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Abstract

We calculate a Griffiths-type ring for smooth complete intersections in Grassmannians. This
is the analogue of the classical Jacobian ring for complete intersections in projective space
and allows us to explicitly compute their Hodge groups.

1 Introduction

Griffiths’ theory of residues is a powerful tool in algebraic geometry. It identifies the Hodge
groups of a smooth projective hypersurface X with some special homogeneous slices of a
graded ring, the Jacobian ring associated with the defining equation of X (see [12] for the
original result). Its very explicit nature has led to proofs of several well-known theorems,
for example, the Torelli theorem or the Noether-Lefschetz theorem in some special cases,
including e.g. threefolds.

This result has been generalised to the case of complete intersection in toric varieties,
thanks to the work of Batyrev and Cox, Dimca, Konno, Mavlyutov, and many others [1,6,
17,20]. In this case, the generalised Jacobian ring is as explicit as in the hypersurface case
(given in terms of generators and relations). Another generalisation was subsequently given
by Green in [11], who investigated the case of hypersurfaces of sufficiently high degrees in an
arbitrary variety. However, the latter was less explicit than the former case. In a very recent
work which was developed in parallel with ours, Huang—Lian—Yau—Yu [13] generalised
Green’s description to zero loci of homogeneous vector bundles. Their approach and ours
share many techniques, which were also used in the first author’s PhD thesis [7]. However,
they differ both in the scope of the results, which hold in greater generality in [13], and in the
explicit computability of Hodge structures, which is explained in greater detail in the present
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paper. In a preliminary chapter, we go through a brief summary of some of the literature in
the topic.

The purpose of this paper is to construct explicitly a Jacobian-type ring for complete
intersections in Grassmannians. In particular, in what we consider to be the core result, we
give a presentation (in terms of generators and relations) of the Griffiths ring that plays the
role of the classical Jacobian ring in this context. In particular, we produce a simple recipe
to explicitly write down the Jacobian-type ideal, echoing the original spirit of the work of
Griffiths. We present as well several meaningful examples in Sects. 3.1, 4.1 and 4.2 to show
in detail how the computations can be done. These computations can be easily replicated for
any other example, either by hand or by using computer—algebra software such as Macaulay2
[10].

When X; C Gr(k, n) is a smooth hypersurface we define the Griffiths ring R(f} as in
Definition 3.2 and I,_1, , as in Definition 3.7. Our first result is the following. '

Theorem 1.1 Let X4 be a smooth hypersurface in the Grassmannian G = Gr(k, n). Set
N := dim(G) = k(n — k), and define R]q the Griffiths ring for X as defined in Definition
3.2. Assume thatd > n — 1. If dim(X) = N — 1 =0 (2), then

(R (p1yd—n = Hbp (X, QV7I7P),
Ifdm(X) =N —-1=1(2), then
[RF1p+1ya—n = HEy(X. QY1) @5, wIpo1,p.

where § p is the Kronecker delta symbol.

We discuss the case d < n — 2 and give some explicit formulae for the Grassmannian of
lines as well.
In the case of Z a complete intersection Z = Zg4, . 4. C Gr(k, n), we use a Cayley trick
to produce a specific version of the Griffiths ring ¢ as in (7). Set m := Y d; — n , so that
wz = Oz(m). Our result is then the following.

Theorem 1.2 Let Z be a smooth complete intersection in a Grassmannian Gr(k,n), and let
U be the Griffiths ring attached to Z. Suppose m > —1. Then if dim(Z) = N — c is even

Upm = Hyy PP (2).

van
Ifdim(Z) = N — cis odd
Upm = Hypy P2 @8, we Iy p-1(G).

We give several significative examples, such as Fano 5-folds and 4-folds of genus 6 and
degree 10, and a Calabi—Yau section of the Grassmannian Gr(2, 7). We conclude with an
appendix on Fano varieties of K3 type: we intend this as the beginning of a classification
project that we plan to develop in a series of future works.

Notation

If V,, is a C-vector space of dimension n, we denote by Gr(k, V,;) = Gr(k, n) the Grass-
mannian of k-planes in V,, (sometimes in longer formulae—and whenever there is no risk
of confusion—we will denote it by G). We will denote by N := k(n — k) the dimension
of Gr(k, n). Denote by Og (1) the ample generator of Pic(Gr(k,n)) = Z: we have then
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wc = Og(—n). We will always assume that k 7 1, n — 1: this is motivated by substantial
differences in the theory between projective space and Grassmannian varieties.
Denote by

S=@PSa. Sa=HGr(k.n). Og(a))

a>0

the homogeneous coordinate ring of the Grassmannian; in particular, a hypersurface X of
degree d will be given by the vanishing of a f € Sy. Throughout the whole paper, X4,,...4. C
Gr(k, n) will denote a complete intersection of multidegree (di, .. ., d.) in the Grassmannian
Gr(k, n). All varieties are assumed to be smooth and projective. We work over C.

2 Preliminaries
2.1 Original Griffiths theory and link with deformations of affine cones

If X is a smooth projective hypersurface, Griffiths’ theory of residues explicitly determines
the Hodge structures of X in terms of the coordinate ring of X. The result is classic. For a
general overview, we refer to [29, 6.10].

Theorem 2.1 The n-dimensional vanishing Hodge structure of a degree d smooth projective
hypersurface X C P! is given by the isomorphism

Hyg" 771 (X) = (Clxo, - xu11/T ) pa—n—2
where Jy is the ideal spanned by all the partial derivatives (fo, ..., fu+1) of f.

The ideal J is often called in the literature the Jacobian ideal. The notation H.,,(X)
(and similarly for the (p, ¢) part) will denote the vanishing subspace of the cohomology
group, see [29, 2.3.3] for a definition. In the literature, the result is often phrased in terms
of primitive cohomology. This is because for a smooth projective hypersurface primitive and
vanishing cohomology agrees. The Jacobian ring Clxq, ..., x,41]/Jy of asmooth projective
hypersurface coincides moreover with 7 f{x, the infinitesimal first-order deformation module
of the affine cone Ay over X. The latter is a classical object in algebraic geometry and
deformation theory. We refer to [5] for an overview of its properties that are needed in the
present paper. When X is an arbitrary smooth projective variety of codimension c there is
a link between the deformations of Ax and the Hodge theory of X. An assumption needed
for the result is the subcanonicality property for X, that is we can write wy as Ox(c), some
ce’l.

Theorem 2.2 (Theorem 1.1in[5]) Let X be a smooth projectively normal variety of dimension
n > 1, and let m € Z be the integer such that ox = Ox (m). Ile (X, Ox (k)) = 0 for every
k € Z, then we have

(TA Dm = HI V(0.

prim

The relation between 7! and Hodge theory will be crucial for the rest of this paper.

2.2 Cohomology of projective bundles and of complete intersections in PV

In order to extend Griffiths’ original result from hypersurfaces to complete intersections
in projective spaces, one of the main tools is the Cayley trick approach of Dimca, Konno,
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Terasoma et al. Starting from a complete intersection Z C P one can construct a hypersurface
Zina projective bundle P(£) over P. The middle vanishing cohomology of Z and of
7 coincide up to a shift. Therefore one can apply the construction for a hypersurface to
ZcC P(&), with suitable modifications. In [17] a generalised version of a Griffiths ring for a
variety defined by the zero set of a generic section of £ is defined. However, the result was
made explicit only for complete intersections in a projective space. We give here an explicit
version of Griffiths’ residue theorem for complete intersections in Grassmannians as well.
We will now go through a recap of some preliminary concepts on projective bundles that we
will need later in the paper.

Let £ be a vector bundle of rank ¢ on an n dimensional smooth and proper variety X.
Denote by &, the fiber over x € X. Consider the projective vector bundle

T:Y =P¢) - X,

whose fiber is the space P(€,). To avoid any confusion we consider P(£) as the space of
rank one quotients. Useful sequences to understand the geometry of Y in terms of X are the
relative tangent sequence

0— TY/X—>Ty—>7T*Tx—>0, (1)
and the relative Euler sequence
0— Oy > n** QL — TY/X_>O, 2)

where £ = Oy (1) denotes the tautological quotient line bundle on the projective bundle Y,
which is ample if and only if £ is. The following lemma is useful in this context.

Lemma2.3 ([17, Lemma 1.2]) Let F be a vector bundle on X. Then

HY(X,FQSym"&) ifh >0
HIY, " F@ L = { HI=t\ (X, F @ det £* ® Sym "¢ £*) ifh < —c¢
0 otherwise

From the above Lemma it follows that H0(X, £) = EO(Y, £).Too € HY(X, £) weassociate
the corresponding section 6 of £ on Y. Let Z and Z be the zero loci of o and 6. The Hodge
theory of Z and Z are strongly related: namely, we have the following result.

Proposition 2.4 ([17, Proposition 4.3]) There exists a canonical isomorphism of Hodge struc-
tures

HE,(Z,C)(1 —¢) = HLI*7X(Z, C).

van

As an example, take X = PN, Assume that £ splits into a direct sum of line bundles, i.e.
E = Opn(d;). Since we have HO(X, &) = HO(Y, £) we can consider the total coordinate
ring of Y

§ =Clx0, ..., XN, Y05 -+, Yel.

The Picard group of Z has rank two: therefore the ring above comes with a suitable bi-grading.
We set deg(x;) = (0, 1) and deg(y;) = (1, —d;). This choice of bi-grading is inspired by the
above isomorphism with the global sections of the normal bundle £|z. We have the following
result.
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Theorem 2.5 (Theorem 7 in [6]) Let Z = V (f1, ..., f¢) be a smooth complete intersection
of dimension n in PN with normal bundle P O0W) and wz = Oz(m). Set F = Y_ fiyi.
Denote by

Uap = (S/D)abs

where J is the ideal generated by (%, R %). Then

Upm = HIZPP(X).

van

3 Hypersurfaces in Grassmannians

The first step in our analysis consists of formulating the following definition. In the definition
below we use the fact that s[,, acts on S. We will properly define this action in the lines that
follow.

Definition 3.1 (cf. [11,25]) The generalised Jacobian ideal or Griffiths ideal J; of a smooth
hypersurface X = V (f) in Gr(k,n) is the homogeneous ideal of S generated by f € S; and

(v flvesl, 2 HYG, Ts)).
We denote by R? = §/Jy the corresponding Griffiths ring.

We want now to introduce an equivalent definition of R in the most possible explicit way,

that is in terms of generators and relations. Let us fix a basis vy, ..., v, for V,, and a dual
basis xp, ..., x, for V,” = C[xy, ..., x,]1. It is well known that
k
HY(G,0g(1) = A\ V) = (ar, ),
where / denotes a multi-index {i1, ..., ¢} of {1, ..., n} of length k, with i} < --- < i} and

X1 1= x;; A...AXx;,. Inparticular, S is isomorphic to the Pliicker algebra S = C[x;]/ P, with
x isas above, with P denoting the ideal generated by the equations of the Pliicker embedding.
These can be computed quite easily in a recursive way, for example using Macaulay?2.

To have a complete understanding of R? we only have to make the s[,, action explicit.
There is a canonical action of sl, on the dual of its tautological module (V,)" (cf. [23]).
Recall that s, is generated by

{Ei,./'7 Ei,i - Ej.,j | l,_] = 1, e,y ;éj},

where E; ; denotes the matrix with one in the (i, j)-place and zeroes elsewhere. E; ; acts
on (V)" as a differential operator: more precisely to E; ; corresponds the derivations D’/
defined by '

i a
D' =xi—.
J 8Xj

The action of D; induces a natural action on /\k VY and on Sym” /\k VY simply by Leibniz’s
rule.

Therefore, if X C Gr(k, n) is given by the vanishing of a polynomial f € S;, J will be
generated by £ itself and by the n> — 1 degree d polynomials given by

(DL, DI = DI i j =1, # ). 3
We can then rephrase the definition of the Griffiths ring as follows.
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Definition 3.2 Let X = V (f) be a smooth hypersurface in the Grassmannian Gr(k,n). Let S
be the coordinate ring of the (affine cone over the) Grassmannian, and let J be the ideal of
S generated by f and the equations in (3). We define the Griffiths ring of X as

RG :=5/J.

The above definition is quite similar to the one given in Theorem 2.1 in the projective case.
The main difference is the sl,-action, which is different from the usual one for P that sends
f— % Our assumption k # (1, n — 1) in Gr(k, n) is therefore relevant.

Generalising Griffiths’ calculus, when appropriate vanishings are provided, the Hodge
groups Hé, (2"7P) are contained in (some specific homogeneous component of) S. In par-

ticular, there is a surjective map of graded rings

P s. — P L (x).
Our purpose is to identify the kernel of this surjective map with the above-defined Jacobian
ideal J ;. Moreover, in what we consider being the core result of this section, we show how
to give an explicit presentation of the Jacobian ring (and its graded components) in terms of
generators and relations. This in turn allows us to recover explicit (polynomial) basis for the
Hodge groups Hiy! (X), in a generalisation of Griffiths’ theorem on P".

We point out that the required vanishings for Griffiths’ theorem to hold do not always
work in the Grassmannian case. Nevertheless, we give a generalised version of Griffiths’
strategy, showing how to effectively use our result in a few distinguished examples.

The first step consists in linking the generalised Jacobian ring to the T;X of the affine cone

over X. Recall from [26] that T/{X can be defined as Ext! (! o Oy ) under the assumption
of projective normality of X. We refer to [5] for a collection of properties relevant in this
context. In particular, recall that for a smooth projective hypersurface the module TA has a
ring structure, and it is isomorphic, up to a degree shift, to the classical Jacobian ideal of X. We
want to show that the same happens for hypersurfaces in Grassmannian, with the appropriate
definition of the Griffiths ring given above. In what follows, recall that N := k(n — k) denotes
the dimension of Gr(k, n) and that wg = Og(—n).

Lemma 3.3 Let X be a smooth hypersurface of degree d in the Grassmannian G = Gr(k, n)
defined by the vanishing of f € H(G, O (d)). We have an isomorphism

1 ~ pG
T}, (-d) = RY.
Proof Consider the short exact sequence
0—> Tx — Tglx — Ox(d) — 0.

For any twist with Oy (h) we consider the associated long exact sequence in cohomology on
X

HOTGIx(h) 5 HO(Ox(d +h) & H (Tx () — H'(TGIx(h). “

The first thing to show is the vanishing of the last term in the sequence above. One uses the
two standard exact sequences (for any &, t)

0— Q) — Qe +d) - Qixt+a) -0, 3)
0— Q') —» Qkixt+ad) — @t +a)— 0, (6)

and the fact that by Serre duality H' (X, T (h)|x) = (HV=2(Q|x(—n +d — h))" . Indeed
the latter is zero after expanding in cohomology the first sequence since by Borel-Bott—Weil
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theorem we have the vanishing of Hq(Qlc(t)) for any (¢, t) # (1,0), g > 1. Therefore in
(4) by properties of exact sequences one has

HY(X, Tx(h)) = H°(X, Ox (h + d)) /Im(B).

On the other hand, the action of H O(TG| x) = sl, is given as the derivation action of sl
on the space of homogeneous polyonomial of degree % in the coordinate ring. For every &
therefore f coincides with the action defined in (3). The right hand side of the isomorphism
above coincides with the given definition of the Jacobian ring R]q. For dimension reasons

H?(Ox(h)) = 0. This implies that
Ti (—d+h) = H' (Tx(h).
O

The above lemma gives us almost everything we need. In fact, thanks to this result we can
work directly on TIX, whose graded components are identified with the cohomology groups
of twists of the tangent bundle 7. We can therefore apply all original Griffiths’ machinery,
proving at the same time the results for the Griffiths ring R(f;. Many of the proofs use standard
diagram-chasing techniques, and therefore we will just sketch them.

Using [5, Theorem 1.1], Lemma 3.3 implies

(R$)o = H'(Tx), (RY)w = H""1(X),

where m is the integer such that wxy = Ox(m). These cohomology spaces both coincide
with their primitive part, since H (X, 0x(k)) = 0 for any k. In the case of projective
hypersurfaces Griffiths’ theory implies

HJoPP(X) = (T ) (p—1yd—m = H' (Tx ((p — 1)d — m),

see [5, Corollary 3.13]. These spaces can be shown to be isomorphic a priori, without deducing
it from the previous theorem. This is implied by the vanishings of H ‘1(95 (k)) for p >
0, g, k > 0 by Bott’s theorem (and Hard Lefschetz theorem). On the Grassmannian Gr(k,n)
the vanishing of the cohomology group of twisted differentials is a more subtle question.
Borel-Bott-Weil theorem is the main source to address the computations of these cohomology
groups. A classical survey can be found for example in Snow’s paper [28]. The following
lemma provides the vanishings required in the Grassmannian case.

Lemma3.4 Let X C Gr(k,n) be a smooth hypersurface of degree d and take p €
{1,..., N —2}. Suppose that the following vanishings hold:

() HP=N(Qg " (d) =0;

() HP (@ " (d) = 0;
() HP(Qpy ") =0;
(V) HPHL(QY Py =0.
Then the following isomorphism holds

p—1 P
HP™'(\ Tx(2d —n) = HP(/\ Tx(d — n)).

Proof Consider the tangent-normal sequence raised to the p-th power

p P p—1
0— A\ Txd—n) — N\Tslx(d—n) — )\ Tx(2d —n) — 0.
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The long associated sequence in cohomology is

r p—1 P P
<> HPN N\ TGIx(d —m)— HP 7'\ Tx2d —n)— HP(/\ Tx(d — n))—> H' (\ TG|x(@d —n)—> -

By the standard tangent pairing

p
HP™' (N Tolx(d —n) = HP 7N Qg " x(d));

P
HP(/\ Tolx(d — n) = HY (2 " x(d)).

Using the Koszul complex one has that the vanishing conditions (IIII) imply the vanishing
of HP—! (Qg_pb((d)), and the same with HP(Qg_plx(d)) and conditions (IL, IV). O

The above Lemma gives us only one step of the iterated multiplication map. We remark
that for every step the latter is the connecting homomorphism in cohomology of the p-th
wedge power of the normal sequence. However, one can replicate the same technique and
get even more conditions. The proof is rather technical and we will omit it, since it follows
the same lines of Lemma 3.4.

Lemma3.5 Let X C Gr(k,n) be a smooth hypersurface of degree d and consider p €
{1,..., N —2}. Suppose that the following vanishings hold

HI(QLUd) =0, g=N-p,....N,j=p+1,...,1,1=0,...,p.
Then the following isomorphism holds
H'(Tx(pd —n)) = HP (X, QY '77).

We point out that this set of vanishings is slightly stronger than the one we need. As an
example, see Lemma (3.4), where the vanishing of HP7! (Qg_p (d)) is not needed. What
we have to understand now is for which X; C Gr(k, n) the vanishing conditions of Lemma
3.5 are automatically satisfied. Borel-Bott—Weil theorem transforms the vanishing question
into a combinatorial one. We quote the following result by Snow [28].

Theorem 3.6 (Thm. 3.2, 3.4, 3.5 in [28]) Denote by G the Grassmannian Gr(k, n). Then
HP (G, Q24(t)) =0, fort > 1, if any of the following conditions are satisfied:

() t=n;

(1) kp = (k —1)g > 0;

(il) p> N —gq;

(IV) ¢ > N —k, (k,n) # (2,4);

(V) g <t,withp >0;

(Vi) tzn—kandp>(”_1_ZM.

We are now in position to prove the main result of this section. We recall first the description
of the Hodge groups of the Grassmannian. Since the Grassmannian is a homogeneous variety,
h'J(G) = 0fori # j.On the other hand, when i = j the dimension of these spaces are

WGy =#(ar.....a)ln—k>a1> ... > ax >0, Y a; = j}.

We will need the following definition.
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Definition 3.7 For j < % define /;_1,; as the cokernel of the injective map given by the
multiplication by a hyperplane class

0— H/YYG) - HI(G).

Theorem 3.8 Let X4 be a smooth hypersurface in the Grassmannian G = Gr(k, n), and
RY the Jacobian ring for X defined in Definition 3.2. Assume thatd > n — 1. If dim(X) =

N —1=0(2), then
[R](‘;](p-i—])d—n ~ e (X, V1),
Fdim(X) = N —1=1(2) then
(Rt 1yd—n = HEp (X, QV717P) o3, 1pr

where & p Y is the Kronecker delta symbol.

Proof By Lemma 3.3 one has
(R )ra = (Ty i = H' (X, Tx (k).
In particular, thanks to Lemma 3.5 we will have
(R pa—nta = H' (X, Tx(pd —n)) = HP (X, QV717P),

provided that the vanishing conditions in the hypotheses hold. By Theorem 3.6 all these
vanishings are automatically satisfied if d > n (part I) and if d = n — 1 (part VI) except
possibly Ht1(@N 7177y = HitlL(@N 177y = 0.

Thanks to the given description of the cohomology ring of the Grassmannian, we know
that the above groups vanish for almost all values of i. In particular, from (5) and (6) one
gets the sequence in cohomology

0— HN1=Pr=1(G) - HY=PP(G) - HPH(QY () - HY 7P P (X)
— HN=PrtlGy - 0,

where we have already taken into account all the other vanishings of Lemma 3.5. The Hodge
groups in the Grassmannian will vanish unless p +1 = N — por p = N — p. In the first
case dim(X) = N — 1 = 2p is even, and we have

0— H QY () — HY"'=PP(X) > HY=PPH(G) — 0,

that is

N+1 N—-1 N—1
2

1 N —1 ~ N3 ~ 7
H (TX((Td —n)) =H 7 (Qy" (d)) = Hyan (X).

When the dimension of X is odd, we first remark that HN=1(X) = H\fgn_ 1(X). We have
N =2p and

0— HY='=Pr=1(G) > HN=PP(G) - HP'(QY P () — HY =P (X) — 0,
that is

Hl(Tx((gd —my a2 a0 @ s

=

[m}
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We notice how the statements of the above theorem directly generalise Theorem 2.1. In
particular, the degree of the homogeneous slices in the Griffiths ring representing the Hodge
groups are determined by the degree of the hypersurface and the canonical class of the ambient
space.

The above theorem guarantees an extension of the Griffiths’ residue calculus to all but
a finite number of cases for any Grassmannian (namely, in the Fano case of index > 1).
Of course Borel-Bott-Weil theorem can be effectively used to get either more vanishings or
to easily compute the exceptions to the above result in the Fano case. As we have seen, in
general for a Grassmannian Gr(k, n) the difference between (Rf)gJ Dd—n and HE' P (X)

can be computed in terms of H? (Q% (k)). There exist ad-hoc formulae for these groups, but a
general statement is complicated to find. The situation is slightly better for the Grassmannian
of lines Gr(2, n).
Corollary 3.9 Let X be a smooth hypersurface of degree d in the Grassmannian Gr(k,n)
defined by f € H°(Og(d)). Then

N—1

BRI pt1d—n @ By pp = SHN ' TPP(X)  Av-1-p,p)

p=1
with the possible residual contributions A, Np—1> B, Np—1 determined by the non-vanishing

of the groups in Lemma 3.5 and therefore depending only by some residual cohomologies of
HI(QF (k).

Corollary 3.10 Let X be a smooth hypersurface of degree d in the Grassmannian Gr(2,n)
defined by f € H*(Og(d)). Then

n—1

@(Rf)(pﬂ)d—n = @Hy, PP (X) @ Sp 8 lp-1,p
p=1
with the possible exceptions of
_2n—1-d 4n—-9—d
3 3
Proof The case d > n — 1 is already addressed by Theorem 3.8. Therefore we just need to

check the case d < n — 2. In particular, we need to check the vanishing of the groups in
Lemma 3.5. For the Grassmannian of lines however, these are listed in [22, Lemma 0.1]. O

P and p =

We want now to provide an example to show to the reader how our method can be effectively
used in computations.

3.1 A worked example: Fano fivefold of degree 10

Our first example is a smooth quadric fivefold hypersurface in the Grassmannian Gr(2,5). The
Grassmannian Gr(2, 5) has dimension six, and it is embedded under the Pliicker embedding in
P = IP( /\2 Vs).Its description is well-known, but we will briefly recall it for the convenience
of the reader. Its homogeneous ideal of relations is given by the submaximal Pfaffians of a
generic skew 5 by 5 matrix, and we can write the five equations as

I = (x3,4X25 — X2,4X3,5 + X2,3X4,5, X3 4X1,5 — X1,4X3,5 + X1,3X4,5, X2,4X1,5 — X1,4X2 5
+X1,2X4,5, X2,3X1,5 — X1,3X2,5 + X1 ,2X3,5, X2,3X] 4 — X],3X2,4 + X1 ,2X3,4).
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As before, we think of X as defined by the vanishing of an (appropriate) single polynomial
finH 0(0g(2)). The hypersurface X is an example of a Gushel-Mukai variety in the sense
of [15]. We point out that the novelty of this computation is not the determination of the
Hodge numbers (that were computed before for example in [21]), but the fact that we can
now determine explicitly generators and relations for these groups.

By adjunction formula one has that wx = Ox (—3). X is a Fano fivefold of degree 10 and
genus 0. In particular, we know straight away that

H»(x) = H>°(X) = H(Kx) = 0.

Lemma 3.11 Let X be as above. The following isomorphisms hold

(RP)—1 = H'(Tx(=3)) = H*'(X);
(R = H'(Tx (1)) = H*(X);
(RY)3 = H'(Tx (1)) = H>(X);
(RY)s = H'(Tx(3)) = H"(X).

2n—1—d 4n—9—d
3 nor 3

Proof Follows from Corollary 3.10, since neither are integer numbers.

[m}

Now that we established the isomorphisms in abstract, we want to explicitly compute the
Griffiths ring of a Gushel-Mukai fivefold.

We have therefore to make explicit the action of sls on H 0(Gr(2, 5), O (2)), the latter
being the degree 2 component of the quotient of C[x 2, ..., x4,5] by the ideal generated by
the Pliicker relations.

The derivations Dj. acts as

D}(xr,s “xpk) = (8 rXis + 85 sXr i )Xnk + Xps - (8 nXik + 8j kXni)-

Extending by linearity we can rewrite the D; in a much more neat form as

5
D' 0
. = _in .
J Z COxy
k=1 k.j

We prepared a Macaulay? script that, given a polynomial f € H 0(Gr(2, 5), Og(2)) returns
the 24 polynomials Dj. (f). The polynomial f needs to be chosen such that the correspond-
ing X is smooth: in turn, this can be checked a posteriori. In particular, the Fermat-type
polynomial

2
f=2 aijxi;

works as a choice, as long as we take the coefficients ¢; ; in a fairly generic way. In particular,

none of the Dij (f) has to cancel out and become identically zero: to this purpose picking
a;,j # ar s will be enough. As an example with random coefficients we can therefore pick

f= x1272 + 2x1273 + 4x12,4 + 5x12,5 + 6x§’3 + 11x%74 + 75x§,5 + 13x§74 + 43x32,5 + 8xis.

@ Springer



E. Fatighenti, G. Mongardi

Using the formula above we write the twenty-four differential polynomials as

D3(f) = 4x13x2.3 + 8x1 4x2.4 + 10x1 5x2 5,

Dy (f) — D3(f) = 8x7 4 — 10x{ 5 +22x3 , — 150x3 5 + 26x3 , — 86x3 5.

Denote by D the ideal generated by the 24 polynomials above and f. Let P be the ideal
generated by the Pliicker equations. By the description above we have

RY =Clx12,...,x45]/(P+ D).
The Hilbert-Poincaré series of R? is
HP(RY) = 14 10¢ 4 25¢* 4 107 + 1*.

By Lemma 3.11 we have 0 = (RJ?),1 ~ g41(X) = H'4(X) and C!0 = (Rg?)1 ~

H32(X) = H23(X) = (Rj?)3 x~ (Rj?)lv. This coincides with the calculation already done
above.
In particular, (R?)l =~ H32(X) is generated by the degree 1 element in R, that is the ten

linear forms {x; ;}, dual to H 23(x) = (R]Cf)3 with respect to the socle generator xi 5 of Ry.

4 Complete intersections in Grassmannians

Let Z = Zy,,...a. C Gr(k,n) be a smooth codimension ¢ complete intersection of multi-
degreed;, ...,d..Setm =) _ d; —n the adjunction degree of Z: in particular, wz = Oz (m).
Equivalently, Z is defined by a section o € HY(G, &), where & = @le Og(d;). We
associate to Z a hypersurface Z C Y = P with a Cayley trick as explained in the
preliminaries. This is in fact the same circle of ideas that led to Theorem 2.5, allowing to
translate the result we obtained in the hypersurface case to complete intersections.

We denote by N = N + (c — 1) the dimension of ¥. The projective bundle Y has
Pic(Y) = Z?: pick as a Z-basis (£, D) with D = 7*Og(1), and £ being the tautological
quotient line bundle. With respect to this grading, we write F(a, b) := F ® £L* ® D” and
Hi  (F) for @, , H' (F(a,b)). We define the Griffiths ring of Z as follows.

Definition 4.1 Let Z, 7 be as above. The Griffiths ring of Z is
U= P
a,b

with
Usp = HY(Z, T; ® L7 @ D). @)

Notice that a priori ¢/ above has only the structure of bi-graded vector space. The ring
structure is given by the following tangent-normal exact sequence, where we denote with £
the restriction of £ to Z as well.

0— Tz — Tylz — 0z(L) — 0.
For any (a — 1, b) we consider the twisted version of the above sequence

0— Ty(a—1,b) > Ty|z(a—1,b) > O3(a. b) — 0.

@ Springer



A note on a Griffiths-type ring...

From the twisted Koszul resolution associated to Z one can check that H' (Tylz(a, b)) = 0.
Therefore, if F denotes the equation of Z one has

HYZ,T; ® £ @ D") = H(Y, £* ® D")/(F,Im(g)).

Therefore the ring structure of ¢/ descends directly from that of Hﬁ LY, LY ® Db). We
identify

P H v, £ ® D) = Siyi,..., yel,
a,b

where S denotes the coordinate ring of the affine cone over the Grassmannian Gr(k, n). We
set the Pliicker variables x; to have bi-degree (0,1), and the new fiber variables y; bi-degree
(1, —d;). The choice of bi-grading of the variable is taken in accordance with the projective
case, as in Theorem 2.5. In this set of coordinates, the equation of 2 F e (Sly1,.--sYeD1.0s
is defined as F := ), y; fi, where the f; are the equations of the complete intersection Z.
This is the same strategy used in [17], [6] and recalled in Theorem 2.5.

From the relative tangent sequence (1) we have that the action of H£ «(Ty) splits into the
direct sum of its vertical part and the horizontal part: from the discussion in the previous
section, Lemma 2.5, and [17], we make explicit this action and give a new definition of the
Griffiths Ring of Z, that coincides with the one given above.

Definition 4.2 Let Z and S be as above, with the variables x; with bi-degree (0,1), and the
variables y; with bi-degree (1, —d;). The Griffiths ring of Z can be equivalently defined as

oF oF
U:=Sy1, s Y/ (F, 7—, .o, 7—, (D, (F))). 3
ayi 9ye

The derivations Dy, are the ones already defined in the previous section. Notice that

Dy (F) = yiDy, (fi)

and

oF
T
In turn, the above definition can be further simplified as
Z/{ = S[)’l, 7yC]/(F7 flv ~-~7fC5 {DXI(F)})

In particular, the ideal above can be directly compared with the one in Theorem 2.5, where

we consider Dy, (F) instead of gTF as in the hypersurface case.

From the relative Euler sequence we have wy = £7¢ ® D™, and by adjunction formula
wy = £~ @ D™,
From (7) and Proposition 2.4 we have the following immediate corollary.
Corollary 4.3 Uy o = H'(Z, T;) = H'(Z, Ty).

We are now able to prove the main result of this section. Define § and I as in Theorem 3.8.
As above m := Y _d; — n so that wz = Oz(m).
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Theorem4.4 Let Z = Zg,,...4. be a smooth complete intersection in a Grassmannian
Gr(k,n), and let U be the Griffiths ring attached to Z. Suppose m > —1. Then if dim(Z) =
N —ciseven

Upm = Hepy PP (2).

van

Ifdim(Z) = N — cis odd

Upm = Hpyy PP (2 @6, weelp.p-1(G).

van

Proof The first step consists in reducing our analysis to the study of Y. From Proposition
2.4, it is enough to prove that
~ gN—-1-p.p 5
up+1fc,m = Hvan p,p(Z).
In fact,

H\{Zn*l*p,p(z) o~ H\{ZJC*Z*[),[J(z) o~ H\{Zﬂf}]*l,[)*(!#’l(z)’

and setting p’ = p + 1 — ¢ we obtain the statement.
By definition of Griffiths ring, we have therefore to show that

Upii—em ZH (Z, T3 0050 /Y= HY(Z, Q¥ 20 £ = HE,(Z, Qg“"’).

The only non-obvious isomorphism is the second one. This is proved inductively as follows.
First use the two exact sequences (Koszul and tangent-normal)

0> @l > Q) ®L > Q5L >0 ©)
0—>Q’§,®£"_1—>Q’§,®E”—>Q]§'|Z®£p_>0 (10)

From Lemma 4.9 [17], the groups H(Y, Q/J‘ ® £P~1Y vanish if H' (G, 2 @ det(€) ®
Sym’ £) = 0, for specific values of r, s, k. But from Theorem 3.6 all these groups vanish
when m > —1. As in the hypersurface case, the only vanishings that are not automatic are
for HP-P(Y). Indeed, using (9) and (10) one gets the division in even and odd case, similarly
to what we did in Theorem 3.8. Moreover by Kiinneth formula, 1, ,—1(Y) = I, ,—1(G).

When these vanishings are not satisfied, the residual contributions depend only on
H *(Q’)‘, ® L£7). These cohomology groups can be expressed in terms of (cohomology of)
¥ Q’é and the relative cotangent bundle Q;TG by picking appropriate exterior powers of the
short exact sequence

0— 7*Q; ® L — Qy ® LV — Qy ) — 0. (11)
Equivalently, as in Lemma 1.4, [17], one could use the following spectral sequence
EVT = HI(r. Q) e Lrent (@ @ V) = HI(Y.Q) @ L7 @ V).

The last step consists in expressing the cohomology groups of the exterior power of the relative
cotangent bundle in terms of the cohomology groups of bundles on the Grassmannian. This
is done via the following sequence (sequence (3) in [17])

l
0— @y cerrer ey —>n*(/\ £o9h Herr ' lerer Q! — 0. (12)

Since Z is a complete intersection in Gr(k,n), its normal bundle in the Grassmannian is
& = ®0O¢g(d;). Therefore we are in the situation of Lemma 2.3, and we can express any
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cohomology group of the form H7 (Y, 7*Q* ® £7) as a function of either H9(G, ch ®
Sym? &) or HI+(G, Q]‘G Q det(E*) @ Sym—P~¢ £*), with both SP€ and det (£*) equal
to (the sum of some) Og (d;). ]

Our Theorem closely mirrors the statement in Theorem 2.5 in the projective space case.
As in that case, the degrees of the relevant bigraded components are only functions of the
multi-degree and the canonical class of the complete intersection.

From the proof of the above Theorem we can immediately obtain the following corollary.

Corollary 4.5 Let Z = Zy, . 4. be a smooth complete intersection in a Grassmannian
Gr(k,n), and let U be the Griffiths ring attached to Z, and m = y_ d;. — n. Then

Z/lp,m D BN*L'fp,p = H\{Zn—c—p,p(z) @ AN*C*[?,]J!

where AN_c_p, p, BN—c—p,p depend only on the residual cohomology groups H (G, Q’G (k))
for appropriate values of i, j, k.

We will analyse in full detail one example in which actually the residual contributes are not
all zero, showing how it is possible to get explicit results without restriction on the degrees.

4.1 A worked example: a linear section of the Grassmannian Gr(2, 7)

The first example we want to describe in detail is the Calabi-Yau threefold X7 C Gr(2,7)
already famous in literature, see for example [24] or [2]. In the cited paper, Rgdland computed
its Hodge numbers. We compute the full Griffiths ring. Since its canonical class is trivial,
Theorem 4.4 applies directly. In particular, its Griffiths ring contains the Hodge groups as spe-
cial homogeneous slices, without any residual contribution from the ambient Grassmannian.
Picking the following seven general equations

fi=x12+2x26+ 3x35,

fo =x16+4x25 + 5x34,

f3=x15+6x24 + Tx6,7,

fa=x14+8x23+9xs57,

fs =x13+10x47 4 11x56,

fo =x12+ 12x37 + 13x46,

f1=x36+x27+x45.
Denote by I the ideal generated by these seven equations in the coordinate ring S of the
Grassmannian Gr(2,7). One can check with a direct computation that the variety defined by
this set of equations is smooth. Of course the choice of coefficients is not influential, provided
that they are sufficiently general. The action of sl;7 on the coordinate ring of X7 is generated

by 48 homogeneous degree 1 equations that are easily written down. So, if as before we
denote by

7
F = Z Yi fl s
i=1
where each y; has bi-degreee (1, —1) we have that

U= Sy, ....y11/(D+F+1).
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The ideal D is generated by the induced s[7 action on the ring S[yq, ..., y7]. We can easily
compute the generators which are

Df(F) - D%(F) = —2x3,6y1 —4x2,52 + X1,6Y2 — 6x2,4y3 +x1 5¥3 — 8x23y4 + x1,4y4 + X1,3)5,

DS(F) = 2xp7y1 + x1,7y2 + 11xs57y5 + 1334 7).

Griffiths ring. Their dimensions are

a/b —4 -3 -2 —1 0 1 2 3
—1 0 0 0 0 0 0 0
0 0 0 0 0 1 14 70 210
1 0 0 0 7 50 91 28 0
2 0 0 28 84 51 7 0 0
3 0 84 71 14 1 0 0 0
4 210 21 0 0 0 0 0 0

The (vertical) slice with b = 0 corresponds to the Hodge groups of X;7. In fact, as
predicted by Theorem 4.4 we have

H¥(X) = U0 =C,

H>'(X) = Uy o = C°,
H2X)® h) Zthy=CV@C,

HY3(X) Z 30 = C.

4.2 A worked example: Fano fourfold of degree 10

We focus now on a smooth complete intersection Z> 1 C Gr(2, 5). This is a linear section
of the fivefold considered in the hypersurface section of this paper. Its Hodge numbers can
be found for comparison in [16]. Again, the purpose of this example is to compute the
full Griffiths ring, together with generators and relations. This 4-fold has dimension 4 and
canonical class Oz(—2). To Z is associated the adjoint 6-fold hypersurface Z C P(€), where
E =0g(1) & Oc(2). Since the index of Z is greater than one, Theorem 4.4 does not apply
directly. We want to explicitly compute the residual contribute A, y ;1 and give an explicit
presentation for the Griffiths ring ¢/ associated to Z. The main result here is the following:

Proposition 4.6 Let Z, 7 be as above. We have the following

HOQY) = HY(Q) = U, 2
H'(Q)) = HX(Q%) = o
H\%an(sz) = H\im(g%) = Z/{2,72/‘/5;
H Q) = HY(Q%) Z U o
o HY(Oz) = H(Q)) =y .

Proof The firstisomorphism of any row follows from Proposition 2.4. We will prove only the
first 3 points, the other being analogous and following by duality. Moreover (1) is obvious,
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since all three terms are equal to zero. So we are left to prove part (2) and (3). We will divide
the proof in three separate lemmata. O

Lemmad.7 H'(T; @ 0z ® L) = H*(Q3).
Proof We start with the observation that the above lemma proves point (2), since
H! (T3 @ wy @ L) =: Uy, 2.
By tangent pairing,
H(T; @w; @ L) = H'(Q3® L).
We use the sequence (9) with k = 5 and p = 1. In cohomology this becomes
0— Hl(Q%? ®L) > H'(Q3® L) > H Q) — HZ(Q%? ® L) — 0,

with the first and last zeroes given, respectively, by Kiinneth formula and by Akizuki-Kodaira-
Nakano vanishing. Using the same arguments, from sequence (10) we immediately get

0—H'(Q®L — H (Q),®L) -0
and

0— H*(Q) ® £) > H*(Qy, ® L) - 0.

Consider now sequence (11). Since the normal bundle to Z has rank 2, the relative cotangent
bundle Q%, /G isarank 1 bundle. Therefore the raised relative tangent sequence, when tensored
with £ has a particularly simple form

0->1"QE®L—> Q) ®L > 1°Q; ® Qy /6 ® L — 0.
By Proposition 2.4,
H (Y, 7*Q% ® £) = H' (G, Q%(1)) & H' (G, Q% (2).

These groups are all 0 fori = 1, 2, 3 (see [22, Lemma 0.1] ). Therefore

H(Qy ® L) = H' (1*Q; ® Qy g ® L), i=1,2.
Finally, by sequence (12)

0 Qy); ®LRIT*Q; - 7 (QG2) & Q) — LOT*QG — 0.
Using Proposition 2.4, Kodaira vanishing and the Peternell-Wisniewski Lemma we have
H/ (7" (Q5@) @ Q5(1)) =0, j=0.1,2
and
H@@*QE®L) =0, 1=1,2.
In particular, from all these vanishings
H'(Qy, ® L) = H (Qy, ® L) =0

and the result follows. O

To prove part (3) of the proposition, we need to combine the two following results.
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Lemma4.8 H*(Q% ® L) = H,,(23)
Lemma 4.9 HI(Q% QLY = HZ(Q% QLB Vs
The two Lemma above together prove the result, since
Uy, =H'(T; ®w; ® L1 = HX QL ® L) & Vs = H)) (),
as required.

Proof of Lemma 4.8 We use the same tools of the previous Lemma. The first step is the
reduction to

0— HX(Qy, ® L) — HX(QL® L) - H (%) - H (), ® L) = 0
Then, since by Kiinneth formula A3 (94) = 0 we consider the two induced sequences
0— HXYQy ®L) — H*(Qy, ® L) = 0,
0— H Q) ®L) — H(Qy, ® L) - HYQy) - 0.

From sequences (11), (12) we get the vanishings of Hz(Q‘; ® L) and H3(S2‘; ® L). This
implies
0— HXQ3® L) — H (Q%) - HYQy) — 0,
and therefore by definition and Lesfchetz hyperplane section theorem
H*(Q} ® L) = Hy,, (22).

VaIl
The contribution of H 4(9;‘,) can be easily computed from the Kiinneth formula: in fact
HY(Qy) = H*(Y,C) = H*(Gr(2,5)) ® H'(PY) ® H3(Gr(2, 5))

®H' (") ® H*(Gr(2,5)) @ H*(P).

In particular, #3(Gr(2, 5)) = C3 and H*(Gr(2, 5)) = C? and therefore H*(Q}) = C°.
O

Proofof Lemma 4.9 The first thing that we need to show is HI(Q% ® L) = 0. By using

sequences (9) and (10) this is equivalent to showing that H (94 ® L) = 0. This is implied
by sequences (11), (12) together with HO(Q M) = HO(Q (2)) = 0, see [22]. Therefore
we have

0 H'(Qy, ®0 - H(QF® L) - H Q5 L) > H' (@), ® L) - 0. (13)
On the other hand from the residue sequence (10)
H' (@), ® 0 = H' (Qy ® L), H(Qy, ® L) = H Q) ® L),
Set M := n*Q‘é ® Q%,/G ® £2. We see from sequence (11)
HY(Q) ® £2) = H'(M), H*(Q ® L) = H*(M).
From (13) we have

HY(Q3® L%) = HX(Q5 ® L) ® H' (M)/H*(M).
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[17, Lemma 1.5, ii] gives HOY(M) =0. By Borel-Bott—Weil
Hr Qb () @ Q5 2) ® £) = HO(L2 @ n*Qk) =V72,
with the latter denoting the unique irreducible SL(5)-module of highest weight —2. Moreover
H' (7 QW ety e =vse vs=C
and
H' (n*Q¢ @ £ = Vs,
Therefore by sequence (12) H 1 (M)/H Z(M) X Vs, proving the Lemma. O

We now construct explicitly the Griffiths ring /. The ambient ring S[y1, y2] is the Pliicker
ring already constructed in the previous section with the two new variables y;, y2 added. The
variables x; ; have bi-degree (0, 1) while y; and y, have bi-degree (respectively) (1, —1) and
(1, —2). As a quadric we choose the same one of the hypersurface case, that is

H= x]z’z + 2x]2’3 + 4x12,4 + 5x12’5 + 6x%’3 + 11x22’4 + 75x§’5 + 13x32,4 + 8xi5 + 43x§,5
while as a linear equation we pick
fi=xi12+x34.

We remark that the latter equation defines a smooth hypersurface of Gr(2, n) only when
n < 5. The 24 derivations are obtained easily from the formula ) y; D, (f;), given that we
already know how each of the infinitesimal derivations in D, (f;) acts from the hypersurface
example. For example

D3(F) = yi(4x13x2.3 + 8x1.4%2.4 + 10x] 5X2.5),

D{(F) — D3(F) = y1(8x7 4 — 10x{ 5 + 22x3 4 — 150x3 5 + 26x3 4 — 86x3 5) + yo(x3,4)
Denote by D the ideal generated by all these derivations. We have

U = Slyi, »21/(D, F, f1, f2).

We compute some of the graded components of U

a/b —4 -3 -2 -1 0 1 2 3
-1 0 0 0 0 0 0 0

0 0 0 0 0 1 10 50
1 0 0 1 10 24 10 1 0
2 1 0 25 10 1 0 0 0
3 25 1 1 0 0 0 0 0
4 2 0 0 0 0 0 0

In particular, Uy o = H' (T7), U_1, > = H*Y(Z), Uy, _» = H>'(Z), thy = V5 @
H&dg(Z), Uz, 2 = H1’3(Z) and Uy, o = H0’4(Z). The Hodge diamond of Z = Z;  is then
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and one can compare with the results in [4].
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5 Appendix: Fano varieties of K3 type

Recall the following definition (slightly adapted) from [15]:

Definition 5.1 Let X be a smooth projective variety of dimension 7, such that 2’-9(X) = 0,
i < n.Define h := L%J. We say that X is of weak k-Calabi-Yau type if its middle
dimensional Hodge structure is numerically similar to a Calabi-Yau k-fold, that is

hn—h,h — 1’ hn—h+j,h—j — 0’ ] > 1.

We say that X is of strong k-Calabi—Yau type (or simply of k-Calabi—Yau type) if in addition
the contraction with any generator @ € H" " (X) induces an isomorphism

w: H' (Tx) — H" "1 o),

The case of 3-Calabi—Yau is investigated in [15]. We are particularly interested in the 2-
Calabi—Yau case, that is, K3 type. Known examples of these varieties in the strong sense
include a smooth cubic fourfold X3 C P, a linear section ¥; C Gr(3, 10), cf. [3], and in
the weak sense the already mentioned Gushel-Mukai fourfold and the c5- Kiichle variety, cf.
[18]. Some more examples are found if we allow mild singularities—e.g. cyclic quotient—
see [9]. Most of these examples are deeply linked with hyperkéhler geometry and derived
category problems. Moreover by [19] families of Fano of K3 type (FK3) are likely to be
linked with projective families of irreducible holomorphic symplectic manifolds.

These families of FK3 necessarily have to be of dimension greater or equal than four
and comparatively high index. This implies we have to apply Theorem 4.4 with caution,
since there may be some residual contributions from the ambient space to take into account.
However, there is some good news. Denote by 7' = C[xy, y;] the basic ambient ring from
which we build the Griffiths ring ¢/, suitably bigraded as in (7). For a variety X of dimension
2s, a sub-structure of K3-type implies #*+t15~1(X) = 1 and A*T"571(X) = 0, forr > 1.
We therefore look at U; ,,,, with i < s — 1 having the above numerological properties. Since
the relations in the Griffiths ring ¢/ are all in bidegree (0, 1) and (1, 0), m is negative and we
have for i in such a range that 7; ,, = U; ,,. This reduces the problem into a combinatorial
one.
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Let in fact X be a complete intersection of index m in the Grassmannian Gr(k, [ + k)
given by the bundle F = @ O (d;). Denote by « = ¢1(F) = Y _ d;. A quick analysis of the
polynomial ring T reveals that in order to have

Tsc1m=C, Ty_tm=0
the weights must be ordered as
di>dry>...>d,
and moreover the following equation needs to be satisfied
2k +1 —a) =d(kl —c = 2). (14)

A computer search confirms that only the already mentioned X1 C Gr(2,5) and Y; C
Gr(3, 10) satisfy this relation. They are the well known Gushel-Mukai fourfold and the
Debarre-Voisin Fano 20-fold.

However, this does not rule out any other option. Thanks to the residual contributions from
the Grassmannian there might be some X4, 4. with Us_1 , 7 C but still psmlstl —
The condition on the ordering of the weights here might be not required. This is particularly
true in the case of linear sections. Indeed, after a first analysis on the cohomology groups
of the ambient Grassmannian, we found another example as X4 C Gr(2, 8). This is a Fano
8-fold with middle Hodge structure of K3 type. We believe it could lead to a construction of
a family of hyperkihler varieties of K3l type. We compute its Hodge numbers as

Proposition 5.2 Let X 11,1 C Gr(2, 8) be given by a generic section of Oc(1)®*. The
Hodge diamond of X1,1,1,1 1s

0 0 01 2 1 0 0 0
00 00O 0 0 0O

with him(X) = 19.

Notice that the projective dual of Gr(2, 8) is a singular quartic hypersurface in P?’. Cutting
the Grassmannian and the quartic with orthogonal linear subspaces we can link X1 1,11 C
Gr(2, 8) to a quartic K3 surface S C P*. An embedding of the derived category of the quartic
K3 inside the derived category of the above linear section is provided in [27, Thm 2.8] .
However, we believe that this could be the only exception. Namely, we make the following

Conjecture 5.3 Let X = X4, 4. C Gr(k,n) be a Fano smooth complete intersection of
even dimension (that is not a cubic fourfold). Then X is not of K3-type unless

({di}, k,n) = (12,1}, 2,5), ({1, 1, 1, 1}, 2, 8), ({1}, 3, 10).

Our method above can be partially extended to more general vector bundles on other homo-
geneous varieties. In [8] we analysed a handful more examples and study in details their
geometric properties.
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