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Lamb shift Hamiltonian and effective dissipator of Eq. (2)

Assume that the kernel of D is one-dimensional, i.e., its 0 eigenvalue, D[t)g] = 0, is nondegenerate and D is diagonalizable,
i.e., there exists a basis {tx} (not necessarily orthogonal) such that D[¢x] = cxtb. Let {pr} be a complementary basis,
trace-orthonormal to the basis {1 }, tr(px1);) = dk,;. In Ref. [18] it has been shown that
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where gi, = tray, ((¢Yr ® Iy, ) H) are the operators in Eq. (5) and Ym,n = Y + Y, and B = (Yim,n — Yir )/ (20) with
Yin = —tr ((pjngonwo) /ck, are the elements of two matrices which are, respectively, positive and Hermitian. Note that the

dissipation-projected Hamiltonian of Eq. (2) is hp = go.
For the dissipator D = ((1 4+ w)/2)D1 + ((1 — w)/2)D2 with Dy and D, given by Eq. (19), we have 8,,, = 0 and
TYm,n = 'Ym(sm,na where "= (1 + /L)/Q, Y2 = (1 - :U')/Z and V3 = (1 - ,LL2)/4

Proof of Statement: nondegenerate eigenvalues

We start introducing the spectral projection Py, according to
P X =Y ® Xk, Xk = try, (((pk@)IHI)X) (S3)
We have PyP,, = 0k mPm and Pyp(T) = ¢ ® Ry (7). From Eq. (1), scaling the time by 7 = ¢/T", we find dp(t)/dt =

Lo[p(t)] + K[p(t)] with Lo[-] = D[] and K[-] = —(¢/T")[H, -]. If we now apply the Liouvillian propagator ¢, = exp Lt on P
with & > 0, we can use the Dyson expansion with respect to the small perturbation K and obtain
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The term Py K Py, describes the flow towards the dissipation-free subspace; as expected, its norm is of order 1/T" due to presence
of K. The term in (S4) containing P,,, K P, describes the intra-sector flow ¢y, ® R (0) — 1, ® Ry, (t), and is at most of order
1/T at any time. Finally, the inter-sector flow 95, ® Ry(0) — 1, @ Ry(t) is given by the first two terms, namely,

Pre Py = et (P, + Py K Pit) + O(K?). (S5)
The evolution Ry (0) — Ry (t) resulting from Eq. (S5) can be cast in differential form by using dRy(t)/dt = lim;_,o(Ry(t) —

Ry(0))/t. Applying Pye: Py, on p(t) we find ¢y @ dRy(t)/dt = cxbr @ Ry, + P K Pp(t). Scaling back the time by ¢ = I'r,
after some algebra we get

dR;T(T) = P Ri(7) + ilgo, Ri(7)]
+i Y (trlorplin)gh Bi(r) = Bu(r) tr(oning])h ) + OL/T), (36)
n>0

which, by virtue of Eq. (16), is Eq. (8) up to terms O(1). The O(1/T") corrections can be obtained by accounting for the next,
second order term of the Dyson expansion, see later.



Proof of Statement: degenerate eigenvalues

Suppose that there exists a degenerate dissipator eigenvalue with degeneracy deg, let’s say, ¢y = Cp41 = -+ = Chiydeg—1-
Equation (S4) is not applicable directly, since there would be a pole singularity in the terms 1/(ci — ¢y, ). In order to eliminate
this singularity, we group together the respective spectral projections P, defining P = Py + Prqq1 + -+ + Prydeg—1. One
can check that Eq. (S4) with the substitution (Pg, Px+1, . .., Prtdeg—1) — P remains valid provided the sum over m has the
constraint m # k,k + 1,...,k + deg — 1, and we obtain P¢,P = e+ (P + PKPt) + O(K?). For the equation of motion of
the components Ry (7), Rk+1(7), - . ., Rk+deg—1(T), we get

de(T)
dr

= FCkRk(T) + i[907 Ry, (7-)]
+iy Y (tr(enehvs) gl Ro(r) = Ry(7) tr(ortnl)gh) + O(1/T), 67)
n>0 s:cs=cy

which, by virtue of Eq. (9), is Eq. (8) up to terms O(1).

Proof of statement: Dyson expansion at second order

To obtain the O(1/T") terms in the equation of motion for Ry (¢) we need to include in the Dyson expansion the terms of
order 2 in the perturbation K. The O(K?) term for the evolution projected onto the Ry, subspace is given by the operator
Py exp(Lt) = Pye;. Recalling that Pip = 1), ® Ry, we have

Yy ® Ry (t) = Prp(t) = Prep(0) = Z Pye; Pip(0). (S8)
J

In differential form we have dRy(7)/dm = T'dRy(t)/dt, i.e.,

- Prei Pip(0) — Pip(0
e ® dBy(T) _ Lo > PreePip(0) — Ppp( ). S9)
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It turns out that the O(1/T") contribution to the equation of motion (S9) for Ry(t) are given only by the terms Pye; Psp(0),
with ¢5 = ¢, while the terms Py, P, p(0) with ¢,, # ¢ give no O(1/T") contribution. The Dyson expansion for Pye; Py with
cs = ¢y, yields
1
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PperPy = 0ok P + O(K) + te P.KP,KP,, (S10)

n:cy#Ck

where the O(K) terms are those calculated before. At the leading order in time, te®*! = ¢ + O(t2). In differential form, the
respective terms for Ry (7) are given by

de(T) . 1
Ur® == =0(1)+T >y p—— P.KP,KP,p(T). (S11)
nicnp#cy 8:Cs=cC
Using the following formulas
p=1 tr®Ry, (S12)
&
tr(prtn) = Ok,n, (S13)
PrA = @tr(Agr),  Pep =i @ Ry, (S14)
H=> on®gn=>Y_ ¢ ®g, (S15)
KA = —%[H, A, (S16)

we calculate the term P K P, K P;p, step by step, as follows (summation over repeated indices m is implied)

PuKPyp = =2 PolH, 00 ® Ry
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1
- 751/)16 ® (7(Cm,s,nAz,n,k + Az,s,ncm,n,k)ngng + Cm,s,nBz,n,kglngs + Az,s,nck,n,mnglgm)-

In passing from the second-last line to the last one, we exchanged the summation indices m <+ z in half of the terms. Finally,
denoting

’ygi,szk = Cm,s,nAz,n,k + Az,s,ncm,n.,ka (S17)
62:757{]6 = Cm,s,;n Bz ks (S18)
6n757k = Az,s,nck,n;rna (819)

z,m

and multiplying by I", we obtain the O(1/T") terms of Eq. (8).

Equivalence of two open spin chains with flipped boundary fields

Suppose that we have two operators f1 of the form

N-1
FeY Y naes Y et 20
j=1 a=z,y,z a=x,Y,z

where J,, n, are some constants. Let us choose a representation in which the boundary term becomes diagonal, by an appropri-
ate rotation of the basis, ) neof = Adj. Under this transformation the operators fy take the form

a=z,y,z

N—-1
Fe=Y" Y Kupotel,, £ A5, (S21)

=1 a,f=z,y,z

where K3 and A are constants. Then, the unitary operator

U= é&;‘, U?=1, (S22)
j=1
transforms f into f_ and vice versa,
f=UfzU, (S23)
which follows from 676767 = —67% and 676767 = &7.



The XY Z spin chain: spectrum associated to the dissipator eigenvalue co = 0.

_ This is the stripe closest to the origin in Fig. 1. The equation for Ry was obtained in [18]. It has the Lindblad form (2) with
H a = 0,

N—
Z - (JGj 1) + u( o) - 61, (S24)

where J = diag(Jy, Jy, J-), and effective dissipator ﬁ[RO} = Zizl(L ROLJr %f/ ipRO — %Roi L p) With

Ly =21+ p) (J(it ~ ifio) ) - &1,
Ly = LIV =)/ + ),
Ly = /(U=12)/2 (J7in) - 71,
where 7y = 7i(6, p) = (sinf cos @, sin 0 sin p, cos #), and 7y = 7i(5 — 0,0 +7), 7o = (5,0 + 5).
Neglecting O(1/T") corrections, eigencomponents of the matrix Ro have form [ig) ® |a)(f|, with respective eigenvalues

Xo,a.8 = i(€g — €a) + O(1/T), where hp|a) = €,|a). Note that the eigenvalues €, are real because hp is Hermitian. Including
the O(1/T") corrections, the eigenvalues Ao s are given by the perturbative formula

1S - - 1 - 1
s =ilea =) + 1 3 (el BIL}S) - FaliEpla) - UL, ). (525)
p=1

The above O(1/T") corrections are valid only for eigenvalues nondegenerate at the zeroth order, i.e., for & # . For degenerate
eigenvalues Ao o,q, to resolve the degeneracy we write down equations for v, (1) = (a|Ro(7)|a) using Eq. (2). We obtain
(see also [25]) a classical Markov process dv, (7)/dr = T~1Y 5 Map vs(7), where M is the stochastic matrix with elements

Mag =32, |<a|l~/p|ﬁ)|2, for a # 3, and Mo = — Z/#a Mg, The eigenvalues of M, namely, M|P,) = fio|Py), determine
the O(1/T") corrections to the 2V ~! degenerate eigenvalues \g g o

1
N = pha+ O(1/12). (S26)

According to the Perron-Frobenius theorem, all eigenvalues p, have a strictly negative real part, except for &« = 0 which is
1o = 0. This zero eigenvalue corresponds to an eigenvector |Py) with real nonnegative entries v,. In the original quantum
problem, the v, have the meaning of eigenvalues of the reduced density matrix in the Zeno limit [18]. We remark that the
O(1/T) corrections in Egs. (S25) and (S26) have strictly negative real part and, in addition, all p, from Eq. (S26) are real,
which is a highly nontrivial property.

In the top right panel of Fig. S1, we compare the Liouvillian eigenvalues of this stripe evaluated numerically with those
obtained by the above perturbative formulas. As expected according to Fig. 2, for the chosen value I' = 8000 we have an
excellent agreement between the two sets of data.

The XY Z spin chain: corrections O(1/T") for the spectrum associated to the nondegenerate dissipator eigenvalue c; = —1

First of all, we note that for the XY Z spin chain with dissipation at site 0 the operators g = try, (¢ ® I3, )H) are given
by [? ], Egs. (41) and (42),

A

o — il ) - 01,

g:

g3 = (Jﬁo) -0

The O(1/T") corrections 03,4 to the Liouvillian eigenvalues A3 o g = 3" +i(e, — €3) are obtained from the second order
of Dyson expansion and correspond to the terms O(1/T") of Eq. (8). By explicitly calculating the coefficients 7%, m5% and
675k with s = k = 3and n = 0, 1,2, we find

dRs

. 1 1—p?
i PesRs +i(UsRs — RsW3) + T <(1 + ) Bz 1[R3] 4 (1 — p) By o[ R3] — T“Dgs [Rzﬂ) ) (827)



where
N—-1
Us=V3=g0—p g;, = Z hic k1 — p(Jiig) - 01, (528)
k=1
EpmlX] = gl g X + Xglgn + 29m Xyl , (S29)
1 1
Dy[X] = gXg' = 5¢'9X — S Xgg. (830)

For T' large, the last term in Eq. (S27) can be treated as a perturbation V3[R3] of order 1/T". The O(1/T') corrections to
the Liouvillian eigenvalues are then obtained via the standard perturbative formula dA3 o 5 = (@8|Vs|af), where V3 is the

vectorized superoperator acting on the vectorized reduced density matrix |Rs) = |a,3) = |o) @ |8)* defined by V3|R3) =
V3[R3]. We recall that |«) and |3) are the eigenvectors of Vs = Vi,

Us|a) = €4]a). (S31)

Note that Us is Hermitian and its eigenvalues ¢,, are real.
To explicitly illustrate the evaluation of dA3 o 3, let’s start considering the simplest case ;1 = 1. By making the substitution
R3(7) = e®3'r3(1), we obtain
d7”3

. 2
O i(Usrs —r3Us) + T (9;927“3 + 7’39592 + 2917“391)

= LOrs] + Va[rs). (S32)
In the Zeno limit I' — oo, Eq. (S32) for r3 is linearized in terms of modes |a)(53|. In fact, U3 can be obtained from hp by

flipping the boundary term, therefore hp and Us are equivalent and have the same set of eigenvalues €, It follows that, in an

equivalent representation, the solution of the eigenvalue problem for the Liouvillian LI%O) [-], namely, Ego) (1] = Ay, is given
by ’Lﬁj = |Oé> <6| and AJ’ = ’i(éa — 6[3).

The expectation of an arbitrary superoperator of the form Vrs] = QrsW on the state ¢; = |a)(f| can be calculated in a
vectorized form as
(W5IVIs) = (o ® (B]"(Q ® W)|e) @ |8)" = (alQla)(BI'W*|B)" = (a|Qla)(5IW]5). (S33)

It follows that, accounting for the corrections O(1/T"), for ;1 = 1 we obtain
Njap = cal +ilea — €5) + (U] Va]95)
= Tt ifea — e5) + = ({algbozla) + (Blofoal) + 2algrlad(sle]15)) (334)
This result is immediately generalised to arbitrary p
Aap = =T +i(ea —€p)
2 () (tolsbozla) + (Blghenl ) + 2lalgrla)(B1e]15))

+ (1= 1) ({alglgrla) + (Blglg118) + 2Aalgala)(Blabls) )

1—p?
+ =~ ((alghgsla) + (Blglosl8) — 2(algsla) (Bl9315) ) ) - (35)
The above perturbative formula can be applied only if the unperturbed eigenvalue is nondegenerate. For O(1) degenerate
eigenvalues, A3 4. = —I', the O(1/T") corrections must be found in a different way. In the Zeno limit, we have a stationary
solution 3(c0) = Y, Va|a)(c|. Taking into account the O(1/T") terms, we can assume the finite-time r3(7) to have the same
form but with coefficients v, which depend on time, 73(7) = > vo(7)|a)(c|. Then, from Eq. (S32) we have, for y1 = 1,

dvg, 2
=T > Tapvp, (S36)
B
where
Ta,ﬁ = 2W1,0,8, B# a, Ta,a = 22 W2 B.a + 2W1, 0,05 (837)

B



with
Wno,8 = |(@lgn|B)° . (S38)
For arbitrary values of i we have, instead,
Ta,ﬁ = Waq,p (:U')v B # a, a a = Z fﬁ @ + We a(,u) (S39)
with
1—p?
wu,ﬁ(nu‘) = (1 + :u‘)wl,a,ﬁ + (1 - ,Uf)wQ,a,ﬁ - 4 W3, a,8, (840)
2
fpal) = (14 pwzpa + (1= pwrpa+ = —ws g (s41)

By finding the eigenvalues p, of the matrix 7', we resolve the degeneracy problem. In fact, in terms of the corresponding
eigenvectors 7, of T, we have

dﬁa 2
— = = oz~o¢7 42
F,u 1% (842)

the set of the values (2/T")u,, being the 1/T" correction to the set of the degenerate eigenvalues A3 o q,

2
Moo =T+ S, a=1,2,...,2". (543)
Numerically, for the integrable XY Z model, we find the matrix 7" to be equivalent to a symmetric real matrix, so that all its
eigenvalues /i, are real. Since c3 = —1 is real too, the eigenvalues (S43) lie on the real axis.
The XY Z spin chain: spectrum associated to the degenerate dissipator eigenvalue c; = ¢ = —1/2

Equation (8) for k = 1, 2 has the form

dR

k .

=Tc k g (/kslzs 135” s
dr (’1]E ? 1( s k, )

(—vm5k g Regl + €25k gl g Ry + 675  Roglgm)

z>0m>0n 0,3 s= 1
2

=TciRi+i Y (UpsRs — RWi o)

s=1
+3 Z > Z ( Vol gmRsgl + €% glgm Ry + Sijfnnglgm) : (S44)
z>0 m>0 s=1

where
Yok =k =A%k, (S45)
Es'k — Osk €3sk (846)
ok, = 60 A e (S47)

with

’Y::{S,ék - Cm,s,nAz,n,k + AZ,S,?LCHL,TL,IC? (548)
et = ConsnBanois (S49)

6n,s,k - Az,s,nck,n,m- (SSO)

zZ,m



The only nonzero coefficients 5 'ym s fnkz and 55 k are

1 22,2
n=n1=1+un

SL1 222

V2,2 = Vo2 =LK

22 1

€0 = —€11 = M

2.1 2

€ =1-pu, &1 =1+p

1,1 =22

62,2 = €1 =M

21 1,2

oy =1+ p, op =1 —p

After the substitution Ry (7) = e“*'"r;(7) and Ra(7) = e“1'7ry(7), we obtain the following equations of motion for 1 (7)
and ro(7).

dr .
cTTl =i (fyr —rfo)
2 t t t t
tr (—(1 +p)gimigr — (1 — pu)garigs — Hg1g17m1 + prigsge+
+(1 - M)gigzrz +(1+ /L)ngigz) ) (S51)
dr .
CTQ =i(f-ra —7r2fy)
-

2
tr ( (1+ wgiragl — (1 — p)garagh + pgbgars — praghgi+
+(1+ p)glgiry + (1 - u)ngigl) , (S52)

where, we recall that go = hp,

N—
f+=go i— Z hjj1 % (Jiio) - 6. (853)

At zeroth order in 1/T, the eigenmodes of Egs. (S51) and (S52) are, respectively, |a) (3| and |&) (3], where |o) and |&) are
the eigenvectors of f and f_, namely, fi|a) = €,|a) and f_|&) = €,|@). Note that f and f_, being related by a unitary
transformation, have the same eigenvalues. It follows that the zeroth order eigenvalues of the Liouvillian are twice degenerate,

r
Map = —5 +ilea —e5) + O(L/T), (S54)
M08 = Aras + O(1/T), (S55)
the respective eigenvectors being r( ) = = |a)(B] and ré = |&)(p|. Note that the zeroth-order eigenvalues A1 o g and Az o 3

have a double degeneracy for o # 5 and a degeneracy 2V 1 fora = .

To obtain the O(1/T") corrections to the degenerate eigenvalues A1 o 3 = A28 = —I'/2 +i(eq — €5) = Aqp, We substitute
the Ansatz 71 (7) = x1(7)|a)(B| and ro(7) = xo(7)|@) (8| into Eqs. (S51) and (S52), obtaining the following equations for
x1(7) and z2(7)

dx
d—Tl =Aopz1+ = (V11I1 + Viaza),
dx
d—: = Anpr2+ = (V211’1 + Vaoza),

where

Vit = —(1+ u){alg1|o)(Blgl|B) — (1 — p)(algela) (Blgh| B) — plalgigrle) + 1(Blgigal B),
Vag = —(1+ p)(6lg11&) (Blg]18) — (1 — w)(@lga|@)(Blgb|B) + p(alghgela) — u(Blgigi|B),
Viz = (1+ p){a]@) (Blglg218) + (1 — n){alglga|a) (5]5),



Var = (1+ p){@lghgila) (B|B) + (1 — p)(@la)(Blgig|B).-

The eigenvalues vy, v, of the matrix V' with elements V;; give the corrections to the eigenvalues —I'/2 + i(eo — €3),

2
Mag = —T'/2+i(eq —€g) + fvl, (S56)
2
Aoap = —T'/2+i(eq —€g) + Tz (S57)
For degenerate eigenvalues A\i oo = A2,q,a = —I'/2, the O(1/I") corrections have to be calculated in the following way.

In the Zeno limit, the stationary solutions of Eqs. (S51) and (S52) are, respectively, ri(c0) = > va|a)(@] and r2(00) =
Yo Hal@)(al. Therefore, for ry (7) and 2 (7) we may assume the form 1 (7) = >~ vo(7)|e) (@] and ro(7) = 3 pa(7)|@) (|
with coefficients v, and p, depending on time. Inserting these expressions into Eqs. (S51) and (S52) and writing down the
equations for the components {|r;(7)|&) = vo(7) and {(@|r2(7)|a) = pa(7), we have

dve 2
T = 23 (Tabvs + Tadus) (S58)
s
85;“ == Z 2Lus + T2 u5) (S59)
where
T =wi(e,B), B#a (S60)
T2 = wa(a, B),  B#a, (S61)
Tlﬂ = wiz(e, B), (S62)
T2} op = wai(a, B), (S63)
T = wi (o, a) —|—Zfaﬁ (S64)
T3 = wa(o, @ +Zf a, ), (S65)
s
and
wi(a, B) = —(1+ p){algr|B)(Blgl|a) — (1 — n)(elgal B)(Blglla), (S66)
wa(a, B) = —(1+ p){@lgr|B)(Blglla) — (1 — n)(Glg2lB) (Blgil ), (S67)
(e, B) = pl(Blgal@)[* — pl(Blgr|a) |, (S68)
waa(er, B) = (1 — p)(alB)(Blglgala) + (1 + p)(Bla) (alg]g218), (S69)
w1 (o, B) = (1 — p)(&B8)(Blgdnle) + (1 + p) (Bl (élgigr]B). (870)
By finding the eigenvalues g, of the block matrix
11 12
T= (521 522)7 (S71)

we resolve the degeneracy problem. The real eigenvalues with O(1/T") corrections, belonging to the degenerate eigenvalue
c1 = cy of the dissipator, are given by

rr 2
Me2aa = = + =G, a=1,2,....,2x2N. (S72)
i 2 T
Numerically, we find that all the coefficients of the matrix 7', as the operators f., are ;1 independent and, therefore, the correc-
tions q,, in Eq. (S72) are 1 independent. This property is exceptional and probably connected with the integrability of the XY Z
model.
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Figure S1. Complex eigenvalues of the Liouvillian belonging to the stripes 0, 3 and 1&2 for I' = 8000. Approximated eigenvalues (open red
circles) are computed at order 1/T" by Egs. (S25) and (S26) for stripe 0, Egs. (S35) and (S43) for stripe 3 and Egs. (S56), (S57) and (S72) for
stripes 1&2, and compare very well with the exact numerical results (blue dots). Parameters as in Fig. 1.

Properties of the auxiliary Markov Matrix M,

It is well known that the eigenvalues of a generic stochastic matrix are complex. Nevertheless, for our case example — the
XYZ model with Zeno boundary dissipation — all the eigenvalues happen to be real.

Here we prove this exceptional property, namely, that the eigenvalues p, of the Markov matrix M, in Eq (S26) are all real,
for pure state boundary driving ;1 = 1. We observe (numerically) that the elements M, of the Matrix Markov process,

dvg (T 1
dT( ) _ T > Mg vp(7), (S73)
B
satisfy the so-called Kolmogorov condition
MabecMca = MacMchba7 (S74)

with a, b, ¢ arbitrary and all different, if the targeted state at the boundary is pure, i.e., for © = 1. The Kolmogorov condition and
the positivity of the non-diagonal elements M entail

M, = s(a, b)m,
s(a,b) = s(b,a),
with s(a, b) and 7, real and positive. Introducing the diagonal matrix 7 with elements 7, we can write the Markov matrix M as
M =78,

where S is the matrix with non-diagonal elements S, = s(a, b) and S, = My, /7,. The above relation can be rewritten as

7?_1/2M7}1/2 — ﬁ1/2sﬁ1/2.
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Obviously, the RHS of the above equation is a real symmetric matrix, since S is a real symmetric matrix. Consequently,
#=1/2M#1/? is also a real symmetric matrix, i.e., the Markov matrix M is equivalent to a real symmetric matrix. Therefore, the
eigenvalues /i, of M are all real. It follows that the 2V Liouvillian eigenvalues belonging to the first stripe (S26) lie, in the Zeno
limit, on the real axis.

The same argument can be repeated for all stripes, and consequently, all the Liouvillian eigenvalues of type Aj o o are, near
the Zeno limit, real. In total, for our XY Z spin chain, there are 4 x 2N = 2N+2 real Liouvillian eigenvalues, while all the
remaining Liouvillian eigenvalues Ay 3, With o # (3 generically, i.e., in the absence of extra degeneracies, have a nonzero
imaginary part.

Finally, for 4 # 1 we observe numerically the same situation, i.e., the eigenvalues of the Markov matrix M (and its analogs
for the other stripes) are all real, so that the Zeno-limit Liouvillian spectrum contains 2V 2 real entries. Clearly, also in this case
M must be equivalent to a Hermitian matrix. However, this fact can no longer be explained by the Kolmogorov property (S74),
(equivalent to a detailed balance condition for the Markov rates w,, = Mj,,) since this property is violated for p # +1, and the
detailed balance condition m,wap = mpws, is consequently not satisfied. Further studies are required to clarify this subtle issue.

Zeno limit for a problem with two qubits
Consider a problem (1) with H = &, - (J&,), where J = diag(J,., J,, J.) = diag(1,7, A), and

1 1
Dlp| = of poy — 590 odp— 5P od. (S75)

According to our general theory, the stripe closest to the imaginary axis, in the Zeno limit contains 4 eigenvalues. They are
governed by the effective Hamiltonian (S24)

hp =Ac” (S76)

and by the effective Lindblad operator

= 0 1+v
Ly = (177 0 ) (877)

The near-Zeno limit eigenvalues for the first stripe are given by Eq. (S25),

)\0,1,1 = Oa
1 2
Motz = —4— 07 _9n,
0,21 = Ao 125
1+4~2
)\0,2,2 = -8 F’Y .

Analogously, we obtain the other Liouvillian eigenvalues. The full set of 16 Liouvillian eigenvalues A up to order 1/T" is given
by
g .
)\O,a,ﬁ = {0, _2%7 _'Y% + QAZ} R
r r r 2o T 8 .
)\1&2,(1,[3 - {_57 _57 _5 + T, —5 + ? + QAZ} s

)‘3,a,ﬁ = {—F, I+ 27%7 -I'+ ’Y% + 2A’L, } s

(S78)

where v+ = 4(1 & 2). The respective eigenfunctions are fully analytic functions of I" in the Zeno regime (I' > T, see later
for its definition) so the Liouvillian is diagonalizable in any point. In the following considerations, the free fermion point A = 0
must be excluded, since it corresponds to zero hp and multiple degeneracies even in the Zeno limit (S78).

As discussed in the main text, the analyticity of Liouvillian eigenvalues breaks down at the branch points, which can be
located by finding the eigenvalues of the Liouvillian for arbitrary T', v, A. An inspection shows that among the 16 eigenvalues
for A # 0, apart from A = 0 there is a double degenerate real eigenvalue A = —I"/2, the eigenvalue A = —T and all the other
eigenvalues contain branch points. Depending on the parameters, there can be up to 8 values of I' = I'; where branchings occur.
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Two points are 'y = 8 and I's = 8|~|, while the location of the other branch points I's, . .., I'g involves radicals of a quartic
equation. In particular, for small A we find a singularity, for max(I's,...T's) = O(1/|A|), which has a probable origin in the
repulsion of the eigenvalues, which, for |[A| < 1, become too close each other. The onset of the fully analytic Zeno regime sets
in beyond the rightmost branching points, i.e., for I' > I',; = max; I';. The value of I, is easily estimated numerically for a
generic choice of the model parameters, see Fig. 3 for an example.



