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Abstract In this paper we study the Dirichlet problem for two related equa-
tions involving the 1-Laplacian and a total variation term as reaction, namely:

o) = div (i) = 1Dul + (@), 1)
_div (%) — |Du| + f(), @)

with homogeneous Dirichlet boundary conditions on 0f2, where {2 is a regular,
bounded domain in RY. Here f is a measurable function belonging to some
suitable Lebesgue space, while g(u) is a continuous function having the same
sign as u and such that g(+o00) = +oo. As far as equation (1) is concerned,
we show that a bounded solution exists if the datum f belongs to LY (£2).
When the absorption term g(u) is missing, i.e. in the case of equation (2),
we show that if f € L™ (2), and its norm is small, then the only solution of
(2) is w = 0. In the case where the norm of f is not small, several cases may
happen. Depending on {2 and f, we show examples where no solution of (2)
exists, other examples where u = 0 is still a solution, and finally examples
with nontrivial solutions. Some of these results can be viewed as a translation
to the 1-Laplacian operator of known results by Ferone and Murat (see [14],
[15] and [16])).
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1 Introduction and Statement of Main Results

In this paper we study two related Dirichlet problems involving the 1-Laplacian
and a total variation term. The first one is

g(u) — div <gZ|> = |Du| + f(z) in £2; 3)
u=0 on 012.

Here (2 is an open, bounded, regular subset of RY, f(x) is a function which
belongs to LY (£2), while g(s) : R — R is a continuous function such that
g(s) s > 0 and g(+00) = +oo. The second problem is similar, but without the
zero-order term g(u):

div (g;) = |Dul + f(z) in 2; (1)

u=20 on O0f2.

We are interested in existence, regularity and nonexistence results for a solu-
tion to these two problems.

The concept of solution to equations involving the 1-Laplacian was de-
veloped by Andreu, Ballester, Caselles and Mazén (see [3] and the book [4]).
The natural energy space for this operator is the space BV ({2) of functions
having bounded variation. Using the theory by Anzellotti [6], they introduce
a bounded vector field z which plays the role of the ratio @Z‘ . The boundary
condition must not be understood in terms of the trace of BV —functions, but
in a weaker sense involving the vector field z (see Section 3).

In the case where g(u) = u, problem (3) was studied by Andreu, Dall’Aglio
and Segura de Leén in [5]. In that paper, they proved that there exists a
bounded solution v when f € L™({2), with m > N. Moreover, that solution
is unique under the stronger assumption 0 < f(z) < o < 2.

Later on, in [1], Abdellaoui, Dall’Aglio and Segura de Ledn studied the
existence of infinitely many unbounded solutions of problems (3) and (4). This
solutions may have prescribed singularities and are related to some elliptic
problems involving singular Radon measures.

In the present paper, we prove that problem (3) admits a bounded solution
even in the limit case f € LY (£2). This result is somewhat surprising, because,
for the similar problems for the p-laplacian, with p > 1, i.e.

g(u) —div (|VuP7?Vu) = |VulP + f(z) in £2; 5
u=20 on 012, (5)
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one can prove the existence of bounded solutions for f € L™(£2), m > N/p, but
solutions are usually unbounded in the limit case f € LN/?(£2) (see Boccardo,
Murat and Puel [8], Ferone and Murat [14], [15] and [16], Ferone, Poster-
aro and Rakotoson [17], Dall’Aglio, Giachetti and Puel [12]). Therefore, while
boundedness should be expected (see [5]) for problem (3) when f € L™({2)
and m > N, it is unexpected in the limit case f € L™ (£2).

Subsequently, we study problem (4), where the term g(u) is absent. In
the case 1 < p < N, that is, for problem (5) when g = 0, it was proved by
Ferone and Murat in [14] and [15] that a solution might not exist, unless an
appropriate smallness assumption is made on the datum f. This smallness
condition reads as follows:

1 \pr1 _
(E) I fllv/p < SN}W

where Sy, denotes the best constant in Sobolev’s imbedding Wy (£2) <

Np_ :
L~=7({2), that is,
p/p”
(L) <sw [ 1var
fe) fe)

This condition is related to the regularity enjoyed by the solution, namely,
er Tl 1 e WhP()

for every § > 0 satisfying

0 \r-1 _
(pfl) £ llnsp < Sy -

We analyze the limit problem (4), for p = 1, and prove that:

— if the datum f(x) is “small”, more precisely if f € L™ (§2) and ||fHN < Syt
(where Sy = Sy 1 is the Sobolev constant appearing in the embedding of
Wt (02) into LN/N=1(0)), then u = 0 is the only bounded solution
u € BV (£2) of problem (4). More precisely, u = 0 is the only solution such
that e** € BV (£2) for every A > 0.

—if ||f ||N > Sy', several situations may happen, depending on the actual
form of f. We show that if f is a multiple of the characteristic function of a
ball B, C 2, then problem (4) admits no solutions as soon as ||f||N > Syt
On the other hand, we show that © = 0 may well be a solution when f
is a (large) multiple of a characteristic of a “thin” set, like a strip or an
annulus. We also show some cases where nonzero solutions appear.

— in the limit case ||f||N = Sy', we show that u = 0 is always a solution and
non trivial solutions exist if {2 is a ball and f is constant.

The paper is organized as follows. In Section 2, we introduce our notation
and state the main features of functions of bounded variation and of L>°-
divergence—measure vector fields. Section 3 is devoted to study problem (3),
while problem (4) is considered in Section 4. The final section is devoted to
explicit examples of existence and nonexistence for problem (4).
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2 Preliminaries

From now on, we fix an integer N > 2. The symbol HV~!(E) stands for
the (N — 1)-dimensional Hausdorff measure of a set £ C RN and |E| for
its Lebesgue measure. We will denote by wy the measure of the unit ball in
RY. Moreover, 2 will always denote an open, bounded subset of RV with
Lipschitz boundary. Thus, an outward normal unit vector v(z) is defined for
HN—1-almost every x € 012.

The truncation function will be used throughout this paper. Given k& > 0,
it is defined by

Tk(s) - min{|5|7 k} sign (5) ) (6)

for all s € R. Moreover we will denote by G (s) the function defined by
Gr(s) = s—Ti(s).

The space of all C*°—functions having compact support in {2 is denoted by
C§°(£2). The symbol L1(£2), with 1 < g < oo, denotes the usual Lebesgue space

with respect to Lebesgue measure and ¢ is the conjugate of ¢: ¢’ = Ll We
q—

will denote by VVO1 "1(£2) the usual Sobolev space of measurable functions having
weak gradient in L9(£2;RY) and zero trace on df2. Finally, if 1 < p < N, we
will denote by p* = Np/(N — p) its Sobolev conjugate exponent and by Sy,
the best constant in the embedding W, ¥ (£2) < LP"(£2), that is,

p/p”
(/Q |up*) < SN7P/Q|VU|:D for all u € WyP(£2).

We will also write Sy instead of Sy 1.

The natural energy space to study equations involving the 1-Laplacian is
the space BV (£2) of functions of bounded variation. It is defined as the space
of functions u € L'(£2) whose distributional gradient Du is a vector—valued
Radon measure on {2 with finite total variation. This space is a Banach space
with the norm defined by

fullay = [ Juldo + Dul(@).
2

We recall that the notion of trace can be extended to any u € BV({2)
and this fact allows us to interpret it as the boundary values of u and to
write u| 5e- Moreover, it holds that the trace is a linear bounded operator
BV (2) — LY(0£2) which is onto. Using the trace, an equivalent norm in
BV (£2) can be defined by

Jull = / ] AN+ [Dul(2).
o8
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The Sobolev embedding W, ' (£2) — L%(Q) extends to BV-Functions; it

yields
L\ (NN
(/ |u|m) < Sy [|Du|<n>+ / |udHN—1],
0 o8

for all u € BV (£2). We point out that the same constant can be taken.

For every u € BV ({2), the Radon measure Du can be decomposed into
three parts: Du = D% + D®u + Du, where D% is its absolutely continuous
part (we mean absolutely continuous with respect to Lebesgue measure), Du
its Cantor part and D7u its jump part. This decomposition is defined as fol-
lows. We denote by S, the set of all x € 2 at which the approximate limit
of u does not exist: if x € 2\S,, we denote by @(x) the approximate limit
of u at . On the other hand, we denote by J, C S, the set of approximate
jump points of wu, that is, those points where there exist “one side” limits
of u: uy(x) and u_(x). Then D°u = D*ul (£2\S,) and Diu = Dul J,,
where D%u = D°u + Dy stands for the singular part of Du with respect
to the Lebesgue measure. The precise representative u* : $2\(S,\J.) — R
of u is defined as equal to @ on 2\S, and equal to % on Jy,. Since
HN=1(S,\Ju) = 0, due to the Federer—Vol'pert Theorem, it follows that u* is
defined HV"1-a.e. in £2.

A compactness result in BV (§2) will be used several times in what follows.
It states that every sequence that is bounded in BV ({2) has a subsequence
which converges strongly in L' (§2) to certain u € BV ().

To pass to the limit we will often apply that some functionals defined on
BV (£2) are lower semicontinuous with respect to the convergence in L!(£2).
We recall that the functional defined by

U |Du|(())+/£m |u| dHN 1 (7)

is lower semicontinuous with respect to the convergence in L'(£2). Similarly,
if we fix p € C3(£2), with ¢ > 0, the functional defined by

ul—>/ @d|Dul,
2

is lower semicontinuous in L!(£2).

For further information concerning functions of bounded variation we refer
to [2] or [22].

In our definition of solution we will need some features of L°°—divergence—
measure vector fields and functions of bounded variation (see [6] and [10]).
Basically, a type of dot product of a vector field and the gradient of a bounded
variation function is used to give sense to z = %7 namely, z € L>=(2; RY)

satisfies ||zl < 1 and (z, Du) = |Dul.
From now on, we denote by DM ({2) the space of all vector fields z €
L>(£2; RY) whose divergence in the sense of distributions is a Radon measure

with finite total variation.
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To define (z, Dv) in Anzellotti’s theory, we need some compatibility con-
ditions, for instance divz is a Radon measure with finite total variation and
v € BV(£2) N L*>°(§2) N C(§2). In this case, we define the dot product as a
distribution: for every ¢ € C3°({2), we write

(2. Du).0) =~ [

u*(pdu—/ uz -V,
(0] 2

where p = div z. This distribution (z, Dv) is actually a Radon measure. More-
over, the following basic inequality holds: |(z, Dv)| < ||z||cc|Dv|. On the other
hand, for every z € DM (12), a weak trace on 92 of the normal component
of z is defined in [6] and denoted by [z,v]. Anzellotti’s definition of (z, Dv)
can be extended to the case where divz is a Radon measure with finite total
variation and v € BV (£2) N L>°(£2) (see [20, Appendix A] and [9, Section 5]).
A further extension can be found in [1, Section 3] for bounded vector fields
z € DM™(12) satisfying —divz > f € LY (£2) and a general v € BV (£2). (We
also refer to [11] for additional information.) These extensions will be used
throughout this paper.
Under these extended assumptions, a Green formula holds.

Proposition 1 (see [6], [20], [9], [1]). Let z € L*(£2;RY) be such that
—divz = B+ f, where 8 is a nonnegative Radon measure on {2, and f €
LN(02). Let w € BV (£2). Then, with the above definitions, u* € L'(£2,dpu),
and the following Green formula holds

/ uw dp+ | d(z,Du) = / [z, v]u dHN L, (8)
Q Q le)

where p = div z.

3 Existence of a solution to (3)

This Section is devoted to obtain an existence result for problem (3), where
feLN().

Definition 1 A solution of problem (3) is a function u € BV ({2), with an
associated vector field z € L>°(§2; RY) satisfying

[2)loo < 1; (9)

g(u) —divz = |Du| + f(z) in the sense of distributions; (10)
(z, Du) = |Du| as measures; (11)

[z,v] € sign (—u) HY '-a.e. on 912 (12)

Dy = 0. (13)

Theorem 1 For every f € LY (£2) there exists a bounded solution to problem

(3).
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Proof The proof will be divided into several steps.
Step 1: Approximating problems: p > 1. Assume for the moment that
f € L>®(£2). We cousider the following problems, for p > 1:

{g(up) —div (|Vu,|[P7?Vu,) = |Vu,|P + f(z) in £2;
(14)

u, € Wy (92).
By the results proved by Ferone and Murat in [16], for every p > 1 there
exists a solution u, € L>(£2) N WHP(£2) of (14). We wish to show that the

L*>—estimate does not depend on p. Indeed, we can multiply the equation in
(14) by

v = (eMGk(up)\ _ 1) signuy ,

for A > 1 and for some positive k. Since g(s) has the same sign as s, we easily
obtain

/Ig(up)l (eMerel — 1) +/\/ VG (up) [P NG ()
° Q
S/ VG (up)? (e/\lak(up)l ,1) + Il / (6A|Gk(up)| 71> . (15)
2 >~ Jo

By the assumptions on g, there exists k > 0 such that |g(s)| > ||f]] for all s
such that |s| > k. With this choice of k, one has

[ tatwpl (V0 <1} = g [ (Moot —1)

therefore the two integrals in (15) cancel out, and one can conclude that

(/\—1)/ VGl (M6 1) <,
(9]

which gives
lugll < k= k(g I71_).

We emphasize that this estimate is independent on p.

Once this estimate is proved, one can follow the same steps as in [5], pass
to the limit for p | 1 and conclude that, when f € L°°({2), there exists a
bounded solution of problem (3).

Step 2: L*-estimate for unbounded f. Assume now that f € LY (£2).
Then, for n € N; let u,, be a solution of problem

Du, .
Du ) = |Duy| + T (f(z)), in £2;

Uy =0, on 0f2.

-~ .
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Such a solution exists by Step 1. Let z,, be the associated vector field according
to Definition 1. For every k > 0, by taking (e2/G+(n)l — 1)signu,, as test
function in (16) (see (10) for the meaning), we get

[ latuni(eeset 1)
Q
+ zn, D| (2 ) _1)signu, | | — 20Gk (un)l _1 sign uy, [z, v] dHN 1
[, Gopf(e0 ) [ (0:0)
S/ (2|Gk un)| _ |Dun|+/ T, (f 2|Gk(un)|,1). (17)
Q

Taking into account D’u,, = 0, we may apply [18, Proposition 2.7] to the

Lipschitz-continuous function s — <e2‘Gk(S)| - 1)Signs and deduce from (11)

that
(zn,D[(emG’“(“”)l — 1)signun]) = ‘D{(eQ‘G"‘(“")‘ — l)signun} ‘ .

Now the chain rule (for a BV—function without jump part) yields

(zn,DKemGk(“")‘ - l)signunD = 2(62|G’“(“")‘>*|DGk(un)| .

On the other hand, [z,,v] € sign (—u,) on 9f2. Hence, inequality (17)
becomes

[ ot (0w - 1)
£2
+2/Q(emck(unn)*'DGk(un)'+/ag(emak(un)\ _1) AN -1

g/ ( 21G ()| _ \Dun|+/ T (] z|ck<un)|_1>.
2

Since e | — 1 vanishes on {Jun| > k}, simplifying and dropping nonneg-
ative terms, it yields

[ latwl (e 1)
2
+/Q ( 2|Gi ( un)|> DG (un)] +/89 <62|Gk(un)| — 1) AHN -1
/ ITo(f 2\Gk un)l _ 1)

< h/ G 1) +/ (T ()] (26001 1)
(1T ()1 <h} (Tn(H)I>h)

2|Gr(un)
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for some h > 0 to be chosen hereafter. As before, we can take k = k(h) such
that |g(s)| > h for |s| > k. With this choice of k, one has

h/ﬂ(€2|Gk(un)\,1)+%/n’D(emck,(un)pl)P/m(e2|ck(un>lf1) dHN1

< h/ (emck(um _ 1) +/ |Tn(f)|(62|ck<un>| _ 1) ,
(1T ()<} (1T (1>}

so that the first integral of each side cancels, and Holder’s inequality implies

/Q ‘D(ezwcmnn _ 1)‘ n /BQ (emck(unn _ 1) dHN -1

<2 (T () (261 1)
{ITn(f)I>h}

2|Gr(un)| _ 1

< 2T (Hxqmanyismll, lle ly/v—1)-

Applying Sobolev’s inequality, we can write

||62|Gk(un)| — 1
N/(N-1)

csv] [ o) [ (e

2|Gr(un)| _

< 2SN Tn(A)xqira (ry>nll  lle v/ v—1)

<281 xqipismlly e et =1) o

wherewith the right hand side can be absorbed if || fx{|f/>n} | ¥ is small enough,

that is, if we choose h large enough. Thus, for k = k(h), this leads to ||e2Cx(un)l

1||N/(N—1) =0 for all n € N, and as a consequence ||un||c < k = k(f,g) for

all n € N.

Step 3: BV —estimate. We take (e?/“nl —1) sign u,, as test function in (16),
obtaining

[ latw) (1 =)
+ /Q (zn, D[(eQ‘““‘ — 1) sign un]) — /BQ (62|“”| — 1) sign uy, [z, V] dHN 1

2un| * 2|un|
S/Q(e 1) |Dun|+/9|f| (e2unl — 1),

Having in mind (11) and (12), applying the chain rule and disregarding non-
negative terms, it yields

/(62‘un‘)*|Dun|+/ |Du”|+/ (e2|un|71) deNflg/ |f|(62\un\,1).
2 2 o 2
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Observe that the right hand side is bounded due to the L>°—estimate. Hence,
in addition to be bounded in L*°(2), we have that the sequence (e~ —1)
is bounded in BV (£2), so that (up to subsequences) there exists v € BV (£2) N
L>®(£2) satisfying e?l*l — 1 € BV (£2) and

De?lunl  pe?lvl * yeakly as measures
u, — u pointwise a.e in {2

un, = u strongly in L"(£2), 1<r<oo

Step 4: Convergence of (zy,),. It follows from (9) that there exists z €
L>®(£2;RYN) such that (up subsequences) z, — z *~weakly in L>(§2;RY).
Obviously, ||z]/c < 1 holds.

Now, we may take e“mp, where ¢ € C§°(f2), as test function in (16),
simplify and pass to the limit which leads to —div (e*z) = €% (f — g(u)) in the
sense of distributions. Thus, div (e%z) € LV (£2).

In a similar way, choosing ¢ € C§°(§2) with ¢ > 0 as test function in (10),
the lower—semicontinuity of the total variation implies that

/Qg(U)soJr/Qz-VsaZ/ﬁwIDUIﬂL/wa-

Therefore, the inequality g(u) — divz > |Du| 4+ f(z) holds in the sense of
distributions. As a consequence, divz is a Radon measure. Furthermore, it
follows from (10) that the sequence of measures (divzy,), is bounded, and so
(up to subsequences) it converges *—weakly in the sense of measures. Since its
limit must be div z, it follows that divz is a Radon measure with finite total
variation.

It remains to prove the points:

Diu=0;
g(u) —divz = |Du| + f(z) in the sense of distributions;
(z, Du) = |Du| as measures;

[z,v] € sign (—u) HN'-ae. on 90,
To see them, we may follow the steps 7-10 of the proof of [5, Theorem 1].

Remark 1 Tt is worth observing that the same proof works for any increasing
real function g such that g(£oo) = +oo. We just have to replace g(s) with
g(s) — ¢g(0) and the datum f(z) with f(x) — ¢(0).

Remark 2 We point out that a similar argument to that used in the proof of
Theorem 1 leads to the boundedness of the solutions to the Dirichlet problem

for
Du

o(w) = div (50 ) = (@),

with f € LV(2).
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4 Existence of a solution to (4)

In this Section we will study existence and non existence for the Dirichlet
problem (4).

Theorem 2 If f € LN(92) satisfies ||f|ln < Sy', then u = 0 is the only
solution to problem (4) satisfying e’ € BV (§2) for all A > 1.

Proof Step 1: Existence. Since a solution of (4) is actually the pair (u,z),
we still have to get the vector field z. To this end, apply a duality argument
to obtain the embedding LY (£2) — W~1°(§2). Thus, given f € LN (£2), we
find z € L>(2;R") satisfying f = —divz and [z]joc = [[divz|lw-1.=(o)-
Moreover,

[|div 2|y -1, () :sup{/ z-Vu :ue Wy (), / [Vu| < 1}
7} Q

:sup{/ fu :ue W), / [Vul gl}

N 0

<sup{/ fu:ue L(0), |u||1¢v1<sN}<||f||NsN<1.
(93

Hence, ||z|lo < 1.
Finally, taking « = 0, we have seen that

—divz = |Du|+ f, in D'(2)
(z, Du) = |Du|, as measures

u|[m =0 in the sense of traces, which imply condition (12).

Therefore, u = 0 is a solution to problem (4).
Step 2: Uniqueness. Assume that u € BV({2) is a solution to problem

(4) satisfying e* € BV(§2) for all A > 1. Then Diu = 0 and there exists
z € DM (£2) such that

i) —divz = |Du| + f in D'(£2)
ii) (z, Du) = |Du| as measures
iii) [z,v] € sign (—u) HN"1-a.e. on 902

Fix A such that 251 > || f|| xSy and apply Green’s formula to get

I e
0 o
:/(e’\"—l)*|Du\+/ fle—1). (18)
Q 2

We now consider each term appearing in (18). By Lemma 1 below,

z, D(eM — = M —1)].
/Q (2, D(M — 1)) /Q D( — 1)) (19)
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As far as the right hand side of (18) is concerned, the chain rule leads to

@ =1y1pul = 5 [ D@ =i [ 1pul. (20)

Finally, it follows from condition iii) that

/ao(e)‘“—l)[z,v]dHN_l2—/89|e)‘“—1|d7-lN_1. (21)

Having in mind (19), (20) and (21), equation (18) becomes

%/ |D(e)‘“—1)|—|—/ |6)‘“—1|d’HN71—|—/ |Du|:/f(e}‘
e o0 Q 2

Applying Hélder’s and Sobolev’s inequalities on the right hand side, it yields

=1 <l lsy U D 1>|+/m;em—1|dHN1},

wherewith

(5~ 17lwsw) [/Q|D<ew—1>|+/99|e*“—1|dHN‘1] <0.

Since 25 — || f||nSn is positive, it follows that

D(eM —1)| + M —1ldHN =0,
|D( )| |
(9] on

and so e* — 1 = 0. Therefore, u = 0.

Remark 3 As far as existence of trivial solutions is concerned, we point out
that the same proof leads to the following result:
If f € LN() satisfies || flln < Sy*, then u = 0 is a solution to problem

(4)-

Lemma 1 Let z € L>®(2;RY) be such that —divz = 8 + f, where B is
a nonnegative Radon measure on 2, and f € LN (02). Assume that u is a
function in BV (£2), with D (u) = 0, and that ¥(s) : R — R is an increasing
locally Lipschitz function, such that w = ¢ (u) € BV (2).

If (z, Du) = |Du| as measures, then

(z, Dw) = |Dw| as measures. (22)
Proof We first remark that
|Du| = (z, Du) = (z, DTk (w)) + (z, DG (u))
< |[DTk(u)| + [DGy(u)| = | Dul

and consequently the inequality is actually an equality. Thus, as measures,
(z, DTy (u)) = |DTx(u)| for every k > 0. We also write wy = 9(Tx(u)) for all
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k > 0. We remark that | Dwy| = |Dw|x{ju|<k} holds for all k£ > 0. Indeed, since
Ty (u) is bounded, and ® is Lipschitz-continuous in the interval [—k, k], it is
enough to apply the chain rule [2, Theorem 99] to deduce from D7u = 0 that
Diwy, = 0 for all k > 0. Hence, fixed k > 0, we obtain from the chain rule that
|Dwy| = [Dwp|x{ju|<k} for all h >k, so that |Dwy| = |[Dw|x{ju|<k} holds.

On the other hand, having in mind again that Tj(u) is bounded, and ¢
is Lipschitz-continuous in the interval [—k, k|, and applying [18, Proposition
2.7], we deduce that the Radon—Nikodym derivative of (z, Dwy) with respect
to |Dwy| coincides with the Radon—Nikodym derivative of (z, DT (u)) with
respect to | DT (u)|. Thus, (z, DTy (u)) = | DTy (u)| implies (z, Dwy) = |Dwy|
for every k > 0. Then, for each nonnegative ¢ € C§°(§2), we have

/(p|Dw;€\:/gp(z,Dwk)=—/wkgodivz—/w;gz-Vgo
0 Q Q Q

:/QwICQDd/B‘F/kaSOf_/kaZ'v‘P- (23)

In order to let k go to infinity, we apply Levi’s monotone convergence theorem
to deal with the left hand side:

lim ¢ |Dwg| = lim ¢ | Dw| :/ | Dw|.
k—oo [ k— o0 {Jul<k} 0

Moreover, by Proposition 1, w is summable with respect to the measure 3. It
follows from Lebesgue’s dominated convergence theorem that

lim wp df :/ wpdf.
k—o00 N 0

Applying again Lebesgue’s dominated convergence theorem, we obtain

lim (/ wkwf—/wkz-Vgo):/wgof—/wz-V@,
k—oo \Jp Q Q Q

due to w € BV (f2) C L%(Q), f e LN(2) and z € L>(£2;RY). Hence, we
may take the limit in (23) to conclude that

/¢|Dw|:—/w<pdivz—/wz-Vgp:/gp(z,Dw)
[0} 9] 2 9]

for every nonnegative ¢ € C§°(£2). Therefore, (22) holds true.

5 Examples of existence and non existence for (4)

This final section is devoted to several examples of existence and non existence
of solutions for problem (4).
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We will use several times the well-known fact that the Sobolev constant
Sy is indeed the isoperimetric constant, that is,

~ HNZY0Br(w)) NN

SN

The first two examples will show that, even when || f|| 5 is larger than S;,l,
there are cases where u = 0 is still a solution of problem (4).

Example 1 Let {2 be a bounded domain with Lipschitz boundary. We will see
that for every t > Sy' there exists f such that | f||y = ¢ and problem (4)
admits the trivial solution. There is no loss of generality in assuming 0 € (2.
Fix R > 0 such that Br(0) C 2, choose € such that 0 < ¢ < 1 and
take p > 0 satisfying p = (1 — ¢)RY. Consider A\ = & and the datum

e
J = AXBr(0)\B,(0)- Then

wNNN

713 = N (BY — p¥) = Xy RYe = 255

Note that, using (24), the norm || f|| x takes all values larger than Sy' when ¢
varies between 0 and 1.
Now it is easy to check that u = 0 is a solution with a vector field given by

0, if 2] < p;

z(x) = { —z&(|z)), if p < || < R;

—RVE(R) o, if 2] > R;

A N
where &(r) = —(1 - (g) ) Indeed, ||z]|s < 1 since RE(R) =1 as a conse-

N
quence of our choice of A\. On the other hand, {(p) = 0 and

0, if |2 < p;
—diva() = { Ne(lal) + [2l¢/(Ja]), if p < |a] < R
0, if |z| > R.
The result follows from the identity N&(r) 4+ r&/(r) = A, for p <r < R.

Example 2 We now consider a two dimensional example, though it can easily
be generalized to a higher dimension. Let £2 C R? be a bounded domain with
Lipschitz boundary and containing the origin, and choose ¢ > 0. Denote by

20=00{(z,y) eR? : |y| <1/¢}.

For the sake of simplicity, assume that {2, is a rectangle of sides 2/¢ and L,
centered in the origin. Taking f = ¢Xg,, its L2-norm is

2L
| fll2 = €/]92¢| :6\/7 =V2LL,
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which can be made as large or as small as we wish, by choosing ¢ accordingly.
Now, considering f as a datum, it is easy to check that u = 0 is a solution
to problem (4) with vector field defined by

(07_1)5 1fy>1/€a
0,1), ify<—1/¢.

The following example shows that the threshold S&l is sharp for the exis-
tence of a solution solution to problem (4).

Ezample 8 Fix z¢ € 2 and let R > 0 satisfy Br(xg) C {2. Let t be any number
larger than S;,l. Consider f = AXBp(zy), Where A = W is chosen such
that || f|[x =t.

Assume, by contradiction, that there exists a solution v € BV (§2) to prob-
lem (4). Hence, we can find a vector field z € L>(£2; RY) satisfying ||z|l < 1
and —divz = |Du| 4+ f in the sense of distributions. Integrating in the ball
Bpgr(zp) and applying the Green formula, we get

—/ [z, V] dHN ! = / | D —|—/ f(x)dz > A\|Bgr(z)|.
8BR(Z0) BR(wo) BR(QZ[))

Observe that the left-hand side is smaller than H™N~1(0Bg(x¢)). Therefore
HN=1(OBRr(x0)) > A|Br(z0)|, which gives

HY 1 (0Bg(x0))
|Br(2o)|(N-D/N

t = A|Bg(zo)|'/N < = 55",

a contradiction.

The previous examples show that, in the case where f is constant on some
set, the isoperimetric inequality plays an important role for existence and
nonexistence of solutions. For instance, in the Examples 1 and 2, f is different
from zero on some very “thin” sets, for which the isoperimetric ratio is far from
optimal. On the contrary, in the example given in Example 3 f is a multiple
of a characteristic function of a ball.

We summarize the previous examples in the following result:

Proposition 2 Assume that 2 is a bounded domain with Lipschitz boundary.
Then, for every t > Sx*, there exists f € LN(82) such that || f|y = t and
problem (/) has no solution. On the other hand, there exists f € LN (£2) such
that || fl|y =t and problem (4) has the trivial solution.

One may wonder whether there exist nontrivial solutions to problem (4).
This is indeed the case, as we will show in the following three examples, which
examine different cases, according to the size of the datum.
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Ezxample 4 (The case of f small and regular enough) More precisely, f €
L™($2) with m > N and

m—1 1 _ 1
_ — mTN
I < () ™
m ) SN

In [1] non regular solutions to problem (4) have been studied. The main result
states, under the above smallness condition on the datum, the existence of
unbounded solutions to (4). These solutions v € BV (£2) do not contradict
Theorem 2, since e** ¢ BV (£2) for A > 1.

Ezample 5 (The critical case ||f|x = Sy') Let £ is a ball, say Bg, and f is
a constant datum. Let f(z) = ), it follows from | f||y = Sy that

1 p - HN"1(0B N
A= Syt Be VN = K OBr)

Bl R’
Then any positive constant is a solution to (4) with vector field given by z(x) =
—%, since ||z]jc = 1, —divz = A = |Du| + A and [z(z),v(2)] = —% - 7 = -1
on 8BR

Ezample 6 (The case ||f||n > Sy') Let 2 be a bounded domain with Lipschitz
boundary; for ¢ > Sy we will find a nonnegative datum f such that || f||y =
t and problem (4) has a nontrivial solution. As above, there is no loss of
generality in assuming 0 € (2. Fix R > 0 such that Br(0) C {2 and take
p € (0,R), to be determined later.

We define

N 14
f(x) = 5 XB ) + mXBR(O)\BP(O)
for some 0 < pp < N — 1. It is straightforward that
N N N R -N N R
Iflly = NYwn + p Nwn log (E> =Sy +p" Nwylog (E) ,
which (by suitably choosing p) can take any value larger than S;,N .
Now consider the real function given by

g(r) = (N —1—p)log (?)
and define
9(p), if 2] < p;
u(z) = q g(lz)), if p < o] < R;
0, if || > R.
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Then it is easy to check that v is a solution to problem (4) with an auxiliary
vector field defined by

- if || < p;

P
z(z) = ¢ o] if p < |z| < R;

—RN-1 |;|”N , if || > R.

Finally, we point out that, when 2 = Bg(0), then v(x) = u(z) + C, where
C > 0, is also a solution to this problem, with the same choice of z.
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