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Harmonic theta series

and the Kodaira dimension of A6

Moritz Dittmann1, Riccardo Salvati Manni2, Nils R. Scheithauer1

We construct a basis of the space S14(Sp12(Z)) of Siegel cusp forms of degree 6 and weight 14
consisting of harmonic theta series. One of these functions has vanishing order 2 at the boundary
which implies that the Kodaira dimension of A6 is non-negative.

1 Introduction

Siegel modular forms are natural generalizations of elliptic modular forms on SL2(Z). They play
an important role in number theory and algebraic geometry. One of the main problems in the
theory is that it is very difficult to determine the Fourier coefficients of these forms even in simple
examples. In this paper we construct a basis of the space S14(Sp12(Z)) consisting of harmonic
theta series for Niemeier lattices and calculate some of their Fourier coefficients (see Theorems
4.2 and 4.3). As a consistency check we also compute the Fourier coefficients of the Ikeda lift of
the unique normalized cusp form in S22(SL2(Z)).

The quotient An = Sp2n(Z)\Hn is the (coarse) moduli space of principally polarized complex
abelian varieties of dimension n. It was believed for a long time that the spacesAn are unirational.
This was disproved by Freitag for n = 1 mod 8, n ≥ 17 [F1] and for n = 0 mod 24 [F2]. In the
latter work he also showed that the Kodaira dimension of An tends to infinity for n = 0 mod 24.
A few years later Tai proved that An is of general type for all n ≥ 9 [Tai]. This was refined
by Freitag to n ≥ 8 [F3] and by Mumford to n ≥ 7 [M]. The ideas of Freitag and Tai strongly
influenced the classification of the moduli spaces Mn of complex curves of genus n [HM]. On
the other hand, An is unirational for n ≤ 5. This is a classical result for n ≤ 3 and was proved
for n = 4, 5 by Clemens [C], Donagi [D], Mori and Mukai [MM] and Verra [V]. Hence An is of
general type for n ≥ 7 and has Kodaira dimension −∞ for n ≤ 5. The case n = 6 has been open
for more than 30 years. One of the basis elements that we construct is a harmonic theta series
related to the Leech lattice. Since the Leech lattice contains no vectors of norm 2, this function
defines a global section of ω2

A6

. This implies that the Kodaira dimension of A6 is non-negative

(see Theorem 5.2). We remark that this result does not require the knowledge of a full basis of
S14(Sp12(Z)).

The paper is organized as follows. In section 2 we recall some standard results on Siegel
modular forms. In the next section we describe a method to compute the Fourier coefficients of
harmonic theta series. In section 4 we construct a basis of S14(Sp12(Z)) consisting of harmonic
theta series θN,h,2. Up to a scalar there is a unique cusp form with vanishing order 2 at the
boundary. We use this function in section 5 to show that the Kodaira dimension of A6 is non-
negative. In the appendix we list the lattices N and the matrices h of the θN,h,2.
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2 Siegel modular forms

In this section we recall some results on Siegel modular forms from [F3], [T], [B], [I] and [K].

Let E ∈ Mn(C) be the identity matrix and Ω =
(

0 E
−E 0

)

. The symplectic group

Sp2n(Z) = {M ∈ GL2n(Z) |MTΩM = Ω}

acts on the Siegel upper halfspace

Hn = {Z ∈ Mn(C) |Z = ZT , Im(Z) > 0}

by
MZ = (AZ +B)(CZ +D)−1

where M = (A B
C D ) ∈ Sp2n(Z) and Z ∈ Hn.

Let k be an integer. A holomorphic function f : Hn → C is called a Siegel modular form of
degree n and weight k if

f(MZ) = det(CZ +D)kf(Z)

for all M = (A B
C D ) ∈ Sp2n(Z) and f is bounded in the domain {Z ∈ Hn | Im(Z) − Y ≥ 0} for

all positive definite Y ∈ Mn(R). For n > 1 the second condition can be dropped by the Koecher
principle.

Let T ∈ Mn(Z) be symmetric. T is called even if the diagonal entries of T are even. If T is
positive semidefinite, we define

m(T ) = min
x∈Zn\{0}

1

2
xTTx .

Let f be a Siegel modular form of degree n and weight k. Then f has a Fourier expansion of
the form

f(Z) =
∑

T∈Mn(Z)
T≥0 and even

a(T )eπi tr(TZ)

with Fourier coefficients a(T ) ∈ C satisfying

a(UTTU) = det(U)ka(T )

for all U ∈ GLn(Z). The function f is called a cusp form if the vanishing order

m(f) = min
T∈Mn(Z)

T≥0 and even
a(T ) 6=0

m(T )

of f at ∞ is positive, i.e. the Fourier expansion of f is supported only on positive definite
matrices.

We denote the space of Siegel modular forms of degree n and weight k by Mk(Sp2n(Z)) and
the subspace of cusp forms by Sk(Sp2n(Z)). Täıbi [T] gives an algorithm based on Arthur’s trace
formula to determine the dimensions of these spaces.
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An important class of Siegel modular forms is given by harmonic theta series.
Let V be a euclidean vector space of dimension m with scalar product ( , ) and L ⊂ V an

even unimodular lattice of rank m. Later we will write the elements of V as column vectors. For
two n-tuples x = (x1, . . . , xn), y = (y1, . . . , yn) in V n

C
with VC = V ⊗R C we define the matrix

Q(x, y) of inner products, i.e.
Q(x, y) = ((xi, yj)) .

If x = y, we use the abbreviation Q(x) = Q(x, x). Now we choose h = (h1, . . . , hn) ∈ V n
C

such
that

Q(h) = Q(h, h) = 0

and
Q(h, h) > 0 .

For a positive integer k define

θL,h,k(Z) =
∑

x∈Ln

det(Q(x, h))keπi tr(Q(x)Z) .

Then θL,h,k is a Siegel cusp form of degree n and weight m/2 + k. The Fourier expansion of
θL,h,k is given by

θL,h,k(Z) =
∑

T∈Mn(Z)
T≥0 and even

a(T )eπi tr(TZ)

with
a(T ) =

∑

x∈Ln

Q(x)=T

det(Q(x, h))k .

Note that the number of summands in a(T ) can be very large. Böcherer [B] showed

Proposition 2.1

Let n,m and k be positive integers with 8|m and m/2 > 2n. Then every Siegel cusp form of

degree n and weight m/2 + k is a linear combination of harmonic Siegel theta series of the form

θL,h,k where L is an even unimodular lattice of rank m.

We will be interested in the case m = 24 and n = 6, which is not covered by this proposition.
Another construction of Siegel cusp forms is the Ikeda lift [I]. Let k and n be two positive

integers such that k = n mod 2 and f ∈ S2k(SL2(Z)) a normalized Hecke eigenform. Then the
Ikeda lift F of f is a Siegel cusp form of degree 2n and weight k+n such that the standard zeta
function L(F, s) of F is related to the L-function of f by

L(F, s) = ζ(s)

2n
∏

j=1

L(f, s+ k + n− j) .

Kohnen [K] gave a linear version of the Ikeda lift which can be described as follows.

Theorem 2.2

Let f ∈ S2k(SL2(Z)) be a normalized Hecke eigenform and

g(τ) =
∑

m≥1

(−1)km=0,1 mod 4

c(m)qm ∈ S+k+1/2(Γ̃0(4))

3



a Hecke eigenform corresponding to f under the Shimura correspondence. For a positive definite

even matrix T of size 2n write (−1)n det(T ) = DTd
2
T where DT is a fundamental discriminant

and dT a positive integer. Then the Ikeda lift F ∈ Sk+n(Sp4n(Z)) of f is given by

F (Z) =
∑

T∈M2n(Z)
T>0 and even

a(T )eπi tr(TZ)

with

a(T ) =
∑

0<a|dT

ak−1φ(a, T )c

(

|DT |
(

dT
a

)2
)

where φ(a, T ) is a certain integer depending only on a and the genus of T .

3 Fourier coefficients of harmonic theta series

In this section we rewrite the formula for the Fourier coefficients of a harmonic theta series as a
sum over a double coset and give a recursive construction of the coset representatives.

Let θL,h,k be a harmonic Siegel theta series as described in the last section. Then the Fourier
coefficient a(T ) of θL,h,k at a positive definite, even matrix T ∈ Mn(Z) is given by

a(T ) =
∑

x∈ΓT

det(Q(x, h))k

where ΓT = {x ∈ Ln |Q(x) = T }.
Right multiplication by elements in the group O(T ) = {ε ∈ GLn(Z) | εTTε = T } defines

an equivalence relation on ΓT . The Fourier coefficient a(T ) vanishes unless det(ε)k = 1 for all
ε ∈ O(T ) and

a(T ) = |O(T )|
∑

xO(T )∈ΓT /O(T )

det(Q(x, h))k

in this case.
The group O(L) acts on ΓT from the left by acting on each of the components. Let O(L)h ⊂

O(L) be the subgroup of elements leaving the span of h1, . . . , hn in VC invariant. Then for every
σ ∈ O(L)h there exists a unique matrix mσ ∈ GLn(C) such that (σ−1(h1), . . . , σ

−1(hn)) =
(h1, . . . , hn)mσ and

Q(σx, h) = Q(x, h)mσ

for all x ∈ ΓT . Note that θL,h,k vanishes if det(mσ)
k 6= 1 for some σ ∈ O(L)h.

Assume that det(ε)k = det(mσ)
k = 1 for all ε ∈ O(T ) and σ ∈ O(L)h. Then det(Q(x, h))k is

constant on the double cosets O(L)h\ΓT /O(T ) and we can write

a(T ) =
∑

O(L)hxO(T )∈O(L)h\ΓT /O(T )

|O(L)hxO(T )| det(Q(x, h))k .

More generally, we have the following result.

Lemma 3.1

Let H be a subgroup of O(L) containing O(L)h and R a set of representatives of H\ΓT /O(T ).

Suppose det(mσ)
k = det(ε)k = 1 for all σ ∈ O(L)h and ε ∈ O(T ). Then

a(T ) =
|O(L)h|

|H |
∑

x∈R

|HxO(T )|
∑

O(L)hσ∈O(L)h\H

det(Q(σx, h))k .
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Proof: Since ΓT is invariant under O(L), we can write

a(T ) =
∑

x∈ΓT

det(Q(x, h))k =
1

|H |
∑

x∈ΓT

∑

σ∈H

det(Q(σx, h))k .

The inner sum is constant on the double cosets H\ΓT/O(T ) so that

a(T ) =
1

|H |
∑

x∈R

∑

σ∈H

|HxO(T )| det(Q(σx, h))k

=
1

|H |
∑

x∈R

∑

σ′∈O(L)h

∑

O(L)hσ∈O(L)h\H

|HxO(T )| det(Q(σ′σx, h))k

=
|O(L)h|
|H |

∑

x∈R

∑

O(L)hσ∈O(L)h\H

|HxO(T )| det(Q(σx, h))k .

Here we used Q(σ′σx, h) = Q(σx, h)mσ′ and det(mσ′)k = 1. �

This formula allows the calculation of the Fourier coefficients of harmonic theta series in
many interesting cases.

A set of representatives R for H\ΓT/O(T ) can be constructed as follows. Let Tm be the
upper left m×m-submatrix of T and

Γm
T = {xm ∈ Lm |Q(xm) = Tm} .

Note that Γn
T = ΓT .

Lemma 3.2

Let 2 ≤ m ≤ n and Sm−1 be a set of representatives for H\Γm−1
T . Let

Γm
T,Sm−1

= {xm = (xm−1, x′) ∈ Sm−1 × L |Q(xm) = Tm} ⊂ Γm
T

and define an equivalence relation ∼ on Γm
T,Sm−1

by (xm−1, x′) ∼ (ym−1, y′) if xm−1 = ym−1 and

there is some σ ∈ H such that σxm−1 = xm−1 and σx′ = y′. Then a set of representatives for

the equivalence classes of ∼ is a set of representatives for H\Γm
T .

Proof: Let S ′
m be a set of representatives for Γm

T,Sm−1
/∼. First we show that for every x ∈ Γm

T

there is an element σ ∈ H such that σx ∈ S ′
m. Write x = (xm−1, x′) with xm−1 ∈ Γm−1

T and
x′ ∈ L. Since Sm−1 is a set of representatives for H\Γm−1

T , there is an element σ ∈ H such that
σxm−1 ∈ Sm−1. Then σx = (σxm−1, σx′) is an element of Γm

T,Sm−1
and therefore there is an

element τ ∈ H such that τσx ∈ S ′
m. Next, let x, y ∈ S ′

m satisfy σx = y for some σ ∈ H . Write
x = (xm−1, x′) and y = (ym−1, y′) with xm−1, ym−1 ∈ Sm−1 and x′, y′ ∈ L. Since Sm−1 is a set
of representatives for H\Γm−1

T and σxm−1 = ym−1, we must have xm−1 = ym−1 and therefore
σxm−1 = xm−1. It follows that x ∼ y, so x = y as S ′

m is a set of representatives for Γm
T,Sm−1

/∼. �

Using the lemma we can construct a set S = Sn of representatives for H\ΓT starting from a
set S1 of representatives of H\Γ1

T .
The set Γm

T,Sm−1
is a subset of the finite set Sm−1 × Ltm where tm is the lower right entry of

Tm and Ltm the set of norm tm-vectors in L. So in order to construct Sm we can first determine
the finite set Sm−1 × Ltm , then compute the subset Γm

T,Sm−1
and finally a set of representatives

for Γm
T,Sm−1

/∼.
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We put Γ1
T,S0

= Γ1
T and let x = (x1, . . . , xn) ∈ ΓT with xj ∈ L. Define x1 = x1 ∈

Γ1
T,S0

. Then σx1x1 ∈ S1 for some σx1 ∈ H . For 2 ≤ j ≤ n we recursively construct xj =

σxj−1 . . . σx1(x1, . . . , xj) ∈ Γj
T,Sj−1

. The proof of Lemma 3.2 shows that there is some element

σxj ∈ StabH(σxj−1xj−1) such that σxjxj ∈ Sj . Then the element σx = σxn . . . σx1 ∈ H satisfies
σxx ∈ S. It follows

Lemma 3.3

Two elements x, y ∈ S are equivalent modulo O(T ) if and only if there is an element ε ∈ O(T )
such that σxεxε = y.

By means of Lemma 3.2 and 3.3 we can now easily construct a set R of double coset repre-
sentatives for H\ΓT/O(T ).

Let x ∈ R and HxO(T ) =
⋃

iHxεi be a disjoint decomposition of HxO(T ) into cosets of
H . Then

|HxO(T )| =
∑

i

|Hxεi| .

4 A basis of S14(Sp12(Z))

In this section we construct nine harmonic theta series of degree 6 and weight 14 associated with
Niemeier lattices. We show that they are linearly independent by computing sufficiently many
Fourier coefficients using the results from the previous section. It follows that these functions
form a basis of S14(Sp12(Z)).

We refer to [CS] for the results on Niemeier lattices that we use.

The simplest example of a cusp form of degree 6 and weight 14 is the Ikeda lift F of the
unique normalized cusp form f = E10∆ ∈ S22(SL2(Z)). The function f corresponds to the cusp
form

g(τ) =
η(2τ)19η(4τ)10

η(τ)6
+ 4

η(τ)2η(4τ)26

η(2τ)5

= q3 + 10q4 − 88q7 − 132q8 + 1275q11 + 736q12 − 8040q15 − 2880q16 + . . .

under the Shimura correspondence. The Fourier coefficients of F can be determined with the
formula in Theorem 2.2. We list a few of them below.

T A6
1 A3

2 A2
3 A6 D6 E6 E′

6(3)

a(T ) 63744000 −128844 17600 −88 10 1 100283601960

More coefficients are given in Theorem 4.2. They will provide a consistency check of our result
on the Fourier coefficients of the harmonic theta series that we consider.

One of the basis elements will be a harmonic theta series for the Leech lattice. We describe
its construction in detail.
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Let G be the binary Golay code, i.e. the linear subspace of F24
2 spanned by the columns of









































1 0 0 0 0 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 1 1 0 1
0 1 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 1 1 1 1 0
0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 0 0 1 1 1
0 0 0 1 0 0 0 0 0 0 0 0 0 1 1 0 0 1 1 0 1 0 1 1
0 0 0 0 1 0 0 0 0 0 0 0 0 1 1 1 1 0 0 1 0 0 1 1
0 0 0 0 0 1 0 0 0 0 0 0 1 0 1 1 1 1 0 0 1 0 0 1
0 0 0 0 0 0 1 0 0 0 0 0 1 1 0 1 0 1 1 0 1 1 0 0
0 0 0 0 0 0 0 1 0 0 0 0 1 1 1 0 0 0 1 1 0 1 1 0
0 0 0 0 0 0 0 0 1 0 0 0 1 0 0 1 0 1 1 1 0 0 1 1
0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 0 1 0 1 1 1 0 0 1
0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 0 1 1 0 1 1 1 0 0
0 0 0 0 0 0 0 0 0 0 0 1 0 0 1 1 1 1 1 0 0 1 1 0









































T

.

We define V = R24 and write the elements of V as column vectors. We equip V with the scalar
product (x, y) = 1

8

∑24
i=1 xiyi. Then the Leech lattice Λ consists of the vectors

0 + 2c+ 4x,

1 + 2c+ 4y

where 0 = (0, . . . , 0)T , 1 = (1, . . . , 1)T , c ∈ G (regarding the components of c as real 0’s and 1’s)

and x, y ∈ Z24 satisfy
∑24

i=1 xi = 0 mod 2 and
∑24

i=1 yi = 1 mod 2.
We define h = (h1, . . . , h6) ∈ V 6

C
by

h =

















i 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 i 0 0 0 0

















T

.

Then
θΛ,h,2(Z) =

∑

x∈Λ6

det(Q(x, h))2eπi tr(Q(x)Z)

is in S14(Sp12(Z)).
We explain the choice of h. The automorphism group of the Golay code is the Mathieu group

M24. The stabilizer Aut(G)c of the dodecad

c = (1, 0, 0, 1, 1, 0, 0, 1, 1, 1, 0, 0, 1, 0, 0, 1, 0, 0, 1, 1, 1, 0, 0, 1)T ∈ G

in Aut(G) is isomorphic to M12. Let ej = (0, . . . , 0, 1, 0, . . . , 0)T ∈ V with 1 at the j-th position
and U the span of the ej , j ∈ supp(c). Then the only element in Aut(G)c acting trivially on U
is the identity because M12 is simple. The permutation

τ = (1, 9)(2, 12)(3, 7)(4, 24)(5, 21)(6, 18)(8, 19)(10, 16)(11, 17)(13, 20)(14, 23)(15, 22)

has cycle type 212 and is in Aut(G)c. Its centralizer in Aut(G)c is a maximal subgroup of order
240 which we denote by Cc,τ . The vectors hi are supported on those cycles (j, k) of τ for which
cj and hence also ck is equal to 1, i.e. on the cycles

(1, 9), (4, 24), (5, 21), (8, 19), (10, 16), (13, 20) .
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Since the elements of Aut(G) are permutations of coordinates, this group embeds naturally into
O(Λ). Furthermore, G acts on Λ by sign changes on the support of an element. Recall that
O(Λ)h is the subgroup of O(Λ) which preserves the complex span of the hi.

Lemma 4.1

The group O(Λ)h has order 30720 and is contained in GCc,τ ⊂ O(Λ). Moreover, det(mσ) = ±1
for all σ ∈ O(Λ)h.

Proof: Let ϑ be the element in O(Λ)h corresponding to c. Then the eigenspaces of ϑ are U
and U⊥. An element σ ∈ O(Λ)h preserves the space spanned by the vectors h1, . . . , h6 and
the complex conjugates h1, . . . , h6 and hence also the spaces U and U⊥. Therefore σ commutes
with ϑ. Since the centralizer of ϑ in O(Λ) is G Aut(G)c (see [CS], chapter 10, section 3.7), we
can write σ = σ1σ2 with σ1 ∈ G and σ2 ∈ Aut(G)c. We first consider h1 = ie1 + e9. Then
σ(h1) = σ1(ieσ2(1) + eσ2(9)) = ±ieσ2(1) ± eσ2(9) where the signs need not be the same. Since
σ(h1) is in the space generated by the vectors h1, . . . , h6, we have τ(σ2(1)) = σ2(9) = σ2(τ(1)). A
similar argument for the other hj shows that the restriction of τσ2 to U is equal to the restriction
of σ2τ to U . It follows that τσ2 = σ2τ . This implies that O(Λ)h is contained in GCc,τ . Now we
can determine O(Λ)h explicitly with a computer and verify the statements in the lemma. �

We use the results from the previous section to determine some Fourier coefficients of θΛ,h,2.
In our computations we have chosen H to be the centralizer of the element ϑ corresponding to
c in O(Λ), i.e. H = G Aut(G)c, so the index of O(Λ)h in H is 12672.

Similarly, we calculate Fourier coefficients of harmonic theta series associated with the Niemeier
lattices N(A4

6), N(D4
6), N(E4

6), N(A6
4), N(D6

4), N(A8
3), N(A12

2 ) and N(A24
1 ). The realizations of

these lattices and the choices of h can be found in the appendix. We obtain the following theorem.

Theorem 4.2

The Fourier coefficients of the normalized harmonic theta series and the Ikeda lift F of E10∆ are

8



given by

N(A4
6) N(D4

6) N(E4
6) N(A6

4) N(D6
4)

A6 1 0 0 0 0
D6 0 1 0 0 0
E6 0 0 1 0 0

A5A1 −12 −30 −20 0 0
D5A1 0 −10 −32 0 0
A4A2 30 120 240 1 0
D4A2 0 72 192 0 1
A4A

2
1 40 260 320 −2 0

D4A
2
1 0 48 384 0 −2

A2
3 −32 −192 −432 0 0

A3A2A1 −96 −276 −480 −8 −6
A3A

3
1 576 672 192 48 36

A3
2 648 1296 900 54 36

A2
2A

2
1 −432 −1080 −1152 −36 0

A2A
4
1 −1152 −3456 768 96 −152

A6
1 −11520 3840 −46080 −2880 240

A1(2)A5 −816 −11436 −11568 0 0
A1(2)D5 0 −1376 −9600 0 0

A1(2)A4A1 −2320 61020 121440 −4 0
A1(2)D4A1 0 −2784 88320 0 −12
A1(2)A3A2 −27072 −94464 −156384 −288 −792
A1(2)A3A

2
1 127744 436736 627456 320 1216

A1(2)A
2
2A1 −2592 −282528 −1221696 −4104 1512

A1(2)A2A
3
1 −208512 −1416384 −743040 24480 1656

A1(2)A
5
1 −2772480 −5598720 −19937280 −191360 −84320

E6(2) 18247680 −114048000 436423680 −2142720 11986560
E′

6(3) 149532480 −874800000 2327826600 −15843600 44621280

−88 10 1 −6840 1872
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N(A8
3) N(A12

2 ) N(A24
1 ) Λ F

A6 0 0 0 0 −88
D6 0 0 0 0 10
E6 0 0 0 0 1

A5A1 0 0 0 0 736
D5A1 0 0 0 0 −132
A4A2 0 0 0 0 −8040
D4A2 0 0 0 0 2784
A4A

2
1 0 0 0 0 13080

D4A
2
1 0 0 0 0 −2880

A2
3 1 0 0 0 17600

A3A2A1 −6 0 0 0 −54120
A3A

3
1 20 0 0 0 38016

A3
2 0 1 0 0 −128844

A2
2A

2
1 72 −2 0 0 1073520

A2A
4
1 −480 12 0 0 −6503424

A6
1 4000 −120 0 0 63744000

A1(2)A5 0 0 0 0 −54120
A1(2)D5 0 0 0 0 −23360

A1(2)A4A1 0 0 0 0 963160
A1(2)D4A1 0 0 0 0 38016
A1(2)A3A2 −150 0 0 0 −801792
A1(2)A3A

2
1 −816 0 0 0 −20142080

A1(2)A
2
2A1 1080 12 0 0 48185280

A1(2)A2A
3
1 11208 −72 0 0 15586560

A1(2)A
5
1 −98880 560 4 0 −841420800

E6(2) −18809280 5212800 −27081 1 47850946560
E′

6(3) −90357120 21107880 −108864 4 100283601960

17136 216288 −146810880 −4767869952000

The last column is a linear combination of the preceding ones. The corresponding coefficients

are given in the last row.

Täıbi showed that the dimension of S14(Sp12(Z)) is 9 ([T], Section 5.5., Table 3). This implies

Theorem 4.3

Any nine of the above functions form a basis of S14(Sp12(Z)). In particular the nine harmonic

theta series span S14(Sp12(Z)).

Recall that Proposition 2.1 does not give the existence of a basis consisting of harmonic theta
series because the condition m/2 > 2n is not satisfied for m = 24 and n = 6.

5 A lower bound for the Kodaira dimension of A6

In this section we show that the Kodaira dimension of A6 is non-negative.

Let X be a complex smooth projective variety of dimension n. For a non-negative integer
d the d-th plurigenus Pd of X is defined as the dimension of the space of global sections of ωd

where ω is the canonical bundle of X , i.e. Pd = dim(H0(X,ωd)). The Kodaira dimension k(X)
of X is defined as −∞ if Pd = 0 for all d > 0. Otherwise, k(X) is the smallest non-negative

10



integer k such that Pd(X)/dk is bounded. We have k(X) ≤ dim(X) and say that X is of general
type if k(X) = dim(X). Furthermore, k(X) is a birational invariant. The Kodaira dimension of
a variety Y is defined as the Kodaira dimension of a smooth projective variety birational to Y .

The quotient An = Sp2n(Z)\Hn parametrizes the principally polarized complex abelian va-
rieties of dimension n. It has the structure of a normal quasi-projective variety of dimension
n(n + 1)/2 and is called the Siegel modular variety of degree n. The Kodaira dimension of An

for n 6= 6 has been known for more than 30 years. Namely An is of general type for n ≥ 7 and
k(An) = −∞ for n ≤ 5.

We can use Siegel modular forms to construct global sections of ωd. Let n ≥ 3. We write
Z ∈ Hn as

Z =







z11 · · · z1n
...

. . .
...

z1n · · · znn






.

Let H◦
n ⊂ Hn be the subset of points whose stabilizer in Sp2n(Z) is {±I2n}. Then H◦

n is an open
subset of Hn and A◦

n = Sp2n(Z)\H◦
n is the smooth locus of An (see [F3], Hilfssatz III.5.15). Let

f be a Siegel modular form of degree n and weight (n+ 1)k. Then the transformation property
of f implies that

f(Z)(dz11 ∧ dz12 ∧ . . . ∧ dznn)
k

is a global section of ωk
A◦

n
. Tai has shown that (cf. [Tai] and [F3], Satz III.5.24)

Proposition 5.1

Suppose n ≥ 5 and the vanishing order of f at ∞ is at least k. Let An be a smooth compactifi-

cation of An. Then

f(Z)(dz11 ∧ dz12 ∧ . . . ∧ dznn)
k

can be extended to a global section of ωk
An

.

Let θΛ,h,2 be the harmonic theta series from the previous section. It is non-zero, has weight
14 and vanishing order 2 at ∞ because the Leech lattice has no elements of norm 2. Hence it
defines a non-trivial section of ω2

A6

by Proposition 5.1. We obtain

Theorem 5.2

The Kodaira dimension of A6 is non-negative.

According to Table 6 in [CT] the space S7(Sp12(Z)) is trivial which means that the canonical
bundle ωA6

has no non-trivial sections. We showed that the bicanonical bundle ω2
A6

admits a

non-trivial section.
A consequence of the above theorem is

Corollary 5.3

An is unirational if and only if n ≤ 5.

6 Appendix

In Section 4 we constructed a basis of S14(Sp12(Z)) consisting of harmonic theta series θN,h,2.
Here we list the realizations of the Niemeier lattices N different from the Leech lattice and the
h = (h1, . . . , h6) that we used.

Let V = R24. As before we write the elements of V as column vectors.
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We begin with the Niemeier lattices of type N(Aj
n). We denote by G(An) the standard Gram

matrix of An.
To define N(A24

1 ) we equip V with inner product given by twice the standard inner product.
For every vector c = (c1, . . . , c24)

T in the Golay code G define the vector yc = 1
2 c ∈ R24 (regarding

the components of c as real 0’s and 1’s). Then N(A24
1 ) is the lattice in V generated by Z24 and

the vectors (yc)c∈G .
For N(A4

6) we equip V with inner product given by the Gram matrix G(A6)
4, i.e. with

the block diagonal matrix with four blocks, each equal to G(A6). We define the vector v =
1
7 (1, 2, 3, 4, 5, 6)

T ∈ R6. Then N(A4
6) is the lattice in V generated by Z24 and the vectors

(v, 2v, v, 6v)T , (v, v, 6v, 2v)T .

To define N(A6
4) we equip V with inner product given by the Gram matrix G(A4)

6. Let
v = 1

5 (2, 4,−4,−2)T ∈ R4. Then N(A6
4) is the lattice generated by Z24 and the vectors

(v, 0, v, 4v, 4v, v)T , (v, v, 4v, 4v, v, 0)T , (v, 4v, 4v, v, 0, v)T .

For N(A8
3) we equip V with inner product given by the Gram matrix G(A3)

8. Define v =
1
4 (1, 2,−1)T ∈ R3. Then N(A8

3) is the lattice generated by Z24 and the vectors

(v, 3v, v, 2v, v, 0, 0, 0)T , (v, v, 2v, v, 0, 0, 0, 3v)T , (v, 2v, v, 0, 0, 0, 3v, v)T , (v, v, 0, 0, 0, 3v, v, 2v)T .

To define N(A12
2 ) we equip V with inner product given by the Gram matrix G(A2)

12. Let
v = 1

3 (1, 2)
T ∈ R2. Then N(A12

2 ) is the lattice generated by Z24 and

(v, 0, 0, 0, 0, 0, 0, v, v, v, v, v)T , (0, v, 0, 0, 0, 0, v, 0, v, 2v, 2v, v)T , (0, 0, v, 0, 0, 0, v, v, 0, v, 2v, 2v)T ,

(0, 0, 0, v, 0, 0, v, 2v, v, 0, v, 2v)T , (0, 0, 0, 0, v, 0, v, 2v, 2v, v, 0, v)T , (0, 0, 0, 0, 0, v, v, v, 2v, 2v, v, 0)T .

Next we describe our realization of the Niemeier lattices of type N(Dj
n).

We equip V with the standard inner product. We define the vectors s = 1
2 (1, 1, 1, 1, 1, 1)

T ,
v = (0, 0, 0, 0, 0, 1)T and c = s−v in R6. Then N(D4

6) is the lattice generated by {(x1, · · · , xn)
T ∈

Z24 | ∑6+6j
i=1+6j xi = 0 mod 2 for j = 0, . . . , 3} and the vectors

(0, s, v, c)T , (0, v, c, s)T , (s, 0, c, v)T , (v, 0, s, c)T .

The lattice N(D6
4) is realized analogously. We equip V with the standard inner product and

define s = 1
2 (1, 1, 1, 1)

T , v = (0, 0, 0, 1)T and c = s− v. Then N(D6
4) is the lattice generated by

{(x1, · · · , xn)
T ∈ Z24 | ∑4+4j

i=1+4j xi = 0 mod 2 for j = 0, . . . , 5} and the vectors

(v, c, c, v, c, v)T , (c, v, v, c, c, v)T , (c, v, c, v, v, c)T , (s, 0, c, v, 0, s)T , (0, 0, c, c, c, c)T , (v, 0, c, s, v, 0)T .

Finally let

G(E6) =

















2 −1 0 0 0 0
−1 2 −1 0 0 0
0 −1 2 −1 0 −1
0 0 −1 2 −1 0
0 0 0 −1 2 0
0 0 −1 0 0 2

















be the Gram matrix of E6. We equip V with inner product given by the Gram matrix G(E6)
4

and define the vector v = 1
3 (1,−1, 0, 1,−1, 0)T ∈ R6. Then N(E4

6) is the lattice in V generated
by Z24 and the vectors

(v, 0, v, 2v)T , (v, 2v, 0, v)T .
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We define h as follows.
For N(A24

1 ) we let h be as in the case of the Leech lattice.
For N(A4

6), N(D4
6) and N(E4

6) we put

h = (h1, · · · , h6)

=

















1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0

















T

.

For N(A6
4) and N(D6

4) we define

h = (h1, . . . , h6)

=

















1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0

















T

.

For N(A8
3) we choose

h = (h1, . . . , h6)

=

















1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0

1 2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i
√
6

0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0 0 0

0 0 0 1 2 3 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i
√
6 0 0 0

















T

.

For N(A12
2 ) we take

h = (h1, . . . , h6)

=

















1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0 0
0 0 1 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0 0 0 0 0 0
0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 i 0 0 0 0 0
0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 i 0 0 0 0

















T

.
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[T] O. Täıbi, Dimensions of spaces of level one automorphic forms for split classical

groups using the trace formula, Ann. Sci. Éc. Norm. Supér. 50 (2017), 269–344
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