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Abstract

One of the main theoretical issues in developing a theory of anisotropic vis-

coelastic media at finite strains lies in the proper definition of the material

symmetry group and its evolution with time. In this paper the matter is dis-

cussed thoroughly and addressed by introducing a novel anisotropic remod-

elling equation compatible with the principle of structural frame indifference,

a requirement that every inelastic theory based on the multiplicative decom-

position of the deformation gradient must obey to. The evolution laws of

the dissipative process are completely determined by two scalar functions,

the elastic strain energy and the dissipation densities. The proper choice

of the dissipation function allows us to reduce the proposed model to the

Ericksen anisotropic fluid, when deformation is sufficiently slow, or to the

anisotropic hyperelastic solid for fast deformations. Finally, a few prototype

examples are discussed to highlight the role of the relaxation times in the

constitutive response.
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1. Introduction

Anisotropic soft solids are a class of materials ubiquitously found either

in nature and in artificially made structures. Generally, they are constituted

by a (soft) homogeneous matrix with (stiff) reinforcing fibres which equally

contribute to their mechanical response. Examples includes biological tis-

sues, such as muscles and arteries [? ? ? ], elastomers [? ? ? ] and soft

gels [? ? ? ], to cite but a few. Despite being macroscopically diverse,

the materials above share microstructural similarities due to the presence of

long–chain molecules intertwined to each other, which form a spaghetti–like

bundled structure with a high degree of flexibility. In response to an exter-

nally imposed stress, the long chains may alter their configurations relatively

rapidly due to their high mobility. The requirement of linking the chains

into a network structure is associated with solid-like features, which allow

the material to be stretched up to about ten times of its original length. In

addition, the long molecules may partially slide onto each other causing an

internal reorganization which, macroscopically, manifests itself in a viscous-

like behaviour. The combination of these two effects allows the materials to

exhibit simultaneously the characteristics of a viscous fluid and of an elastic

solid.

To date, several modelling strategies have been proposed to describe the

viscoelastic behaviour of anisotropic soft materials [? ? ? ? ? ? ? ?

]. All of them take up the proper definition of the (elastic) long-term ma-

terial response and the formulation of the evolution laws of the dissipative

process accounting for the internal material response. Moreover, they also

share the use of the multiplicative decomposition of the deformation gradi-
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ent [? ] as a tool to distinguish elastic and viscous deformations, and the

consequential consideration of a natural state of the body. The use of the

multiplicative decomposition in the context of anisotropic inelasticity raises

several issues, the most significant one being the definition of the internal

material symmetries in the natural state. In this respect, the different ap-

proaches used in the literature can be divided in two main classes. One

includes those approaches which assume the viscous deformation not to al-

tering the internal material structure, thus the material symmetry group,

induced by the reorientation of the reinforcing fibres, remains the same in

the reference configuration and in the natural state [? ? ? ? ]. The other

class includes those models which make the assumption that the symmetry

group evolves with the viscous part of the deformation [? ? ]. Although the

first approach seems adequate in crystal plasticity, where the plastic sliding

of the crystalline planes may not modify the material symmetry (see, for

instance, [? ]), experimental evidence on amorphous polymers suggests that

the inelastic part of the deformation must play a role in the evolution of

the symmetry group [? ? ]. In all cases, one must formulate the proper

evolution laws of the dissipation process, which are linked to the evolution

of the natural state of the body, in terms of the different state variables.1

In the context of isotropic viscoelasticity, fo instance, the dissipation in-

equality was used in [? ] to define the evolution law of the viscous strain

to guarantee that the dissipation be positive for every realizable process.

An extension of that framework was presented and discussed in [? ? ] to

include anisotropic materials. Similarly, in [? ] the dissipation inequality

allowed the authors to define the evolution equations by assuming two dif-

1See [? ] for a comprehensive discussion which is beyond the scope of the present work.
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ferent viscous deformations and evolution laws for the fibre and the matrix;

as such two independent characteristic times were associated to the viscous

flow. More recently, the same distinct decomposition of the deformation

gradient was implemented in [? ], where the evolution laws were written

in terms the isotropic and anisotropic viscous components of the symmetric

Piola-Kirchhoff stress. Yet, such a model includes only two characteristic

times, one for the matrix and one for the fibres. In both [? ] and [? ], the

evolution of the anisotropy axis is not affected by the viscous part of the

deformation and the description of the material anisotropy in the natural

state remains is the same as the reference configuration.

All these approaches can be viewed within the unifying theory of ma-

terial remodelling [? ? ], with the various internal variables defining the

viscoelastic behaviour of the body determined by different evolution laws.

Within that framework, this work wants to establish a theory of viscoelastic

anisotropic bodies based on a new (remodelling) balance equation which de-

livers, once the proper constitutive information are used, the evolution laws

for the dissipation process. The constitutive issues are addressed by invok-

ing three basic principles: the principle of indifference to change in observer,

the dissipation principle and the principle of structural-frame indifference [?

]. Whereas the first two are enforced in every mechanical theory, the latter

comes out from the multiplicative decomposition of the deformation gradi-

ent. It will be shown that structural-frame indifference makes the elastic

strain energy and the dissipation function free of the rotational indetermi-

nacy of the natural state [? ]. Although the theory developed here can be

applied to materials that have complex internal structures, the paper fo-

cus on those materials having a single preferred direction and so are called

transversely isotropic. Such a choice maintains the derivation of all equa-
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tions simple, yet it allows the description of a large class of materials that

are of interest in many engineering applications [? ? ? ? ? ? ]. By

assuming the material to be transversally isotropic in the natural state, and

that the material group changes with the viscous part of the deformation,

it is shown that the requirement of material symmetry and of structural

frame-indifference coincides. The rational structure of the model is easily

implemented in a finite element code and, for states close to the thermo-

dynamic equilibrium, allows us to recover by linearisation several known

formulations. Finally, by focusing on a particular form of the dissipation

function, three independent relaxation times are considered and it is shown

that they are associated to the isotropic contribution of the matrix, and to

the additional dissipation introduced by the fibres. Their contribution to

the mechanical response is discussed thoroughly through the prototypical

example of relaxation under confined uniaxial extension.

2. Kinematics

We set the kinematics of the continuum within the framework induced by

the Kröner-Lee decomposition of the deformation gradient, which is largely

used for modelling inelastic deformation of materials [? ? ? ? ].

We assume that a region Br of the three–dimensional Euclidean space E is

the reference configuration of the body and denote with p : Br × T → E

the time-dependent map called transplacement which assigns at each point

X ∈ Br a point x = p(X, t) at any instant t of the time interval T = (t0, T ).

We identify as current configuration Bt = p(Br, t) the region occupied by the

body at time t and set p(Br, t0) = Br. Finally, we introduce the displacement

field u : Br × T → V = TE such that x = X + u(X, t), which is one of the

state variable of the problem.

5



Fv
Fe

X

a0

X

av

Br

x

Bt
F := Grad p

Feav

Figure 1: Kr̈oner-Lee decomposition of the deformation gradient F into elastic (reversible)
Fe and viscous (irreversible) Fv processes. Reference, relaxed and current body elements
are shown as parallelepipeds. The material fibre a0 (reference fibre) and av (dragged-by-
the-viscous-deformation fibre) at X are represented together with the current fibre Feav
at x. A dashed line is used to sketch the relaxed state and evidence the fact that the
physical pieces that constitute the relaxed state may not fit together.

According to the Kröner-Lee decomposition (see Fig. ??), the deforma-

tion gradient F := Grad p is decomposed into viscous (irreversible) Fv and

elastic (reversible) Fe deformation tensors2, such that

F = Fe Fv . (2.1)

The viscous deformation Fv is a smooth tensor-valued field with positive

Jacobian determinant: Jv := det Fv > 0 . It is the manifestation of the

internal material reorganization, which we will call viscous relaxation, and

is the other state variable of the problem. The tensor Fv(X, t) acts on a

body element at X ∈ Br and maps it into its relaxed (or natural) state at

time t. As noted above, in general the relaxed state may not be described

2Despite using the term deformation to indicate Fe and Fv, these tensors may not be
the gradient of any maps.
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by a placement, meaning that Fv may not be the gradient of any map, or in

other terms, there is no way to let each body element relaxing to its zero-

stress state without removing the surrounding elements [? ? ]. Indeed, it is

the elastic reversible deformation Fe that makes the tensor field F = FeFv

integrable. In the following, we will call J = det F and so we write J = Je Jv

with Je = det Fe.
3

We must point out that the decomposition (??) is not unique and, in fact,

an arbitrary local rotation Q ∈ Rot can be superposed to the viscous de-

formation Fv and maintain the natural state unaltered. Namely, if we set

F+
e = FeQ

T and F+
v = QFv , then F = FeFv = F+

e F+
v (2.2)

for any Q ∈ Rot [? ? ]. Following [? ], we call structural space the set

of relaxed states at X ∈ Br that corresponds to the same current configu-

ration described by F. In this sense, Eq. (??) shows that the macroscopic

deformation F is insensitive on a rigid body motion superimposed on the

structural space, and so it is expected that all the constitutive functions

of the model obey to this basic requirement. The invariance property (??)

was first defined in [? ], wherein the so-called structural-frame indiffer-

ence was introduced to overcome the consequent lack of uniqueness of the

natural state. In Sec. ??, we will analyse and discuss the consequences of

structural-frame indifference in details.

The internal material structure is described through the unit vector field

a0 : Br → V, which represents the fibre field in the reference configuration,

and the associated orientation tensor A0 = a0 ⊗ a0, sometimes denoted as

3Although polymers are usually assumed incompressible so that Je = 1, we do not en-
force this condition here analytically, but we will consider almost incompressible material
models in the numerical examples.
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structural tensor or fabric tensor. We further assume that the viscous defor-

mation Fv may alter the material structure and so we introduce the corre-

sponding dragged-by-viscous-relaxation orientation tensor as Av = av ⊗ av

with av = Fva0/|Fva0| (see Fig. ??). Accordingly, the invariance group

of the material structure changes from Gr, that is the set of all rotations

Q ∈ Rot such that QA0Q
T = A0 to Gv, that is the set of all rotations such

that QAvQ
T = Av. Finally, we call a = Feav the orientation of the fibre

in the current configuration and A = FeAvF
T
e the corresponding structural

tensor.

2.1. Deformation rates and velocity fields

The time derivative of the deformation gradient Ḟ = dF/dt and its elastic

Ḟe and viscous Ḟv components are related by

Ḟ = ḞeFv + FeḞv , Ḟe = (FF−1v )· = LFe − FeLv , (2.3)

where L := Grad v = ḞF−1 is the velocity gradient (or deformation-rate

tensor) and Lv = ḞvF
−1
v is the viscous deformation-rate tensor. Accord-

ingly, the time derivatives of the elastic Ce = FT
e Fe and visible C = FTF

left Cauchy-Green strain tensors are

Ċe = (FT
e Fe)

· = 2 FT
e DFe − 2 sym (CeLv) and Ċ = 2 FTDF , (2.4)

where the stretch rate tensor D = sym L has been introduced.4 By defining

the viscous stretch rate Dv = sym Lv and the viscous spin Wv = skw Lv,

the rate of change of av is

ȧv =
d

dt

(
Fv a0
|Fv a0|

)
= (Wv + DvAv −AvDv)av . (2.5)

4Throughout the paper sym and skw will be used to indicate the symmetric and
skew-symmetric part of tensors.
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Accordingly,

Ȧv = ȧv ⊗ av + av ⊗ ȧv = 2 sym (DvAv)− 2AvDvAv + [Wv,Av] . (2.6)

The operator [·, ·] is known as commutator and defined by

[A,B] = AB−BA, ∀A,B ∈ Lin . (2.7)

For later use, it is convenient to calculate how velocity fields transform

under the invariance requirement (??). In particular, when F+
e = FeQ

T

and F+
v = QFv, one has

L+
v = QLvQ

T + Ω and D+
v = QDvQ

T , (2.8)

with Ω = Q̇QT ∈ Skw. These two expressions will be used in the next

section to introduce suitable simplification in the constitutive functions.

3. Balance equations and thermodynamics

The balance equations of the model are derived into two steps from the

principle of virtual working. Firstly, we introduce the following continu-

ous, linear, real-valued functionals on the space of actual velocities (u̇,Lv),

denoted as external and internal workings, respectively:

We(u̇) =

∫
Br

z · u̇+

∫
∂Br

s · u̇ and Wi(u̇,Lv) =

∫
Br

(S · Ḟ+G ·Lv) . (3.9)

The external working We(u̇) is expended on u̇ by the forces per unit (ref-

erence) volume and area z and s, respectively, whereas any external actions

working-conjugate of Lv are neglected, since we have assumed that viscous

remodelling is a purely passive process. The internal working Wi(u̇,Lv) is

expended on Ḟ = Grad u̇ by the Piola–Kirchhoff reference stress tensor S,
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and we indicate with G the internal action working-conjugate to Lv and call

it the remodelling inner action.

Secondly, we derive balance equations and boundary conditions by en-

forcing the principle of virtual working, that is the requirement that, for any

given subregion P ⊂ Br of the body, the external and internal workings are

the same, i.e.,We(w) =Wi(w,V) for all virtual velocities (w,V) ∈ V×Lin

corresponding to the actual velocities (u̇,Lv). In formulae, through a stan-

dard derivation, one obtains

Div S + z = 0 and G = 0 in Br , (3.10)

u = û in ∂uBr and Sn = s on ∂tBr , (3.11)

where ∂uBr and ∂tBr are the parts of the boundary ∂Br where displacements

and tractions are prescribed, respectively, and n is the unit normal to ∂tBr.

It is worth noting that the balance equation (??)2 prescribes that the re-

modelling inner action must be zero, due to the absence of external actions.

Yet this term may be used to introduce suitable multiphysics coupling in

the model [? ].

Consistency with thermodynamics makes mandatory prescribing a pos-

itive dissipation, which is expressed as the difference between the external

working We(u̇) and the rate of elastic strain energy. With the balance

equations (??)-(??) on hand and assuming that both dissipation and elastic

strain energy can be represented in terms of their (specific) densities δ and

ϕ per unit of mass, one has∫
Br
%r δ =

∫
Br

(S · Ḟ + G · Lv)−
∫
Br
%r ϕ̇ ≥ 0 , (3.12)

with %r the reference mass density.5

5We further note that %r = Jv%v = J%, with %v and % the mass densities per unit
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In developing the constitutive theory, we shall assume first that the elastic

strain energy density ϕ at each X ∈ Br depends on the elastic deformation

Fe and on the orientation tensor Av, which is used to convey the informa-

tion on the internal material structure. This modelling choice highlights the

differences in our approach from others in the literature in which it is as-

sumed that the internal material structure is unaltered by Fv and an elastic

strain energy density depending on A0 is typically assumed.6

Likewise, the dissipation density δ is assumed to depend both on the

viscous deformation-rate tensor Lv and on Av. As a result, with a little

abuse of notations, we write

ϕ = ϕ(Fe,Av) and δ = δ(Lv,Av) . (3.13)

Equation (??) shows that the constitutive functions ϕ and δ completely

characterise the material response. The corresponding reduced constitu-

tive functions will be introduced upon enforcing of the following invariance

requests.

4. Frame-indifference and structural frame-indifference

The first requirement every physically grounded theory must obey to

is the requirement of invariance under a change of frame. In the contin-

uum mechanics community this is usually referred to as frame-indifference

principle or simply as frame-indifference [? ? ]. However, the Kröner-Lee

decomposition (??) may ask for an additional invariance requirement called

relaxed and actual volumes, which implies that during deformation mass is conserved.
6Indeed, although this seems adequate in crystal plasticity, where the plastic sliding of

the crystalline planes may not modify the material symmetry (see the example in [? ]),
experimental evidence on amorphous polymers seems to suggest that the inelastic part of
the deformation must play a role in the evolution of the symmetry group [? ? ].
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structural frame-indifference, which is the invariance under a change of frame

in the structural space and is expressed by the trasformation laws (??) [? ?

]. We assume both frame-indifference and structural-frame indifference as

the starting points of our constitutive theory from which all the other re-

quirements, including restrictions due to material symmetry and constraints,

must follow.

Frame-indifference. Frame-indifference requires that the internal working

Wi(u̇,Lv) be invariant under a change of frame defined by the transforma-

tion

F† = QF , Q ∈ Rot (4.14)

which maintains unaltered the viscous deformation Fv and, in view of (??),

induces the transformation F†e = QFe on the elastic deformation. It is a

well-established results that (??) implies skw (SFT ) = 0, i.e., the Cauchy

stress T = J−1SFT is symmetric. Moreover, we stipulate the strain energy

density to be frame-indifferent, that is

ϕ(QFe,Av) = ϕ(Fe,Av) ∀ Q ∈ Rot . (4.15)

This latter request is satisfied if and only if

ϕ = φ(Ce,Av) ,

that is, the strain energy density depends on the elastic deformation through

the strain tensor Ce, and on the orientation tensor Av. On noting that Av

and Lv are unchanged by the transformation (??), the frame-indifference of

the dissipation density δ readily follows.
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Structural frame-indifference. The notion of structural frame-indifference

leads to the consideration of the transformation laws (??), here rewritten as

F+
e = FeQ

T , F+
v = QFv , Q ∈ Rot , (4.16)

which keep unchanged the macroscopic deformation F = FeQ
TQFv =

FeFv. We shall say that the reduced constitutive function φ is structurally

frame-indifferent if it is unchanged under (??), which in turn leads to

φ(QCeQ
T ,QAvQ

T ) = φ(Ce,Av) , ∀Q ∈ Rot , (4.17)

since Av 7→ QAvQ
T . Equation (??) expresses the requirement of φ to be

an isotropic function of Ce and Av, or in other terms, that the material

is transversely isotropic in its relaxed state, where the material symmetry

axis is given by Av (see [? ]). Indeed, material symmetry and structural

frame-indifference coincides in the present context.

The same invariance requirement (??) applied to the dissipation function δ

yields

δ(QLvQ
T + Ω,QAvQ

T ) = δ(Lv,Av) , ∀Q ∈ Rot,∀Ω ∈ Skw , (4.18)

in which the transformation (??) of the velocity fields have been used. Due

to the arbitrariness of Q and Ω in (??), one can choose Q = I and Ω = −Wv

to show that δ(Lv,Av) = δ(Dv,Av), i.e., the function δ can only depend on

the viscous stretching Dv and not on the viscous spin Wv. In addition, by

choosing Ω = 0, Eq. (??) reduces to

δ(QDvQ
T ,QAvQ

T ) = δ(Dv,Av) , ∀Q ∈ Rot , (4.19)

which states that δ must be an isotropic function of Dv and Av, likewise

the strain energy density φ. One additional physical requirement on δ is the

13



request of parity with respect to the argument Dv, that is to say, the request

that the dissipation is unchanged by a change in the sign of the velocity, i.e.,

δ(−Dv,Av) = δ(Dv,Av).

With the invariance requirements expressed by (??) and (??), we are in

the position of applying the representation theorem of isotropic functions

to express δ and φ as polynomial functions of the scalar invariants of their

arguments [? ? ]. In particular, we consider the following integrity bases

for φ

I1 = I ·Ce , I2 = I ·C?
e , I3 = det Ce , I4 = Av ·Ce , I5 = Av ·C2

e , (4.20)

with C?
e = J2

eC−Te , thus, with a little abuse of notation, we write

φ(Ce,Av) = φ(I1, I2, I3, I4, I5) . (4.21)

The same reasoning applied to the dissipation function δ lead us on intro-

ducing an analogous set of invariants like7

J1 = I ·Dv , J2 = I ·D2
v , J3 = det Dv , J4 = Av ·Dv , J5 = Av ·D2

v , (4.22)

which leads to the following form of δ

δ(Dv,Av) = δ(J1, J2, J3, J4, J5) . (4.23)

With this form of δ, the invariance of δ under a change in the sign of the

velocity is satisfied if only even power of J1, J3 and J4 appears in δ. A

separate form of the δ is often prescribed in the literature and so one is lead to

introduce 5 constitutive coefficients, one for each invariant, which represent

the independent characteristic times of the relaxation process. However, in

7The slightly different choice between the lists (??) and (??) gets the wish to recover
the Ericksen theory of anisotropic viscous fluids within the present context.
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order to be consistent with the Ericksen theory of anisotropic fluids a simpler

choices will be made in the next section involving only 3 characteristic times.

5. Dissipation inequality and evolution equations

We now write down the local form of the dissipation inequality (??) by

using the reduced form of the constitutive functions φ and δ as determined

by structural frame-indifference. It reads as

0 ≤ %r δ(Dv,Av) = S·Ḟ+sym G·Dv+skw G·Wv−%r
∂φ

∂Ce
·Ċe−%r

∂φ

∂Av
·Ȧv ,

(5.24)

and, by using the kinematic relationships (??) and (??), one arrives at

0 ≤ %r δ(Dv,Av) =
(
SFT − 2%r Fe

∂φ

∂Ce
FT
e

)
·D

+
(
skw G + %r

[
Ce,

∂φ

∂Ce

]
+ %r

[
Av,

∂φ

∂Av

])
·Wv (5.25)

+
(
sym G + 2 %r sym (Ce

∂φ

∂Ce
)− %r sym ((I−Av)

∂φ

∂Av
Av)

)
·Dv ,

that must hold true for any tensors D,Wv,Dv. The energy imbalance (??)

can be used to derive, through the Coleman-Noll procedure [? ], ther-

modynamically consistent constitutive equations for S and G, granted the

structurally frame-invariant constitutive representations (??) and (??) of ϕ

and δ.

The first term in (??) yields the constitutive equation of the Piola-

Kirchhoff stress S or, alternatively, of the symmetric Cauchy stress T =

J−1SFT , i.e.,

T = 2 %v J
−1
e Fe

∂φ

∂Ce
FT
e , (5.26)

in which the relationship %v = Je %r was used. The second term in (??) gives

skw G ·Wv = 0 , (5.27)
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since
[
Ce,

∂φ
∂Ce

]
+
[
Av,

∂φ
∂Av

]
= 0 (see Appendix) and δ is independent of Wv.

Previous equality must be satisfied for any Wv and so skw G = 0, that is

the constitutively determined component of the inner action G is null.8

It is worth remarking here that the multiplicative decomposition of F makes

the viscous spin Wv indeterminate. In fact, structural frame-indifference

implies the constitutive response to be independent of the transformation

W+
v = QWvQ

T + Ω , ∀Q ∈ Rot and ∀Ω ∈ Skw , (5.28)

such that Ω = Q̇QT and so one can arbitrary choose W+, e.g., if Q̇ = −QWv,

then W+
v = 0.

This indeterminacy has been longly debated in the field of large-strain elasto-

plasticity (see for instance [? ] and [? ]). In that framework, in [? ] it

has been proved that, for isotropic materials, structural frame-indifference

implies the inelastic spin to vanish, a result known in the literature as the

Irrotationality Theorem [? ]. On the other hand, for anisotropic mate-

rials, structural frame-indifference only shows that the natural state can

be determined within the equivalence class given by (??). A choice com-

monly employed in the literature to overcome this indeterminacy is to choose

Fv = FT
v , such that Fv has only six independent components and their evo-

lution is completely determined by the constitutive equation of the (sym-

metric) stretch rate Dv [? ]. Although legit, we prefer not to make this

restricting choice on Fv, but rather restrain its evolution by choosing

Wv = 0 , (5.29)

and viewing it within the theory as an internal constraint on the motion of

8The reactive part of this inner action does not enter the dissipation inequality, thus
it is not restricted by it.
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the body.

Finally, we identify in the third term the so-called Eshelby stress Esh = Esh(Ce,Av),

defined by

Esh(Ce,Av) = −2 %r sym (Ce
∂φ

∂Ce
) + %r sym ((I−Av)

∂φ

∂Av
Av) , (5.30)

and we rewrite the dissipation inequality as

%rδ(Dv,Av) =
(
sym G−Esh

)
·Dv . (5.31)

On assuming that the inner action sym G is made of elastic Esh and dissipa-

tive Gdis parts, the difference sym G−Esh in Eq. (??) defines the dissipative

component Gdis, which turns out to be restricted by the reduced dissipation

inequality so to have

%rδ(Dv,Av) = Gdis ·Dv ≥ 0 . (5.32)

In accordance with (??), we make the following assumption on the form of

the dissipation density,

δ = %−1r µ
(
τ2 J2 + τ4 J

2
4 + 2τ5 J5

)
, (5.33)

with µ the shear modulus of the material and τ2, τ4 and τ5 the characteristic

relaxation times, which control the viscous remodelling process. By using

equations (??) and (??), we obtain the dissipative component Gdis of the

inner viscous stress,

Gdis = µ(τ2 Dv + τ4 (Dv ·Av)Av + τ5 (DvAv + AvDv)) . (5.34)

5.1. Evolution equations

The (remodelling) evolution equations comes from the balance equations

once the constitutive prescriptions derived through the dissipation inequality
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are used. In the present formulation, Eq. (??)2 has two uncoupled compo-

nents: sym G = 0 and skw G = 0. The first component determines the

state of the body; indeed, by using equations (??)-(??) into the symmet-

ric component of Eq. (??)2, we get the evolution equations of the viscous

deformation:

τ2 Dv + τ4(Dv ·Av)Av + τ5(DvAv + AvDv) = −µ−1Esh(Ce,Av) . (5.35)

Granted for Eq. (??) and its consequences, the second component is purely

reactive and prescribe that the reactive part of skw G is null.

Equation (??) is an evolution equation (Dv is a strain rate) controlled by

the three different relaxation times: τ2 is the contribution to the relaxation

driven by the isotropic matrix, whereas τ4 and τ5 accounts for the additional

dissipation associated to the material structure induced by the presence of

fibres. If dissipation were uniquely caused by the matrix, that is, if we did

not account for the dragged-by-viscous-relaxation fibres, we would have set

τ4 = τ5 = 0 in (??) and obtained the isotropic form of the dissipation tensor

used in [? ]. On the other hand, if the viscous response were mainly due to

the fibre contribution, as for instance in the experiments in [? ], then τ2 = 0

and the viscous response would have been completely determined by τ4 and

τ5. In this sense, the proposed form of the dissipation function can be seen

as a generalization of the one used in [? ].

Moreover, the choice (??) is also instrumental to obtain a constitutive equa-

tion of the Eshelby stress equal to the one introduced in [? ] by Ericksen

for anisotropic viscous fluids. Indeed, as shown in the next section, such a

choice will make the model reducing to the one of anisotropic viscous fluids

when the applied deformation is sufficiently slow.
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6. Asymptotic approximations: slow or fast deformations

The objective of this section is to reconcile the developed model with the

theory of hyperelasticity and viscosity. To do that, we study the asymptotic

approximations of the model when visible deformations are fast or slow. We

define the characteristic deformation time τd and introduce the dimensionless

viscous stretching D̄ as

τ−1d = |D|, D̄v = τd Dv , (6.36)

that has to be compared with the characteristic relaxation times in equation

(??), in order to study the asymptotic limits of the proposed model. Here

and henceforth an overbar ·̄ will be used to indicate the normalization with

respect to τd.

Slow deformations. We say that a deformation is slow when the character-

istic time τd is much longer that the relaxation times, which allows us to

introduce the smallness parameter ε:

max{τ2, τ4, τ5} = τr � τd ⇒ ε =
τr
τd
� 1 . (6.37)

Then, we expand all the main kinematic variables in terms of ε as follows:

Fe = I + εF1, Fv =
(
I− εF1

)
F + o(ε) , (6.38)

and

Ce = I + 2 εEe + o(ε) with Ee = sym F1 , (6.39)

Av = A + ε
(
2 (Ee ·A) A− F1A−AFT

1

)
+ o(ε) , (6.40)

D̄v = D̄− ε ˙̄Ee + ε sym [L̄,F1] + o(ε) . (6.41)
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Accordingly, the first order approximation of the evolution equation (??) is

η2 ε D̄ + η4 ε(D̄ ·A)A + η5 ε
(
AD̄ + D̄A

)
= εE

(1)
sh , (6.42)

where it was used the fact that the Eshelby stress is expanded as Esh =

E
(0)
sh +εE

(1)
sh and the zero-th order term, representing the stress at the relaxed

state Ce = I and Av = A, vanishes. Indeed, by using the definition of the

Eshelby stress (??), one can further prove that

Esh = −εC[Ee] + o(ε) , with C[·] := 4
∂2φ

∂2Ce

∣∣
Ce=I,Av=A

(6.43)

that is the Eshebly coincides with the first order approximation of the

Cauchy stress T = εC[Ee] + o(ε), which in turn gives through (??)

T = µ τ2D + µ τ4
(
D ·A

)
A + µ τ5

(
DA + AD

)
, (6.44)

the constitutive equation of the compressible Ericksen anisotropic fluid [? ?

? ].

Fast deformations. We say that a deformation is fast when the characteristic

time τd is much shorter that the relaxation times and so we introduce a

smallness parameter ε as

min{τ2, τ4, τ5} = τr � τd ⇒ ε =
τd
τr
� 1 , (6.45)

to expand the kinematical quantities9

Fv = I + εF1, Fe = F
(
I− εF1

)
+ o(ε) , (6.46)

9With a little abuse of notation, we now denote with F1 the first order approximation
of the viscous deformation Fv.
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and

Av = A0 + εA1 + o(ε) (6.47)

Ce = C− εC1 + o(ε) (6.48)

D̄v = ε sym ˙̄F1 = ε D̄1 . (6.49)

In this case, the first order approximation of the evolution equation (??) is

η2εD̄1 + η4 ε
(
D̄1 · A0

)
+ η5ε

(
D̄1A0 + A0D̄1

)
= εE

(0)
sh , (6.50)

where E
(0)
sh represents the Eshelby stress at the state Ce = C and Av = A0.

Moreover, the zero-order stress tensor is

T = 2 %F
∂φ

∂Ce

∣∣
Ce=C,Av=A0

FT (6.51)

which is, indeed, the constitutive equation of a transversely isotropic hyper-

elastic solid, whose direction of anisotropy is given by A0, the orientation

tensor at the reference configuration. As such, Eq. (??) shows that, under

fast deformation, the model predicts a purely elastic response

7. Relaxation times and material response

With the aim of guiding the identification of the different constitutive

coefficients of the model, we discuss some prototypical examples in which

emphasis is put on the effects of the different relaxation times on the mate-

rial response. We proceed by assuming that the elastic part of the material

response is the modified Holzapfel-Gasser-Ogden compressible model pro-

posed in [? ]. In doing so, we assume that the elastic energy density φ has

the following representation formula:

%v φ̂(I1, I3, I4) =
µ

2

(
I
− 1

3
3 I1 − 3

)
+
µ

2

β1
β2

(
expβ2(I4 − 1)2 − 1

)
+
κ

2
(I

1/2
3 − 1)2 ,

(7.52)
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which is the sum of isotropic, anisotropic and volumetric terms; µ and κ

are the shear and bulk moduli of the isotropic matrix, and β1 and β2 two

positive coefficients weighting the reinforcement contribution of the fibres.

7.1. Effects of relaxation time τ2

We commence by investigating the effects on the material response of

the relaxation time τ2, which controls the isotropic contribution in the dissi-

pation and so can be interpreted as the relaxation time associated with the

matrix material. To do so, we consider the longitudinal extension of a bar of

length L, with coordinate x ∈ [0, L], in which fibres are oriented along the

longitudinal axis, i.e., θ0 = 0. The left-hand side of the bar is fixed, whereas

force/displacement boundary conditions are applied at x = L. This example

gives rise to a purely one-dimensional problem for which the (homogeneous)

longitudinal stretch takes the form λ(t) = λe(t)λv(t), with the correspond-

ing viscous stretching Dv(t) = λ̇v(t)/λ(t). Accordingly, the elastic energy

density reduces to

φ(λe) =
µ

2

β1
β2

(
exp

(
β2(λ

2
e − 1)2

)
− 1
)

+
κ

2
(λe− 1)2 +

µ

2

(λ2e + 2

λ
2/3
e

− 3
)

(7.53)

and the (Cauchy) stress is given by σ = ∂φ/∂λe, that is

σ = 2β1µλe
(
λ2e − 1

)
exp

(
β2
(
λ2e − 1

)2 )
+ κ (λe − 1) +

2µ
(
λ2e − 1

)
3λ

5/3
e

. (7.54)

Here and henceforth, the dependence on time of stress and stretch is omitted

for the sake of conciseness.

The evolution of the viscous stretch λv follows from the application of
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Figure 2: Time dependence of the externally imposed stretch λ for relaxation (a) and
cyclic (b) tests.

the energy imbalance (??) and is written in terms of the visible stretch λ as

−(τ2 + τ4 + 2 τ5)λ
3
v λ̇v =

− β1 λ2 (λ2 − λ2v) exp
(
β2
(λ2
λ2v
− 1
)2)− κ

µ
λ3v(λ− λv)−

2

3
λ2v
(λv
λ

) 2
3 (λ2 − λ2v)

(7.55)

to be solved with the initial condition λv(0) = 1, once the dependence of the

visible stretch λ has been specified. In this respect, two different numerical

experiments will be analysed representing relaxation and cyclic tests; the

corresponding λ is schematically depicted in Fig. ??.

In both experiments, displacement boundary conditions are applied at

x = L, so to have the time dependence of the overall stretch as indicated in

the figure. The following values of the constitutive parameters were assumed

throughout this section

µ = 5 MPa , κ = 20 MPa , β1 = 4 , β2 = 0.5 , (7.56)

unless otherwise noted. Concerning the relaxation times, Eq. (??) shows

that, in this one-dimensional setting, all relaxation times have the same

effects on the dynamic evolution of the system, and so we fix τ4 = τ5 = 0

and investigate the effects of τ2.
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Figure 3: (a) Viscous stretch λv and (b) dimensionless Cauchy stress σ/µ versus time
t in logarithmic scale for the one-dimensional relaxation test with λ̄ = 1.2, and τ2 =
{10−2, 1, 10, 102, 104} s as per the color scheme in the left panel.

During a relaxation test, the specimen initially at rest is suddenly (in-

stantaneously) deformed and the stretch is thereafter maintained constant

(Fig. ??, left). The results for λ̄ = 1.2 and different values of τ2 are displayed

in Fig. ??, where the whole range of viscoelastic effects is appreciated: from

purely viscous, attained for long relaxation times, τ2 = 104 s, to purely

elastic, for vanishing relaxation times, τ2 = 10−2 s. In this latter case, in

fact, the viscous stretch immediately reaches its asymptotic value λ̄ = 1.2,

meaning that λe = 1 and the stress σ is zero at all times, as one would

expect from a viscous fluid. On the other hand, when the relaxation time

is very long, e.g., τ2 = 104 s, the viscous stretch maintains its initial value

λv(0) = 1 and λe = λ, meaning that the stress immediately reaches its peak

value as expected for an elastic solid. These results confirm the asymptotic

analysis carried out in Sec. ??.

The same effects are observed in a cyclic test (Figs. ??-??). The exter-

nally imposed deformation is plotted in Fig. ??a with λ̄ = 1.2, λ1 = 0.1 and

∆T = 0.2 s (solid line), together with the corresponding viscous (dotted-

yellow line) and elastic (continuous-yellow line) stretches obtained by solving
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the evolution equation (??) with τ2 = 10 s. The short time response, for

t < 0.05 s, is purely elastic with λv ≈ 1 and λe ≈ λ. Thereafter λv increases

with a subsequent diminution of the elastic stretch that makes the stress

decreases from its peak value (see the yellow curve in Fig. ??b); around

t = 0.6 s, when the externally imposed stretch goes back to 1, the stress

becomes negative meaning that the specimen would keep elongating due to

the material flow, and a compressive force is needed to maintain the initial

length. This negative force slowly decreases towards zero at times of the

order of the characteristic time τ2 = 10 s, when the material flow interrupts.

The effects of different relaxation times are apparently seen in Fig. ??b. For

very short relaxation time, τ2 = 10−2 s, the mechanical response is the one

of a viscous fluid with viscosity ' µτ2 = 0.05 MPa·s, and in fact the stress is

almost zero in the figure. On the other hand, when the characteristic time is

much longer than the time scale of the experiment, τ2 = 104 s, and at each

time instant λe ≈ λ meaning that the stress attains the peak values dictated

by the externally imposed stretch, resulting in a purely elastic behaviour.

The stress-strain plots corresponding to the cyclic experiment are shown in

Fig. ??. Again it is seen that, for the longest relaxation time, the response

is purely elastic with the stress-strain curve having the characteristic strain

hardening behaviour dictated by the exponential term in the elastic energy

density (??), and a zero dissipation, seen by the vanishing area under the

cycles.

7.2. Effects of relaxation times τ4 and τ5

To investigate the effects of the relaxation times τ4 and τ5, we consider a

uniaxial confined stretch, in which the deformation is uniaxial and hampered

in the plane orthogonal to the deformation axis. Typically, confined uniaxial
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Figure 4: (a) Stretches λ, λv and λe(= λ/λv) and (b) dimensionless Cauchy stress σ/µ
versus time t for a one-dimensional cyclic test with ∆T = 0.2 s. The left panel represents
the solution of the evolution equation for τ2 = 10 s, whereas stresses in the right panel
are calculated for τ2 = {10−2, 10, 104} s as indicated in the insets.
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test with λ̄ = 1.2, ∆T = 0.2 s and τ2 = {10−2, 10, 104} s as indicated in the insets.
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stretches are implemented in the modelling of blood vessels undergoing large

circumferential strain, with little or zero axial and radial strains [? ]. The

following form of the visible deformation is assumed

F = λ e1 ⊗ e1 + e2 ⊗ e2 + e3 ⊗ e3 , (7.57)

with {e1, e2, e3} a fixed orthonormal basis, and λ an externally imposed

stretch whose time dependence follows Fig. ??. To carry out a simple anal-

ysis which allows to discuss the role of τ4 and τ5, we restrict our attention to

a system in which fibres lie parallel to the e1-axis. Under this circumstance,

we assume that Fe and Fv share the same representation of F, that is, they

have the same principal directions, i.e.,

Fe = λe1 e1 ⊗ e1 + λe2 e2 ⊗ e2 + λe3 e3 ⊗ e3 , (7.58)

and

Fv = λv1 e1 ⊗ e1 + λv2 e2 ⊗ e2 + λv3 e3 ⊗ e3 . (7.59)

These expressions can be further simplified due the symmetry of the prob-

lem, for which λe3 = λe2 and λv3 = λv2, whereas the multiplicative decom-

position of the deformation gradient (??) leads to the following conditions

on the internal stretches

λe1λv1 = λ, λe2λv2 = 1. (7.60)

In this three-dimensional setting, with equation (??) on hand, one can

use (??) to evaluate the Cauchy stress

T = κ (I
1/2
3 −1)I+µ I

−5/6
3 (Be−

1

3
I1I)+2µβ1 I

−1/2
3 (I4−1) exp

(
β2(I4−1)2

)
A

(7.61)
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and the Eshelby stress

Esh = −κ (I
1/2
3 −1) I−µ I−1/33

(
Ce−

1

3
I1 I
)
−µβ1 (I4−1) exp

(
β2(I4−1)2

)
AvCeAv .

(7.62)

Accordingly, the evolution equation (??) takes the form

τ2 Dv + τ4(Dv ·Av)Av + τ5(DvAv + AvDv) =

κ

µ
(I

1/2
3 − 1) I + I

−1/3
3

(
Ce −

1

3
I1 I
)

+ β1 (I4 − 1) exp
(
β2(I4 − 1)2

)
AvCeAv ,

(7.63)

to be solved with the initial condition Fv(0) = I.

Equation (??) together with (??) and (??) gives rise to two independent

evolution equations, one in the longitudinal direction

µ (τ2 + τ4 + 2 τ5)
λ̇v1
λv1

= µβ1 λ
2 (λ2 − λ2v1) exp

(
β2
( λ2
λ2v1
− 1
)2)

κ
( λ

λv1λ2v2
− 1
)

+
2

3
µλ−

2
3

( λ2
λ2v1
− 1

λ2v2

)(
λv1λ

2
v2

) 2
3 ,

(7.64)

and one in the transverse direction

µ τ2
λ̇v2
λv2

= +κ
( λ

λv1λ2v2
− 1
)
− µ

3
λ−

2
3

( λ2
λ2v1
− 1

λ2v2

)(
λv1λ

2
v2

) 2
3 , (7.65)

with λv1(0) = 1 and λv2(0) = 1. In addition, by substituting those ex-

pressions in (??), one obtains the Cauchy stress in the longitudinal σ1 and

transverse σ2 directions, that is

σ1 = 2µβ1
λe1
λ2e2

(
λ2e1 − 1

)
exp
(
β2
(
λ2e1 − 1

)2)
+ κ
(
λe1λ

2
e2 − 1

)
,

+
2

3
µ
(
λ2e1 − λ2e2

)(
λe1 λ

2
e2

)− 5
3 (7.66)

σ2 = κ
(
λe1λ

2
e2 − 1

)
− µ

3

(
λ2e1 − λ2e2

)(
λe1 λ

2
e2

)− 5
3 . (7.67)
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Figure 6: Longitudinal (a) and transverse (b) viscous stretches versus logarithmic time
for a confined relaxation test with λ̄ = 1.2.
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Figure 7: Longitudinal (a) and transverse (b) Cauchy stresses versus logarithmic time for
a confined relaxation test with λ̄ = 1.2. The purple curve (τ2 = 1 s and τ4 = 1 s) is scaled
by 0.01 for the sake of clearness

The results of the numerical simulations for relaxation and cyclic tests are

shown in Fig. ??-??. The values of the constitutive parameters were those

in (??). Since τ4 and τ5 have the same effects on the dynamic evolution

(see Eq. (??) and (??)), we have set τ5 = 1 s and let τ2 and τ4 vary.

The longitudinal and viscous stretches λv1 and λv2 in a relaxation test with

λ̄ = 1.2 are shown in Fig. ??. For all the curves, but the purple one,

the characteristic time τ2 was set to 10−3 s, meaning that the isotropic

contribution to the dissipation is negligible, whilst the characteristic times

τ4 was changed as τ4 = {10−2, 1, 10, 104} s. The qualitative behaviour of
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the longitudinal viscous stretch for increasing characteristic times is similar

to the one seen in the 1D example of Fig. ??a: a small characteristic time

implies that the response is purely viscous and in fact λv1 immediately

reaches the values of the externally imposed stretch λ̄. On the other hand,

if the relaxation time τ4 is very large, it is seen from (??) than ˙λv1 → 0

and λv1 maintains its initial value, whereas, τ2 being very small causes λv2

to immediately reach its asymptotic value given by the right hand side of

(??). Interestingly, a non-monotonic behaviour of the transverse stretch λv2

is observed when both the characteristic times τ2 and τ4 are equal to 1,

which causes the transverse stress in Fig. ??b to be non-monotonic as well.

This behaviour means that the specimen would contract in the transverse

direction, if not laterally constrained, but then would start to expand when

σ2 becomes negative. For τ2 = 10−2 s and τ4 = 1 s, σ2 stays negative

at all times, meaning that the apparent Poisson coefficient of the material

is negative and if the lateral constraint were removed, the specimen would

enlarge. The longitudinal stress σ1 displays the time decaying behaviour

typical of relaxation tests.

8. Finite element implementation

The equations of the model, listed in Tab. ?? and divided into bal-

ance, constitutive and evolution equations, are solved in weak form through

the finite element method implemented in the commercial software Comsol.

Balance equations are written in weak form as

0 =

∫
B

S ·Grad ũ , 0 =

∫
B

sym G · D̃v , 0 =

∫
B

skw G · W̃v , (8.68)

with S and sym G = Esh + Gdis constitutively assigned as specified in

Tab. ??, and skw G identified by its reactive part Rv necessary to maintain
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Table 1: Recap of all modelling equations.

balance DivS + z = 0 in Br , u = u in ∂uBr and Sn = s on ∂tBr
G = 0 in Br

constitutive
S = 2%vJ

−1
v Fe

∂φ
∂Ce

F−T
v (first) Piola-Kirchhoff stress

Esh = −2 %r sym (Ce
∂φ
∂Ce

) + %r sym ((I−Av) ∂φ
∂Av

Av) Eshelby stress

Gdis = µ(τ2 Dv + τ4 (Dv ·Av)Av + τ5 (DvAv + AvDv))

evolution
τ2 Dv + τ4(Dv ·Av)Av + τ5(DvAv + AvDv) = −µ−1Esh

Wv = 0

the constraint Wv = 0. On the other hand, the constraint is implemented

in weak form as

0 =

∫
B

Wv · R̃v . (8.69)

All in all, we solved the following problem: find (u,Fv,Rv) ∈ U×Lin×Skw
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Figure 8: Longitudinal (a) and transverse (b) Cauchy stresses versus logarithmic time for
a confined relaxation test with λ̄ = 1.2 for fibres initially at θ0 = π/4 (obtained with
Comsol).

such that for all test fields (ũ, F̃v, R̃v), with D̃v = sym (F̃vF
−1
v ) and W̃v =

skw (F̃vF
−1
v ), equations (??) and (??) hold. The first 3 equations deliver

the standard balance of forces; the 6 equations (??)2, 3, together with the

3 constraint equations (??), solve the viscous remodelling problem starting

from an initial condition Fv(0) = I in a fully coupled form with the elastic
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problem (??)1.

As an example, we consider two problems corresponding to the relaxation

of a confined and an unconfined longitudinal extension of a bar of length L,

with coordinate x ∈ [0, L]. The problem was already solved in closed form in

Sec. ?? for fibres oriented at 0 and π/2. For the confined uniaxial extension,

we consider fibres at π/4 in the x−y plane, i.e., θ0 = π/4, and we set u = 0

for the face at x = 0 and u = (λ̄− 1) e1 on the rest of the boundary. In the

second case, fibres were at 0, π/4 and π/2 in the x − y plane, and u = 0

on the face at x = 0 and u · e1 = (λ̄− 1) on the rest of the boundary, so to

leave unconstrained the transverse displacement u− (u · e1) e1. In addition,

we assumed u(0) = (λ̄− 1) e1 everywhere at the initial time.

The integration algorithm used to solve the dynamic problem is the follow-

ing:

a) at time t = 0, a static elastic problem of uniaxial extension is solved

(Eq. (??)1) for λ̄, by assuming Fv = I and hence Fe = F. The reference

stress S is constitutively prescribed and corresponds to the Cauchy stress

represented in the equation (??): S = TF?.

b) a time-dependent analysis is carried out for the elasto-viscous relaxation

problem corresponding to the extension λ̄ (all Eqs. (??)), and assuming

as initial values of the variables those corresponding to the solution of

the static problem in ??).

Step a) allows the identification of the fibre re-orientation on the stress

relaxation already evidenced in Fig. ??b for θ0 = 0. In this case, longitu-

dinal σ1 and transverse σ2 stresses are comparable and the non-monotonic

pattern of σ2 is much less evident, as Fig. ?? (left panel) shows; due to the

fibre re-orientation, transverse stresses are indeed higher. Similar results
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Figure 9: Averaged stress σ1 over the cross-section area for three different initial fibre
angles θ0 = {0, π/4, π/2}. The inset shows a comparison between the reference and
current configuration (at t = 2 s) for fibres initially at θ0 = π/4. All simulations were
carried out with τ2 = 1 s and τ4 = 1 s.

hold for other choices of the characteristic times. Both longitudinal and

transverse stresses display the time decaying behaviour typical of relaxation

tests.

The second study focused on an unconfined longitudinal extension. In this

case, fibre orientation strongly determines the deformed state of the body as

Fig. ?? shows. Therein, the reference configuration of the bar is shown grey

coloured and the deformed configuration has been overimposed. Actually,

the fibre reorientation is only slightly altered by the viscous deformations,

yet the difference between the initial and final fibre orientation can be ap-

preciated.

9. Conclusions

In this paper we have introduced a theoretical framework to define a non-

linear viscoelastic models compatible with the Ericksen theory of anisotropic
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fluids as well as the large strain theory of anisotropic hyperelastic solids. The

framework consists of a novel balance equation driving the passive material

remodelling due to viscous deformation complemented with constitutive pre-

scriptions based on three principles: the principle of indifference to change of

observer, the principle of structural-frame indifference and the dissipation

principle. The principle of structural frame-indifference yields a reduced

form of the constitutive functions, namely the strain energy and dissipation

densities, which turn out to be expressed in terms of scalar invariants of the

elastic right Cauchy-Green strain tensor, Ce, of the viscous rate of defor-

mation Dv and of the orientation tensor Av in the natural state. The dis-

sipation principle lead us on identifying the inner remodelling action as the

sum of an elastic Eshelbian component and a dissipative component whose

representation form is completely determined by the choice of the dissipa-

tion function. Once the latter is introduced into the remodelling balance

equation, the evolution equation of the natural state in terms of the viscous

rate Dv is recovered. Moreover, to select among all the possible equivalent

natural states and overcome the indeterminacy of the viscous spin Wv, an

internal constraint was introduced to prescribe the value of Wv. There are

some issues which have been left open and will addressed in future studies.

First, the proposed framework can be extended to incorporate the possibility

for the fibre to reorient independently of the viscous deformation as proposed

by the authors in [? ? ]. The present model would then be recovered by im-

posing a suitable constraint on the fibre rotation. This extended framework

would have interesting applications in the study of magneto-driven instabil-

ities in fibre-reinforced structures [? ] and of bio-inspired morphing of fibres

coated microcapsules [? ].

Second, the model can be easily and promptly extended to encompass more
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complex dissipation functions dictated by the results of experiments in a

purely phenomenological fashion as well as to encompass more complex elas-

tic strain energies, also accounting for the so-called equilibrium component,

which would make the long-term stress not vanishing as seen in many bio-

logical tissues.

Derivation of Eq. (??)

The second term in Eq.(??) is here rewritten as

(
skw G + %r

[
Ce,

∂φ

∂Ce

]
+ %r

[
Av,

∂φ

∂Av

])
·Wv , (.1)

and we now show that

[
Ce,

∂φ

∂Ce

]
+
[
Av,

∂φ

∂Av

]
= 0 . (.2)

By using the definition of the reduced dissipation function ϕ, one has

∂φ

∂Ce
=

5∑
i=1

φi
∂Ii
∂Ce

(.3)

with φi = ∂φ/∂Ii and I1, I2, I3, I4 and I5 the elastic invariants defined in

Eq. (??). As such,

∂I1
∂Ce

= I,
∂I2
∂Ce

= I1I−Ce,
∂I3
∂Ce

= C∗e,
∂I4
∂Ce

= Av,
∂I5
∂Ce

= CeAv+AvCe ,

(.4)

and the first term in (??) yields

[
Ce,

∂φ

∂Ce

]
= φ4

[
Ce,Av

]
+ φ5

[
Ce,CeAv + AvCe

]
. (.5)

For the second term, one has

∂φ

∂Av
= φ4Ce + φ5

(
CeAv + AvCe

)
(.6)

35



since ∂Ii/∂Av = 0 for i = 1, 2, 3 and ∂I4/∂Av = Ce, ∂I5/∂Av = C2
e. It

hence reduces to

[
Av,

∂φ

∂Av

]
= φ4

[
Av,Ce

]
+ φ5

[
Av,C

2
e

]
. (.7)

On using the definition of the commutator together with (??) and (??), one

arrives at Eq. (??).
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