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ABSTRACT. In this paper we deal with elliptic problems having
terms singular in the variable v which represents the solution. The
problems are posed in cylinders ), of height 2n and perforated
according to a parameter €. We study existence, uniqueness and
asymptotic behaviour of the solutions uf, as the cylinders become
infinite (n — +00) and the size of the holes decreases while the
number of the holes increases (¢ — 0).

1 INTRODUCTION

In this paper we deal with elliptic problems having terms singular
in the variable u which represents the solution. These singular terms
appear in situations as chemical heterogeneous catalysts, in the study
of non-newtonian fluids, boundary layer phenomena for viscous fluids,
as well as in the theory of heat conduction in electrically conducting
materials. Let us give an example of this last situation according to [8]
The region €2, is a cylinder (of height 2n) of the three dimensional space
occupied by an electrical conductor. Then each point in €2, becomes
a source of heat as a current is passed through €,. Let u(x,t) be the
temperature at the point z € €, and at the time t, let 5(z,t) the
function which describes the local voltage drop in €, and let o(u) the
electrical resistivity depending on the temperature u. Then the rate of
generation of heat at any point x and any time ¢ is %z)t) If we assume
that the specific heat ¢ and the thermal conductivity k are constant in
Q),, then the temperature satisfies the equation

cuy — kAu = B%(x,t)/o(u).

In many applications it is natural to assume that o is a positive function
of w which is increasing with « and which tends to zero with u. Thus
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the differential equation is singular in the sense that the right hand
side becomes unbounded at u = 0.

We will study the stationary equation related to the previous model
in a domain €27 perforated according to a parameter ¢, allowing the
thermal conductivity k& to depend on the point z.

The asymptotic analysis in perforated domains has been extensively
studied in connection with many applications in different fields of sci-
ences and engineering. Let us mention in particular the theory of the
so called metamaterials. Metamaterials gain their properties not from
their composition, but from their structure. Their precise shape, ge-
ometry, size, orientation and arrangement can affect the waves of light
or sound in an unconventional manner, creating material properties
which are unachievable with conventional materials.

The new qualitative properties, in particular electromagnetic re-
sponses (e.g. anisotropy chirality and optical activity, artificial mag-
netism, structural colors from photonic band gaps) are determined by
the geometry in the small-scale (see for instance [14], [16]).

According to the previous discussion the problems we deal with in
this paper may provide a model for heat diffusion in cylindric metama-
terials which are electrical conductors. More precisely in the present
paper we consider, for n € R*, Q,, € RY defined by

Q, =(—n,n) X w

where w is an open bounded subset in RV~!'. We consider also the
perforated domains €2, obtained by removing some closed sets 7} of
RY, 1 <i < v(e) from Q,. The domain is defined by

v(e)
=0\ T
=1

In the perforated domain (), we shall consider the following singular
problem

(i) ug, € HY (2, 0w),
it)us, >0 ae.in QF,

m)/ F(z,u;)e < 400,
05

iv) /Qn

|V € Hy (S, 0w), ¢ >0

A(x)Dus.Dyp = / Fla,ul)p
(9]

5
n
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where the matrix A satisfies condition (2.6), the singular term F' sat-
isfies (2.7) and (2.8) (below) and

H (2, 0w) = {ve H' () : v =0 on (—n,n)xdwand on (9(Ul./(€1)Tf)}.

1=

For any fixed n and ¢, the existence of solutions u;, is proved according
to the outline of the proof of [9] (see Theorem 3.3). We note that we
cannot apply directly Theorems 4.1 and 4.2 of [9], because we prescribe
different boundary conditions which are the natural ones since we are
also interested in the asymptotic analysis as n tends to +oo. More
precisely the functions in the space Hj (€, Ow) need to vanish only on
the lateral boundary (—n,n) x Ow while the setting for Theorems 4.1
and 4.2 of [9] is the space H}(Q).

First we study the asymptotic behaviour of the solutions u;, as the
size of the holes decreases while the number of the holes increases
(¢ — 0). Assuming that the distribution and the size of the perforation
satisfy suitable conditions that can be expressed in terms of mathemat-
ical capacity of the holes, we prove that the limit u® of the solutions uZ
(as € goes to zero) solves a singular problem with an extra term which
takes into account the mathematical capacity of the perforation (see
Theorem 4.2 and Remark 4.1).

Later on assuming that the matrix A, the datum F(-,s) (for any s)

are 1-periodic in the x;-direction, we investigate whether the periodic-
ity of the data will force the solutions u;, to converge towards a periodic
solution uS_, as n — +o00. The answer is given in Theorem 5.1.
More precisely Theorem 5.1 gives estimates of the convergence of @, to
us, (see (5.6), (5.6) ), where the constants are independent of € (and n).
Here by 4 and @5, we denote the extensions by zero on the holes (see
(4.8)). This allows us to prove that, under convenient assumptions, the
sequence u) converges to a periodic solution 2, of the homogenized
problem and therefore the following diagram commutes

~e 0
Uy, e—0 u,
weak
n — 00 "n — oo
us £—0 0
oo o0

weak
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The question whether one can prove directly the convergence of u2
to u?_ is still open.

2 PRELIMINARY AND NOTATION
In the present paper we consider, for n € R, Q, C R¥ defined by
(2.1) Q, =(—n,n) X w

where w is an open bounded subset in RV 1.
We consider also the perforated domains €25, obtained by removing some
closed sets TF of RN, 1 <i < v(e) from ,,. The domain is defined by

v(e)
(2.2) =\ J717.
=1

The related Sobolev spaces are

(2.3) H(Q, 0w) = {v e H'(,) :v=0o0n (—n,n) x dw},

(2.4)

Hy(QF, 0w) = {ve H'Y(S) : v =0 on (—n,n)x0wand on 8(U;’fl)Tf)}
In the perforated domain €2, we shall consider the following singular
problem

(i) ug, € HY (2, 0w),

it)us, >0 ae.in Q,

11 F(x,u;)p < +00,
. ) [ P

iv) /Qn

|V € Hy (82, 0w), ¢ >0

mmD@Dwzj‘meww
(9]

5
n

where the matrix A satisfies

{A(:c) e L=(Q,)N*V,

2.6
(2:6) Ja >0, A(x) > al a.e. x€Q,.

The function F': Q,, x [0, +00[— [0,400] is a Carathéodory function,
le.

2.7) for a.e. x € Q,, F(z,-) is continuous,
' Vs € [0,400[, F(-,s) is measurable
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and it satisfies

(2.8)

(i)37,7 € (0,1],

it)3h and 3f with h € L"(Q), 7> 52, flz) € LPY(Q,) if N > 2,

orh,fe€L"(Q,),r>1if N=2

iti) h(x) > 0, f(x) >0 a.e. x €,

such that

)0 < F(x,s) < @ + f(z) a.e. z € Q,,Vs > 0.

For any fixed n and ¢, the existence of solutions u;, is proved according
to the outline of the proof of [9]. We show boundedness of solutions
N

us, under the stronger assumptions, i.e. h, f € L"(Q,),r > 5. The

uniqueness of the solution is established under the further condition
(2.9) F(z,s) < F(x,t) a.e. x €Q,, Vs,¥1,0<t<s

(see Theorem 3.3). Moreover we are interested in the asymptotic be-
haviour of the solutions to problem (2.5) as the cylinder €2, becomes
infinite (n — +o00) and the size of the holes becomes smaller and
smaller while the number of the holes increases (¢ — 0).

Under convenient assumptions on the perforation, we show, again
according to [9], that u, up to a subsequence, converges to u which
solves in €2, the homogenized problem

() ul € HY(Q, 0w) N LA, dp)
it)ud(z) >0 ae. x € Q,,

m)/ F(z,u’)p < 400
n

iv) / A(x)Du%Dg@+/ updy :/ F(z,ul)p
|V € HY(Q) N LA dpt), 9 >0

(2.10)

where y is a nonnegative measure which belongs to H1(,,) (see Sec-
tion 4).

We denote by D(O) the space of the functions C*°(Q) whose support
is compact and included on O, and by D’(O) the space of distributions
on O.

For every s € R we define

st =mazx{s,0}, s~ = max{0, —s}.
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For [ : O — [0, 400| a measurable function we denote
{l=0}={2€0:l(x)=0}, {{>0}={zeO:l(zx)>0}.
From now on we will denote by |O| the N-dimensional Lebesgue mea-

sure of the set O.

Moreover we define the unit cell

(2.11) Q=(0,1) xw

and we denote by Q¢ the perforated cell
v(e)

(2.12) @ =Q\UT17
i=1

where T¢ are closed set of (0,1) x RV=1 1 <4 < p(e).

The related Sobolev spaces are

(2.13)

Hi o (Q,00) = {v € HY(Q, 0) : 0(x) = vla-te;) Y € 0QN{x; = 0}}

(2.14)
H&per(QE, ow) = {v € Hy(Q°,0w) : v(x) = v(z+ey) Vo € 0Q°N{x; = 0}}.

In the next Section 3 we will prove also existence and uniqueness
results for the following problem:

( .
Z) uio S H&,per<Qa7 aw)?
it)us, >0 a.e.in QF,

m)/ F(z,ul,)p < 00,
QE

iv) / A(x)Du Dy = / F(z,ul)p
|V € Hpe, (Q°,0w), ¢ > 0.

(2.15) q

We recall some important features of the solutions to problems (2.5)
(2.15)

Remark 2.1. Condition iii) in (2.5) implies in particular that, denot-
ing a solution ug by u, F(z,u(z)) is finite almost everywhere on €,
i.e. that

(2.16) {x € Q :u(z) =0 and F(z,0) = +oo}| = 0.
Actually the following stronger results hold true

(2.17) {z € QF :u(z) =0and 0 < F(z,0) < +00}| =0,
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and

(2.18) /Q

where u is a solution to problem (2.5). We refer to Proposition 3.3 in
9] for the proof. Claim (2.17) is also equivalent to

(2.19) {{x € 1u(r) =0} C {xcQ: F(x,0)=0}

F(z,u)v = / F(r,u)v Yo & Hj(Q), v>0
{u>0}

€
n

except for a set of zero measure,

and also to
{{xe Q10 < F(2,0) < +oo} C {z € O :u(z) > 0}

except for a set of zero measure.

Remark 2.2. By using the strong maximum principle we can show
that any solution u to problem (2.5) satisfies

(2.20) either u =0 or[{z € Q : u(z) =0} =0.

We refer to Proposition 3.4 in [9] for the proof.

The previous results hold also if the operator —div A(x)Du is re-
placed by —div A(x)Du + agu, with ag € L>(€), ap > 0.
In the framework of homogenization with many small holes (see Sec-
tion 4), this will be the case if the measure u belongs to L>(25). We
recall that if y belongs to H!(-) the strong maximum principle may
fail even for linear problems (a counterexample can be constructed by
a result of [5] when N > 3).

Remark 2.3. If v = 0 is the solution to problem (2.5) then condi-
tion(2.19) implies that F(z,0) = 0. Conversely, if F'(z,0) Z 0, u = 0
is not a solution to problem (2.5) and then (2.20) implies that

u(z) >0 ae x € Q.

Remark 2.4. Remarks 2.1, 2.2 and 2.3 hold true for any solution to
problem (2.15).

Remark 2.5. Once we got a solution to (2.5), actually the equation
iv) holds true for any ¢ € HJ(2,dw), splitting any function ¢ €
H}(QF, 0w) as ¢ = ¢ — ¢~ and taking into account iii) of (2.5). The
same remark holds for (2.15).

3 EXISTENCE RESULTS

In this Section we state our existence and uniqueness results in the
notations introduced in Section 2.
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We point out that Poincaré type inequalities hold in our framework.
More precisely, by a direct calculation we get

Proposition 3.1. For any function v € Hg(,,0w) we have

(3.1) / v? < CJQ_—,/ | Dv|?
Qn n

where Cp = Cp(w) does not depend on n. The same inequality holds
true in the space H} (2, Ow) with a constant which does not depend on
n and €.

Proposition 3.2. For any function v € H}(£2,,0w) we have

(32) ([ <o b

where either ¢ = 2* and C(n) = Cs(w) if N >3 or q > 1 (arbitrary)
and C(n) = Cg(w) na if N = 2. Here the constant Cs does not depend

on n. The same inequality holds true in the space Hj (), 0w) with a
constant C's which does not depend on n and ¢.

Proof. Suppose N > 3. Then for any function u € H}(£2,,0w) there
exists an extension u* € HJ (2,41, 0w) such that
(3-3) [ (@) < Crllullar @)

where the constant Cg is independent of n (see [12]).

Consider the function pu* where 0 < p < 1 is a cut-off function such
that p = p(z1) = 1 on the set |x1| < n, p =0 on the set |z1| > n+1
and it is continuous and piecewise affine. Then we have

([ WPy < o) <Cor [ DG
Qn Qni1 Qi1

< 2CG,TC%HUH§{1(QH) <201+ OIQD)OG,TC%HDUH%Q(QH)

where we have used Theorem 7.10 in [10] and estimates (3.3) and (3.1).
If N = 2 the proof goes on in the same way and using Holder inequality
1

the extra term n< appears. [

We state the following theorem.

Theorem 3.3. Assume that the matriz A and the function F satisfy
(2.6), (2.7) and (2.8).Then for any fized n,e € R there exists a solu-
tion ug, to the problem (2.5). If in addition we assume h(x) € L™(€5),
and f(z) € L™(%), r > &, then any solution u, belongs to L>(€X).
Moreover if we assume (2.9) then the solution is unique.
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We note that we cannot apply directly Theorems 4.1, 4.2 and 4.4 of
9], because we prescribe different boundary conditions. More precisely
the functions in the space Hj (€, Ow) need to vanish only on the lateral
boundary (—n,n) x dw while the setting for Theorems 4.1, 4.2 and 4.4
of [9] is the space H}(2). Hence we are going to sketch the proof,
pointing out the main differences and referring to [9] for further details.

Proof. We split our proof in five steps. We point out that in the fol-
lowing proof the parameters €, n € R* are fixed.

Step 1. We put Fi(z,s) = min(F(z,s), k), for any k € R*,
By a fixed point argument in L*(€2), we can prove that there exists a
solution of the problem

v, € Hy (9, Ow)

(3.4) A(z)DvDyp = / Fk(l‘,?};)%@ Yo € H&(Qi,ﬁw).

Q5

By choosing as test function —v, and using Poincaré inequality (see
(3.1)) we prove that vy > 0 a.e. in QF .

Step 2. By choosing v as test function in (3.4) and r = ﬁ, if
N > 2, we obtain

el < { [y Ly s ey
LV s Ly ey

- 1
< CE A o) § / D0} * -+ Collllurian { | 1pur)’

(see (3.2)). Then

(35) 12 < O (W gy + 1)

where C = C(a,~,Cs). Hence for every ¢ € H3 (S, 0w)

(3.6) / Felw, 09 < Coll Dol gy (1hl1 et + 1)

where Cy = Cy(a, 7, ||Al| 1<, Cs) is independent of k.
Analogously, if N = 2 we choose h and f in L"(€2) with r an arbitrary

g~
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number greater then 1 and we get

(r—1) 2(r—1)
(3.7) A\Dwﬁ<cmwmmpwﬁm+wm%%mv~)

where C = C(a,~,Cs). Hence for every ¢ € Hg (5, 0w)
(3.8)

F, (l’ Uk)QO < CQHD()DHLZ Qs (HhHE:(WQE nrov +1) + Hf
Qs

where Cy = Cy(a, v, ||Al| <, Cs) is independent of k.

LT Qe)n Tl)

Step 3. By the previous steps we get that there exists u; €
Hi (92, 0w), us, > 0 a.e. in QF such that, up to a subsequence, as
k — +o0:

(3.9) vp — uS in Hy (9, Ow) weakly.

Note that the function g satisfies either (N > 2)

10 [ 1D < (IR + 1 )

2(r—1)

(r—=1)
(3.11) /|D%F<c4mmmyfww+wma%mav)

where (] is independent of € and n. Then, for every ¢ € H}(QF, dw),
since F'is a Carathéodory function, by either(3.6) or (3.8) and Fatou’s
Lemma we have
(3.12)

. B, u)p < Col[ Dl 20z (||h|lif”ga + 1l e g)) (N > 2)

n

(3.13)
/‘F@W®¢§CﬂDNHW(MmmFT@”HVMWWM:NNZZ

where (5 is independent of € and n. Let us define for 6 > 0 the following
function

1, if0<s<é,
(3.14) Zs(s)={ —2+2, ifd<s<20,

0, if 26 < s.
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and choose in (3.4) as test function ¢y, Zs(vi) where p € H (5, 0w), ¢ >
0 and

on = min{p, M}

we get

(3.15)

/ Fo(w, vn)pns < /
{vi <6} Qs

We deduce by (3.15), arguing as in Theorem 4.2 in [9], that

A(z)Dueg D(@n Zs(vr)) S/Q A(z)Dup Dy Zs(vg).

€
n

(3.16) lim sup lim sup/ Fi(z,vg)pm = 0.
Moreover by (3.16) we can deduce as in [9]
(3.17) / F(z,u;)en =0
{us=0}
and by (3.17) also
(3.18)
lim lim Fr(z,vp)onm = / F(z,u;)om = / F(z,u;)pum.
ok Jiy>6) {ug >0} Qs

Then we pass to the limit as kK — +o0 in (3.4) and we obtain

(3.19) /Q

Now we easily pass to the limit as M — +oco in the left hand side
of (3.19). In the right hand side we can use Lebesgue Theorem since
F(x,ud) oy < F(z,us)p for every M > 0 and F(z,us)p € L'(QF) by
(3.12) or (3.13) . This conclude the proof of the existence of a solution.

Step 4. Let us assume now that h(z) and f(x) belong to L" (), r >
&, We use Stampacchia method ([15]), Poincaré inequality (see (3.2))
and Sobolev embedding theorem. More precisely, given a solution u to
problem (2.5) we choose as test function in (2.5) (v —m)™ with m > 1.
Note that, with this choice, we can confine ourselves to the set {u > m}
where we are far from the singularity. Hence we can prove that

(3.20) [ull Loeog) < Cs, Cs = Ca(|S0 |7 [[B]lers [ fllr, @)

where (5 is an increasing function with respect to the measure of the
domain.

Step 5. Finally, let us assume (2.9) and we prove the uniqueness.
We denote by uw and w two possible solutions to problem (2.5).

A(a:)DuiDgpM:/ F(z,u;)oum.
Q

€ €
n n
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We choose in iv) of (2.5) as test function ¢ = u—w (see also Remark
2.5) and we obtain

/Q A(z)DuD(u — w) — /Q Flz, u)(u— w)

€ €
n n

A(z)DwD(u — w) = / F(z,w)(u—w)
Qs Qs

Taking the difference between the two equations, the uniqueness fol-
lows by the fact that the singular term is non increasing in the second
variable. O

Remark 3.4. We note that if N = 2 and we assume the more re-
strictive conditions f € L*(25) and h € LT (€X) instead of (2.8)-ii)
we can improve estimates (3.7) and (3.8) by using Poincaré inequality
(3.1) instead of (3.2). In this case we get

2 2

3.21 / ka2§01<h11—78 + f2 6),7’:—
(3.21) Q%\ | 121l 2oz y + 11 11Z20s) T
and
(3.22)

L 2
/ Fiy(z,vr)p < Col| Dol r2cos) (10l ey + 1 lp2(s)), 7= ——-
Qc " 1+~

We deal now with Problem (2.15).

With the notations of Section 2, following the outline of Theorems
4.1, 4.3 and 4.4 of [9], we can prove the following result. We note
that, in view of the periodic conditions, the space ]r1fg4)e7,(62E ,0w) de-
fined by (2.14) can be identified with the space Hj(Q%) where Q% is
N-dimensional ”torus”.

Theorem 3.5. Assume that the matrix A and the function F satisfy
(2.6), (2.7) and (2.8),where Q,, is replaced by Q°. Then there exists a
solution uS, to problem (2.15). If in addition we assume h(x) € L"(Q7),
and f(z) € L"(Q%), r > &, then any solution us, belongs to L>(QF).
Moreover if we assume (2.9) then the solution is unique.

Remark 3.6. Actually condition (2.8) iv) can be weakened allowing
more general functions F(z, s) whose growth in the s variable may be
different in different regions of the domain, for example functions of
the type

hz) | g(z)

= +?+f(:zc) a.e. r € Q,,Vs>0

0 < F(z,s) <
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where 1 > ~v > 60 > 0 and h, g and f are nonnegative functions such
that

h € L(Qy), withr > =5 —if N >2
g € L9(Qy,), with ¢ > 5= 1+5 1fN > 2
ferr(f,) withp=(2*) if N > 2

or h,g, f € LP(Q,) with p > 1if N =2,

A simple example is

(3.23)

F(av,s):M 2+sin1 +M+f(x) a.e. v €€, Vs >0,
s7 s s°

with h, g, f satisfying (3.23).

Remark 3.7. By the strong maximum principle (see Remark 2.2) ei-
ther w;, is identically zero or u;, > 0 a.e. in () ; the same holds true for
us, in Q° (see Theorem 8.17 in [10]). Note that uf, as well as us_, is

(e 9]

identically zero if and only if F'(z,0) = 0, by Remark 2.3.

Remark 3.8. Comparing the summability exponents for the data
which appear in Theorem 3.3 and Theorem 3.5, we note that, if N = 2,
the solutions u$, and uS, to problems (2.5) and (2.15) are bounded If
instead N > 2 the summablhty exponent of the function h, m is
always strictly less than & o

4 HOMOGENIZATION RESULTS

We state now the homogenization results for problems studied in the
previous sections.

We consider also the perforated domains €25 obtained by removing
some closed sets TF of RN, 1 < i < v(e) from Q,. The domain is
defined in (2.2)

We assume that the sequence of the domains (), is such that there
exist a sequence of functions w®, a distribution p € D'(RY) and such
that

(4.1) w® € H' (),
(4.2) 0<w®<1lae z€f,,

v(e)

(4.3) w® =0 on U

(4.4) w® — 1in H'(Q,) weakly, in L>(Q,) weakly-star,
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(4.5) p= pin € (Hy(Q,0w))',

(
/ "A(x) Dw® D(pve) = (1, OV) (13 (0,00 HE (@ 00)
Qn

(4.6) { for every v* € H'(Q,), v. =0 on U;’fl) Tt
such that v° — v weakly in H'(Q,,)
| for every ¢ € Hg(Qn, 0w) NWH(€,).

Remark 4.1. We note that, by choosing v* = w®, v =1 and ¢ > 0,
¢ € H(Qy, 0w) NWh(Q,,), we can prove, as in Proposition 1.1 of [3],
that p is a linear positive functional on H{(€,,0w). Let us observe
that, by Riesz” Theorem any linear positive functional on H} (€, 0w)
is a nonnegative Radon measure on €2,. To this aim we can revised
the proof of the classical Riesz’ Theorem (see Theorem 2.14 of [13])
by replacing the space Cy(£,) by the space C*(€2,,) of the functions in
C'(Q,) whose support has positive distance from the lateral boundary
[—n,n] x 0w and by choosing in the definition of the measure relative

open sets in €2,,.

Assumptions (4.1),(4.2) (4.3), (4.4), (4.5) and (4.6) are satisfied in
the model case described below. The matrix A(z) is the identity (there-
fore the operator —div A(z)D is —A). In RN, N > 2 we introduce a
periodically distributed N-dimensional cubic lattice of cubes of size 2¢,
P¢ such that 0 belongs to the set of the vertices of the lattice. In any
cube Pf we put a ball of radius e, Bf (centered in the center of the
cube) and the hole 77 is the balls of radius r° concentric with Bf with
r¢ given by

re = CoeV/IN=2) if N > 3,
C
7“‘5:e><:p——20 it N =2,
€

for some Cj. The measure p is given by

N -2
:—SN(%N )c(;H if N >3,
2T
= — if N=2.
=7, !

where Sy denotes the area of the unit sphere in RY. According to [3]
we can construct the sequence w, by setting

w, = 0 in T¢
(4.7) Aw. =0in B\ Tf
we = 1in PF\ BE.
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w, continuous at interface. In the quoted paper [3] the authors prove
that

—Awe = fle — e
pe — p strongly in H=1(Q,,)
(e, ve) =0 Yo© € H}(Qy), v° =0 in TF.

where the measure p. denotes the mass supported by 0B; and ~° the
mass supported by 07F7.

Note that our test functions do not vanish on the subsets of the bound-
ary given by {n} X w and {—n} x w hence by applying the Green for-
mula to the integral in (4.6), two boundary integrals appear that may
diverge as € goes to zero. In order to avoid this situation we suppose

that the parameters € and n of the domain (2, satisfy the further con-
1

ditions n € N and € = -, mGN.Infactifa?:ﬁ,meN,the

sets {n} x wN Pf and {—n} x w N P¢ are subsets of a face of the cube
P7, then w® = 1 (see (4.7)) and the integral vanishes. Moreover, if
€ = o7, then the sets {n} x w N Pf and {—n} x w N Pf are subsets

either of a face of the cube P? or of the median section of the cube

Pf. In the latter case the boundary integrals vanish since the normal

to the boundary is orthogonal to the radial direction of the annulus

B; \ Tf N {z; = n}. In Figure 1 we have £ = 1 and we see the lattice

of size 2¢ in grey, the holes 77 in red and the boundary of the domain
082 in green. In Figure 2 we have ¢ = %

e 6 0 o
"0 0°0° 0" 0

Figure 1: the lattice and the domain €2, n =3, ¢ =

A

1
5



16 D. GIACHETTI, B. VERNESCU, AND M. A. VIVALDI

-10/3

2 @ 2@ 100
Figure 2: the lattice and the domain €2}, n =3, ¢ =

In the present paper, for every function 2° in Hj (2, 0w) (see(1)) we
denote by z° the extension to €,:

- 25(x) in QF,
4.8 ZF(x) =
then 25 € H&(Qn,aW), ||2E||L2(Qn) = ”ZE”LQ(Q%) and ”DZE”Lz(Qn) =
||DZ€||L2(Q%)

Theorem 4.2. Let the matriz A and the function F' satisfy (2.6),(2.7),
(2.8). Let the sequence of perforated sets X, fulfill (4.1), (4.2), (4.3),
(4.4), (4.5) and (4.6) and denote by uS a solution to problem (2.5).
Then, for any fized n, the sequence deﬁned by (4.8), has a subse-
quence (still denoted by @) satisfying (as e—0)

e — u’ in Hy(Q,, 0w) weakly,

0

where wu, s a solution to

(i) ul € HY(Q, 0w) N LA(Q,, dp),
i) ul(z) >0 a.e. x€Q,,

(4.9) zu)/ F(z,ul)p < +oo0,

n

iv) / A(x)Dul Dy +/ ulpdu = / F(z,ul)p
Qn Qn Qn
|V € H} (2, 0w) N LA (Qy,, du), ¢ > 0.
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If in addition we assume h(z) € L"(Qy,), and f(z) € L"(Qy), r > 5,
then the solutions @S and u® belong to L>*(,) and, up to a subse-
quence,

e —u’ in L(Q,) weakly-star.

Moreover if we assume (2.9) then the solution of (4.9) is unique. As
a consequence the whole sequence U converges to ul

n*

We note that we cannot apply directly Theorem 5.1 of [9], because we
prescribe different boundary conditions. More precisely the functions
in the space Hj(€X,0w) need to vanish only on the lateral bound-
ary (—n,n) X Ow while the setting for Theorem 5.1 of [9] is the space
H;(Q2). Actually the proof is similar, modulo some slight modifica-
tions. However we prefer to present here the modified proof for sake of
completeness.

Proof. We split our proof in six steps.
We point out that in this proof n is fixed. Note that the function s,
defined in (4.8) satisfies, in view of (3.10) or (3.11),

(4.10) 127\l 13 (2.00) < Ch

where C does not depend on .
Then, up to a subsequence, we have

(4.11) uz, —ud in Hy(Q,,0w) and uf, — ud ae. in Q.

n

In particular condition ii) in (4.9) is satisfied.
Step 1
In view of assumptions (4.1), (4.2) and (4.3), one has

wY € H&(Qi, Ow) N L=(Q), Yy € H&(Qn, Ow) N L>(Q,),
and
1w Y| a1 0z 0w) < Calll DYl L2,y + ¥l 2= @.)),

where
Cy = maax{l, | Dw®||L2(02,) }-

We now fix ¢ € H}(Q,,0w) N L>®(Q,), ¥ > 0, and we use ¢° =
wY € HY(QE, Ow) as test function in (2.5). We obtain using (4.8)

(4.12)/ A(x)Dd;wag—l—/ A(x)Due Dwvp = | F(x,us)w ey,

n Q"
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where by F(-,us(+)) denote the extension to €, by zero on the holes,
as in (4.8). Equation (4.12) in particular implies by (4.4) and (4.10)
that

(4.13) /Q Fla, w)w's < Cs

where Cj is independent of €.
We now claim that for a subsequence, still labelled by ¢,
(4.14) Xqe — 1 ae. in Qy;
indeed, from w®x,. = w® a.e. in Q,, which results from (4.3), (4.2)
and (4.4) we get
Xos :XQ%wE—i—XQ%(l — wF) :ws—i—XQ%(l —w') =1
in L*(12,) strongly.
We deduce from (4.14) and (4.11) that

(4.15) F(x,us) = F(x,ud) ae. v € Q.

Using (4.13), (4.4) and (4.15) and applying Fatou’s Lemma implies
that

(4.16) /QF(:C,ug)z/; < +oo Vi € Hy(Qy,,0w) N L2(,), ¥ > 0.

Step 2 Equation (4.12) can be rewritten, for any ¢ € H{(£2,,0w) N
Wh=(Q,),¢ >0, as

(4.17)
/ A(w) Dz Db + / "A(z) Dt D(niz) — / "A() Dur Do i, —

n n n

= F(z,us)w .
Qn

Using (4.11), (4.3), (4.4) and (4.6), we can easily pass to the limit in
the left-hand side of (4.17), and we obtain

(4.18)
/ A(x)Ddengwa—i-/ tA(x)DwaD(qﬁd‘;)—/ 'A(x) Dw Do ug, —
Qn Qn

Qn

= | A(@)Dup Do + (11, U D) (53 (00, HE (0 00)
o

Let us observe that pu € (Hg(f,,0w))" and, by Riesz’ Theorem, it is
a nonnegative Radon measure on (2, (see Remark 4.1). Moreover any
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function of H'(2,) is defined u- a.e. and it is y- measurable for any
nonnegative Borel measure p which does not charge Borel sets of zero
capacity (see [6]). Then we can write

(4.19) (s Un ®) (F2 (000 HE (2, 000) Z/ up pdp

n

for any ¢ € H} (2, Ow) N W(0,).

Step 3
We split for any 6 > 0 the right-hand side of (4.17) as
(4.20)
/ F(x,us)w ¢ = (o, ug)Jw oX sy +/ F(x,u%)w%x{

Qp

U;%>6} ’

We deal with the first term in the right-hand side of (4.20) and we
use ¢f = wpZs(us) as test function in (2.5), where Zs(s) is defined
by (3.14) and where ¢ € H{(£2,,0w) N W1h(Q,,), ¢ > 0. We get, by
proceeding as in the fourth step of the proof of Theorem 5.1 in [9]

(4.21)
/ Pz, ui)wagbx{oga%s&} <
Qn

S/ A(x)Dd;DwagbZ(g(dfl)vL/ A(z)Duz Do w® Zs(us).
o 0

n

Let us define the function Yj(s) by
Yi(s) = / Zo(0)do, Vs >0,
0

and observe that Ys(us) € H (5, Ow), then

Qn

'A(x) Dur D($Y3 (%)) — / ‘A(2) Dur Do Y (ids).
Qn Qp

Using now (4.6), (4.11), the fact that
Ys(ug) — Ys(ud) in H'(Q,) weakly,
and (4.4) proves that the right-hand side of (4.22) tends to

. | A@Dipurezstin) = | 4@ Dur DY (i)o =
4.22 n

(w, ¢Y5(Ug)>(H&(Qn,aw))/,Hg(Qn,aw)

as ¢ tends to zero for 6 > 0 fixed. Turning back to (4.21), passing
to the limit in the last term of (4.21), and using (4.22) and the latest
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result, we have proved that for every ¢ > 0 fixed

(4.23)

limsup/Q F(x,ufl)wsgbx{oga%g} <

£

< (1, OY5(Un ) (2 (0 000)) HE (20, 00) +/ A(x)Duy D¢ Zs(u3).

n

We now pass to the limit in (4.23) as § tends to zero.
For the first term of the right-hand side of (4.23), we use (4.19) and
the fact that 0 < Yj(s) < %(5 for every s > 0; we get

<, Ys(u ))(Hl(Qn 0w)) HE (2 0w) = / PYs(ud)dp < 5 ¢dp — 0 as d — 0.

Qn

For the second term of the right-hand side of (4.23) we have

/ A(z)Dul Do Zs(u —)/ z)Du’ nDoOX{uo—0y = 0 as & — 0.
Qn

Hence we proved that

(4.24) lignlimgsup/ B2, uf )W dX (g <5y = 0.

We note that passing to the limit in the second term of the right-
hand side of (4.20) is easier since we are far away from the singularity.
We refer to the fifth step of the proof of Theorem 5.1 in [9] and by
choosing conveniently § we get

(4.25)
hmhm/ F(x,ue) E¢X{u =5y /g; ( >¢X 0>o0} / F(xaug)(b

1 € Q,

Step 4
We come back to (4.17). Collecting together (4.18), (4.19), (4.20),
(4.24) and (4.25) we have proved that

Vo € H} (2, 0w) NWE=(Q,,), ¢ >0,
(4.26) /Qn A(x)Du?Lng—i-/ ul pdpu :/ F(z,ud)o.

Qn Qn

Let us now take ¢ € Hj(2,,0w) N L>®(,),v > 0.
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Consider a sequence ), such that

Vi € Hy(Qn, 0w) NWEX(Q), Y 2 0, Yl (0,) < C,

Supp ¥m C [—n,n] X w,
Vm — ¥ H'(Q,) and quasi-everywhere in €2,,.

Define
then

Y € Hy(Qu, 0w) N L (), Y > 0, ([t ]| () < C,

SUpp Py, C SUPP Y C [~y 1] X w,
Vm — 0 H 1(Q,) and quasi-everywhere in €2,,.

For the moment let m be fixed, let p, be a sequence of mollifiers and
denote by x the convolution operator. We extend the function @m to
RY and we denote the extension with the same symbol g&m Due to the
geometry of our domain, by using a procedure of reflexion and cut-off
functions, we can assume that, for n sufficiently small, the support of
XQ, - U * py is included in a fixed compact K,, C [-n,n] X w, and
U * py € HYQp, Ow) N TWE2(Q,), by % py > 0. We can therefore use
¢ = Uy * py as test function in (4.26). We get
(4.27)
| A@DEDGnxp) + [

Qp

Qn

U (P % )t = / F(2,a2) (G % ).
Qp

Let us pass to the limit in each term of this equation (for m fixed) as
n tends to zero. In the right-hand side we use the estimate (4.16), the
fact that ||2/3m * Pyl () < ||7,@m||Loo(Qn), and the almost convergence
of &m* Py to @/;m together with Lebesgue’s dominated convergence The-
orem.

In the first term of the left-hand side we use the strong convergence of
z/}m * py to 1/AJm in H'(€,). As far as the second term in the left-hand
side of (4.27), we note that this strong convergence implies (for a subse-
quence) the quasi- everywhere convergence and therefore the p-almost
everywhere convergence of wm * py to wm We use again Lebesgue’s
dominated convergence Theorem, this time in L'(€,; du), and the fact
that (see Section 2.2 in [6])

0< ug(¢m * pp) < U9L||¢mHL°°(Qn;du) = ugH@Z)mHLC’O(Qn) pra.e. x € L.
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Hence we pass to the limit in the second term of the left-hand side. We
have proved that

(4.28) /A(:c)Du%Dzﬂm—l—/ u%zﬂmdu:/ F(z,u) .

We now pass to the limit in each term of (4.28) as m tends to in-
finity. This is easy in the right-hand side by Lebesgue’s dominated
convergence Theorem since 1, tends almost everywhere to 1, since

0 < F(z,u)y < F(z,u)y ae. x € Q,,

and since the latest function belongs to L'(€2,) (see (4.16)). This is
also easy in the first term of the left-hand side of (4.28) since 1, tends
to ¢ strongly in H*(Q). Also U converges to 1 quasi-everywhere,
therefore p-almost everywhere and we easily pass to the limit in the
second term of the left-hand side of (4.28) by Lebesgue’s dominated
convergence Theorem since (see Section 2.2 in [6])

0 < uhth < U < Ul [l Lo (i) = UYL () pae. @ € Q,

and since u? € H'(Q,) C L*(Q,;du) (see Section 2.2 in [6]).
We have proved that

Vi € HE(Q, 0w) N L=(Q,),¢ >0,
(4.29) /nA(a;)Dung - /Q ulrhdy = / F(x,ud)ib.

Step 5

Let us finally prove that u? € L2?(£,;du). We set for any m > 0
Tn(v) = min{v,m}. Taking ¢ = T,,(u¥) € H}(Qy,0w) N L>®(Q,) in
(4.29) and using the coercitivity (2.6) of A, the growth condition (2.8
iv) of F' and Fatou’s Lemma we obtain

u® € L*(Qy; dp).

This allows to use nonnegative test functions in Hg (€, Ow)NL?(€2,, dp)
and therefore (4.9) holds true.

Step 6 If we assume h(z) € L"(Q,), and f(z) € L"(Q,), r > &,
by (3.20) we deduce that u2 belongs to L>°(£,,) and the sequence con-
verges, up to a subsequence, also in L*(£2,) weakly-star.

Finally assuming (2.9) we prove the uniqueness of the solution in the
same way as in Step 5 of the proof of Theorem 3.3, noting that the mea-

sure p is nonnegative. The proof of Theorem 4.2 is now complete. [J
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Remark 4.3. We note that conditions (4.5) and (4.6) differ from the
classical ones given in [3] and in [9] i.e.

(4.30) pe H1O0),

/ "A(x) Dw® D(pve) = {1, dv) y-1(0),13 (0)

(4.31) for every v € H(O), v. =0 on UV(E T,
such that v® — v weakly in H'(O)
\for every ¢ € D(0O).

Actually if we assume (4.1), (4.2), (4.3), (4.4), (4.30) and (4.31) w
are able to prove that the function u? is a solution in a weaker sense
because under the previous assumptions the space of the admissible test
functions (for equation iv in (4.9)) is the space HJ(2,) N L*(Qy,, du)
that is a proper subspace of Hy (2, dw) N L?(£2,, du). Moreover, even
assuming condition (2.9), uniqueness may fail.

Next theorem concerns the periodic case. In the periodic case the
natural conditions are (4.30) and (4.31) where the domain O is replaced
by the domain @ (and the sequence O° by the sequence ()¢). Indeed
in this case the space Hj,,,.(Q,dw) defined in (2.13) can be identified

with the space H}(Q4) where Q4 is N-dimensional torus.

From now on, according to (4.8), we denote by 45, the extension to
Q of uZ, (by zero on the holes).

Theorem 4.4. Assume that the matrix A and the function F satisfy
(2.6), (2.7), (2.8). Assume also that the sequence of perforated sets Q¢
fulfills (4.1), (4.2), (4.3), (4.4), (4.30) and (4.31) and denote by us, a
solution to problem (2.15). Then the sequence U5, has a subsequence
(still denoted by us,) satisfying (as e — 0)

(Q, Ow) weakly and a.e. in Q

1
as, — ul in Hy per

0

where u., 1s a solution of

(1) Ul € H{ 0y (Q, 0w) O L2(Q, dp),
m)u (r) >0 a.e z€Q,

(4.32) ) /QF(x,uoo)go < +00

i) / A(x)Du’, Do +/ ul odp = / F(z,ul)p
Q Q Q
Vo € H per (Q, 0w) N L(Q, dp), ¢ = 0.
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If in addition we assume h(z) € L"(Q) and f(z) € L"(Q), r > &, then
the solutions s, and ul, belong to L°°(Q) and, up to a subsequence,

s, — ud in L®(Q) weakly-star.

Moreover if we assume (2.9) then problem (2.15) as well as problem
(4.32) admit unique solution, us, and ul, respectively. As a consequence
the whole sequence S converges to ul

Proof. The proof can be carried on as in Theorem 5.1 of [9] as, in
view of the periodic conditions, the space Hg,,,.(Q,0w) N L*(Q, dp)

can be identified with the space H}(Q4) N L*(Q4, du) where Q4 is the
N-dimensional torus. U

Remark 4.5. Once we got iv) in (4.9), actually the equation holds
true for any ¢ € H}(Q,, Ow) N L?(Q,, du). The same remark holds true
for Problem (4.32).

Remark 4.6. Note that (2.19) applied to the function v, and to the
domain () gives

{{xEQ:ugo(x):O}C{xEQ:F(m,O):O}

(4.33)
except for a set of zero measure.

5 T-PERIODIC PROBLEMS IN ONE DIRECTION.

In this section we assume that the matrix A, the datum F'(z, s) (for
any fixed s) and the functions h and f in (2.8) are 1- periodic in the
x1-direction in the set 2, = R X w.

We are interested to find conditions on the domains €2 in order to
force any sequence of solutions uZ to problems (2.5) to converge to a
solution uS, to problem (2.15).

Our choice of the domain €2, should guarantee that €2 is union of 2n
copies of ()°.

A possible framework is the following.

Let Q, and @ be as in (2.1) and (2.11), i.e.

Q, =(—n,n) Xw, Q@ =1(0,1) x w,

where w is an open bounded subset in RV 1.

We recall that o

O =Q\|JT7
=1

where TF are closed set of (0,1) x RN=1 1 <4 < w(e).



ASYMPTOTIC ANALYSIS 25

(]

o
L

Figure 3: the domain ¢, the holes in red.

We define
(5.1) Q5 = Q° + (k,0) with k€ Z, 0 ¢ RV !
(5.2) = (U= Q)
A
()]
Y
-3 -2 -1 0 1 2 3

Figure 4: the domain 25, n = 3, the holes in red.
Let us suppose that

(5.3) A(x) € L®(R x w)*N1-periodic in z;-direction.
Analogously

(5.4)  h,fand F(,s) Vs € [0,+00) are 1-periodic in x;-direction
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and

heLT(wa),r:2* T ,f € LCV(K xw),if N >3
(5.5) or h,fel"(Kxw), r>1ifN=2

VK compact in R.

We recall that v denote the extension by zero on the holes of a func-
tion v defined in a perforated domain (see (4.8)). If v € Hj,.,.(Q, w),
for any fixed n € N we denote by vy the function in H} (€, dw) which
is 1-periodic in the xi-direction and which extends the function v to
Q,,. For sake of simplicity, from now on, we omit the symbol # and we
simply write @, instead of (45, ). In a similar way, we denote by uS,
the 1-periodic extension from )° to €2 .

The main result of this section is the following one.

Theorem 5.1. Let u;, n € N, and u, be the solutions of Problems
(2.5) and (2.15) (respectively). Let us assume (2.6)-(2.9) and (5.1)-
(5.5), the following estimates hold true:

(5.6)
s, = el ) <C€7ﬁn< T(M)”h”m + 0T | fll e (Q))
where 1 = 57— 1+w if N>3

(5.7) 135, — @5y < Ce 5n(n1+w||h|| Q)+n||f||y(@)>

where r > 1, sz—2
and (3 is a positive constant independent of n and e.

In order to prove the previous theorem we need some preliminary
results.

Lemma 5.2. In notations and assumptions of Theorem 5.1 we have

(5.8) —div A(x)DuS, = F(x,u,) in the sense of D'(R X w)

where F(x,us,) denote the extension by zero to R x w.
In particular

(5.9) A@)DuDp = | Flaui)e Vo € HY().
Qs n



ASYMPTOTIC ANALYSIS 27

Proof. The proof of (5.8) can be done as in Lemma 2.4 of [4].

By (5.8) we deduce in particular that F(z,uS,)) € L} (R x w). Let
us take ¢ € H}(Q), ¢ > 0 and for M > 0 we denote by py =
min{M, ¢}; then there exists a sequence pmr € D(5), Pmar > 0
converging to ¢ strongly in H} () and weakly-star in L>(Q) (m —
+00). Consider now the sequence defined by

Ot = Min{Om.nr, P}

Note that @, ar € Hy (Q5)NL>2 (), | @mm || e @s) < M and supp @ C
K,, C ¥, K,, compact set. For any fixed m we approximate ¢, ps by
means of mollifiers @, ,, = @m.ar * py ; for n sufficiently small we can
suppose that supp @, C K,, C QF, K, compact set.

We can take @y, as test function in (5.8). Passing to the limit on
7, we obtain

(5.10) A() DUl Dbrnt = / F o) fmnt
Qs Q

by Lebesgue Theorem and the fact that 0 < ¢,,,, < M. Now we pass
to the limit on m. We note that the sequence ¢,, » converges strongly
in H'(QF) and in particular a.e. in QF to . By (5.10) and Fatou’s
lemma, we deduce that F(z,u )y € LY(QF). As

using Lebesgue’s theorem we can pass to the limit in (5.10) obtaining

(5.11) /Q

Repeating the previous argument, we pass to the limit as M — 400 in
5.11 and we complete the proof of (5.9). O

A(:E)DuingoM:/ F(z,ul,)pm.
Q

€ €
n n

Lemma 5.3. In notations and assumptions of Theorem 5.1 we have
that here exists a constant C independent of n € N and € such that

- = _2 2
[ 1D < (™ + 1w gn ™),

— 2* ;
=g o tf N2=>3

(5.12)

- 2 =
1P < e (n I + 1 o)
r>1,1f N=2.

(5.13)
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Proof. Let us take as test function in (2.5) ug, we consider N > 2 and

we choose r = W We obtain
+

1 1 _1
Oé/ |DU2|2§ {/ hr}r{/ |U | "(1— 7)} _|_{/ f(2*)/}(2) {/ |u2
1 1— _1 1
{/ hr}r{/ ’uz 2*} 2% +{/ f(z*)/}(z*)/{/ ’uz 2*}2* S

1—

1—9 1
<O hlap{ [ PGP} + Collflesn{ [ 10w}

and then

2
(5.14) /Q | D, | <c<uhugv@n~+w + 1 e )n(Q*)’>,

L
=

2*}2 _

where we have used the fact that the functions A and f are 1-periodic
in Q0 in the x; variable and the Poincaré inequality (5.3).

Analogously, if N = 2, we obtain inequality (5.13), by choosing the
exponent r an arbitrary number greater than 1. U

We are now in position to prove Theorem 5.1

Proof. Let us denote z as © = (z1,2') and consider n € N . We take as
test function in (5.9) and (2.5) the function

13 g

where p = p(x1) =1 on the set |z1| <y where Iy = [5:]n + 7, where
n is a small positive parameter, p = 0 on the set |z1| > I + n; the
function p is nonnegative, continuous and piecewise affine.

In view of Remark 2.5 this is an admissible test function in (2.5).
Subtracting the two equations we get, for large n,

(5.15) | @b, - w)p( - @)

_ / AW@)D(us, — u3)D((u, = u3)p)

n

— [ (P - Flaug) s~ w)p <0

where the last inequality is due to the fact that the singular function
F(z,s) is decreasing in the s variable. By (5.15) and the coercivity
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assumption we get
(5.16)

o D@ -wmP- [ @D - ) Dplus, - )
Q 4 1SUPP P

Q,

1
<G [ 1Dt~ w)ll - o
" 151+n
where D, = Qf ,, \ Qf,

Using Pomcare mequahty we get

1
! / ID(us, — )|, — ) < 2P / ID(uE, — )P
D D¢

77 151 +n

Then we deduce

san) [ DG P s / 1Dt )

I arn + C7Cp
We iterate now the proceedure by m steps Where m = [3-] — 1, we get
_ _ C:Cp ”2/
D(u, — @) < (——=—) D(ui, — us)|?
Ly P e K ML)
2

< Cge / DG, — S

n

shere Cy = (1 ) and a, = §ln(1 + 222,).
By Lemma 5.3, if N > 3 we get

2 _2
/ |Dﬂ6|2 < C(Hh”lﬂ nra+ + Hf”i@*)’(Q)n(Q*)/),

with r = 2*_2—1+7 In a similar way we can also prove, starting by iv) of
(2.15) that
7 . ey
/S; ‘DUZO|2 < C(Hh”H'y n T+ + Hin(Q*)'(Q)n@ ) >
Then

1t = < 0 (W ign ™ + 1w ™)
Q

n
2

«

As lim —
> ni\%l'* 77 207013’

1
DG, — 82z < Ce (IR 5™ + om0 g )
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with 8 < 357 Therefore the proof of (5.6) is complete. If N' =2 we
get (5.7) analogously, using estimates (5.13). O

If we assume further conditions on the distribution of the perfora-
tions, we can improve the previous result. More precisely, let Y =
(0,1) be the reference cell and T a closed set of Y with non empty
interior. We set

(5.18) T =e(T +a), Y=Y +a), acZV,
(5.19) =T, Q@ =Q\T
a€l®

where I¢ = {a € ZV : T C (0,1) x RN~} and Q¢ is defined according
o (5.1) and (5.2).

Then for any v € Hj(,0w)(n € N), the following Poincaré in-
equality holds true

(5.20) ||U||%2(Qg) < 0%52”1)”“%2(9;)'

Using this inequality we can improve the result of Theorem 5.1. More
precisely we can show the following result.

Theorem 5.4. Let uS and us, be the solutions of Problems (2.5) and
(2.15) (respectively) and ,° and U5, their extensions by zero to €,
and @Q (respectively), n € N. Let us assume (2.6)-(2.8), (5.1)-(5.5) and
(5.18), (5.19),

(5.21) F(z,s) = Fi(z,s) + Fy(z, s)

where Fy(x,s) satisfies (2.9) and Fy(x,s) is Lipschitz continuous with
respect to s uniformly in x and Lipschtz constant L, then the following

estimates hold true: if N > 3 and r = %
(5.22)
1
HD(Un — )HL2(Q%) < Ce—ﬁn( r(l+’Y) HhHEC(WQ n @y ’fHL(Q*)/(Q))’

(5.23) @5 — i || 12(y) < Ce " <nr<1+v>||h||1+W @Y |l ey Q)>
orif N =2 andr>1

2

(524) 1D, ~ i)y < Ce (75 10 g+l F ).

(625) 115 ~ i liay) < Ce e (w5 1R + il f i@ ).

Here 8 is a positive constant independent of n and € and ¢ < g5 =

8O(Oéa OPa L)
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Proof. We just want to point out the way to handle the new term in
the right hand side of (5.15), due to the presence of the non monotone
function Fy(x,s):

X = | (B(r,ul) = Fale,u,))(ug, — uy)p

Q5
We have, using (5.20),

X|<L [ (h-wPp<CRRL [ DGE - ) -
l1+n Qlaﬁ—n
ctL [ DG~ )P+ CR2L [ DG - )
I [+
Taking into account this new term in (5.16), we arrive to the analogous
of (5.17) i.e.

C-C C2e2L
/ D(ag, — g < S T Ivee / |D(uS, — us,)|*
Q 0477+C70p e

1

Now we can proceed exactly as in the proof of Theorem 5.1 we obtain
estimates (5.22). Using inequality (5.20) we get also (5.23). If N = 2
we get (5.24) and (5.25) analogously, using estimates (5.13). O

Remark 5.5. A simple example of function F'(z, s) satisfying the as-
sumptions of the previous Theorem is

1
F(z,s)=— (2+sins2) + f(z) ae. 2 €Q, Vs >0,

where f(z) € L

Remark 5.6. We note that if N = 2 and we assume f € L*(K xw) and

h e L%(K X w) instead of (5.5) we can improve estimates (5.7),(5.24)
and (5.25) by using Poincaré inequality (3.1) instead of (3.2). In this
case we get, under the assumptions of Theorem 5.1,

loc (]R X w), 1-periodic in z;-direction.

2
15 = Tl iag) < Ce (A + n @) v = 1o

and, under the assumptions of Theorem 5.4,

(5.26)
DG = i) ety < O (n2 ] 5 7g) + nilIfll2@):
| — 20y < Iy (muhuztzQ +m\|f|\m<@>),
where r = %
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Remark 5.7. We want to stress that the constants which appear in
(5.6), (5.7) or in (5.22)-(5.25) are independent of ¢ and n. This allows
us to prove that, under the assumptions of Theorems 4.2, 4.4 and 5.1
(or Theorem 5.4) the sequence ul converges to u’, and therefore the
following diagram commutes with respect to the H'-convergence.

u;, e—0 u%
weak
n — 00 n — 0o
us — 0 2
oo o
weak

The question whether one can prove directly the convergence of u2
to uY_ is still open.
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