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Given a positive integer M, a number ¢ > 1 is called a univoque base if there
is exactly one sequence (¢;) = cico--- with integer digits ¢; belonging to the
set {0,1,..., M}, such that 1 = > 22, cig~%. The topological and combinatorial
properties of the set of univoque bases U and their corresponding sequences (c;)
have been investigated in many papers since a pioneering work of Erdés, Horvath
and Jo6 25 years ago. While in most studies the attention was restricted to univoque
bases belonging to (M, M + 1], a recent work of Kong and Li on the Hausdorff
dimension of unique expansions demonstrated the necessity to extend the earlier
results to all univoque bases. This is the object of this paper. Although the general
research strategy remains the same, a number of new arguments are needed, several
new properties are uncovered, and some formerly known results become simpler and
more natural in the present framework.

© 2016 Elsevier B.V. All rights reserved.

1. Introduction

Fix a positive integer M and an alphabet {0,1,..., M}. By a sequence we mean an element ¢ = (¢;) =

cicg - of {0,1,..., M}, We will frequently use the lexicographic order between sequences and blocks
(i.e., elements of {0,1,...,M}" for some n > 1). Furthermore, we give each coordinate {0,1,..., M} the
discrete topology and endow the set {0, 1,. .., M }° with the Tychonoff product topology. The corresponding

convergence is the component-wise convergence of sequences.

Given a real base ¢ > 1, by an ezpansion of a real number  we mean a sequence ¢ = (¢;) satisfying the

equality
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Expansions of this type in non-integer bases have been extensively investigated since a pioneering paper

of Rényi [22].
One of the striking features of non-integer bases is that if ¢ € (M, M + 1), almost every number in

LS

[0, M/(g—1)] has a continuum of expansions, see, e.g., [23]. In fact, using the theory of random §-expansions
(see [4]) it was shown by [3] that almost every z € [0, M/(q — 1)] has a continuum of so called universal
expansions, i.e., expansions containing all possible blocks in {0,1,..., M}", n = 1,2,.... On the other hand,
[10] constructed numbers g € (M, M + 1) such that z = 1 has a unique expansion in base ¢, a discovery that
stimulated many works during the past 25 years. We refer to the surveys [24,13,9] for more information.

In this paper we investigate only expansions of © = 1. (The only exception is Theorem 2.1 and its
applications in the proof of several lemmas.) Hence by a g-expansion or an expansion we mean a sequence
¢ = (¢;) satisfying the equality

<[LID

Z— : (1.1)

Since

Q|Q

YL

for all sequences (¢;), such expansions may exist only if ¢ € (1, M + 1]. Conversely, the greedy algorithm
of [22] provides a g-expansion for each ¢ € (1, M + 1], which is defined recursively as follows: if for some
positive integer n the digits f1, ..., 8,1 are already defined (no condition if n = 1), then j3,, is the largest
digit in {0, ..., M} such that the inequality >, , Biq~* < 1 holds. The resulting greedy or 3-expansion 3(q)
or (Bi(q)) of z =1 is clearly the lexicographically largest g-expansion.

Examples 1.1. Let M = 1.

(i) If g € (1, ), where ¢ = 1.618 denotes the Golden Ratio, then there is a continuum of g-expansions [11].
(ii) If ¢ = ¢, then there are countably many g-expansions [10]: symbolically

(10)*, and (10)*110°, (10)*01®, k=0,1,....

(iii) If ¢ = ¢, is a Multinacci number, i.e., the positive solution of ¢" = ¢"~* + .-+ + ¢ + 1 for some
n = 3,4,..., then there are countably many g-expansions [18]:

(1"710)*°, and (1™7'0)*1m0°, k=0,1,....
(iv) If ¢ = 2, then 1°° is the only g-expansion.
(v) Let ¢ = 1(1™0%)* for some integers n > k > 1, and define ¢ € (1,2) by the equation (1.1). Then c is
the only g-expansion [11,10].

See also [13] for short elementary proofs of the above statements.

A sequence is called finite if it has a last non-zero digit, and infinite otherwise. Thus 0°° is considered to
be an infinite sequence: this unusual terminology simplifies many statements in the sequel.

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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A slight modification of the greedy algorithm yields the lexicographically largest infinite g-expansion: if
for some integer n > 1, g, ..., a,—1 is already defined, then «,, is the largest digit in {0, ..., M} such that
the strict inequality > i, a;¢~* < 1 holds. The resulting sequence a(q) or (a;(q)) is called the quasi-greedy
q-ezxpansion. We recall the basic properties of greedy and quasi-greedy expansions in the next section.

As a direct consequence of Proposition 2.3 below, we will see that the quasi-greedy g-expansions are even
doubly infinite, i.e., their conjugates (M — a;(q)) == (M — a1(q))(M — as2(q))--- are also infinite. Hence
there exists a doubly infinite g-expansion for every ¢ € (1, M + 1].

Let us observe that, although there are infinitely many expansions for the Multinacci numbers and for
the Golden Ratio, in the first case there is only one infinite expansion, and in the second case there is only
one doubly infinite expansion. One of the purposes of this paper is to characterize the bases having these
properties. This leads to a surprisingly rich combinatorial and topological picture.

This investigation was carried out in [18,8,14] under the assumption M < ¢ < M + 1. We extend these
results to all 1 < ¢ < M + 1. This requires some new arguments, and the results explain some differences
between the case of odd and even values of M.

Our results also explain, from a different point of view, some important recent results of [19] on the
Hausdorff dimension of univoque sets.

In order to state the main results of this paper we denote by U the set of univoque bases q € (1, M + 1]
which are by definition the bases ¢ € (1, M + 1] for which there is exactly one g-expansion.

Our first result describes the topology of I/ and of its closure /. Furthermore, it characterizes the bases
in which there is a unique infinite g-expansion:

Theorem 1.2.

(i) The set U is closed from above but not from below.'
(ii) Its closure U is a Cantor set. Moreover, U \ U is a countable dense set in U.
(iii) We have a disjoint union

(L, M+ 1)\ U = U*(q0,45)

where qo Tuns over {1} U (U \U) and g runs over a proper subset U* of U.
(iv) If ¢ € U\ U, then (o) := a(q) is periodic. Furthermore, all q-expansions are given by (c;) and the
sequences
(al"'am)Nal"'am—l(am+1)ooo7 N:Oaly"'7

where m is the smallest period of («;).
(v) q €U <= a(q) is the only infinite q-expansion.

We recall that a Cantor set is a non-empty closed set having neither isolated, nor interior points.

Note that ¢* is dense in U. Indeed, if ¢ € U\U* and p € (1, q), then (p, q)NU # @; hence by parts (ii) and
(iii) of the above theorem we have [qo, ¢5] C (p,q) for some connected component (qo, q) of (1, M + 1] \ U.
Since p can be arbitrarily close to ¢, this implies that U* is dense in U. Kong and Li [19] proved that
all elements of U* (called by them De Vries—Komornik constants) are transcendental. This extended some
earlier results in [17]. It follows that the transcendental univoque bases are dense in .

1 We call a set A C (1, M + 1] closed from above (closed from below) if the limit of every decreasing (increasing) sequence of
elements in A belongs to A.

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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De Vries [7] proved that the algebraic univoque bases in (M, M + 1] are also dense in U N (M, M + 1].
Repeating that proof for all bases ¢ € (1, M + 1] (one only has to redefine the conjugate of a digit by
¢:= M — c), we may conclude that the set of algebraic univoque bases is dense in U as well.

Let us denote by V the set of bases ¢ € (1, M + 1] for which there is a unique doubly infinite g-expansion.
Since a(q) is always doubly infinite, the last part of the preceding theorem implies that 4/ CU C V.

For example, in case M = 1 we have 2 € U, p € V \ U, while the Multinacci numbers belong to U \ U.

Theorem 1.3.

(i) V is compact, and V \U is a countable dense subset of V.
(ii) V\U is a discrete set. Moreover, for each connected component (qo,qy) of (1, M + 1]\ U, we have

VNi(q,q)={qg. : n=1,2,...}, (1.2)

where (qn) is a strictly increasing sequence converging to qg.
(iii) If ¢ € V\U, then (i) = a(q) is periodic.
If M = 2m is even and ¢ = m + 1, then all g-expansions are given by («;) and the sequences

m™N(m +1)0>° and mN(m—-1)M>®, N=01,....
Otherwise all q-expansions are given by (a;) and the sequences
(ar o) Nag - agn_1(ag, +1)0%°, N=0,1,...
and
(a1 - ~-a2n)Na1 crap_1(ap — )M, N=0,1,...,
where 2n is the smallest even period of ().

The proof of Theorems 1.2(iii) and 1.3(ii) will also provide a construction of (g,) and ¢g.

The proof of Theorems 1.2 and 1.3 is based on lexicographic characterizations of U, U and V: see The-
orem 2.5, Definition 3.2 and Theorem 3.9 below. In the next section we provide a short review of similar
well-known characterizations, which we shall apply frequently in the remainder of this paper.

Theorems 1.2 and 1.3 are proved in Section 3.

2. Review of lexicographic characterizations

Most results of this section are known; in the sequel we will apply them frequently without explicit
citation.

An obvious modification of the greedy algorithm from the previous paragraph shows that each real
number z € [0, M /(g — 1)] has a lexicographically largest expansion. It is called the greedy or S-expansion
of z, and it is denoted by (b;) or (b;(x)) (the value of ¢ will always be understood). Parry [20] gave a
lexicographic characterization of these expansions. Dar6czy and Katai [5,6] gave a more elegant form of his
result by introducing the quasi-greedy expansion («;) := a(q) of x = 1. The following result is essentially
equivalent to their result:

Theorem 2.1. A sequence (b;) is the greedy expansion of some real number x if and only if the following
condition is satisfied:

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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bnt1bnto - < ayag---  whenever b, < M. (2.1)

Furthermore, if a sequence (b;) # M satisfies (2.1), then there exists a sequence 1 < mnj < ng < ---
such that for each i > 1,

bp, <M, and bpy1--by, <1 -Qp—m f 1<m<n; and b, <M. (2.2)

Proof. For the first part we refer to [17].

For the second we define a sequence (n;);>1 satisfying the requirements by induction.

Let r be the least positive integer for which b, < M. Then, (2.2) with r in place of n; holds clearly. Set
ny :=r and let £ be a positive integer.

Suppose we have already defined ny < --- < ng such that (2.2) holds for each ¢ with 1 <4 < £. Since (b;)
is greedy and b,, < M, there exists by (2.1) a smallest integer ng+1 > my such that

bne-‘rl T bne+1 <oy Oy —n,- (2'3)

Note that b,,,, < an, ,—n,, hence b < M. It remains to verify that

ne41
bm+1 tee bn[+1 < Qq - anz+1—m (24)

if 1 <m <mngyq1 and b,, < M. If m < ny, then (2.4) follows from the induction hypothesis. If m = ny, then
(2.4) reduces to (2.3). If ny < m < ngy1, then

bnz+1 : bm = Q1 Qp—ny,
by minimality of ng41, and thus by (2.3) and (2.6) below,

bm+1 ce bn2+1 < Om—ng41"" " Onyyy—ny <ai--- Unpi1—m- O
Setting B(1) := 10° for commodity, we have the following characterization of greedy g-expansions.

Proposition 2.2. The map g — 5(q) is an increasing bijection of the interval [1, M + 1] onto the set of all
sequences (B3;) satisfying

Brnt1Pnto-- < P1B2--- whenever [, < M. (2.5)

For q # M + 1 the inequalities (2.5) are satisfied in fact for all n > 1. Hence $1 > 0, and 8; < By for
all 1.
Furthermore, the map q — 3(q) is continuous from the right.

Proof. For the first part we refer to [1]. For the second, let (53;) := B(¢) with ¢ € (1, M + 1). Furthermore,
let N be an arbitrarily large positive integer. The following inequalities follow from the definition of the
greedy algorithm:

E 5—,>17—nWheneverﬁn<Mandn€{1,...,N}.
— q" q
=1

The same set of inequalities holds with ¢’ in place of ¢ if ¢’ € (¢, M + 1] is close enough to ¢, whence
B1(q") - Bn(q) < B1(q) -+ Bn(q). The reverse inequality is clear. O

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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Next we investigate the quasi-greedy g-expansions. Setting a(1) = 0> for commodity,” we have the

Proposition 2.3. The map q — «(q) s an increasing bijection of the interval [1, M + 1] onto the set of all
infinite sequences («;) satisfying the inequality

Qpt1Qnta - < aqag -+ whenever o, < M. (2.6)

The inequalities (2.6) are satisfied in fact for all n > 0. Hence «; < aq for all i, and oy > 0 unless
(Oéi) = 0.
Furthermore, the map q — «a(q) is continuous from the left.

Proof. For the first part we refer to [1]. The proof of the second part is analogous (but even simpler) to
that of the right-continuity of the map ¢ — S8(¢q). O

Remark 2.4. Let us clarify the relations between the greedy and quasi-greedy g-expansions.

For ¢ = M + 1 we have simply a(M + 1) = (M + 1) = M.

For ¢ € [1, M + 1) the sequence (5;) is finite if and only if (o) is periodic. In this case, denoting by G,
the last non-zero element of (5;), the length of the smallest period of () is equal to m, and

a;=p0; for i=1,...,m—1, A = Bm — 1.

Otherwise, the two sequences coincide: a; = f3; for all 3.
For example,

B(1) =10 and (1) =0

Blp) =110 and a(p) = (10)*;
B(2)=a(2)=1" if M=1;

B(2) =20 and «(2)=1° if M >2.

We recall from [11] and [17] a characterization of univoque bases. Henceforth we denote by U’ the set of
g-expansions when ¢ runs over U. We recall that the conjugate of a digit ¢; is defined by ¢; := M — ¢;. We
alsoset ;¢ :=¢1 ¢, (n>1)and Greg -~ :==¢1 ¢ - .

Theorem 2.5. A sequence ¢ = (¢;) belongs to U’ if, and only if, the following two conditions are satisfied:
Cnt1Cnto - < cico- - whenever ¢, <M (2.7)
and
CntiCnta2 - < cica--- whenever ¢, > 0. (2.8)

For c e U' and ¢ # M the inequalities (2.7) are satisfied for all n > 1, and the inequalities (2.8) are

satisfied for all n > 0.

Finally, the map ¢ — q, where ¢ € (1, M + 1] is defined by (1.1), defines an increasing homeomorphism
between U' and U.

2 Despite the fact that 0°° is not an expansion of = 1, this convention simplifies several statements.

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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3. Proof of Theorems 1.2 and 1.3

The proof is divided into a series of lemmas. The first one is a bit surprising because U is characterized
by strict lexicographic inequalities:

Lemma 3.1. U/ is closed from above.

Proof. Fix a number ¢ ¢ U and set (8;) := 5(q). We have to show that ¢’ ¢ U for all ¢’ > ¢, sufficiently
close to q.
Since g ¢ U, there exists by Proposition 2.2 and Theorem 2.5 an index k such that 8 > 0 and

Br+1Brg2- > P12+ .

Since we cannot have equality here (this would imply an equality in (2.5) for n = 2k), there exists an
index m such that

Br+1 - Beam > P1- -+ Prm. (3.1)

If ¢’ > ¢ is close enough to ¢, then §(q) and S(¢’) start with the same word of length k + m, and (3.1)
implies that ¢/ ¢ U. O

In order to characterize the closure U of U, it is convenient to change the definition of V, given in the

introduction:
Definition 3.2. A number ¢ € (1, M + 1] belongs to V if (a;) := a(q) satisfies the following conditions:
Qnt1Qnta - < ajag--+  whenever «, > 0. (3.2)

We will show later (in Lemma 3.15) that this definition is equivalent to the former one.
We will also show (see Remarks 3.6(ii)) that for ¢ € V the inequality (3.2) holds for all n > 0.
It follows from Theorem 2.5 that U C V.

Lemma 3.3. V is compact.

Proof. Since M + 1 € V, it suffices to prove that the complement of V in (1,M + 1] is open. Let ¢ €
(1, M + 1]\ V and set (o) := a(q). Choose two integers k,m > 1 such that

ap >0 and Qri1 Qkrm > Q1 - Qe (3.3)

If ¢ < q is close enough to g, then a(q) and «(q’) start with the same word of length k + m, and (3.3)
implies that ¢’ ¢ V.

If ¢’ > q is close enough to ¢, then §(q) and «a(q’) start with the same word of length k 4+ m. In case of
a(q) = B(q) the inequality (3.3) implies ¢’ ¢ V again.

If a(q) # B(q), then B(q) has a last non-zero digit Bi. If ¢’ > ¢ is close enough to g, then (o}) := a(q’)
starts with 5y - - - 8;0%T1. Hence

/ 7 7 — pAfk+1 - o !
ap>0 and ap - --ay, =M > P B0 =aq oy,

and therefore ¢’ ¢ V. 0O

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
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Lemma 3.4. Fiz g € V and set (o) := a(q).
(i) If for some k > 1,
ap >0 and g0 =01 O,
then
(i) = (o1 oo )™

(ii) Let, moreover, n be the smallest index k in (i). Then 2n is the smallest period of (o), except if M = 2m
is even and ¢ = m + 1.

Proof.

(i) Let 7 := aq -+ o). We must show that if (a;) starts with (77)" for some positive integer N, then (o)
also starts with (r7)V+1. Let

§:1= QogN+1cQagN+k  and €= QopNtk41 Qog(N41)-
Applying (2.6) for n = 2kN and (3.2) for n = 2kN — k, we obtain that
s<r and Ts<rF
they imply that s = r. Applying (2.6) and (3.2) again with the same choices of n, we obtain that
rt <r7 and Trt < orrr

hence t = T.

(i) Tf
Ty < Q-

then the smallest period of («;) is a divisor of 2n, but not of n, so that it is an even number, say 2k,
and 2n = 2mk with an odd integer m. Therefore n — k is a multiple of 2k, so that

ap =an, > 0and agyr Qo = Qg1 Qg = Q- - Q.

This contradicts the minimality of n, unless k = n.
If ag—a, > a1 a,, then we have equality by Proposition 2.3. Hence M = 2m is even, and oy =
-+« = a, = m. This implies that a(q) = m®. Hence (¢) = (m + 1)0°>° and therefore g =m +1. O

The following result shows that the above exceptional value ¢ = m+1 is the least element of V if M = 2m:

Lemma 3.5. V has a smallest element G, given by the formulas

- m+1 if M =2m,
q:
(m+vm2+4m)/2 ifM=2m-1

form =1,2,.... Furthermore,

Please cite this article in press as: M. de Vries et al., Topology of the set of univoque bases, Topol. Appl. (2016),
http://dx.doi.org/10.1016/j.topol.2016.01.023
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B(G) =(m+1)0% and «oq) =m™ if M = 2m,
B(G) = mm0>= and «(q) = (m(m—1))*° ifM=2m-1.

For M =1, ¢ = ¢ is the Golden Ratio. For M > 1 we recover the “generalized golden ratios”, introduced
earlier for other purposes by [2]. He was motivated by some earlier theorems of [12] and [15].

Proof. Let M = 2m or M = 2m~—1 for some m = 1,2, ... It suffices to establish the formula a(q) = (mm)>.
Since (mm)™ clearly satisfies (2.6) and (3.2), it remains to show that a(q) > (mm)™ for each q € V.

Let g € V and («;) := «(q). Since ¢ > 1, we have a; > 0. Furthermore, we have as < ay by Proposition 2.3
and az < ay by (3.2). It follows that M < a3 + ag < 2ay4, ie., a3 > M/2. Hence, a; > m and ag > a7. If
we have equalities here, then applying Lemma 3.4 we conclude that a(q) = (mm)>. O

Remarks 3.6.

(i) Let g € V. It follows from the preceding lemma that 1 (q) > M/2 and therefore 51 (¢) < $1(¢). Moreover,
we even have a;(q) > M/2 and a;(q) < ai(q), except for ¢ = § when M is even. For M = 2m — 1
this follows from the relation ai(q) > m. If M = 2m and q > G, then 3(q) > £(¢) = (m + 1)0> and
therefore a1(q) > m + 1 by Remark 2.4.

(ii) Now we show that for ¢ € V the inequalities (3.2) are satisfied for all n > 0. For n = 0 this follows from
the previous observations.

If n > 1 and a, = 0, then (since a1 > 0), there exists a largest index 1 < k < n such that ag > 0. Since

Qrr1 - 0yn = M™% we deduce from the inequality
Opt10kt2 - S Qoo -«
and from Proposition 2.3 that

Qni1Qni2 " < Qp gr1Qn_gt2 " S Qrag - .

Since V is closed, we have / C U C V, and a characterization of /f may be expected by strengthening
somewhat the condition (3.2). Let us therefore investigate the case of equality in (3.2).

Lemma 3.7. Fiz g € V and set (o) := a(q). If not all inequalities (3.2) are strict, then ¢ ¢ U, and q is an
isolated point of V. Hence q ¢ U.

Proof. By Theorem 2.5, the number ¢ does not belong to U. By assumption, there exists a smallest index n
such that

alg) = (o - apag - a,)®  with  a, > 0.

If (;) = m® with m = M/2, then 8(q) = (m + 1)0°°. If ¢’ > ¢ is close enough to ¢, then a(q’) begins
with (m =+ 1)00 by Proposition 2.2, and this sequence does not satisfy (3.2) for ay(q’) > 0.

If ¢’ < g is close enough to ¢, then «(q’) begins with mm by Proposition 2.3. If ¢’ € V, then ¢’ = ¢ by
Lemma 3.4.

The proof is similar in the other cases. By Lemma 3.4(ii) we have

ﬁ(q) =qQ1- - an0q "an71<06n — 1)000.
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If ¢ > g is close enough to ¢, then a(q’) begins with

a1 Qg a1 (g — 1)()27”r1

by Proposition 2.2, and this sequence does not satisfy (3.2) for as,(q") > 0.
If ¢’ < q is close enough to g, then a(q’) begins with ay - - - @, &1 -~ @, by Proposition 2.3. If ¢ € V, then
¢ = q by Lemma 3.4. O

It follows from the above property that if ¢ € U, then the inequalities (3.2) are strict. The converse also
holds true:

Lemma 3.8. Fiz ¢ € V and let (o;) := a(q). Suppose that all inequalities (3.2) are strict:
Qpi10nt2 - < qpag---  whenever ay, > 0. (3.4)
Then
(i) there exist arbitrarily large positive integers m such that
Qg1 O < Q1 Qg whenever 0 <k < m; (3.5)
(i) ¢eU.
Note that (3.5) for k = m — 1 implies that a,, > 0.
Proof.
(i) By Theorem 2.1 there exist arbitrarily large indices m with «,, > 0 such that

Qg+l Oy < Q1 Qg whenever 1 <k<m and o >0.

Ifl<k<manda,=0and {:=max{i € {1,...,k—1} | a; > 0} (recall that a; > 0), then

kg1 O < Qg1 Okl < 01 - Q-
If k =0, then (3.5) follows from @7 < a3 (see Remarks 3.6(i)).
(ii) We shall construct a sequence (p},) of numbers belonging to U that converges to g. For each m satisfying
(3.5) we define a sequence (¢;) by recursion as follows. First set

Cl " Cm 1= Q1 " Q.

Then, if ¢1 - - - con,, is already defined for some nonnegative integer N, set

CQNerl *t CoN+1y, = C1 " " CZNmfl(CQNm — ].)

Note that ¢, = ., > 0, and con,,, > 0 implies cont1,, = Convg, — 1 > 0 for N = 0,1,...; hence
¢; €{0,...,M} for each i > 1.

Assume for the moment that the sequence (¢;) satisfies the conditions (2.7) and (2.8). Then it is the
unique p -expansion for some base pZ,. Since a(q) and a(p},) start with the same block of length m,
letting m — oo we conclude that p¥, — ¢. It remains to prove (2.7) and (2.8).
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To this end we show by induction on N = 0,1, ... the following inequalities:
Cia1 CaNgy < €1t Cong,; forall 0<j<2Vm (3.6)
and
Ciy1" " CjpaNy, < C1 v Cony, forall 1<j< 2Nm. (3.7)

Consider first the case N = 0. If 0 < j < m, then (3.6) holds because

Cj+1"'Cm:0lj+1"'0lm<041"'Oém—jzcl"'0m—j

by (i).
Next, for 1 < 5 < m we have

Q1 < Q- Qo
by Proposition 2.3, and

Am—jt1 " O < Q1 * - O
by applying (i) for m — j instead of j. Taking the conjugate of the last inequality, we obtain (3.7):

CjJrl'.'chrm:ajJrl“'amal.'.aj
<a1...am7jam7j+1...am

:Cl...cm.

Now assume by induction that (3.6) and (3.7) hold for some N > 0. In order to establish them for
N + 1, it suffices to show that

Chpl Caviig < €1 Contipgyp, forall 2V¥m <k < 2VNtlm (3.8)
and
Chil ™ ChaaNm < €1+ Cony,  forall 28m <k < 2N+im, (3.9)

Writing k = 2¥m + 7, so that 0 < j < 2¥m, (3.8) follows from the induction hypothesis and from the
definition of (¢;):
Chrl CaNtipg = Cjp1 CoNpy_1(Congy — 1)
< Cjg1CoNgp_1CoNpy
<ercCoNg g
=1 CoNtLyy k-

For k = 2¥m the inequality (3.9) follows from @7 < o which in turn follows from Remarks 3.6(i), and
therefore

CoNpy1 = C1 = a1 < a1 = Cy.
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In the remaining cases we may write k = 2Vm + j with 1 < j < 2¥m. Using again the definition of (c;)
and applying (3.6) we have

Ck41 " " Cp42Nm = Ck41 " CoN+1yy 1CoON+1 CoN+1yy 47 * 62N+1m+j

=Cjt1" " CoNm—1(Conpm — 1)01 c Gy

<1 CoNgyjCL G
In order to get (3.9) we have to show that
C1-"Cj < CoNpp—jy1° " CaNpy,

or equivalently

GV 11 Cavm < €L
This follows by applying (3.6) for 2m — j instead of j (this is possible because j # 0). O
The last two lemmas imply the following lexicographic characterization of -
Theorem 3.9. A number q € (1, M + 1] belongs to U if, and only if, the sequence («;) := a(q) satisfies (3.4).

Adapting Remarks 3.6(ii) in the obvious way, we see that for ¢ € U the inequality (3.4) holds for all
n > 0.
We proceed to prove our main theorems.

Lemma 3.10. U \ U is a countable dense set in U.

Proof. Each element ¢ € U \ U is algebraic because a(q) is periodic by Proposition 2.3, Theorems 2.5 and
3.9. Hence U \ U is countable. On the other hand, & \ U is an infinite set because by the preceding theorem
it contains the bases ¢, with a(g,) = (M™0)>*, n=2,3,....

It remains to show that each fixed ¢ € U can be approximated arbitrarily closely by numbers belonging
to U \U. By Lemma 3.8(i) there exist arbitrarily large positive integers m satisfying (3.5) with (a;) := a(q).
Assume for the moment that the corresponding periodic sequences

o0
(i) = (oq SOy @ Qe (@ — 1)ag ~-am)
are quasi-greedy r,,-expansions for some bases ., € U \U. Since a(r,,) and a(q) start with the same block

of length m, letting m — oo we conclude that r,, — q.
It remains to prove that

Me+1Mk+2 - < M2 - (3.10)
and
M1 Mgz < MmN (3.11)

for all k£ > 0. Thanks to the periodicity of (7;) it suffices to consider the cases 0 < k < 3m.
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The relation (3.10) is obvious for k& = 0, while for £ = m and k& = 2m it follows from the inequality
a7 < ag (see Remarks 3.6(i)). The relation (3.11) for k = 0 also follows from the inequality @7 < «y. For
k =m and k = 2m the relation (3.11) follows from the inequalities

ag - amet(am — 1) < ap - Qmo1am,

and

Q1 QX - Qi <a1...ama1...am71(am_1)’

respectively.
For the rest we distinguish the three cases

O<k<m, m<k<2m and 2m <k < 3m.

If 0 < k < m, then using (3.5) we have

frlk+1...nm:ak+1...am

<a1...am7k
=N TNm—k

which implies (3.11), while using Proposition 2.3 and (3.5) for m — k instead of k we obtain

M1 Mhetm = Q1 - - Q1 - -~ Qg

<oy Qpmogp0n Qg

<O Qo1 * * * Oty

=11 s

proving (3.10).
If m < k < 2m, then writing k¥ = m + j and using Proposition 2.3 we have
Metrl  M2m = Qjg1 - Oy 1(Q — 1)

< Q1 Om—10m,
<ap- Qg
=M1 Nm—j
=T T2m—ks

5

while applying (3.5) for j and m — j, we obtain that

nk+1...77k+m:aj+1...am_1(am71)a1...aj
galam_jm
<a1...am7joém7j+1...am

:nl...nm'
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Finally, if 2m < k < 3m, then writing k¥ = 2m + j and using (3.5) we obtain that
< al e am_j
=T Ny
— ',71 e 773m7k'
Furthermore, applying Proposition 2.3 and then (3.5) for m — j, we obtain that
Mh+1 " Thtm = Q41" QO - - O
<ay Qa0
< al . .am_jam_j+1 .. .am

=11 T
These two relations imply (3.10) and (3.11) again. O

Lemma 3.11. If ¢ € U \ U, then (o) := a(q) is periodic. Furthermore, all q-expansions are given by (o)
and the sequences

(1 am)Nag - apm_1(am +1)0°, N=0,1,..., (3.12)
where m is the smallest period of (o).

Proof. Fix ¢ € U \ U. Since M + 1 € U, we have (o;) < M. Furthermore, it follows from Theorems 2.1
and 3.9 that (@;) is the greedy expansion of M/(q — 1) — 1, and hence («;) is the lexicographically smallest
g-expansion. Theorem 2.5 implies that at least one of the inequalities (2.6) must be an equality, so that («;)
is periodic. If m is the smallest period of («;), then we have

(Bi) == B(q) = a1+ a1 (am + 1)0%.

It follows by induction on N that the sequences (3.12) are also g-expansions.
Now let ¢ = (¢;) be an arbitrary g-expansion. If

(Cz‘) # (Oéi) = (al : "Oém)oo,

then let N be the biggest nonnegative integer such that (c;) begins with (g -« - ay,)~. We complete the
proof by showing that ¢ has the form (3.12).

Since
o () mn41) = 1, (3.13)
we have
(i) < (ei)Zmnt1 < (Bi)
and hence
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Q1 O < CpN41 T CN4m S Q1 Gt (g £ 1),

In view of the choice of N we conclude that

CmN+1" " CmN+m =a1"'04m71(am+1) =81 Bm.
Since f3; = 0 for all i > m, it follows from (3.13) that ¢ has the form (3.12) indeed. O
Lemma 3.12. V\ U is a discrete set, dense in V.

Proof. We already know that U/ is characterized by Theorem 3.9. Therefore Lemma 3.7 shows that V \ U is
discrete.

Next we show that each fixed ¢ € U can be approximated arbitrarily closely by numbers belonging to
V\ U. By Lemma 3.8(i) there exist arbitrarily large positive integers m satisfying (3.5) with (a;) := a(q).
Assume for the moment that the sequences (g - - - apaq -+ @, ) are quasi-greedy t,,-expansions for some
bases t,, € V\U. Since a(t,,) and a(q) start with the same block of length m, letting m — oo we conclude
that t,, — q.

It remains to prove for each fixed m that the sequence

= (o1 om0 Q)™
satisfies the inequalities
Met1Mhet2 - - < M2 - - (3.14)
and
Mt 1Mtz < Mn2 - (3.15)
for all k£ > 0. Since (3.14) for k + m is equivalent to (3.15) for k and (3.15) for k + m is equivalent to (3.14)

for k, it suffices to verify (3.14) and (3.15) for 0 < k < m.
The relation (3.15) follows from (3.5):

Met1 " M = Qg1 Qi < QL Qe = N1 m—k-
The relation (3.14) for k = 0 is obvious. If 0 < k < m, then
i1 O < O+ Q-
Furthermore, applying (3.5) again we get
Um—k+1 " QO < O - O,
which is equivalent to

O < Qo kg1 O
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Consequently, we have

nk+1...fr’m+k:ak+1...ama1...ak
< Qi QoK
<@ Qe Q1 O

=M Nm,
and (3.14) follows again. 0O

Remark 3.13. We show that the numbers ¢,, which appear in the proof of Lemma 3.12 are all less than q.
Since q € U, we have Umt1Qmt2 - < ajas ---, and hence

a1 O, < Qpp1 - Qo
In case of equality we would have a = 1 and thus ¢,, = ¢ by Lemma 3.4. This is impossible because ¢ € U
and t,,, ¢ U.
Thus we have
Q- Oy < Qg1 - Q2m;
this is equivalent to
N Mam < Q1 Qom,

implying n < a and thus ¢,, < q.

Lemma 3.14. If ¢ € V\U, then (o) := a(q) is periodic.
If M = 2m is even and g = m + 1, then all g-expansions are given by («;) and the sequences

mN(m+1)0*° and m™(m—-1)M>, N=01,.... (3.16)
Otherwise all q-expansions are given by («;) and the sequences

(g -+ Oégn)NOél cragp—1(ag, +1)0°, N =0,1,... (3.17)
and

(ag -+ agn)Na1 capo1(ap — 1M, N=0,1,..., (3.18)
where 2n is the smallest even period of (o).
Proof. Fix ¢ € V\U. Since M + 1 € U, we have (a;) < M. It follows from the definition of V (see (3.2))
and from Theorem 3.9 that at least one of the inequalities (3.2) must be an equality. Let n be the smallest
positive integer for which equality holds in (3.2), then «, > 0 and () is periodic:

() = (a1 - apar - ay)™ .

Applying Lemma 3.4(ii) we distinguish two cases.
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If (a;) = m® with m = M/2, then B(q) = (m 4 1)0°°, and the sequences (3.16) are easily seen to be

g-expansions. Since m,(M*>) = M/(¢ — 1) = 2, the conjugate (m — 1)M> of 3(q) is also a g-expansion,
hence it is the lexicographically smallest g-expansion.

Conversely, let ¢ = (¢;) be an arbitrary g-expansion. If (¢;) # m®, then let N be the biggest nonnegative
integer such that (c;) begins with m”. Then

mg ((c)2ni1) =1,
so that
(m = D)M™ < (e)Z 41 < (m+1)0%,

Hence either cy11 = m — 1 or cyy+1 = m + 1. In the first case we have ¢; = M for all ¢ > N + 1; in the
second case we have ¢; = 0 for all 4 > N + 1. Thus ¢ is one of the sequences in (3.16).
Next we consider the case where 2n is the smallest period of (a;). Then

/B(q) =01 -0pQy - 'an—l(an - 1)0007

and the sequences (3.17)—(3.18) are easily seen to be g-expansions again. Using Theorem 2.1 we see also
that aq -+ ap—1(a, — 1) M is the lexicographically smallest g-expansion.

Conversely, let ¢ = (¢;) be an arbitrary g-expansion. If (¢;) # («;), then let N be the biggest nonnegative
integer such that (c;) begins with (ay - - - a2, )~ . Then

Tq ((Ci)?ian+1) =1,

so that

ar - ap1(an = 1)M™ < (¢)io,ng1 S 01 apar - a1 (ay, — 1)0%. (3.19)
Hence we have either
ConN+1" " ConN+n = 1+ Qp—1(a — 1)
or
CopN+41 """ C2nN+4n = Q1 - Qp_1Qp.
In the first case we deduce from the first inequality of (3.19) that
(Ci)(i)i2nN+1 = Q- anfl(an - 1)MOO»

so that c is one of the sequences (3.18).
In the second case, we have

Tq ((c_i>;.iQnN+n+1) =1,

so that

ConN+nt1 " Con(N+1) < Bi(q)--- ﬁn(Q) = Q1 Qp

or
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C2nN+n+1 """ Con(N+1) = Q1 - Q.

We cannot have equality here by our choice of N. Therefore we deduce from the second inequality of (3.19)
that

ConN4nt1" " Con(N41) = Q1 -+ Qp1(an — 1),
whence ¢ is one of the sequences (3.17). O
Now we are able to prove the promised characterizations of U and V:

Lemma 3.15.

(i) q € U <= there is a unique infinite q-expansion.
(ii) q € V <= there is a unique doubly infinite q-expansion.

Proof. The direct implications = of (i) and (ii) follow from Lemmas 3.11 and 3.14 together with the fact
that «(q) is doubly infinite for each ¢ € (1, M + 1]. The proofs of the inverse implications, given in [14,
Theorem 1.4(c)] for M < ¢ < M + 1 remain valid for 1 < ¢ < M + 1. The case ¢ = M + 1 is obvious: the
unique g-expansion M is doubly infinite by definition. O

The just proven lemma establishes the equivalence of the two definitions of V, given in the introduction
and at the beginning of this section.

Lemma 3.16. Let o € V\ U, q2 > §, and write
a(g) = (a1 -+~ ogog —ag)™
where k is chosen to be minimal. Then
Qi ap<apap—, 1=0,...,k—1

Proof. For ¢ = 0 the inequality follows from the relation a7 < a; (see Remarks 3.6(i)).
For ¢ > 0 we may repeat the proof of Lemma 6.2 in [8]. O

Lemma 3.17. Let g2 be as in the preceding lemma and let (o) := a(qe). There is a greatest ¢ € V that is
smaller than gz, and

a(q) = (a1 agp_1 (o — 1)) (3.20)
Furthermore, g1 € V\U.

Proof. The relation ¢; € V \ U will follow from the first part because a(q;) is periodic and not equal to
M, whence ¢q1 ¢ U.

For the proof of the first part, in case k > 2 we may repeat the proof of Lemma 6.3 in [8], by defining in
that proof the conjugate of a digit ¢ by ¢ := M — ¢, and by applying Lemmas 3.4 and 3.16 above instead of
Lemmas 4.2 and 6.2 there. Suppose that & = 1. It follows from Lemma 3.4 that ¢ is the smallest element
q of V with a1(q) = ;. It remains to show that the sequence (a7 — 1) satisfies (3.2). For this we have to
show that a; —1 > M/2.

If M =2m or M = 2m — 1, then a(§) = (mm)™ and a(q2) = (a1a7)". Since g2 > §, we conclude that
ar >m+1>M/2+1 as required. O
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Lemma 3.18. Let g1 € V\ U, and let B,, be the last non-zero element of (B;) := B(q1).
There is a smallest g3 € V that is greater than q1. Moreover, we have

a(g2) = (Br- - BmbBr- - Bm)™

and

B(QQ) = 61 e Bmﬁl e Bm—l(ﬁm - 1)000
Furthermore, go € V\U.

Proof. We may repeat the proof of Lemma 6.5 in [8] with the following minor changes.

Instead of Lemmas 4.2 and 6.4 there we apply Lemma 3.4 and Proposition 2.2 here.

For the proof of (6.3) for k¥ = 0 and of (6.4) for k = m > 1 we use the inequality W7 < w;; now this
follows from wy = 81 > M/2 (see Remarks 3.6(i)). The proof of (6.4) for k = m = 1 (in which case ¢; is an
integer) follows directly from Examples 3.22(i) below.

For the proof of (6.4) for k > 2m we use the inequality vx+1 = 0 < w; which also follows from wy =
B > M/2.

Since a(gs) does not satisfy (3.4), we conclude that go ¢ U. O

Lemma 3.19. I/ is a Cantor set.

Proof. It follows from Lemma 3.10 that I{ has no isolated points. Lemma 3.10 combined with the preceding
lemma imply that ¢/ has no interior points either. O

Remark 3.20. Since I/ is a non-empty perfect set, each neighborhood of each point of I/ contains uncountably
many elements of . Since there are only countably many algebraic numbers and since I \ U is countable,
this implies again that the transcendental univoque bases are dense in .

Now we consider the following construction. Given qo € {1} U (U \ U), we let (8;) := B(q1), where ¢1 is
the smallest element of V that is greater than qg. The number ¢; exists by Lemma 3.5 and Lemma 3.18.
Let 3, be the last non-zero digit of (3;). Starting with the block s; := 31 - - B, we define a sequence of
blocks by the recursive formula

Sp+1 1= sn£+, n=12,....

Here the superscript ¥ means that we increase the last digit of the block s, 5, by one.

By Lemma 3.18 we obtain a strictly increasing sequence ¢y < ¢1 < ¢2 < ---, converging to some
number ¢, and satisfying the condition (1.2) of Theorem 1.3. The following lemma completes the proof of
Theorems 1.2 and 1.3:

Lemma 3.21. The above intervals (qo, q5) are exactly the connected components of (1, M + 1]\ U.
The set U* of right endpoints is a subset of U.

Proof. Consider an interval of the form (qo, ¢5). Since V is closed, ¢f = limg, € V. Moreover, ¢§ € U.
Indeed, it cannot belong to V \ U because this set is discrete, and it cannot belong to U \ U because U is
closed from above.

Since ¢, ¢ U by Lemma 3.18 for n = 1,2,..., (qo,q;) is a subset of (1, M + 1]\ Y. Since, furthermore, qo
and ¢ belong to {1} UU, (qo, q3) is a connected component of (1, M + 1] \ U.
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It remains to show that each ¢ € (1, M + 1] \ U belongs to one of the intervals (qo, q;). Let £y be the
smallest element of V such that £y > gq. We have £y € V \ U by Remark 3.13.

Applying Lemma 3.17 there is a greatest £1 € {1} UV that is smaller than £y, and ¢; € {1} U (V \ U).
Furthermore, by Lemma 3.4 and (3.20), a(¢1) has a smaller period than the smallest period of a(4) in case
l1 # 1. Also, ¢1 < q < £y by the definition of £.

Continuing recursively, we obtain a finite sequence ¢, < --- < £y such that ¢; € V\U fori =0,...,k—1,
e € {1}U U\ U), and

Uiy, )NV =g fori=0,... k—1.
Setting qo := £k, we conclude that g € (go,q3). DO
We end this paper with some examples.
Examples 3.22.
(i) Consider the integers k = 1,2,..., M + 1. We have
E=M+1 = kelU,

M _
7+1<k§M = kelU\U,

M _
k=7+1 = ke V\U,
M

(if) We recall that the Thue-Morse sequence (7;)52, is defined by the formulas 75 := 0, and
Tony;=1—7 for i=0,....2% -1, N=0,1,2,....

Starting with go = 1 and using Lemma 3.5, the above construction leads to the g-expansion of the

smallest univoque base:

. (m—14m7)2, itM=2m-1, m=12,...;
a(q) =

(m+7’if7'i_1)?il 1fM:2m, m:1,2,....

They were derived in [16,17] for M = 1 and M > 2, respectively; see also [21]. Our results provide a
uniform approach for the odd and even values of M.
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