J Stat Phys (2015) 159:853-892
DOI 10.1007/s10955-015-1199-8

Critical Probabilities and Convergence Time
of Percolation Probabilistic Cellular Automata

Lorenzo Taggi

Received: 28 April 2014 / Accepted: 22 January 2015 / Published online: 18 February 2015
© Springer Science+Business Media New York 2015

Abstract This paper considers a class of probabilistic cellular automata undergoing a phase
transition with an absorbing state. Denoting by I/ (x) the neighbourhood of site x, the transition
probability is 7' (ny = 1|ny () = 0 if nyx) = 0 or p otherwise, Vx € Z. For any U there
exists a non-trivial critical probability p.({/) that separates a phase with an absorbing state
from a fluctuating phase. This paper studies how the neighbourhood affects the value of
pe(U) and provides lower bounds for p.(U). Furthermore, by using dynamic renormalization
techniques, we prove that the expected convergence time of the processes on a finite space
with periodic boundaries grows exponentially (resp. logarithmically) with the system size if
p > pe (resp. p < pc). This provides a partial answer to an open problem in Toom et al.
(Stochastic Cellular Systems: Ergodicity, Memory, Morphogenesis, pp. 1-182. Manchester
University Press, Manchester, 1990; Topics in Contemporary Probability and its Applications,
pp- 117-157. CRC Press, Boca Raton, 1995).

Keywords Probabilistic cellular automata - Percolation systems - Convergence time -
Stavskaya’s process - Absorbing-state phase transition

1 Introduction

Probabilistic cellular automata (PCA) are discrete-time Markov processes modelling the time
evolution of a multicomponent system. Their main feature is the synchronous update of the
states of the components, which take values in a finite set and interact with their neighbours
according to a given probabilistic interaction rule.

Probabilistic cellular automata are favourable models to study non-equilibrium phenom-
ena. Indeed, on the one hand, their definition is simple, as the space of realizations is discrete
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and interactions are local. On the other hand, despite this simplicity, they show a variety of
complex behaviours.

One of the interesting phenomena involving probabilistic cellular automata is that they
show a transition from an ergodic to a non-ergodic regime. Namely, after setting a free
parameter above or below a certain critical threshold, at infinite time the process preserves part
of the information on its initial state (non-ergodic behaviour). This means that the probability
measure at infinite time depends on the initial state of the dynamics. On the contrary, if the
process is ergodic, it admits a unique, attracting invariant measure. In [12] it has been shown
that the non-ergodic regime of a PCA is connected to the existence of a phase transition for
the PCA, considered as a statistical mechanics system.

Over the last 50 years, PCA have undergone intense analytical and numerical investiga-
tions (e.g. [4,12,24,25]). However, as far as we know, many questions involving the rate
of convergence to equilibrium or the characterisation of the invariant measures still remain
open, even for the simplest models (see e.g. [23,25] for a survey).

In this paper we consider a class of PCA that has a correspondence with percolation.
These models are refereed to as Percolation Systems in [23] and as Percolation Operators in
[25]. From now on we will refer to them as Percolation PCA. This class includes the well
studied Stavksaya’s process (see e.g. [5,6,19-21,23-25]), in which the neighbourhood of
every site corresponds to the site itself and its right nearest neighbour on the one dimensional
lattice. On the contrary in Percolation PCA the neighbourhood of every site could be any
finite (translation invariant) set.

The reason why we decided to consider Percolation PCA is that their simplicity, combined
with the presence of a phase transition, make them an interesting test case for attempts to
characterise transient behaviour and stationary measures for spatially extended stochastic
dynamics. Namely, Percolation PCA are a prominent model for studying absorbing state
phase transitions [10], i.e. there exists a phase characterised by almost sure convergence into
an “absorbing state” (a realisation where the process remains for ever whenever reached) and
a fluctuating phase, where the process remains active at all times.

In this paper we discuss two distinct aspects of Percolation PCA. In Sect. 3 we consider
Percolation PCA on a finite one dimensional lattice with periodic boundaries and we study
the time the process needs to reach the absorbing state (absorption time). Our main result
is stated in Theorem 2.1. We show that at the critical probability p. there exists a transition
from a fast to a slow convergence regime. Namely, we prove that the expected absorption
time of the model grows exponentially (resp. logarithmically) as the size of the system grows
if p > pc.(U) (resp. p < pcU)). This provides a partial answer to the Unsolved Problem
5.3.3in [23] and to an open problem mentioned in [25, pp. 80-83]. If compared with [25],
where the fast (resp. slow) convergence behaviour is proved for p small enough (resp. close
enough to 1), our result provides a sharp estimation. The slow convergence regime can be
interpreted as a metastable behaviour of the model, as the process spends an exceptionally
long time into a non-stable state before falling into the absorbing state. Similar studies on the
metastable behaviour of PCA models were recently presented also in [2,3,13], although the
methods used there do not apply in our case, as Percolation PCA are not reversible and do
not have a naturally associated potential. Numerical estimations of p. (i) (e.g. [11,14,18])
are obtained assuming that the metastable regime (the actual regime observed in numerical
simulations, as there is no way to really simulate “infinite space” in computers) is observed
only for all values of p at which the infinite process is in the fluctuating phase. Although this
fact might appear obvious in terms of physical intuition, Theorem 2.1 provides a justification
for this assumption from a rigorous mathematical point of view.
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The proof of our result relies almost entirely on the correspondence between Percolation
PCA and oriented percolation in two dimensions. This connection has been described for the
first time in [22]. The proof of the statement of the theorem involving the case of p < p. is an
application of some percolation estimations presented in [8]. We generalize these estimates
to the percolation model considered here, which differs from [8] as here the neighbourhood
is an arbitrary finite set and because sites (instead of bonds) can be open or closed. The proof
of the statement involving the case of p > p. is more technical and is based on (1) the
generalization of the dynamic-block argument presented in [8] to the case of non symmetric
neighbourhood with more than two elements and (2) the estimation of the probability of a
certain event involving a dual lattice construction provided by [22].

In Sect. 4 we study how the neighbourhood affects the critical probability. We provide a
lower bound for critical probabilities p. (/) and our result is stated in Theorem 2.2. With our
estimations we improve the previous lower bound [17] showing that p.(U) > 1/2 strictly
if the neighbourhood ¢/ = {—1,0, 1}. Furthermore, we provide new bounds in case of
neighbourhoods not considered before (as far as we know). The comparison with numerical
estimations, provided in the last section of this article, shows that our bounds are sharp. In
order to derive the lower bound we studied the temporal evolution of “absorbed sets” (sets
of adjacent sites all in state “zero”). If these sets on average are expanding, the realisation at
infinite time is “all zeros” almost surely. This idea comes from [25, Chapter 6]. Our estima-
tions take into account a certain aspect of the dynamics, i.e. absorbed sets can dynamically
merge one with the other. This leads to an improvement of the bound.

We shall end this introductory section by presenting the structure of the paper. In Sect. 2 we
define the model and we present our main results, Theorems 2.1 and 2.2. In Sect. 3, divided
into three subsections, we prove Theorem 2.1. In Sect. 3.1 we describe the correspondence
between Percolation PCA and oriented percolation in two dimension, following [22,25]. In
Sect. 3.2 we present several percolation estimations from [8] used to prove of the theorem.
Finally in Sect. 3.3 we prove Theorem 2.1. In Sect. 4 we prove Theorem 2.2.

2 Definition and Results

Probabilistic Cellular Automata (PCA) are discrete-time Markov chains on a product space,
¥ = X3, In this paper we consider both the case of infinite space, S = Z, and of finite space,
S=S,,S, ={—n,—n+1,...,n—=2,n— 1}

We consider the case of boolean variables, X = {0, 1}. Realisations of the process are
denoted by n € X. For any x € S and any K C S, use 7, to denote the x-th component of
the vector 1 and 1k to designate the set of components corresponding to the sites of K.

We introduce a neighbourhood function on S. We first fix a finite setif = {s1, 52, ..., 8,} C
Z, assuming that s1 < 55 < --- < s5,. If § = Z, Vx € § we define the neighbourhood of x
asU(x) = {s1,52,..., 5.} +x.If S =S, we consider periodic boundaries. Namely, for any
Vx € S, we define the neighbourhood of x as

Ux) ={Ix+s1+nl —n lx+s3+nlp —n, ..., |x+s,+n,—n}, (1)

where |x|2, denotes x (mod 2n). For example, if &/ = {0, 1}, the neighbourhood of the site
n—1lisUU(n —1) ={n —1, —n}. For any set K C S, we define the neighbourhood of K as
UKK) = Uyex UX).

In Percolation PCA the states of the process are synchronously updated at every site
according to the following transition probability,
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Fig.1 Representation of the graph Gy with neighbourhood &/ = {—1, 0, 1}. In this figure only edges between
vertices belonging to the evolution cone of (0, t) have been drawn

0 if =0
I s (x) ’ @)

T (n, =1 =
(1, ) ( p  otherwise
where p € [0, 1] is a free parameter.'

The temporal evolution of the process can be represented by introducing a linear operator
‘P, which acts on the space of probability measures M (X). For any u € M(X), we use uP
to denote the measure obtained applying P to w. By using C,]/K to denote the cylinder set

Cp=meX ng= Nk }, with K C S, the measure uP is defined as

MP(CU’K) = Z 'U‘(CWM(K)) H T (n;rmu(x))' 3)

k) €40, 1A E) rek

In order to characterise the time evolution of PCA, it is useful to introduce the set of
space-time realisations, S = {0, I}V, where V = § x N is the space-time set. The elements
of ¥ are the realisations of the process at all times, 77 = (n’)?io € 3. We then introduce an
oriented graph Gy = (V, Eyy), whose edges connect any vertex (x,¢) € V to the vertices
(k,t — 1) € V, where k € U(x). The vertices that can be reached from (x, ) € V through a
path on Gy, constitute the evolution cone of (0, t) (Fig. 1).

We now introduce some definitions that will be used along the whole article.

Definition 1 (Evolution Measure) Consider the Percolation PCA (3) with § = Z (respec-
tively S = S,, and periodic boundaries). For every © € M(2), we define the evolution
measure &, (respectively £) as the joint probability distribution of measures u, wPl, wp?,

For example, we use £ to denote the evolution measure of the Percolation PCA on finite
space, starting from the realisation “all ones”.

Definition 2 (Expectation on the evolution space) Consider the Percolation PCA (3) with
S = Z (respectively S = S, and periodic boundaries). We use E,, [-] (respectively IEL") [-D to
denote the expectation in relation to the evolution measure &, (respectively 7).

' We use a different notation from [23-25]: here p corresponds to 1 — € and zeroes and ones are inverted.
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Monotonicity It is immediate from the definition of transition probability that the Dirac
measure 89, where 0 = (0,0, 0, .. .), is stationary, i.e. § = 8¢ P. Furthermore, the operator
‘P of this stochastic process is monotone. Monotonicity of 7P means that it preserves partial
order among elements of M (X). We first introduce partial order “ < ” in X by defining for
any two realizations n, ' € £, < 1’ < Vx € S 5, < .. We then introduce the functions
¢ : ¥ — R, which only depend on a finite number of sites. We call ¢ monotone iff for any
n,n €, n<n = e < en). We then introduce partial order in M(X) by defining
w < w' < for any monotone function ¢ , [ @du < [¢du'. Finally, we introduce an order
relation between operators and we introduce the notion of monotone operator.

Definition 3 (Monotone operator) An operator P : M(X) —> M(X) is called monotone
if for any pair of measures u, ' € M(Z), u < ' = uP < w'P.

The operator (3) of the Percolation PCA is monotone. This property follows from the fact
that the transition probability (2) preserves order locally, i.e. for any x € S,

1 2 1 2
Nue) =< My = Tp (ne = 1|77u<x)) =T, (’7:1|’7u(x))v

(see for example [25, p. 28] for a proof of this). Monotonicity of P implies that the probability
measure,
v, = lim §; P, 4)

—00

exists and it is invariant.

Definition 4 (Critical Probability) Consider the Percolation PCA on Z with finite neigh-
bourhood U C Z. We define the critical probability as,

peU) = sup {vp, =do}. Q)]
pel0.1]
Definition 5 (Ergodic Operator) An operator P : M(X) — M(Z) is ergodic if the two
following conditions hold: (a) there exists a unique ¢ € M(X) such that 9 P = ¢ and (b)
Yu € M(%), tlim wP! = g.
— 0

For any p > p. the evolution operator of the Percolation PCA is not ergodic. Indeed, in this
case 89 and v, # §¢ (defined in 4) are two distinct invariant measures. For any p < p., the
Percolation PCA (3) is ergodic.

In [21,22] it has been proved that

pe(U) € (0, 1)

for the Stavskaya’s process (/ = {0, 1}) and a more general proof in case of general neigh-
bourhood can be found in [25]. The proofs are based on two methods widely used in statistical
mechanics, namely, the counting path method and the Peierls argument.

Our main result is stated in Theorem 2.1 and it involves the convergence time into the
absorbing state of the Percolation PCA with finite space and periodic boundaries, as defined
at the beginning of this section.

When S is finite, the process is always ergodic (Definition 5). Indeed, for any realisation
of the process n' € X at time ¢, the probability that '*! = “all zeroes” is bounded from
below by the constant (1 — p)‘S |, This implies that there exists almost surely a finite time
7 € N such that ' = “all zeroes” for all + > 7. Hence, for any u € M(X%), tgrgo uPH = 8.

We define the absorption time 1 € Ny, representing the first time all sites in the segment
{—k, —k+ 1, ...,k — 1} are in state zero for n°.
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Definition 6 Forallk e N, we call the absorption time of the interval {—k, —k+1, ..., k—1}
the random variable 74 : ¥ — N,

7% (7)) = min{t € No s.t. 7, =0 Vx € [[—k, k — 111}, (6)
where [[—k, k — 1]] denotes the set of integers in [—k, k — 1].

In case S = S,, this random variable is well defined only if k < n.
‘We recall Definitions 1 and 2 and we state our main result.

Theorem 2.1 Consider the Percolation PCA with space S, periodic boundaries and finite
neighbourhoodU = {s1, s2, ...sy,}, where sy, s2, ..., s, are some distinct elements of 7. For
every p € [0, 1]there existng € Nand some positive constants K1, K>, K3, K4, c1, c2, ¢3, ¢4
(dependent on p) such that for all n > ny,

@ if p < pe. Kilog(ern) < E{’[7,] < Ky log(can),
(®) if p > pe Kzexplean) < E{ [r,] < Kyexp(can).
The proof of the theorem is presented in Sect. 3.

Our second result is stated in the following theorem and it involves the estimation of p,
as a function of U.

Theorem 2.2 Consider the Percolation PCA on Z with finite neighbourhood U =
{s1,52,53,...,8,}, where s1,82...,8, € Z are such that s1 < s» < --- < s,. Define
p1 = ﬁ and py as the unique solution in the interval (0, 1] of the following equation,

1

1— o(p)
Su—s1+2

pP=r ’ (7)

(1=p)0+(=p)>tu=sD

p2-p)
The proof of the theorem is presented in Sect. 4. From (7) it follows that p» > py, as ¢(p) is
positive in (0, 1). Our analytical lower bounds can be compared with numerical estimations
in Fig. 2, where Percolation PCA with neighbourhood/ = {0, 1, 2, ..., k}, for some positive
integers k have been considered. Results of numerical simulations can be found also in the
appendix of this article. The numerical estimation of p. in case { = {—1, 0} can be found in
[15] and the numerical estimation in case &/ = {—1, 0, 1} can be found both in the appendix
and in [17].

where ¢(p) = . Then p.UU) > ps.

3 Absorption Time

In this section we prove Theorem 2.1. In Sect. 3.1 we describe the connection between
Percolation PCA and oriented percolation. We mainly follow [22,25], although propositions
and statement have been reformulated emphasising the differences between Percolation PCA
on a finite and infinite space. In Sect. 3.2 we list some percolation estimates. Some of these
percolation estimates have been proved in [7-9] in the case of oriented bond percolation
with symmetric neighbourhood. In this article we consider a similar model, namely, oriented
site percolation with arbitrary neighbourhood. The proofs of these estimates in our case
are substantially the same of those provided in [7,8]. We sketch them illustrating the small
differences. In Sect. 3.3 we prove the theorem. The proof of the right inequality of statement
(a) of the theorem is an application of the estimates presented in Sect. 3.2. The proof of the
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Fig. 2 Numerical and analytical estimations of critical probabilities of Percolation PCA with neighborhood
UuU=1{0,1,...,k}

left inequality can be found in [21]. The proof of the right inequality of statement (b) is trivial.
The proof of the left inequality uses some of the percolation estimates and the estimation
provided Proposition 8, which is stated in the same section. The original contribution of the
author consists in the proof and the application of Proposition 8 to the proof of the statement
(b), in the estimations based on path constructions used in the proof of statement (b) and in
the generalization of the percolation estimates to the proof of the statement (a).

3.1 Relations with Oriented Percolation

In this section we describe a connection between the Percolation PCA and a certain perco-
lation model. This connection has been pointed out for the first time in [22], as far as we
know. We consider a Percolation PCA with space S € {S,, Z}, as defined in Sect. 2. We
define an auxiliary space = {0, 1}V, we denote by @ € Q its elements and we introduce in
this space the Bernoulli product measure IP,,. Namely, the state of every component is 1 with
probability p and O with probability 1 — p independently. We declare a vertex (x,y) € V
“open” if wy,, = 1 and “closed” otherwise. Percolation PCA are related to percolation as
the probability that the state of the site x € Sis 1 at time ¢t € Ny for equals the probability
that the site (x, t) € V is connected by a path of open vertices in G4 to the line y = 0. This
is precisely the meaning of the statement of Proposition 2, which is stated below.

In order to describe this connection rigorously, we represent the Percolation PCA starting
from an initial realisation ' € ¥ by introducing a deterministic mapping

D:Qx¥ — 3.

For every (x, t) € V, the component D; Q2 x ¥ — {0, 1} of D is defined as

. t—1 .
D e min {wx,t_l,krenﬁé) {D,"'}}, ifrez; ®

nt, ift =0,

where (wy,1) eg yen are elements of €2. This mapping defines any DZT, z2€ S8, T e Zy,
as a function of the variables w, y associated to vertices belonging to the evolution cone of
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(z, T) € V, and of the initial realisation 5'. One should observe that, re;calling (2) and using
independence, forany x € S, € Z4, a € {0, 1}, ny ) € {0, U™ pi e 3,

Tx(alnu(x)) ]P’p(a) e Qst. D! (a) n ) =alw e Qs.t. Du(x)(w n ) = nu(x))

S ACE alnu(x)) ©)

where in the last expression we rewrote the second quantity in a more compact form. This
notation will be used also in the proof of the next proposition.

Proposition 1 Consider Percolation PCA v_vith space S € {Sy, Z}, represented by the oper-
ator P : M(X) = M(X). Then, forany n' € %, a € {0, 1},

8, P (1 = a) = P,,(w € Qs.t.D! (0, 7)) = a). (10)

Proof Forany x € S,t € Z*, we define
I3

————
Ux)=UoUo ...oU(x).

By using Eq. (9), we observe that the following equalities hold,

; . t t 1 t—1
Pp(Dx (@, n') = “) = 2 B (D - “'”uu)) F (Dum (@.n') = ”Um)
Mgy €10, U
1—1 r—1 i =1
= > Ty (“|’7u(x)) Pp (DL{(x)(“” n') = ’7U(x))
Mg €10, U

> > (“' "um)

Mty €O o 2 €0, U

n' t—2 iy _ . t—2
xPp (”u(x)mm(x)) P (Duz(x) (“’ n ) = ”uz(x))

= 2 > T (“'”ifolc))

'/u( yE0, U o 2 €0, IR

=2 i =2
x H (’b u(y))w (Dw(x) (@ n') = ”u2<x>)' an
YEU(x)
By proceeding with the expansion, we obtain the next formula,

Pp(Dhon) =a) = X > Y n(h=amgy)

1—1 u t—2 2 0 ut
Mo €O 2 el0. 5wy (0.0
1

.
[T| IT 20 mies ) | B (Do (@) = nucy).
k=1 | yeuk(x)

(12)

We observe that by definition of D, P, (D%w, n') = n) = 1if n = n' and 0 otherwise. By
using the same expansion for the measure (SniPt and cylinder set {n € Q2 : ny = a}in (3),
one derives again formula (12) and concludes that Eq. (10) holds. ]

The next proposition has been proved in [22].
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Proposition 2 The function D : Q x £ > {0, 1} is such that D, = 1 iff there exists a
sequence {xg, X1, X2, . .., X;} C Z satisfying the three following properties,

1. xy =xand x;—1 e U(x;) foranyi € {1,2,...,t},

2. Wi—1,x; = 1 foranyi € {1,2,...,t},

3.5, = L

Proof We sketch the proof of the proposition. Assume D’ = 1 and assume that properties 1,
2, 3 hold for a sequence of sites x;_, X;—k+1, - - - , X;. From (8) it follows that D)t(;kA =1
Oy, i—k = land Ix; 1 € U(x—¢) s.t. D,tr,_,/;:]l = 1. This implies that there exists an
element x;_;_1 € S such that properties 1, 2, 3 hold for the sequence x;_;_1, X;—, ..., X¢.
The proof of the proposition follows by induction. O

If we consider the case of infinite space, from the previous proposition it follows that ergodic-
ity for the probabilistic cellular automaton is associated with the existence of an infinite path
of open vertices in the auxiliary space. Indeed, recall Definitions 4 and 5 and observe that,

p>p. = lim 1P'(ny =1)>0 (13)
—00

p<pe = lim §P'(n, =1)=0, (14)
—00

Thus the probabilistic cellular automaton is non-ergodic if and only if the limit t+ — oo of
the probability that a vertex (0, ¢) is connected to the line y = 0 by an open path is positive.

If we consider the case of finite space with periodic boundaries, the previous proposition
shows that there is a connection between the absorption time of the probabilistic cellular
automaton and the existence of an open path in the auxiliary space. This connection is
clarified in the next proposition. Before its statement we introduce some more definitions.

From now on we use P (-) to denote the Bernoulli product measure in the finite space and
P, (-) to denote the Bernoulli product measure in the infinite space.

Definition 7 Consider S € {S,;, Z} and consider the event,
{a) € Q s.t. there exists a path of open vertices in G4 that connects

(x, 1) to one of the vertices belonging to the line y = 0}. (15)

If S = Z we denote this event by {(s, 1) % SO} and if S = S,, we denote this event by

(s, 1) 4% 50y,

Recall the definition of evolution measure (Definition 1) and of absorption time (Eq. 6).
Recall that 74 can be considered as a function 7 : @ x £ — N, as, from (8), (D.)yes ren it
is a mapping from Q x X to X.

Proposition 3 Consider the Percolation PCA on a finite space with periodic boundaries.
For every t € Ny,

&t = 1) =P (Ix € [l=n.n — 1] 5. (6, 1) 28 50), (16)

where SO denotes the set of vertices of V belonging to the line y = 0.

Proof By the definition of 7, (see Definition 6), t, > ¢ if and only if Ix € [[—n,n — 1]]

such that D! = 1. From Proposition 2, it follows that D’ = 1 if and only if (x, 1) U@ S0,

[}
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Fig.3 The event {r; > ¢} (recall 4
Definition 6) occurs if at least one
open path joins one of the sites
(x,t) such that x € [[—n,n — 1]]
to one of the sites (v, 0), y € S.If
the neighbourhood is periodic,
then the path can leave from one
the two vertical lines x = —n or b
x = n — | and re-appear at the
same high on the other line (e.g.
see the path a o ¢)

Ht

Remark Recall the definition of the neighbourhood in the case of finite space with periodic
boundaries, provided in Eq. (1). As boundaries are periodic, the site (x, ¢) is connected to
the line y = 0 also if the path of open vertices leaves one of the vertical boundaries (x = —n
or x = n — 1) from one side and it re-appears at the same high on the other side (see for
example the path a o ¢ in Fig. 3).

3.2 Percolation Estimates

In this section we list some properties involving the cluster of vertices belonging to an open
path in Gy, starting from (0, #). These properties have been proved in [7-9] in case of a
bond percolation model with symmetric neighbourhood of two elements. In this article we
consider a slightly different percolation model, as sites instead of bonds can be open or closed
and the neighbourhood is an arbitrary (translation invariant) finite set. The proofs of these
propositions in the case considered in this article are similar to those provided in [7-9]. We
sketch their proof describing the small differences.

We start with some definitions. From now on we will consider S = Z. For every t,m € N
we define the sets,

gl = {x e7:(0,1) 2% (x,t—m)},
é,’n = {x €Z:3z<0s.t.(z, 1) % (x,z—m)],
—t . Gy
Xm:{er.ElzZOs.t.(z,t)—>(x,z—m)], (17)
Note that &/, C {sym, sym+1, sym+2, ..., s, m}. We define then the variables,
rh, = sup {&},
¢, =inf {&) },
— =t
o =sup{&,}.
¢,, = inf {34}, (18)
and we set 1! = —o0, £/, = oo if &/ = @. As the distributions of r’ , ¢! 7 € & &

and ¥, depend only on the difference  — m, from now on we will omit the dependence on 1,
that will be some positive integer. Furthermore, we consider the space Gy, as before, but with
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Fig. 4 Representation of open
paths

(0t) (y.t)

vertices Z x Z instead of Z x N. In the former case, if we consider only paths starting from
(0, 1), we allow (0, ) to belong to an infinite open path. Thus we recover the notation of [8]
(Fms €m» Tm» Em), with the difference that in this article paths are oriented from up to down.

We observe that for every ¢, m, the probability that ?m = O is zero, as every vertex in
{(x,y) :s.t.y = ¢, x > 0} has a non-zero probability of being connected to S by an open
path in Gy;. The same holds for the event ™! = @. By definition,

Tm < Fm,
Lo > L. (19)
The following relations hold,
Em =& N [, +00) = X0, N (= 00, 1] (20)
on{&, # 2}, rm=7m, (21
on{&, #2},  ly ="l (22)

Proof Equation (20) is a corollary of Eqgs. (21) and (22). We sketch an argument for (22),
that can be also found in [8, Section 3]. By reflection the same argument holds also for (21).
It is trivial from the definition that &,, C &, and that &,, C (—o0, r,,]. We have to show that
&, N (=00, ry] C &,. In this case it is clear from Fig. 4 that if there is a path from some site
(v,1),y >0to (x,t —m), x < ry, then there is also a path from (0, ¢) to (x, t — m). Then
x €&, m]

We introduce the following quantities, for all integers n > m > 0,

Fmap =sup{x —Fp :x €Z and 3z € Zs.t.

¢ <Fmand (2.t —m) % (x.1—m)). 23)

by =inf{x — €y :x €Z and 3z € Zs.t.

2> Tpand (2.t —m) 2% (x,0—m). 24)

The following relations holds.
Fm+Tmpn = Th. (25)
b+ < ln. (26)
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Fig. 5 Curves represent open
paths

Proof We prove (25) and a similar argument holds for (26). One should observe that 7, +7, »
is the rightmost point on the line y = ¢ — n which can be reached from any of the points
(x,t —m) with x < 7,,. Instead 7, is the rightmost point on the line y = t — n which can be
reached from any of the points (x,  —m) with x < 7, and with the additional restriction that
there exists an open path in Gy from (z, ¢) to (x, t —m) for some z < 0. See also Fig.5. O

The next proposition involves the random variables defined above and it corresponds to
[7, Theorem 2.1]. It holds for a class of model called growth processes that is more general
than the class of models considered here. We refer to [7] for its proof, which is based on the
subadditivity property of (25) and some arguments similar to those used in the proof of the
Kingman’s Subadditive Ergodic Theorem.

Proposition 4 Let 7, and €,, be the quantities defined above. Then there exist two constants
o € [—o0, s,] and B € [s1, +00] such that,

Tm/m — o almost surely, 27
Cn/m — B almost surely. (28)
Let E C Q be the following event,
E' = {“there exists an infinite open path starting from (O,t)”}.

Then, if p > p,, conditioning on E’, from Proposition 4 and from Egs. (20-22) the following
properties hold,

lim r,/m =« almost surely, (29)
m—0Q
lim ¢,,/m = B almost surely, (30)
m-—00
B <a. 31

Proof If p > p. then the event E’ occurs with positive probability. Conditioning on E’,
for allim > 0 ry > €. Furthermore, from Egs. (21) and (22) it follows that r,,, = 7, and
Ln = L. O

We define now the variable,
y =a—p, (32)
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which plays the role played by « in [8]. The proof of the next proposition can be found in [8,
Section 3], in case of bond percolation with symmetric neighbourhood. As the statement is
needed for the proof of Theorem 2.1, we sketch its proof, adapting it to the model considered
in this article.

Proposition 5 Let y be the variable defined in Eq. (32). Then,
pC:inf{p cy(p) > O}. (33)
Proof Observe that Eq. (31) implies that,
a<p = p=pe. (34)
Then, to prove Eq. (33), first it is necessary to show that,
y>0 = p>p.. (35)
Indeed, Eqgs. (34) and (35) imply that
sup {p 1 y(p) <0} < pe <inf {p:y(p) > 0}. (36)

Hence, it remains to exclude the possibility that the interval {p : y(p) = 0} has positive
length. This fact is a consequence of the following property,

p>panda(p)>—c0 = a(p)—a(p) = (p—p). 37

and of the fact that 8(p) is non-decreasing with p. For the proof of (37) we refer to [8,
Section 3], as the symmetry of the neighbourhood does not play any role in the proof. The
proof is based on the construction of two systems with parameter p and p’ on the same
space by assigning an independent random variable U,y to each vertex (x, y) € V which is
uniformly distributed on (0, 1). The vertex is open if Uy, < the parameter value and closed
otherwise. The only difference from [8] is that there these random variables are assigned to
bonds and that the set of vertices of the graph is different, i.e. {(x, y) s. t. x 4+ y is even}.

In the remaining part of the proof we prove Eq. (35). Observe that if y > 0, thenr,, —

am—i—%m:?m—#m% ooandﬂm—ﬂm—%m=ﬂm—#m — —oo almost
surely. Then there exists an integer M < oo such that,
Py (v, 7o > ath, — M) =051, (38)
By (¥, T < “;’Sm +M) 2051, (39)

Secondly we introduce the following notation. If A C (—o00, +00), then we let

%‘,ﬁ 1= {x Ay e Ast(y, 1) = (x,t — m)}, (40)
r,ﬁ 1= sup“g‘n?, 41)
€A =inf&h, (42)
A =inf{m: &} = o). 43)

Repeating the proof of (20-22) (see also [8, Section 3, Equation 10]), it follows that

tMMI — jnf [m : r,[n_M’M] < EEn_M’M]}

— inf {m  pl=oo M) _ e,[*M’ool}. (44)

n
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The previous equality implies that,

—m

(e — oo} 5 [l 49 < DBy < ooyl

Pp(r(—oo,M] Lerh Vm) - [Pp(r(—oo,O] - #m - M, Vm),

m
and
P, (ZLTM*OO) < #m, Vm) =P, (E,[,?""oo) > #m + M, Vm),
it follows that
Pp(657M £ o, Vi) 002,
Since, VM > 0,
Py (& D ZN (=M. M) >0,
it follows that P, (E") > 0. Then p > p.. O

The next estimates have been proved in [9]. The proof can be found also in [8, Section 7,
Equations (1) and (2)]. In particular Eq. (45) holds for a wide class of percolation models in
the subcritical regime (see [1] for a proof in a very general setting).

Proposition 6 Recall Definition 7. For every p, let a(p) > «a(p) and b(p) < B(p). If
p < pc there exist some positive constants h, hy, h3, Ca, C3 (dependent on p) such that,

P, ((o,m) Gy, SO) < exp(=hm), (45)
By(Fn > am) = Coexp(—ham), (46)
P, (Zm < bm) < Czexp(—h3zm). 47)

Proof We sketch the proof of (45), which is similar to the proof of (46) and (47). If
p < Pe, then from Eq. (33) o < ‘“2"3 < . Thus there exists an N large enough such

that E[Fo.v] < “TEN, E[€o.n] > “32 N. By using the subadditivity property of 7, , and

£ one can see that,

v — 2PN < s, :=70,N—#N+7N,2N—#N
+ o+ Fa—-D)NmN — #N,
OB N Ty < S, = a+'3N—Zo,N+#N—ZN,2N
..+°‘J2”3N_E(m_1w,m1v. (48)

The right hand side of the two previous inequalities is arandom walk with expectation respec-
tively E[S1] < 0, E[S]] < 0. As §| < s,N, S| < s, N, then ¢(#) := E[exp(0S))] < o0
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and ¢’(0) := E[exp(9S])] < oo for all & > 0. From the considerations in [8] it follows that
we can pick 6y > 0 with ¢(8p) < 1 and ¢’ (8p) < 1 such that,

Py(Sm = 0) < E[exp(60Sn)] = 0(60)",
Py(S), = 0) < E[exp(60Sn)] = ¢’ (60)".

This implies that P, (¥, v > #mN ) — Oand P, Un < “+ﬂ mN) — 0 exponentially
fast. Observe also that as P, (§,, = @) > P, (7, < #m < Zm), then

o+ B
2

_ - +
PP(Em#Q)fpp(rmZ m)+Pp(en1§a2ﬁm)~
This implies (45). O

We end this section recalling a property proved in [16]. As the reference is in Russian, we
sketch its proof below.

Proposition 7 Recall Definition 7. For every t,n € N,

P ((o n 4G g )

((0 1 24 SO) (49)

Proof Observe thatin Z x Z all paths of length 7 starting from (0, ¢) lie within A = [s1¢, s,1] X
[0, # — 1]. At each point we have a random variable wy , that is equal to 1 with probability
p and to O with probability 1 — p and these random variables are mutually independent.
We consider the same set A but with a different set of random variables zy . Each z, , is
equal to 1 with probability p and 0 with probability 1 — p, but these random variables are
not independent. Namely, for all (x, y), the random variables z, 2k, for all integers k such
that (x 4+ 2kn, y) € A have the same outcome (i.e. they are “synchronized”). This model
is equivalent to the model on the cylinder A, x [0, ¢ — 1] (i.e. with periodic boundaries),
where w, are independent, because in these two models their probabilistic spaces and sets
of open paths starting at (0, ¢) are isomorphic.

Let then W be the set of all possible paths of length ¢ from (0, 0). We will show that
“synchronization” does not increase the probability of the existence of an open path of length
ton A.

Let then 6, , be some random variables with values O or 1 associated with (x, y) € A.
Consider the function Z, with arguments 6y y,

Z=> ] 6o
heW (x,y)eh

Then Z > 0 and Z > 0 if and only if there exists an open path. Suppose that at the beginning
Or,y = &x,y, for all (x, y) € A and at each step we “synchronize” the variables 6,4 2xn,p
for a certain (a, b) until we get 6y y, = zy y for all (x,y) € A. We will show that each
synchronization step does not increase Z. To do this, we write

Z= > Oaparns fi(0) +2(0).

k:(a+2kn,b)eA

where 6 is the set of all (x, y) # (a + 2kn, b), i.e. they are independent from the group
Oa+2kn,»- The fi and g are some functions with non-negative integer values. Here we use the
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fact that a path can contain only one point of the form (a + 2kn, b), so different 6,2k b
don’t multiply. Before the “synchronization” step,

Z=27 = Z Wa+2kn,b fk(é) + g(é),
k:(a+2kn,b)eA

and after it,

Z=Zr=z- 2.  fif)+2(0).

k:(a+2kn,b)eA

It is easy to show t[lat, fixing any value of the set 6, P(Z; > 0) > P(Z> > 0). Hence, the
same is true when 6 is not fixed. O

3.3 Proof of Theorem 2.1

Recall the definitions provided just before the statement of the theorem. Along the whole
proof we denote by P (- ) the Bernoulli product measure in X, where the space is finite, and
by P(-) the Bernoulli product measure in X, where the space is infinite. The proof is based
on the estimation of Sg’l (7, > t), which gives the expectation,

[e.¢]
B[] = > &8 (ta > 1), (50)
t=0

We prepare the reader to the proof of the left inequality of the statement (b). The proofs
of the other inequalities do not need an introduction, as they are simpler. The proof is based
on the estimation of the probability of the event {7,, > ¢}. In order to provide this estimation,
first we define the event D, ; ,, whose probability is less than the probability of {7, > t}.
The event occurs if a path connects [[—n, n — 1]] x {¢} to the line y = 0 without crossing the
diagonal sides of a parallelogram (a rigorous definition is given later). This allows to reduce
the estimation of {r, > r} to the estimation of the probability of an event that is simpler to
study, as periodic boundaries play no role.

As the neighbourhood of the model is in general non symmetric, the cluster of vertices
belonging to an open path starting from (0, #) (which is infinite with positive probability,
as p > p.) will typically have a drift. Indeed, recall Proposition 4 and the fact that 7, ~
t(# + %) and ¢, ~ t(# — %), B < a. Thus, as p is slightly larger than p,, then
typically the cluster of vertices will be centred around ~ #t. Hence, the diagonal sides of
the parallelogram is chosen in such a way that in the limit # — oo the cluster has typically a
non-empty intersection with the parallelogram. With this choice, the probability of the event
Dh.1.a does not go to zero too fast as ¢ grows.

Later we introduce a change of coordinates 7}, that allows to simplify the notation, by
transforming the graph in a new graph, where the cluster of vertices connected by an open
path starting from (0, ) (namely, in the new graph # = 0). We provide a lower bound for
the probability of D, ; , by introducing a new event H,, and by using the FKG inequality to
bound the probability of D, ; , with a product of probabilities of events H,,.

In the last part of the proof we estimate the probability of the event H,,, showing that it
goes to 1 fast enough with n for any p > p.. This estimation is stated in Proposition 8.

Proof of part (a) The proof of the left inequality of the statement (a) can be found in [21,
Section 2] together with an estimation of the constants, so we do not provide it here. Indeed,
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the left inequality holds for any p € [0, 1]. The proof of the right inequality of statement (a)
is an application of the estimates presented in Sect. 3.2. Starting from (50),

n—1

E®[0,] = an( U { AN SO})

S=—n

< me[l 2n]P’”((O n U g )]

t=1

o0
> min {1, 2n exp(—h1)}
=1
_ log(2 n)
- h
where K is some positive constant. In the first equality we used Proposition 3, in the second
inequality we used the union bound and translation invariance, in the second-last inequality
we used (45) and (49). The algebraic tricks of (51) have been used also in the proof of [25,
Proposition 8.6].

IA

+ K, (51)

Proof of part (b) The proof of the right inequality of the statement (b) is trivial. We define
anew process (g1)xes, where every ¢’ is 1 with probability p and O with probability 1 — p
independently. Observe that forall x € S,,, 7 € Zy, g% > n’, as long as the two processes are
driven by the same random process. Hence, the expected convergence time for the former
is larger than the convergence time for the latter. By a simple computation, the expected

convergence time for the system ¢’ is — p " This implies the inequality.
We start with the proof of the left inequality. For every a € R we define the event,

Dot i= {Elx € [[—=n,n — 1]], such that (x, t) is connected to S0
by an open path in G;; that never crosses the lines

y=n—-1—-alkx—t),y=—-n—a(x—t) xeR}, (52)

which is a subset of €, recalling that S® denotes the set of vertices belonging to the line
y = 0. See also Fig. 6—up for a representation.
Recall Definition 7 and observe that,

By(Dyra) < Bh(3x € [-nn— st 0 L8 80) =g @ > 0. (53)

Observe that the quantity on the left is defined in the infinite system and the quantities in the
middle and on the right are defined on the finite system with periodic boundaries. We provide
a proof of the statement below.

Proof of (53) Consider two graphs, gb and g{;. The former is defined on the infinite space
Z x Np and the latter on the finite space S,, x Np with periodic boundaries, as defined in Sect.
2.Let Q4,; C Z x Ny be the region inside the parallelogram identified by the points (—n, t),
(n—1,1), (—n+at,0), (n—1+at, 0) (see Fig. 7). The event D,, ., C {0, 1}2>M0 occurs if an
open path connects [—n, n — 1] x {t} to[—n+at, n — 1 +a t] x {0} without ever crossing the
diagonal sides of the parallelograms. We couple the model on the finite space and the model on
the infinite space in the following way. Namely, call w, , forall (x, y) € Zx Ny, and z, y, for
all (x, y) € S, x Ny, the random variables taking values O or 1 independently. The coupling
is such that for all (x, y) € Qu s, wx,y = 2y,y, Where X’ = |x +nly, —n, y’ = y, where
|x|, denotes x mod n. The random variables wy,, associated to sites (x, y) not contained
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b;i\::::::

i
3
o
3
x

Fig. 6 Up Representation of Gy, in case of neighbourhood I/ = {—1, 2}. For graphical reasons only edges

belonging to the evolution cone of (0, ¢) have been drawn. In the figure a = w Down the same graph of
the figure above, transformed via (54) with parameter b = a

Fig. 7 Representation of the .
event Dy 4. . .

-3n

in Q. are not coupled. Observe that for every (x, y) € Q,  there exists a unique (x', y’) in
Sp and vice versa. Recalling that boundaries of g& are periodic, one can observe from Fig.
7 that, as long as there exists an open path in G;, connecting the top to the bottom of Qg ;
and never crossing its diagonal sites (e.g. the path represented by a continuous curve in the
figure), there exists also an open path in QZ{{ connecting [—n, n — 1] x {t} to [—n, n — 1] x {0}
(i.e. the path represented by a dashed curve in the figure). This implies the statement. O

Consider now the following change of coordinates,

[x’:x—b(t—y)

=y (54)
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under which the graph Gy is transformed into the new graph T} G;4. We denote by Th’ Du.toa
the event D, ; 4, defined for the graph Tb’ Gu, (i. e. replace Gy with Tb’ Gy in the definition
of the event above). See Fig. 6 for an example. The following equation holds,

]P)p (Tbt Dn,t,a) = IP)[) (Dn,t,afb)7 (55)

as the change of coordinates preserves connection between vertices. Now we introduce the
event H,,,

H, = {a v,y sty € [[4n, 6n]], ¥ € [[0, 2n]]

and (—n, y) G, (n, y’)}, (56)

which is represented in Fig. 8-right. The following proposition is about this event.

Proposition 8 For any p > p. there exist positive constants A, b (dependent on p) such
that for any t € N and for n large enough,

P, (T;+,3 Hn) > 1—Aexp(—bn). (57)
2

As before, the event Téﬁ ‘H,, denotes the occurrence of H,, in the graph foﬁ Gur. We recall

2 2
that o and B are defined in Sect. 3.2. We first use Proposition 8 to conclude the proof of
the theorem and later we prove the Proposition 8. Define then the new event F, ;, which is
represented in Fig. 8. F, ; occurs iff (a) and (b) hold:

(a) for every odd j € [[O, 2’7]] there is a vertex (—n, y), with y € [[2nj,2n(j + 1)]],
connected to (n, y') by an open path in Gy, with y’ € [[2n(j — 2), 2n(j — 1)]],

(b) foranyeven j € [[O, ﬁ]] there is a vertex (n, y), with y € [[2n], 2n(j 4+ 1)]], connected
by an open path in Gy to (—n, y'), with y’ € [[2n(j — 2),2n(j — D]].

Note first that,
Py (Thss Fur) < Pp(Thss Do), (58)
2 2

because if F;, ; occurs, then the top of the box 2n x ¢ is connected to the bottom by a path

that never goes out from the box (compare Fig. 8-left and middle). Secondly, we observe

that the event T, , 7, ; equals the intersection of L%J events of type T, , H,, represented
= =

in Fig. 8-right.
As the event H,, increasing, the FKG inequality is applicable, i.e.

4]
By (Thsp 1) " = By (Thys Far) (59)
Then using (57) finally we get,
, 2]
P, (TM f,,,t) > (1 —A. nexp(—nb)) (60)
2
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- n - i) -n Q0 n

[e)]
)]

B

N

Fig. 8 Left representation of the event D, ; . Center representation of the event F, ;. Right representation
of the event H,,. In all figures the details on the structure of the graph have been omitted

Then, from (50) and for n large enough,
o0
B0 2 > By (Thup Doro)
t=1
P, (T;ﬁ fn,,))
2

(1 —A- exp(—bn))LﬁJ

M

N
Il
-

=

M2e

N
Il
-

bn

= j(1- 22, (61)

where j is an arbitrary integer. In the previous expression we have used Proposition 3, (53)
and (55) for the first inequality, (58) for the second inequality and (60) for the third one.

Choosing finally j = | %+ J the part (b) of the theorem follows.

Proof of Proposition 8 We prepare the reader to the proof of the proposition and later we
present the proof. We consider two graphs, T wtp Gu=(VLE )and iju Gy = (V2 E )

recalling the definitions of @ and B in Sect. 3 2 and the definition of the transformation 7'
provided in (54). Observe that vertices of both graphs could take non integer positions. The
proof is divided in two parts.

In the first part we generalize the dynamic-block argument presented in [8] to the per-
colation model considered in this article. The idea of the construction is the same of [8],
although parameters of the construction have been adapted to the lack of symmetry. The
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lack of symmetry involves the structure of the graph G4 and the slope of 7,, and £,,, as in
general @ # —f. Two different spatial transformations have been used in order to recover

the symmetric setting and simplify the construction, namely, T’ and T! wtp -

S] +s52
The argument is based on a coupling between realisations of the graph Tslﬂu Gy and
2
those in T2 +s Gu- The construction depends on a rescaling parameter L and it is such that
=
the realisation on 7' ,, is a function of the realisation on T}, Gy. In T., , Gy every site

2 2 2
is open with probability p or closed with probability 1 — p independently. On the contrary,
the states of sites in T.f] +s, are not independent. The construction is such that if the event

2
‘H, occurs in the former graph, then the event ., occurs in the latter graph. Secondly, if
p > pe, then for every €, by choosing L is large enough, every site in Txlﬂu is open with
2

probability larger than 1 — €.
The second part we define a sub-graph of Tfl +s. Gu, that we call £, for which it is
2

easy to construct a dual graph. We use Peierls argument for the dual graph and we show that
P,(H ) > 1—A exp(—bn). As far as we know, this estimation has not been provided in other
works The dual graph construction can be found in [22]. This implies that P ,,(Tslﬂu Hp) >

1—A exp(—b n).Recalling the properties of the construction, it follows that P, (TM Hin) >

2
1 — A exp(—bn). By rearranging the constants, the statement of the proposition follows.
We start now with the proof of the proposition.
Part 1: Dynamic blocks construction We divide T, , G/ into macro-regions Ry, cen-
=

tred around the point Cy ,, where (x, y) € V2 and

Cry = (v (1-5),yL),

Rey=Coy+ [(—1 - 8)%L, a +8)%L] x [o, —a +8)L]. (62)

Su — 81

We recall that from Eq. (33) y = o« — 8 > 0 for all p > p.. The constants § and L are
positive and have to be properly chosen. In order the argument to work rigorously, (1 —§)y L
and L should be even integers. To not complicate the exposition here we ignore these details,
the same as in [8]. Each vertex (x, y) € V2 is associated to a random variable @x,y which
takes value 1 if a certain event 5, occurs in the region Ry y of v, EZI/{) or 0 otherwise. In
order to define such event we introduce the following points in space (see also Fig. 9), for
every s € U,

= (2L),
= (Bh0)

syL s1+s,\ (1 —=98)yL
+ (s - ) '
2 Sy — 81

. —La +5)),
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Fig. 9 Up the rectangle in the figure represents the region Ry ; of the graph T' Gy, for some positive

integer 7, in case Y = {—2, —1, 1}

35y L ST+ Sy (I=9)yL
R
_ _ . —L(1+38
v (4+(s ) s TLa+9).
SyL sp+s\ (1=98)yL
L u
=(-F=+(s- : , —L(1+8)),
u? ( R e e R (148)
3§y L s1+s,\ (1—=38)yL
L
(- 2rE _ . . —L(1+8)), 63
! ( ) o (148 63)
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and for every s € U \ {s1, su},

U (_8)/7L+(S_s1+su)'(l—8)yL

+§(1+8)L, 0),

s = 2 2 Su — s1
3§y L S1+S) 1-=8yL vy
U u
_(_ _ : Ya+sL, 0), 64
! ( = (- e ) (64)

As one can see in the example in Fig. 9, these points identify some target zones on the
right and on the left of points Cy y, (x, y) € V2. Consider now the parallelograms obtained
connecting the following quadruplets of points (see also Fig. 9),

- R R
Pr = (— v, —u, Uy, vsu),

P = (u, v, usLl, vsLl) (65)

for all s € U \ {s1,s,}. Define the translated parallelograms Pg(x,y) = Pg + Cy,y,
Pr(x,y)=Pr+ Cx,y, Ps(x,y) = Py + Cx,y foralls € U\ {s1, su}.

Definition 8 The event B, , occurs if and only if the top of all parallelograms Pg(x, y),
Pr(x,y)and Ps(x, y), foralls € U\ {s1, s,}, is connected to the the bottom side by an open
path in T2 +s Gu that remains always inside the parallelogram.

=

This event is represented in Fig. 9. This construction is such that the following properties are
satisfied. Namely,

1. the random variables ¢y y are s, — s1-dependent. With this we mean that ¢,y and @,/ y/,
with (x, y), (x’, ') € V2, are independent if |x — x'| > s, — sy or |y — y/| > 1.
2. Denote by zi ...z the vertices of a path in T ., Gy and assume that the path is open,

2
ie. ¢; = lforalli € {1,2,...m}. Then there exists an open path in T£+,s Gu that

connects a vertex in the C;; + [—v, v] to a vertex in C;,, + [—v, v] and whiczh remains
always inside the parallelograms that connect C;; + [—v, v] to C;,, + [—v, v], for all
i €{1,2,...m} (note that C; + [—v, v] denotes the segment [—v, v] translated by C).
3.if8,¢ > 0Oand p > p., we can pick L large enough so that for any (x,y) € V2,

Pp(gx,y =1) >1—¢€.

Proof of the properties We sketch the proof of the three properties above. The proof can be
found also in [8, Section 9] in the case of bond percolation and symmetric neighbourhoods.
Property 1 follows from the fact that if R,y and R,/ ,» have empty intersection, then the
variables ¢y y and ¢,/ , are independent. Property 2 follows by construction (see Fig. 9). In

the example in the figure we represent the graph T.fﬁxl Gy assuming Y = {—2, —1,1}asa

neighbourhood. One should observe that if the events By ; and B_; ;—; occur, then at least
one vertex belonging to the interval Cp; + [—v, v] is connected to at least one of the vertices
belonging to any of the intervals C—%,t—z + [—v, v], C—l,r—z + [—v, v], C%,t—l + [—v, v].

‘We now prove the third property. Recall that Proposition 4 implies that in the transformed

graph Tf,iﬂ Gu, T n/n iy y/2as.and £, /n iy —y /2 a. s. We will prove that Ve > 0,

2
the probability that in all the parallelograms in the box there is a connection from the top
to the bottom that never crosses the diagonal sides is larger than 1 — €. Let then e be the
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number of parallelograms in the box R o. This number depends on the neighbourhood 4.
We consider the parallelogram Pr and we prove that for every ¢ there exists L large enough
such that the probability that there is no such open path in the parallelogram is less than g
As this probability is the same for all parallelograms, this implies that the probability that
such open path is present in all parallelograms is > 1 — €.

Consider the parallelogram Pr defined above and recall then the definitions provided in
Eqs. (40-43). Let then 7, := sup S,E_OO’_O'RVL] and observe that —0.78y L € [—v, —u]. Let
Fp i=sup §,E_°°’O] and observe that {r, + 0.78yL :n >0} =4 {r, : n > 0}. Asr,/n — %
a.s. in the transformed graph 7!, 4 » then we can pick L large enough such that with probability

2

>1-— ;—e we have that,
Faasr > —0.78yL + (1 +O.988)%L
— 0715y L + (1 + 5)§L, (66)

and forallm < (1 +4)L,

1+ 1.085 y

P < —0.68y L .
T = vham—r73

(67)
The two previous equations imply that there is an open path path from (—oo, —0.78y L] x {0}
to [-0.718Ly + (1+8)L%, —0.56 SLy + (14 8)L %] x {—(1 + 8) L} which does not cross
the line [—u, vﬁ]. It remains to show that this path does not cross the line [—v, uf;].

We observe that in order a path to travel from the line [—v, uﬁ] to [—0.76Ly + %(1 +
8)L, 00) x {—(1 4+ &)L} a path must have an average slope a > % Thus recall Eq. (46) and

observe that in the transformed graph Téﬁ Gu,
2

]P’I,(Fm > am) < Ce ham,

Consider then M large enough such that,

ad €
Z Cexp(—hzm) < —.
m=M ¢

The probability that one of the points on [—v, u S Jwith —(1+8§)L+M < y < 0Oisconnected
to [—0.78Ly + (1 + 8)%L, 00) X {—(1 + &)L} is then < i. Furthermore, observe that the
number of points on [—v, uﬁi] with —(14+6) <y < —(1+68)L + M does not depend on L
and that the distance of any of them from the set [-0.7§Ly + (1 + 8)%L, o0) X {—(14+6)L}
is proportional to L. Thus we can pick L large enough so that the probability that there exists
an open path connecting any of these points to [—-0.76Ly + (1 + 8)%L, oo] is less then 4.
Combining the two estimations, we conclude that the probability that the line [—v, uﬁ ]is
connected by an open path to [-0.76Ly + (1 + 8)%L, o0o] is less than 2%

Summarising, we showed that with probability > 1 — g there is an open path from
(=00, —0.78y L] x {0} to [<0.716 Ly + (1 +8) L%, —0.56 Ly + (1 +8) L LI x {—(1+8)L}
which does not cross the line [—u, vs | and the line [—v, u 5 ] is not connected by an open
path to [—0.78Ly + (1 + 5)%L, oo] x {—(1 4 8)L}. This implies that the probability that
there exists a path joining the top to the bottom of Pg without ever crossing its diagonal lines
is > 1 — £. Repeating the argument for all parallelograms in the box, we conclude that if L
is large enough then with probability at least 1 — € the event By o occurs. O

@ Springer



Percolation Probabilistic Cellular Automata 877

055

X

Gu, in case of U = {—2, —1, 1}. Right points correspond to vertices

Fig. 10 Left representation of Tlﬁl +su

of Tf.l +su 9u»> arrows represent edges of L, points connected by an arrow correspond to vertices of L. The

graph L, defined in the text, is a subset of Tﬁl s GU
2

Part 2: Peierls argument Now we use the Peierls argument for the (s, — s1)-dependent
oriented percolation model to prove that there exists p; > p. and positive constants A’, b’
(dependent on p) such that for all p € (py, 1],

Py (Tl Ha) 2 1= A" ne™™, (68)
2

Let us explain first why this is sufficient to prove the proposition. Later we prove (68).
Recall the third property of the dynamic-block construction presented above and observe
that if p > p., then we can pick L large enough such that, for every (x, y) belonging to

the set of vertices of T§l e Gu, Pp(By,y) > pi1. Recall that the state of sites belonging to
Tfl +s, Gu 1 a function of the realization in the graph Téﬁ G- From the second property

2 2
of the dynamic-block construction, if such sites are open with probability > pi, then (68)
implies that with probability not less than 1 — A’ - ne~"" the event H,, occurs in Tfl sy -
2

Hence, from the second property of the dynamic-block construction, the event Hp, occurs
in the graph T, , Gy with probability not less than 1 — A" - ne~"™. One can rearrange the

2
value of b’ getting rid of the factor n, for n large enough. Finally, by defining new constants

A = A’/L and b = b’'L, the statement of Proposition 8 follows.
We start proving (68). We define a new graph £, that is a sub-graph of T's;+s. Gys, whose
2

vertices (x, y) are,

Sy — S

2

Vi={enix=6u—sz- o -n* 2t zezyez), (69)

and whose edges connect vertices (x, y) to (x & %, y — 1). The reason shy we introduce
L is that, as every site has only two neighbours, it is easier to construct its dual graph. The
new graph L is represented in the example in Fig. 10 on the right.

As L is a sub-graph of T's;+s. Gy, the following inequality holds,

2

P, (H;’;‘) < P,,(T;,% Hn). (70)
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3 1 -
n 0 n n 0 n

Fig. 11 The horizontal axis has been rescaled by S“;S' in both graphs. A = (—n, 6n), B = (n,6n),C =
(=n,4n), D = (n,4n), E = (—n,2n), F = (n,2n),G = (—n,0), H = (n,0). Left representation of the
graph L. The event H,, occurs iff the side AB is connected to the side G H by an open path in £ that does not
cross the sides AG and B H. Right representation of the graph LD, as defined in the text. The event H,, does
not occur iff one of the sides CE or EH is connected to one of the sides AD or DF by an open path in the
dual lattice

In the previous expression, the superscript © is used to denote that event H,,, defined in (56),
occurs on the graph £. Call then £p the dual graph of £. The graph is represented on the
right of Fig. 11 and its costruction is due to [22,25].

The dual graph is composed of three types of edges, namely, edges pointing down-left,
those pointing up-left and those pointing right. Every edge pointing right is positioned over a
vertex of the original graph £. Edges down-left and up-left are always open, edges pointing
right are open if and only if the corresponding vertex of the original graph is closed. A path
in the dual graph is open if and only if all its edges are open. The following proposition
connects the occurrence of the event H,, in £ with the occurrence of a second event on the
dual lattice.

Proposition 9 Consider Fig. 11. For every n € N, there exists an open path in L connecting
AC to F H iff there is no open path in the dual lattice connecting one of the sides CE or EH
to one of the sides AD or DF.

Proof We provide a graphical proof. Consider Fig. 11. On the left we have represented the
graph £ and on the right we have represented its dual. Consider a realisation in the auxiliary
space €2 and recall that if a site is open in £, then the corresponding horizontal edge is closed
in the dual graph and vice versa. The reader should observe that, as long as there is an open
path connecting AC to F H in £, no open path in the dual graph connecting one of the sides
CE or EH to one of the sides AD or DF can exist. On the other hand, as long there exists
an open path in the dual graph connecting one of the sides CE or E H to one of the sides
AD or DF, no open path in £ connecting AC to F H can exist. O
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Both the proposition and the dual construction are analogous to the one presented in [22].
We use this proposition to provide a lower bound for P, (H,f). Consider then a vertex z on
CE oron EH. Call C; the set of paths connecting the vertex z to one of the sides AD
or DF and having & edges pointing to the right. Call N, ; the total number of such paths.
Consider one of these paths and call d/ the number of its edges pointing down-left and ul
the number of edges pointing up-left. As the last edge of the path cannot be on the left of
the first edge, 2h — ul — dl > 0. This implies that for each of these paths sum & + ul + d!
is bounded from above by 3/4. As there are only 3 different types of steps, for any vertex
z located on CE oron EH, N;j, < 33" Thus N.p < 33" for every z. Denote by HE the
complementary of 7% . Recall Proposition 9 and observe the fact that, in order CG to be

connected to AD or to DH, at least Lsuzi”“ ] horizontal steps to the right are needed. Then,
- o0
IP’,,(H,?) =P, U U U {cisopen}). Observe also that, given a path ¢ € C_p,
zeCEUEH h=2nceC,y

P,(cisopen) < (1 - p) : , considering only the state of one every two edges to the right, as
states of edges located over non-neighbour sites are independent. By using the union bound,
we determine an upper bound for P, (H%),

oo
P,(HE) < D D Newl—p)"? <A -nexp(—bn), (71)
zeCEUEH h=| 2n |
Su*S]
where the second inequality is true with A’, " positive constants if p > 1 — _%6. O

4 Critical Probabilities

In this section we prove Theorem 2.2, which provides a lower bound for p. as a function of
the neighbourhood. The proof of Theorem 2.2 requires Lemma 4.1 and Propositions 10 and
11, which are stated in this section.

Proposition 10 Consider two Percolation PCA in Z with neighbourhoods respectively U
and U, both finite subsets of Z, such thatU C U'. Then

peUd) = Pc(u,)-

Proof From Proposition 2, stated in Sect. 3.1, and as the edge set of the graph Gy is a
subset of the edge set of the graph G, it follows that Vx € Z, Vt € Ny, 5177;,,(% =0) >
8179{4,(77 » = 0) (we added the subscript to the operator in order to distinguish between the
two neighbourhoods). From Definition 4 it follows that,

lim 817y (nx =0) < 1 = p = pcU).
Hence, p.(U) > pcU’). o
We introduce some notation.
Definition 9 (Massif of zeros) We call a segment of Z,
{k.k+1,... . k+t—-1}CZ
a massif of zeros of length £ fora givenn € X, if nx—1 = ¢ = land ng = -+ - = Npgo—1

=0.
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We use [[a, b]] to denote the set of integers in the interval [a, b]. We use n° € T to denote
the initial realisation of the Percolation PCA (namely, the initial probability measure is §,0)
and 771, n2, ... the random realisations of the process at different times. For every T € Z,
we introduce the following notation (the role of 7" will be clear later). For every n°, we
enumerate somehow the massifs of zeros of length larger or equal to 7'(s,, — s1). This means
that we assign to every massif a label k € Z, where 7 C Ny is the set of labels. We denote by
R,? and by Lg respectively the rightmost and the leftmost zero of the k-th massif. We observe
that, by definition of the transition probability for the process (2), such massifs cannot have
disappeared at time ¢t < T (see also Fig. 12).

For every k € Z, we define the random variables (R,’c)tzl and (Lz),zl using recursion.
Namely, Vk € Z,Vt € Z,

max {vy € [(L7" = sixl]oy = 0] RN L7 = G —s)
xXe -

R,’C = 72)
—o0 otherwise
i -1 e pt—1 -1
L;( = 1)31612 {Vy < [[x’ R;c - Su]], 77; = 0} if thc - L;{ > (sy — 51) . (73)

+00 otherwise

Namely, R} and L} keep track of the temporal evolution of two extremal sites of the k-th
massif. If the distance between such sites at a given time is less than (s, — s1), then at all
subsequent times R} = —oo and Lj = +oo0. Instead if at time R, — L} > (s, — s1), then at
time 7 + 1 the massif still exists almost surely. Note that it might happen that two or more
massifs merge at a certain time. In this case more than one label is used to denote the same
massif. The next lemma shows that if the massifs of zeros are “on average” expanding, then
the state of the system at infinite time is zero almost surely. As this happens independently
on the initial realisation, the process is ergodic.

Lemma 4.1 For every T € Z., the following statement holds. If there exist two families
of independent and identically distributed random variables (ﬂlé)i,keN: (é:;l()i,keN, such that
vn® € ¥, Vk € Z,Vi € Ny, Vj € Z, the conditions (14-76) hold,

Pl = j) = &, (R = R = jIR = LT = TG = 1)) (74)

Pl = =) =&, (LT - L = —jIRT - L =T —s))  (9)

o O
o O O
o O
o O

— O

0
T
19 R?

Fig. 12 In this example we consider a Percolation PCA with &/ = {—1, 0, 1, 2}. If the process starts from

a realisation having a massif of zeros in {Lg, A R]?} with Rg — Lg > T (sy — $1), as in the figure, then
the state of every site in {Lg — 51, Lg —-s1+1,..., R,? — sy} for the random realisation at time 1 and in
L0 — 251, L0 — 2s1+1,..., RO — 25y} for the random realisation at time 2 is 0 almost surel

k k k y
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E[n]] > E[£{] (76)
thenVu € M(%),
lim pP' = 8. (77)

In the statement of the lemma P (- ) denotes the probability distribution of the random vari-
ables n,i or S,i. Such random variables stochastically dominate from below the change of
position of the rightmost and leftmost site of the massif every T steps. We also recall that
58n° has been defined in Definition 1. The proof of the lemma is similar to the proof of
Proposition 6.4 in [25].

Proof 1t is sufficient to prove that v € =, Vx € Z, Ve > 0, 31y such that
Vi>19, 80P (ny=0)=1—¢, (78)
from which condition (77) follows.
E[&)14+3E[n]
7

We define ¢1 := w I , where E[-] denotes the expectation,
and we observe that if (76) holds, then ¢ > c;. Then for every no eX.VkeI, Vn,meZ",
Vio, jo € Z such that jo —ig > T (s, — 1) + m + n, there exists two constants u, v € [0, 1)
such that,

and ¢y :=

€. (Vi >1, LT < ¢i(i— DT+ L +n, R

>c(i— DT+ R —m | L,{:io,Rszjo)

i i
>P(Viz1, D g <ca—DT+io+n D 7wl =ci= DT+ jo—m
Jj=1 Jj=1

>1—u™ =" (79)

In the previous expression P(-) denotes the probability measure defined on the space of
outcomes of the sum of the increments &/, 7;. The first inequality follows from (74) and
(75). The second inequality follows from the properties of the one dimensional random
walk, observing that by definition E[é,i] < cyand E [n,i] > ¢p. The two constants u and v
depend on the probability distribution of the increments of the random walk.

We observe that if for all # multiple of 7, R,i > cat + jo — m and L;{ <cit+ig+n
(event in the first expression in (79)) , then for all + € Ny, R,’c > et + jo—m— s, T
and Lf{ < cit +iop + n — s;T. Hence, the state of all sites in the space-time region
Y[';;”’}O] ={(x,t) : t € Zyandcit+n+ig—Tsy <x < cat —m+ jo— Ts,}is
zero. This region is represented in Fig. 13 on the left. This follows from the observation that
by definition of transition probability of the Percolation PCA the following property holds,
namely,

R —LL>T(s,—s1) = Vg <T, R >R —gsu, LT <Lt —gs1. (80)

Furthermore, we observe that Vno € X,Vx € Z,Vn, m € Z,, the measure 8,1077T is such
that the probability that there exists a massif of zeros of length jo —ip > T(s, —s1) +n+m
in [y, d] goes to 1 as d — oo. We choose then 7 and m such that u™ 4 v" < § and d large
enough such that such probability is larger than 1 — £ for all y.

Simple geometrical considerations show that for any y € Z, d € Z., all regions Yl’z?(;',;}o I
where [ig, jo] C [y, y +d], have a non empty common region (dark region in Fig. 13-right).
We call U[';l:Z] this region. From (79) and from the previous observations the following
property holds,
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N m,n \
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5 S :
\ y+d
o ig+nTs; Jjo-m-Ts, o h
— —
n-Ts,; m + TS, y+n-Ts; y+d-m-Ts,
Fig. 13 The variable & on the right is defined as h := jo —ig — T (sy —$1) —n —
& (Yx, 1) € Upyap 0y = 0) > 1 —e. 81
Choosing y and d such that (x, 1) € Ujy 4] implies (78). ]

Proof of Theorem 2.2 We provide a lower bound for the critical probability of the Percolation
PCA with neighbourhood

U= {S17S1+1,...,SL¢_11sll}7 (82)

i.e. all elements between the two extremal ones are present. Our bound is a function of s, —s1.
By Proposition 10 such bound holds also for Percolation PCA with neighbourhood obtained
removing some sites from (82).

The proof of the theorem is based on an application of Lemma4.1. We fixavalue 7 € Z
and by using the monotonicity property of the Percolation PCA, we define the random

variables 7 and &/, whose probability distribution satisfies Vp € [0, 1] the conditions (74)
and (75) of Lemma 4.1. We define,

pri= max {E[nll] > E[Sll]}.
From Lemma 4.1, for all p > pr the Percolation PCA is ergodic. From Definitions 4 and 5,
pr < pc. Wefixfirst T = 1 and we derive pp, later we consider 7 = 2 and we derive p,. Both
p1 and p, appear in the statement of the theorem. Higher is the value of T considered, more
challenging is the estimation of pr, as this involves the characterization of the increments of
L}, R}, over a larger time interval.

Fix thenaninteger T’ € Z* and consider an initial realisation n° € ¥.Enumerate somehow
the massifs of zeros having length not smaller than 7 (s, — s1) and recall the definitions of
the random variables R}, L}, t € No, k € Z, provided before the statement of Lemma 4.1.
Forany A C Z,let 1/, : % — X be the function that is equal to 1 if the state of all sites in A
attime ¢ € Ny is zero and zero otherwise. Let 14 : ¥ — X (without the superscript) be the
function that is equal to 1 if the state of all sites in A is zero and zero otherwise. Observe that
1-— ]l’A and 1 — 14 are monotone functions. Let also p(x, y) € X be the realisation having
zeros in [[x, y]] and ones everywhere else. Then Vno, Vne X, VteZi, Yk eZ,Vx,y €Z
such that y —x > T'(s, — s1), Vj € Zy, the following relations hold,
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1.0 0 0
1/1 0 O

~_O
N
-~ o
- O

Ll L0 R? R«

Fig. 14 In this example we consider a Percolation PCA with &/ = {—1, 0, 1, 2}. If the process starts from the
realisation represented in the figure (row below), then the state of the sites above the small horizontal ball is
almost surely 0 at time 1 (row above)

&0 (R{T = Ri = j I RL =y, Li = x.n' = n) (83)
=& ]lt+T Rt =y, L[ = x, t _ 84

0 ( [[x—Tsl,y—Tsu-s-j]] | Ry =y, Ly =x.1n n (84)

= SnPT(]l[[X*Txl,yfTSu+j]]) (85)

= Sp(x»y)PT (1[[X—T51,Y—Tsu+j]]). (86)

Equation (84) follows from the definition of R!, Eq. (85) follows from the Markov property of
the probabilistic cellular automaton, inequality (86) follows from the monotonicity property
of the Percolation PCA, as any realisation € ¥ having a massif of zeros in [[x, y]] is such
that n < p(x, y). Similarly,

&, (LT = L = —jIRL = y. L = x.0' = ) (87)
=o,P" (h[x—rsl—j,y—rvun) (88)
2 3p<x,y)7’T(llnx—Tsl—j,y—Tsun)- (89)

We also observe that from the definition of transition probability of the Percolation PCA, the
quantities (86) and (89) do not depend on the sites x, y € Z, aslongas y —x > T (s, — s1).
Thus, we provide the following definitions of the probability distribution of the random
variables 77}, §. Namely, fix y and x such that y —x > T'(s, — s1) and Vk, Vi € Ny we
define,

P(rf = j) = 8peeP" (Liix—Ts1, y—Tsu+71) (90)
P(&f < —J) == 80P (Litx—7s1 -, y—T5,11)- 2
With this definition, from (83)—(89) the first two conditions of Lemma 4.1, namely, (74) and

(75), are satisfied. The maximum among all p € [0, 1] such that condition (76) is satisfied is

PT = Dc-

We fix now 7' = 1 and we provide an estimation for (90) and (91) forany j € Z. After this
we determine which values of p satisfy (76). We consider the Percolation PCA starting from
initial realisation p(x, y) and we assign the label 1 to the unique massif of zeros, namely,
RY = y and LY = x. We recall that by definition,

Rl =j+R)—s, & Vze[lL) 51, R) —s,+ 1], nl =0 (92)

(see also Fig. 14). Hence, Vj € Ny,
8o P(RL = j+ R) —s) = (1 — p)/. 93)
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This bound is obtained considering that almost surely Vz € [[x —s1, y —s,]], n; = (0 and that
Vz € [[y — sy + 1,y — s, + jlI, independently §,(,,y)P(n; = 0) = (1 — p). Analogously,
Vj € Ny, '

SoemP(L] = —j+ LY —s1) = (1—p). (94)

Thus for all j € Ny, we define the probability distributions of 7| and &/ respectively as,
P(af = j—su)=(-p) 93)
P(gi=—j—s1)=1-p). (96)

With this definition, from the relations (83)—(89), the relations (74) and (75) are satisfied.
It remains to determine for which values of p € [0, 1] the second condition of Lemma 4.1
holds. By a simple computation,

Efrl= P _,, (97)
)4
1_
Elf]=—2L —5. (98)
)4
and
E[§]—E[m]>0 < p=>py, (99)

where p| 1= ﬁ appears on the statement of the theorem. Thus we proved that p. > p;.
O

We fix now 7' = 2 and we use the same argument. Namely, we consider the Percolation
PCA starting from initial realisation p(x, y) € ¥ such that y —x > 2(s, —s1) and we assign
label 1 to the unique massif of zeros of p(x, y). We recall that by definition of R%,

R} > j+R)—2s, <= Vze[lL)—2s1,R) —2s, + 1], n?=0.
From definition (3) it follows that

Spe.n)P? (R12 Zj+y— 2Su) = D SunP(Cy)
n'eAg

I1 T(;ﬁ - 0|ng,(z)), (100)

Z€[ly—2s4,y—2su+jl]

where Ag := {0, 1}[y=2suts1.y=sut/1l gpd Crfl ={neXstVzelly—2s,+s,y—su+

il 0l = r]zl }. The sum is reduced to the elements of Ag C X because the states of the
sites in the interval [[y — 2s,, y — 2s,, + j]] for 7;2 depend only on the states of the sites in the
finite interval [[y — 25, + 51, ¥ — su + j1] for n'. A similar expression holds for the random
variable L%,

SpePHLT < —j+x—2s1) = > sp(x,yﬂ:(c,ﬁ)

nleAr
[T 7r(Z=om) o

z€[[x—2s1—j,x—25,1]
where A := {0, 1}F=s1=/x=2s145ull gpg C,fl ={n e Tst.Vze[lx—2s—jx—2s1+
sall, ml=nl}.

@ Springer



Percolation Probabilistic Cellular Automata 885

The exact computation of the left hand side of (100) and of (101) for any j is a difficult
combinatorial problem, as for each of the 2/ possible realizations one should determine the
corresponding product of transition probabilities. We present our estimations in the following
proposition.

Proposition 11 Consider the realisation p(x, y) € ¥ which has zeros in [[x, y]] and ones
everywhere else, where x,y € Z are such that y — x > 2(s, — s1). Assign label 1 to the
unique massif of zeros of p(x, y) and recall the definition of (Ri),eNO, (L’1 )teNy- Then,

SpeyPH(RT = RY —25,) = 1, (102)
SpenPA(LY < LY —251) = (103)
8oty P (R = 1+ R) —25,) = 1 = p?, (104)
SpePH(LY < =1+ LY = 2s1) = 1= p?, (105)
8penPA(RT =24 R) — 25,) = (1 — p)*(1 +2p), (106)
SpenPA(LY < =2+ LY —251) = (1 — p)*(1 +2p), (107)
Jorany3 < j <s, —si,
6o P2 (RY = j+ R) =2,) = jp(L=p) + (1= p) + (1= p)Y.  (108)
S P (L3 = —j 419 =251) 2 jp(l = p) + (1= pY + (L= P, (109)
and for any j > s, — s,
SpeP? (R} =+ R = 25,) = j p(1 = p)) +(1 = p)
. 1
+pa—pwmﬂ(j—%+n—;)
+2(1 = p)¥, (110)
SpenP? (13 < =i+ 18 = 251) = j p( = p)T + (1 = p)/
e 1
+ p(l - p)]+3u—3| (J — Sy +51— ;)
+2(1 - p)¥. (111)

We postpone the proof of Proposition 11 to the next paragraph and we conclude the proof of
Theorem 2.2. We use the lower bounds provided in the proposition to define the probability
distribution of the random variables n{‘ s Slk. Namely, Vj € Ny, we define the probability
of the event {m] > j — s,} (respectively {§f < —j — s1}) as the lower bound of the
probability of the event {R% > j+ R(l) —s,)} (respectively (L? < —j+ L(l) —s1)}) provided
in the proposition. With such definition, the expectation of the random variables “g‘,ﬁ, n,ﬁ is
equal to

n_,0=p _ 1 - p)6 +(1— p)2su72s1+2
E[mi] =2 254 + e , (112)
(I-p) (11— p)6 +(1— p)2su—23|+2
Bl == - 13
- p PC—p) (113)
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By simple computations, the maximum p € [0, 1] such that the inequality E[m;]— E[&] > 0
is satisfied (Condition 76 of Lemma 4.1), corresponds to the value p, defined in the statement
of Theorem 2.1. As the function E[n,ﬁ] — E[& ,ﬁ] intersects the line y = 0 only in one point
of the interval [0, 1], p» is the unique solution of E [n,ﬁ] — E [S,i] = 0 that falls in this
interval. O

Proof of Proposition 11 In the proof we present the estimation of the probability 8, x, y)P2
of the events { R% > j+ R(l) — 25y} jeN,- Using the same argument one can estimate the
probability of the events {L% <—j+ L(l) — 251} jen,- By definition of R?,

{Ri = R) =25, + j} <= Vze[[L) =251, R) =25, +j1]. 0 =0.

As observed previously, the state of the sites in [[R(l) — 25y, R(l) — 25, + j11 for 52 depends
only on the state of the sites in [[R? — 25, + 51, RY — 5, + j1] for r;l. Furthermore, we
observed that the state of the sites in [[L? — 251, R} — 2s,]] is zero almost surely for nz.
Hence, from Eq. (100), we obtain the following estimation (see also Fig. 15),

8oceyP2(RY = 14 RY = 25) = 8,00, P? (V2 € [L] = 291, BY =25, +11], 1 =0)
2
=08p0e,»P (”R?—zsl+1 = 0)
= SP(X»Y)P(HR?—2SM+1 =0)
+ SP(XJ)P(”R?fzqurl =1)(1-p)

={-p +pd-p)
=1-p% (114)

which corresponds to the estimation (104). Similarly we obtain the estimation (106),
5p(x,y)732(R% >2+ R — 2su) = 80y P2 (Vz e [IL9 =251, RO — 25, + 2]])
= 5p(x,y)732 (nR?flvqul =NR 25,42 = 0)
= 8px.n) P! (UR?—suH =0, ngy_y,42= 0) 1
+ Sp(x,y)Pl(nR?—suH =0, NRY—s,4+2 = 1) I=p)
+ 80P’ ("R?—suﬂ =L ngo_,42= 0) (1-p)°
+3p(x,y)731(’71e?—su+1 =1, MR —su+2 = 1) - P)z

>0 -p?+pd-p?*+pad-p*+p*d-p?
(115)

We provide now the estimation (108) considering all j > 3. We introduce an index
m € [[0, j — 1]], and the mutually disjoint cylinder sets (they will be defined later),

{cem }me[[O,j—l]]’ {ctm }me[[O,j—Z]]’ O

We denote by C? the set of realisations that are not in the sets just introduced, namely,

cd .= 2/ U comuchmuctucsith, (116)
mell0.j—21)
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Fig. 15 In the figure we consider 0 _ +

U = {~1,0, 1, 2}. If the initial R - 2s,+ 1
realisation of the Percolation
PCA is the one represented in the

figure (lowest row), then almost ° ® ® Q g g ® ®
surely the sta.te of the. 51t§s above ° 0 00O O O e e
the short horizontal line is zero 2 X X X X X
1 (T) 0 0 00O 0 (f 1 1
Lo RO- &+ 1 R?

For every m € [[0, j — 2]] we estimate 8, (. yyP(C*™) and (Sp(x,y)P(Cb’m), and we also
estimate 8, (x,y)P(C*/ =) and § (x,,)P(C). Furthermore, for each of these sets we provide
some bounds B“™ Bbm B¢, Namely, for every nl € C", where w denotes generically
(a,m), (b, m) or c, the following inequality holds,

BY < I T (02 = Olnlyc, ) (117)
ce[[R)~2sv.oes R) =251

We use such estimations to provide a bound for (100).
We start with the introduction of the cylinder set C*"™ C X,

comi={ne® st¥ze (R —su+ 1, R = s+ 1] /{RE = su +m+1},
ne=0andngo_y iy =1, (118)
(see also Fig. 16a). By a simple computation,

8o P(C™) = p(1 — p)/ L. (119)

Furthermore, we observe that YV € C%"™, the product over the transition probabilities of Eq.
(100) satisfies the following bound,

I1 T(n2 = Olnly, ) = B (120)
ce[[R)—2s4. RY~25,+1]

where
pam . [(1 B L EL RS R CEE 1)
d—=py if j—(u—s)<m=j—1
Then we introduce the cylinder sets Ccbm c 2, where0 <m < j—2.
chm .— {77 e X s.tVz e [[R(l) — sy + 1, R(IJ — Su +m]], n, =0, MR _sytmt1 = 1,
3y € (IR = su+m+2,R) = s, + 1] s:t.ny = 1 (122)

(see also Fig. 16b). By using the definition of transition probability for the Percolation PCA
we estimate the probability measure of this cylinder set

8oy P(C") = (L= p)"p[1 = (1 = py ], (123)
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e o « 00 000O0O0O0GO0/000O00O0
e« ¢« 00000000O0O01000O
—_—
1?0000000?1\1\11111
LR R? m  R-~s,+m+1
(a)
j
---gggooooojooop
«+ » 000000O0O0O0GO O 1 1 e e oo
—_—
1?0000000?1\1\11111
LR R? m  R%~s,+m +1
(b)
j
---gggooooojooop
e« « 00000O0O0DO0OO0OO0OOTO 0O
1?0000000?111111111
Lg R?
(c)

Fig. 16 1In the figures above the neighbourhood is assumed to be U/ = {—1, 0, 1, 2}. If the initial realisation
of the Percolation PCA (first row) is the one represented in the figure, then the sites underlined by a short
line on the second and third row have state zero almost surely. a The second row represents a realisation 272
belonging to the set C*™ m = 4, j = 9. b The second row from below represents a realisation n2 belonging
to the set CP" m = 4, Jj = 9. ¢ The second row from below represents a realisation n? belonging to the set
cej=9

and we observe that Vn'! € C?" the following bound holds

I1 T(n2 =Olnlyy) = (1= p)y/ ™" (124)
2€[[R)—2s,, R 25, + /1]

Thus we define '
BbM .= (1 — p)i ™. (125)

The bound (124) is obtained considering that T(nz2 =0]ny) =1forallz € [[R? —2s, +

1, RY=2s,+mlland T (n? = 0| nu(z)) = (1—p)forallz € [[R)—2s,+1+m, R)—2s,+j11.
Third, we define the cylinder set C¢ C X,

ce = [nl eTstn =0 vee[[R) —s,+1,R) —s, +j]]}. (126)
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For this set, )

8pxP(CC) = (1 = p)’, (127)
and Vo! € C°,

I1 T (12 = Olngy,)) = 1 (128)

ze[tR) 25, RO—25,+ 1]

(see also Fig. 16¢). Thus we define
B¢ :=1. (129)

Finally we recall the definition of C? provided in Eq. (116). We observe that

Sp(x. V)73 =1- Z Sp(x. y)73 Z Sp(x. V)P ) - ap(x,y)P(Cc) (130)
m=0

and that Vo' € %,
I T(n2 = Olnly)) = (1= p)’. (131)
xe[[R)~2su. RO —25,+j1]
The inequality is obtained considering that from the definition (2) it follows that Vz € Z,
T(n% = O|n114(x)) > (1 — p). Thus we define
.= (1-p). (132)
We finally replace the estimations (119), (121), (123), (125), (127), (129), (132), in the next
expression,
P (B2 4R -2) = Y [suenlcom) 5o
mel[0,j—1]]
+ ‘Sp(x,y)p(cb’m) Bb’m] +8p0enP(CC) B
+8p0en P(CY), (133)
that follows from the fact that cylinder sets are disjoint and from (117). With a simple

computation we derive the bounds (108) and (110). m]
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Appendix: Numerical Simulations

We consider Percolation PCA with space S, and periodic boundaries. We divide the interval
[0, 1] in smaller intervals of length 0.0002 and for each extremal point p of the smaller
intervals we run the process R times and we compute the ratio,

PRI (p)y .= N(R, T, n, p)/R, (134)

@ Springer



890 L. Taggi

0.1 0.1

N=100000 T=100000 R=2000 —— N=100000 T=100000 R=2000 —+—
N=500000 T=500000 R=200 —— N=500000 T=500000 R=200 ——
0.08 | 0.08
0.06 | 0.06
0.04 | 0.04
0.02 | 0.02
0 " ¢ . 0 . " "
0.535 0.536 0.537 0.538 0.539 0.54 0.431 0.432 0.433 0.434 0.435 0.436
p P
0.1 T T 0.1 T T
N=100000 T=100000 R=2000 —— N=100000 T=100000 R=2000 —+—
N=500000 T=500000 R=200 —*— N=500000 T=500000 R=200 ——
0.08 | 0.08
0.06 0.06
0.04 | 0.04
0.02 | 0.02 /
0 0
0.362 0.363 0.364 0.365 0.488 0.489 0.49 0.491
p 3
0.14 T T T T T
N=100000 T=100000 R=2000 —+—
0.12 N=500000 T=500000 R=200 —*— 1
0.1
0.08
0.06
0.04
0.02

0
0.468 0.4685 0.469 0.4695 0.47 0.4705 0.471
p

Fig. 17 Upleft U = {—1,0, 1}. Up right U = {—1,0, 1, 2}. Middle left U = {—1,0, 1,2, 3}. Middle right
U ={-1,0,2). DownU = {—1,0,3}

where N(R, T, n, p) is the number of times the origin has state 1 at time 7 among R computer
simulations. As n, T and R are large, P®-7"(p) converges to the following quantity,

lim 8; P}, (no = 1),
—00

which is positive if Percolation PCA is supercritical or zero otherwise. For each extremal
point p of the smaller intervals we consider two parameter sets. The first parameter set
is n =100,000, T =100,000, R =2,000 and the second parameter set is n =500,000,
T =500,000 and R = 200 (larger space and less repetitions). For both parameter sets, we
plot in Fig. 17 the quantity (134) obtained by means of numerical simulations. The smallest
p such that PR-T-"(p) is positive represents our numerical estimation for p.. This value is
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different for the two parameter sets, but the fluctuation is small. The estimation of p. (/) for
several neighbourhoods can be found in the table below.

u Pl P2 Num. Est.
{—1,0} 2/3 0.670 0.705
{—1,0,1} 1/2 0.505 0.538
{—1,0,1,2} 2/5 0.407 0.435
{—1,0,2} 2/5 0.407 0.490
{—1,0,1,2,3} 1/3 0.343 0.364
{—1,0,3} 1/3 0.343 0.470
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