563
db4, 9.47 ×10−14 0.26223946 310 512 0.605469
sym4, 9.46 ×10−14 0.25812712 312 512 0.609375
db12, 8.81 ×10−14 0.18402427 186 512 0.363281
sym12, 9.43 ×10−14 0.20110055 178 512 0.347656

Matching Pursuit, ε = 10−4

db2 1.315345 ×10−10 0.16761217 500 512 0.976563
db4 9.47 ×10−14 0.26223946 310 512 0.605469
sym4 9.46 ×10−14 0.25812712 312 512 0.609375
db12 8.81 ×10−14 0.18402427 186 512 0.363281
sym12 9.43 ×10−14 0.20110055 178 512 0.347656

Basis Pursuit, Entropy cost function
db2 0 0.11989529 512 512 1.000000
db4 0 0.11989529 512 512 1.000000
sym4 0 0.12146597 512 512 1.000000
db12 0 0.11989529 512 512 1.000000
sym12 0 0.11989529 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 3.51985710987 ×10−5 0.91442652 79 521 0.082136
db4 8.5603459941 ×10−6 0.86119734 51 538 0.102000
sym4 1.15627777225 ×10−5 0.85135737 51 538 0.102000
db12 1.87709331753 ×10−5 0.88571429 110 602 0.200364
sym12 1.92629878363 ×10−5 0.85162150 101 602 0.183971

Table 3.2: Function Heavy sine: numerical results. Here N and Ñ stand, re-
spectively, for the total and for the selected number of coefficients.
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blocks

method MSE NCD Ñ N compression ratio

DWT ENID
db2 0 0.14285714 95 521 0.195072
db4 8.17 ×10−14 0.92533333 308 538 0.616000
sym4 0 0.21359223 178 538 0.356000
db12 0 0.10526316 458 602 0.834244
sym12 0 0.10526316 384 602 0.699454

SWT ENID
db2 0 0.14141414 858 2048 0.334473
db4 0 0.10526316 1689 2048 0.537354
sym4 0 0.21568627 1766 2048 0.556152
db12 0 0.10526316 1803 2048 0.565186
sym12 0 0.10526316 1770 2048 0.557129

Matching Pursuit, ε = 10−2

db2 0 0.23636364 120 512 0.234375
db4 0 0.31451613 201 512 0.392578
sym4 0 0.31092437 201 512 0.392578
db12 7.14 ×10−14 0.46938776 341 512 0.666016
sym12 5.98 ×10−14 0.52727273 334 512 0.652344

Matching Pursuit, ε = 10−4

db2 0 0.23636364 120 512 0.234375
db4 0 0.31451613 201 512 0.392578
sym4 0 0.31092437 201 512 0.392578
db12 7.14 ×10−14 0.46938776 341 512 0.666016
sym12 5.98 ×10−14 0.52727273 334 512 0.652344

Basis Pursuit, Entropy cost function
db2 0 0.14851485 512 512 1.000000
db4 0 0.19230769 512 512 1.000000
sym4 0 0.24074074 512 512 1.000000
db12 0 0.14432990 512 512 1.000000
sym12 0 0.22330097 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 1.0955317647 ×10−6 0.61797753 83 521 0.170431
db4 0.0000140847160919 1.04502974 136 538 0.272000
sym4 1.15627777225 ×10−5 0.85135737 130 538 0.260000
db12 1.84362927559 ×10−5 1.05063291 207 602 0.377049
sym12 2.42945737869 ×10−5 1.04580607 188 602 0.342441

Table 3.3: Function Blocks: numerical results. Here N and Ñ stand, respectively,
for the total and for the selected number of coefficients.
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poly

method MSE NCD Ñ N compression ratio

DWT ENID
db2 1.0085577 ×10−9 0.41747573 214 521 0.439425
db4 8.17 ×10−14 0.92533333 308 538 0.616000
sym4 7.69 ×10−14 0.24363992 314 538 0.628000
db12 0 0.15492958 331 602 0.602914
sym12 0 0.15849387 329 602 0.599271

SWT ENID
db2 2.03952 ×10−11 0.31894484 1059 2048 0.383545
db4 0 0.16041848 1272 2048 0.435547
sym4 0 0.17493473 1257 2048 0.431885
db12 6.75317 ×10−11 0.67239102 1111 2048 0.396240
sym12 1.4050 ×10−12 0.43431221 1172 2048 0.411133

Matching Pursuit, ε = 10−2

db2 0 0.16550523 285 512 0.556641
db4 2.2 ×10−15 0.20399306 189 512 0.369141
sym4 2.2 ×10−15 0.20701454 189 512 0.369141
db12 2.1 ×10−15 0.20936170 255 512 0.498047
sym12 2.0 ×10−15 0.20357751 243 512 0.474609

Matching Pursuit, ε = 10−4

db2 0 0.16550523 285 512 0.556641
db4 2.2 ×10−15 0.20399306 189 512 0.369141
sym4 2.2 ×10−15 0.20701454 189 512 0.369141
db12 2.1 ×10−15 0.20936170 255 512 0.498047
sym12 2.0 ×10−15 0.20357751 243 512 0.474609

Basis Pursuit, Entropy cost function
db2 0 0.15283843 512 512 1.000000
db4 0 0.16232639 512 512 1.000000
sym4 0 0.17458946 512 512 1.000000
db12 0 0.15968586 512 512 1.000000
sym12 0 0.16797215 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 2.53009043443 ×10−5 0.93621134 9 521 0.018480
db4 1.20045866224 ×10−5 0.96110211 15 538 0.030000
sym4 1.87855132736 ×10−5 0.94880174 14 538 0.028000
db12 2.27763969526 ×10−5 0.99106674 20 602 0.036430
sym12 2.12478553095 ×10−5 0.98794549 15 602 0.027322

Table 3.4: Function Poly: numerical results. Here N and Ñ stand, respectively,
for the total and for the selected number of coefficients.
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lena, row 256

method MSE NCD Ñ N compression ratio

DWT ENID
db2 0.2156460285186768 0.93314425 343 521 0.704312
db4 0.2633713483810425 0.98438662 330 538 0.660000
sym4 0.1673672348260880 0.96792453 345 538 0.690000
db12 0.2432090938091278 0.99144027 380 602 0.692168
sym12 0.2152678966522217 0.99292628 375 602 0.683060

SWT ENID
db2 0.1003059070127614 0.97454407 1607 2048 0.517334
db4 0.2739858613136300 0.99152230 1454 2048 0.479980
sym4 0.3139664331285880 0.99664929 1445 2048 0.477783
db12 0.2696727245520483 0.98151571 1481 2048 0.486572
sym12 0.2532048743354862 0.99037037 1465 2048 0.482666

Matching Pursuit, ε = 10−2

db2 0.0000637789170411 0.51706037 500 512 0.976563
db4 2.2 ×10−15 0.20399306 189 512 0.369141
sym4 2.2 ×10−15 0.20701454 189 512 0.369141
db12 3.72049982833 ×10−5 0.77294118 500 512 0.976563
sym12 2.168963182945 ×10−4 0.86951814 500 512 0.976563

Matching Pursuit, ε = 10−4

db2 6.37789170411 ×10−5 0.51706037 500 512 0.976563
db4 6.25276274551 ×10−5 0.59328649 500 512 0.976563
sym4 1.488888005312 ×10−4 0.69251887 500 512 0.976563
db12 3.72049982833 ×10−5 0.77294118 500 512 0.976563
sym12 2.168963182945 ×10−4 0.86951814 500 512 0.976563

Basis Pursuit, Entropy cost function
db2 6.77351 ×10−11 0.54187545 512 512 1.000000
db4 1.003098 ×10−10 0.54797441 512 512 1.000000
sym4 2.232684 ×10−10 0.58256275 512 512 1.000000
db12 1.241587 ×10−10 0.57988981 512 512 1.000000
sym12 4.171552 ×10−10 0.67707006 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 8.817740991 ×10−7 0.56959459 482 521 0.989733
db4 1.317942946 ×10−7 0.57592722 498 538 0.996000
sym4 7.640361446 ×10−7 0.63839286 498 538 0.996000
db12 4.6369686970 ×10−6 0.70678466 543 602 0.989071
sym12 1.3792741811 ×10−6 0.71073378 544 602 0.990893

Table 3.5: Row nr. 256 from image Lena.bmp: numerical results. Here N and
Ñ stand, respectively, for the total and for the selected number of coefficients.
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peppers, row 256

method MSE NCD Ñ N compression ratio

DWT ENID
db2 0.4838123321533203 0.98183224 332 521 0.681725
db4 0.6010890007019043 1.01890990 335 538 0.670000
sym4 0.4522691369056702 1.00631501 341 538 0.682000
db12 0.5208664536476135 1.02250920 382 602 0.695811
sym12 0.7736942768096924 1.02958580 363 602 0.661202

SWT ENID
db2 0.2300025783155537 0.99335057 1547 2048 0.502686
db4 0.3891914271080494 1.00892193 1464 2048 0.482422
sym4 0.3568777709917778 1.00815419 1441 2048 0.476807
db12 0.5747633061547710 1.02524128 1483 2048 0.487061
sym12 0.6056243619198243 1.01552680 1446 2048 0.478027

Matching Pursuit, ε = 10−2

db2 2.495201450555 ×10−4 0.62122386 500 512 0.976563
db4 2.695755256539 ×10−4 0.77592166 500 512 0.976563
sym4 7.09654443748 ×10−5 0.67453505 500 512 0.976563
db12 1.994069236916 ×10−4 0.83225458 500 512 0.976563
sym12 2.541948466722 ×10−4 0.78615299 500 512 0.976563

Matching Pursuit, ε = 10−4

db2 2.495201450555 ×10−4 0.62122386 500 512 0.976563
db4 2.695755256539 ×10−4 0.77592166 500 512 0.976563
sym4 7.09654443748 ×10−5 0.67453505 500 512 0.976563
db12 1.994069236916 ×10−4 0.83225458 500 512 0.976563
sym12 2.541948466722 ×10−4 0.78615299 500 512 0.976563

Basis Pursuit, Entropy cost function
db2 7.97793 ×10−11 0.55726257 512 512 1.000000
db4 1.017099 ×10−10 0.57771469 512 512 1.000000
sym4 2.412758 ×10−10 0.61481481 512 512 1.000000
db12 1.435862 ×10−10 0.62551160 512 512 1.000000
sym12 4.456918 ×10−10 0.69516028 512 512 1.000000

Donoho Threshold, σ = 10−2

db2 1.574077686 ×10−7 0.62284928 486 521 0.997947
db4 2.3918947 ×10−9 0.59541470 498 538 0.996000
sym4 2.6939262625 ×10−6 0.63795337 498 538 0.996000
db12 8.527463251 ×10−7 0.67507886 547 602 0.996357
sym12 1.470099278 ×10−7 0.73106738 547 602 0.996357

Table 3.6: Row nr. 256 from image Pepper.bmp: numerical results. Here N and
Ñ stand, respectively, for the total and for the selected number of coefficients.

3.2 Kullback-Leibler based information dis-
tances

In the previous Section 3.1, ENID has been proposed as a replacement of NID
in the task of choosing the optimal set of projection coefficients. In particular,
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ENID approximates NCD by replacing the length of the compressed data with
their average length (λEλ1 and (1 − λ)Eλ2 ), where differential entropy is con-
sidered instead of Shannon entropy. This choice avoids the quantization step
required in the computation of Shannon entropy and relies on the fact that,
under suitable normalization hypotheses, differential entropy is a complexity
measure. In this section this approach is expanded, providing an estimation of
NID that uses Kullback-Leibler divergence. An interpretation of this informa-
tion measure is given and a proper model to study its applicability is developed.

Let us recall the definition of NID. Given two strings a and b, the Normalized
Information Distance between them is defined as

NID(a, b) =
max{K(a|b),K(b|a)}

max{K(a),K(b)}
,

where K(a) is the Kolmogorov complexity of a and K(a|b) is the conditional
Kolmogorov complexity of a given b, that is the length of the minimum program
that outputs a given b as an input. Conditional Kolmogorov complexity K(a|b)
between a and b measures how much information in b can be used to describe
a. In [124] a variation of conditional Kolmogorov complexity, called algorithmic
relative complexity has been proposed, inspired by Kullback-Leibler divergence.

Kullback-Leibler divergence can be rewritten as the difference of two terms:

DKL(X||Y ) = EX,Y − EX ;

the first term is the cross-entropy EX,Y = −
∫
pX ln(pY )dy between X and

Y and the second is the entropy of X. In the discrete case, the cross-entropy
measures how many bits per symbol are necessary to encode X assuming it is
distributed as Y . The difference between it and the entropy of X is the amount
of exceeding bits used to encode X, mistakenly assuming it is distributed as Y .

Similarly, algorithmic relative complexity between a and b is defined as the
algorithmic cross complexity K(a ⊕ b) between a and b minus the Kolmogorov
complexity of a:

K(a||b) = K(a⊕ b)−K(a).

Algorithmic cross complexity is defined as the length of the minimum pro-
gram that outputs a by reusing parts of the code of the minimum program that
outputs b. This definition mimics the definition of cross entropy: what deter-
mines the discrepancy between a and b is how much the code (or the encoding,
when referred to cross entropy) developed for b is capable of encoding a.

In [124] algorithmic relative complexity has been considered for classifica-
tion tasks, proving itself competitive with NCD. Being based on Kolmogorov
complexity, algorithmic relative complexity is non-computable; an approxima-
tion procedure has been proposed, where the process of compressing a using a
dictionary developed for b is implemented. It should be noted that a similar
concept has been proposed in [125], where a compression-based approximation
of Kullback-Leibler divergence has been used in language recognition and clas-
sification tasks. The same approach has been implemented successfully in [126],
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where it has been proposed to use cross-entropy in place of conditional Kol-
mogorov complexity. Thanks to the approach proposed in this thesis, a direct
approximation of Kullback-Leibler divergence in time domain can be formulated,
avoiding compression-based approximations.

Our proposal is to use Kullback-Leibler divergence in place of conditional
Kolmogorov complexity. In addition to the relation between Kullback-Leibler
divergence and coding error for discrete codes, this choice is justified by its
interpretation as the entropy of the composition of two functions. Indeed, as
a consequence to the fact that Eg−1◦f = −D(f ||g), and because of Pinsker
inequality, it follows that the Kullback-Leibler divergence also measures the
difference between two functions in the sense of composition: if the composition
of two functions is the identity, then the Kullback-Leibler divergence is zero;
conversely, if their composition is not the identity, then the Kullback-Leibler
divergence is not zero.

Making a parallel with the discrete setting, g−1 ◦ f is the “interpretation”
of the code given by f according to g. If the “interpretation” of the code is
perfect, than the composition equals the identity and its entropy is zero.

In our framework we limit ourselves to functions defined from the unit in-
terval to the unit interval.

There are two information distances that can be derived from Kullback-
Leibler divergence that we propose. The first one is inspired by the un-
normalized form of NID, as proposed by Vitanỳı et al. in [122], and it consists
of the maximum between DKL(f ||g) and DKL(g||f).

Definition 3.2.1 (KLID). Let f, g : [0, 1] → [0, 1] be measurable, monotone
functions. Then the Kullback-Leibler Information Distance (KLID) be-
tween f and g is defined as follows.

KLID(f, g) = max{DKL(f ||g), DKL(g||f)}.

The choice of an un-normalized distance is due to the lack of a meaningful
upper bound for Kullback-Leibler divergence in terms of entropies.

The second information distance we propose is derived from the Jeffrey di-
vergence, which is the symmetrization of Kullback-Leibler divergence obtained
by adding together DKL(f ||g) and DKL(g||f).

Definition 3.2.2 (JID). Let f, g : [0, 1]→ [0, 1] be measurable, monotone func-
tions. Then the Jeffrey Information Distance (JID) between f and g is
defined as follows.

JID(f, g) = DKL(f ||g) +DKL(g||f).

We will show that both information distances, similarly to ENID, can be
used to automatically select projection coefficients in a basis.

3.3 Approximation of Kullback-Leibler diver-
gence

Let f, g : [0, 1] → [0, 1] be two strictly monotone functions. As seen in Chap-
ter 2, the functional form of Kullback-Leibler divergence is itself complicated to
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manage (both analitically and numerically), due to the presence of the inverse
of g:

DKL(f ||g) =

∫ 1

0

ln

(
g′(g−1(f(t)))

f ′(t)

)
dt.

Nonetheless, it is possible to provide an approximation for DKL(f ||g).
In the following we will denote the integral mean value of a function f : Ω→

R using the expectation notation:

E[f ] =
1

|Ω|

∫
Ω

f(t)dt.

Proposition 3.3.1. Let f(t), g(t) : [0, 1] → [0, 1] be strictly increasing mono-
tone functions and assume Cg = sups∈[0,1] |g′′(s)|/|g′(s)|2, Cg < +∞. Then

DKL(f ||g) = Eg − Ef +

∫ 1

0

∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
dydt

and

DKL(f ||g) = |Eg − Ef |+Rg|E[f − g]|,

with

|Rg| ≤ Cg.

Proof.
Recall that

DKL(f ||g) =

∫ 1

0

ln

(
g′(g−1(f(t)))

f ′(t)

)
dt

= Ef,g − Ef

and let us focus on the cross-entropy term

Ef,g =

∫ 1

0

ln(g′(g−1(f(t))))dt.

Considering the first order Taylor expansion of ln(g′(g−1(y + ∆y))) with
integral remainder, we get

ln(g′(g−1(y + ∆y))) = ln(g′(g−1(y))) +

∫ y+∆y

y

g′′(g−1(y′))

|g′(g−1(y′))|2
dy′.

Set y = g(y) and ∆y = f(t) − g(t) and integrate with respect to t. Then,
adding and subtracting g(t),
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Ef,g =

∫ 1

0

ln
(
g′(g−1(f(t)))

)
dt

=

∫ 1

0

ln
(
g′(g−1(g(t) + f(t)− g(t)))

)
dt

=

∫ 1

0

[
ln (g′(t)) +

∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
dy

]
dt

= Eg +

∫ 1

0

∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
dydt.

As a consequence,

DKL(f ||g) = Eg − Ef +

∫ 1

0

∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
dydt.

Note that

−Cg
∫ f(t)

g(t)

dy ≤
∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
dy ≤ Cg

∫ f(t)

g(t)

dy

and hence

−Cg

∣∣∣∣∣
∫ 1

0

∫ f(t)

g(t)

dydt

∣∣∣∣∣ ≤ DKL(f ||g)− |Eg − Ef | ≤ Cg

∣∣∣∣∣
∫ 1

0

∫ f(t)

g(t)

dydt

∣∣∣∣∣ .
As a result,

|DKL(f ||g)− |Eg − Ef || ≤ Cg |E[f − g]| .

The quality of this approximation depends on the constant Cg: as an exam-
ple, consider the function

g(t) =
(1 + βt)−γ − (1 + β)−γ

1− (1 + β)−γ
,

with β, γ > 0.
Then,

∣∣∣∣ g′′(t)|g′(t)|2

∣∣∣∣ =

∣∣∣∣1− 1

γ

∣∣∣∣ [1− (1 + β)−γ
]

(1 + βt)
−γ

≤
∣∣∣∣1− 1

γ

∣∣∣∣ ((1 + β)γ − 1) .

= Cg.

94



Coefficients selection Approximation of Kullback-Leibler divergence

If the constants Cg and Cf are finite, the proposed approximation for the
Kullback-Leibler divergence can be used to approximate the Kullback-Leibler
Information Distance :

KLID(f, g) = max{DKL(f ||g), DKL(g||f)}
= max{|Ef − Eg|+Rg|E[f − g]|, |Eg − Ef |+Rf |E[g − f ]|}
= |Ef − Eg|+ max{Rg, Rf}|E[f − g]|
= |Ef − Eg|+R |E[f − g]| , (3.4)

where |R| ≤ max{Cg, Cf}.
Similary, it is possible to approximate the Jeffrey Information Distance:

JID(f, g) = DKL(f ||g) +DKL(g||f)

=

∣∣∣∣∣
∫ 1

0

[∫ f(t)

g(t)

g′′(g−1(y))

|g′(g−1(y))|2
− f ′′(f−1(y))

|f ′(f−1(y))|2
dy

]
dt

∣∣∣∣∣
= R′|E[f − g]|, (3.5)

where |R′| ≤ Cg + Cf .

3.3.1 Connection with Kolmogorov complexity

The main rationale behind the proposed methods is that, since the Kullback-
Leibler divergence between two functions f and g is equivalent to the entropy of
g−1◦f , and since differential entropy is a measure of complexity, then Kullback-
Leibler itself is a measure that accounts for the complexity of the composition
g−1 ◦ f .

In the following, a connection with Kolmogorov complexity will be delineated
more precisely.

Consider a differentiable, strictly decreasing function g(t) : [0, 1] → [0, 1]
piece-wise defined such that g(t) = α1t

γ1 + β1 if t < 1/2 and g(t) = α2t
γ2 + β2

otherwise.
For any λ ∈ [0, 1], define gλ1 (t) and gλ2 (t) to be, respectively, the part of g

before and after λ, properly normalized to be from the unit interval onto itself:

gλ1 (t) =
g(t)− g(λ)

g(0)− g(λ)

gλ1 (t) =
g(t)− g(0)

g(λ)− g(0)
.

From Proposition 2.2.4, Kullback-Leibler divergence of gλ1 from gλ2 is the
negative of the differential entropy of the composition (gλ2 )−1 ◦ gλ1 . If λ = 1/2,
then the aforementioned composition is still in the form αtγ + β, for some α,
β and γ. On the other hand, if λ 6= 1/2, the composition is itself defined as a
piece-wise function, with each piece requiring a different definition. As a result
the composition is “more complex” than in the case λ = 1/2.

The notion of complexity in the previous paragraph can be made rigorous
by referring to Kolmogorov complexity.
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In particular, we will delineate a connection between D(gλ1 ||gλ2 ) and the
Kolmogorov complexity of a discretization of (gλ2 )−1 ◦ gλ1 .

Let f : [0, 1]→ [0, 1] be a monotonic function. Given a sufficiently fine quan-
tization ∆ composed of N bins, with f∆ denoting the corresponding quantized
version of f and E∆

f denoting the Shannon entropy of f∆, it holds that

Ef ≈ E∆
f − ln(N).

Let U be a uniform random variable attaining values in [0, 1] and let
{f∆
i }i=1,...,n be a vector of n values sampled from the random variable f∆(U).
Since it is known that f is monotonic it is possible, for any n, to consider the

increasing rearrangement {(f∆)∗i }i=1,...,n of the sequence {f∆
i }i=1,...,n and, if n

is large enough, {(f∆
i )∗}i=1,...,n can be considered as approximating a uniform

discretization of f∆. It is possible to consider the rearrangement {(f∆)∗i }i=1,...,n

instead of {f∆
i}i=1,...,n, if their difference in terms of complexity is correctly

accounted for.
Indeed, given a string b of length n, whose minimum program is p, it is

possible to define a program q that outputs any given rearrangement b∗ of b by
detailing which particular permutation corresponds to the rearrangement. But
any permutation of n elements can be encoded in a program using an amount of
bits proportional to n log(n) by simply storing it as a vector of numbers. Hence,
the difference between p and q, is equal to n log(n) bits.

As a consequence [98],

E∆
f = lim

n→+∞

1

n
E
[
K({f∆

i}i=1,...,n)
]

= lim
n→+∞

1

n
E
[
K({(f∆)∗i }i=1,...,n) + n log(n)

]
= lim
n→+∞

1

n
E
[
K({(f∆)∗i }i=1,...,n)

]
+ log(n),

where K(b) is the Kolmogorov complexity of b.
If both N and n are large enough, then {(f∆)∗i }i=1,...,n approximates a

discretization of f on an uniform grid and

Ef ≈
1

n
E
[
K({(f∆)∗i }i=1,...,n)

]
+ ln(n)− ln(N).

Now we take f = (gλ2 )−1 ◦ gλ1 . If λ = 1/2 the composition (gλ2 )−1 ◦ gλ1
is a simple power law, and the Kolmogorov complexity of any of its uniform
discretizations is small, as it can be produced as the output of a program that
depends on 4 parameters only: α, β, γ and the number of elements in the
uniform discretization of (gλ2 )−1 ◦ gλ1 . On the contrary, if λ 6= 1/2, such a
short description is not possible, as it is necessary to store in the program the
parameters describing both gλ1 and gλ2 , as well as the breaking point of the
piecewise definition.
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3.3.2 Algorithms for coefficients selection

Both KLID and JID are employed to automatically find the optimal set of
reconstruction coefficients, in the sense of information contribution. As in the
case of ENID, the problem is seen as a source separation problem, where our aim
is to find the point that separates the “most representative” coefficients from
the “less representative” coefficients. We remark that the process is completely
automatic and no parameter setting is required.

As for ENID, in order to find the separation point, the coefficients curve
a(t) is partitioned in two different sets, one comprising the coefficients before a
certain point λ and the other comprising the coefficients after said point. If both
coefficient sets are emitted from a single source, then their distance in terms of
complexity will be minimal. On the other hand, if one of the coefficient sets
contains elements from more than one source, its distance from the other set
is higher, in terms of complexity. Hence, the separation point is the λ that
minimizes the chosen information measure.

Since KLID and JID compare functions defined from the unit interval onto
itself, the two curves must be normalized to functions from the unit interval
to the unit interval. Assuming a(t) : [0, 1] → R+, is the strictly decreasing
coefficients curve, the two normalized curves aλ1 (t) and aλ2 (t) are defined as

aλ1 (t) =
a(λt)− a(λ)

a(0)− a(λ)
t ∈ [0, λ]

and

aλ2 (t) =
a(λ+ (1− λ)t)− a(1)

a(λ)− a(1)
t ∈ [λ, 1].

Then, for any λ, the chosen information distance (KLID or JID) is computed
using the appropriate approximation. The optimal point is detected as the λ
realizing the minimum between all the values of KLID(aλ1 , a

λ
2 ) (or JID(aλ1 , a

λ
2 )).

The algorithms are structured as follows:
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Algorithm 2 KLID selection method

Input: Sequence of discretized values of a function u: {ui}i=1,...,M

Output: Approximation of u

1. Compute the discrete wavelet transform of {ui}i=1,...,M and ex-
tract the detail coefficients {aj}j∈1,...N

2. Sort the absolute values of the detail coefficients in decreasing
order

3. For all j = 1, . . . N

(a) Define λj = j/N

(b) For 1 ≤ i < j, ai1 = (ai − aj)/(a1 − aj)
(c) For j ≤ i ≤ N , ai2 = (ai − aN )/(aj − aN )

(d) Define a1 = {ai1}i=1,...,N

(e) Define a2 = {ai2}i=1,...,N

(f) Compute the approximation of E1 = Ea1 using eq. (2.7)

(g) Compute the approximation of E2 = Ea2 using eq. (2.7)

(h) Compute K(j) = KLID(a1, a2), using the approximation
KLID(a1, a2) ≈ |E1 − E2|, according to eq. (3.4)

4. Find the index Ñ that realizes the minimum of the vector K.
Preserve the first Ñ rearranged coefficients and set to zero the
remaining ones

5. Invert the discrete wavelet transform
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Algorithm 3 JID selection method

Input: Sequence of discretized values of a function u: {ui}i=1,...,M

Output: Approximation of u

1. Compute the discrete wavelet transform of {ui}i=1,...,M and ex-
tract the detail coefficients {aj}j∈1,...N

2. Sort the absolute values of the detail coefficients in decreasing
order

3. For all j = 1, . . . N

(a) Define λj = j/N

(b) For 1 ≤ i < j, ai1 = (ai − aj)/(a1 − aj)
(c) For j ≤ i ≤ N , ai2 = (ai − aN )/(aj − aN )

(d) Define a1 = {ai1}i=1,...,N

(e) Define a2 = {ai2}i=1,...,N

(f) Compute J(j) = JID(a1, a2), using the approximation
JID(a1, a2) ≈ |E[a1 − a2]|, according to eq. (3.5)

4. Find the index Ñ that realizes the minimum of the vector J . Pre-
serve the first Ñ rearranged coefficients and set to zero the re-
maining ones

5. Invert the discrete wavelet transform

Remark 3.3.2. The fact that JID can be approximated as the absolute value
of the mean, rather than the mean of the absolute value greatly simplifies the
computation of Algorithm 3. Since a1 and a2 have different lengths, to compute
the mean of the absolute value of their difference some form of interpolation
must be used. On the other hand, the mean of the difference can be computed
as the difference of the individual means.

Questions might arise whether the proposed approximations are accurate
enough to preserve the source-discrimination capacity of KLID and JID.

Notwithstanding that the proposed approximations are proportional to the
actual information measures if the constants Cg and Cf are finite, the following
example shows with a simple, explicit argument, that this discrimination capac-
ity between sources is maintained if the proposed approximation of Kullback-
Leibler divergence is used in the estimation of JID and KLID. Let us consider
the simple case in which the curve of coefficients a(t) is composed by two linear
segments: given t̃, ã ∈ [0, 1], then

a(t) =


1− (1− ã)

t

t̃
t < t̃

− ã

1− t̃
(t− t̃) + ã t ≥ t̃

.
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If λ = t̃, then both aλ1 (t) ≡ t and aλ2 (t) ≡ t and, as a consequence, Eaλ1 =

Eaλ2 = 0 and E[aλ1 − aλ2 ] = 1/2− 1/2 = 0.

On the other hand, suppose λ > t̃. Then, aλ2 (t) ≡ t and Eaλ2 = 0 while

aλ2 (t) 6= t, Eaλ1 < 0 and |Eaλ1 − Eaλ2 | > 0. In addition, E[aλ2 ] = 1/2 but, since

aλ1 (t) < t, then E[aλ1 ] < 1/2 and |E[aλ1 − aλ2 ]| > 0. As a consequence the only
minimum for both KLID and JID is located at λ = t̃.

3.3.3 Experimental results

Performances of both KLID and JID have been studied on the same test func-
tions that have been used for ENID and which are shown in fig. 3.3: the three
functions Bumps, Heavy sine and Blocks, provided by the Matlab functions
wnoise, and the piece-wise polynomial function Poly, defined in eq. 3.3.

The test functions have been discretized using 512 points and then decom-
posed using dyadic wavelet transform (DWT); 4 levels of decomposition have
been considered using Daubechies’ wavelet of order 2 (db2), 4 (db4) and 12
(db12) and symlets wavelets of order 4 (sym4) and 12 (sym12). Only the detail
coefficients have been considered for selection, while the approximation coeffi-
cients have been retained. The detail coefficients have been selected by means
of KLID selection method (Algorithm 2), and by means of JID selection method
(Algorithm 3).

Preliminary numerical experiments showed that the presence of plateaus in
the coefficients curves worsened the effectiveness of KLID and JID selection
methods. Usually plateaus are not present but we noticed that, if the rear-
ranged wavelet coefficients decay too fast (such as for Blocks or Poly), the tail
of the coefficients curve assumes small values that range from 10−12 to 10−16,
and they tend to arrange themselves in plateaus. In KLID approximation this
phenomenon results in zeros inside the logarithm in the computation of the en-
tropies, leading to infinities; on the contrary, in JID it has been observed that
the presence of these plateaus tends to generate an oscillating “sawtooth - like”
behaviour which leads to undesired minima.

A simple heuristic has been implemented to avoid these irregularities, con-
sisting in deleting duplicate values from the computations: in this way the
plateaus, and the consequent infinities and “sawtooth-like” behaviours are elim-
inated. This deletion procedure does not affect noticeably the behaviour of the
approximation of KILD and JID when computed far from plateaus.

Reconstruction errors and compression ratios are reported in table 3.7. The
reconstruction error has been evaluated using mean square error (MSE) and
normalized compression distance (NCD). The latter has been computed as de-
tailed in Subsection 3.1.4. Both KLID and JID perform well if the test function
is sufficiently regular (Bumps and Heavy Sine), while they give less stable results
if the test function is less regular (Blocks and Poly). In particular, in the cases
of Bumps and Heavy Sine the numbers of coefficients selected by KLID and
JID are similar, while in the cases of Blocks and Poly the number of coefficients
selected by KLID is usually much smaller than that selected by JID.

In figs. 3.11 - 3.14 the plots of KLID, JID, MSE error and NCD error are
shown for each test functions and for each selected wavelets basis.

Fig. 3.11 refers to the Bumps. It can be observed that, for each wavelet, the
point selected by JID is usually in correspondence to the first change of trend in
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the NCD error. On the other hand, the point selected by KLID is closer to the
second change of trend, where NCD error tends to get constant. This behaviour
is especially evident in figs. 3.11 (d) and (e), where the trend of KLID matches
closely NCD error.

Similar results can be observed in fig. 3.12 for the function Blocks. In this
case the behaviours of KLID and JID are inverted, with respect to the function
Bumps: the number of coefficients selected by KLID is very low, whereas, in figs.
3.12 (b), (c) and (d), in correspondence to the number of coefficients selected
by JID, NCD error suddenly drops to a constant value. As it can observed in
figs. 3.12 (a) and (d), JID has multiple local minima and the selected one does
not correspond to the NCD error. Nevertheless, in both figs. 3.12 (a) and (d),
it can be observed that the minima are close to the knee of MSE curve.

The results concerning the function Heavy Sine vary significantly depending
on the chosen wavelet basis. In the cases of db2 and sym4 wavelet bases, depicted
in figs. 3.13 (a) and (c), the minima of both KLID and JID correspond to slight
changes of trend in NCD error, but they are far from the major change of trend,
as it is realized around 250 selected coefficients. Similar considerations can be
made if db4 is used: as shown in fig. 3.13 (b), the minima of KLID and JID
are far from the knee of NCD error – which takes place toward the end of the
curve – but they are still relatively closer to the knee of MSE curve. The results
get significantly better if wavelet db12 or sym12 are considered (figs. 3.13 (d)
and (e)): in these cases the number of coefficients selected by JID correspond
almost exactly to the point where the plateau in NCD error begins. KLID is
less precise and, even if its minimum is close to the beginning of the plateau as
well when db12 is used (fig. 3.13 (d)), it is located farther away when sym12 is
employed (fig. 3.13 (e)) .

Function Poly revealed to be a challenge for the proposed method. As it can
be observed from fig. 3.14 (a) - (e), KLID always selects a very small number
of coefficients, and no correspondence to NCD behaviour can be found. On the
other hand JID, even if severely oscillating, presents several local minima that
are very close to the knee of NCD error, and the selected one is always in the
proximity of the beginning of the plateau in NCD error.

Opposite to ENID, both KLID and JID tend to select less coefficients: as
a consequence mean square error (MSE) is higher, but compression ratios are
lower. Indeed, concerning compression rates, the only case in which ENID per-
forms better than KLID and JID is the function Blocks: for the other functions,
KLID and JID automatic selection methods individuate a set of coefficients that
achieves better compression ratios than ENID.

In addition it has been observed that KLID and JID minima are in corre-
spondence to changes of NCD error profile, providing empirical evidence of their
relation with NID and, ultimately, with Kolmogorov complexity.
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Wavelet KLID JID

MSE NCD Ñ ratio MSE NCD Ñ ratio

Bumps
db2 1.98153297 ×10−8 0.59 293 0.56 1.9426688359 ×10−6 0.75 221 0.42
db4 1.422005 ×10−10 0.56 314 0.58 9.78183682 ×10−8 0.77 238 0.44
sym4 2.633171 ×10−10 0.55 305 0.56 6.521811699 ×10−7 0.85 212 0.41
db12 10−15 0.15 448 0.74 8.6521 ×10−12 0.50 351 0.58
sym12 7 ×10−15 0.17 427 0.70 1.3629480336 ×10−6 0.90 228 0.37

Blocks
db2 2.32438746011071 ×10−2 1.05 41 0.08 8.4487539059420 ×10−3 1.05 56 0.11
db4 2.02094379678080 ×10−2 1.07 45 0.08 5.797934558×10−7 1.02 160 0.29
sym4 1.95333658944421 ×10−2 1.08 45 0.08 2.2185246 ×10−9 1 182 0.34
db12 7 ×10−15 1.08 63 0.1 0 0.39 348 0.56
sym12 1.85522869679502 ×10−2 1.06 65 0.11 4.697544142048 ×10−4 1.06 140 0.23

Heavy Sine
db2 1.69415690016 ×10−5 0.95 80 0.15 1.9866792048 ×10−6 0.89 124 0.23
db4 1.195265 ×10−10 0.95 160 0.29 8.036645×10−10 0.96 134 0.25
sym4 9.68818 ×10−11 0.57 162 0.3 9.056830 ×10−10 0.64 131 0.24
db12 0 0.12 300 0.50 2.49 ×10−14 0.21 273 0.45
sym12 0 0.12 469 0.78 0 0.12 302 0.5

Poly
db2 4.21907475861 ×10−5 0.94 34 0.06 1.75587 ×10−11 0.18 282 0.54
db4 3.10741245453 ×10−5 0.97 41 0.8 1.4918522×10−9 0.75 116 0.21
sym4 6.03920969335 ×10−5 0.96 38 0.07 1.8075 ×10−12 0.37 152 0.28
db12 3.65137763392 10−5 0.99 73 0.12 0 0.37 316 0.52
sym12 6.29647532687 ×10−5 1 63 0.1 3.96955 ×10−11 0.56 220 0.36

Table 3.7: Coefficients selection using KLID and JID: reconstruction errors and
compression rates.
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(a) (b)

(c) (d)

(e)

Figure 3.11: Function Bumps decomposed using DWT. KLID, JID, MSE and
NCD for wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The
minimum of KLID is marked by a circle and the minimum of JID is marked by
a diamond. The graphs have been normalized for illustration purposes.

103



Approximation of Kullback-Leibler divergence Coefficients selection

(a) (b)

(c) (d)

(e)

Figure 3.12: Function Blocks decomposed using DWT. KLID, JID, MSE and
NCD for wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The
minimum of KLID is marked by a circle and the minimum of JID is marked by
a diamond. The graphs have been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.13: Function Heavy Sine decomposed using DWT. KLID, JID, MSE
and NCD for wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The
minimum of KLID is marked by a circle and the minimum of JID is marked by
a diamond. The graphs have been normalized for illustration purposes.
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(a) (b)

(c) (d)

(e)

Figure 3.14: Function Poly decomposed using DWT. KLID, JID, MSE and
NCD, in wavelet basis db2 (a), db4 (b), sym4 (c), db12 (d), sym12 (e). The
minimum of KLID is marked by a circle and the minimum of JID is marked by
a diamond. The graphs have been normalized for illustration purposes.
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3.3.4 Noisy case

Whereas the approximation provided by ENID coefficients selection has been
observed to be so accurate that even additive noise is correctly reconstructed, the
approximations provided by JID and KLID coefficients selection tend to adapt
and to select fewer coefficients if additive noise is added. Indeed, numerical
experiments show that the number of selected coefficients is close to the optimum
and is comparable with state of the art methods.

As in the noiseless case, the functions have been discretized using 512 points
but, for these numerical tests, they have been normalized to have maximum
absolute value equal to 2, for the sake of fair comparisons. Subsequently, gaus-
sian noise with variances ranging from 0.1 to 1 has been added. Since gaussian
noise is unbounded, normalization needs to occur before noise is added, other-
wise spikes in the noise realization might results in an excessive shrink of all the
underlying function. The considered wavelet are the same as in the noiseless
case.

To further investigate the possible use of the proposed method for denoising
purposes, stationary wavelet transform (SWT) has been considered for decom-
position as well. The shift-invariance property of SWT has proved to be very
effective in denoising, reducing Gibbs oscillations [83].

The proposed methods have been compared with other state-of-the art
thresholding techniques: Donoho universal threshold, both using the real noise
variance and estimating it from the data; SURE thresholding and Minimax
thresholding. They are implemented in the matlab function wden. Further-
more, for each experiment, the optimal threshold has been considered for com-
parison. The optimum threshold has been selected by picking the one giving
the minimum MSE among all possible thresholds. For each case, this optimum
threshold realizes the best possible result using hard thresholding.

Numerical results are presented in tables 3.8-3.15 and depicted in figures
3.15 - 3.22. In each of those tables, for space purposes, Donoho threshold with
real noise variance has been denoted by D (R), while Donoho threshold with
estimated noise variance has been denoted by D (A). The optimal threshold
error has been denoted by Opt..

Figures 3.15 and 3.16 refer to, respectively, the function Blocks decomposed
using DWT and SWT. In both cases the MSE of the reconstructions selected by
JID and KLID are generally better than those provided by SURE and Minimax
thresholding method. In particular, if SWT is employed, this is always true.

As it can be observed in fig. 3.17, in the case of Bumps, if DWT decomposi-
tion is considered, the proposed methods always performs better than Minimax.
On the other hand, the comparison with SURE depends on the wavelet, with
the proposed methods outperforming SURE if wavelets db2 or sym4 are con-
sidered. On the other hand, if SWT decomposition is considered, the proposed
methods always perform better than SURE and Minimax, as shown in fig. 3.18.
The only exception is if excessive noise is present and the wavelet has a high
number of vanishing moments (figs. 3.18 (d) and (e), σ = 1).

With regard to Heavy Sine decomposed using DWT, whose numerical results
are shown in fig. 3.19, KLID and JID performs better than both SURE and
Minimax if the noise is low (σ = 0.1) or if db2 is selected. On the other hand,
if SWT is employed, the proposed methods always performs better than SURE
and Minimax and are close to Donoho and to the optimum, as shown in fig.
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3.20.
In the case of the function Poly, whose results are shown in figures 3.21 and

3.22, the comparison is slightly less favorable: using DWT decomposition KLID
and JID perform better than Minimax in every case, but they are not better
than SURE; using SWT decomposition the proposed methods perform always
better than Minimax and compare favourably to SURE in the case of db2 while
achieving similar results in the other cases.
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(a) (b)

(c) (d)

(e)

Figure 3.15: Function Blocks decomposed using DWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.

109



Approximation of Kullback-Leibler divergence Coefficients selection

(a) (b)

(c) (d)

(e)

Figure 3.16: Function Blocks decomposed using SWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.17: Function Bumps decomposed using DWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.18: Function Bumps decomposed using SWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.19: Function Heavy Sine decomposed using DWT, noisy case. Error
plots for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2
(a), db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.20: Function Heavy Sine decomposed using SWT, noisy case. Error
plots for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2
(a), db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.21: Function Poly decomposed using DWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.
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(a) (b)

(c) (d)

(e)

Figure 3.22: Function Poly decomposed using SWT, noisy case. Error plots
for methods KLID, JID, Donoho, SURE, Minimax for wavelet basis db2 (a),
db4 (b), sym4 (c), db12 (d), sym12 (e), along with the optimal error. The
horizontal axis is the variance σ of the noise, the vertical axis is the magnitude
of the errors.

To better analyse the performances of KLID and JID in the noisy case,
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Bumps and Blocks have been selected and MSE plots with respect to number
of coefficients for different noise strengths are shown in fig. 3.23 for DWT
decomposition using wavelet db2, with the position of the different methods
marked on it. It is worth noting that, in the noiseless case (fig. 3.23 (a)),
Donoho threshold with oracle noise strength selects all the coefficients. On the
other hand, if noise the strength σ is automatically estimated (using MAD,
median absolute deviation [127]), the selected number of coefficients is similar
to the proposed methods’. When noise is moderate (figs. 3.23 (b), (c) and
(d)), MSE presents a minimum, representing the optimum reconstruction error,
whose location is clearly separated from 0. On the other hand, if noise is too
strong (figs. 3.23 (e) and (f)), the minimum of MSE is located in 0, meaning
that no details is worth preserving. In both cases the proposed methods select
a number of coefficients that are very close to the optimum. If the noise is
moderate (figs. 3.23 (b), (c) and (d)) the number of coefficients selected are
closer to the optimum than when noise is stronger (figs. 3.23 (e) and (f)). The
proposed methods always perform better than SURE or Minimax.

In fig. 3.25 the behaviour of KLID and JID is shown, along with MSE; the
minima of the proposed methods are marked. It is noteworthy that, apart for
some numerical instabilities in the very first and very last coefficients (cfr. figs.
3.25 (d), (e) and (f)) that might produce false minima, the global minima of
KLID and JID are clearly identified.

The same considerations hold for fig. 3.24, where Bumps is decomposed
using SWT with db2 wavelet. It can be noted in fig. 3.26 that in the SWT case,
due to the greater number of small coefficients with respect to DWT, numerical
instabilities around the last coefficients are more present.

The performances of the proposed methods for Blocks, for different noise
strengths, are depicted in fig. 3.29 for the case of DWT decomposition using
wavelet db2. It has already been observed that, for Blocks, KLID and JID
selects too few coefficients if no noise is present (fig. 3.29 (a)). However, when
noise is added, the selected number of coefficients is close to the optimum (figs.
3.29 (b), (c), (d), (e) and (f)), as in the case of Bumps.

In fig. 3.27 (a) it can be seen that KLID and JID show less smooth profiles
if no noise is present, are less smooth and Blocks is selected rather Bumps. This
is due to the large amount of small coefficients. In addition, the behaviour of
KLID and JID is the same that has been observed for Bumps.

The same can be observed in fig. 3.30, when SWT decomposition with
wavelet db2 is considered. Moreover, fig. 3.28 depicts MSE values provided by
KLID and JID for Blocks for different noise strengths. As for Bumps, numerical
error toward the first and the last coefficients is more present in this case than
when DWT is considered.

As a last comment, if SWT is employed, the number of selected coefficients
are less than or equal to the optimum. It means that the reconstruction error
is due to the oversmoothing of the underlying function, and not to the presence
of residual noise.

The results of the denoising of Bumps for KLID, JID and Donoho thresholds
using SWT are shown in fig. 3.31, while in fig. 3.32 the outcomes of the
denoising of Heavy Sine using KLID, JID and Donoho thresholds with SWT
decomposition are depicted.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.23: Function Bumps, decomposed using DWT with db2 wavelet: ap-
proximation MSE comparison with existing methods for noise variance 0 (a),
0.1 (b), 0.25 (c), 0.5 (d), 0.75 (e), 1 (f).
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(a) (b)

(c) (d)

(e) (f)

Figure 3.24: Function Bumps, decomposed using SWT with db2 wavelet: ap-
proximation MSE comparison with existing methods for noise variance 0 (a),
0.1 (b), 0.25 (c), 0.5 (d), 0.75 (e), 1 (f).
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(a) (b)

(c) (d)

(e) (f)

Figure 3.25: Function Bumps, decomposed using DWT with db2 wavelet: MSE,
KLID and JID graphs for noise variance 0 (a), 0.1 (b), 0.25 (c), 0.5 (d), 0.75
(e), 1 (f). The plots have been rescaled for illustration purposes.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.26: Function Bumps, decomposed using SWT with db2 wavelet: MSE,
KLID and JID graphs for noise variance 0 (a), 0.1 (b), 0.25 (c), 0.5 (d), 0.75
(e), 1 (f). The plots have been rescaled for illustration purposes.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.27: Function Blocks, decomposed using DWT with db2 wavelet: MSE,
KLID and JID graphs for noise variance 0 (a), 0.1 (b), 0.25 (c), 0.5 (d), 0.75
(e), 1 (f). The plots have been rescaled for illustration purposes.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.28: Function Blocks, decomposed using SWT with db2 wavelet: MSE,
KLID and JID graphs for noise variance 0 (a), 0.1 (b), 0.25 (c), 0.5 (d), 0.75
(e), 1 (f). The plots have been rescaled for illustration purposes.
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(a) (b)

(c) (d)

(e) (f)

Figure 3.29: Function Blocks, decomposed using DWT with db2 wavelet: com-
parison with existing methods through MSE curve for noise variance 0 (a), 0.1
(b), 0.25 (c), 0.5 (d), 0.75 (e), 1 (f)
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(a) (b)

(c) (d)

(e) (f)

Figure 3.30: Function Blocks, decomposed using SWT with db2 wavelet: com-
parison with existing methods through MSE curve for noise variance 0 (a), 0.1
(b), 0.25 (c), 0.5 (d), 0.75 (e), 1 (f)
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(a) (b)

(c) (d)

Figure 3.31: Function Bumps corrupted with additive noise, decomposed using
SWT with db4 wavelet, denoised with KLID, JID and Donoho thresholds. Cor-
rupted and denoised function for noise strength σ = 0.1 (a & b) and σ = 0.25
(c & d).
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(a) (b)

(c) (d)

Figure 3.32: Function Heavy Sine corrupted with additive noise, decomposed
using SWT with db4 wavelet, denoised with KLID, JID and Donoho thresholds.
Corrupted and denoised function for noise strength σ = 0.1 (a & b) and σ = 0.25
(c & d).
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MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.1 4.77 ×10−3 5.56 ×10−3 5.68 ×10−3 5.92 ×10−3 5.32 ×10−3 4.74×10−3 3.91 ×10−3

0.25 2.99 ×10−2 2.84 ×10−2 2.76 ×10−2 2.77 ×10−2 3.39 ×10−2 3.37 ×10−2 2.57 ×10−2

0.5 7.42 ×10−2 7.31 ×10−2 6.48 ×10−2 6.48 ×10−2 1.18 ×10−1 1.11 ×10−1 4.88 ×10−2

0.75 1.28 ×10−1 1.35 ×10−1 1.17 ×10−1 1.12 ×10−1 2.34 ×10−1 2.28 ×10−1 8.96×10−2

1 2.75 ×10−1 2.1 ×10−1 1.28 ×10−1 1.28 ×10−1 4.08 ×10−1 3.91 ×10−1 1.28 ×10−1

db4
0.1 5.57 ×10−3 5.51 ×10−3 7.09 ×10−3 7.65 ×10−3 6.08 ×10−3 5.27 ×10−3 5.27 ×10−3

0.25 2.35 ×10−2 2.50 ×10−2 2.73 ×10−2 2.73 ×10−2 3.59 ×10−2 3.01 ×10−2 2.25 ×10−2

0.5 9.98 ×10−2 8.17 ×10−2 5.83 ×10−2 5.83 ×10−2 7.14 ×10−2 9.58×10−2 5.41 ×10−2

0.75 2.52×10−1 1.78 ×10−1 8.11×10−2 8.11×10−2 1.40×10−1 1.97×10−1 7.27×10−2

1 2.14×10−1 3.03×10−1 9.49×10−2 9.49×10−2 2.26×10−1 3.31×10−1 9.49×10−2

sym4
0.10 1.18 ×10−2 7.94 ×10−3 5.13 ×10−3 6.92 ×10−3 5.09 ×10−3 4.63 ×10−3 4.05 ×10−3

0.25 2.29 ×10−2 2.40 ×10−2 2.57 ×10−2 2.58 ×10−2 2.64 ×10−2 2.39 ×10−2 2.23 ×10−2

0.50 8.06 ×10−2 6.03 ×10−2 4.70 ×10−2 4.70 ×10−2 8.06 ×10−2 8.76 ×10−2 4.70 ×10−2

0.75 1.90 ×10−1 1.34 ×10−1 8.75 ×10−2 8.75 ×10−2 1.77 ×10−1 1.67 ×10−1 8.06 ×10−2

1.00 2.39 ×10−1 2.35 ×10−1 1.18 ×10−1 1.18 ×10−1 3.20 ×10−1 3.02 ×10−1 1.14 ×10−1

db12
0.10 1.50 ×10−2 1.35 ×10−2 1.16 ×10−2 1.33 ×10−2 7.95 ×10−3 7.29 ×10−3 7.13 ×10−3

0.25 3.01 ×10−2 3.01 ×10−2 3.03 ×10−2 3.00 ×10−2 3.11 ×10−2 3.73 ×10−2 2.89 ×10−2

0.50 7.26 ×10−2 6.69 ×10−2 5.00 ×10−2 5.68 ×10−2 1.43 ×10−1 1.20 ×10−1 5.00 ×10−2

0.75 9.86 ×10−2 1.25 ×10−1 8.15 ×10−2 7.63 ×10−2 2.95 ×10−1 2.45 ×10−1 7.63 ×10−2

1.00 3.22 ×10−1 2.46 ×10−1 1.09 ×10−1 1.09 ×10−1 6.52 ×10−1 3.89 ×10−1 1.05 ×10−1

sym12
0.10 8.70 ×10−3 1.08 ×10−2 6.52 ×10−3 8.00 ×10−3 7.97 ×10−3 5.78 ×10−3 5.14 ×10−3

0.25 3.06 ×10−2 2.91 ×10−2 3.10 ×10−2 3.25 ×10−2 2.59 ×10−2 3.23 ×10−2 2.53 ×10−2

0.50 6.87 ×10−2 6.77 ×10−2 5.67 ×10−2 5.67 ×10−2 1.34 ×10−1 1.07 ×10−1 5.61 ×10−2

0.75 1.45 ×10−1 1.28 ×10−1 8.07 ×10−2 8.07 ×10−2 2.73 ×10−1 2.13 ×10−1 7.66 ×10−2

1.00 2.56 ×10−1 2.09 ×10−1 1.08 ×10−1 1.08 ×10−1 1.41 ×10−1 3.50 ×10−1 1.07 ×10−1

Table 3.8: Reconstruction error for function Blocks decomposed using DWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.
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MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 3.35 ×10−3 3.74 ×10−3 2.87 ×10−3 3.28 ×10−3 4.17 ×10−3 2.83 ×10−3 2.17 ×10−3

0.25 1.67 ×10−2 1.63 ×10−2 1.64 ×10−2 1.67 ×10−2 2.51 ×10−2 2.20 ×10−2 1.59 ×10−2

0.50 3.63 ×10−2 3.56 ×10−2 3.74 ×10−2 3.74 ×10−2 8.87 ×10−2 7.41 ×10−2 3.54 ×10−2

0.75 5.67 ×10−2 5.77 ×10−2 6.33 ×10−2 6.16 ×10−2 1.80 ×10−1 1.46 ×10−1 5.64 ×10−2

1.00 9.62 ×10−2 9.86 ×10−2 9.27 ×10−2 9.13 ×10−2 3.01 ×10−1 2.44 ×10−1 9.04 ×10−2

db4
0.10 8.45 ×10−3 8.42 ×10−3 3.79 ×10−3 4.10 ×10−3 4.38 ×10−3 3.54 ×10−3 3.29 ×10−3

0.25 1.86 ×10−2 2.08 ×10−2 1.96 ×10−2 1.98 ×10−2 2.72 ×10−2 2.18 ×10−2 1.72 ×10−2

0.50 4.49 ×10−2 3.85 ×10−2 3.98 ×10−2 3.97 ×10−2 5.09 ×10−2 6.72 ×10−2 3.83 ×10−2

0.75 7.55 ×10−2 6.64 ×10−2 6.51 ×10−2 6.51 ×10−2 8.76 ×10−2 1.27 ×10−1 6.18 ×10−2

1.00 9.12 ×10−2 9.50 ×10−2 9.46 ×10−2 9.46 ×10−2 1.40 ×10−1 2.06 ×10−1 8.92 ×10−2

sym4
0.10 3.53 ×10−3 4.08 ×10−3 3.22 ×10−3 4.05 ×10−3 3.50 ×10−3 2.93 ×10−3 2.73 ×10−3

0.25 1.78 ×10−2 1.83 ×10−2 1.90 ×10−2 2.00 ×10−2 2.01 ×10−2 1.86 ×10−2 1.64 ×10−2

0.50 3.82 ×10−2 3.64 ×10−2 3.88 ×10−2 3.98 ×10−2 5.52 ×10−2 5.98 ×10−2 3.44 ×10−2

0.75 6.60 ×10−2 6.24 ×10−2 6.65 ×10−2 6.98 ×10−2 1.22 ×10−1 1.14 ×10−1 6.14 ×10−2

1.00 1.00 ×10−1 9.89 ×10−2 9.47 ×10−2 9.54 ×10−2 2.04 ×10−1 1.91 ×10−1 9.01 ×10−2

db12
0.10 1.78 ×10−2 1.68 ×10−2 6.51 ×10−3 8.67 ×10−3 6.43 ×10−3 5.02 ×10−3 4.96 ×10−3

0.25 2.67 ×10−2 2.64 ×10−2 2.43 ×10−2 2.39 ×10−2 2.20 ×10−2 2.63 ×10−2 2.17 ×10−2

0.50 4.88 ×10−2 4.90 ×10−2 4.98 ×10−2 4.90 ×10−2 1.10 ×10−1 8.63 ×10−2 4.85 ×10−2

0.75 7.62 ×10−2 8.04 ×10−2 7.45 ×10−2 7.48 ×10−2 2.23 ×10−1 1.72 ×10−1 7.38 ×10−2

1.00 1.74 ×10−1 1.21 ×10−1 1.03 ×10−1 1.05 ×10−1 5.62 ×10−1 2.68 ×10−1 1.02 ×10−1

sym12
0.10 9.49 ×10−3 9.19 ×10−3 4.40 ×10−3 5.52 ×10−3 6.48 ×10−3 3.87 ×10−3 3.49 ×10−3

0.25 2.07 ×10−2 2.11 ×10−2 2.08 ×10−2 2.10 ×10−2 1.85 ×10−2 2.20 ×10−2 1.83 ×10−2

0.50 4.08 ×10−2 4.08 ×10−2 4.23 ×10−2 4.23 ×10−2 8.81 ×10−2 6.87 ×10−2 3.87 ×10−2

0.75 7.23 ×10−2 6.86 ×10−2 7.25 ×10−2 7.30 ×10−2 1.77 ×10−1 1.32 ×10−1 6.73 ×10−2

1.00 1.04 ×10−1 1.08 ×10−1 9.79 ×10−2 9.87 ×10−2 1.08 ×10−1 2.18 ×10−1 9.78 ×10−2

Table 3.9: Reconstruction error for function Blocks decomposed using SWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.
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Approximation of Kullback-Leibler divergence Coefficients selection

MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 5.94 ×10−3 6.20 ×10−3 6.36 ×10−3 6.36 ×10−3 6.84 ×10−3 6.40 ×10−3 5.67 ×10−3

0.25 2.63 ×10−2 2.65 ×10−2 3.02 ×10−2 3.01 ×10−2 3.77 ×10−2 3.57 ×10−2 2.58 ×10−2

0.50 8.40 ×10−2 7.69 ×10−2 6.17 ×10−2 6.17 ×10−2 1.16 ×10−1 1.11 ×10−1 5.36 ×10−2

0.75 1.57 ×10−1 1.40 ×10−1 8.89 ×10−2 8.89 ×10−2 2.38 ×10−1 2.27 ×10−1 8.89 ×10−2

1.00 3.99 ×10−1 2.13 ×10−1 1.13 ×10−1 1.13 ×10−1 4.24 ×10−1 3.91 ×10−1 1.13 ×10−1

db4
0.10 6.62 ×10−3 6.80 ×10−3 5.08 ×10−3 6.26 ×10−3 3.51 ×10−3 4.35 ×10−3 3.44 ×10−3

0.25 2.30 ×10−2 2.40 ×10−2 2.40 ×10−2 2.40 ×10−2 2.18 ×10−2 2.67 ×10−2 2.09 ×10−2

0.50 6.49 ×10−2 6.49 ×10−2 5.84 ×10−2 5.84 ×10−2 5.64 ×10−2 9.81 ×10−2 5.18 ×10−2

0.75 1.42 ×10−1 1.42 ×10−1 7.93 ×10−2 7.93 ×10−2 1.01 ×10−1 2.01 ×10−1 7.93 ×10−2

1.00 4.34 ×10−1 2.39 ×10−1 1.12 ×10−1 1.12 ×10−1 1.37 ×10−1 3.31 ×10−1 1.03 ×10−1

sym4
0.10 4.57 ×10−3 4.67 ×10−3 4.67 ×10−3 5.48 ×10−3 3.68 ×10−3 3.59 ×10−3 3.08 ×10−3

0.25 2.04 ×10−2 1.83 ×10−2 2.07 ×10−2 2.19 ×10−2 2.24 ×10−2 2.18 ×10−2 1.71 ×10−2

0.50 7.67 ×10−2 7.35 ×10−2 5.73 ×10−2 6.43 ×10−2 8.18 ×10−2 8.39 ×10−2 5.39 ×10−2

0.75 1.33 ×10−1 1.33 ×10−1 1.04 ×10−1 1.04 ×10−1 1.71 ×10−1 1.66 ×10−1 8.82 ×10−2

1.00 2.39 ×10−1 2.26 ×10−1 1.36 ×10−1 1.48 ×10−1 2.77 ×10−1 2.87 ×10−1 1.33 ×10−1

db12
0.10 5.31 ×10−3 5.35 ×10−3 5.51 ×10−3 5.47 ×10−3 4.63 ×10−3 5.83 ×10−3 4.50 ×10−3

0.25 2.94 ×10−2 2.21 ×10−2 2.42 ×10−2 2.39 ×10−2 2.08 ×10−2 3.10 ×10−2 2.01 ×10−2

0.50 7.38 ×10−2 7.74 ×10−2 6.09 ×10−2 6.09 ×10−2 7.04 ×10−2 1.07 ×10−1 6.09 ×10−2

0.75 1.41 ×10−1 1.41 ×10−1 9.69 ×10−2 9.20 ×10−2 1.07 ×10−1 2.52 ×10−1 9.20 ×10−2

1.00 3.73 ×10−1 2.81 ×10−1 1.28 ×10−1 1.26 ×10−1 1.58 ×10−1 4.11 ×10−1 1.22 ×10−1

sym12
0.10 4.87 ×10−3 5.16 ×10−3 4.87 ×10−3 5.33 ×10−3 5.91 ×10−3 5.20 ×10−3 3.61 ×10−3

0.25 1.80 ×10−2 1.79 ×10−2 2.05 ×10−2 2.22 ×10−2 3.19 ×10−2 2.66 ×10−2 1.67 ×10−2

0.50 7.01 ×10−2 6.07 ×10−2 6.52 ×10−2 6.52 ×10−2 5.33 ×10−2 9.98 ×10−2 4.96 ×10−2

0.75 5.74 ×10−1 1.38 ×10−1 8.33 ×10−2 8.33 ×10−2 1.03 ×10−1 2.07 ×10−1 8.33 ×10−2

1.00 2.67 ×10−1 2.24 ×10−1 1.13 ×10−1 1.13 ×10−1 1.38 ×10−1 3.44 ×10−1 1.09 ×10−1

Table 3.10: Reconstruction error for function Bumps decomposed using DWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.
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Coefficients selection Approximation of Kullback-Leibler divergence

MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 2.70 ×10−3 2.95 ×10−3 2.29 ×10−3 2.37 ×10−3 4.86 ×10−3 3.87 ×10−3 2.18 ×10−3

0.25 1.28 ×10−2 1.21 ×10−2 1.16 ×10−2 1.15 ×10−2 2.62 ×10−2 2.20 ×10−2 1.09 ×10−2

0.50 3.59 ×10−2 4.02 ×10−2 4.04 ×10−2 4.01 ×10−2 8.43 ×10−2 7.09 ×10−2 3.33 ×10−2

0.75 6.68 ×10−2 6.61 ×10−2 6.79 ×10−2 6.90 ×10−2 1.77 ×10−1 1.48 ×10−1 6.35 ×10−2

1.00 9.99 ×10−2 9.95 ×10−2 9.01 ×10−2 9.15 ×10−2 3.23 ×10−1 2.51 ×10−1 8.96 ×10−2

db4
0.10 3.90 ×10−3 3.41 ×10−3 2.35 ×10−3 2.66 ×10−3 2.26 ×10−3 2.95 ×10−3 2.20 ×10−3

0.25 1.12 ×10−2 1.11 ×10−2 1.12 ×10−2 1.21 ×10−2 1.11 ×10−2 1.59 ×10−2 1.07 ×10−2

0.50 3.38 ×10−2 3.46 ×10−2 3.82 ×10−2 3.94 ×10−2 3.37 ×10−2 5.63 ×10−2 3.31 ×10−2

0.75 6.61 ×10−2 6.50 ×10−2 6.59 ×10−2 6.60 ×10−2 6.39 ×10−2 1.17 ×10−1 6.29 ×10−2

1.00 8.65 ×10−2 8.86 ×10−2 9.27 ×10−2 9.58 ×10−2 8.97 ×10−2 1.94 ×10−1 8.63 ×10−2

sym4
0.10 3.28 ×10−3 3.16 ×10−3 2.38 ×10−3 2.73 ×10−3 2.19 ×10−3 2.79 ×10−3 2.19 ×10−3

0.25 1.20 ×10−2 1.12 ×10−2 1.05 ×10−2 1.05 ×10−2 1.65 ×10−2 1.53 ×10−2 9.60 ×10−3

0.50 3.62 ×10−2 3.65 ×10−2 4.15 ×10−2 4.56 ×10−2 5.49 ×10−2 5.10 ×10−2 3.30 ×10−2

0.75 7.09 ×10−2 6.91 ×10−2 6.95 ×10−2 7.15 ×10−2 1.13 ×10−1 1.08 ×10−1 6.56 ×10−2

1.00 9.84 ×10−2 9.92 ×10−2 9.65 ×10−2 9.59 ×10−2 1.75 ×10−1 1.86 ×10−1 9.24 ×10−2

db12
0.10 4.63 ×10−3 4.84 ×10−3 3.57 ×10−3 3.53 ×10−3 3.44 ×10−3 4.05 ×10−3 3.03 ×10−3

0.25 2.00 ×10−2 1.64 ×10−2 1.49 ×10−2 1.42 ×10−2 1.43 ×10−2 2.09 ×10−2 1.34 ×10−2

0.50 4.47 ×10−2 4.33 ×10−2 4.37 ×10−2 4.27 ×10−2 4.00 ×10−2 6.63 ×10−2 3.90 ×10−2

0.75 6.67 ×10−2 6.81 ×10−2 6.88 ×10−2 6.78 ×10−2 7.37 ×10−2 1.58 ×10−1 6.46 ×10−2

1.00 1.79 ×10−1 1.18 ×10−1 1.01 ×10−1 9.38 ×10−2 1.14 ×10−1 2.64 ×10−1 8.94 ×10−2

sym12
0.10 3.07 ×10−3 3.15 ×10−3 2.82 ×10−3 2.98 ×10−3 4.12 ×10−3 3.26 ×10−3 2.54 ×10−3

0.25 1.13 ×10−2 1.13 ×10−2 1.12 ×10−2 1.14 ×10−2 2.24 ×10−2 1.62 ×10−2 1.10 ×10−2

0.50 3.69 ×10−2 3.64 ×10−2 4.17 ×10−2 4.41 ×10−2 3.48 ×10−2 5.88 ×10−2 3.41 ×10−2

0.75 7.30 ×10−2 7.06 ×10−2 7.21 ×10−2 7.26 ×10−2 7.09 ×10−2 1.25 ×10−1 6.98 ×10−2

1.00 1.52 ×10−1 1.31 ×10−1 9.91 ×10−2 1.01 ×10−1 1.07 ×10−1 2.13 ×10−1 9.61 ×10−2

Table 3.11: Reconstruction error for function Bumps decomposed using SWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.
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Approximation of Kullback-Leibler divergence Coefficients selection

MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 1.34 ×10−3 1.31 ×10−3 2.20 ×10−3 2.20 ×10−3 4.54 ×10−3 4.00 ×10−3 1.28 ×10−3

0.25 1.26 ×10−2 1.26 ×10−2 7.42 ×10−3 6.74 ×10−3 9.42 ×10−3 2.33 ×10−2 6.50 ×10−3

0.50 4.73 ×10−2 7.20 ×10−2 1.76 ×10−2 1.76 ×10−2 9.43 ×10−2 8.33 ×10−2 1.76 ×10−2

0.75 2.25 ×10−1 1.57 ×10−1 3.46 ×10−2 3.46 ×10−2 2.07 ×10−1 1.83 ×10−1 3.46 ×10−2

1.00 5.36 ×10−1 2.76 ×10−1 5.84 ×10−2 5.84 ×10−2 3.64 ×10−1 3.20 ×10−1 5.84 ×10−2

db4
0.10 2.40 ×10−3 2.23 ×10−3 1.96 ×10−3 1.96 ×10−3 2.62 ×10−3 3.30 ×10−3 1.96 ×10−3

0.25 1.29 ×10−2 1.29 ×10−2 6.44 ×10−3 6.44 ×10−3 6.58 ×10−3 2.06 ×10−2 5.43 ×10−3

0.50 1.16 ×10−1 6.93 ×10−2 1.59 ×10−2 1.59 ×10−2 4.00 ×10−2 7.57 ×10−2 1.59 ×10−2

0.75 2.49 ×10−1 1.58 ×10−1 3.17 ×10−2 3.17 ×10−2 8.60 ×10−2 1.68 ×10−1 3.17 ×10−2

1.00 4.57 ×10−1 2.79 ×10−1 5.38 ×10−2 5.38 ×10−2 1.50 ×10−1 2.96 ×10−1 5.38 ×10−2

sym4
0.10 2.01 ×10−3 2.01 ×10−3 1.47 ×10−3 1.89 ×10−3 3.21 ×10−3 3.03 ×10−3 1.38 ×10−3

0.25 1.30 ×10−2 1.64 ×10−2 6.13 ×10−3 6.13 ×10−3 1.76 ×10−2 1.56 ×10−2 5.42 ×10−3

0.50 6.41 ×10−2 7.72 ×10−2 1.64 ×10−2 1.64 ×10−2 6.41 ×10−2 5.97 ×10−2 1.64 ×10−2

0.75 1.77 ×10−1 1.64 ×10−1 3.34 ×10−2 3.34 ×10−2 1.40 ×10−1 1.30 ×10−1 3.34 ×10−2

1.00 3.88 ×10−1 2.91 ×10−1 5.73 ×10−2 5.73 ×10−2 2.46 ×10−1 2.28 ×10−1 5.73 ×10−2

db12
0.10 2.79 ×10−3 2.80 ×10−3 2.71 ×10−3 2.71 ×10−3 6.77 ×10−3 4.16 ×10−3 2.44 ×10−3

0.25 4.16 ×10−2 1.20 ×10−2 6.43 ×10−3 6.43 ×10−3 8.25 ×10−3 2.21 ×10−2 6.43 ×10−3

0.50 1.02 ×10−1 6.24 ×10−2 1.66 ×10−2 1.66 ×10−2 2.66 ×10−2 8.54 ×10−2 1.65 ×10−2

0.75 1.57 ×10−1 1.14 ×10−1 3.34 ×10−2 3.34 ×10−2 5.64 ×10−2 1.85 ×10−1 3.32 ×10−2

1.00 3.34 ×10−1 1.92 ×10−1 5.68 ×10−2 5.68 ×10−2 9.00 ×10−2 3.64 ×10−1 5.66 ×10−2

sym12
0.10 2.82 ×10−3 3.15 ×10−3 1.81 ×10−3 1.81 ×10−3 1.97 ×10−3 3.32 ×10−3 1.67 ×10−3

0.25 1.33 ×10−2 1.05 ×10−2 6.00 ×10−3 6.56 ×10−3 6.47 ×10−3 1.90 ×10−2 5.39 ×10−3

0.50 8.77 ×10−2 7.32 ×10−2 1.64 ×10−2 1.64 ×10−2 2.14 ×10−2 7.10 ×10−2 1.64 ×10−2

0.75 1.18 ×10−1 1.12 ×10−1 3.28 ×10−2 3.28 ×10−2 4.40 ×10−2 1.62 ×10−1 3.28 ×10−2

1.00 1.87 ×10−1 1.87 ×10−1 5.58 ×10−2 5.58 ×10−2 7.56 ×10−2 2.86 ×10−1 5.58 ×10−2

Table 3.12: Reconstruction error for function Heavy Sine decomposed using
DWT. D (R) and D (E) stand for Donoho universal threshold with, respectively,
real noise variance and estimated noise variance, Opt. stands for optimum
threshold and σ is the noise variance.
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Coefficients selection Approximation of Kullback-Leibler divergence

MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 9.83 ×10−4 9.83 ×10−4 9.09 ×10−4 9.09 ×10−4 3.07 ×10−3 2.42 ×10−3 8.01 ×10−4

0.25 5.67 ×10−3 5.05 ×10−3 4.68 ×10−3 4.71 ×10−3 5.19 ×10−3 1.42 ×10−2 4.58 ×10−3

0.50 1.71 ×10−2 1.93 ×10−2 1.40 ×10−2 1.40 ×10−2 7.03 ×10−2 5.42 ×10−2 1.40 ×10−2

0.75 5.09 ×10−2 4.30 ×10−2 2.79 ×10−2 2.79 ×10−2 1.55 ×10−1 1.21 ×10−1 2.79 ×10−2

1.00 8.41 ×10−2 7.53 ×10−2 4.73 ×10−2 4.73 ×10−2 2.72 ×10−1 2.14 ×10−1 4.73 ×10−2

db4
0.10 1.15 ×10−3 1.14 ×10−3 1.15 ×10−3 1.17 ×10−3 1.56 ×10−3 1.98 ×10−3 1.12 ×10−3

0.25 6.26 ×10−3 6.72 ×10−3 5.00 ×10−3 5.00 ×10−3 4.31 ×10−3 1.20 ×10−2 4.30 ×10−3

0.50 2.56 ×10−2 2.42 ×10−2 1.48 ×10−2 1.48 ×10−2 2.40 ×10−2 4.44 ×10−2 1.48 ×10−2

0.75 7.34 ×10−2 6.06 ×10−2 2.98 ×10−2 2.98 ×10−2 5.20 ×10−2 9.86 ×10−2 2.98 ×10−2

1.00 1.50 ×10−1 1.03 ×10−1 5.07 ×10−2 5.07 ×10−2 9.03 ×10−2 1.74 ×10−1 5.07 ×10−2

sym4
0.10 1.04 ×10−3 1.42 ×10−3 9.70 ×10−4 9.98 ×10−4 2.04 ×10−3 1.91 ×10−3 9.70 ×10−4

0.25 4.95 ×10−3 7.16 ×10−3 4.75 ×10−3 5.23 ×10−3 1.16 ×10−2 1.06 ×10−2 4.56 ×10−3

0.50 3.10 ×10−2 1.77 ×10−2 1.48 ×10−2 1.48 ×10−2 4.36 ×10−2 3.91 ×10−2 1.48 ×10−2

0.75 5.25 ×10−2 4.33 ×10−2 2.98 ×10−2 2.98 ×10−2 9.60 ×10−2 8.58 ×10−2 2.98 ×10−2

1.00 7.47 ×10−2 1.05 ×10−1 5.07 ×10−2 5.07 ×10−2 1.69 ×10−1 1.51 ×10−1 5.07 ×10−2

db12
0.10 1.79 ×10−3 1.77 ×10−3 1.83 ×10−3 1.84 ×10−3 5.92 ×10−3 2.89 ×10−3 1.72 ×10−3

0.25 8.78 ×10−3 7.08 ×10−3 5.66 ×10−3 5.66 ×10−3 6.65 ×10−3 1.39 ×10−2 5.53 ×10−3

0.50 2.04 ×10−2 2.11 ×10−2 1.56 ×10−2 1.57 ×10−2 2.16 ×10−2 5.29 ×10−2 1.56 ×10−2

0.75 4.52 ×10−2 4.41 ×10−2 3.14 ×10−2 3.16 ×10−2 4.58 ×10−2 1.17 ×10−1 3.14 ×10−2

1.00 8.27 ×10−2 7.89 ×10−2 5.34 ×10−2 5.38 ×10−2 7.89 ×10−2 2.27 ×10−1 5.34 ×10−2

sym12
0.10 1.26 ×10−3 1.34 ×10−3 1.22 ×10−3 1.23 ×10−3 1.26 ×10−3 2.10 ×10−3 1.19 ×10−3

0.25 7.66 ×10−3 6.72 ×10−3 5.38 ×10−3 5.67 ×10−3 5.51 ×10−3 1.23 ×10−2 4.97 ×10−3

0.50 2.03 ×10−2 1.86 ×10−2 1.57 ×10−2 1.57 ×10−2 1.93 ×10−2 4.55 ×10−2 1.56 ×10−2

0.75 3.92 ×10−2 3.81 ×10−2 3.16 ×10−2 3.16 ×10−2 3.99 ×10−2 1.01 ×10−1 3.14 ×10−2

1.00 9.78 ×10−2 6.63 ×10−2 5.38 ×10−2 5.34 ×10−2 6.85 ×10−2 1.76 ×10−1 5.34 ×10−2

Table 3.13: Reconstruction error for function Heavy Sine decomposed using
SWT. D (R) and D (E) stand for Donoho universal threshold with, respectively,
real noise variance and estimated noise variance, Opt. stands for optimum
threshold and σ is the noise variance.
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Approximation of Kullback-Leibler divergence Coefficients selection

MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 3.26 ×10−3 2.04 ×10−3 8.86 ×10−4 8.86 ×10−4 3.79 ×10−3 3.45 ×10−3 8.86 ×10−4

0.25 2.05 ×10−2 1.19 ×10−2 3.76 ×10−3 3.76 ×10−3 2.27 ×10−2 1.96 ×10−2 3.76 ×10−3

0.50 9.63 ×10−2 5.18 ×10−2 1.40 ×10−2 1.40 ×10−2 8.84 ×10−2 7.74 ×10−2 1.40 ×10−2

0.75 2.09 ×10−1 1.27 ×10−1 3.11 ×10−2 3.11 ×10−2 1.99 ×10−1 1.74 ×10−1 3.11 ×10−2

1.00 3.90 ×10−1 2.54 ×10−1 5.51 ×10−2 5.51 ×10−2 3.53 ×10−1 3.17 ×10−1 5.51 ×10−2

db4
0.10 2.37 ×10−3 2.26 ×10−3 1.10 ×10−3 1.10 ×10−3 2.03 ×10−3 3.20 ×10−3 1.07 ×10−3

0.25 2.78 ×10−2 1.63 ×10−2 4.40 ×10−3 4.40 ×10−3 9.89 ×10−3 1.90 ×10−2 3.86 ×10−3

0.50 1.13 ×10−1 6.79 ×10−2 1.39 ×10−2 1.39 ×10−2 3.80 ×10−2 7.42 ×10−2 1.39 ×10−2

0.75 2.22 ×10−1 1.56 ×10−1 2.98 ×10−2 2.98 ×10−2 8.41 ×10−2 1.66 ×10−1 2.98 ×10−2

1.00 4.34 ×10−1 2.77 ×10−1 5.20 ×10−2 5.20 ×10−2 1.48 ×10−1 2.94 ×10−1 5.20 ×10−2

sym4
0.10 2.51 ×10−3 1.84 ×10−3 1.52 ×10−3 1.46 ×10−3 2.76 ×10−3 2.59 ×10−3 1.33 ×10−3

0.25 1.90 ×10−2 1.80 ×10−2 4.46 ×10−3 4.46 ×10−3 1.65 ×10−2 1.54 ×10−2 4.46 ×10−3

0.50 9.67 ×10−2 7.91 ×10−2 1.47 ×10−2 1.47 ×10−2 6.39 ×10−2 5.95 ×10−2 1.47 ×10−2

0.75 2.10 ×10−1 1.84 ×10−1 3.17 ×10−2 3.17 ×10−2 1.43 ×10−1 1.33 ×10−1 3.17 ×10−2

1.00 3.27 ×10−1 3.13 ×10−1 5.55 ×10−2 5.55 ×10−2 2.53 ×10−1 2.35 ×10−1 5.55 ×10−2

db12
0.10 2.59 ×10−3 2.05 ×10−3 1.28 ×10−3 1.31 ×10−3 6.76 ×10−3 4.03 ×10−3 1.28 ×10−3

0.25 2.01 ×10−2 1.34 ×10−2 4.37 ×10−3 4.37 ×10−3 4.87 ×10−3 2.30 ×10−2 4.36 ×10−3

0.50 8.08 ×10−2 4.57 ×10−2 1.44 ×10−2 1.44 ×10−2 2.51 ×10−2 9.03 ×10−2 1.43 ×10−2

0.75 1.38 ×10−1 8.29 ×10−2 3.10 ×10−2 3.10 ×10−2 5.00 ×10−2 2.08 ×10−1 3.10 ×10−2

1.00 2.83 ×10−1 1.58 ×10−1 5.44 ×10−2 5.44 ×10−2 8.80 ×10−2 3.70 ×10−1 5.42 ×10−2

sym12
0.10 2.37 ×10−3 2.58 ×10−3 1.11 ×10−3 1.34 ×10−3 1.34 ×10−3 3.00 ×10−3 9.57 ×10−4

0.25 1.42 ×10−2 1.42 ×10−2 4.10 ×10−3 4.10 ×10−3 6.62 ×10−3 1.85 ×10−2 4.10 ×10−3

0.50 4.69 ×10−2 5.21 ×10−2 1.40 ×10−2 1.40 ×10−2 2.13 ×10−2 7.15 ×10−2 1.40 ×10−2

0.75 1.10 ×10−1 1.16 ×10−1 3.04 ×10−2 3.04 ×10−2 4.69 ×10−2 1.60 ×10−1 3.04 ×10−2

1.00 1.85 ×10−1 2.06 ×10−1 5.35 ×10−2 5.35 ×10−2 8.28 ×10−2 2.83 ×10−1 5.35 ×10−2

Table 3.14: Reconstruction error for function Poly decomposed using DWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.
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MSE
σ KLID JID D (R) D (E) SURE Minimax Opt.

db2
0.10 7.86 ×10−4 7.72 ×10−4 6.82 ×10−4 6.47 ×10−4 2.88 ×10−3 2.36 ×10−3 6.39 ×10−4

0.25 3.77 ×10−3 4.23 ×10−3 3.05 ×10−3 3.06 ×10−3 1.74 ×10−2 1.37 ×10−2 3.01 ×10−3

0.50 1.72 ×10−2 2.11 ×10−2 1.17 ×10−2 1.17 ×10−2 6.79 ×10−2 5.29 ×10−2 1.16 ×10−2

0.75 3.03 ×10−2 4.06 ×10−2 2.53 ×10−2 2.53 ×10−2 1.52 ×10−1 1.19 ×10−1 2.53 ×10−2

1.00 7.15 ×10−2 7.18 ×10−2 4.45 ×10−2 4.45 ×10−2 2.71 ×10−1 2.13 ×10−1 4.45 ×10−2

db4
0.10 7.71 ×10−4 8.77 ×10−4 7.27 ×10−4 7.27 ×10−4 1.19 ×10−3 1.89 ×10−3 7.08 ×10−4

0.25 8.95 ×10−3 8.92 ×10−3 3.64 ×10−3 3.64 ×10−3 5.91 ×10−3 1.15 ×10−2 3.33 ×10−3

0.50 3.31 ×10−2 2.01 ×10−2 1.25 ×10−2 1.25 ×10−2 2.28 ×10−2 4.40 ×10−2 1.25 ×10−2

0.75 5.43 ×10−2 4.55 ×10−2 2.74 ×10−2 2.74 ×10−2 5.03 ×10−2 9.84 ×10−2 2.74 ×10−2

1.00 1.47 ×10−1 8.63 ×10−2 4.81 ×10−2 4.81 ×10−2 8.86 ×10−2 1.74 ×10−1 4.81 ×10−2

sym4
0.10 7.29 ×10−4 7.36 ×10−4 7.08 ×10−4 7.05 ×10−4 1.86 ×10−3 1.74 ×10−3 6.85 ×10−4

0.25 5.86 ×10−3 5.09 ×10−3 3.37 ×10−3 3.44 ×10−3 1.08 ×10−2 9.60 ×10−3 3.34 ×10−3

0.50 1.87 ×10−2 2.23 ×10−2 1.25 ×10−2 1.25 ×10−2 4.17 ×10−2 3.68 ×10−2 1.25 ×10−2

0.75 4.13 ×10−2 4.44 ×10−2 2.74 ×10−2 2.74 ×10−2 9.34 ×10−2 8.33 ×10−2 2.74 ×10−2

1.00 7.30 ×10−2 6.00 ×10−2 4.81 ×10−2 4.81 ×10−2 1.65 ×10−1 1.48 ×10−1 4.81 ×10−2

db12
0.10 9.98 ×10−4 1.01 ×10−3 8.12 ×10−4 8.27 ×10−4 5.60 ×10−3 2.56 ×10−3 8.12 ×10−4

0.25 4.68 ×10−3 5.44 ×10−3 3.85 ×10−3 3.93 ×10−3 4.08 ×10−3 1.42 ×10−2 3.85 ×10−3

0.50 2.27 ×10−2 2.00 ×10−2 1.33 ×10−2 1.33 ×10−2 1.92 ×10−2 5.54 ×10−2 1.33 ×10−2

0.75 5.17 ×10−2 4.53 ×10−2 2.89 ×10−2 2.91 ×10−2 4.32 ×10−2 1.27 ×10−1 2.89 ×10−2

1.00 8.94 ×10−2 7.99 ×10−2 5.07 ×10−2 5.11 ×10−2 7.62 ×10−2 2.26 ×10−1 5.07 ×10−2

sym12
0.10 7.65 ×10−4 7.68 ×10−4 7.67 ×10−4 7.81 ×10−4 8.74 ×10−4 1.88 ×10−3 7.49 ×10−4

0.25 4.71 ×10−3 4.71 ×10−3 3.88 ×10−3 3.85 ×10−3 4.38 ×10−3 1.12 ×10−2 3.76 ×10−3

0.50 1.74 ×10−2 1.62 ×10−2 1.34 ×10−2 1.33 ×10−2 1.65 ×10−2 4.38 ×10−2 1.33 ×10−2

0.75 3.55 ×10−2 3.62 ×10−2 2.91 ×10−2 2.89 ×10−2 3.62 ×10−2 9.79 ×10−2 2.89 ×10−2

1.00 6.26 ×10−2 6.75 ×10−2 5.12 ×10−2 5.07 ×10−2 6.38 ×10−2 1.73 ×10−1 5.07 ×10−2

Table 3.15: Reconstruction error for function Poly decomposed using SWT.
D (R) and D (E) stand for Donoho universal threshold with, respectively, real
noise variance and estimated noise variance, Opt. stands for optimum threshold
and σ is the noise variance.

3.4 An application to Fourier shape descriptors

In the following section, ENID, KLID and JID have been employed to deter-
mine the optimal number of shape descriptors. For the sake of completeness, a
brief introduction to shape descriptors will be given before providing numerical
results.

3.4.1 Shape descriptors

Shape, along with texture and color, is a key feature to describe any visual
object, and the increasing amount of visual data available nowadays demands
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fast and efficient storage and analysis methods. Contour-based methods allow
for a compact and effective shape description that is crucial in many tasks.

A shape descriptor should define an accurate and compact shape represen-
tation, allowing for straightforward comparisons and, in addition, should not be
computationally demanding.

Shape descriptors can be classified in two categories: volume-based and
pixel-based. Volume-based shape descriptors, such as geometric moments [61]
and Zernike moments [128] involve all the pixel of the object. Conversely, pixel-
based descriptors only take into account shape boundary. Curvature scale-space
[129, 130], active shape models [131], hierarchical skeletons [132] and Fourier de-
scriptors [133, 134] belong to this class.

A further classification can be made between local and global descriptors.
Local descriptors focus on the shape’s local feature, and they are used in feature
detection, registration, segmentation and labelling. On the contrary, global
descriptors describe the entire contour, and are employed in object retrieval,
classification, recognition and clustering. Recently, descriptors combining both
global and local properties have been proposed [135].

In this application we focus on Fourier shape descriptors. Given any shape
(i.e. a closed curve in the euclidean plane), a Fourier shape descriptor is the
Fourier transform of a given representation of its boundary, which is usally
parametrized by means of complex coordinates, curvature centroid distance or
cumulative angular function [136, 61, 137, 138]. Among the many advantageous
properties of Fourier descriptors, they are rotation invariant and it is easy to
make them translation invariant and scale invariant.

In order to achieve compactness, usually the first M coefficient of the Fourier
transform of a shape are chosen as descriptors. Following the approach already
used in wavelet bases, we consider the first M rearranged coefficients instead,
i.e. the first M coefficients of greater absolute value, hence defining a hierarchi-
cal Fourier descriptor. As a result, the underlying shape is represented by its
most representative frequency content, rather than its low-frequency content.
As it can be observed in figs. 3.33, 3.34 and 3.35, if M is small, hierarchical
Fourier descriptors are capable of better encoding relevant details of a shape. In
particular, it can be observed in fig. 3.33 that six hierarchical Fourier descrip-
tors are enough to avoid self-intersection of the shape, while six linear Fourier
descriptors are not.

Even in the case of hierarchical Fourier descriptors, the number M of Fourier
coefficients is a sensitive parameter of the model. In order to choose M au-
tomatically, ENID, KLID and JID are employed to select the optimal set of
representative coefficients.

3.4.2 Algorithm and numerical results

The main numerical results of this section regard the task of shape compression,
and early results about shape recognition tasks are included as well.

Complex Fourier descriptor have been chosen. Consider a shape
parametrized as a curve P (t) = (x(t), y(t)) : [0, T ] → R2, then a complex
curve z(t) : [0, T ]→ C is constructed by defining x and y to be, respectively, its
real and imaginary part:
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(a) (b) (c)

Figure 3.33: Ray shape: original (a), approximated with 6 linear Fourier de-
scriptors (b), approximated with 6 rearranged Fourier descriptors (c).

(a) (b) (c)

Figure 3.34: Bone shape: original (a), approximated with 6 linear Fourier de-
scriptors (b), approximated with 6 rearranged Fourier descriptors (c).

(a) (b) (c)

Figure 3.35: Carriage shape: original (a), approximated with 6 linear Fourier
descriptors (b), approximated with 6 rearranged Fourier descriptors (c).
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z(t) = x(t) + iy(t).

The Fourier descriptors are then obtained as the Fourier transform ẑ(ξ) of
z(t). Remark that, since z(t) ∈ C, no symmetry is present in ẑ(ξ). As stated
before, the optimal number of coefficients M̃ is determined according to the cho-
sen measure (ENID, KLID, JID) and the M̃ largest magnitude coefficients are
retained, the remaining ones are set to 0. Even if the length of the parametrized
curve does not change, the induced sparsity of the transform allows for a more
efficient lossless compression, for example using entropic coding.

The shape-compression algorithm is structured as follows.

Algorithm 4 Hierarchical Fourier descriptors

Input: Discrete parametrized complex shape zk = xk+iyk, k = 1, . . . , n
Output: Compressed discrete parametrized complex shape z̃k = x̃k +
iỹk, k = 1, . . . , n

1. Compute the discrete Fourier transform ẑ(ξ) of zk

2. Define a(t) = |z|∗(t) as the decreasing monotonic rearrangement
of the absolute value of z(t)

3. Normalize a(t) so that a(t) : [0, 1]→ [0, 1]

4. Determine M̃ according to the chosen measure (ENID, KLID or
JID) applied to a(t)

5. Preserve the first M̃ rearranged coefficients and set to zero the
remaining ones

6. Invert the discrete Fourier transform

Algorithm 4 has been tested on a database of 1069 bitmap images, each
containing a different white shape on black background, whose contour has
been extracted using the built-in Matlab function bwtraceboundary.

For each shape, mean square error (MSE) has been measured between orig-
inal and reconstructed image; compression ratio has been measured as M̃/n,
i.e. the ratio between the number of selected coefficients and length of the
discretized curve.

The results are shown in table 3.16. To better evaluate the global perfor-
mance of ENID, KLID and JID, both MSEs and compression ratios have been
aggregated by taking the average value and the median.

It can be noted that ENID tends to select, slightly more than half of the
coefficients on average, but the average MSE is small and the median is zero.
Indeed, MSE is not zero fo only eight shapes in the entire database. When
MSE is not zero, the compressed shape differs form the original one by only two
pixels.

Selecting a very small number of coefficients, KLID tends to realize a higher
MSE. In this case the difference between the average and the median of the
compression ratio indicates that KLID produces less stable results than ENID.
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Average Median
MSE ratio MSE ratio

ENID 1.3487× 10−6 56.61% 0 56.60%
KLID 0.0289 0.99% 0.0273 3.37%
JID 0.0263 4.62% 0.0235 4.63%

Table 3.16: Performances of proposed measures on the database.

On the other hand, JID produces lower MSE than KLID, while still achieving
very low compression ratio, (around 4% for both average and median aggrega-
tion) and it is more consistent across the database than KLID.

Examples of shapes compressed using the different measures are shown in
figs. 3.36 and 3.37 – since the compressed version provided by ENID is identi-
cal to the original shape, the latter is omitted. Conversely, shapes compressed
according to KLID and JID are less detailed. However, they are still distin-
guishable from one another and a human observer is still capable of recognizing
the subject represented by the shape.

As a last test, a preliminary investigation of the discriminative properties of
hierarchical Fourier descriptors has been conducted. Euclidean distance between
hierarchical Fourier descriptor vectors, selected according to ENID, has been
considered as a metric to evaluate similarity between shapes. In fig. 3.38 the
first fifteen matches of the shape of a hand are shown, ordered from left to right
and from top to bottom – the first is the query shape. It is worth observing that
hierarchical Fourier descriptors are capable of recognizing similarities between
shapes, even if they are not identical: in many of the images in fig. 3.38 the
fingers of the hand are in different position than in the original one.

A more challenging case is if one considers the shape of a ray, due to the
complexity of the shape and the high amount of fine details. However, as it can
be seen in fig. 3.39, in the first fourteen matched shapes, ten are in the same
class as the original one, while only four of them belong to other classes (the
hand, the bottles and the plane).

In addition, some preliminary tests in clustering tasks using k-means algo-
rithm have been conducted and early results are encouraging, motivating further
studies concerning this topic.
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Figure 3.36: Compressed versions of shapes Bone02, swordfishes, mig29occ3
and harrierocc2. Below each shape the number of selected coefficients is shown
versus the total number of coefficients.
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ENID KLID JID
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Figure 3.37: Compressed versions of shapes camel07, dino11, elephant17 and
elephant23. Below each shape the number of selected coefficients is shown versus
the total number of coefficients.
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query shape

Figure 3.38: First fourteen shapes in the database matching the query shape
cthand06, ordered from left to right and from top to bottom.
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query shape

Figure 3.39: First fourteen shapes in the database matching the query shape
ray20, ordered from left to right and from top to bottom.
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Chapter 4

Optimal filtering via
theoretic information
criteria

Contents
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In this chapter the issue of locating interference regions between individual
modes in multicomponent non-stationary signals is addressed. A brief intro-
duction about the problem will be given, then the proposed method will be
described and finally experimental results will be presented. A crucial step
in the proposed method is the filtering of an energy signal, where the exact
amount of filtering is not given in advance but depends on the signal. In order
to select the optimum level, the differential-entropy based information measures
developed in Chapter 3 for coefficients selection have been used.

Multicomponent non-stationary signals are present in a variety of real world
applications, ranging from radio communications to gravitational waves, includ-
ing surveillance, human gait recognition, radar and sonar analysis and medical
analysis. A multicomponent signal can be viewed as composed by individual
modes, whose characterization depends on the particular model. Separation of
the individual modes is a central issue in many of the aforementioned applica-
tions. As an example, consider the task of micro-doppler human gait recognition
and classification. In regular doppler analysis (such as radar systems) an im-
pulse is broadcast and the response signal, produced when it encounters any
object, is analysed to infer information concerning relative position and veloc-
ity. Micro-doppler analysis aims at analysing the fine time-frequency variations
of the response signal in order to gain knowledge about the moving parts of
the object producing the reflections. In the case of human body, the different
moving parts generate different individual modes in the response signal (see fig.
4.1) so that separating and extracting these modes allows for gait classification.
Micro doppler sensors provide several advantages over optical sensor: they are
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cheaper, provide automatic information about distance and velocity and are ca-
pable of operating in conditions of low visibility. Among the many applications,
micro-doppler analysis is used in pedestrian recognition for self-driving cars [65].

(a) (b)

Figure 4.1: Simulated micro-doppler data: spectrogram (a) of the swinging
arms movement (b). The non stationary modes in (a) are generated by the
movement of the arms.

The two main approaches in the literature to analyse multicomponent signals
rely either on time-frequency (TF) representations [62, 63] or on empirical mode
decomposition (EMD) [139]. In TF representation approach, individual modes
appear as ridges in the time-frequency domain but, due to energy spread and to
the ambiguity caused by indetermination principle, post processing techniques
are often required to improve the readability before separation and extraction
operations. One of the main enhancement techniques is reassignment [140,
141], consisting in a reallocation of TF points toward the centroids of the TF
distribution. Reassignment techniques have the advantage of simplicity and give
good results if the individual modes are well separated in the TF domain but,
if two modes intersect in the TF domain – i.e. they interfere with each other,
reassignment performs poorly, as shown in fig. 4.2.

Empirical mode decomposition, conversely to TF representations, directly
extracts the individual modes through a time-domain process named sifting: sig-
nal trend is iteratively computed by estimating envelopes of the input signal and
then subtracted, until the residue satisfies some stopping criterion. Although
the process is simple and operates completely in time domain, EMD presents
some disadvantages: the extracted modes are themselves non-stationary – re-
quiring Hilbert spectral analysis for instantaneous frequency estimation – and
a proper theoretical framework is lacking.

Providing a more rigorous alternative to EMD, synchrosqueezing trans-
form [142, 141, 64] combines time-frequency reassignment with complex wavelet
transform. It allows for modes extraction through intrinsic modes decomposi-
tion (IMD), a procedure where well-separated –i.e. non interfering– modes are
approximately reconstructed. The approximation has proven to be suitable for
the implementation of IMD in real world applications.

Recently, direct reconstruction of individual modes in TF interference regions
has been proposed [143], but the precision of the proposed method strongly
depends on interference regions localization.
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(a) (b)

Figure 4.2: Spectrogram (a) and reassigned spectrogram (b) of two interfering
modes in a multicomponent signal. As it can be observed, wherever two instan-
taneous frequency laws are not separable, reassignment method is not able to
distinguish them.

Although TF representations and reassignment methods are commonly used
when addressing human gait recognition and classification issues [65, 66], the
precision of such tools strongly depends on the selection of a proper analysis
window and on the robustness of reassignment to modes interference. with re-
gard to the analysis window choice, experiment-based heuristics are commonly
used [65]; With regard to the robustness to interference, in the case of several
gestures in the micro-doppler signal, it is crucial to avoid the reconstruction of
segments of the different gestures as a single mode. The knowledge of the loca-
tions where single modes overlap (interference regions) allows to detect portions
of the TF representation that might be misreassigned.

Interference detection can be carried out using counting methods. Following
the well-known counting property of Rényi entropy [144], a method based on
the estimation of short-time Rényi entropy is proposed in order to estimate the
number of modes in a multicomponent signal [145, 146, 147, 148]. If the modes
are locally similar and have locally similar amplitudes, short-time Rényi entropy
is capable of correctly estimating the number of components in a multicompo-
nent signal: interferences are then drops in the counting signal [149, 150, 151].
Although Rényi entropy based methods achieve overall good performances, a
proper choice of the analysis window remains crucial. Furthermore, counting
methods do not distinguish between constructive interference, i.e. when the
overlapping modes are in phase with each other and the total energy increases,
and destructive interference, i.e. when out-of-phase modes tend to cancel each
other and energy decreases.

The method proposed in this chapter aims at the detection of interference
temporal intervals (i.e. the temporal regions where a TF representation is not
able to distinguish individual modes) by exploiting properties of local signal
energy. It will be shown that interference points generate local extremal points
in a smoothed energy signal. Each of them characterizes the main lobe of a fast
decaying shape, whose first sidelobes correspond to the boundary of the corre-
sponding interference time interval. The latter corresponds to the interference
region measured on a TF representation whose analysis window has the same

146



Optimal filtering Interference location

support of the smoothing kernel. A study concerning the selection of the best
kernel support has been conducted, and different optimality criteria are inves-
tigated. Interference are then located by selecting significant extrema of the
smoothed energy signal. Constructive and destructive interference correspond,
respectively, to local maxima and local minima of the smoothed energy signal
(see fig. 4.3).

(a) (b)

(c) (d)

Figure 4.3: Example of proposed method performance and relative spectrograms
on constructive (a & c) and on destructive (b & d) interference.

4.1 Interference location

The method presented in this section aims at defining the resolution scale that
results optimal for interference analysis. A smoothed energy signal is con-
structed at different scales and a relative cost function is evaluated in order
to identify the optimal scale, i.e. the scale at which signal natural oscillations
are sufficiently dampened, while emphasizing modes interferences.

4.1.1 Mathematical formulation

Let f(t) : Ω ⊂ R→ R be a multicomponent signal, i.e. such that

f(t) =

n∑
i=1

Ak sin(φk(t)), (4.1)
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where the Ak’s are positive constant amplitudes, the φk(t)’s are phase func-
tions (monotonically increasing functions) and Ω is a limited interval of the real
line.

Definition 4.1.1. Let f(t) be defined as in eq. (4.1), λ(t) be a positive compactly
supported function such that

∫
R λ(t)dt = 1 and define λs(t) = s−1λ(t/s). The

smoothed energy signal associated to f is defined as

Mλ[f ](u, s) =

∫
Ω

λs(u− t)|f(t)|2dt. (4.2)

The kernel λ(t) is the impulse response of a low-pass filter, hence Mf (u, s)
is expected to be constant if no interferences occur, and to show severe varia-
tions otherwise. In [143] it has been shown that the energy of the spectrogram
of a multicomponent signal computed with respect to the frequency axis is it-
self a multicomponent signal, whose frequencies depend on the sum and the
differences of the original instantaneous frequencies. Due to Plancharel theo-
rem, the smoothed energy signal itself is a multicomponent signal with specific
instantaneous frequency laws and time dependent amplitudes.

As an example, consider the simple case of the signal f(t) = f1(t) + f2(t),
where f1 = sin(φ1(t)) and f2(t) = sin(φ2(t)), with φ1 and φ2 phase functions.
The smoothed energy signal Mf (u, s) can be decomposed as

Mλ[f ](u, s) = (λs ∗ |f1|2)(u) + (λs ∗ |f2|2)(u) + 2(λs ∗ f1f2)(u). (4.3)

Since f1 and f2 have constant amplitudes, we expect the first two members
of eq. (4.3) to be constant (this claim will be proved later), while the third term
can be rewritten as

2(λs ∗ f1f2)(u) = (λs ∗ f̃1) + (λs ∗ f̃1),

where

f̃1(t) = −1

2
cos(φ1(t) + φ2(t))

and

f̃2(t) =
1

2
cos(φ1(t)− φ2(t)).

If no interferences occur, both f̃1 and f̃2 oscillate fast enough and the kernel
λ filters them out. Conversely, if for some t0 it happens that φ′1(t0) = φ′2(t0),
then f̃1 is still filtered out around t0 while f̃2 is not, since its instantaneous
frequency is almost zero.

To formalize the previous example, some mathematical tools are needed.

Definition 4.1.2. Let P be a periodic function of period T . Define the mean
of P as

M [P ] =
1

T

∫ T

0

P (θ)dθ.
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Definition 4.1.3. Let f : R → R be a function and let λ : Γ ⊂ R → R be a
function such that

∫
Γ
λ(t)dt = 1.

For any t ∈ R, define the smoothed mean of g according to λ as

Mλ[g](t) = (λ ∗ g)(t).

Remark 4.1.4. For any fixed s, the smoothed energy signal of a function f is
a smoothed mean with g = |f |2 and λ = λs

The following lemma formalizes the aforementioned notion, concerning the
fact that if a chirp is not in interference (as it is a single mode), then it has
constant energy or, more generally, constant mean.

Lemma 4.1.5. Let P : R → R+ be a positive periodic function with period T ,
φ : R → R+ be a strictly monotonically increasing function, λ : [−1, 1] → R be

a positive function such that
∫ 1

−1
λ(t)dt = 1 and let λs(t) = s−1λ(t/s). Then, if

φ′(t) ≥ Θ,

Mλs [P ◦ φ](u) ≈M [P ],

in the sense that, for any t ∈ R,∣∣∣∣Mλs [P ◦ φ](u)−M [P ]

M [P ]

∣∣∣∣ ≤ 2T

Θ
+

(
|(λs)′| ∗

1

|φ′|

)
(u) +

(
|λs| ∗

|φ′′|
|φ′|2

)
(u).

Qualitatively speaking, Lemma 4.1.5 shows that the mean value of a posi-
tive chirp that is “fast enough” (i.e. its instantaneous frequency is sufficiently
high), is almost constant. Consider a sinusoidal chirp f(t) = | sin(φ(t))|: if the
instantaneous frequency of the chirp is constant, then it is trivial that its mean
is equal to the mean value of the absolute value of the sine function. Even if
the instantaneous frequency is not constant (but it is sufficiently high), if we
consider a single period of the sine function, we can consider it approximately
constant. From another point of view, if the instantaneous frequency is high
enough, the shape of the chirp on a single period does not differ much from the
shape of a sine function, because the phase function has not “enough time” to
change the shape of the sine, in that small time that is the considered period.
The complete proof is in the appendix.

Remark 4.1.6. If we assume that ‖λ′‖1 = L and that, for any t, |φ′′(t)| ≤ K,
then

∣∣∣∣Mλs [P ◦ φ](u)−M [P ]

M [P ]

∣∣∣∣ ≤ 2T

Θ
+

1

Θ
‖(λs)′‖1 +

K

Θ2

≤ 1

Θ

(
2T +

L

s
+
K

Θ

)
.

Since 1/Θ is small, the error is large only if s is close to zero. In practice,
numerical experiments show that for s sufficiently far from zero the error is
small.
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As a consequence, it is possible to prove that chirps with high enough fre-
quency have constant smoothed energy.

Corollary 4.1.7. Let f(t) = sin(φ(t)), φ(t) a phase function, φ� 0.
Then

M [f ](u, s) ≈ 1

2
,

in the sense of Lemma 4.1.5.

Proof. Observe that

M [sin2] =
1

π

∫ π

0

sin2(θ)dθ

=
1

2
.

Then

M [f ](u, s) = M [sin2 ◦ φ](u, s)

≈M [sin2]

=
1

2

More generally, consider a superposition f(t) of n modes fi(t) =
Ai sin(φi(t)), i.e.

f(t) =

n∑
i=1

Ai sin(φi(t)).

Then, a simple calculation yields

Mλ[f ](u, s) =

n∑
i=1

Mλ[fi](u, s) +

n∑
i=1

[
(λs ∗ f̃+

ij )(u) + (λs ∗ f̃−ij )(u)
]
,

where

f̃±ij (u) = −AiAj cos(φi(u)± φj(u)).

Thanks to Lemma A.1.1, the first term is constant and it results equal to
2−1

∑n
i=1Ai.

With regard to the second term, the linearity of the convolution allows us
to consider each addendum in the sum separately. Since for each i = 1, . . . , n
φ′i(t) ≥ 0, then the instantaneous frequency φ′i+φ

′
j of f̃+

ij is always much greater

than zero and, then, the term f̃+
ij is suppressed by the low-pass filtering action

of λs. As it can be observed in fig. 4.4, for each term f̃−ij two cases arises: either
no interference occurs and then, for any t ∈ [u− s, u+ s],
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φ′i(t) 6= φ′j(t)

and, for some ∆ξ > 0,

|φ′i(t)− φ′j(t)| > ∆ξ

or, if there exists t0 ∈ [u− s, u+ s] such that

φ′i(t0) = φ′j(t0),

then for some ∆ξ > 0 and for any t ∈ [u− s, u+ s],

|φ′i(t)− φ′j(t)| < ∆ξ.

In the first case, since its instantaneous frequency is separated from zero, a
proper choice of s correctly suppresses the term f̃−ij . In the second case, since
its instantaneous frequency is close to zero, the term is approximately constant
and (λs ∗ f̃−ij )(u) will not be filtered out, as λs has unity gain at zero frequency,.
The presence of this last term (which can be positive as well as negative), in
case of interference, determines a variation in the smoothed energy signal which
identifies interferences.

Since the instantaneous frequencies of the f±ij ’s are not constant, questions
might arise whether a linear filtering process is effective. The following lemma
proves that, even if the instantaneous frequency of a sinusoidal chirp is not
constant, a linear filtering still suppresses high frequencies.

Lemma 4.1.8. Let φ(t) : R → R be a phase function, i.e. a continu-
ous monotonically increasing function and set f(t) = sin(φ(t)). Consider
λ(t) : [−1, 1] → R+ such that

∫
R λ(t)dt = 1 and, for any s > 0, define

λs(t) = s−1λ(t/s).
Then, for any u ∈ R,

|(λs ∗ f)(u)| ≤ sup
t∈[u−s,u+s]

|λ̂(sφ′(t))|.

The proof is in the appendix.

(a) (b)

Figure 4.4: Example of well separated (a) and interfering (b) frequency laws φ′i
and φ′j .
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The amount of smoothing applied to the signal depends on the support of
λs and then, on s: the choice of s plays a crucial role in the proposed method.
As shown in fig. 4.5(a), if the support of λs is too small, then an excessive
amount of high frequency content is still present in the smoothed energy signal;
hence interference regions are not enhanced enough to allow identification. On
the other hand, as shown in fig. 4.5(b), if the support of λs is too large, then
Mλ[f ](u, s) is excessively smoothed, and the distinction between meaningful
extrema and ripples due to the filtering becomes troublesome.

The optimal scale s̃ is then identified as the one at which all the fast os-
cillations are sufficiently suppressed, but the low frequency information is not
oversmoothed.

(a) (b)

Figure 4.5: Smoothed energy signal (4.2) in case of too small kernel support (a)
and too large kernel support (b)

Figure 4.6: Behaviour of CBV (M(u, s)) with respect to the scale.

4.1.2 Optimal scale estimation

In order to select the optimal scale s̃ automatically, a rate/distortion type curve
is constructed using a BV cost function, which is defined as

152



Optimal filtering Interference location

CBV [g] =

∫
Ω

|g′(t)|dt, (4.4)

where g(t) : Ω → R. The BV cost function is a natural choice to measure
how much a signal g oscillates.

In fig. 4.6 the typical profile of CBV is shown with respect to the scales, and
it can be noted that it strongly resembles a rate/distortion curve, where CBV
is the distortion while s is the rate.

Since as the scale increases the signal oscillates less, the optimal point s̃ is
the point in the rate/distortion curve that gives the best compromise between
oscillations and scale. As mentioned in the preceding chapters, several methods
have been proposed to estimate the optimal point in a rate/distortion curve.
Classical methods include L-curve methods [57], where usually the optimal point
is identified as the one maximizing the second derivative of the curve, or methods
based on the Occam’s Razor principle, as Rissanen’s MDL [152] or the tangent
line approximation technique in [58].

Although the curve given by CBV seems to be smooth, it presents little os-
cillations that make direct estimation of the maximum of the second derivative,
required in the L-curve method, not feasible in practice. Since there is no un-
derlying model for CBV (Mλ[f ](·, s)), any kind of regularization might alter the
underlying information. For the same reason, MDL principle is not straightfor-
ward applicable. Furthermore, MDL functionals require a parameter to balance
the model-data likelihood and the cost of the model. The choice of the param-
eter heavily influences the performances and, in addition, for a truly automatic
scale selection method, no parameters should be present.

On the other hand, the tangent line approximation technique, proposed as
part of Natarajan’s Occam filter for denoising through compression, estimates
two straight lines, one at the beginning and the other at the end of the curve,
and individuates the optimal point as the intersection of these two lines, as
shown in fig. 4.6. Since in practice the curve is not regular, tangent estimation
gives very poor results. Instead, they are estimated as the best fitting straight
lines (in the sense of least squares) in a small interval around the beginning or
the end of the curve.

In addition, the information-based selection methods proposed in Chapter 3
for coefficients selection have been implemented to find the optimal point. The
application of both KLID selection method and JID selection method is straight-
forward for the present problem: we stress the fact that the purpose of the pro-
posed measures is to find the optimal point in a given decreasing curve from an
information standpoint. The only assumption is that there is a separation in the
curve between a “relevant part” and a “less relevant part”, but this assumption
can be usually made in a wide number of cases.

Although both methods have been detailed in Algorithm 2 and Algorithm 3
in Chapter 3, we briefly summarize them here for the sake of completeness.
Assuming s ∈ [s1, s2], for each scale s̄, the BV cost curve CBV [Mλ[f ](·, s̄)] is
divided into two normalized functions: C̃ s̄1(s), for s ∈ [s1, s̄] and C̃ s̄2(s), for
s ∈ [s̄, s2]. Then KLID (or JID) between C̃ s̄1(s) and C̃ s̄1(s) is computed and the
s̃ realizing the minimum is picked as the optimal level.
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4.1.3 Selection of energy extrema

Once the optimal scale is selected, the extraction of the meaningful extrema
is performed, as they carry information concerning modes interference. Let
P = {t1, . . . , tm} the time positions of the local extrema of Mλ[f ](u, s̃). High
frequencies at the optimal level are suppressed but, since the filtering process is
linear, spurious extrema remain, and need to be excluded from the candidates
for interference locations (see fig. 4.7).

(a) (b)

Figure 4.7: Correct and spurious extrema (a) and detail of spurious extrema
(b).

Since Mλ[f ](u, s̃) has not zero mean, a direct thresholding based on its values
is not feasible. Instead, in order to discard the local extremal points which are
due to suppressed high frequencies, the following variation measure on the set
P is defined:

DP (i) =
1

2

[∣∣∣Mλ[f ](ti+1, s̃)−Mλ[f ](ti, s̃)
∣∣∣+
∣∣∣Mλ[f ](ti, s̃)−Mλ[f ](ti−1, s̃)

∣∣∣].
(4.5)

The function DP measures the variation of the extremal point located in
ti with respect to its neighbours. Given a threshold τ > 0, the set P̃ of the
time positions of the interferences is the set of those extrema whose variation
amplitude exceeds τ :

P̃ = {ti ∈ P | DP (i) > τ}.

For each ti ∈ P̃ , the corresponding interference region Ri is defined as the
interval comprised between the closer leftmost extrema and the closer rightmost
extrema, i.e.

Ri = [ti−1, ti+1].

Interference regions with common boundaries are merged together.
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4.1.4 The algorithm

Regardless of the adopted method used to find the optimal level, the algorithm
consists of the following steps.

Algorithm 5 Interference detection

Input: Signal f(t), smoothing kernel λ, scales S, threshold τ .

Output: Interference time positions P̃ and interference regions Ri’s.

1. For each scale s ∈ S, compute Mλ[f ](u, s) as in eq (4.2);

2. for each scale s ∈ S, compute CBV (Mλ[f ](·, s)) as in eq. (4.4);

3. using the chosen selection method applied to CBV (Mλ[f ](·, s)),
find the optimal scale s̃;

4. extract the extrema from Mλ[f ](u, s̃) and collect their time posi-
tions in the set P = {t1, . . . , tm};

5. for each ti ∈ P , if DP (i) > τ , assign ti to the set P̃ , where DP is
defined as in eq. (4.5);

6. for each ti ∈ P̃ , assign the interference region as Ri = [ti−1, ti+1];

7. for each Ri and Rj , i 6= j, if ti+1 = tj−1 or ti−1 = tj+1, merge Ri
and Rj .

4.2 Performance analysis

Several signals have been considered to test the proposed method. In particular,
numerical simulations have been performed on two synthetic signals consisting
of two chirps with different time-frequency laws. These different signals rep-
resent the cases of interference between a linear and a quadratic chirp and of
interference between a linear and a sine-modulated chirp. The test signals have
been produced at a sampling frequency of ξs = 256hz for 512 samples, result-
ing in a length of 2 seconds. The scale set has been chosen to be dyadic, i.e.
S = {b24+i/8c}i=0,...,32, the smoothing kernel λ is a 4-th order uniform B-spline
and the threshold τ has been empirically set to τ = 1/5.

The test signals are constructed as linear combination of the following chirps:

f1(t) = sin

(
πξs

[
1

10
t2 +

2

5
t+

1

5

])
;

f2(t) = sin

(
πξs

[
1

2
t+

1

20
sin

(
5π

2
t

)])
;

f3(t) = sin

(
πξs

[
−1

5
t3 +

6

10
t2 +

1

10
t+

1

2

])
.
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These signals have been designed to represent well real life applications, such
as micro-doppler response signals [153, 154]. In addition, the performances on
a simulation of micro-doppler data will be discussed further on.

With reference to the relative phase functions, we will refer to the signal
f(t) = f1(t) + f2(t) as the quadratic/sinusoidal signal, and to the signal f(t) =
f1(t) + f3(t) as the quadratic/cubic signal.

In table 4.1, the scales selected by the proposed methods are reported. With
regard to the tangent line technique, the first ten and the last ten scales were
considered. It is noteworthy that, for the synthetic data, KLID and JID always
select the same point. In the case of the quadratic/sinusoidal signal, the selected
optimal scales are very close. The corresponding smoothed energy signals and
spectrogram are depicted in fig. 4.9. As it can be observed in figs. 4.9 (a)
and (c), significant extrema are correctly identified by the proposed method,
and hence interference points and interference regions are correctly estimated.
To prove the correctness of the locations, in figs. 4.9 (b) and (c) detected in-
terferences and interference regions are plotted on signal spectrogram: each
interference point is correctly located where instantaneous frequency laws inter-
sect and the corresponding interference region correctly encompasses a region
around it where individual laws are not distinguishable. The spectrograms have
been computed using a window with length equal to the selected scale.

In this case, the difference between the optimal scale selected using different
methods is not relevant, but it can be noted that the smoothed energy signal
Mλ[f ](u, s) presents less oscillations at the scale selected by KLID and JID than
the ones selected by the tangent lines method. Although the larger the scale
the more smoothed the signal, it is notable that the energy signal is still not
oversmoothed at the scales selected by KLID and JID.

The difference between the optimal scale selected by different methods is
more evident in the case of the quadratic/cubic signal, shown in fig. 4.11.
The relative smoothed energy signals are depicted in figs. 4.11 (a) and (c),
and it can be noted that the scale provided by the tangent lines method still
presents many spurious oscillations, which are not present in the level selected
by KLID and JID. Although the method in both cases correctly succeeds in
locating interferences and interference regions, the level chosen using KLID and
JID results more robust to changes in the threshold value during the extrema
extraction procedure. In figs. 4.11 (b) nd (d), the relative spectrograms are
shown: as in the previous case, for both selected levels the method correctly
identifies interference points and interference regions. Spectrograms have been
computed using a window length equal to the selected scale.

By comparing smoothed energy signals in figs. 4.9 (c) and 4.11 (c) with
the relative spectrograms, it can be observed that constructive interferences
correspond to maxima in Mλ[f ](u, s), while destructive interferences correspond
to minima.

The proposed approach is further validated through a direct comparison with
the reassigned spectrograms: in figs. 4.12 (a) and (b) interference regions are
marked on the reassigned spectrogram and it can be observed that they exactly
correspond to regions where reassignment fails. Even in this case, spectrograms
have been computed using a window of size equal to the selected optimal scale.
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Tangent lines KLID JID
Quadr./sine 35 39 39

Quadr./cubic 46 70 70
Micro-doppler 166 305 559

Table 4.1: For each test signals, selected optimal scales according to the pro-
posed methods: tangent lines technique, KLID and JID.

Figure 4.8: Signal f(t) = f1(t) + f2(t) – quadratic and sine-modulated chirps.
BV cost function versus scales. Optimal points estimated with different methods
are shown, along with KLID and JID. KLID and JID have been normalized for
visualization purposes.
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(a) (b)

(c) (d)

Figure 4.9: Signal f(t) = f1(t) + f2(t) – quadratic and sine-modulated chirps.
Smoothed energy signal and spectrogram at optimal level as selected by tangent
lines technique (a, b) and both KLID and JID selection methods (c, d). Circles
and black lines represent interferences while crosses and dashed lines represent
interference regions.
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Figure 4.10: Signal f(t) = f1(t) + f3(t) – quadratic and cubic chirps. BV cost
function versus scales. Optimal points estimated with different methods are
shown, along with KLID and JID. KLID and JID have been normalized for
visualization purposes.
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(a) (b)

(c) (d)

Figure 4.11: Signal f(t) = f1(t) +f3(t) – quadratic and cubic chirps. Smoothed
energy signal and spectrogram at optimal level as selected by tangent lines
technique (a, b) and both KLID and JID selection methods (c, d). Circles
and black lines represent interferences while crosses and dashed lines represent
interference regions.

In fig. 4.13 the same test signals have been processed using the short-time
Rényi entropy based method proposed in [145], where the choice of the window
length is crucial. Rényi entropy of the third order has been considered. Results
obtained using a 16 samples window are shown in figs. 4.13 (a) and (b). It
can be observed that the counting signal tends to oscillate heavily. Conversely,
using a window length of 32, small oscillations are dampened but the counting
signal tends to get smeared: in fig. 4.13 (d) the two rightmost interferences are
barely distinguishable. For the sake of comparison, short-time Rényi entropies
have been computed using windows with lengths corresponding to the optimal
scales (figs. 4.13 (c) and (d)). In this case, although the counting signals present
very few oscillations, they are not precise as the proposed method in locating
interference regions.

Finally, the proposed method has been tested on synthetic data simulating
micro-doppler response signal of a man walking and swinging both arms. The
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Figure 4.12: Reassigned spectrograms: interference between quadratic and cubic
chirps (a) and between quadratic and sine-modulated chirps (b). White dashed
lines limit interference regions and correspond to regions where reassignment
fails.

simulation has been realized using the Matlab Phased Array System Toolbox.
As shown in fig. 4.15, in this case the scale selected by KLID selection

method and the one selected by JID selection method are not the same.
In fig. 4.14 smoothed energy signals and relative spectrograms at the scales

selected by KLID (figs. 4.14 (a) and (b)) and JID (figs. 4.14 (c) and (d)) are
shown. For KLID, the smoothed energy signal is still heavily oscillating: even
though it locates most of the interferences, it fails in the correct detection of the
leftmost interference. This phenomenon does not happen if the scale is selected
by JID, where the signal is correctly smoothed and all the interferences and
interference regions are correctly estimated.

The present numerical experiment also shows that, even if the signal am-
plitude is not constant over time and more than two modes are present, the
method correctly locates interference points where reassignment would fail.
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(a) (b)

(c) (d)

(e) (f)

Figure 4.13: Number of components estimated using short time Rényi entropy
[145]. Interference between quadratic and cubic chirps ( a, c & e) and quadratic
and sine-modulated chirps (b, d & f). The first row refers to a 16 taps, the
second row refers to 32 taps window while the last row refers to a window
whose length is equal to the optimal scale selected according to KLID and JID.
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(a) (b)

(c) (d)

Figure 4.14: Simulation of micro doppler signal. Smoothed energy signal and
spectrogram (detail) at the optimal level as selected by KLID selection method
(a & b) and as selected by JID selection method (c & d). Circles and black
lines represent interferences while crosses and dashed lines represent interference
regions.

It turns out the proposed method could be twofold advantageous in human
gait micro-doppler signal analysis. On the one hand, the proposed optimal
scale selection process based on KLID and JID information measures might
be implemented in existing separation and analysis strategies to automatize
analysis window size selection; on the other hand the temporal interference
occurrence may represent a further feature to be used in human gait recognition
and classification procedures. This will be the topic for further studies.
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Figure 4.15: Simulation of micro doppler signal. BV cost function versus scales.
Optimal points estimated with different methods are shown, along with KLID
and JID. KLID and JID have been normalized for visualization purposes.
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Conclusions

In this thesis an information theoretic framework for the selection of the op-
timum set of expansion coefficients of a function on a Hilbert basis has been
defined and three different novel parameter-free methods have been presented.

The first proposed information measure for coefficients selection has been
inspired by Vitanyi’s well-known Normalized Information Distance (NID). It
has been defined through the use of differential entropy, which has been taken
as a complexity measure for deterministic functions. For this reason it has been
named Entropic Normalized Information Distance (ENID). A motivation for the
choice of differential entropy has been given in terms of divergence from a uni-
form distribution and it has been ensured that ENID is well defined and always
attains a minimum, whose location defines the separation point between rele-
vant and less relevant coefficients. In addition, the choice of differential entropy
avoids the quantization step that is necessary in Shannon entropy computations,
and which could destroy important infromation. Numerical error is estimated,
providing conditions under which the numerical scheme converges with order 2
and a thorough study has been presented, showing that the performance of the
proposed model in different wavelet bases are comparable to well-established
methods in signal processing applications, and in some cases outperforms them.
Numerical experiments also give evidence that ENID is strongly related to Nor-
malized Compression Distance, a compression-based approximation of NID.

The other two information measures have been named respectively Kullback-
Leibler Information Distance (KLID) and Jeffrey Information Distance JID, and
are based on Kullback-Leibler divergence between deterministic functions. A
suitable approximation has been proposed for them that depends on the dif-
ferential entropies of the functions we are comparing plus a term depending on
the integral mean of their difference. Conditions on the decay of the derivatives
of the functions have been given to ensure the validity of the approximation.
Numerical experiments proved that coefficients selection methods based on both
KLID and JID performs well and are capable of achieving a good balance be-
tween MSE and compression ratio. Moreover, experimental evidence shows that
a correspondence exists between KLID, JID and NCD.

In addition, they are robust to noise and they provide an automatic and
parameter-free tool for denoising.

While ENID tends to select enough coefficients for nearly perfect reconstruc-
tion in any condition, KLID and JID proved themselves capable of recognizing
the difference between coefficients that are representative of the underlying func-
tion and those that are too contaminated by noise, providing results that are
comparable to the state-of-the-art global thresholding-based denoising methods
and close to the oracle one.
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As a result, they provide direct techniques to estimate the set of expansion
coefficients that are optimal for signal reconstruction, in the sense of information
contribution.

Extension to bidimensional signals (i.e. images) is one of the main direction
of future work on this topic, as well as investigation of proper preprocessing
techniques to suppress numerical instabilities.

Furthermore, the proposed measures performed well in the task of automat-
ically selecting the optimal number of hierarchical Fourier descriptors, allowing
for efficient, nearly lossless compression of shapes and defining a promising fea-
ture for shape recognition and classification tasks.

As a last application, KLID and JID have been used to select the optimal
smoothing kernel to locate interference regions in time domain in a multicom-
ponent chirp-like signal. Thanks to the proposed measures, the interference
detection method is automatic and has proven to be robust to signals having
not comparable amplitudes. In addition, it results more stable and precise than
existing competing methods. This motivates future research concerning the ac-
tual use of the proposed method in this specific application. Robustness to noise
and to modes with different time duration (i.e. birth and deaths of modes) is a
further topic of future work.

To conclude, the success of the proposed measures in the task of determin-
ing the optimal filtering level in interference location shows that their applica-
tion exceeds the sole individuation of the optimal coefficients set. Implementa-
tion of the proposed measures in other problems concerning optimal points in
rate/distortion curves is a topic worth investigating.
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Appendix A

Proofs

A.1 Proof of Lemma 4.1.5

The following simple technical result will be necessary.

Lemma A.1.1. Let g(t) : [a, b] → R be a twice differentiable function and let
c ∈ (a, b).

Then

g′(c) =
g(b)− g(a)

b− a
+R(c),

where

|R(c)| ≤
∫ b

a

|g′′(t)|dt.

Proof. Consider the first order Taylor expansion of g around c

g(t) = g(c) + g′(c)(t− c) +

∫ t

c

g′′(τ)(c− t)dτ

and compute it for t = a and t = b:

g(a) = g(c)− g′(c)(c− a)−
∫ c

a

g′′(t)(c− t)dt

g(b) = g(c) + g′(c)(b− c) +

∫ b

c

g′′(t)(c− t)dt.

Then,

g(a)− g(b) = g′(c)(b− a) +

∫ b

a

g′′(t)(c− t)dt

Since
∣∣∣∫ ba g′′(t)

2 (c− t)dt
∣∣∣ ≤ |a− b| ∫ ba |g′′(t)|dt, the thesis follows.
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Proof of Lemma 4.1.5 Proofs

Proof.[Lemma 4.1.5]
Set λu,s(t) = λs(u − t) and let us fix u. From the definition of Mλs [P ◦ φ]

and using the change of variables θ = φ(t), it follows that

Mλs [P ◦ φ](u) =

∫ u+s

u−s
λs(u− t)P (φ(t))dt

=

∫ φ(u+s)

φ(u−s)
λs(u− φ−1(θ))P (θ)(φ−1)′(θ)dθ

=

∫ φ(u+s)

φ(u−s)
λu,s(φ

−1(θ))(φ−1)′(θ)P (θ)dθ

=

∫ φ(u+s)

φ(u−s)

d

dθ

[
Λu,s(φ

−1(θ))
]
P (θ)dθ,

where Λu,s is a primitive of λu,s.
Assume that φ(u− s) = n1T and φ(u+ s) = n2T . Then, for the periodicity

of P ,

Mλs [P ◦ φ](t) =

n2−1∑
k=n1

∫ (k+1)T

kT

d

dθ

[
Λu,s(φ

−1(θ))
]
P (θ)dθ

=

n2−1∑
k=n1

∫ T

0

d

dθ

[
Λu,s(φ

−1(kT + θ))
]
P (θ)dθ.

Let us consider a single element of the sum. Since both (d/dθ)Λu,s and P
are positive, for the integral mean value theorem there exists θk ∈ [kT, (k+1)T ]
such that

∫ T

0

d

dθ

[
Λu,s(φ

−1(kT + θ))
]
P (θ)dθ =

d

dθ

[
Λu,s(φ

−1(kT + θ))
]
θ=θk

∫ T

0

P (θ)dθ.

Using Lemma A.1.1 with g = (d/dθ)[Λu,s ◦ φ−1], a = kT , b = (k + 1)T and
c = θk,∫ T

0

d

dθ

[
Λu,s(φ

−1(kT + θ))
]
P (θ)dθ =(

1

T

[
Λu,s(φ

−1((k + 1)T ))− Λu,s(φ
−1(kT ))

]
+R(θk)

)∫ T

0

P (θ)dθ.

Summing up for k = n1, . . . , n2 − 1 it holds

n2−1∑
k=n1

∫ T

0

d

dθ

[
Λu,s(φ

−1(kT + θ))
]
P (θ)dθ =

(
Λu,s(φ

−1(θ))
∣∣∣n2T

θ=n1T
+

n2−1∑
k=n1

TR(θk)

)
M [P ].
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Proofs Proof of Lemma 4.1.5

But, since Λu,s is a primitive of λu,s and
∫
R λu,s(t)dt = 1, then

Λu,s(φ
−1(θ))

∣∣∣n2T

θ=n1T
=

∫ φ−1(n2T )

φ−1(n1T )

λu,s(t)dt

=

∫ u+s

u−s
λu,s(t)dt

= 1.

As a consequence,

Mλs [P ◦ φ](u) = M [P ] +

(
n2−1∑
k=n1

R(θk)

)
M [P ].

For the explicit bound on the error, we use Lemma A.1.1:

|R(θk)| ≤
∫ (k+1)T

kT

∣∣∣∣ d2

dθ2
Λu,s(φ

−1(θ))

∣∣∣∣ dθ
=

∫ (k+1)T

kT

∣∣∣∣ ddθ [λu,s(φ−1(θ))(φ−1)′(θ)
]∣∣∣∣ dθ

=

∫ (k+1)T

kT

∣∣∣∣ ddθ
[

1

s
λ

(
φ−1(θ)− u

s

)
(φ−1)′(θ)

]∣∣∣∣ dθ
=

∫ (k+1)T

kT

∣∣∣∣ 1

s2
λ′
(
φ−1(θ)− u

s

)
|(φ−1)′(θ)|2

+
1

s
λ

(
φ−1(θ)− u

s

)
(φ−1)′′(θ)

∣∣∣∣ dθ
=

1

s

∫ (k+1)T

kT

∣∣∣∣1sλ′
(
φ−1(θ)− u

s

)
1

|φ′(φ−1(θ))|2

+λ

(
φ−1(θ)− u

s

)
φ′′(φ−1(θ))

|φ′(φ−1(θ))|3

∣∣∣∣ dθ
=

∫ φ−1((k+1)T )

φ−1(kT )

∣∣∣∣ 1

s2
λ′
(
t− u
s

)
1

|φ′(t)|2

+
1

s
λ

(
t− u
s

)
φ′′(t)

|φ′(t)|3

∣∣∣∣φ′(t)dt
=

∫ φ−1((k+1)T )

φ−1(kT )

∣∣∣∣ 1

s2
λ′
(
t− u
s

)
1

|φ′(t)|

+
1

s
λ

(
t− u
s

)
φ′′(t)

|φ′(t)|2

∣∣∣∣ dt
≤

(∫ φ−1((k+1)T )

φ−1(kT )

∣∣∣∣ 1

s2
λ′
(
t− u
s

)
1

|φ′(t)|

∣∣∣∣ dt
+

∫ φ−1((k+1)T )

φ−1(kT )

1

s
λ

(
t− u
s

)
|φ′′(t)|
|φ′(t)|2

dt

)
.
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Proof of Lemma 4.1.8 Proofs

Summing up for k = n1, . . . , n2, by observing that (λs)
′(u) = s−2λ′(u/s) we

get

∣∣∣∣∣
n2−1∑
k=n1

R(θk)

∣∣∣∣∣ ≤
(∫ φ−1(n2T )

φ−1(n1T )

∣∣∣∣ 1

s2
λ′
(
t− u
s

)∣∣∣∣ 1

|φ′(t)|
dt

+

∫ φ−1(n2T )

φ−1(n1T )

1

s
λ

(
t− u
s

)
|φ′′(t)|
|φ′(t)|2

dt

)

=

(∫ u+s

u−s

∣∣∣∣ 1

s2
λ′
(
t− u
s

)∣∣∣∣ 1

|φ′(t)|
dt

+

∫ u+s

u−s

1

s
λ

(
t− u
s

)
|φ′′(t)|
|φ′(t)|2

dt

)
=

(
|(λs)′| ∗

1

|φ′|

)
(u) +

(
|λs| ∗

|φ′′|
|φ′|2

)
(u).

In general, φ−1(n1T ) 6= u − s and φ−1(n2T ) 6= u + s; as a result, another
error term has to be considered. Since its estimate is the same for the left (u−s)
and right (u+ s) boundary, we limit the proof to the first case, and then

Following the same technique as before,∫ φ−1(n1T )

u−s
λs(u− t)P (φ(t))dt ≤

∫ φ−1(n1T )

φ−1((n1−1)T )

λs(t− τ)P (φ(τ))dτ

=

∫ n1T

(n1−1)T

d

dθ

[
Λu,s(φ

−1(θ))
]
P (θ)dθ

=
d

dθ

[
Λu,s(φ

−1(θn1
))
] ∫ n1T

(n1−1)T

P (θ)dθ

= (φ−1)′(θn1)

∫ φ−1(θn1
)

u−s
λu,s(t)dt

∫ T

0

P (θ)dθ

≤ (φ−1)′(θn1)TM [P ]

=
T

φ′(φ−1(θn1
))
M [P ]

≤ T

Θ
M [P ].

A.2 Proof of Lemma 4.1.8

Proof. Let us fix u. For any t0 ∈ [u − s, u + s], there exists t̃ ∈ [u − s, u + s]
such that

f(t) = sin(φ(t))

= sin(φ(t0) + φ′(t̃)(t− t0)).
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Proofs Proof of Lemma 4.1.8

Then, using Plancherel theorem,

|(λs ∗ f)(u)| =
∣∣∣∣∫

R
λs(u− t)f(t)dt

∣∣∣∣
=

∣∣∣∣∫
R
λs(u− t) sin(φ(t0) + φ′(t̃)(t− t0))dt

∣∣∣∣
=

∣∣∣∣∫
R
e−i(u+φ(t0)−φ′(t̃)t0)ξ λ̂s(−ξ)

δ(ξ − φ′(t̃))− δ(ξ + φ′(t̃))

2i
dξ

∣∣∣∣
=

∣∣∣∣∫
R
e−i(u+φ(t0)−φ′(t̃)t0)ξ λ̂(−sξ)δ(ξ − φ

′(t̃))− δ(ξ + φ′(t̃))

2i
dξ

∣∣∣∣
≤ |λ̂(sφ′(t̃))|.

Taking the supremum for t̃ ∈ [u − s, u + s] in the last term completes the
proof.
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