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ABSTRACT. We study the thermal properties of a composite material made up of
a medium hosting an e-periodic array of perfect thermal conductors. The thermal
potentials of the two phases are coupled across the interface through a non-standard
imperfect contact transmission condition, involving the external thermal flux and
a proportionality coefficient Dye®, where o € R is a scaling parameter and Dy > 0
accounts for the imperfect contact. We perform the homogenization for all the
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1. INTRODUCTION

We are interested in the study of the thermal properties of a composite material
made up of a hosting medium in which a periodic array of thermal conductors is
inserted. Since, usually, in the applications the hosting medium is a plastic material,
we assume that the inclusions are made of perfect heat conductors (i.e. they have
infinite thermal conductivity). This last assumption is in agreement with the fact
that the heat conductivity of the inclusions is much larger than the one of the plastic
hosting medium, as in the application we have in mind, i.e. the packaging of electronic

devices (see [30, 31, 36, 37, 38, 40]). Other possible applications can be found in
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heat diffusion, electric conduction, petroleum exploitation, wave equations or elastic
properties of perforated materials (see, for instance, [2, 16, 17, 19, 26, 27, 32, 33, 34]).
From a mathematical point of view, the problem addressed in this paper reduces to a
heat equation satisfied by the temperature u2" in the hosting medium, while inside
each inclusion the temperature u"™ depends only on time and satisfies an ordinary
differential equation. Such an equation is not standard, since it involves a non-local
condition. As a consequence, u!™ is a constant (possibly depending on the inclusion)
with respect to the space variable. The two thermal potentials u™ and u®™ are
coupled through an imperfect contact transmission condition across the interface I'©
between the two conductive phases of the medium. More precisely, the jump of the

temperature [u.] = u®"* — u™ satisfies the non-standard boundary condition (see

(2.4))
[u.] = Dok Vu™ - v, (1.1)

where 1, is the normal vector to the interface I'® pointing to the hosting medium,
ke is a matrix taking into account the diffusion properties of the hosting material, ¢
represents the characteristic length of the inclusions, Dy > 0 is a factor taking into
account the imperfect contact condition and o € R is a scaling parameter related to
the interfacial heat exchange.

We mention that models like the one considered in the present paper have a wide area
of possible applications, as recalled before, and they are known in the mathematical
literature as “equivalued surface boundary value problems”, this being justified by
the fact that, on the boundary of the inclusions, the interior temperature field is
assumed to be spatially constant (see, for instance, [16, 19, 26, 32, 33, 34] and the
references therein).

In [6, 7], the authors studied a similar problem in which a perfect thermal contact
between the two conductive phases was assumed. This implies that the temperature
u. does not jump across the interface and, therefore, essentially allows one to restrict
the problem to the outer domain.

The main novelty of our paper consists in the fact that we consider a more general
model, in which we assume that the solution is no longer continuous across the
interface between the two phases, but it has a jump, whose size is proportional to
the outer heat flux through the coefficient Dye®, as shown in (1.1) above. Indeed,
problems involving composite media with imperfect contacts are widely studied in
various frameworks (see, among others, [5, 11, 12, 13, 14, 15, 18, 20, 21, 28, 29, 35|
and the references therein).

Our goal in this paper is twofold. First of all, we want to determine the overall
conduction properties of the composite medium, by means of a homogenization pro-
cedure based on the periodic unfolding technique. As a second goal, we want to
recover the perfect contact condition and to compare the resulting models with the
perfect transmission case addressed in [6, 7].

Therefore, we have two small parameters (the period € of the geometry and the
amplitude factor Dy) that we want to let tend to zero. For fixed Dy > 0, we perform
the homogenization process for each scaling @ € R, obtaining different macroscopic
problems. More precisely, for & > —1 we get three standard parabolic limit equations

depending on different homogenized matrices (see (4.15) for a > 1, (5.13) for a = 1
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and (6.9) for a € (—1,1)). On the other hand, for a < —1 we get two different
systems: for & = —1 we obtain a kind of standard bidomain problem consisting in
the coupling of a partial differential equation with an ordinary differential one (see
(7.5)), while for & < —1 we obtain a completely decoupled system, consisting of a
parabolic equation and a prescribed time-independent function (see (8.3) and (8.4)).
We point out that, for a # +1, the homogenized limit problems do not keep memory
of Dy. More precisely, in these cases, for a > 1, we obtain the same parabolic equation
as in [6, 7]; for & € (—1,1), the homogenized limit problem keeps a similar structure,
but it depends on a different macroscopic diffusion matrix. Finally, for a < —1, the
decoupled system does not keep any memory of the physical properties of the inner
phase; here, the equation for the relevant phase is different from the one obtained in
[6, 7] even in structure and the macroscopic contribution of the other phase is given
only by the limit of the original initial condition. On the contrary, for o = +£1, the
limit problem depends explicitly on the coefficient Dy. This justifies the need for
performing our second step, i.e. to let Dy — 0. The consequence of such a procedure
leads to two different situations: for v = 1, we recover the same problem obtained
for w > 1 and, hence, the result in [6, 7] (see (5.31)), while for & = —1, the bidomain
structure disappears and we recover the same problem obtained for o € (—1,1) (see
(7.10)). For more comments, see Remark 4.4, Remark 5.6, Remark 6.3, Remark 7.4
and Remark 8.3.

We notice that if we let Dy — 0 first, we can easily obtain from the energy estimate
(2.9) that [u.] — 0 in L*(I® x (0,T)), for any fixed « € R. Therefore, passing to the
limit in the weak formulation (2.7), we get the same problem, with perfect contact
transmission conditions, studied in [6, 7], which is homogenized to the problem (4.15),
found in Section 4.

On the contrary, when we take the two limits in the opposite order, the scaling «
is relevant and determines the shape of the final limit problems. We stress that, at
least for o < 1, the two limits do not commute, while for a > 1 they do commute.
Our proofs rely on the time-dependent periodic unfolding technique, which is the
time-depending version of the one described in [25]. In the homogenization procedure,
we need to consider non-standard test functions, inspired from the construction in
[19, 26], for the elliptic case. Up to our knowledge, the problem we are addressing
here is new in the literature, since it involves non-local conditions and imperfect
contact between the hosting medium and the perfect conductive inclusions.

We mention that, in a forthcoming paper ([9]), we shall address the case of different
inclusions with different imperfect contact conditions on the interface; in that paper,
we will analyze all possible limit cases.

The paper is organized as follows: in Section 2, we state our problem and some
preliminary results; in Subsections 2.1 and 2.2, we gather our general assumptions. In
Section 3, we introduce the cell functions appearing in the homogenization procedure.
In the remaining sections, we state and prove the homogenization results for the cases
a > 1 (Section 4), @ = 1 (Section 5), =1 < a < 1 (Section 6), « = —1 (Section 7) and
a < —1 (Section 8), respectively, and we compare the resulting models with the one

arising for the perfect contact condition, letting Dy — 0, where this is meaningful.
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2. STATEMENT OF THE PROBLEM

2.1. Geometrical setting. Let {2 be an open smooth connected bounded subset of
RY, with N > 2, and denote the unit cell by Y = (0,1)". For a given T > 0, we
define 2p = 2 x (0,7T) and, for € € (0,1),

E.={¢eZV, eE+Y)C 2},
Next, we consider an open smooth subset £ C RY, which we assume to be periodic
in the sense that E + z = E for all z € Z", setting also Fi,y = ENY, By =Y \ E,

I'=0ENY. We assume FE;,; to be connected. We also assume Fi; C Y, implying
that OF;,; = I'. For £ € =,, we define

Byt i=e(Bw+€), If:=0Ey;

int int *

We let
I =00

nt

Q&"

out

p— 7€
2= U B

int = “Q \ Qisnt :
§€Ee

We remark also that (22, is connected, while (2, is disconnected. From the physical
point of view, they represent the hosting medium and the perfect conductive inclu-
sions, respectively. Finally, let v denote the normal unit vector to I' pointing into
FEout, extended by periodicity to the whole of RY, so that v.(x) = v(x/¢) denotes the
normal unit vector to I'® pointing into (2 ,.

In the following, by v we shall denote a strictly positive constant, independent of ¢,

which may vary from line to line.

Let us denote the unknown u. by the piecewise representation

int : €
U = ua ) ?Il Qint X (OﬂT)7 (21)
u"t in ¢, x(0,7).

out
We denote the jump of such a function as

[us] = ul™ — u™ on I'° x (0,7).

The same notation will be employed for other functions, namely for test functions .

which may exhibit jumps across I'* x (0,7). The functions u™ and u®™ represent

the thermal potentials (or the temperatures) of the two phases.

We set
x
Ke(x) = /i(l‘, —> )
€
where k = (k;;) is a Y-periodic symmetric matrix with x;; € L>(f2 x Y) and such
that there exists a constant C' > 1 satisfying
CHC? < k(x,y)¢ - ¢ < O, for a.e. (z,y) € 2 xY and all ¢ € RY.
In addition, for a given positive constant A\, we set
A : 5
au(z) = { Bl 0
1, in (..

From the physical point of view, the matrix x. describes the diffusion features of the

outer phase and a, accounts for the capacities of the two phases.
4



Then, we state, formally, our problem for wu,.:

out
ou?

5 div(k. Vud™) = f, in 25, % (0,7); (2.2)
)\aggt = giN/mEVug‘“ ‘v, do, in ES8 % (0,7), € € Z.; (2.3)
e
[u.] = Doe“ke Vu™ - v, on I'* x (0,7); (2.4)
ue =0, on 002 x (0,7);
us(x,0) = u:(z), in (2.

We assume Dy € (0,+00), f € L*(£27) and u; € L*(2). We also require that . is
constant in each S5, o € R, and that @ — @, as € — 0, strongly in L?(£2).

Note that, as a consequence of (2.3) and of the choice of the initial datum g, in each
component E2% of 022 the function 4™ depends only on (£, 1), so that it is piecewise

constant in (2,. We mention that one can include in (2.3) a source term independent
of the spatial variable, without additional difficulties.
By the usual process of formal integration by parts, we arrive at the following rigorous

formulation of the problem.

Definition 2.1. Let the function u. be as in (2.1), with (abusing notation) u™(z,t) =
u (€, 1) in EGP and u™ € L*(25, (0, 7)), u™ € L*(0, T H'(25,,)), [ue] € L*(I* x

(0,7)), ut™ =0 on 9. Then, u. is a weak solution of problem (2.2)-(2.6) if

T

//{_aeuewa,t + Xoz,, Ke \Y ug“t -V 905} dx dt
9]

0
T

nga /T / [ue][pe] dodt = / / feoedz dt + / a . (0) dz, (2.7)
n

0 I 0 22

out

+

for all test functions o, such that o™ is constant in z in each ESS, o € L2(02,;
H'(0,T)), 92" € H'(£25,, x (0, 7)), [pe] € LX(I* x (0, 7)), and . (-,T) =0, . = 0

on 012 x (0,7). O

Here, for O C RY| yo denotes the characteristic function of O. Moreover, by ¢, , (or
similar notation, in the following) we denote the time derivative of the function ..

Existence and uniqueness of solutions to (2.2)—(2.6), for each fixed € > 0, can be
proven by means of an approximation argument with strictly parabolic equations
in the whole domain, for which a well-posedness result follows from the abstract

parabolic theory as in [39)].
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We make use of the following energy inequality, which in turn can be proved by means
of routine approximation procedures:

T

T
1

sup /ug(t)dx—i—/ /\Vug“t]2da:dt+ //[uE]Zdadt

0<t<T ) Doee )

0 ¢

out

< '7(||f||iQ(QT) + ||U_a||%2((z)) (2.8)
For any a € R, we infer at once
T

T
sup /u?(t)dx—i—/ /\Vu?“tIdedt+ i //[ug]Qdadtgfy, (2.9)
0<t<T et Dy .

2 0 ¢

out

where v does not depends on ¢, since u; converges strongly.

2.2. Time-depending unfolding operator. In order to deal with our homogeniza-
tion results, we need a space-time version of the unfolding operator studied in [22, 25]
(see also [6, 7, 10, 8, 13] and, for a more general version, in which a time-microscale
is actually present, see [3, 4]).

We recall, here, only the definitions and some of the properties needed in what follows
(for other standard ones, we refer directly to [10, 25, 28]).

For € € =, set

0. = interior{ U e(¢ —i—?)} : A5 =12, % (0,T).

§€E.

Denoting by [r] the integer part and by {r} the fractional part of r € R, we define

for x € RY
1)

9= (]2 e 5= ()
o e=<([2],+{2},)

Then, let Y. (x) = 5( [q + Y) be the space cell containing x.
ely

Definition 2.2. For w Lebesgue-measurable on (27, the (time-depending) periodic
unfolding operator 7. is defined as

w(e[a +5y,t>, (x,t,y) € A7 x Y,
Y

0, otherwise.

Te(w)(z,t,y) =

For w Lebesgue-measurable on I'7, the (time-depending) boundary unfolding opera-
tor T2 is defined as

w<€[f] +sy,t>, (x,t,y) € AT x I,
ely

0, otherwise.

T (w)(x,t,y) =



O

Definition 2.3. Let w be integrable in {27. The local (time-depending) space average
operator is defined by

1
S [ wende, it eas.

Mg(w)(fﬂ,t) = Yo () (210)
0, otherwise.

U
Notice that M.(w) = My (7:(w)), where, for a general set O, Mo(-) denotes the

integral average on O.

Proposition 2.4. Let w € L*(0,T; H'(£2)). Then,
1

B [To(w) — M(w)] = y°-Vw, strongly inL*(2r xY), (2.11)

where y© = (Y, ..., y™N) =y — My (y).

Proposition 2.5. Let w. = (w™, w"), with w™ € L*(0,T; H ({2

e Ve mt)) and wgut €
L*(0,T; HY(£2,,)). Assume that there exists v > 0 (independent of €) such that

/ lw,|?* da dt + / |Vw.?dzdt <7, Ve > 0. (2.12)
Or O

Then, there exist w' € L*(2r), w* € L*((0,T); H'(2)), w™ € L*(2r; H (Fiyy)) and
w' € L*(02p; Hy(Eow)) such that, up to a subsequence,

Te(x oz, we) — w', weakly in L*(2p X Eiy); (2.13)
Te(x s, we) = w?, weakly in L*(27 X Eyy); (2.14)
T-(xo:, Vw.) = V,0™, weakly in L*(Q2p x Ey), (2.15)
To(xo:, Vw.) = Vw® + V, @', weakly in L*(2r X Eqy) (2.16)

for e = 0. Moreover, due to (2.12), we have
5/[w€]2dadt§fy, Ve >0, (2.17)

I'r
with ~v independent of €, and then

T2 ([w.]) = w? —w', weakly in L*(Q2p x T). (2.18)

Remark 2.6. We recall that, when w. — w, strongly in L?(Q2r), then T:(w.) — w

strongly in L?(£27 x Y'). However, the only classes for which the strong convergence

of the unfolding 7;(w.) is known to hold in L?(27 x Y), without strong convergence

of w,, are sums of the following cases: w.(z,t) = fi(z,t)f2(e'z) with fi, f5 suitable

Lebesgue-measurable functions, we(z,t) = w(z,etz,t) with w € L*(Y;C(£27)) or

w € L*(07;C(Y)) (see [1, 23, 24] and [4, Remark 2.9]). O
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In view of the previous remark, we will assume in the following that the matrix
Kk € (LOO(Q;C# (7)))NXN, even if this assumption can be weakened, requiring that

there exists a Y-periodic matrix K € (L>(£2 x Y))NXN such that T:(k.) — K,
strongly in L?(£2 x Y).

2.3. Compactness results. Let u. be the unique solution of problem (2.2)—(2.6).
We collect here some compactness results in all the cases of interest for the scaling
parameter a. The convergences below are intended up to extracting subsequences.
By taking into account estimate (2.9) and Proposition 2.5, applied to our solution
u., it follows that there exist suitable functions u; € L?(Q2r), us € L*(0,T; Hy(£2))
and @' € L*(Q2p; Hj(Eouw)) such that

To(x0s, ue) — us, weakly in L*(£2p x Eiy); (2.19)
Te(x e, ue) — ug, weakly in L*(27p X Eoy); (2.20)
Te(xas, Vue) = Vuy +V, 0", weakly in L?(£2p X Egu). (2.21)
In addition, for every a € R,
/ T2 ([us])? dx do, dt < et (2.22)
QpxI’

The last estimate clearly implies, for a > —1,
T ([ue]) = 0,  strongly in L*(£2p x I), (2.23)

and therefore, u; = uy =: w € L*(0,T; Hy(§2)) in virtue of (2.18). More precisely, in
this case, we have

Ue — U, weakly in L*(£2r). (2.24)
On the other hand, for &« = —1, we obtain
T2 ([ue]) — ug — g, weakly in L*(Q2p x I). (2.25)
In the cases a > —1 instead, we get:
1
for —1<a<1l, —T*(u])—0, strongly in L*(2r x I'), (2.26)
ga
fora>1, 7?’([%]) -0, strongly in L*(£27 x '), (2.27)
€
fora=1, T? <M> — T 4y Vu+ (¢ weakly in L2(Qp x I), (2.28)
€

for a suitable function ¢ € L*(2r). The convergences in (2.26) and (2.27) are conse-
quences of (2.22), while for (2.28) we refer to [28].

Remark 2.7. We stress the fact that all the above convergences take place as ¢ — 0
and Dy is fixed. Later, after the homogenization procedure, we will discuss also the

limit for Dy — 0. 0]
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3. AUXILIARY RESULTS

We understand here all the general assumptions listed in Section 2. All the problems
below are intended in the distributional sense.

Lemma 3.1. For each j = 1, ..., N, there exists a unique x’/ € LOO(Q;H;E(EO“))
which satisfies
— divy (k(,y) V, (0 (2, 9) —¢7)) = 0, in Eou; (3.1)
//i(]?, y) V(X (z,y) —y') - vdo, =0, (3.2)
T
X (z,y) — o is independent of y on I, (3.3)
/ X (z,y)dy = 0. (3.4)
Eout

Proof. The result can be obtained following the same steps as in [7, Lemma 4.7]. O

Lemma 3.2. For j=1,..., N, let us consider the problem

— divy (kV, (¥ (2, y) —y)) =0, in Eou; (3.5)
1

. : 1 . . . .
vJ — N cy=— (I (I _ ¢ I )
WV (@,9) —u?) - v=p (P w) 7 [0 - Jdo.), on T; (3.6)

[ v@wa=o. (3.7)

Eout

Then, problem (3.5)~(3.7) admits a unique solution X7 € L>(£2; Hy(Eou))-

Proof. For j = 1,...,N, let ¥/ € H}@&(Eout) be the unique solution of the Robin
problem

— div, (kV, (X —y9)) =0, in Eyu; (3.8)
» 4 1 . 4
KV (X' = y¥) v = - (¢ —y¥) =0, onl. (3.9)
0
Set
. 1 iy
¢ (x) = / X (x,y) dy (3.10)
’Eout|
Eout
and define
(2, y) = X (2, y) — (). (3.11)

By means of an integration by parts of the differential equation (3.8) and taking into
account (3.9) and (3.11), it follows that

Sy L o cj
¢ (r) = —mp/(x (z,y) —y?)doy. (3.12)
9



Moreover, replacing ¥/ with %7 + (7 in (3.8) and (3.9), we get

— divy (kV, (¥ (2,y) — y¥)) =0, i Eou; (3.13)
. y 1 . T
KV, (X (z,y) —y?) v = E}(Xj(x,y)—y“réj(x)), on I, (3.14)

Therefore, taking into account (3.12)-(3.14), it is easily seen that {7 is the required
unique solution of the problem (3.5)—(3.7). The uniqueness follows by standard en-
ergy estimates. U

Remark 3.3. Notice that (3.12) can be rewritten as
@) =y + G ) do, =0, .15
r

Finally, we also recall the following well-known result.

Lemma 3.4. For each j = 1, ..., N, there exists a unique Y’/ € L“(Q;H#(Eout))
which satisfies
—div, (k(z,y) V(¥ (2,y) —¢7)) =0, in Eou; (3.16)
/i([L‘,y) Vy(ij(xvy) _y]> 'VZO, on F; (317)
| ¥may=o. (3.18)
Eout

4. HOMOGENIZATION OF THE CASE « > 1

In this section, we study the homogenization for the case @ > 1 and we find, in
the limit, a standard parabolic problem, in which the effective capacity is given by
a weighted average of the original capacities of the outer and the inner phases, the
effective diffusion matrix depends only on the properties of the outer phase, but no
memory of the contact coefficient Dy is kept (see Remark 4.4).

Theorem 4.1. The limiting function u, appearing in (2.24), is the unique solution

of

—(|Eout|+>\)/ug0tdxdt+/AhomVu-Vgpdxdt
QT .QT

B / fodudt + (|Eol + ) / Tp(0)de, (4.1)
Or N

for all o € HY(27) with ¢ =0 on 02 x (0,T) and fort =T. Here, the homogenized
matric Apom 1S defined by

) == [ wla) V40 =) V' dy. (12)
Eout
fore, =1, ..., N, where x has been introduced in Lemma 3.1.

10



Proof. Following similar ideas as in [19, 26], we select as a test function
x x
po(,1) = e2(t) Me(w)@) (Z) + wi@)o(2)]
where z € C'([0,T7]), 2(T) = 0, w € C§°(£2), ¥ € C°(Y), ¢ € C3(Y); we also assume

that ¢ is constant and ¢ = 0 in Ej,;. By unfolding the integrals appearing in the
weak formulation (2.7), we arrive at

e / T (acu) Te(2) M (w) To () + T (w) To()] dar dy

QXY
+e€ / To(z T-(Vu.) - T-(Vw)T(¢) de dy dt
QTXEout
+ / To(2)To(ke)To(V ue) - [To(Vy )M (w) + Te(w) T (Vy )] do dy dt
27X Eout
/ T-(f)T(pe) dx dy dt — / To(a:uz)Te(pe(0)) drdy — 0, e—0.
27 X Eout 02xY

However, it is easily seen that all the terms above, excepting the third integral, vanish
in the limit independently of the previous relation, which therefore yields

/ Oz, y)(Vu+ V, @) - Vo + ¢) dedydt =0, (4.3)

QT X Eout

By a standard density argument, this implies

/ 2(t)k(2,y)(Vu+V,u") -V, ®dzdydt =0, (4.4)

QT X Eout

for all ® € C1(2 x Euy), periodic in Y, vanishing on 942 and constant on I".
Taking into account that, from Proposition 4.2 below, we have that y°- Vu + u' is
independent of y on 27 x I', equality (4.4) turns out to be the weak formulation of
problem

—div,(k(Vu+V,a") =0, in Qr x Euy; (4.5)
/H(vu+vy al) - vdo, =0, (4.6)
r

y© - Vu+au' is independent of y on 2 x I (4.7)

Next, we choose as a test function

o) =0t (2) i)

3
11



where 1) is as above with, more specifically, ©» = 1 in Ej,. Note that 7:(¢.) — zw
strongly in L?(§2 x Y) and that

- [ T T ML) + (1~ o)) dedyde

QTXY
+ / Te(ke) T (V)T (2(1 — ) Vo + e 2(Mo(w) — w) V, ¢) dedy dt
Q27X Eout
/ T-(f)T(¢pe) da dy dt — / To(a:u2)T(9:(0)) dzdy — 0, e—0.
027 X Eout 02xYy

Then we get, according to [26],

_ / uz'wdr dy dt — / ]E)\ ’ uz'w dx dy dt
int

QT X Eout QT X Eint
+ / 2k(Vu+V, 0" [Vw— V,(¢y° - Vw)]drdy dt (4.8)
.QTXEout
/ fwzdrdydt + (| Fout| + A) / O)wudx .
.QTXEout 7

We add (4.8) to (4.4) and obtain

—(|Eout|+)\)/z'wud:cdt—|— / z6(Vu+V, ") (Vw+ V,w'")drdydt

QT QT X Eout

= | Eout| /zwf do dt + (| Eow| + )\)/Z(O)wﬂdm, (4.9)
Q
where we set
w'(z,y) = ®(z,y) = (y)y* - Vw - c(z),

with ¢ such that Mg, (w') = 0. The choice to fix the mean value of w! in Eyy is
due to the fact that such a function acts only on Egy.
By appealing to (4.5)—(4.7), we expand

u'(z,y,t) = —x(2,y) - Vu(z,t), (z,y,t) € 2 X Egy x (0,T), (4.10)

where the vector y has been introduced in Lemma 3.1. This implies that Mg, , (u') =
0. Thus, we obtain from (4.9)

—(|Eout|+)\)/z'wud:pdt+/zAhomVu-dexdydt
QT QT
= |Eout|/zwfdxdt—|—(|Eout| —I—)\)/Z(O)wﬂdx, (4.11)

n
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which essentially is (4.1), up to a routine density argument. The uniqueness of
the solution u of equation (4.1) is a standard result from the theory of parabolic
equations, taking into account that the homogenized matrix Aygy, is symmetric and
positive definite (see Remark 4.3). Hence, all the above convergences hold true for
the whole sequences. 0

Proposition 4.2. Let u' and u be the limiting functions appearing in (2.21) and
(2.24), respectively. Then, we have that

Y- Vou+u is independent of y on 2p x I. (4.12)
Proof. Let u. = (u™*,u2"*) be the unique solution of problem (2.2)-(2.6). Following

[28, Theorem 2.17], we have that, up to a subsequence, as ¢ — 0,

1 ~ .

- [T (™) — Mp(tb(ugut))] —y°-Vu+a', weakly in L*(27; H' (Eoy)),
up to an additive function independent of y. Therefore, by the linearity of the trace
operator, as ¢ — 0, we also obtain that

é [T2 (™) = Mp(T2 ()] = v Vu+a', weakly in L2(Q2p x '), (4.13)

3 3

where, with abuse of notation, we denote by @' also the trace of @' on I'. Clearly,
the previous convergence is still true up to the same additive function independent
of y, quoted above. Moreover, by (2.27) and (4.13), we have

L) - me) = -7 () 4 e (D)

€

+ % (ﬁb(uout) — ./\/lp(7;b(u§“t))) — - Vu+a', weaklyinL?(Qp x I'), (4.14)

still up to the same additive function independent of y quoted above. However, as
already pointed out, by (2.3) and the choice of the initial datum , it follows that u™*

e

in each component ES¢ of 22| depends only on (£, 1), i.e. T2(u™) is independent of

y on I'. Hence, also the limit of e= (T2(u™) — Mp(T2(u™))) is independent of y

£ 3

on I, so that the thesis is achieved. O

Remark 4.3. We emphasize that the distributional formulation of the limit problem
(4.1) is

(’Eout’ + )\) Uy — diV(Ahomvu) = |Eout|f7 in QT?
u=0, on 012 x (0,T); (4.15)
u(z,0) =1, in (2,

which coincides with problem (50) in [6], since Ay, is the same matrix obtained in
6, formula (49)]. Indeed, from standard results, the matrix Ayoy, can be rewritten as
Af(@) = / R, y) V(X = y') - V(X = ') dy (4.16)

Eout
which implies that it is symmetric and positive definite, ensuring, in this way, the

uniqueness of the homogenized solution. U
13



Remark 4.4. The limiting homogenized problem in the case a > 1 does not bear any
memory of the contact coefficient Dj.

Indeed, the fact that we obtain the same result given by problem (50) of [6] (where,
by assumption, [u.] = 0), can be viewed as a consequence of the high degeneracy of
the case of power a > 1, which we are dealing with. U

5. HOMOGENIZATION IN THE CASE oo = 1

In this section, we study the homogenization for the case a = 1 and we find, in the
limit, a standard parabolic problem, in which the effective capacity is the same as in
the previous case, while the effective diffusion matrix keeps memory of the contact
coefficient Dy (see Remark 5.3) and the geometrical properties of the interface. Such
an explicit dependence on Dy calls for a second limit procedure, in which we let
Dy — 0, essentially arriving at the same situation discussed in Section 4 (see Remark
5.6).

Theorem 5.1. The limiting function u, appearing in (2.24), is the unique solution

of

—(\Eout\—i—)\)/ugotdxdt—i-/BhomVu-dexdt

Qr O

\Eout\/fsodwdH (| Bout| +A) / up(0 (5.1)
02

for all p € HY(27) with ¢ =0 on 002 x (0,T) and fort =T. Here, the homogenized
matriz Byom 1S defined by

1 ~ g cj ci 1 ~ g cj 25N\, ch
Blinle) == [ wa) U2 = o) ity = o [0 =y + O doy (52
Eout r

fori, j=1, ..., N, where x = (X%, ..., %) and { = (C',....CN) have been intro-
duced in Lemma 3.2.

Proof. We begin by recalling that [u] = 0, owing to (2.23), and that (2.28) is in force.
Thus, we choose first the test function ¢.(z,t) = ep(z,z /e, t), where

‘ll(x,y)z(t), in QT X Eou‘w
; 7t = .
80(30 4 ) { O, m QT X Eint~

Here, z € C'([0,T]), 2(T) = 0, the function ¥ € C®(£2 x E,y) vanishes near 92 and
is Y-periodic.
14



Reasoning as in Section 4, we arrive at

/ Te(ke2)To(Vu™) - TV, V) do dy dt

+ = / 7;b<%>7;b(z\ll)dmdaydt%0, e—0. (5.3)

.QTXF
Then, by a density argument and recalling (2.28), we get
1
/ k(Vu+V,a")V,odrdy dH—F / (@' +y°-Vu+()pdrdo,dt =0, (5.4)
.QTXEout O.QTXF

for all ¢ € L=(£27; Hy(Eoy)). The distributional formulation of (5.4) is given by

—div,(k(Vu+V,a")) =0, in 2p x Eoy; (5.5)
K(Vu+V,a") v —;O( +y°-Vu+¢), onrxI. (5.6)
Notice that (5.6) implies
/ @' +y°-Vu+¢)dzdo,dt =0. (5.7)
QrxT

Then, we will apply below the factorization

ut(z,y,t) = —x(2,y) - Vu(z,t) — é’(:v) -Vu(z,t) — ((z,t). (5.8)

Next, we select the test function @.(z,x/e,t), where

. ) z(t)w(z), in 27 X Eout,
@a(if,y,ﬁ - {z(t)M€<w)<x) , n QT X Eint,

with z € C1([0,T7]), 2(T) = 0, w € C(£2). We get

- [ T T dedyde - | T M ) dedyar

|Eint’
.QTXEout QTXEint
n / To(2) TV we) - To(V w) da dy dt
.QTXEDut
[u] w— M. (w)
/ T(2 )7‘"<f) dz do, dt
QTXF
A
/ To(f)T:(zw) dz dy dt — /(XEout E ’XElm>7;(uE)7;(<p€( ))dzdy — 0,
int
QTXEout (%

15



as ¢ — 0. Thus, in the limit, we obtain

— | Eout| /uz’w drdt — \ / wz'wdx dt
.QT QT

+ / zk(Vu+V,d")  Vwdzdydt

1
+F / (@ +y° - Vu+ )y° - Vwda do, dt
0

QTXF

= | Fout| /fzwda:dt+ (| EBout| + )\)/ﬂz(O)wdx.
O 19

Equation (5.9) is, up to the usual density argument, the weak formulation of the
limiting problem. Next, we insert into it the factorization for @' given in (5.8), ob-
taining (5.1). Since the homogenized matrix Byey, is symmetric and positive definite
(see Proposition 5.2 below), by standard theory of parabolic equations, the solu-
tion of (5.1) is unique, and then all the above convergences hold true for the whole
sequences. 0

Proposition 5.2. The matriz Byom can be rewritten as

Bilu(a) = [ o) VR =) V(@ =) dy
Eout
1 Cioci y PiN(od i fd
b [ =y O =y + ) doy, (510
r
fori, 5 =1, ..., N. It follows that Bynow is symmetric and positive definite.
Proof. On using X* in (3.5) as test function, we find
) ) ) 1 ) ) Nl
[0 =y Vs gy [ -y O)iide, =0, ()
0
Eout r

On the other hand,

/(fcj —y7 + )¢ o, =0, (5.12)
r
owing to (3.15) and recalling that ¢? is independent of y. By adding (5.11) and (5.12)
to (5.2), we prove (5.10). The positive definiteness of Bypey, is then standard. O
Remark 5.3. Notice that the distributional formulation of the problem (5.1) is
(lEoutl + )\) Uy — diV(Bhomvu) = ‘Eout‘f7 in QTv
u=20, on 012 x (0,T); (5.13)
u(z,0) =1, in (2.
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The homogenized diffusion matrix depends on Dy and this calls for a second limit
D() — 0. ]

The final part of this section is devoted to perform the limit Dy — 0. In what follows,
the dependence on Dy of the involved functions is not denoted explicitly, but it is left
understood.

For later use, let us define the functional space

X} (Eow) == {t) € Hy(FEow) : ¥ is independent of y on I'}. (5.14)

Theorem 5.4. For Dy — 0, we have that there exists u, € L*(0,T; H}(£2)) such
that
U — u,, weakly in L*(0,T; HY($2)),

where u, is the unique solution of the problem

— (|Eow| + ) /uogot dx dt + / Bohom Vi, - Vodr dt
QT -QT

|E0ut|/fgoda:dt+ (| Eout| + ) /ﬂgp dz, (5.15)
Q

for any ¢ € HY(Qr) with ¢ =0 on 92 and for t = T. Here, B, pom is defined by

BY, (x) = / o, )0y, (5 — ) dy — / KV, — y) vy oy, (5.16)

Eout r
fori, j=1,..., N, where Yo = (X, ..., xXY) is given in (5.26)—(5.29), below.

Proof. First, we remark that the weak formulation of problem (3.5)—(3.6) is

/ k(z,y)Vy (X! —y¥) - Vypdy + D_o /()A(j —y? +{)pdo, =0, (5.17)
T

Eout

for every ¢ € Hj(FEqy). However, problem (3.5)~(3.6) can be written in a variational
form. Following the ideas in [26], for j = 1,..., N, we can introduce the function
Ul(2,y) = X’ (x,y) =y ¥(y), where ¥ € C°°( Out) is a function such that ¥ = 0 on
OY,¥=1onTl and [, y“Wdy=0. Clearly, U7 = x/ —y“ +y“(1 - V). Moreover,
set

g{ = —div, (nvy(ycj(l — \I/))) , in By
and

ggzmvy(ycj(l—\lf))-u, on I
17



By (3.5)~(3.7), we obtain that U7 € L>(§2; Hj(E,y)) and it satisfies the following
variational problem

— div, (kV,U7) = ¢I in Eoy; (5.18)
. 1 . A '
KV, U7 v = - (U7 + ) + g3, on I (5.19)
0
/ Uz, y)dy = 0. (5.20)
Eout

Multiplying equation (5.18) by U7 (which is an admissible test function), integrating
by parts and using (5.19), we arrive at

[ 9y o [+ @),
0
Eout F

= /g{Ude—/ggdeay: / KV, (y9 (1 — W) -V, U7 dy. (5.21)

Eout r Eout

Taking into account that, by construction, U7 = x4 — y on I" and that (7 is inde-
pendent of y on I', by (5.12), it follows

/(Uj + ij)gj do, = /()A(J - ij + 6j)§j day =0,
r r

so that the equality (5.21) can be rewritten in the form

) ) 1 LA ) . ) )
/wyUﬂ.vade+F/(Uﬂ+gﬂ)<w+gﬂ)day: / KV, (% (1= W) -V, U7 dy .
0
r

Eout Eout

This leads to the energy estimate

) 1 . nl
sup / |VyUJ\2dy+D—/(U9+CJ)2day <7, (5.22)
19 0

out r

where 7 depends on C' and ||¥|¢1(g,,), but it is independent of Dy. This implies
that, for j =1,..., N,

U+ =x—y9+ -0,  strongly in L(£2; L3(I)), (5.23)

when Dy — 0; moreover, there exists xJ € L™(§2; Hj(Eou)) such that, up to a
subsequence,

Y=, weakly in L*>(£2; Hy(Eow)), (5.24)

when Dy — 0. In particular, from (5.23) and (5.24), it follows that ¥’ — y< is

independent of y on I
18



In order to pass to the limit in the weak formulation (5.17), let us take a test function
@ € Xf (Eoy). Then, for a.e. z € (2, using again (5.12), we get

/ K@, y)Vy () —y7) - Vypdy =0, Vo € Xy (Eou) - (5.25)
Eout

Taking into account that y? — y“ is independent of y on I', we can extend X? to Fiy
in such a way that x? — y“ remains independent of y (still denoting this extension
by x7). Hence, it is easy to see that such a xJ belongs to the space L>(§2; Hy(Y))
and, if we add to it a suitable function of x, it satisfies

—divy (kV,(X] —y9)) =0 in Eyu; (5.26)
[ )V, - v vdy =0 (527
Eout
(z,y) —y“ is independent of y in Fjy; (5.28)
[ Wy =o. (529
Y
for j =1,...,N. Now, we have to pass to the limit in the homogenized matrix
BY (1)=— / Kik (7, 9)0y, (X — y7) dy — —/ — 4 )y do, = - — L.
Eout

Clearly, when Dy — 0, for a.e. x € (2, it follows

I — / ki (2, )0y, (Y] — y7) dy .
Eout

On the other hand, using (3.14), for I> we have
1 ~j cj A 1 ~j cj A
I = —/(x] —y? + )y doy = —/(xj —y? +)y* ¥ doy,
Dy Dy
r

= //{Vy(ﬁj —y9) - vy“Vdo,

T
T / KV, (X —y) -V, (y* ) dy — — / KV, (X —y7) -V, (y“ ) dy
Eout Eout
= /ﬁvy(f(g — ycj) vy do, = //ivy(fd; — ycj) vy doy, .
T T
Thus, for a.e. = € 2, B (x) — BY,,.(x), where the limit matrix BY,  (x) is

given by (5.16). Moreover, by (5.22), it follows that the entries of the matrix Bpopm,

are bounded by a constant in {2 and thus B/ ~— Bojhom, strongly in LI((2), for all
q=1
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By taking into account that the matrix B,lfom is symmetric and positive definite,
independently of Dy, we get the standard energy estimate

sup /u2(t) dx+/|Vu|2 dedt <7, (5.30)

o<t<T
Q7

for a suitable v > 0, independent of Dy. Then, up to a subsequence, we get that
there exists u, € L*(0,T; H}(£2)) such that, when Dy — 0,

U— Uy, weakly in L?(0,T; Hy(£2)).

Thus, passing to the limit for Dy — 0 in the weak formulation (5.1), we arrive at
(5.15). The uniqueness is a consequence of the symmetry and the positive definiteness
of the matrix B, hom (see Remark 5.5 below). O

Remark 5.5. The distributional formulation of the limit problem reads like

(‘Eout‘ + )\) Uot — diV<Bo,homvuo) = ’Eout’fa n 'QT;
u, =0, on 002 x (0,7); (5.31)
uo(,0) =1, in £2,

which coincides with problem (50) in [6], once we have proven that the homogenized
limit matrix B, pom is the same as the matrix obtained in [6, formula (49)].

To this purpose, let us take ¢ = X!, — y“¥ € X (Eoy), extended independently of y
in Fiy, as test function in (5.25) (with ¥ as above). It follows that

//i(a:,y)vy(f(g —y9) -V, X dy — //ﬁ:(:v,y)vy(f(i —y9) -V, (y" W) dy = 0. (5.32)

Y Y
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Hence,

BY, (x) = / (s y)0y, (5 — ) dy — / KV, (40— y) - vy do,

Eout F
= — / (2, y) V(X —y9) - Vyy dy — / £V, (X —y9) - vy® ¥ do,
Y I
—/ff(x,y)vy(fci—yc') V(X5 —y*) dy
Y
- / w2, 9) V(0 — ) -V, (570) dy / KV, (0 — ) - vy do,
Y I
- / B2 Y)Y, (5 — ) - V(%5 — 4) dy
Y
- / k(2 y) V(2 —y9) - V, (") dy — /mvy y“) - vy do,
Eout F
Z/Fa(x,y)vy(fci—y”)-Vy(fci—yc")der / div (k(z,y)Vy(X] — y7))y*“ ¥ dy
Y Eout
= /fﬁ(l’,y)vy(fci —y9) - V(X — y*) dy,
Y

where, in the third and fourth lines, we added (5.32) and, in the last line, we used
(5.26). Therefore, we get that B, pom is the same symmetric and positive definite
matrix appearing in [6, formula (49)], once we notice that (5.26)—(5.29) coincides
with problem (44)—(46) in Lemma 4.4 of [6]. Hence, the previous limit problem
(5.31) is exactly problem (50) in [6] (recall that y“ and ¢’ coincide up to an additive
constant). O

Remark 5.6. Notice that (5.26)—(5.29) are essentially the same problem defining the
cell function y in Lemma 3.1, which is involved in the homogenization of the case
a > 1; indeed, the two cell functions coincide up to a quantity independent of y. This
implies that B, pom = Anom. Therefore, after the two limit procedures, we arrive at
the same problem given in (4.15), for @ > 1. This fact seems to be connected to the
high degeneracy of the e-problem in this case. U

6. HOMOGENIZATION OF THE CASE —1 < a <1

In this section, we study the homogenization for the case —1 < a < 1 and we find, in
the limit, a standard parabolic problem, in which the effective capacity is given by
a weighted average of the original capacities of the outer and the inner phases, the
effective diffusion matrix depends only on the properties of the outer phase, but no
memory of the contact coefficient Dy is kept. However, the effective diffusion in this

case is different from the one obtained in Section 4 (see Remark 6.3).
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Theorem 6.1. The limiting function u, appearing in (2.24), is the unique solution

of

<|Eout|+)\>/U90tdxdt+/0homvu V pdzdt

O

|Eout|/fg0dxdt+ (| Eout| + ) /ﬂgp dz, (6.1)
Q

for all p € HY(27) with o = 0 on 952 x (0,T) and fort =T. Here, the homogenized
matriz Chon 15 defined by

Clzljom( ) = = / '%(xvy) Vy(ij - y]) : vy yZ dy7 (62)
Eout
fori, 3 =1, ..., N, where x has been introduced in Lemma 3.4.

Proof. We proceed as in the proof of Theorem 5.1, with the same test function .,
arriving at

/ Te(ke2)To(V ul™) - TV, V) do dy dt

s [ (i) menadna o, cs0. 63
QTXF ©’

When we recall (2.22), we get by density

/ k(Vu+V,u") V,¢dzdydt =0, (6.4)

QTXEout
for all ¢ € L=(£27; Hy(Eoy)). The distributional formulation of (6.4) is
—div,(k(Vu+V,a")) =0, in Q27 X Eoy;

K(Vu+V,a') - v=0, on 2r x I.

Then, we will apply below the factorization
' (z,y,t) = =X(,y) - Vu(x,1), (6.7)

where ¥ = (¥!,..., %) is introduced in Lemma 3.4.
We go on reproducing the argument in the proof of Theorem 5.1, that is we select

the test function ¢.(x,x/e,t), as there. However, owing to the different scaling, we
22



obtain here

- / m%mwmmww—ﬁ% / T () To (2 )M (w) da dy dt
int

07X Eout Q7 X Eint
n / To(2) To(V ) - To(V w) da dy dt
QTXEDut
g3 b e Zb(w_ME(w))
v / T ()T (€+> - dz o, dt
QrxI’
A
- [ TT G draya— [ (v + ) T 0) dedy = 0.
int
QTXEout (%

as € — 0. In the limit, on invoking again (2.22), we obtain

— \Eout\/uz’wdxdt—)\/uz’wdxdt

Or Or
+ / zk(Vu+V,u")  Vwdzdydt (6.8)
QTXEout

= ]Eout]/fzwdxdt+(\Eout\ +)\)/Ez(0)wdx,
O Q

which, as above, yields the weak formulation of the limiting problem. Next, we insert
into it the factorization for @' given in (6.7), obtaining (6.1). Due to Remark 6.2
below, we obtain uniqueness of the solution of (6.1) and, therefore, all the above
convergences hold true for the whole sequences. 0

Remark 6.2. The distributional formulation of the problem (6.1) reads as follows:

(|E0ut| + )\) Ut — diV(ChomVu) = |Eout|f7 n .QT;
uw=0, on 002 x (0,7); (6.9)
u(z,0) =1, in (2.
Moreover, by standard results, the matrix C,, can be rewritten as
i () = / k(a,y) Vy (X (2,9) = ') - Vi (F (2,9) — ') dy, (6.10)
Eout

which implies that it is symmetric and positive definite. Therefore, problem (6.1)
is a standard parabolic problem, for which existence and uniqueness are well-known
results.

O

Remark 6.3. Note that the limiting problem (6.9) does not keep any memory of the
contact constant Dy. Moreover, we point out that, despite the fact that problem (6.9)

presents the same form as the problem (4.15), it describes a different macroscopic
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material, since the corresponding homogenized matrices are different, as they involve

different cell functions. O
7. HOMOGENIZATION OF THE CASE o = —1
In this section, we study the case @« = —1, which leads to a completely different struc-

ture of the macroscopic problem. More precisely, we arrive at a bidomain problem,
where the homogenized solution splits into two components satisfying a system cou-
pled through an exchange term involving Dy (see (7.5)). As Dy — 0, the bidomain
structure is lost and we recover a standard parabolic problem.

Theorem 7.1. The limiting functions u; and us, appearing in (2.19)—(2.20), give
the unique solution (uy,us) of the system

—)\/ulgpltdxdt |Eout|/u2g02tda:dt—l—/0h0mVu2 V o dadt
.QT QT

+ — [ (uz —up)(p2 — 1) dadt

|Eout|/fg02dxdt+)\/ a1 (0 d:L‘+|Eout|/E902(0)dm, (7.1)
Q

?

for all ¢y, ps € HY(27) with @1, 02 =0 on 02 x (0,T) and fort =T. Here, Cron 18
the same matrixz defined in (6.2).

Proof. We proceed as in the proof of Theorem 5.1, with the same test function .,
arriving at

/ Te(ke2)To(Vu™) - TV, V) do dy dt

/T” u)T2(20)dz do, dt — 0, c—0. (7.2)

QTXF

Recalling (2.25), we get that (6.4)—(6.7) are still in force.
Next, we select the test function @.(z,t) = @(x,z /e, t), with ¢ given by

in {2 Eina
¢<x,y7t>:{zl punte) o B

29 (t)wo () in 2p X Egy,
24
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with 21,29 € CH[0,T]), 2:(T) = 0 = 2(T), wy, ws € C*(2). Owing to the present
scaling, we obtain

-/ 7;(u5>7;<z;w2>dxdydt—ﬁ [ T e dedyde
int

27 x Eout Q71 X Eing
b [ TV ) TV ) arayar
027 X Eout
1
T / T2 ([u)) T2 (zows — zywy) dwdoy, dt — / T-(f)Te(z2ws) dz dy dt
OQTXF Q7 X Eout
A
_ / T )T (25(0)ws) dar dy — / T T T (2 (0)wn) dady 0., (7:3)
int
2% Eout 02X Eing

as € — 0. In the limit, on invoking again (2.25), we obtain

—|E0ut|/ugz§w2 d:cdt—)\/ulziwl dx dt+ / 29K (V ug+V, 0")-V wy do dy dt
Q7 Q7 027X Eout
1
+ D / (ug — uy)(z2wy — zywy) de do dt
OQTXF
= | Eout| /fZng dz dt + | Eous| /ﬂzQ(O)wQ dxdy + )\/ﬂzl(())wl dedy, (7.4)
Qr 1?) 1?)

which, as above, by a density argument yields the weak formulation of the limiting
problem. Next, we insert into it the factorization for u' given in (6.7), obtaining
(7.1). Due to Remark 6.2 above and to the energy estimate (7.8) below, the problem
(7.1) has uniqueness. Therefore, all the above convergences hold true for the whole
sequences. [

Remark 7.2. The distributional formulation of (7.1) leads to the homogenized bido-
main system given by

. r .
| Eout|u2,s — div (Chom Vuz) + %(UQ —uy) = |Eout|f in £2r;
0
>\u1,t — —(UQ — Ul) = 0, n QT; (75)
D
u1(0) = uz(0) =w, in (2.

We stress the fact that the matrix Cy,y,, which is the same matrix appearing in
Section 6, does not depend on Dj. O
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Theorem 7.3. For Dy — 0, we have that there exists u, € L*(0,T; Hi(§2)) such
that

U — U, weakly in L*(27);
Uy — Uy, weakly in L*(0,T; H}(2)); (7.6)
ug —up — 0, strongly in L*($2r),

where u, is the unique solution of the problem

— (| Fout| + A) /uogot dx dt + / ChomVu, - Vodrdt

Q7 Q7

|Eout|/fgodxdt+ (|Eout| + A) /ﬂgp dz, (7.7)
1?)

for any o € HY(27) with o = 0 on 92 x (0,T) and for t = T. Here, Cpom is the

same matriz defined in (6.2).

Proof. Multiplying the first equation in (7.5) by u, and the second one by u1, summing
and integrating by parts, we get

;m’/u%dqu/C’h()mVuQ VUdedt+—/ U — Uy) d:pdt
0

E
é/u%dx+ |
2
2
A EOH J—
:\Eout\/fugdxdt—i— (_+|2 t|)/u2dx,
27 2

which, by using Poincaré’s inequality on us, leads to the following energy estimate

Q7

sup /ufdx—i—/ugdx /|Vuz] dxdt+—/u2—ul) dedt <~v, (7.8)

0<t<T
2 Q7

for a suitable positive constant independent of Dj.
The energy estimate (7.8) implies that there exist two functions u,; € L*(f27) and
usg € L*(0,T; HY(£2)), such that, up to a subsequence, we have

U — Ugp , weakly in L?(0r);
Uy — Upy , weakly in L2(0,T; Hy(£2)); (7.9)
ug —ug — 0, strongly in L?(27),

for Dy — 0. Since in the limit, ug; = ugs =: u, € L*(0,T; H}(£2)), in the weak for-

mulation of problem (7.5) we can take, in both the equations, the same test function

v € H' (), with o = 0 on 92 x (0,T) and ¢(T) = 0 in 2. Then, passing to the
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limit for Dy — 0, we obtain

|Eout|/fcpdxdt+ (A + |Eow)) / up(0
Q

= —)\/ulgotdxdt |E0ut|/u2g0tdxdt—l—/0h0mVu2 Vedxdt
.QT QT

— )\/uogat drdt — ]Eout]/uogot dxdt+/Ch0mVu0 Vedzdt.

O

This proves (7.7). We can conclude that the limit problem has no longer a bido-
main structure; indeed, it is a standard parabolic problem, for which existence and
uniqueness are well-known, proving the statement. 0

Remark 7.4. The distributional formulation of the problem (7.7) is given by

(’Eout| + >\> Upt — diV<Chomvuo) - |Eout|f7 in QTy
U, =0, on 082 x (0,T); (7.10)
uo(z,0) =1, in (2.

Notice that (7.10) coincides with problem (50) in [6] only formally, since the present
matrix is different from the one appearing there. On the other hand, the problem
(7.10) coincides with (6.9) and this is still due to the degeneracy of the problem in
this case. U

8. HOMOGENIZATION OF THE CASE o < —1

In this section, we study the case a < —1, which leads to a completely different
problem (see Remarks 8.2 and 8.3), given by a kind of “bidomain” system, in which
the equation governing the outer phase coincides with the homogenized equation of
a standard homogenous Neumann problem in a periodically perforated domain. In
turn, the inner phase coincides with the limit of the initial datum.

Theorem 8.1. The limiting functions u, and us, appearing in (2.19)—(2.20), give
the unique solution (u1,us) of the system

—)\/ulgpltdxdt—|Eout|/u%ogtdxdt—i—/C’homVUQ Vo dxdt
QT QT

= |Eout|/fgpgdxdt+)\/ﬂg01(0)dm—|—|Eout|/ﬂgpg(0)dx, (8.1)
Qr Q Q

for all p1, o € HY (027) with p1,02 =0 on 002 x (0,T) and fort =T. Here, Cyom 18
the same matriz defined in (6.2).
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Proof. We proceed as in the proof of Theorem 7.1, with the same test functions.
Here, we only highlight the changes with respect to the previous case. More precisely,
concerning the computations for the microscopic part, we still arrive at (7.2) where,
recalling (2.22), the second integral is replaced by

1
D()EO‘

/ T2 ([u)) T2 (2¥) dx do, dt

QTXF

"~ DyeletD/2 / 7. (m) 2(20) dz do, dt

QTXF
(1-a)/2
-5 | 7 (%)mwxdaydtw“a)/uo,
0 .QTXF

since @« < —1. So, we have that (6.4)—(6.7) are still in force. On the other hand,
concerning the computations for the macroscopic part, we still arrive at (7.3) where,
similarly as above, the fourth integral is replaced by

1
D0€a+1

/ T2 ([u]) T2 (z0ws — zywy) dz doy, dt

.QTXF

—(at1)/2

£ Ue

- Dy / T (5(£+1])/2) T2 (20wy — zywy) d do,dt — 0
0

.QTXF

as € — 0, as a consequence of (2.22) and of the fact that @ < —1 (which implies
—(a+1)/2 > 0). Thus, in the limit, we obtain

— | Eout] /UzZéwg de dt — )\/ulziwl da dt
Q7

O

+ / 2ok(Vug + V, 0" - Vwy dz dy dt

QT X Eout

= ]Eout]/fzgwg dx dt + |Eout|/ﬂzz(0)w2 da:dy+)\/ﬂzl(0)w1 dedy, (8.2)
Qr 1?) 1?)

which coincides with (7.4), apart form the lack of the integral containing Dy, appear-
ing there. Therefore, the weak formulation of the limiting problem follows by the
same density argument. Next, we insert into it the factorization for u' given in (6.7),
obtaining (8.1). Due to Remark 6.2, the problem (8.1) clearly has uniqueness and,
therefore, all the above convergences hold true for the whole sequence. U
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Remark 8.2. The distributional formulation of the homogenized system (8.1) is given
by

‘Eout‘u&t —div (Chomvu2) = ’Eout’fv in QT;
)\ul,t = O, in QT; (83)
u1(0) = us(0) = 7, in 02,
where no dependence on D, appears. Moreover, we easily obtain
uy(z,t) =u(x), a.e. in £2p. (8.4)

It is worthwhile to notice that the problem (8.3) can be considered as being a kind of

“bidomain” system, in which the two overlapping phases are completely decoupled.
O

Remark 8.3. We stress that, in the present case, the equation governing the relevant
phase in the “bidomain” limit system (8.3) corresponds neither to the problem (4.15)
in Section 4 (which coincides with [6, problem (50)]) nor to the problem (6.9) in
Section 6 (which recovers, at least formally, [6, problem (50)]). Indeed, here both the
capacity and the diffusion matrix are different from the ones appearing in [6, problem
(50)], leading to a completely new equation which does not keep any memory of the
physical properties of the inner phase. We notice that such a memory is lost also
by u;, which, as it can be seen in (8.4), depends only on the limit of the initial
condition. O
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