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Abstract
Given two probability distributions expressing returns on two single risky assets of a 
portfolio, we innovatively define two consumer’s demand functions connected with two 
contingent consumption plans. This thing is possible whenever we coherently summarize 
every probability distribution being chosen by the consumer. Since prevision choices are 
consumption choices being made by the consumer inside of a metric space, we show that 
prevision choices can be studied by means of the standard economic model of consumer 
behavior. Such a model implies that we consider all coherent previsions of a joint distri-
bution. They are decomposed inside of a metric space. Such a space coincides with the 
consumer’s consumption space. In this paper, we do not consider a joint distribution only. 
It follows that we innovatively define a stand-alone and double risky asset. Different sum-
mary measures of it characterizing consumption choices being made by the consumer can 
then be studied inside of a linear space over ℝ . We show that it is possible to obtain differ-
ent summary measures of probability distributions by using two different quadratic metrics. 
In this paper, our results are based on a particular approach to the origin of the variability 
of probability distributions. We realize that it is not standardized, but it always depends on 
the state of information and knowledge of the consumer.
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1  Introduction

In this paper, an event is a logical entity (proposition) expressed by a real number and sus-
ceptible of taking two values only, 1 = true and 0 = false, as final answers characterizing 
the logic of certainty. An event can be certain or impossible, in a specific state of informa-
tion and knowledge for the consumer, whenever its result is known with certainty and it is 
respectively true or false. An event is conversely possible whenever its result is not a priori 
known to her (de Finetti (1981)).

Let X be a random gain whose true value is unknown for the consumer evaluat-
ing, but it is well-determined in itself (see also Gilio and Sanfilippo (2014)). Let 
I(X) = {x1, x2,… , xm} be the set of all possible monetary values of X, where it turns out 
to be x1 < x2 < … < xm without loss of generality. Such a set identifies an m-dimensional 
consumption vector denoted by

It expresses all possible quantitative states of nature of a contingent consumption plan.
Uncertainty about a state of nature of a contingent consumption plan has to be inter-

preted in a personalistic sense within this context, so it depends on a lack of information 
of the consumer evaluating (see also Capotorti et al. (2014)). Uncertainty about a state of 
nature of a contingent consumption plan consequently ceases only when she receives cer-
tain information about it (see also Machina (1987); de Finetti (1982b); Hoskova-Mayerova 
and Maturo (2018); Hošková-Mayerová et  al. (2017); de  Finetti (1989); Maturo (2018a, 
2018b)).

Probability is associated with a state of nature of a contingent consumption plan. It 
always depends on the state of information and knowledge of the consumer evaluating 
(see also Coletti et al. (2016)). In this paper, we think of probability as being a mass. It 
is preferable to think of probability as being a mass whenever we are interested in distin-
guishing between the representation of the logical situation and the introduction of what-
ever coherent evaluation of probability the consumer wants to make (see also Viscusi and 
Evans (2006)). Probability is always a non-negative and additive function whose unit value 
is taken on the whole space of states of nature of a contingent consumption plan (see also 
Cassese et al. (2020)). Hence, axiomatic probability theory is satisfied. Nevertheless, the 
notion of probability associated with a state of nature of a contingent consumption plan is 
not undefined within this context. It is the degree of belief in the occurrence of a state of 
nature of a contingent consumption plan attributed by a given consumer at a given instant 
and with a given set of information and knowledge.

1.1 � A contingent consumption plan

A function defined on the set of all possible quantitative states of nature of a contingent 
consumption plan coincides with X (see also Berti et al. (2001)). Its domain and codomain 
coincide. They are expressed by I(X). One and only one of all possible quantitative states of 
nature of a contingent consumption plan identifying I(X) will be true at the right time (see 
also Berti and Rigo (2002)). We consider the finest possible partition into atomic (elemen-
tary) events. We say this thing because they are not further subdivisible for the purposes of 
the problem under consideration (with an event, but not with a set, it is always possible to 

(1)
(
x1, x2,… , xm

)
.
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continue the subdivision, even though it is convenient to stop as soon as the subdivision is 
good enough for the study in progress). That alternative which will turn out to be verified a 
posteriori is nothing but a random point contained in I(X). It expresses everything there is 
to be said (Nunke and Savage (1952)).

Each random gain can coherently be assigned a distribution of probability as an expres-
sion of the attitude of the consumer under consideration (see also Schmeidler (1989)). It 
follows that each consumer is faced with m masses denoted by p1, p2,… , pm such that it is 
possible to write p1 + p2 +…+ pm = 1 . They are located on m real numbers denoted by 
x1, x2,… , xm (see also Angelini and Maturo (2020)).

Each single state of nature of a contingent consumption plan could uniquely be 
expressed by infinite real numbers, so we could also write

where a ∈ ℝ is an arbitrary constant, to denote the set of all possible states of nature of a 
contingent consumption plan. We consider infinite translations in this way. It is possible 
to consider different quantities from a geometric point of view. They are nevertheless the 
same quantity from a randomness point of view because states of nature and probabilities 
associated with them do not change (see also Pfanzagl (1967)). We say that a change of ori-
gin is inessential from a randomness point of view (see also Dinçer et al. (2020)).

1.2 � Contravariant and covariant indices of a probability distribution associated 
with a contingent consumption plan

Let Ei , i = 1,… ,m , be the generic state of nature of a contingent consumption plan.
We establish the following

Definition 1  Let X be a random gain. We say that x1 is the return on X if E1 occurs with 
probability denoted by p1 , ..., xm is the return on X if Em occurs with probability denoted 
by pm . We note that x1 is the wealth that X yields and that can be spent by the consumer if 
E1 occurs with probability denoted by p1 , ..., xm is the wealth that X yields and that can be 
spent by the consumer if Em occurs with probability denoted by pm.

Thus, we write

in order to identify a discrete probability distribution of X.
A probability distribution is expressed by using contravariant indices together with 

covariant ones. We wish to distinguish possibility (studied by the logic of certainty) from 
probability (studied by the logic of uncertainty or probability theory) in this way (see also 
Anscombe and Aumann (1963)). We wish to distinguish what is true or false without gra-
dations (there are no degrees of possibility) from what is more or less probable in opinion 
of a given consumer. We use contravariant indices to identify the possible monetary values 
of X. We use covariant indices to denote the corresponding probabilities that are assigned 
to them. On the other hand, contravariant and covariant components of a same vector are 
equal whenever we use an orthonormal basis of the real linear space under consideration 
(Pompilj (1957)).

(2)
{
x1 + a, x2 + a, … , xm + a

}
,

(3)
(
x1, p1

)
,
(
x2, p2

)
,… ,

(
xm, pm

)
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2 � A multivariate approach to the consumer’s demand functions 
connected with contingent consumption plans

Let 
1
X and 

2
X be two linearly independent random gains (risky assets), where the number 

of the possible monetary values of each of them is equal to m without loss of generality. We 
deal with two contingent consumption plans, where contingent means depending on some-
thing not yet sure. Let I(1X) = {

(1)
x1,… ,

(1)
xm} and I(2X) = {

(2)
x1,… ,

(2)
xm} be the sets 

of possible values for 
1
X and 

2
X . Such sets contain the contravariant components of two 

m-dimensional and linearly independent vectors. The possible quantitative states of nature 
of two contingent consumption plans are therefore found on the two mutually orthogonal 
axes of a two-dimensional Cartesian coordinate system on which an origin, a same unit 
of length and an orientation are established (von Neumann (1936)). We say that the two 
contingent consumption plans under consideration are logically independent. It follows that 
all the m2 possible monetary values of two random gains jointly considered belong to a 
subset of a two-dimensional Cartesian coordinate system (see also Regazzini (1985)). On 
the other hand, we can always write 

1
X =

1
Y −

1
Z , where we have 

1
Y =

1
X (

1
X ≥ 0) and 

1
Z = −

1
X (

1
X ≤ 0) . The term gain has intrinsically to be understood in an algebraic sense, 

so a loss is a negative gain. The possible monetary values of 
1
Y  and 

1
Z are always non-neg-

ative because it turns out to be 
1
Y =

1
X , if 

1
X > 0 and zero otherwise, as well as 

1
Z = −

1
X , 

if 1X < 0 and zero otherwise. It is possible to suppose that the number of the possible mon-
etary values of 1Y  is the same of the one of the possible monetary values of 1Z . Also, we 
suppose that zero (whose probability is equal to 0, so we have 0 ⋅ 0 = 0 ) always separates 
them. The same is true by considering 

2
X =

2
Y −

2
Z . This thing is in general valid. This 

is because if a is a real number lying between a′ and a′′ then we observe that a 1X lies 
between a′ 1X and a′′ 1X when and only when I(1X) contains all non-negative numbers. 
Differently, all of this is not true. Since it is possible to write

for every real number denoted by a, we observe that if a lies between a′ and a′′ then �(a 1X) 
lies between �(a� 1X) and �(a�� 1X) , where � is obtained by using the same probabilities 
with regard to I(1X) containing all non-negative numbers. The same holds with respect to 
2X . The same is true by considering a finite number of summands.

We have elsewhere shown in the form of a theorem that prevision choices are consump-
tion choices. It follows that the notion of prevision of a risky asset has the same properties 
of the one of well-behaved preferences (see also Wold et  al. (1952)). To say that well-
behaved preferences are monotonic, because more is better, and convex, because averages 
are weakly preferred to extremes, means that it turns out to be

as well as

where � stands for prevision or mathematical expectation of a random quantity viewed 
as a random gain. In general, given two random gains denoted by X and Y, their possi-
ble values are expressed by I(X) = {x1, x2,… , xm} and I(Y) = {y1, y2,… , ym} , with 
x1 < x2 < … < xm and y1 < y2 < … < ym without loss of generality. Additivity of � given 
by (5) and its convexity expressed by (6) are necessary and sufficient conditions for coher-
ence. They are so fundamental that the whole theory of probability is based on them only.

(4)�(a 1X) = a�(1X)

(5)�(X + Y) = �(X) + �(Y)

(6)x1 ≤ �(X) ≤ xm,
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If we consider all possible evaluations of the probability of each state of nature of a con-
tingent consumption plan being made by the consumer then they permit the choice of any 
value in the interval from 0 to 1, endpoints included. They identify a convex set every time.

Given a portfolio consisting of two risky assets denoted by 1X and 2X , the expected 
returns on the two risky assets jointly considered are obtained by decomposing a coherent 
prevision of a joint risky asset inside of a two-dimensional metric space. We denote it by 
E2 . They tell us how much the consumer is choosing to consume of one of the two risky 
assets and how much she is choosing to consume of the other, so they can be viewed as a 
consumption bundle belonging to a two-dimensional convex set (see also Ghirardato et al. 
(2005)). It is the budget set of the consumer established by the negative slope of the budget 
line coinciding with a hyperplane into E2 . Her budget set is also established by the two 
mutually orthogonal axes under consideration (see also Slovic et al. (1977)). The budget 
line is an equation of a linear function expressed in an implicit form whose variables are 
the two expected returns on the two risky assets into account. The prices of the prevision 
bundle viewed as a consumption bundle are conversely the two constants of such a linear 
function. On the other hand, it is not money alone that matters, but it is the consumption 
(to be understood as an average consumption within this context) that money can buy that 
is the ultimate good being chosen by the consumer (see also Drapeau and Kupper (2013)). 
It is evident that the budget constraint of the consumer requires that the amount of money 
spent on the two goods viewed as two risky assets be no more than the total amount she has 
to spend. Since it turns out to be

the budget constraint is written as

where (c1, c2) are the prices of the two goods, whereas the amount of money the consumer 
has to spend is equal to c. We note that c1 , c2 and c are positive real numbers (Markowitz 
(1952)). It is clear that one has

and

with

as well as

The slope of the budget line expressed by

coincides with

(7)c1 (1X) + c2 (2X) ≤ c,

(8)c1 �(1X) + c2 �(2X) ≤ c,

(9)�(1X) = (1)
x1

(1)
p
1
+…+

(1)
xm

(1)
p
m

(10)�(2X) = (2)
x1

(2)
p
1
+…+

(2)
xm

(2)
p
m
,

(11)(1)
p
1
+…+

(1)
p
m
= 1

(12)(2)
p
1
+…+

(2)
p
m
= 1.

(13)c1 �(1X) + c2 �(2X) = c
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Although the slope of the budget line expressed by (13) can change as the state of informa-
tion and knowledge of the consumer changes, we note that it always passes through the 
point whose coordinates are given by

where we have 
1
X =

1
Y −

1
Z as well as 

2
X =

2
Y −

2
Z . It follows that all coherent expected 

returns on the portfolio consisting of two risky assets can be expressed by

whenever we use a linear and quadratic metric. On the other hand, the budget set of the 
consumer does not change whenever we multiply all prices and income by a positive num-
ber. It follows that the standard economic model of consumer behavior is even valid within 
this specific situation. The left-hand side of (16) is a weighted average of the two expected 
returns on the two risky assets under consideration. All coherent expected returns on the 
portfolio consisting of two risky assets give rise to a two-dimensional convex set. A joint 
distribution decomposed into two marginal distributions characterizes them (see also von 
Rosen (1989)). It is summarized by means of �(1X 2X) , where �(1X 2X) is bilinear. After 
distinguishing finite sets given by I(1X) , I(2X) and I(1X 2X) from uncountable sets coin-
ciding with convex sets, we focus on two continuous goods denoted by �(1X) , �(2X) and 
obtained by using our geometric interpretation of conditions of coherence of � . The con-
sumer divides her monetary wealth given by

and

between the two risky assets, where it evidently turns out to be

Hence, we establish the following

Definition 2  After decomposing �(1X 2X) inside of E2 , the consumer’s demand functions 
that give the average consumption amounts of each of the two goods under consideration 
denoted by 

1
X and 

2
X (of which we are only interested in their previsions given by �(1X) 

and �(2X) ) are expressed by

as well as

(14)−
c1

c2
.

(15)
(
sup I(1Y), sup I(2Y)

)
,

(16)
c1

c1 + c2
�(1X) +

c2

c1 + c2
�(2X) ≤

c

c1 + c2

(17)
c1

c1 + c2

(18)
c2

c1 + c2

(19)
c1

c1 + c2
+

c2

c1 + c2
= 1.

(20)�(1X) =
{
�(1X)[(c1, c2, c)]

}
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where � is always additive and convex as a consequence of its coherence.

Since �(1X 2X) , �(1X) and �(2X) belong to convex sets, it is evident that the quantities 
demanded denoted by �(1X) and �(2X) depend on the three elements identifying a two-dimen-
sional convex set inside of which �(1X 2X) is coherently decomposed into �(1X) and �(2X).

In this paper, we do not consider a joint distribution only. It follows that we innovatively 
define a stand-alone and double risky asset. We denote it by X12 . A portfolio consisting of 
two risky assets can then be viewed as a stand-alone and double risky asset. It is possible to 
consider �(X12) whenever we use a non-linear and quadratic metric. We therefore define the 
expected return denoted by �(X12) on the portfolio of the consumer who invests in two dif-
ferent risky assets (see also Davies and Satchell (2007)). We also define the variance of the 
portfolio return denoted by Var(X12).

3 � Logical and probabilistic aspects concerning an ordered pair 
of contingent consumption plans

Let B⟂

m
=
{
�i | i ∈ Im = {1,… ,m}

}
 be an orthonormal basis of Em . Let (1X, 2X) be an 

ordered pair of risky assets. We are then faced with two different partitions, where each of 
them is characterized by m incompatible and exhaustive events (see also Battigalli and Sinis-
calchi (2003)). After considering I(1X) = {

(1)
x1,… ,

(1)
xm} and I(2X) = {

(2)
x1,… ,

(2)
xm} we 

establish the following

Definition 3  All states of nature of an ordered pair of contingent consumption plans 
jointly considered are obtained from the Cartesian product of the possible monetary val-
ues of two logically independent risky assets denoted by 1X and 2X . Such risky assets 
give rise to a joint risky asset denoted by 1X 2X . It is a function written in the form 
1X 2X ∶ I(1X) × I(2X) → ℝ , where it turns out to be 1X 2X((1)x

i,
(2)
xj) =

(1)
xi

(2)
xj , with 

i, j = 1,… ,m.

We are faced with an extension of a canonical expression for a random quantity. It is writ-
ten in the form given by

where it is possible to observe

for every i, j = 1,… ,m.
We geometrically consider 

(1)
� ∈ Em as well as 

(2)
� ∈ Em . We write

and

(21)�(2X) =
{
�(2X)[(c1, c2, c)]

}
,

(22)
1X 2X =

(1)
x1

(2)
x1|

(1)
E
1
||
(2)
E
1
| +…+

(1)
xi

(2)
xj|

(1)
E
i
||
(2)
E
j
| +…

+
(1)
xm

(2)
xm|

(1)
E
m
||
(2)
E
m
|,

(23)|
(1)
E
i
||
(2)
E
j
| =

{
1, if

(1)
E
i
and

(2)
E
j
are both true

0, otherwise

(24)(1)
� =

(1)
xi�i
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where it is evident that we use the Einstein summation convention. We note that 
(1)
� and 

(2)
� are linearly independent and uniquely represented with respect to B⟂

m
 because there 

exists one and only one m-tuple of real numbers coinciding with the set {
(1)
xi} and satisfy-

ing (24). There also exists one and only one m-tuple of real numbers coinciding with the 
set {

(2)
xi} and satisfying (25). We associate the contravariant components of 

(1)
� and 

(2)
� 

with the possible monetary values of 1X 2X expressed in the same unit of measurement. We 
note that 1X and 2X are two marginal risky assets with regard to 1X 2X (de Finetti (1982b)).

Therefore, we observe that the possible monetary values of 1X 2X are geometrically 
expressed by an affine tensor of order 2 whose contravariant components coincide with 
(1)
xi

(2)
xj , where we have i, j = 1,… ,m . The covariant components of an affine tensor of 

order 2 represent the joint probabilities of the joint distribution of 1X and 2X . It is possible 
to associate in an orderly manner the covariant components of an affine tensor of order 2 
with the joint probabilities of the joint distribution of 1X and 2X . Their number is overall 
equal to m2 . We write

with p ∈ Em ⊗ Em . We note that it turns out to be

because all probabilistic evaluations being made by the consumer have to be coherent 
(de Finetti (1982a)).

3.1 � Metric aspects concerning an ordered pair of contingent consumption plans

We say that an ordered pair of risky assets denoted by (1X, 2X) is represented by an ordered 
triple of geometric entities denoted by

with (i, j) ∈ Im × Im.
We consider the notion of �-product between 

(1)
� and 

(2)
� in order to establish a quad-

ratic and linear metric on Em . It is a scalar product obtained by using the joint probabilities 
of the joint distribution of 1X and 2X together with the contravariant components of 

(1)
� and 

(2)
� . We then write

where

is a vector homography by means of which we evidently pass from 
(2)
xj to 

(2)
x
i
 by using pij . 

This means that the mathematical expectation of a marginal risky asset is decomposed. On 
the other hand, if we decompose the mathematical expectation of the other marginal risky 
asset then we obtain the same result given by (29). Such a notion possesses all properties of 

(25)(2)
� =

(2)
xi�i,

(26)p = (pij),

(27)
m∑
i=1

m∑
j=1

pij = 1

(28)
(
(1)
�,

(2)
�, pij

)
,

(29)⟨
(1)
�,

(2)
�⟩� =

(1)
xi
(2)
xjpij = (1)

xi
(2)
x
i
,

(30)(2)
xjpij = (2)

x
i
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the scalar product (with regard to (29), we use � as a subscript because all joint probabili-
ties of the joint distribution of 1X and 2X are considered). In particular, if it turns out to be

then 
(1)
� and 

(2)
� are �-orthogonal.

We note that from the notion of �-product it follows the one of �-norm of an 
m-dimensional vector. We therefore write

as well as

because the joint probabilities of the particular joint distributions under consideration 
whose covariant indices are not equal coincide with 0.

Also, it is possible to show two metric inequalities. The former is given by

It is called the Schwarz’s �-generalized inequality. The latter is expressed by

It is called the �-triangle inequality.
From (34) it follows the notion of �-cosine, so it is possible to write

What we have just said is valid whenever we consider changes of origin (see also Rock-
afellar et al. (2006)). Let Xd be a risky asset whose possible monetary values represent all 
deviations from a mean value. We denote it by �̄ ∈ Em , where it turns out to be

We then say that Xd is geometrically identified with an m-dimensional vector of Em given 
by

Its contravariant components are expressed by

with i = 1,… ,m.
We write

(31)⟨
(1)
�,

(2)
�⟩� = 0

(32)‖
(1)
�‖2

�
= ⟨

(1)
�,

(1)
�⟩� =

(1)
xi
(1)
xipii

(33)‖
(2)
�‖2

�
= ⟨

(2)
�,

(2)
�⟩� =

(2)
xi
(2)
xipii

(34)
���⟨(1)�, (2)

�⟩���� ≤ ‖
(1)
�‖�‖(2)�‖� .

(35)‖
(1)
� +

(2)
�‖� ≤ ‖

(1)
�‖� + ‖

(2)
�‖� .

(36)cos(
(1)
�,

(2)
�)� =

⟨
(1)
�,

(2)
�⟩�

‖
(1)
�‖�‖(2)�‖�

.

(37)�̄ =

⎛
⎜⎜⎜⎝

x̄1 = �(X)

x̄2 = �(X)

⋮

x̄m = �(X)

⎞
⎟⎟⎟⎠
.

(38)�� = � − �̄.

(39)�d
i = xi − x̄i,
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where 
(2)
S(1) is an m-dimensional linear space contained in Em . If X12 = {

1
X ,

2
X} is a dou-

ble risky asset then its marginal components denoted by 
1
X and 

2
X can geometrically be 

represented by two vectors of Em denoted by 
(1)
�� and 

(2)
�� , where we have 

(1)
��,

(2)
�� ∈

(2)
S(1) . We write

as well as

Given

it is possible to obtain

with

as well as

We then establish the following

Definition 4  We call linear metric the expression given by (44). Since it is possible to 
write ‖

(1)
� −

(2)
�‖2

�
= ‖

(1)
�‖2

�
+ ‖

(2)
�‖2

�
− 2⟨

(1)
�,

(2)
�⟩� , it evidently derives from the 

notion of �-distance between two single risky assets of a portfolio consisting of two risky 
assets whose possible monetary values are subjected to two changes of origin.

We note the following

Remark 1  Whenever we consider the variance of the portfolio return by using a linear and 
quadratic metric we are faced with a joint distribution depending on the notion of ordered 
pair of risky assets. Its covariance is consequently calculated. 	�  ◻

(40)(2)
S(1) ⊂ Em,

(41)(1)
�� =

(1)
�

(42)(2)
�� =

(2)
�.

(43)� =
c1

c1 + c2
(1)
� +

c2

c1 + c2
(2)
�,

(44)
‖�‖2

�
=

�
c1

c1 + c2

�2

‖
(1)
�‖2

�
+ 2

c1

c1 + c2

c2

c1 + c2
⟨
(1)
�,

(2)
�⟩�

+

�
c2

c1 + c2

�2

‖
(2)
�‖2

�
,

(45)‖
(1)
�‖2

�
=Var(

1
X),

(46)‖
(2)
�‖2

�
= Var(

2
X)

(47)⟨
(1)
�,

(2)
�⟩� = Cov(1X, 2X).
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If (44) holds then a portfolio consisting of two risky assets is not viewed as a stand-
alone and double risky asset.

4 � Two contingent consumption plans jointly considered that are 
independent of the notion of ordered pair

We note the following

Remark 2  Let 1X and 2X be two linearly independent risky assets identifying two contin-
gent consumption plans. We suppose that each of them is characterized by m possible mon-
etary values. The possible monetary values of two risky assets separately considered are 
logically represented by the contravariant components of two m-dimensional vectors. The 
possible monetary values of two logically independent risky assets jointly considered have 
consequently to be represented by the contravariant components of a tensor of order 2. It 
is an antisymmetric tensor of order 2 whenever we are interested in defining a stand-alone 
and double risky asset obtained by fusing together its marginal components denoted by 1X 
and 2X . 	�  ◻

We then pass from an ordered pair of contingent consumption plans to two contingent 
consumption plans which are jointly considered regardless of the notion of ordered pair. 
We have then to consider a double risky asset denoted by

whose possible monetary values coincide with the contravariant components of an 
antisymmetric tensor of order 2. We say that X12 is a portfolio of two risky assets jointly 
considered that are independent of the notion of ordered pair. Hence, after choosing m2 
joint probabilities connected with 1X 2X , we observe that it is necessary to consider four 
joint distributions characterizing 1X 1X , 1X 2X , 2X 1X and 2X 2X , with

and

in order to release X12 from the notion of ordered pair. We note that the marginal compo-
nents of X12 denoted by 1X and 2X are not put near unlike what happens when we jointly 
consider iX and jX , where we have i, j = 1, 2 . Each probability distribution of a marginal 
risky asset is viewed as a particular joint distribution. This implies that all off-diagonal 
joint probabilities of a two-way table, where the number of rows is equal to the one of col-
umns, coincide with 0.

We prove the following

Theorem 1  The mathematical expectation of X12 = {1X, 2X} coincides with the determi-
nant of a square matrix of order 2. Each element of such a determinant is a real number 
coinciding with the mathematical expectation of iX jX , where we have i, j = 1, 2.

(48)X12 = {1X, 2X}

(49)1X 1X ∶ I(1X) × I(1X) → ℝ,

(50)2X 2X ∶ I(2X) × I(2X) → ℝ

(51)2X 1X ∶ I(2X) × I(1X) → ℝ,
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An affine tensor of order 2 representing the possible monetary values of 1X 2X , where 
1X 2X corresponds to (1X, 2X) , is written in the form

An affine tensor of order 2 representing the possible monetary values of 2X 1X , where 
2X 1X corresponds to (2X, 1X) , is conversely written in the form

We have written a same affine tensor of order 2 denoted by T whose m2 contravariant com-
ponents are not the same. If we pass from (52) to (53) then we note that the contravariant 
components whose upper indices are equal do not change. If we pass from (52) to (53) then 
we note that the contravariant components whose upper indices are not equal change. It fol-
lows that we write an antisymmetric tensor of order 2 in the form

because we have to consider (52) and (53) together. We have written i < j under the sum-
mation symbol since it is easy to realize that if it turns out to be i = j then every contravari-
ant component inside parentheses is equal to 0. Hence, we denote by 

12
x an antisymmetric 

tensor of order 2 logically identifying X12 . We write

in order to identify the strict contravariant components of it. We have i < j . The number of 
such components is overall equal to

The corresponding strict covariant components of 
12
x are given by

where we have i < j . By taking all joint probabilities of the joint distribution of 1X and 2X 
into account, such covariant components are obtained by considering some probabilities 
every time. This means that we could be faced with several vector homographies. Given 
a two-way table containing all joint probabilities, we always consider those probabilities 
belonging to a row or column of it in order to obtain a covariant component of an m-dimen-
sional vector. We do not compute the scalar value of (57). We have to note that the number 
of the strict contravariant and covariant components of 

12
x is absolutely unimportant. We 

always obtain the same outcome independently of such a number. We put together (55) and 
(57), where (55) and (57) contain all strict contravariant and covariant components of 

12
x 

at the same time. We always put together (55) and (57) in the same way. We always asso-
ciate 

(1)
xi with 

(1)
xi , (1)x

j with 
(2)
xj , (2)x

i with 
(1)
xi and 

(2)
xj with 

(2)
xj . After putting together 

(55) and (57), whose structure is evidently the one of two determinants because we are 
considering multilinear matters, we obtain different single terms (monomials). It follows 

(52)T =
(1)
� ⊗

(2)
� =

(1)
xi
(2)
xj�i ⊗ �j.

(53)T =
(2)
� ⊗

(1)
� =

(2)
xj
(1)
xi�j ⊗ �i.

(54)T =
∑
i<j

(
(1)
xi
(2)
xj −

(1)
xj
(2)
xi
)
�i ⊗ �j

(55)12
x(ij) =

|||||
(1)
xi

(1)
xj

(2)
xi

(2)
xj

|||||
=

(1)
xi
(2)
xj −

(1)
xj
(2)
xi

(56)
(
m

2

)
.

(57)12
x
(ij)

=
|||||
(1)
xi (1)

xj

(2)
xi (2)

xj

|||||
=
|||||
(1)
xjpji (1)

xipij

(2)
xjpji (2)

xipij

|||||
,
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that a variable index appearing twice in a monomial implies summation of it over all values 
of the index (hence, every time it is possible to obtain a polynomial by using the Einstein 
notation). On the other hand, all strict contravariant and covariant components of 

12
x are 

simultaneously identified with two determinants because, in general, the determinant of a 
square matrix is the most exemplary multilinear relationship as well as a linear combina-
tion of basis vectors is the most exemplary linear relationship. We obtain the mathematical 
expectation of X12 given by

where we evidently observe

By putting together (55) and (57) we are always faced with four joint distributions charac-
terizing 1X 1X , 1X 2X , 2X 1X and 2X 2X that are all summarized. We write

where it turns out to be

We note that p(11) is the tensor of all joint probabilities associated with (
1
�,

1
�) . The same 

is true for all others contained in (61). It is possible to observe that in general it turns out 
to be

We finally write

where the determinant of the square matrix of order 2 under consideration is a bilinear 
function of the columns of it. 	�  ◻

Given 1X and 2X and their coherent previsions denoted by �(1X) and �(2X) , we consider 
all deviations from �(1X) and �(2X) of the possible monetary values of 1X and 2X . We then 
prove the following

Theorem  2  The variance of X12 = {1X, 2X} coincides with the determinant of a square 
matrix of order 2. Each element of such a determinant is a real number coinciding with the 
variance of 1X and 2X and with their covariance.

All deviations from �(1X) and �(2X) of the possible monetary values of 1X and 2X are 
translations. It is then possible to write

(58)

‖
12
x‖2

�
=
�����

‖
(1)
�‖2

�
⟨
(1)
�,

(2)
�⟩�

⟨
(2)
�,

(1)
�⟩� ‖

(2)
�‖2

�

�����
= ‖

(1)
�‖2

�
‖
(2)
�‖2

�
−

�
⟨
(1)
�,

(2)
�⟩�

�2

,

(59)⟨
(1)
�,

(2)
�⟩� = ⟨

(2)
�,

(1)
�⟩� .

(60)‖
12
x‖2

�
= �(X12),

(61)

�(X12) =
�����

‖
(1)
�‖2

�
⟨
(1)
�,

(2)
�⟩�

⟨
(2)
�,

(1)
�⟩� ‖

(2)
�‖2

�

�����
=
�����
(1)
xi

(1)
xip

(11)

ii
=

(1)
xi

(1)
xi (1)

xj
(2)
xip

(12)

ij
=

(1)
xj

(2)
xj

(2)
xi

(1)
xjp

(21)

ji
=

(2)
xi

(1)
xi (2)

xj
(2)
xjp

(22)

jj
=

(2)
xj

(2)
xj

�����
.

(62)�(1X 2X) ≠ �(X12).

(63)�(X12) =
||||
�(1X 1X) �(1X 2X)

�(2X 1X) �(2X 2X)

|||| ,
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where 
12
d is an antisymmetric tensor of order 2 logically representing X12 . We are faced 

with changes of origin of the possible monetary values of 1X and 2X . We write

We note that it turns out to be

so it is possible to write

If we are faced with the variance of X12 then 1X and 2X are fused together. In general, if 
we compute only the covariance of 1X and 2X (in addition to the variance of each of them) 
then they are simply put near. 	�  ◻

We observe that �(X12) is coherent in the same way as �(1X) , �(2X) and 
�(1X 2X) = �(2X 1X) , where �(1X) and �(2X) are both linear indices (de Finetti (1989)).

We note the following

Remark 3  The origin of the variability of X12 is not standardized, but it depends on the 
state of information and knowledge of the consumer. All deviations from �(1X) and �(2X) 
of the possible monetary values of 1X and 2X evidently depend on the state of information 
and knowledge of the consumer. 	�  ◻

We establish the following

Definition 5  We call non-linear metric the expression given by (64). It is the area of a 
2-parallelepiped whose edges are two single risky assets having their possible monetary 
values that are subjected to two changes of origin. The strict components of 

12
d are the 

coordinates of such edges denoted by 
(1)
� and 

(2)
�.

We note the following

Remark 4  A non-linear metric given by (64) is invariant with regard to two different trans-
lations concerning 

(1)
� and 

(2)
� obtained by using two arbitrary vectors of Em . It is also 

invariant with regard to two different rotations concerning 
(1)
� and 

(2)
� obtained by using 

two different m × m orthogonal matrices. 	�  ◻

5 � Discussion and conclusion

In this paper, the objects of consumer choice are probability distributions. They have there-
fore to be summarized. It follows that we define two consumer’s demand functions con-
nected with two contingent consumption plans. They are based on the notion of prevision 

(64)‖
12
d‖2

�
=
�����

‖
(1)
�‖2

�
⟨
(1)
�,

(2)
�⟩�

⟨
(2)
�,

(1)
�⟩� ‖

(2)
�‖2

�

�����
= ‖

(1)
�‖2

�
‖
(2)
�‖2

�
−

�
⟨
(1)
�,

(2)
�⟩�

�2

,

(65)‖
12
d‖2

�
= Var(X12) = �

2

X12

.

(66)⟨
(1)
�,

(2)
�⟩� = ⟨

(2)
�,

(1)
�⟩� = Cov(1X, 2X) = Cov(2X, 1X),

(67)Var(X12) =
||||

Var(1X) Cov(1X, 2X)

Cov(2X, 1X) Var(2X)

|||| .
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of a random quantity. Since the possible values of a random quantity are of a monetary 
nature, the notion of prevision of a random quantity coincides with the one of price. In gen-
eral, among those decisions leading to different random gains, the best choice being made 
by the consumer must then be the one that leads to the random gain with the highest price.

We have shown that coherent prevision choices are consumption choices, where the lat-
ter have to be meant as average consumption choices within this context. We have firstly 
considered all coherent summary measures of a joint distribution because we refer our-
selves to the standard economic model of consumer behavior. The consumer chooses one 
of them in the same way as she chooses a consumption bundle. Given a joint distribution, it 
is secondly possible to consider four joint distributions in order to define a stand-alone and 
double random quantity. Their marginal distributions never change with regard to the ones 
of the starting joint distribution.

In this paper, our results are based on a particular approach to the origin of the variabil-
ity of probability distributions. It is not standardized, but it always depends on the state of 
information and knowledge of the consumer. On the other hand, such a state can continu-
ously be enriched by the flow of new information (see also Jurado et al. (2015)). Moreover, 
those results that are gradually learned or observed with regard to more or less analogous 
situations and cases enrich it as well (see also Korsakienė et al. (2019)).

It is possible to study prevision choices by means of revealed preference theory as well 
(see also Chambers et al. (2017)). It is known that the idea of revealed preference has an 
operational nature in the same way as the notion of prevision and utility (see also Halevy 
et al. (2018)). Both a theoretical extension of revealed preference theory and its empirical 
applications based on experimental data can be introduced (see also Echenique (2020)). 
How the consumer maximizes her utility associated with prevision bundles can conse-
quently be studied. It is possible to study issues of correlation, variability, dissimilarity, lin-
ear regression and so on by using different summary measures of probability distributions 
inside of a linear space over ℝ . Such measures can be obtained by using both a linear met-
ric and a non-linear one. In particular, the latter can innovatively be used in order to obtain 
an extension of the mean-variance model as well. If we consider more than two probability 
distributions then all prevision and riskiness choices being made by the consumer can be 
ranked inside of a linear space over ℝ (see also Johnson and Payne (1985)).

A probability distribution is completely characterized by its mathematical expectation 
and variance, where the variance is a measure of the riskiness of the wealth distribution 
under consideration. In particular, both mathematical expectation and variance of X12 have 
been obtained by means of the notion of �-norm of an antisymmetric tensor of order 2. 
Thus, they always exist within this context. If the consumer is risk averse then a higher 
expected return denoted by �(X12) makes her better off and a higher variance denoted by 
Var(X12) makes her worse off, where �(X12) and Var(X12) are evidently two average values 
characterizing her consumption choices.
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