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ABSTRACT. We prove that the solution u of the Dirichlet problem (1.1) below has
exponential summability under the only assumption that there exists R > 0 such
that |F(x)|?> < Ra(x); furthermore we prove the boundedness of u under the slightly
stronger assumption that there exists R > 0 such that |F(z)[? < Ra(z), p > 2.

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In this paper, we study the existence of regular (with respect to the summability or
boundedness) weak solutions of the problem

(1.1) u € Wy?(Q) : —div(M(z, Vu)) 4 a(z) u = — div(F).

where © is a bounded set in RY and — div(M (x, Vu)) is a classical nonlinear differential
operator, defined by a Carathéodory function M (x, &) satisfying, for some 0 < o < f3,
and for almost every x in 2,

(1.2) {M(x,fs)gzaw?, M(z,©)| < Blgl,  VeeRY,

(M (x,6) = M(z,n)|(E—n) >0, Ve, neRN, £#£.

Our key assumption is that the function a(x) and the vector-valued function F'(x) are
such that

(1.3) 0<a(z) e L'Q)),

(1.4) IR > 0 such that |F(z)]* < Ra(z).

The existence of bounded solutions for (1.1) can be proved, without assumption (1.4),
if |F| belongs to L™(Q2), for some m > N. This is a consequence of the positivity of
a (assumption (1.3)) and of Stampacchia-type estimates (see [12]): see the Appendix.
Note that, in our case, since a belongs to L'(€2) it follows from (1.4) that |F| belongs
to L?(£2), so that (once again by the fact that a is positive), existence of a solution w in
Wy 2(€2) can be proved using classical arguments (see the first part of Theorem 2.1 in
Section 2 and the Appendix). We shall prove in the second part of the cited theorem
that e?*” — 1 belongs to WOI’Q(Q) for every ¢ < %.

This result must be compared with the corresponding one in [1] where the same
problem is studied replacing the term — div(F) with function source f(z) € L'(€2). In
this case, existence of a bounded solution in Wy*(€2), and not only an exponentially
summable one, is obtained showing the regularizing effect of the term a(x)u when
condition (1.4) holds true. Recents works studying this effect can be found in [2] (see
also [5, 6, 7, 9, 10, 11]).
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In the case of problem (1.1), the boundedness of solutions under assumption (1.4)
(as it happens for Lebesgue data in [1]) remains as an open question. We prove in The-
orem 3.1 of Section 3 that solutions are bounded under a slightly stronger assumption
on F', namely that

|F(2)|” < Ra(z), for some p > 2.

On the other hand, in Section 4, working in the radial case, we give an example of a
function a and a vector-valued function F' satisfying (1.4) such that the corresponding
problem (1.1) has a bounded solution, and not only an exponentially summable one.

In order to prove the cited theorems we follow an approximation method, that is
we approximate the vector-valued function F' by a sequence of bounded vector-valued
functions F), for which there is a solution w, in W,*(€2) N L>°(£2) of the problem by the
results of the Appendix. Since u, belongs to L>(2), this will allow us to use either
exponential, or power-like, test functions in the problem.

Throughout the paper, we will use the following functions of one real variable, de-
pending on a parameter k£ > 0:

Ty.(s) = max(—Fk, min(s, k)), Gi(s) = s —Ti(s) = (|s| — k)1 sgn(s) .
2. EXPONENTIAL ESTIMATES

THEOREM 2.1. If assumptions (1.2), (1.3) and (1.4) hold true, then there exists u €
W,y*(Q) solving (1.1); i.e., satisfying that

Q Q Q
Furthermore, for every q < %
(2.1) " — 1€ Wy (Q).

ProOOF. Let {F,} be a sequence of L>*(Q2) functions, strongly convergent to F' in
(L*(©2))", and such that

(2.2) || < |F|, Vn € N.
For instance, it is possible to choose
F(z), if|F(z)| <n,
Folz) = () if |F(z)| > n.

TF@T
Note that, as a consequence of (2.2), if F satisfies (1.4), then every function F,, satisfies
also assumption (1.4) with the same constant R.
Since |F,,| belongs to L>(€2), for every n in N, by the results in the Appendix there
exists a solution w,, of the problem

(2.3) u, € Wy () N L=(Q) : —div(M(z, Vu,)) + a(z) u, = — div(F,).

We now choose u,, as test function in (2.3). Using (1.2), and the fact that the sequence
{F,} is bounded in (L?(2))" thanks to (1.4) (recall that a belongs to L'(£2)), we obtain

/]Vun\Q /M z, Vu,)Vu, + / a(z)u
/ z)Vu, < —/ |F ()] + /|Vun\2,
Q Q
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from which it follows that the sequence {u,} is bounded in W, (), as well as that
(2.4) /a@mggc.
Q

Since the sequence {u,} is bounded in VVO1 ’Z(Q), then, up to subsequences, u,, converges
to some function u weakly in Wy*(Q) and almost everywhere.

A consequence of the almost everywhere convergence of u,, to u is that the sequence
{a(z)u,} converges almost everywhere to a(x)u. Let now E be a measurable subset of
Q; we then have, if £ > 0, and recalling (2.4),

/ () g = / a(@)]un] + / a(@)lun]
E {Jun|<k}NE . {lun|>K}NE

gk’/CL(%)—F—/(I(QT)UZSk/a(Jf)—Fg.

Let now € > 0, and let first k large enough so that % <

enough in order to have
€
a(z) < —.
fo= 5

We have therefore proved that if meas(F) is small enough, then

, and then meas(E) small

D™

(/M@Wdﬁa, WneN,
E

that is to say, the sequence {a(z)|u,|} is uniformly equi-integrable. Thus, by Vitali
theorem, we have that

a(z)u, strongly converges to a(x)w in L'(Q).

Since the principal part of the differential operator is nonlinear, we need more informa-
tion on the sequence {u,}. It would be possible to use a result on the almost everywhere
convergence of {Vu,}, proved in [3], but we prefer to give below a simple (thanks to
our assumptions) self-contained proof.

Let now ¢ be a function in W,*(Q) N L>(Q), and choose u, — ¢ as test function in
(2.3). We obtain

[ M@ V)V - )+ [ a0 = [ FVw - ).
Q Q Q
Adding and subtracting the term

JRICRENE]

we arrive at

l@M@W@—M@VM /MxV¢ o)

+Ammw%—@ /Fw

Dropping the first term, which is positive thanks to (1.2), and using the weak conver-
gence of u, to u in W,*(Q), the almost everywhere convergence of u, to u, and the
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strong convergence of a(z)u, in L'(Q2), as well as the strong convergence of F, to F in

(L2(2))N, we obtain

téﬂﬂnvwvhhw%iédﬂuw—w)S[}W@Vw—wh Vo € WEQ)NL®(Q) .

We now follow [4]: let k& > 0, let ¢t # 0, let ¢ in W,*(Q) N L>(Q), and choose ¢ =
Ty (u) — t1 in the above identity. We obtain

| M@ @)t 0) VG o)+ [ a@u(Gutayitv) < [ F@TGiu) ).
Q Q

Q

Letting £ tend to infinity, using that u belongs to WOI’Q(Q), that a(z)u Gx(u) > 0, and
that G (u) tends to zero, we arrive at

t/QM(SL’,V(u—tQ/J»VdJ—l—t/Qa(QZ)uwSt/F(SL’)Vw.

Q
Dividing by ¢ > 0 and then letting ¢ tend to zero, we obtain that

/Q Mz, V) Vi + /Q a(z)u < /Q Fla)Ve,

while dividing by ¢ < 0 and then letting ¢ tend to zero, we obtain

| e voves [a@ue> [ Feve.
so that
/M(a:, vu)w+/ uth = / )V, Ve W(Q) N Le(Q),
Q
that is, u is a solution of (1.1).

Now, let ¢ > 0 and choose (e!"+ — 1) sgn(uy,) as test function in (2.3). Note that such
a choice is allowed since u,, belongs to L>(§2). We obtain

Qt/M(x, Vi) Vit [t |er 5 +/a(x)|un|(et“% - 1) :2t/Fn(ac)Vun|un|et“3L
0 Q Q

Using Young inequality in the right hand side, as well as (1.4), we have that, for some
B >0,

Qt/Fn(:p)Vun|un|et“%§2tB/ |Vt | |0 4 /|F |un|et“%
Q
<AUB [ [V [*|uy e
<2B [ [Vunlue +w
Using (1.2) in the left hand side we have that

Qt/M(x,Vun)Vun|un|et“’21 > 2ta/ |Vttt 5
Q Q

so that, putting the inequalities together, we have that

2 2 t
2~ ) [ 190 Pluk® + [ alo) e 1) = pujo] <0

which can be rewritten as

_ 2 tu% tu% _ﬁ o <
25 2t(a B)/Q]Vun\ e +/§2a(w)|un][e (1 23) 1}_0.
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Let now 0 < 6 < 1, B = (1 —J)a, and ¢ such that % =1-4, thatist = @; with
this choice of B and ¢, (2.5) becomes

4 2
(2.6) 5—/ V|2 |un|etun+/ a(@)lu 5t~ 1] <.

Let now T =/ —=2% _log , and note that

fel“n —1>0 on the set {|u,| > T}.

We therefore have that

46 1 - 5 202 2 2 2
M/ (Vi [* |, e —I—/ a(z)|un,| [5etun — 1] < / a(z)|un| [1 — 5et“n} ,
R ) {Jun|>T} {Jun|<T}

which then yields, dropping a positive term,
4(5(1 —0)%a? .
—_— |Vun| g et < T a(x) <T [ a(z) =C(a,a, R,0),
{lun|<T} Q
that is
(2.7) /|Vun| et ™ < Ca, 0, R, 5).

Let now g > 0 such that 2¢ < t. Then
s < C(@lsle,

for every s in R, since the function s — |s| exp [(2q—t) 32] is bounded, being 2¢—t < 0.
Thus, we have that

2
/ Va6 < C(q) / Vet P utnet
Q Q

which, together with (2.7), implies that

/\v (7% _ 1)2 < C(g) /|vun\ et < C(g, a, 0, R, 6)

thus proving
¢?%" —1 is bounded in Wy (Q),

for every ¢ < £ = %

. Choosing 0 small enough, we have that ¢ can be chosen any
real number smaller than %. Furthermore, the sequence {eq“% — 1}, which is bounded
in VVO1 ’Q(Q), weakly converges in the same space to some function v; since the function
s el™ —1is continuous, the almost everywhere convergence of u,, to u implies that

v = e — 1, which then belongs to Wy*(Q) for every ¢ < G- O

REMARK 2.2. Note that if we improve the assumption on a to a € L2 (), then from
(1.4) it follows that |F| € L™ (Q) and the exponential summability of u is proved in
[12].
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3. BOUNDED SOLUTIONS
THEOREM 3.1. If assumptions (1.2) and (1.3) hold true and there is p > 2 such that
(3.1) [F(x)]” < Ra(z),
then there exists a solution u € Wy(Q) N L=(Q) of (1.1).

PROOF. As in the proof of Theorem 2.1, we consider the sequence {u,} C WOI’Q(Q) N
L>(Q) of solutions of (2.3). Recall that we have shown in the mentioned proof that {u,, }
is bounded in VVO1 2(Q) and that, up to a subsequence, it converges almost everywhere
to a solution w of (1.1). Thus, we only need to prove that {un} is bounded in L>(Q).

Since u,, belongs to L>(£2), we can choose £== \Gk(un)\z’ 2 Gg(uy,) as test function in

(2.3) to obtain, using twice Young inequality (once with exponents 2 and 2, and once
with exponents § and -25) and (2.2):

/M 2, Vs )V G (1) | G (1) |72 + —/ )G (1) |72 G (1)
— [ Fu) VG| Gl
< ] | Fo(2)| [V G| G (1) | 72
= / VG (|G () |72 | Fo ()| G (1) | 72
<B / VG () PG (1) 72 + i / |G (1) |72 | F ()

/|VGk(un)| Grlu)|7? + ki |G |72 Fo ()] - 1

4{5’ fun| >k}
/ VGt |?| G ()72 + 5 IGk(un)Wan(ﬂf)I“/ Chp
Q {Jun|>k} {Jun|>k}

Using now (1.2) and that Gj(u,) has the same sign as u,,, we therefore deduce that

(0= B) [ VG 1Ga(un)2 + =2 [ ata)lun 1G]
1

<L Guw) P F@P+ [ cn
AB J{jun |z} e
Choosing B = § and using (3.1) we thus obtain
a 2 -2 R D
_/ VG (un)? |G (un) |72 +/ a(z) [p |t | — —} |G (un) |72 S/ Cap
2 Ja {lun>k} L D 20 {lun|2k}
Note that
2 R p_ . R
(@) [Pl = 5o |IGu@)FF 20 i | 2 Lo = k.

Thus, for k > kg, the second integral is positive and we have
—2\2 p=1 2
(E=2)" [ WiG@l = = [ 196um PGt < [ cu,
p—1/ Jo 0 {lun| >k}
Thus, by Sobolev inequality, we have

2
*

[/le(un>|5‘52*] s/ Cop, Vk>lh.
Q {|un|>k}
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Let now h > k; since |Gg(uy,)| > h — k on the set {|u,| > h} (which is contained in the
set {u, > k}), we have

2
=

(h— 1) 45" meas({Jun| > h})# < [ / |Gk<un),;;_;2*] ;
{

2
<| 10| < Copmenst(in = 1),
Q
which can be rewritten as

meas({|u,| > h}) < Mmeas(ﬂu“ > k:})27 : Vh >k > k.

(h—k) 57
Since % > 1, a result by Stampacchia (see [12]) yields that there exists C' > ko such
that meas({|u,| > C}) = 0; thus, |u,| < C almost everywhere, and so {u,} is bounded
in L>(€2). By the almost everywhere convergence of u,, to u, we conclude that u belongs
to L>°(9). O

REMARK 3.2. Under the assumptions of Theorem 3.1, the proof of the the strong
convergence of a(z)u, to a(z)u in L'(Q) is easier. Indeed, since {u,} is bounded in
L*>(Q), we can use Lebesgue theorem instead of Vitali theorem.

4. THE LINEAR RADIAL CASE - AN EXAMPLE

Let us consider the linear equation

(4.1) —AU+iiUe:ﬂm(—Bm®x>, 2| < 1.

ks ks
Here A > 0 and B is a continuous and differentiable function on [0, 1]; being continuous,
B is bounded, and so there exists B > 0 such that |B(]z|)| < B. Thus, one has, if
a(x) = ﬁ, and F(z) = =24 7 that

|2

[F(2)]* < Ra(),

with R = 372, so that the data of the problem satisfy the assumptions of Theorem 2.1.
Note that |F| does not belong to LY (£2), so that Stampacchia type results cannot be
applied.

Passing in radial coordinates, with r = |z|, one has that

. /
(B ) (V=2 B0) | B
|x|? 72 r
We look for radial solutions U; i.e., satisfying

—U”(T‘) _ Nr_ 1U/(7") + %U(T) _ (N _ 2) B(T) + B/On) )

72 r
Let now w be the solution of

_w'(r) — Nr—l ') + ﬁw(r) (N —i)B(r) |
i.e., of the equation
—Aw+a(x)w = (V= 2) Blz) f(x)
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Since |f(z)| < Qa(x), with @ = w, by the results of [1] one has that w belongs to
L>(Q), with |w|] < Q. On the other hand, U = u + w, where, by difference, u is such
that

N-—-1 A B'(r)

(4.2) —u"(r) — u'(r) + r—2u(r) =

r

We are going to prove that also u is a bounded function, so that (4.1) will have a
bounded solution, and not only an exponentially summable one, as stated by Theorem
2.1. Therefore, the result of Theorem 2.1 may not be sharp; furthermore, we do not
have an example of an equation with an unbounded solution.

As for equation (4.2), we look for solutions of the form

C2-N+/(N—-2)2+4A
- 5 :

u(r) =r7 z(r), o
Note that o > 0 (since A > 0), and that
oc(c+N-2)=A.
Since
w(r)=ocr”tz(r) +r72(r), W'(r)=o0(c—1)r"2z(r)+ 2077 2 (r) + 17 2" (1),
substituting in the equation we arrive at
N+20-1 A—O‘(O'—FN—Q)TUZ(T): ,

_ 0 "
r? 2" (r) - .

r? 2 (r) +

from which we obtain, since the third term vanishes by the choice of ¢, and dividing
by —r?,

1 o N+20—1 B'(r)
TN+20.71 [T’N+2 1 Z/(’I“)], — Z”(’I“) + 7 Z/(T) - r0+1 ]

N+20—1

Multiplying by r , and integrating between 0 and r, we obtain

rpNT2em () = —/ PN T2 B (p)dp,
0

that is
1 " o
2 (r) = —m/ PN T2 B (p) dp.
0

Integrating again, this time between r and 1, yields

1 1 t B
= [ tN—( | e dp> .

Changing the order of integration leads to

! N+o—2 ! ! dt
z(r) = p B'(p) w1 ) 4P
0 L max(r,p)

1

— N+o—2 Bl 1_ 2—N—-20 d )
—Q_N_QU/O p (o) [1 = max(r, p)> V-] dp

Recalling the definition of u, we therefore have that

1
(N +20 —2)u(r) =r° / PN B (p) [max(r, p)* =77 — 1] dp = 1]+ [11] - [111],
0
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where

— / pN+a—2 B/(p) T2—N—20’ dp _ TZ—N—U / pN+a—2 B,(,O) dp,
0 0

o ! B/(p> o ! N+o—2 o/
= [ —=dp, [W]=r" [ pN72B(p)dp.
P’ 0

T

r

Integrating by parts, we thus have
— 2 N-o pN+072 B(p) _ (N—!—U _ 2) yp2~N—o / pN+0'*3 B(p) dp
, 0

= B = (V=2 [V B dp.

The first term is bounded by B; as for the second, we have

0

N+o—2 7,2—N—o N+U—3B dp| < B(N +0 —2 TQ—N—O’ N+cr—3d — B,
( p p) dp p p

0 0
so that [I|is bounded. Integrating again by parts, we also have

. [* Bl o - [ Blp
:r/r pg)dpzr B(l)—B(r)+or /T p‘”l)d

The first two terms are bounded; as for the third, again by the boundedness of B we

have . .
B d 1
)0’7"0/ (fl)dp‘gBar"/ ’ilzBr"(——l)gB,
r P r P7 re

so that is bounded. Finally, we have, integrating by parts

1 1
1] = r° / pNT2 B (p)dp =17 B(1) — (N + 0 —2) 7"’/ PN B(p)dp.
0 0

The first term is bounded since o > 0, while for the second we have
1 1
‘(N—i—a — 2)7“"/ P73 B(p) dp‘ <B(N+o— 2)7"”/ PNt dp = BrY |
0 0

which is bounded since o > 0. Thus, also is bounded.
Summing up, u is bounded, and so U is bounded (by some quantities depending on
B and on A).

APPENDIX: EXISTENCE FOR BOUNDED DATA F'

We prove here the existence of a solution of (1.1) if |F| is a function in L™(£2),
with m > N(> 2). First of all, let a,(x) = min(a(z),n). Then, by a straightforward
application of the results of [8] (note that the datum — div(F') belongs to the dual of
Wy?(Q)), there exists a solution u, in W,?(Q) of

—div(M(z, Vuy,)) + an(z) u, = —div(F).

Choosing u,, as test function, and using (1.2), as well as Young inequality, we have that

a/ \Vun|2+/an(x)u3:/zr(x)vung i/ \F(x)|2+9/ IV,
Q Q Q 2a Jq 2 Jg

from which it follows that the sequence {u,} is bounded in W, *(Q). Furthermore, using
Stampacchia’s result (see [12]), and the fact that by (1.3) a, > 0, one can prove that
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the sequence {u,} is also bounded in L>(2). Thus, up to subsequences, u, converges
to some function u in Wy*(Q) N L=(Q), weakly in Wy?(Q), *-weakly in L=(Q) and
almost everywhere in . Since 0 < a,(z) < a(z) € L'(Q), the boundedness of {u,} in
L>(£2), and its almost everywhere convergence to u allow us to apply Lebesgue theorem
to prove that
an(T)u, strongly converges to a(z)wu in L'().

In order to pass to the limit in the approximate equations, we will use Minty’s trick:
let @ in W, 2(Q) N L=(Q), and choose u,, — ¢ as test function in the equation for u,,.
We obtain

/QM(x,Vun)V(un—g0)+/ﬂan(x)un (1t — o) :/QFV(un—go).

Adding and subtracting the term

/Ma:w V(i — ).

and using the fact that M(x,-) is monotone, we arrive, after passing to the limit, to

[ @ vava—g)+ [a@uu-o < [ Foa-p).

Q
Choosing ¢ = u — t1), with ¢t # 0 and ¢ in W,*(Q) N L*®(Q), we thus have that

t/QM(:U,V(u—mp))Vert/Qa(x)ungt/ﬂFvw.

Dividing by ¢ > 0 and letting ¢ tend to zero, we arrive at

/Q Mz, V)V + /Q a(z)ut < /Q FV,

while the reverse inequality can be obtained dividing by ¢ < 0, and then letting ¢ tend
to zero. Thus, we have proved that

[M@v0Tes [awue= [ e, woewH@nLm@,
Q Q Q
that is, problem (1.1) has a solution u belonging to W,*(€) N L>®(%).
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