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1 | INTRODUCTION

The study of the motion of particles diffusing in a confined region is relevant in many different fields (see, for instance, the
recent papers 2355061 and the references therein). In several studies, it has been shown that the interaction of particles with
the walls results into a diffusive coefficient depending on the space coordinates 891, A rather natural microscopic counterpart
is represented by the random walk models, with hopping probabilities depending on the site coordinates. Such kind of models
have been, for instance, introduced in the study of wetting phenomena, in which the effect of competition between long range
attraction and reflection at the wall is modeled ", We also mention that space dependent diffusion is also considered in some
biological ionic channel models, to justify the selection of ionic species 121,

In the context of diffusion motion in inhomogeneous materials, due to the space dependence of the diffusion coefficient, the
derivation of the macroscopic equation is not straightforward. Indeed, assuming that the flux is given either by —BVu or —V(cu),
where B and c represent the diffusion coefficient and u the density field, gives rise to two different diffusion equations, known
in the literature as the Fick and the Fokker—Planck diffusion laws ISU#IIOIT respectively. In the recent paper 8, relying on a
hydrodynamic limit computation, it has been proved that the two different choices mentioned above for the flux are connected to
the microscopic structure of the inhomogeneity. Indeed, for local isotropic space inhomogeneities, the Fokker—Planck version of
the flux is found, whereas when the space inhomogeneity is exclusively due to local anisotropy, the Fick expression is recovered.
In mixed situations, the general flux structure —BV(cu) is found and the corresponding general diffusion law u, = V - [BV(cu)]
is obtained.

Here, we study such a mixed Fick and Fokker—Planck diffusion problem for inhomogeneous materials, whose diffusion prop-
erties are described by means of rapidly oscillating coefficients with respect to both space and time (see the initial-boundary
value problem (@)—(6) below). We assume that such a material has an underlying periodic microstructure, whose characteristic
length is of order £” (¢ and a being strictly positive real parameters), while its time oscillation has a period of order £”, f being
another strictly positive parameter.

As usual in this kind of very fast oscillating problems, the main purpose is to obtain a macroscopic model, overcoming the
difficulties due to the intricate original geometry and appearing, for instance, in the numerical approach. To this purpose, we are
led to let € — 0, thus performing a homogenization limit. The resulting equation models the effective behavior of the medium
in the macroscopic setting, keeping memory, in general, of the underlying periodic structure. However, the homogenization of
the problem {@)—(6) seems to be a too ambitious goal, without some further structural assumptions on the coefficients. For this




2|

reason, we shall confine our investigation to a particular case introduced in Section[2.2] where the capacitive coefficient in front
of the time-derivative and the Fokker coefficient inside the spatial gradient are assumed to have a separate dependence on the
time and space oscillating variables (similarly to the classical Fick case, treated in®!), but admitting that the Fokker coefficient
can be perturbed by a non—product additional coefficient of amplitude €. We refer to this case as the weakly non—product case.
However, as we will see in the sequel, when we consider the pure Fokker—Planck model (i.e., the diffusion matrix in front of
the gradient term is the identity), with unit capacity, the perturbation does not play any role in the limit equation and disappears
from the expression of the effective coefficients (see Subsections[2.2.2]and 2.2.3).

More precisely, in Subsection by using the well-known two—scale expansion technique, introduced in'?%!, we formally
show that the non—product perturbation does not affect the upscaled equation, when its amplitude ¢ is of the same order of the
spatial oscillation period €* (i.e. « = 1), as long as we assume the diffusion matrix B = I. This result is also rigorously proven in
Section[d] It is rather natural to ask what would happen if such a perturbation were more intense with respect to the microscopic
oscillation scale. This case will be considered in Subsection[2.2.3] However, since in the formal expansions we are obliged to deal
only with integer powers, we cannot consider an exponent smaller than one for the € amplitude of the non—product perturbation.
Hence, we accelerate the microscopic spatial oscillations choosing the smaller oscillation period £2. We will show that also in
this case the small non—product perturbation does not affect the upscaled equation. However, we do not propose this as a general
conclusion, since it could depend on the special choice of the diffusion matrix and the capacity coefficients.

In Sectiond] we will rigorously prove that the same property holds also in the general mixed Fick and Fokker-Planck case, if
the amplitude of the non—product perturbation in the Fokker coefficient is strictly smaller than the spatial oscillation period, i.e.
a< 1.

At our knowledge, diffusion problems governed by Fick and/or Fokker—Planck laws depending on capacitive, diffusive and
Fokker coefficients, highly oscillating with respect to time and space simultaneously are not considered in an extensive body of
mathematical literature. Among the few results, we recall] I2HLHIZ2122123024125026]

In particular, in!™®! the authors have considered a homogenization problem in the framework of the standard heat equation,
which is very close to the case analyzed in the present research. The main novelty of that paper, with respect to former literature,
is not only the presence of a capacitive term, oscillating both in space and time, but also the fact that the homogenization problem
has been solved under completely general assumptions on the space and time microscopic oscillation periods, i.e. the oscillation
periods 7 and €, respectively, for time and space variables, are completely independent.

In this respect, those authors had to distinguish between two cases, namely, when the space period is smaller than or larger
than the square of the time period. These cases were called fast and slow oscillations, respectively.

In the present paper, we shall have to distinguish between these two situations, as well; however, we will confine our investi-
gation only to the case where time and space oscillation periods are powers of the common small parameter € which, as recalled
above, represents the perturbation size.

The approach we follow here is essentially the same as the one adopted in?! and it is based on the periodic unfolding
homogenization technique, first introduced in 27281, Part of our results are consequences of some properties already proven in 421,
but the novelty of the present research relies on the new structure of the equation under consideration, which cannot be reduced
to the classical Fick case considered in™. Moreover, the presence of the non—product perturbation in the Fokker coefficient
represents a further non trivial feature of the problem.

It is worthwhile also to point out that the resulting homogenized equation has a non—standard structure, since it remains in an
integral form with respect to the microvariables and, moreover, the capacity, the diffusivity and the Fokker coefficients mix in
the limit (see Subsection , similarly as in the pure Fick case studied in"®!, where the capacity and the diffusion coefficients
appear in a mixed form in the upscaled equation (see (22))).

Only when the diffusion matrix is the identity (i.e., in the pure Fokker—Planck case) and the capacity is constant, the limit
equations assume the standard form analogous to the starting one (see equation (43)), and in this case the memory of the periodic
microstructure remains in the limit only as an average of the coefficients.

The paper is organized as follows: in Section [2.1] we present the general problem. In Section [2.2] we introduce the weaker
version that we shall be able to treat rigorously, state our main results, and discuss some heuristics based on formal expansions.
Some preliminary statements are proven in Section [3|and, finally, in Section ] we state and prove our rigorous results.



2 | THE PROBLEM

Let € be an open connected bounded set in R” with Lipschitz boundary, T > 0, and set Q; = Q X (0,T). Let ¥ = (0, 1)",
S =(0,1), and call Q = Y X S the microscopic cell or, simply, the cell.

Given a function w € L*(Q) (or w € L*(Q;)), we will denote by ||w]|, its L*(Q)-norm (or L*(Q;)-norm, respectively).
Finally, y will denote a strictly positive constant, which may vary from line to line.

2.1 | The general problem

Consider the real functions a(x, t, y, 7), c(x, t, y, ), and the n X n—matrix function B(x,t, y, 7) with (x, 1) € Q, and Q—periodic
in (y, 7). We assume that B € L®(Q X Q; R"™") is symmetric and satisfies the bounds

C'E]* < Bj(x.1,y, 1), < CIE, (1)
for every £ € R" and almost every (x,t,y,7) € Qp X Q. We assume, also, that a,c € L*(Q; X Q) satisfy the bounds
C™' <a(x,t,y,1),c(x,1,y,7) < C, 2

for almost every (x, t, y, 7) € Qp X Q. Moreover, we assume that a, ¢, B; ; are Lipschitz—continuous on ﬁT X é
Let a, f > 0 and set

. _ x t € _ x t £ _ x t
a(x,r)—a(x,r,g—a,e—ﬂ), c(x,t>—c(x,r,£—a,5—ﬂ), B(x,o—B(x,r,g—a,e—,,). 3)

Given f € L*(Qr)andii € H, (; (€2), we are interested in studying the family of mixed Fick and Fokker—Planck problems with
oscillating coefficients

a% —div(BTV(cu) = f, inQp = QX (0,T); @
u,(x.) =0, onodQx(0,T); (5)
u (x,0) = a(x), inQ. (6)

Note that, in the case ¢ = 1, the pure Fick problem is recovered, while in the case B = I, we obtain the pure Fokker-Planck
problem. The terms a, B, ¢, and f will be respectively called capacity coefficient, diffusion matrix, Fokker coefficient, and source
term.

If we let v, = c®u,, the above problem can be rewritten as the following Fick problem with linear lower order terms

Jv I3 £ £ £
£ _div <C—B£VUE> + B£V<c—) Vo, - L% in, = Qx0,T); )
ot a¢ a¢ ¢t ot a¢
U.(x,1)=0, onodQx(0,T); (8)
u,(x,0) = c*(x,0)u(x), inQ. )

We remark that, by 2! Chapter 4, Theorem 9.1, for every € > 0 fixed, the problem (7)-(9) admits a unique solution v, €
L?*(0,T; H¥(Q)) n H'(0,T; L*(Q)). Clearly this implies existence and uniqueness of the solution u, € L*(0,T; H'(Q)) N
H'(0,T; L*(Q)) of the problem [@)—(6).

As we pointed out above, the homogenization of the previous problem in its full generality provides some very hard technical
difficulties. For this reason, we shall treat only the special weakly non—product case described in the following Section [2.2]

2.2 | The weakly non—product problem

Here we consider a special case in which the coefficients a and ¢ of the problem [@)—(6) are factored in one term depending
on (x,t,y) and another on (x, ¢, 7); namely, the dependence on the micro—variables is separated. However, for the coefficient c,
typical of the Fokker—Planck equation, we can admit a small general perturbation of the product part.

Consider the real functions a,(x, 1, y), a,(x,t, 1), b;(x,t,¥), by(x,t,7), and b(x,t,y, ), with (x,¢) € Q; and Q—periodic in
(¥, 7). We assume, also, that a,, b; € L®(Qy X V), ay, b, € L®(Qp X S), and b € L*(Q X Q) satisfy the bounds

c'< a;(x,1,y),a,(x,1,7),b)(x,1, ), by(x,1,7),b(x,1,y,7) < C, (10)
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and b in QT x Q. We keep the same assumptions as in Subsection [2.1|for B, f, and i.

for almost st every (x,t,y,7) € Qp X Q. Moreover, we assume that a -111 are Lipschitz—continuous in ﬁT X ?, a,, b, in ﬁr X §,

Similarly as above, for (x,t) € Qp, we set

& —_ X £ — t
al(x, 1) =aq (x, t, £_a> az(x, 1) = az(x, 1, g_ﬂ>’
bi(x,0)=b = bi(x,t)=b t !
l(x’ )_ 1 X, ,5_‘1 > 2(x7 )_ 2 X, ’g_ﬂ s

b (x,t) = b<x, 1, 1, L)
ex gf

and

For € > 0, we will study the family of problems

ou
aiasa—; — div(B*V((b[b5 + eb)u,)) = f, inQyp;

u(x,t)=0, ondQx(0,T);

u(x,0) =i(x), ing,

an

12)

13)

(14)

5)
(16)

where € > 0. Note that in the case b = 0 and b, = b, = 1, we recover the pure Fick problem discussed in!™! Section 3.2. We

shall also consider the following auxiliary problem for the function v, (x, ) = b{(x, Hu,(x, ?):

o0 (VU : 3 £ b* 1 .
aﬂZE(b?) —div (B V((b +e;) 5)) =f, inQg;

U.(x,1)=0, onodQx(0,T);

U,(x,0) =0.(x), in&,
where 7,(x) = b{(x, 0)a(x). Note that, since b,(-,0,-) € L*(Q X }), it follows
151, < C.

On the other hand ||VD, ||, = O(e™®).
Note that the weak formulation of problem (T7)—(T9) can be written as follows:

//——(a5a§¢)dxdt+//BEV b5+e—5> E)-Vd)dxdt

T

//f¢dxdt+/ De(x)
bs( O) 1

for any ¢ € H'(Q;) such that ¢ = 0 on dQ X (0, T) and ¢(x, T) = 0 a.e. in Q.

For later use, we set
1, a=1,
w 1:
“ 0, O<a<l.

The main result of the paper is the following homogenization theorem, whose proof can be found in Subsection d.3]

a7

(18)
19)

(20)

aj(x,0)a5(x,0)p(x,0)dx, (21)

Theorem 1. Assume 0 < a < 1 and f > 0. For any € > 0, let u, be the unique solution of problem (13)—(16). Then, when

€ = 0, u, = uweakly in L*(2;), where u € L*(0,T; H(} (Q)) is the unique weak solution of the homogenized problem

[ i Grms) - et (B ()
] [say de ot by [ b7 dy) a, [qa3tdr i 2/ bi'dy

1 b u
——div(BV (a)a 2 b+ y-Vb )—
az/sagldf ATy ’ /ybfldy

and

/y bl_l dy b](x’o’y)

)] dydr = f,

—u(x,O) = i(x) /al(x,O,y)dy (/—al(x,O,y) dy>_1, inQ.
Y

y

inQp;

(22)

(23)



Here, the matrix B, is given by
B,y =BV ,(y—x) (24)
and
1)if B =2a, y and ¢ are the solutions of (123) and (124), respectively;
2)if B> 2a, y and ¢ are the solutions of (133) and (136), respectively;
3)if B < 2a, y and { are the solutions of (144) and (143), respectively.

2.2.1 | Formal expansions for the weakly non—-product problem

In Section [4] we will prove rigorously the macroscopic equations for problem (I4)—(T6) in the case 0 < « < 1 and g > 0.
Namely, we will be able to homogenize the system in the case in which the spatial oscillations are not too fast with respect to
the amplitude of the non—product perturbation in the Fokker coefficient appearing in the Fokker—Planck equation (T4).

However, before the rigorous approach, we first set up some formal expansions. More precisely, in Subsection[2.2.2] we con-
sider, as an example, the case @ = 1 and § = 2, which is indeed rigorously covered by Theorem|[I] Moreover, in Subsection[2.2.3]
we formally approach also some cases (with integer exponents) not covered by the theory developed in Section[d]} that is to say,
when the spatial oscillations are faster than the amplitude of the non—product perturbation in the Fokker coefficient (i.e., @ > 1).
In details, we consider the case @« = 2 and f = 1,2,4, in which time oscillations are respectively slower, as fast as, and faster
than spatial ones. Note that the case @ = 2 and f = 4 corresponds to the natural parabolic scaling. In our formal expansions
arguments, we assume that the diffusion matrix is B = Id, the capacity coefficients are a; = a, = 1, and the source term is
f = 0. Note that this last assumption could be easily removed.

2.2.2 | Space oscillations as fast as the perturbation amplitude

As mentioned above in this section, we formally study the case a = 1 and g = 2, which is covered by Theorem I}
We let y = x/e and 7 = t/€? and, by abusing the notation, we write the differential rules

0 0 10 1 1 1
—=—+4+—=—, V., =V, +-V,and A, =A +—-(V,- V. +V_ - V)+—=A. 25
ot ot gor’ 7 x gV 4 X xe(yx xy)ezy 25)
We then look for a solution of (T4)), using the formal expansion
u,(x,1) = ug(x,t,y,7) + euy(x,t,y,7) + ezuz(x, LY, T)+ -, (26)
with u, a Q-periodic function with respect to (y, 7). By replacing (26)) in (4], we get
Oou, Oduy 1 dug ou, 10u, ,0uy  Ou, ouy  ,0uy )
— = — - —te—t-—FE—t+—Fe—+e— + 27
TR P i T e e A e @7)
and
A[(B]D5 + eb®u, ] = A [(bb, + eb)uy] + lVy - V. [(b, b, + eb)uy]
€
+ le -V, [(b1by + eb)uy] + %Ay[(blb2 + eb)uy]
€ €
+ €A [(byby + €b)uy ]+ V- V [(b) b, + €b)u, ]
+ V- V,[(bib, + €b)u;] + lAy[(blb2 + eb)u,]
£
+ £2AX[(b1b2 +eb)uy] + €V, - V. [(byby + ebuy]
+ er ° Vy[(blbz + 6b)u2] + Ay[(blbz + 6b)u2]
+ €2V, -V [bbyuz] + €2V - V [, byus]
+ €A [(byb, + eb)us] + €2 A [by byuy] + o(€?). (28)
Thus, at order 1/ €2, we find the equation
ou
—2 — A (bybyuy) =0. (29)
ot 7
Recalling that b, does not depend on 7, see (12), we let vy(x,t, y, 7) = b;(x, t, V)uy(x, t, y, 7) and find for v, the equation
1 dy,
——2 — A (byvy) =0, (30)

bl ot
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which must be solved assuming that v, is Q-periodic in (y, 7). We prove, indeed, that v, does not depend on the microscopic
variables: we first multiply (30) times v, and integrate on the microscopic cell

oy,
0= bl o 20 o dydr — /[A (byvo)]vy dydz
1 av(z)
= / 2_b1 / ()_TdT dy + /b2Vy00 -Vyu,dydr —/b2 /UOVyUO -vdo |dr. 31)
Yy S Q S oy
By periodicity, the first and the third integral vanish, hence
0= /b2|Vyvo|2dydr > c—1/ |V, 001% dydr, (32)
Q

where we used (T0). This implies that v, is constant with respect to y.

On the other hand, since both b, and v, do not depend on y, from (30) we immediately get that v, does not depend on 7 as
well. Note that, since vy(x, ) = b,(x, t, y)uy(x,t, y, T), we have that u, does not depend on 7.

We now consider the 1/¢ order equation. From (T4), (27), and @8], we have

ou
~ T‘ —V, - Vo (bybyug) = V. -V, (bybutg) — A (bug) — A (by byuy) = 0. 33)
Since b, and v, = b,u, do not depend on y, (33)) simplifies to
ou,;
== A, (bug) = A, (b byuy) = 0. (34)
We now let v,(x,1,y,7) = by(x,1, y)u,(x,t,y, 7) and, from (34)), we get
1 aul b
b A =4, (b]) .. (35)
We now look for a solution of the above equation in the factored form
U[(x, LYy, T) = _Z:(xv Ly, T)UO(X, t)a (36)
with ¢ a Q-periodic function with respect to (y, 7). By plugging (36) into (33), we get that ¢ has to solve the equation
10¢ b
—bA L = (-) 37
b or 2 W$=-4, b (37

We, finally, consider the £° order equation, which will yield a compatibility condition providing an equation for u,. From (T4),
(27), and (28)), we have
ou, Jdu,
> + 5 " A, (bybyug) =V, -V (bug) =V, - V (bug) =V, - V(b byu;)
= V-V (bybyuy) — Ay(buy) — A (b byu,y) = 0, (38)

which can be seen as an equation for u,. Hence, as usual, we introduce the function v,(x,t,y,7) = b,(x,t, y)u,(x,t, y,7) and
rewrite (38) as
1 61)2

5o = b0y =8,(500) + V- V(bug) + V.V (bug) + V- V.(by0y)
1

+V, -V, (by0)) + A (buy) — ad_t (39)

for v, a Q-periodic function with respect to (y, 7).
Now, if we integrate @]) on Q, since b, does not depend on 7 and b, does not depend on y, on the left hand side we find zero.
Hence, we have the compatibility condition

du,
/[ 0 _ A «(b09) + V., - Vi (bug) + V. - V (bug) + V-V (by0))

+V, -V, (b)) + Ay(bul))] dydr = 0. (40)



By the periodicity on Q and Gauss-Green formulas, we also have

0
/ [ a”to <A (b)) +V, -V (bu0)+ V.-V (b201)>] dydr =0. 1)
Q
Since, again by periodicity,
/ [V V,(bug) + V.-V, (byop)| dyde = / V.- / Y, (bug)dy + V., - / V(b0 dy | dr =0, @2)
Q S P 5
we have ;
Y S

where we have used that v, does not depend on y and 7.
We have, finally, found an equation for v,. Indeed, we can deduce the equation that must be satisfied by the mean value of i
on the microscopic cell. If we let

£ = ynydpde = | 000 4 ar = o -
u(x, )_Q/uo(x, .y, 7)dy T_Zb(x, 1, ) 7 =t )/ (xtJ’) o

we can rewrite (43) as an equation for u, finding

dv-!

du_ [(/b2d1)</—y) u]=0. 45)

ot b,
N Yy

It is interesting to note that the non—product small correction eb* in (T4) does not play any role in the upscaled equation.

Note that equation {@3) (resp. (@3)) coincides with the rigorous equations obtained in (I23)) (resp. (22)), once we have taken
into account that, under the present assumptions, we have: 1) the cell functions y/ in Theorem are identically equal to zero; ii)
the cell function ¢ in Theorem [3} which is equal to the function ¢ introduced in the equation (37) above, and the term V (b/b;)
disappear from the expressions of P.g in (I28) and z.; in (I29), due to the periodicity.

2.2.3 | Space oscillations faster than the perturbation amplitude

In this section, we formally study the homogenization for the equation (I4) in some cases not covered by the rigorous theory
developed in Section E} As mentioned above, we shall consider situations in which the spatial oscillation is faster than the
amplitude of the non—product perturbation present in the Fokker coefficient.

We remark that, as we shall prove in Section 4| (for @ < 1 or @ = 1 and B = I) and as we found in Subsection (for
a = 1), the non—product perturbation £b¢ appearing in (T4) does not affect the upscaled equation. In the three cases discussed
below, we shall see that this property is preserved in the case a = 2, namely, even when the spatial oscillation is fast, which is
expected to reinforce the effect of the perturbation. We cannot conclude that this is a general result for the scaling @ > 1; indeed,
it might depend on our peculiar choice of the diffusion matrix and the capacity coefficients in the formal computation.

We first consider the problem (T4)—(T6) for « = g = 2. Indeed, from the point of view of computations, such a case seems to
be the most delicate among those discussed in this section. We then let y = x /&2 and 7 = /£ and, by abusing the notation, we
write the differential rules

Jd 0 1 0 1 1

___+__,v=v+ ,dA_A+ VV+VV+ 46
ot ot €207 x x y> 2 ( ) 40
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and look for a solution of (I4), using the formal expansion (26). Differentiating in time, we are led again to 27), while
differentiation in space yields
1
V - VI(bib; + eb)u.] = A [bybyuy] + ;Vy -V [(by by + eb)uy)
1 1
+ 6—2Vx -V, [(byby + €b)uy] + e_4Ay[(blb2 + eb)uy|

1 1
+ =V, Vol(byby + by 4+ 2V -V, [(by by + b))

+ %Ay[(blbz +ebyuy 1+ V,, - V. [bbyu,]
&
1
1
+ gAy[(b1b2 + ebjus] + A, [by byuy] + o(1), “7

where we took into account the powers of & up to the order £°.
Thus, at order 1/ €%, we find the equation
Ay (bybyug) =0. (48)
Recalling that b, does not depend on y (see (12)), from (8) we have that b, (x, t, y)uy(x, t, ¥, ) does not depend on y, thus we
set vg(x,1,7) = by(x, 1, Vuy(x,t,y, 7).
We now consider the 1/&* order equation. From (T4), (27)), and (#7)), we have

A (bug) + A (b byuy) =0, (49)
which, provided we let v, (x,t, y,7) = b;(x,t, y)u,(x, 1, y, ), can be rewritten as
b
byA (v)) = —UOAy<b—), (50)
1
where we have used that b, and v, do not depend on y. We now look for a solution of the above equation in the factored form
U1(X,t,y,7)=)(1(x,f,ysT)U()(xJ,T)- (51)
By plugging (51) into (50) and using again that v, does not depend on y, we get that y, has to solve the equation
b
by, (xp) = —Ay<b—>. (52)
1
We now consider the 1/&* order equation. From (T4)), 27), and 7)), we have
oy
a—: = [V, - V(b byug) + V, - V(b byug) + Ay(buy) + Ay(by byuy)] = 0. 53)
Since b, and v, = b,u, do not depend on y, we get
1% 1A (3u>+A(bu)]—o (54)
b, dt AV v

where we set v,(x,1,y,7) = b;(x,1, Y)u,(x, 1, y, 7). Since the last two terms above integrate to zero on Y and v, does not depend
on y, we have the compatibility condition
dy\ du,
( & ) oy, (55)
b,/ or

Yy
which implies that v, does not depend on 7. Hence, v, = v,(x, ) and, since v, = b;u,, also u, does not depend on z, namely

uy = uy(x, t, ). Inserting, now, (31) in (34), we get the following equation for v,:

A, (byvy) = —quy(i 1 ) (56)

We will look for a solution of the above equation in the factored form
U, (x, 1,9, 7) = po(x,1, ¥, T)vy(x, 1). 67

This leads to the equation b
Ao = =A,( 01 (58)



for the unknown function y,.
Next we consider the 1/e order equation. From (14)), (27), and we have

0
% — [V, -V, +V, - V) (bug + by byuy) + A (buy) + A (b byus)] = (59)
Since all the terms above but the first one integrate to zero on ), we have the compatibility condition
dul
— dy 0, (60)

that, recalling the definition of v, given below (@9) and @, yields the condition

[0 o

y
which completes the definition of jy, as solution of the equation (32). Setting, now, v5(x, ¢, y, 7) = b,(x, t, Y)us(x,1, y, T), we can
rewrite (59) as an equation for v5; indeed, we find

9y b
A, (byvy) = _(1)_1 |V, 49,09 )( -2, byt ) + VoA, <b1 )| 62)
Then, we turn to the €° order equation. From (T4), (27), and (@#7)), we have
ou ou
S+ 2 [A (bybyttg) + (V- V. + V. - V)b, + bybyuy) + A (bu) + A, (b, b2u4)] = 0. (63)
T
Since all the terms above but the first three on the left integrate to zero on Y, we have the compatibility condition
d d}/> / du,
D+ [ Z2dy- A by =0, 64
a:(UO/ b, ar 7 Axlbat0) (64
Yy Yy

where we have used that v, = b,u, and that v, and b, do not depend on y. Finally, by integrating over S, using the Q-periodicity
of u, in (y, 7) and the fact that both b; and v, do not depend on 7, we get for v, the equation

31/ 22l m)a] o s

s
which coincides with the equation (43), found in Section[2.2.2] Hence, also in this case, equation [@3) is still in force.
The second case we consider here is the problem (T4)—(T6) for « = 2 and # = 4. We then let y = x/e? and 7 = 7/&* and, by
abusing the notation, we write the differential rules
d d 1 o 1 1
—=—+4+—=—, V.=V +—-V, dA—A+ V,-V,+V,-V + A 66
o "o gor T xTatr® =l 2 ©0
and look for a solution of (T4)), using the formal expansion (26). By substltutmg 26) in (14), we get
ou ou 0 0 0 0 0 0 0 0 0
e_Ou 10w Ou 10w s0m 10w 10w du  dus  0u
ot ot ot ot & or ot | e2or "eor  or  or ot
and 7). Thus, at order 1/&*, we find the equation

+ o(£?) (67)

ou
— — A (b byuy) =0. (68)
ot 7
Recalling that b, does not depend on y, from (68)) we have that b, (x,#, y)uy(x, t, y, T) does not depend on y and 7, thus we set
vo(x, 1) = by(x,t, Yug(x, 1, y, 7). Indeed, we write (68) as an equation for v, (which, clearly, has uniqueness) and note that v,
constant with respect to 7 and y, solves such an equation.
Now, we pass directly to the €° order equation. From (T4), (67), and (7)), we have
% + % — A (bybyuy) +(V, -V + V-V )(buy + bybyuy) + A (buy) + A (b byuy) | = (69)
Integrating on Q, we find again (63)) and, with the same arguments as those used above, we derive ({#3).
The last situation we discuss in this subsection is the problem (T4)—(T6) for « = 2 and = 1. We, then, let y = x/&? and
T = t/e and, by abusing the notation, we write the differential rules
0 0 10

1
—=—+4+-—, V, =V, + =5V, dA_A+ V,-V,+V,-V + A 70
Jt oJt e€or x g2 an ( ») (70)
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and we look for a solution of (I4), using the formal expansion (26). By substituting (26) in (I4)), we get

Oou, Ouy, 1 ()uo ()ul ou, , 0y Ou,  ,0uy )
=24 Ly Lp L2 2222 71
or ot Teor Sor Tor T o T ;o) 7h

and 7).

Thus, at order 1/54, we find again the equation @D, which leads, as above, to vy(x, 1, 7) = b, (x, t, Y)uy(x, 1, y, 7).
We now consider the 1/¢ order equation. From (T4), (71), and @7)), we have
auo
ot
By integrating on Y and using that v, does not depend on y and b, does not depend on 7, we arrive again to the compatibility
condition (53)), which implies that v, = vy(x, 7).
We finally consider the ° order equation. From (T4), (71), and 7)), we have
% Lo ou,
ot ot
Integrating on Q, we get once again (63) and, with the same arguments as those used above, we derive {@3).

~[(Vy -V, + V- V)(bug + bybyuy) + A (buy) + A (b byuz)] = (72)

[A (bybytig) + (V, - V. + V., - V. )bu, + bybyuy) + A (buy) + A (b, b2u4)] = 0. (73)

3 | PRELIMINARY RESULTS

In this Section, we always assume that @ < 1 and v, is the solution to @I), under the assumptions listed in Subsection

3.1 | Estimates

We collect here some estimates that will be used in the sequel.

Lemma 1. There exists y > 0, depending on T, || f ||, |15, and the structural constants of the problem, but independent

of €, such that
T
sup /Uzdx+//|VU£|2dxdt§y. (74)
1€[0,T]
Q 0 Q

Proof. Multiplying (I7) by v, /a; and integrating by parts, we obtain

;/ fbidx+// b‘+£ B£VU Vu, dx ds
v, 1 1 9a; a1 ]
= “ 4= gL Vaxd
//[fag 2”6{1;; os alasb‘;} o

0 Q (75)

t

'3
//u [ b5+£—>BEVU vL iB£VUE-V<b§+£b—)]dxds
a;  a bt
0 Q

2 2 1

aE
—//UZBEVL-V<bE+£b—>dxds+1/[02—1] dx.
€ a; b 2 “bi1s=0
0 Q Q

Under our assumptions on the sign of the coefficients, the left hand side of (73] can be bounded from below by the left hand side
of (74). Again appealing to our assumptions and, in particular, to & < 1, we see that all the functions appearing in the integrals
on the right hand side of are bounded by an absolute constant, with the exception of f, v*, and Vv*.

Then, by Young inequality, the right hand side of can be bounded from above by

t t
y ||f||§+5//|VUE|2dxds+é//vgdxds+||z7£||§ , (76)
0 Q 0 Q
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where y is independent of € and 6 > 0 can be chosen so that the gradient term can be absorbed into the left hand side. Finally,
the result follows from the application of Gronwall lemma. O

Taking into account that the initial datum i, (and, therefore, 7, ) belongs not only to the space L?(€2) (as needed in the previous
estimate), but it is, indeed, in H, (; (), we can obtain also some estimates for the time-derivative of the solution v,, as stated in
the next two lemmas.

Lemma 2. There exists y > 0, depending on T, || f ||, |15, and the structural constants of the problem, but independent

of €, such that
T
v, \2 2 14 =12
( ) dxdt+ sup | |Vo,Pdx <L +y [ |Vo,2dx. a7
ot 1€[0,T1] el
0 0 ) o

Proof. Let us multiply (T7) times dv, /9t and integrate by parts to obtain

t
0 Q

v >2d d +1/<b5+ be)BEV Vo d
5 xas 5 6b_£ Ue UE X

Q

[ et (2 ilgdxd +3 bf+g—)BE]V Vo, dxds
asb
bE dv, v,
UB“‘V by +e—) - V—dxds+ f—dxds
b ds ds
0 Q Q

0
1 ey D\ pe
z/[(b +ebl>B Vo, VUE]SZde

(78)

\_/

Under our assumptions on the sign of the coefficients, the left hand side of can be bounded from below by the left hand
side of (77). Next, we give estimates for each term I,. By Young inequality, we get

T T
0 2
|11|55//< aU;) dxdt+%//vzdxdt (79)
0 Q 0 Q

T
|IZ|§£%//|VUE|2dxdt (80)
0 Q
T T
()Ug 2 Y 2
= X - X
1L, <5 (az) dxdr + % f2dxde @1)
0 Q 0 Q
I <y [ |V5,|*dx. (82)
5 £
Q
Moreover, we calculate
t
be ' 0 be
I3=—/[UEBEV(b;+e—>-VUE] dx+//—[UEBEV(b§+s—>] - Vo, dxds (83)
b 0 ds b
Q 0 Q

and thus, recalling that @ < 1, we obtain
T

T
|I3|$y/|VU5||U£|dx+y/|VE£||E£|dx+Lﬂ//|VU£||v£|dxdt+y//)
3
Q Q 0 Q

0

(84)
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Again, an application of Young inequality gives

L, §5/|VU |2dx+z/vzdx+y/(132+|Vl7 12)dx
+—//(u + Vo, )dxdt+5// a; dxdt+ //wu |?dxdr.

For & suitably small, we can absorb the terms in (83)) multiplied by & into the left hand side of (78). Then, the claim follows by
applying Lemmal[T] O

(85)

Lemma 3. Let T; € (0,T). Then, there exists y > 0, depending on T\, T, || f ||, ||0.||, and the structural constants of the
problem, but independent of €, such that

// dxdt+ sup /|Vv£|2dx§ r. (86)
t€[T,,T] ef

Proof. Let us multiply times qﬁ(t)duE /ot, where ¢(t) € C*(R) such that ¢p(r) = 0 for t < T;/2, ¢(t) = 1 fort > T}, and
0 < ¢'(r) < 4/T,, and integrate by parts to obtain

t
aia; /ov, \2 1 e b5 .
a (52) axds+5 [ ot +eb—£>B Vo, - Vo, dx
0 Q Q
g o1 1 O (re s D\ pe

‘// )ab—ed"ds+5//£[¢<bz“b—e)3]V”f'v”ed"ds

bE aug aUE
v, BEV b5+e—>-V dxds + bf =5 dxds

bE s os

=Il+12+l3+14.

Now, the terms I, and I, are treated as in the proof of Lemma[2} For I,, we write

T
(LT .
[APSAREIT //|w£| dxdr | 87)
&
0 Q
Moreover, we calculate
/[d)u BEV(b5+£— Vu] dx+//ai dv, BV b5+£z )] - Vo, dxds (88)

1

and thus, recalling that @ < 1, we obtain

T T
y(1+T7")
| I;] < y/ [Vo|lv | dx + —ﬂ// |VUE||UE|dxdt+y//d)’VUE (89)
€
o 0 0 0 0
As in the proof of Lemma[Z] a final application of the Young inequality yields (86)). O

Proposition 1. For any 0 < 6 < T /2, there exists y > 0 (depending on T, || fll,, |10, the structural constants of the
problem and 6), such that

T-6
//|u£(x,z+h)—u£(x,t)|2 dxdr < yVh, (90)
5 Q0

foranyOQ < h<6/2.
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Proof. We select, as a test function in the integral formulation 1)), the function
P(x,1)

- )
az(x, 1)

é/{ bfat(“ @)+ BV [<b6+e§) 6]'V<a£;>}dxw:£ fa%dxdt. ©1)

d(x, 1) = with @ € Hy(Qr).

We obtain

2

Here, for any F = F(x,t), we denote by F(x, 1) = F(x,t + h) its time shift. Let 6§ € (0,T/2), 0 < h < §/2, and assume
that p(x,t) = 0 fort < §/2 and for t > T — §/2. Using the formula ©1) with ¢(x,t) replaced with @(x,t — h), and then
changing variables to (x,t + h), but still keeping the old variable names, we obtain

// ———(a(p)+Bev[<bf+ei)] ( fdwdr= //f dxdr. (92)

Next, in O1)-(©2), we select @ = @, where
t+h

Pp(x,1) = —C(t)/vg(x,S)ds,

where { € Cé(5/2, T — 6/2) is a nonnegative function such that ¢ = 1in (6,T — 8) and |{'| < v /6.
On subtracting the two integral formulations (1)) and (92), we obtain

~ v, 1190 U od v, 0d
// T—bi 1] hdxdt+// bea_tl_bé — ]}(phdxdt
E b ~ 1 I3 £ b
Bev b +s;>v] B V[(b +8E> ]} V @, dxdt

2

(3
// {Bv bf+gb) |- vl—va[<bé+eb—6) V= ondxar
bt € b as
2
// = -= (phdxdt

For the sake of notational szmplzczly, we denote each integral with a different symbol, thereby rewriting (03) as

93)

L+L+1,+1,=15,
where, actually, only the estimation of 1, requires a detailed calculation. Indeed,

t+h

I, = / —al—Eal] C[F—U]+C'/U(x,s)ds dx dt

//[”_” _d"d“f//v[v U][E——T]Cdxdt
I

~ W f) ¢ / v.(x,s)ds | dxdr =1, + I, +1;. (94)
1

The term I, essentially equals the one estimated in the statement. The term 1, is estimated, invoking the time regularity of

aj, by, by

S
_mz

1

T-5/2

<y [ [ 1 E+led)]

Q s

@ —at| + |bt

C | dxdr <y |lv.|3 4. (95)

_bfl
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The integral 1,5 can be bounded by means of the Holder inequality as follows

-

T—6/2| t+h 2

T-5/2 3
sl <7 |¢]| / / |U~£|2+|u£|2dxdt // /vg(x,s)ds dx dt S%”UE”;\/Z (96)
Q sn Q sn |1

Clearly, the integrals I,, I, 1, and I5 can be estimated by means of a similar device, once we remark that, owing to the
assumed regularity in space of b,, b;, b, we get

V(b +er )| <IVEI+e|V <7, ©7)
by by
For example, the integral 15 can be estimated by
T-6/2 t+h
|15] < y/ / (o] + Vo |+ 5| +|VE,]) /va(x,s)ds dxdr <y (o I + IV 0, 12) V. (98)
Q s5n 1
Finally, on collecting all the estimates above, we get (90). O

3.2 | Unfolding

In the sequel, we denote by [r] the integer part of »r € R and, for x € R”", we define the vector with integer components
[x] =[x, ..., [x, .
Let us consider the tiling of R” given by the boxes £%(& + )), with & € Z". Following™®!, we set

B, ={EeZ": (¢+Y) CQl, fls = interior{ U e*(& +§)}, 99)
€k,
and
ﬁ:{ze(o,T): e/”([glﬂ]H)gT}, A, =0, xT. . (100)

We introduce also the space-time cell containing the point (x, f) as

Qs = (5] +9) e [ £] +5).

Definition 1. The time—periodic unfolding operator 7, of a Lebesgue measurable function w defined on Q. is given by

w(s"[ﬁ] +£”y,eﬂ[ELﬂ] +£ﬂr>, (x,t,y,7) €A, XQ,

T.(w)(x,t,y,7) = (101)
0, otherwise.
Note that, by definition, it easily follows that
T (wywy) = T (w)T (w,) . (102)
Definition 2. The space—time average operator M, of a Lebesgue integrable function w defined on € is given by
NL / w(¢,s)dgds, (x,1) €A,
gNatp
M (w)(x,1) = 0, tx) (103)
0, otherwise.
Moreover, the space—time oscillation operator is defined as
Z (w)(x,1,y,7) = T (w)(x,1,y,7) = M (W)(x, 1) . (104)

Notice that, by a simple change of variables, it easily follows that

M, (w)(x,t) = / T.(w)(x,t,y,7)dydr . (105)
Q
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Finally, we denote by M ¢ the microscopic time average of an integrable function ¢(x, ¢, y, 7), i.e.

M3(¢)(x,t,y)=/¢(x,t,y,r)dr. (106)
S

We conclude this section, recalling the following result (see ') Remark 2.9).

Proposition 2. For¢ € L*(Q;C (ﬁT)) or¢ € LX(Qp; C (é)), denote again by ¢ its extension by Q—periodicity to Q X R"!
and set ¢ (x,1) = Pp(x,t,e7°x,ePt). Then, T, (¢,) — ¢ strongly in L*(Qp X Q).

For later use, we define the functional spaces

Hy(Y)={ve H, (R : vis Y-periodic}, 107
H,(Q) = {ve H (R"™"): visQ-periodic}.

loc

4 | HOMOGENIZATION

In this section, u, and v, are the solutions of problem (I4)—(T6)) and (T7)—(19) in Subsection[2.2} and we assume all the hypotheses
listed there. As in Section[3] we always assume a < 1.

We remark that, in all the cases we deal with, the final structure of the macroscopic homogenized equation will be the same,
though the coefficients in it have to be defined case—by—case. Results are presented in two subsections: Section[d.I]is devoted to
the case # > 2« (fast oscillations), while in Section 4.2 the case f < 2a (slow oscillations) is studied.

In each case we prove two theorems, the first states the homogenization result and gives the limit two—scale system, while the
second one introduces the corrector factorization and the resulting single scale equation. For technical reasons, the uniqueness
of the solutions of the two limit problems is dealt in the corollaries following the theorems.

4.1 | Fast oscillations
Here, we treat the cases where f > 2a, distinguishing between f = 2a and § > 2a.

Theorem 2. Let § = 2a. Then, there exist v € L*(0,T; H& (Q)) and v, € L*(Qy; H; (Q)), with fQ v, dydr =0, such that

v, =, weakly in LZ(QT); (108)

v, = v, weakly in L*(0,T; H,(Q)); (109)

T.(v) = v, weakly in L*(Qy; H'(Q)); (110)

T.(Vv,) = Vo + Vo, weakly in Lz(QT X Q); (111)
ar  OV¢ v, .

£ ﬁ(;) - 57 weakly in LZ(QT X Q). (112)

Moreover, the pair (v, v,) is a weak solution of the two—scale problem

[ la5()

Q
—ldiv(B(bz(VU+Vyvl)+va2+coa’1ny<£>>)]dydr=f/ﬁ, inQ, (113)
a b, a
S
@m0 1 (B(bVosV Vb v.(2))\ =0, ino.xo: 114
b_l()_r_a_z zvy[ <2( v+ Vyu) +0Vb, + o, v y<b_1)>]_ , nQpxQ9; (114)
v=0, on dQ x (0.T); (115)
_ a,(x,0,y) -1 .
v(x,0) = i(x) al(x,O,y)dy< —dy) : inQ. (116)
y J b(x,0,y)



16|

Proof The convergence results in (T08) and (T09) follow from the energy estimate (74); (TT10) follows from (77) and!™!
Proposition 2.12 with m = 1/2 and by replacing = with £2%. Finally, (ITI) and (I12) follow from (77) and!®! Theorem 2.18
with m = 1/2 by replacing 7 with £2* and £ with £%.

Now, we choose, as test function in €I), ¢, (x, 1) = @(x,1)/ay(x,1,1/**), where ¢ € C°°(§T) with @(x,T) =in Qand =0
on 0Q X [0, T], and we unfold the resulting equation. We obtain

T

///T(U)T 5 7.(a 0_"’ aa—aj>dyd1dxdt
0
T
+///T£(B£)T£<V bf+g§) )TV (%))dydrdxdt
0 Q Q9 2

T
=//fﬂdxdt+/L‘:ai(x,O)(p(x,O)dx+R£, (117)
0 Q

£
a,

where R, — 0 fore — 0.
We first note that

(s{(ore o) (o o (o en () e (B))).

1 1 1
Therefore, passing to the limit e — 0 in (TT7)), and taking into account (TT0) and (TTT)), we get

T

T
v 0 b "
_///b—la(al(p)dydrdxdt+///B(bz(VU+Vyvl)+u<Vb2+a)a’lvy<b_l>>).v(a_2>dydfdxdt
Q Q 0 Q O

0
T

=//f(p(/L>dxdt+//ﬁal(x,O,y)(p(x,O)dydx, (119)
a,(x,t,7)
Q S Q y

0

i.e., the weak formulation of (TT3) and (TT6). _
Next, we choose ¢, (x,1) = e%(@(x,1)/a,(x,1,1/€*¥))y(x/e% t/€>*), where ¢ € C®(Qy) with @ = 0 on 0Q X [0, T], and
vy EH ; (Q), as test function in (ZI) (where we do not integrate by parts in time) and we unfold the resulting equation. We obtain

5"///7;(a§)<75<a;:>7’<bl>+T(U )r( l}g))T(gpy/)dydrdxdt
T

5"’///TE(Bg)(TE(Ug)TE<be§+£V ( )+g1 ay ( 8>)+T<bf+gb—£)T(Vv ))
0 Q Q

-(TE(V(az)>T(1//)+T< 2)T(qu/)+ T(aﬂ)r(vyw)) dydr dxdr

=£"‘//f£l//dxdt+R£, (120)
a
0 Q

where R, — 0 for e — 0. Now, passing to the limit ¢ — 0 and taking into account (TT1)) and (T12), we get

P
///ﬂﬂwdydrdxdt+///a Vb2+wa1V< >>+b2(Vu+Vyvl)>-(pVyy/dydrdxdt=0, (121)
2

which is the weak formulation of @ O

+

Corollary 1. Given v € LZ(O,T;HS(Q)), the equation (IT4) admits a unique solution v, € L*(Qp; H}(Q)) with
/ o U1 dydz =0.
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Proof. The proof of the uniqueness follows by standard energy estimates and Young inequality, taking into account the
linearity of the problem and the periodicity of v;. O

Theorem 3. In the same hypotheses of Theorem the corrector v, can be written in the factored form

v(x,1,y,7) = —)(f(x, t,y, T);—U(x, 1) —C(x,t,y, t)v(x,t), (122)
X .
J
where the cell functions y’, j = 1, ..., n, and { are Q—periodic, with null mean average over Q, and are the unique solutions
of .
a dy’ 1
— = — —div, (b,BV - 0 123
T P iv,(b,BV (' —y)) = (123)
and
49 _ 1 v (b,BV L div. (B(vb vV oo 124
br: = ap (B BY0) + i (BT 0,9, ) ) 0. 124
Moreover, the system (I13) and (I14) can be written as the single scale equation
ov
—div(B,,, Vv)+ P, Vv + = 125
qEﬁ'a (B}, VV) eff " VU T ZopU = f/ (125)
where
‘11
Gy = [ G dv. (126)
Y
. b
B, = / 2 B*%9,(y - y))dydr = / 2 B%0,(y - x)0,()' - y)dydr + / ——)( "dydr, (127)
Q
b, ,
Py =/ [—vac +by(BY,(y— 7))V~ — LBV, — w0, BY, ( - )] dydr, (128)
5 a a4 4 a0,
2 —/a o1 +/[div<B—b2V g)—idiv(B(Vb +w,,V i))—b BV c-vi]d dr (129)
eff — la bl y a, y a, 2 a,1 ybl 2 y a ydr.
Y Q

Proof We first note that, by classical results (see, i.e.,?"! Chapter 1, Section 2.2), equations (I23) and (T24) admit a unique O—
periodic solution with null mean average. Then, a standard computation shows that v, defined in (122)) satisfies (IT4). Finally,
inserting (122)) into (T13) and performing some algebraic computations we get equation (123).

In particular, the second equality in (I27) can be obtained as follows. We first note that

B’ =-— /—Bfka (x! =¥,y dydr .

Moreover, from (123)), we have that

by nex J 10x
— B0, (x _)’/)af)( dydr + )( ‘dydr =0.
a4 J bl ot

By summing the two equations above we get (127). O

Corollary 2. In the same hypotheses of Theorem[2] equation (123)), complemented with the boundary and initial conditions
(T15) and (116), and the two-scale problem (113)—(116) admit a unique solution.

Proof. Firstwe note that the matrix By, in (127) is made of two parts, the first one is symmetric and by standard calculations
it is also positive definite. On the other hand, the second part, which is due to the presence of the derivative with respect to
the microscopic time t in the parabolic equation (123)) for the cell functions y’, is antisymmetric.

However, the uniqueness for equation (123)), complemented with (113) and (116), still follows by standard energy esti-
mates, Gronwall and Young inequalities, taking into account that the antisymmetric part of the homogenized matrix By,
disappears in the energy estimate. Indeed, it is multiplied Dy the symmetric matrix (v — D), (v — 5)Xj, where v and ¥ are two
different solutions of (123). Thus, the estimation can be performed as usual.

To prove uniqueness for the problem (113)—(T16), we assume that there exist two solutions (v, v,) and (0, ;). >From
Corollarymand Theoremit follows that v, and 0, are given as in (122) for v and ¥, respectively. By substituting these two
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representations of v, and 0, in (I13), it follows that both v and ¥ satisfy (123)). Thus, by uniqueness of the solution of (123),

we have that v = ¥ and, therefore, we also have v, = D,. O

Remark 1. Notice that the antisymmetric term disappears in the homogenized matrix (I27) under some additional assump-

tions. For instance, when the matrix B and the coefficients a|, a,, b, and b, do not depend on the macroscopic space variable
[20]
x 10,

Theorem 4. Let § > 2a. Then, there exist v € L*(0,T; Hé (Q)) and v, € L*(Qy; H; (9)), with fQ v, dydr = 0, such that
(TO8)—(TT1)) hold and

av1
—L-o. (130)

Moreover, the pair (v, v,) is a weak solution of the two—scale pmblem (T13), (IT3), (IT16), complemented with the microscale
equation

a

div [M5< )(VU+V u1)+uMs( )+waluM5<va<i>)] =0,  inQyxY. (131)

a a b,

Proof The convergence results in (T08) and (T09) still follow from (74); (TT0) follows from (77) and "®! Proposition 2.12, with
m = 1/2 and by replacing 7 with €. Finally, (TTT)) and (T30) follow from (77) and"™®! Theorem 2.16, with m = 1/2, by replacing
7 with €”, £ with £* and taking into account that § > 2a.

The proof of (T13) and (I16) is exactly the same as in the case f = 2a.

In order to prove (I31)), we take into account (T30) and choose the test function ¢, (x, 1) = e*(@(x,1)/ay(x,1,1/€#))y(x/€%),
where ¢ € C°°(§T) with =00ondQ x [0,T],and w € H, ; (), as test function in (ZI). We unfold the resulting equation and
obtain

T

e ///T(v 7 (5 ( (a—i)mpw)+t(a§>t(w)t(aa—‘f))dydrdxdz
0
T
+ga/// ACHIACS b£+sV< ) (’;E))+ﬁ<b;+ez—i)z(vU£)>
0 Q 1
-<z<v<a—2>>z<w>+n<§>r<w+% (@

T
p ® « [ 0
= //fa—y/dxdt+g /m & (x, 0)p(x, 0)w< C)dx+ R, (132)
0 Q

Q

)T (vyl,/)) dydr dx d

LS}

LS}

where R, — 0 for e — 0. Now, passing to the limit £ — 0 and taking into account (TTI]), we get

///a Vb2+walV (:)>+b2(VU+VyUI))-(pVyt//dydexdt=0, (133)
2 1

which is the weak formulatlon of (I37). O
Notice that, by (I30), actually v, € H. ; () with fy v, dy = 0. Moreover, similarly to the case § = 2a discussed above, we
have the following corollary.

Corollary 3. Givenv € L*(0,T; Hé (), equation (I31) admits a unique solution v, € L*(Qp; H}(Y)) with fy v, dy =0.

Theorem 5. In the same hypotheses of Theorem the corrector v| can be written in the factored form
i ov
vi(x,1,y) = =y (x,1, y)g(x, D = 8(x, 8, y)v(x, 1) (134)
J
where the cell functions y’, j = 1,...,n, and ¢ are Y—periodic, with null mean average over Y, and are the unique solutions
of b,B
div (Ms< )V (7 —yj)> 0 (135)



and . b,B . B b
—dlvy<M3<a—2)VyC> + dlvy./\/l5<a—2 (Vb2 o,V )) - 0. (136)

Moreover, the system (I13) and (I31)) can be written as the single scale equation (125), where q,5 P, and z, are formally
defined as in Theorem[3} and

ij b2 ik j j b2 k j J i i
B, = a—zB 0y — x))dydr = a—zB 0y = x0,(y' = ) dydr, (137)
Q Q

with y and ¢ being the solutions of (133) and (136).

Proof We first note that, by classical results (see, i.e., 2% Chapter 1, Section 2.2), equations (T33)) and (I36) admit a unique Y—
periodic solution with null mean average. Then, a standard computation shows that v; defined in (I34) satisfies (I31)). Finally,
inserting (I34) into (TT3) and performing some algebraic computations, we get equation (123). In particular, the second equality
(I37) is obtained as done for (I27) in Theorem 3] by using, now, (I33). O

Corollary 4. In the same hypotheses of Theoremd| equation (I23)), with the homogenized matrix By, given in (I37) and
complemented with the boundary and initial conditions (113) and (T16)), admits a unique solution. Moreover, the two—scale

problem @, @, @, and @) admits a unique solution.

Proof. First we note that the matrix B,,,, in (I37) is symmetric and, by standard calculations, it is also positive definite.
Thus, the uniqueness for equation (123), complemented with (I13) and (116)), as usual follows by standard energy estimates,
Gronwall and Young inequalities.

The second part of the corollary can be proven as we did for Corollary O

4.2 | Slow oscillations
In this section, we consider the remaining case f < 2a.

Theorem 6. Let § < 2a. Then, there exist v € L*(0,T; H(; (Q))andv, € LZ(QT X S; H; ), with /y v, dy =0, such that
(T08), (109) and (IT1) hold, as well as
T.(v,) = v, weakly in L*(Q X Q). (138)

Moreover, the pair (v, v,) is a weak solution of the two—scale problem (113), (IT3), (I16), complemented with the microscale
equation

aizdivy[B(bz(Vu +V,0)) + 0Vb, + wa’lny(b%>)] =0, inQ, xQ. (139)
Proof The convergence results in (T08)) and (T09) follow from (74); (TTI) follows from (T09) and ! Theorem 2.11. In order to
prove (I38), we proceed as follows. As, for instance, in!™! Proposition 2.8, for a suitable 0(x, 7, y, 7), we have
T.(v,) =7, weakly in L*(Q; X Q),
as a consequence of (T09). On the other hand, by (86) and ™! Proposition 2.12, with m = 1/2 and 7 = £, we get that
T.(v,) = v, weakly in L*(Q x (T}, T); H'(Q)).

By testing with compactly supported functions in Q X Q we conclude that ' = v.
The proof of (IT3) and (TT6) is the same as in the case f = 2a. In order to prove ([39), we choose ¢ (x,7) =
e(@(x, 1)/ ay(x,1,1/eP))y(x /€%, 1/€F), where ¢ € C®(Qp) with p(x,T) =0inQand ¢ =00n dQ x [0,T], and y € H,(Q)
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with y(y,0) = w(y,1) = 0in Y, as test function in (ZI). We unfold the resulting equation and obtain

T
0
—e ///T(v 7 (1) (7 (52 o + T (22 ) )y axar
0 Q
T
s /’///T(u 7~ T(a )T((p)T( >dydrdxdt
0 Q

//Z(BE)(TE(US)T&<be§+£V ( >+.e1 ay ( ))+T(b£+el’:—€)r(w ))
Q Q
(79

T
+e”’/
0

S8

))71(111)+T(02)T(Vx1//)+ T(%)T(Vyy/)) dydr dx dr

T

=s"’//f2q/dxdt+Rg, (140)
a

0 Q 2

where R, — 0 fore — 0.

Using that, as we show below, the second term in (T40) tends to zero in the limit e — 0, we get the weak formulation of (T39),
similarly as we did for (I33) in the proof of Theorem 4]
Indeed, the second term in (T40) can be written as

T

20— / / / L ZE(UE)TE<—1 )fé(af)ﬁ(¢)75<—aw>dydrdxdt
o b‘i T
Q 9

0
T
+e""’///M(v )r(bg)naf)f((p)f( Y )dydrdxdr=Ji 405 (141)
0

Recalling ™! Proposition 2.22 (with, in the notation there, m = r = 1/2, a = 1, € replaced by €%, and 7 replaced by £*), it
follows that J: f — 0, for e — 0. Moreover, we write

T

‘—52””///./\/1(0)7' bE)T(aE) Z((p)T( )dydrdxdt

0
. oy
+ & ﬂ///ME(Ug)’]; le T (@M, ()T, — )dydrdxdr (142)
[ssorn(rnssion (2

and note that, using'”) Remark 2.23 (with, in the notation there, m = r = 1/2, @ = 1, £ replaced by €%, and 7 replaced by £”),
the first term tends to zero, in the limit € — 0.
Now, we integrate the second term in (I42)) with respect to = taking into account that

E(Z—Z) = %Tg(w)

and we get that it is equal to
T

1 a a
—e ///M(v _ﬂa_ <b—i)>ME((p)7;(y/)dydrdxdt

0
T

—e ///M(v )T —(b—i>)M£((p)Tg(u/)dydexdt—>0, (143)
1

0
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Whel’e we used that
B a £ ZE] £ 9t Zel °

Similarly to the cases f > 2a discussed above, we have the following corollary.

O

Corollary 5. Givenv € L*(0,T; H,(Q)), equation (139) admits a unique solution v, € L*(QXS; H,(Y)) with fy v, dy =
0.

Theorem 7. In the same hypotheses of Theorem@ the corrector v, can be written in the factored form (122)), where the cell

functions y’, j =1,...,nand { are Y-periodic, with null mean average over Y, and are the unique solutions of
1 . ;
2 Ay (5, BV, =) = 0 (144)
and 1 q 5
—div, (5,BY,£) + ——div,(B(Vb, + @, Y, ) ) =0. (145)
2 a 1

Moreover, the system (T13)) and (139) can be written as the single scale equation (123), where q,4, P,g and z5 are formally
defined as in TheoremEI and B,,,, is defined as in (I37), with y and { being the solutions of (144) and (143).

Proof As above, by classical results®! Chapter 1, Section 2.2, equations (T44) and (T43) admit a unique Y—periodic solution,
with null mean average. Then, a standard computation shows that v, defined in (I22) satisfies (I31)). Finally, inserting (I22) into
(TT3) and performing some algebraic computations, we get equation (I23). O

Similarly to the case f > 2a discussed above, we have the following corollary.

Corollary 6. In the same hypotheses of Theorem|6] equation (I23), with the homogenized matrix By, given in (I37), where
x and ¢ are the solutions of (144) and (143), and complemented with the boundary and initial conditions (113) and (116),
admits a unique solution. Moreover, the two—scale problem (113), (139), (T13), and (116) admits a unique solution.

Notice that, in the present case, i.e. § < 2a, the dependence of the cell functions y and { on the microtime 7 is only parametric
(as well as on (x, 1)), via the coefficients of the corresponding equations.

4.3 | Proof of Theorem [1

In the case f = 2a, by Theorems and we obtain that v, = v weakly in L*(Q;), where v is the solution of (I23). By using
(74) and (©0), it follows that the convergence is, indeed, strong in L?(Q). Moreover, by the assumptions on b, it follows that
1/b] — fy dy/b, weakly* in L*(£2;). Therefore,

U, dy |
e=ge v b—1=.u. (146)
Y

By replacing v = u( /}, dy/bl)_1 in (I23)), we eventually get 22) and 23).
The uniqueness of the solution u of (22)—23)) follows by the uniqueness for equation (I123)), complemented with the boundary
and the initial conditions (IT3) and (TT6).
The cases § # 2a are treated in the same way, of course by appealing to Theorems @] and[3] for § > 2a and Theorems|[6] and
for p < 2a, respectively.
O

4.4 | Some particular cases

Here we discuss some very special cases in which the upscaled equations take specific forms.

4.4.1 | Pure product case
In the case b = 0, we can fix & = 1 without loss of generality, since no other scaling, excepted x/£* and ¢/, is present in the
equation.
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The homogenized equations for the limit function u, appearing in Theorem[I] take the form

[ s ) - et (Ba¥ ()
_ 3, _ - _ eff 2 —
] fsazldrat blfyblldy azfsazldf fyblldy

va( by Vb2> )] dydr=f, inQp, (147)

_ ;div< v
a, fs a;ldr fy bl_ldy
where B,z = BV (y — ) and the cell functions y and ¢ satisfy (I23) and (T24) with b = 0 for § = 2, (I35) and (136) with
b =0 for p > 2, (I44) and (145) with b = 0 for § < 2.
Incidentally, this is also the case when a < 1 even if b # 0, which means that the space oscillation is greater than the
non—product perturbation.

4.4.2 | Pure Fick case
In the case b; = b, = 1 and b = 0, as above we can fix « = 1 without loss of generality, In such a case, our problem is a
particular case of the one studied in"?!, with the time oscillation being a power of the space oscillation.

Indeed, it is easy to prove that the cell function ¢ is equal to zero for any £ and the cell function y satisfies!?! equation (7.1)
for p = 2,21 equation (7.2) for g > 2, and®! equation (7.3) for § < 2, respectively.

Moreover, the homogenized equation (22)) reduces to!?! equation (7.4), for any choice of f. In particular, when the capacity
is independent of the macrovariables, the resulting equation turns to be the pure Fick equation

Lyady </Q<Beff/a2> dydr va)
fsa; dr ' fsag1 dr

where the capacity and the diffusion matrix appear mixed in the upscaled diffusion coefficient.

=f, (148)

4.4.3 | Pure Fokker-Planck case
If B is the identity matrix, it follows that y is always identically zero, so that B.; = B, and by periodicity

/Vy<a)a’1b£ —bz(:)dy: 0. (149)
5 1
Thus, the limit equation reduces to
ey ey b e Gyl ‘
— — Al b dydr = f, in Qr, (150)
/[/Sa;dfat by [yb7'dy/)  ay [y dr N[ b7 dy / !

Q
which does not depend on the non—product perturbation b. We remark that this is also valid under the milder hypothesis that B
does not depend on y.

If in addition a < 1 or b = 0, then also the cell function ¢ = 0 and therefore (I49) is trivially satisfied.

The limit equation in the pure Fokker—Planck case has been written in the from (I50) to make it as close as possible to the
starting Fokker—Planck problem. However, it is possible to formally reduce it to a standard parabolic equation with lower order
terms, in which the coefficients are expressed in terms of the mean value on Q of the coefficients of the original equation, i.e.,
a,, a, b;, and b,.

Finally, we remark that in the very particular case in which the coefficients a,, a,, b,, and b,, do not depend on the macroscopic
variables, the equation (I50) becomes

[y(a/by)dy o A( [s(by/ay)dz u) _,
fsagldrfy bl_ldy ! fybl_ldyfsagldr '
which shows that, even in such a special case, the capacity and the Fokker coefficient are mixed in the upscaled equation.

inQ,, (151)
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Text for the TABLE OF CONTENTS:

Diffusion in an inhomogeneous environment may lead to Fick or to Fokker-Planck models. We investigate the upscaling of
problems where both types of variability coexist in a finely mixed and periodic microstructure. We show that for equations with a
factored structure, allowing for a general perturbation, the two kinds of inhomogeneity behave differently in the homogenization
limit.
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