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ABSTRACT. We study the thermal properties of a composite material in which a
periodic array of finely mixed perfect thermal conductors is inserted. The suitable
model describing the behaviour of such physical materials leads to the so-called
equivalued surface boundary value problem. To analyze the overall conductivity of
the composite medium (when the size of the inclusions tends to zero), we make use
of the homogenization theory, employing the unfolding technique.

The peculiarity of the problem under investigation asks for a particular care in de-
veloping the unfolding procedure, giving rise to a non-standard two-scale problem.
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1. INTRODUCTION

We study, via homogenization techniques, the thermal properties of a composite
material made up of a hosting medium in which a periodic array of conductive fillers

is inserted. The microscopic inclusions are assumed to be perfect heat conductors
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(i.e. they have infinite thermal conductivity). This last assumption is motivated by
the fact that, in applications, the heat conductivity of the inclusions is much larger
than the one of the hosting medium.
These models are drawing increasing attention in last years, due to the appearance
on the market of new composite materials, produced with the purpose of increasing
the overall thermal conductivity. For example, this is the case in the packaging of
electronic devices, in which rubber is used as an encapsulating medium. Then, an
efficient heat dispersion device is needed, justifying the insertion of highly conductive
inclusions into the rubber itself. The purpose of this investigation is to give a theo-
retical justification of some heuristic models used by engineers in applications (see,
for instance, [21, 23, 27, 28, 29, 30]).
From a mathematical point of view, the problem reduces to a heat equation satisfied
by the temperature u,. in the hosting medium, while on the boundary of the inclusions
(i.e. on the interface between the two different conductive phases) u. is assumed to be
constant with respect to the space variable and determined only by a heat balance, in
which the total flux entering the inclusions is taken into account. This corresponds
to assuming a perfect thermal contact between the two conductive phases of the
medium. More precisely, on each interface I', the temperature satisfies the non-
standard boundary condition (see (2.5))

1 Ou,

)\gust = N Re

N do,

where \¢ is proportional to the specific heat capacity, k. takes into account the
diffusion properties of the hosting material and € represents the characteristic length
of the inclusions. As already mentioned, the previous boundary condition is not
classical. Well-posedness of evolutive problems involving such a condition was studied
in [8], for fixed € = 1. However, it seems that no homogenization results are known for
problems of this type. For a different mathematical modelling of connected physical
problems see, for instance, [9, 10].

It is worthwhile noting that non-local boundary conditions have a wide area of pos-
sible applications ranging from heat diffusion (as in the case treated in this paper)
to electric conduction, to petroleum exploitation, to wave equations or to the elastic
behaviour of perforated materials (we refer to [11, 12, 13, 17, 24, 25, 26] for a more
extensive description of these models).

Parabolic problems in the presence of spatial inhomogeneities, coupled with sharp
time oscillations, have been discussed in [6, 7], in connection with intracellular diffu-
sion, with the aim of investigating local accumulation effects and their interplay with
boundary flux conditions.

In the present paper, we consider the case where the heat capacities of the hosting
medium and of the inclusions are assumed to oscillate in time. More precisely, we
consider a family of possible time scalings of the type s = ¢, with a > 1. The
presence of these time-oscillations makes the mathematical approach much harder
technically. We stress again that the problem we are addressing here is, up to our

knowledge, new in the literature, because of its non-standard evolutive character.
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The case of constant coefficients, which is considerably simpler, has been treated in
[5], for more general initial conditions.

Our proofs are quite complex and are based on the time-periodic unfolding technique
(see [3]), recently developed as a generalization of the one introduced in [16]. Indeed,
the homogenization procedure calls for the creation of non-standard test functions
for the weak formulation of our problem, which are inspired from the construction
in [13, 17], for the elliptic case. Nevertheless, our case is more complicated, due to
the presence of the aforementioned time-dependence. In particular, the presence of
oscillations in time implies that there is no variational formulation for the limiting
two-scale problems, contrarily to what happens in [17]. For this reason, it is not
possible to directly get uniqueness for the macroscopic two-scale system (4.13)—(4.14)
and for the two-scale problem (4.59).

In the case of the system (4.13)—(4.14), which corresponds to o = 1, we are forced
to provide a proof based on a highly non-standard factorization procedure which,
however, leads to a standard parabolic problem, whence uniqueness can ultimately
be recovered (see Subsection 4.1 and, in particular, formula (4.44)). On the contrary,
the problem (4.59), which corresponds to the case a > 1, cannot be treated in its full
generality, so that we are led to consider a special factorized case (see Remark 4.16).

The paper is organized as follows. In Section 2, we introduce the problem and its
geometrical setting. In Section 3, we recall the definition and the main properties
of the time-periodic unfolding operator. In Section 4, we state and prove our main
homogenization results.

2. PRELIMINARIES

2.1. Geometrical setting. The typical periodic geometrical setting is displayed in
Figure 1. Here, we give, for the sake of clarity, its detailed formal definition.
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FIGURE 1. Left: the periodic cell Y. E| is the shaded region and FEj
is the white region. Right: the region f2.
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Let us introduce a periodic open subset £ of RV, so that £ + 2z = E for all z € Z".
We employ the notation Y = (0,1)Y and E, = ENY, E, =Y\ E, ' =0ENY,
so that E, denotes the inclusion (which we assume to be a connected set) in the
unit reference cell, while Ej is the solid part in the unit reference cell. Further, we
stipulate that 0F, N 9Y = (), so that OF, = I.

Let {2 be an open connected bounded subset of RY and 7' > 0. We set

X =(0,1), Q=YxX, Qs = EgxX, Q, = E,xX%, Qr = 02x(0,7),

and
E€:{§EZN, €(€—|—Y)CQ},
where € € (0, 1) is a small positive parameter, related to the characteristic dimension

of the microstructure and which takes values in a sequence of strictly positive numbers
tending to zero. For ¢ € =., we define

T¢:=e(Bo+¢), Ig=0I7, and T°=|[]1¢:
§€E.
moreover, we set
I =01° and 2. =0\Te.

We assume that (2 and E have regular boundary. We remark also that (2. is con-
nected, while T° is disconnected. Finally, let v denote the normal unit vector to I’
pointing into Ej, extended by periodicity to the whole R, so that v.(z) = v(z/e)
denotes the normal unit vector to I'® pointing into (2..

In the following, by v we shall denote a strictly positive constant, independent of ¢,
which may vary from line to line.

2.2. Position of the problem. For every ¢ € Z, let A* € L>(0,T; LF (X)) and
A€ L>(02r; LF(Q)) be such that

M(t,s)>7, Alx,ty,s)>7, for a.e. (z,t,y,s) € 2r x Q, (2.1)

with 7 > 0. Let K = [r;;] be a symmetric matrix such that x;; € L>(£2; LE(Y')) and
there exist vy, 7 > 0 with

Yl¢* < K(x,9)¢ - ¢ < Fol¢ for every ¢ € RY and a.e. (z,y) € 2 xY. (2.2)

Moreover, for a > 1, set \5(t) = \&(t,e7°t), a.(z,t) = A(z,t,e tr,e7) and k.(z) =
K(x,e 'x) for a.e. (z,t) € 27, and assume that all these functions are measurable.
We give here a complete formulation of the problem described in the Introduction
(the operators div and V act only with respect to the space variable z).

Assume that f € L*(27) and, for every & > 0, let Tp. € Hj(§2) be such that T, is
constant (with possibly different values) on each inclusion T¢, § € =, and

/\W%de <7. (2.3)
2
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Remark 2.1. Initial data of this type can be obtained following the construction in
[13, Proposition 2.1] (see, also, [17, Lemma 4.1]). It is worth pointing out that, in
fact, starting from any given uy € H}(£2), the sequence {To.} can be chosen in such
a way that T. — Uy strongly in L?(£2) and also weakly in H}(2). O

Let us consider the problem for u.(z,t) given by

auey — div(k-Vu.) = f, in 2. x (0,7); (2.4)
1 ou
£ — € e =
)\Euat = 5_N /K,Ea—]ja dO', on Ff X (O,T), 6 (S (25)
e
ue =0, on 02 x (0,T); (2.6)
ue(z,0) = T (7) on {2. (2.7)

Notice that u. is spatially constant (with possibly different values) a.e. on each Ig,
§ € Z; hence, we can extend it inside T¢ by means of these constant values and,
for the sake of simplicity, we will denote by u. both the original function and its
extension to the whole of (2.

Let us denote by H® the space

He = {uecC([0,T); L) N L*(0,T; W5) : uy € L*(0,T; (W) )}, (2.8)
where (as in [17])
L.={uec L*2) : u |Tg, with € € =, is a constant function
with the constant depending on £}
and
Ws={ueHy(2) : u |7, with § € E., is a constant function
with the constant depending on £}.

We remark that, if u. € H€ is solution of problem (2.4)—(2.7), it satisfies in a suitable
sense

T T T T
//a€u€t¢dxdt+//ﬁ€Vu€~V¢dxdt+ Z//ﬁe%gbdadt:/ fodrdt,
0 2. 0 0. §€== 0 1¢ : 0 2

(2.9)
for every test function ¢ € C*({27) such that ¢ has compact support in (2 for every

t e (0,7).
In order to take into account the full strong formulation of problem (2.4)—(2.7), we
need to restrict the class of admissible test functions, introducing the set

X° = {¢. € C*(N7) : ¢. has compact support in {2 for every t € (0,T),
¢. is spatially constant on each T¢, £ € Z.}. (2.10)
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Then, we can write the weak formulation of problem (2.4)—(2.7) in the following way:

T T T
// AeUst D dzdt+// keVu, - Vo dr dt + |é | // Ae Ugr e da dit

0 2. 0 2. 0Te
T
://fgbedxdt, (2.11)

0 £

where \. = A\.(¢,[e7 2], e7t) is such that, for a.e. t € (0,T), A\.(t, [e7 2]y, e7%) =
M(t,e72t), when [e7la]y =&, € € =..
Here and below, [r] denotes the integer part of r € R. For z € RY we define

2= (D)

Existence for the problem (2.4)-(2.7) for each fixed € > 0 follows from the approach
of [8] (see also Remark 1.2 there), at least for bounded data f and W, for non-
vanishing A., even when A\. < 0. As a difference with [8], we deal with a finite
number of well-stirred inclusions rather than with just one, but this point can be
easily circumvented by localization. In the case of A\, > 0, an alternative proof of
existence for uy. € Hy(2) and f € L*(2r) can be based on the energy inequality and
on approximating the differential equations with a strictly parabolic equation set in
the whole spatial domain, by defining . = 1/§ and a. = A¢/|E,| in each inclusion
and then letting ¢ go to 0.

Taking into account that w. is constant on each 7}, up to a standard regularization
procedure, we may test (2.4)—(2.5) directly with u.,; obtaining

T T T
1
// aeugt dxdt+// ke Vg - Vg dxdt+ﬁ// Agugt do dt

0 2. 0 2. 0Te
T
://fugtd:cdt. (2.12)

0 £2:

Using Gronwall inequality, (2.12) leads to the following energy estimate:

T
//u?tdxdt—l— sup /|Vu€\2d:c§7, (2.13)
)
2

te(0,T
0 2.

where v depends on 7, o, Yo, | Ev|, ||UO€||§{3(Q), [ £11Z2 (g, but it is independent of e.

3. DEFINITION AND MAIN PROPERTIES OF THE TIME-PERIODIC UNFOLDING
OPERATORS

In this section, we define and collect some properties of a time-periodic version (as in

2, 3]) of the space-unfolding operator introduced and developed in [19, 15, 16, 18].
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We define

(). = interior { U g€+ 7)} ;

§€Ee

'Taz{te((),T)\sadgia} +1) ST}, Af =2 xT..

Then, we introduce the space and the space-time cell containing (z,t) as belng

v =o([F),+7). @ten=([2],
We also define

(3, =5[], o {5%}:=5%—L%}>
so that we can write

el e e ()

Definition 3.1. For w Lebesgue-measurable on {27, the time-periodic unfolding op-
erator T, is defined as

T t
w (6 [—] + ey, e {—} —|—£as) . (x,ty,s) € AT xQ,
ely g

0, otherwise.

Te(w)(z,t,y,5) =

O

Clearly, for wq, ws as in Definition 3.1,
Te(wiws) = Te(w:)Te(w2) . (3.1)

Notice that the operator 7. introduced in Definition 3.1 coincides with the usual
unfolding operator defined in [15], when w does not depend on time, and, respectively,
with the pure time unfolding operator, when w does not depend on space. We will
use the same notation for all these operators, when no confusion arises.

We need also an average operator in space-time.

Definition 3.2. Let w be integrable in (2. The space-time average operator is
defined by

1 , ]
N / w(y,s)dyds, if(x,t) € A%,
M5<w)(xa t) = Q- (z,t) (3.2)
0, otherwise.
O
Remark 3.3. From our definitions, it follows that
Mow)la,t) = [ Tt 9)dyds = Mo(T(w))(wt),  (33)
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where in general M; denotes the integral average on the set I. U

In practice, the average operator will be mostly used in connection with the oscillation
operator which we define presently.

Definition 3.4. Let w be integrable in {2;. The space-time oscillation operator is
defined as

Z.(w)(x,y,t,s) =T(w)(z,y,t,s) — M(w)(x,t). (3.4)
O

We collect some properties of the operators defined above.

Proposition 3.5. The operator T. : L*(2r) — L*(2r x Q) is linear and continuous.
In addition, for all w € L*(2r), we have

172(w)l 22 x@) < llwllr2(0r) (3.5)
and
/wdxdt—//'ﬁ(w)dydsdxdt < / |w|dxdt. (3.6)
T 2rQ Q7 \A%,
Remark 3.6. Notice that, by (3.6), it follows that, for w € H'({27), we have
T (w) = w, strongly in L*(02r x Q); (3.7)
T-(Vw) — Vw, strongly in L*(02r x Q); (3.8)
To(wy) — wy, strongly in L*(02r x Q). (3.9)
0
Lemma 3.7. Let ¢ € H'(27 x Q) and define
t
& (x,t) = ¢ (:c,t, g, 5_a) , (x,t) € 02, (3.10)
where ¢ has been extended by Q-periodicity to 27 x RNTY. Then, in 2 x Q,
0 o ar (09 0o
s == (5) + 7 (52) (3.11)
and
VyTe(¢°) = €T (Vudp) + T2 (Vyo) - (3.12)

Proposition 3.8. For ¢ measurable on ), extended by Q-periodicity to the whole of
RY x R, define the sequence

t
¢8($=t):¢(£,—) , (z,t) € RY x R.
g g«
Then,

) = {¢(y,8)7 (z,y,t,5) € A7, (3.13)

0, otherwise.



Moreover, if ¢ € L*(Q), as e — 0,
To(o°) — o, strongly in L*(2p x Q). (3.14)
If there exist V¢, g—f € L*(Q), then

V,(T(¢°)) = Vb, strongly inL*(2r x Q) , (3.15)
9, 9,
a(ﬁ(ﬁ)) — a—f, strongly in L*(27 x Q). (3.16)

Proposition 3.9. Let {w.} be a sequence of functions in L*((27).
If w. — w strongly in L*(27) as € — 0, then

T-(w.) — w, strongly in L*(27r x Q). (3.17)
If we only assume that (3.17) holds true and that w. > v > 0, then we have
To(w') = w™, strongly in L*(2p x Q). (3.18)
If w, is a bounded sequence of functions in L*(£2r), then, up to a subsequence,
To(w.) = @, weakly inL* (27 x Q) (3.19)
and
w, — Mo(®), weakly in L*(r) . (3.20)

Remark 3.10. Actually, the only classes for which the strong convergence of the
unfolding 7-(w.) is known to hold, even without strong convergence of w,, are sums
of the following cases: w.(z,t) = fi(z,t) fo(e 'z, e7), we(z,t) = w(w, t, e o, e7)
with w € L2(Y x X;C(027)) or w € L*(27;C(Y x X)). In all such cases, T;(w.) — w
strongly in L?(027r x Q) (see [1, 15, 16]). O

Theorem 3.11. Let {w.} be a sequence converging strongly to w in L*(0,T; H'(£2)),
as e — 0. Then,

T-(Vw.) = Vw, strongly in L*(2r x Q) . (3.21)
Let {w.} be a sequence converging strongly to w in H'(2r), as e — 0. Then,
7. (%) — %—t:, strongly in L*(2p x Q). (3.22)

Theorem 3.12. (See [3, Proposition 2.15]) Let « = 1. Let {w.} be a sequence
converging strongly to w in H*(2r), as € — 0. Then,

1 )
“Z.(w) >y -Vt (s -1 /2)8—1;’ . strongly in L*(Qp; HY(Q)), (3.23)
where
. 1 1 1
y—<y1—§>y2—§,“',yN—§)- (3-24)
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Theorem 3.13. (See [3, Theorem 2.20]) Let a« = 1 and {w.} be a sequence converging
weakly to w in H' (7). Then, up to a subsequence, there exists w = w(x,y,t,s) €
HY (027 x Q), periodic in Q and with Mg(w) = 0, such that, as e — 0,

ow, R ow 0w .
Te ( BT ) N + 5 weakly in L*(2r x Q),  (3.25)
T:(Vw.) = Vw + V,w, weakly in L*(270 x Q),  (3.26)
éZa(wE) —y°-Vw+ (s — 1/2)88—1: +w, weakly in L*(2p; HY(Q)) . (3.27)

Theorem 3.14. (See [3, Proposition 2.14]) Let o > 1 and {w.} be a sequence con-
verging strongly to w in L?(0,T; H'(12)), as € — 0. Assume also that the condition

dw,
H v < (3.28)
Ot 12000
holds. Then, as € — 0, we have
1
gZe(wg) — y°-Vw, strongly in L*(Qr; HY(Q)), (3.29)

where y© is defined in (3.24).

Theorem 3.15. Let o > 1. Assume that w. — w weakly in H'(027). Then, up to
a subsequence, there exist w € L*(Q2r; HY,.(Q)), with Mg(w) =0 and 22 = 0, and

per

w e L0 x Y HY(Y)), with Mx () = 0, such that, as € — 0, we have

T:(Vw.) = Vw+ V,w, weakly in L*(27 x Q), (3.30)

éZa(wE) —~y“-Vw+w, weakly in L*(2p0; HY(Q)), (3.31)
ow, N ow ow -

T: ( BT ) N + s weakly in L* (271 x Q), (3.32)

8%(7;(11}5) — Ms(we)) — (s — 1/2)%_1;) +w, weakly in L* (27 x Q). (3.33)

Proof. Properties (3.30) and (3.31) are proven in [3, Theorem 2.16]. In order to prove
(3.32) and (3.33), we first notice that the weak H'({2r)-convergence of the sequence
{w.} implies that condition (3.28) is satisfied in this case, as well. Then, we can
appeal to Poincaré-Wirtinger inequality in Y. Indeed, we have

1 ow
|25 Tt = M) = (5= 172G <
¢ Ell2orxq)
10 ow ow ow
VA Te(we) — = = 72(—5)—— <7,
€% 0s Ot || 12007 %Q) ot Ot || 12007 %Q)

where we used (3.5) and (3.28). Therefore, there exists w € L*(2r x Q) such that
ow

(To(ws) = M(wn) = (s = 1/2) 5

10
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which implies

A O P I I T
£ (E) T e 0s gs 1=(We) = €% 0s (Te(we) = Ma(ws)) ot s
Since, by construction, My, (L (T (w.) — Mx(w.)) — (s — 1/2)2%) = 0, we immedi-

ately get My(w) = 0. O

4. HOMOGENIZATION

Our goal in this section is to describe the asymptotic behavior, as ¢ — 0, of the
solution u. of problem (2.4)—(2.7), for & > 1. To this end, in the following, we will
assume

To(ke) — R, strongly in L*(2 x Y);
T-(a:) — a, strongly in L*(02r x Q); (4.1)
T-(Ae) — A, strongly in L*(2r x Q).

Since the techniques are different for the case @ = 1 and a > 1, we shall split the
analysis of our problem in two different subsections.

4.1. The case a = 1. We state the following compactness result.

Lemma 4.1. Assume that |[Uoc|| g3y < v, with v independent of €, and that, for
every € > 0, u. is the unique solution of problem (2.11). Then, up to a subsequence,
still denoted by e, there exist u € L*(0,T; Hy(2)) N H'(2r), uy € L*(2r; H,,,(Q)),
Mog(ur) =0, such that

Ue — U strongly in L*(Qr), (4.2)
Ue — U weakly in H'(Qr), (4.3)
To(uer) — up + uss weakly in L*(Qr x Q), (4.4)
T-(Vu.) = Vu + V,u weakly in L*(Qr x Qs),  (4.5)
T-(Vu.) =0 weakly in L*(Qr x Qy), (4.6)
1
—Z (ue) =y Vu+ (s — 1/2)us + w4 weakly in L*(Qr x Q), (4.7)
y Vu+ (s —1/2)us + uy is independent of y on 27 X Q. (4.8)
Remark 4.2. Following [14, Remark 1.11], with a slight abuse of notation, in (4.5) 72
stands for the restriction to Qs of the unfolding operator defined above and in (4.6)
7. stands for the restriction to @), respectively. The same notation will be used also
in the following. O

Remark 4.3. The assertion in (4.8) is a consequence of the total flux condition given
n (2.5). However, since the second term in (4.8) is, in fact, independent of y, such a
condition is prescribed only for y¢ - Vu + u;. O

Proof. Assertions (4.2) and (4.3) are direct consequences of the energy estimate
(2.13). Assertions (4.4)—(4.7) follow from Theorem 3.13, where we have taken into ac-

count that Vu, = 0 a.e. in T°x (0, T), since u. is spatially constant in each T¢, § € Z,
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for a.e. t € (0,7). Finally, for the same reason, we get that y°- Vu+ (s — 1/2)u; +uy
is independent of y on 27 x Q. Indeed, (4.8) is a direct consequence of (4.6) and
(4.7), recalling that

VyZe(ue) = Vy [Te(ue) — M (ue)] = Vy Te(ue) = eTe(Vue) , (4.9)
(see also [17, Proof of Proposition 4.1]). O

For later use, we set
HL(Y):={¢ € Hy(Y) : ¢ is constant on E,} (4.10)
and

HE(02r;Q) = L*((0,T) x Qs Hy(§2)) N H' (2275 L*(Q)) N L* (213 Hyo(Q)) - (4.11)

per

where H!, (Q) is the space of the H] . (Q)-functions which are independent of y on

per
FE, a.e. in 27 x X. Moreover, we introduce the space

W (27;Q) == {(w,w") : we L*0,T; Hy(2)) N H'(2r), w' € L*(2r; H),(Q)),
Mo(wh) =0, y°- Vw + (s — 1/2)w; + w' is independent of y on 27 x Q,}. (4.12)
Notice that the pair (u,u!) given in Lemma 4.1 belongs to the space W (£27; Q).

Theorem 4.4. Assume that (4.1) holds. Assume also that |[uo: || gyo) < 7, with v
independent of €, and that there exists a function Uy € HY(2) such that Uy. — U,
strongly in L*(£2). Then, the pair (u,u') € W(2r; Q), appearing in the statement of
Lemma 4.1, is a weak solution of the following two-scale system:

// K(Vu+ Vyu') - V,¥dydsdzdt =0, (4.13)
QTQS
// a(uy + ul)w dy dz dt
OrEs
+ // K(Vu+ Vyu') - [Vw =V, ((y° - Vw + (s = 1/2)w,))] dy dz dt
OrEs
1
+ 2] // Mug 4+ ul)w dy dr dt = / fwdydxdt, for ae. se ¥, (4.14)
v Q7FEy N7Es

for every W € H'(027;Q), w € L*(0,T; Hi(2)) N H'(27) and ¢ € H(Y), such that
=1 in E,, with the initial condition u(x,0) = up(zx), a.e. in §2.

Proof. Similarly to [13, 17], we can take as test function in (2.11) ¢.(z,t) = ep(z,t,e 'z, e 11),
where

¢(z,t,y,s) = Z(S)[Me(ug(xa (y) +w(z, H)ey)] (4.15)



with z € C2(), w € C=([0,T};C=(£2)), ¥ € C*(Y) N HL(Y) and ¢ € CF(Y), with
¢ |p,= 0. This implies

// acue z[ME (W) + we| da dt

0 £2:

+ // KV, - [MF(w)V ) + eV,we + wVyplzdedt
0 0.
T

AcUer2[MF (W) + we| de dt = 5/ FIME () +weplzdxdt. (4.16)

0 2.

Unfolding and then passing to the limit for ¢ — 0, we get

/ K(Vu+ Vyu') - V(¥ + p)wz dy dsdz dt +—
QTQS

/ To(ke)Te(Vug) - [To(ME(w)V ) + T (wV )| To(2) dydsde dt = O(e) — 0.

‘QTQS
(4.17)

Taking into account that a general function in C3(Y') N HL(Y) can always be split
in the form ¥ + ¢, with 1, ¢ as before, and recalling the density of product functions
in HY'(27; Q), we obtain exactly (4.13).

Now we take as test function in (2.11) ¢.(z,t) = ¢(x,t,e ‘2, e7't), where

¢z, t,y,5) = 2(s) M (w)(z, )¢ (y) + w(z, 1) (1 = (y))] (4.18)

with z,w,® as in (4.15) and ¢ = 1 on E,. Clearly, 7.(¢.) — zw strongly in L?(27 x
Q). From the weak formulation, it follows

// acuez[ME (W) +w(l — )] de dt

0 2

//@Vua- {— “(w) —w)Vyp + Vw(l — )| zdedt

0(25

//)\ustz/\/l( )dedt = / FAAME (W)Y + w(l — ¢)]dzdt. (4.19)

0Te 0 £2
13



Unfolding and then passing to the limit for € — 0, we get

// a(u; + ul)wz dy ds de dt

QTQS

+(!J H(VU + Vyul) . [Vw — Vy((yc -Vuw + (S - 1/2)wt)¢)]z dy dsdz dt

+ |E1 | //)\(umtui)zwdydsdxdt:/ frwdydsdxdt, (4.20)
) QTQV ‘QTQS

where we used Lemma 4.1 and we took into account that, by (3.23), 1(M*®(w) —
T(w)) — —y°- Vw — (s — 1/2)w; strongly in L?(£2 x Y'). Localizing the previous
equation with respect to s, we get (4.14).

The initial condition can be easily recovered since u. — u weakly in H'({2r). O

Corollary 4.5. Under the assumptions of Theorem 4.4, the pair (u,u') € W(2r; Q)
s a weak solution of the two-scale problem

// a(u; +ul)w dy dz dt + // k(Vu+ V,u') - (Vw + Vyw') dy dz dt
.QTES QTES

1
TR //A(ut+ui)wdydxdt: |Es|/fwd9:dt, (4.21)
v J

QrEy

for every (w,w') € W(2r;Q), for a.e. s € X, with the initial condition u(x,0) =
Uo(x), a.e. in (2.

Proof. We take in (4.13) a test function ¥(z,t,vy, s)z(s), where ¥ € H'(027; Q) and
z(s) is the same function appearing in (4.20). Thus, we obtain

// k(Vu+ V,u') V,Uzdydsdrdt =0.

QTQS

Summing this last equation with (4.20), it follows

// a(u; + ub)wz dy ds de dt
QTQS
+ // K(Vu+ Vyu') - [Vw+ Vi (¥ = (v Vw + (s — 1/2)w)¢) ]z dy ds dz di
‘QTQS

+|Fl|//)\(ut+ui)2wdydsdxdt=/ frwdydsdzdt, (4.22)
Y 00,

‘QTQS
14



which can be written as

// a(u; +ul)wz dy ds do dt + // k(Vu + V,u') - (Vw + Vyw')zdy ds dr dt

27Qs 027Qs

1
+W//A(ut+ui)wzdydsdxdt:/ fwzdydsdxdt, (4.23)
) QTQV ‘QTQS

by setting
wl(x,t, Y, S) = \D({L’,t, Y, S) - (yc -Vw + (S - 1/2)wt)¢(y)

= [ ¥t — - Fus (s = 1/2w)ul)] dyds, (421)
Q
which gives (4.21), after localizing with respect s. O

We remark that, even in the form given in Corollary 4.5, due to the presence of u},
our homogenized two-scale problem is not variational and, therefore, we are not able
to prove a direct uniqueness result for it. To overcome this difficulty, we are forced
to pass to the single-scale formulation (4.44), which cannot be obtained directly from
equation (4.21), as usual. Then, we are led to provide a non-standard factorization
procedure, which allows us to remove the residual microscopic term u! appearing in
the macroscopic part of the above mentioned equation.

Lemma 4.6. Assume that & is as in Theorem 4.4 and that w € L*(0,T; HL(2)) N
H'($2r) is the function given by Lemma 4.1. Let vi,vy € L*(Q2p; H,,(Q)), with null
mean average over ), be two solutions of the problem

— div, (k(Vu + V,)) =0, in O x Qs;

//{(Vu +Vy)-vdo=0 in Op x X; (4.25)
T
Y- Vu+ (s —1/2)uy +v s independent of y on 2 x Q.

Then, there exists a function X = X(z,t,s) € L*(2p; Hy (X)), with Mx(X) = 0, such
that vi(z,t,y,s) = ve(x,t,y,s) + X(,t,8) a.e. in 2r X Q.

Proof. Set V' = vy — vy. Clearly, Mg(V) =0 and V satisfies
— div, (kV, V) =0, in 27 x Q; (4.26)
/mVyV -vdo =0, in 27 x % (4.27)

r

moreover, V' is independent of y on {27 x @),. Then, taking V as test function in

(4.26) and using (4.27), by the coercivity of &, it follows that V,V = 0 in £ x Q,

which implies that V,V' = 0 in the whole 2r x Q. Therefore, there exists ¥ &

L?(Q2p; Hj,(X)) such that V(z,t,y,s) = X(2,t,5) a.e. in 27 xQ and Mx(x) =0. O
15



Notice that, given v as in Lemma 4.1, the corresponding corrector u' is a solution
of problem (4.25); therefore, it is uniquely determined up to a function y depending
only on (z,t, s).

Lemma 4.7. Let k be as in Theorem 4.4. For j = 1,...,N, let us consider the
problem

[ #a )V ) = ) - Vyedy =0, Voe HL(Y):  (429)
v
X (2, y) — y; is independent of y on E; (4.29)
/xj(x, y)dy =0, (4.30)
v

where HL,(Y') has been defined in (4.10). Then, problem (4.28)(4.30) admits a unique
solution x7 € L (£2; Hy(Y)).

Remark 4.8. We point out that the strong formulation of the problem above is given
by

~ divy (le, )V, (0 (2.9) = y)) =0, in E; o (431)
[ #e 9 0w0) ) o = 0; (132
T

X (z,y) — y; is independent of y on E.; (4.33)
X’ (z,-) is Y-periodic; (4.34)
/Xj(:c, y)dy =0. (4.35)
%

Notice that condition (4.32) is automatically satisfied, as a consequence of the weak
formulation (4.28). O

This cell problem is rather classical and has a long history. It appears, for instance,
in [20] or, more recently, in [22], for the case where E, has more than one connected
component, with regular boundary. A similar result was proven independently also
in [4]. On the other hand, we refer to the recent proof in [17], for the case of multiple
holes without regularity assumptions. In this paper, we consider a simpler geometry,
where there is only one smooth inclusion inside the elementary cell Y, providing here
an alternative direct proof.

16



Proof. Clearly, problem (4.31)—(4.35) has uniqueness. In order to prove existence, we

consider, for 7 =1,..., N, the following auxiliary problem
- diVy </€(ZI§', y)vy(%j(‘%} y) - y])) = 07 n E57 (436)
[ #e 0 , @ w0) ~ ) o = 0; (437
r
X (,y) = yj on I; (4.38)
X’(z,-) is Y-periodic. (4.39)

Existence and uniqueness of a solution X’(z,-) € H(FE) for problem (4.36)-(4.39)
is classical, the proof being based on a suitable version of Lax-Milgram Lemma.
Therefore, let us extend X’ as y; in Ey, denoting also this extension by X’, so that
X/ (z,-) € Hy(Y), and set

—¢i(x) = / X (2,y) dy . (4.40)

Y

Then, it is easy to see that x/ = X’ + ¢; verifies (4.31) and (4.33)—(4.35). More-
over, it satisfies also (4.32), due to (4.31) and the Y-periodicity of the function
k(z,y)V,(? (z,y) — y;). Therefore, it is the unique solution of problem (4.28)—
(4.30). Since the dependence of x/ on x is only parametric, it is easy to see that

X! € L>=(92; H#(Y)) O
Remark 4.9. From Lemmas 4.6 and 4.7, we can factorize the corrector u! as
u(z,t,y,s) =u (z,t,y) +x(,t,5), (4.41)
where
u'(x,t,y) = =X’ (z,9)0;u(z, ). (4.42)

Indeed, by construction, %! is a solution of problem (4.25). Inserting this factorization
in the homogenized two-scale problem (4.21), after gluing the first and the third
integral, it can be written in the simplified form

QrEs

/ (D/ady + A | (w + X, )wdrdt + // k(Vu+ V,a') - (Vw + V,yw') dy dz dt
QT s
= |ES|/fwdxdt, for a.e. s €3, (4.43)
07

for every (w,w') € W(92r;Q). O

Taking into account (4.41)-(4.42), the two-scale system (4.13)—(4.14) can be decou-
pled, leading to the main result of this paper.

17



Theorem 4.10. The function v € L*(0,T; Hj(£2)) N H*(£2r), given in Lemma 4.1,
is the unique solution of the following single-scale problem

1
—u; — div(A omv = Es ) n {2 ;
s uy — div(Apem Vu) = |Eg| f in O (4.44)

u(z,0) =1, in {2,
where the symmetric homogenized matriz Ayom s given by
Afe) = [ 69,0 X) Ty =) dy = [ 69,5 X)- Vs =) dy (4.5)
Es Y

and [ is defined by

p(z,t,s) = /a(:c, t,y,s)dy + Az, t, s)) . (4.46)

S

Proof. We consider the second term in the left-hand side of (4.14), i.e.

// K(Vu+ Vyu') - [Vw =V, ((y° - Vw + (s — 1/2)w,))] dy d dt, a.e. in X,

Q7Es

where w € L*(0,T; H}(2)) N HY(Q2r) and ¢ € H}(Y), with ¢» = 1 in E,. Then, we
insert in it the factorization given in (4.41)—(4.42), thus obtaining

// kVy(y — X\)Vu - [Vw — V, ((y - Vw + (s — 1/2)w,))] dy da dt

QrE,
= /<5/ KV, (y — x)Vy(y — y“) dy) Vu - Vwdzdt

O s
- /(s —1/2)w, (;/ KV (y — X) V0 dy) - Vudzdt

Q7
= /(E/ kVy(y — x)Vy(y —y“Y)dy | Vu - Vwdzdt,
QT s

where, in the last equality, we took into account that 1) can be taken as a test function
in (4.28) of Lemma 4.7.

We notice that x/ — (e; - y“)¢ € L>(£2; H(Y)) (recall that ¢ € C°(Y) and ¢ = 1
in E,), and so it is an admissible test function in (4.28) of Lemma 4.7. Thus, we get

/%Vy(xj — ;) - Vyx! dy = /Wy(xj — ;) - Vy((e; - y)) dy,

Y Y
18



and, hence, we obtain

// K(Vu+ V') - [Vw — V, ((y° - Vo + (s — 1/2)w,))] dy dz dt

Q7Fs

= /(E/ kVy(y = x)Vy(y —x)dy | Vu-Vwdrdt. (4.47)

Using (4.41) and (4.47), taking into account (4.45) and gluing the first and the third
term in the left-hand side of (4.14), we are led to

/ (D/ady%—)\ (ut+Xs)wdxdt+/AhomVu-dexdt
QT s

Q7

= |Es|/fwdxdt, for a.e. s € X.
07

Localizing with respect to (z,t) and dividing by / ady + X\ |, we arrive at

(ug + X,(x, t,8)) — p(x, t, 8) div(Apom () Vu) = p(x, t, s)| Es| f (4.48)

where 1 is defined in (4.46). Finally, integrating over ¥ and taking into account
the X-periodicity of Y(z,t,-), it follows (4.44), after dividing again by Mx(u). We
note that the homogenized matrix Ay, is symmetric. Moreover, thanks to Lemma
4.11 below, which gives the positive definiteness of the matrix Ayqpy, it follows that
problem (4.44) has a unique solution u € L*(0,T; Hy (£2)) N H'(27). Therefore, the
whole sequence {u.}, and not only a subsequence, converges to the homogenized limit
function wu. O

Lemma 4.11. The matriz Apom in (4.45) is positive definite.
19



Proof. The proof is quite standard. Using Jensen’s inequality, we obtain

N N
> Aty = [ 30 KV, — XE) - V(06— 16 dy
ij=1 B id=1
N o N s
=z 70/ ‘ D V(g6 - X’&')‘ dy = / ’ Y Vilyi& = XE)| dy
Es Jj=1 Y Jj=1
2 2
N ’ N [N N Ox;
> Yo /Z V(& — X&) dy| =70 Z/%‘fj -3 / a—] dy
=1 h=1 \ j=1 =1 Yn
y J =y J Y
N N 2
203 6= 306 [vmar | e
h=1 =1 gy
where we have denoted by n = (ni,...,ny) the outward unit normal to Y and we
have taken into account that, because of the Y-periodicity of x/(z, -), the last integral
in the previous formula is equal to zero. U

Remark 4.12. Notice that it is not necessary to further characterize , since in the
homogenization process it disappears from (4.44). However, from (4.48), we get that
X(z,t,s) satisfies

— B f A div (Apem Vu)

Xs — Uy, (4.49)
/ ady + A
Es
and, hence, it is uniquely determined. We point out that, since Y is X-periodic, the
mean value of Y, over X is equal to 0, so that we recover (4.44). O

4.2. The case a > 1. We state the following compactness result.

Lemma 4.13. Assume that |[Uoc|| g1y < 7, with v independent of €, and that, for
every € > 0, u. is the unique solution of problem (2.11). Then, up to a subsequence,
still denoted by e, there exist u € L*(0,T; Hy(2)) N H' (), u1 € L*(2r; H),,(Q)),
with Mo(uy) = 0 and 22 = 0 a.e. in 2 x Q, and @& € L*(Qp x Y; H(X)), with
Msx(u) =0, such that

Us —> U strongly in L* (Qr) , (4.50)
Ue — U weakly in H'(Qr), (4.51)
Te(ue) = wy + Us weakly in L*(Qr x Q), (4.52)
T-(Vu.) = Vu+ V,uy weakly in L*(Qr x Q), (4.53)
T-(Vu.) — 0 weakly in L*(Qr x Qy), (4.54)
éZe(us) —y°-Vu+u weakly in L*(Qr x Q), (4.55)
y - Vu+uy, is independent of y on {2r X Q.. (4.56)
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Remark 4.14. Notice that, due to the special time scaling e* (« > 1), uy belongs in
fact to L*(£2p; H,(Y)) and My (u) = 0. O

Proof. The proof follows the same lines as the one of Lemma 4.1, the only difference
being the fact that we use here Theorem 3.15 instead of Theorem 3.13. U

For later use, we set
HI (23 V) 1= L2((0,T) x Y3 HE(2)) 0 B (9273 LA(Y)) 0 L(97s HE(Y)) . (457)
Moreover, we introduce the space

W (2r;Y) = {(w,w') : we L*0,T; Hy(2)) N H'(2r), w' € L*(Qp; Hy(Y)),
My (wh) =0, y°- Vw + w' is independent of y on 27 x E,.} (4.58)

Notice that, by Remark 4.14, the pair (u,u') given in Lemma 4.13 belongs to the
space W (02r;Y).

Theorem 4.15. Assume that (4.1) holds. Assume also that |[Uoe || g3y < v, with ¥

independent of €, and that there exists a function Uy € H(£2) such that To. — Uy
strongly in L*(82). Then, (u,u') € W(Q2r;Y) and @ € L*(2r xY; HY(X)), appearing
in the statement of Lemma 4.13, form a weak solution of the two-scale problem

// a(ug + ug)wdy ds de dt + // k(Vu+ V,u') - (Vw + Vyw') dy dz dt

QTQS QTEs

! //)\(ut—l—ﬁs)wdydsdxdt:|Es|/fwdxdt, (4.59)
21Qv 27

_I_
| Ev|

for every (w,w') € W(2r;Y), with the initial condition u(x,0) = TUy(x), a.e. in 2.

Proof. Similarly to [13, 17] and taking into account that u; does not depend on s, we
can take as test function in (2.11) ¢.(x,t) = ed(x, t, e 'z), where

oz, t,y) = M (w)(x, )v(y) + w(z, t)e(y), (4.60)
with w € C>([0,T];C(£2)), ¥ € C2(Y) NHL(Y) and ¢ € CX(Y), satisfying ¢ |g,=
0. Reasoning as in the proof of Theorem 4.4, we get

// k(Vu+ V') - V,Udydedt =0, forevery W € H' (02;Y). (4.61)
Q1B
Now, let ¢ be as in (4.18); we take ¢.(z,t) = ¢(x,t,e 7 z,e7%) as test function in

(2.11). Unfolding and then passing to the limit for € — 0, as in the proof of Theorem
21



4.4, we are led to

// a(u; + us)wzdy dsdzdt

QTQS

+// /@(VquVyul) . [Vw_vy((yc'Vw)w)]zdydxdt

‘QTQS
+ﬁ//)‘(ut+ﬁs)zw<iydsdxdt://fzwdydsdxdt, (4.62)
' QTQV ‘QTQS

where we have used Lemma 4.13 and we have taken into account (3.29). Notice that,
taking z = 1 and summing (4.61) and (4.62), it follows

// a(us + us)wdy ds dzdt

QTQS

QrEs

T
+ ‘; | //)\(ut+ﬁs)wdydsdxdt: |ES|//fwdydxdt, (4.63)
) 19

21Qv 0

which is equivalent to (4.59), by setting

WM,y t) = Uz, y,t) — (5 - Ve, )(y) / (W(a,y,t) — (5 - Voole, )b () d.

The initial condition can be easily recovered since u. — u weakly in H'(§27). U

Remark 4.16. Unfortunately, due to the presence of the function @ in equation (4.59),
we cannot go further into our analysis. Indeed, we notice that this is not a classical
two-scale problem, because it contains two different correctors u' and . Moreover,
it is not a variational problem and it does not lead to a strong formulation neither
to a factorization, as usual. Therefore, we are forced to restrict ourselves to a special
factorized case described below. More precisely, we assume that the capacity A can
be split in the form

Az, t,y,s) = Al(z, t,y)A%(t, s),

with A' € L2(Q2 x YV;Wh=(0,T)) and A? € L*((0,T) x ¥). Moreover, we stipulate
that the coefficient \¢ takes the same value on each inclusion, i.e. A\*(t,s) = A(t;s),
and that

A%(t,s) = A(t; 5).
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Thus, setting al(z) = A'(x,t,e " z) and A\.(t) = A(t,e7°t), the problem (2.4)-(2.7)
can be rewritten as

atdoug — div(k.Vue) = f in 2. x (0,7); (4.64)
1 Ou, . _
)\augt = 5_N /K,Ea—]ja dO', on F§ X (O,T), 6 € = (465)
T¢
u: =0, on 002 x (0,7T); (4.66)
us(z,0) = T (7) on (2, (4.67)

whose weak formulation is given by

T T . T
// ai)\euet@ dxdt+// keVu, - Voo 2] // Ae Ug - d dt

0 2 0 2 0Te
T
- / / fo-dzdt, (4.68)

02

for every ¢ € X¢, with ¢(x,T) = 0 in £2.

Theorem 4.17. Assume that
T-(ke) = K, strongly in L*(2 x Y);
T-(al) — strongly in L*(2p x Y);
T-(al,) — at, strongly in L*(2r x Y);
T-(Ae) — strongly in L*((0,T) x Q).

Assume also that ||ﬂ05||H6(Q) <, with = independent of €, and that there ezists a
function uy € HY(§2) such that Tp. — Uy strongly in L*(£2). Then, the pair (u,u') €
W(Q2r;Y), appearing in the statement of Lemma 4.13, is the unique weak solution of
the two-scale problem

T
/ |Es|ME, (a )utwdxdt+/./\/l / k(Vu+ V,u') - (Vo + Vyw')dydz | dt
//utwdxdt \/M (A /fwda: dt, (4.69)
19

with the initial condition u(x,0) = To(x), a.e. in 2, for every (w,w') € W(2r;Y),
such that w(z,T) =0 a.e. in §2.

Proof. Let us take as test function in (4.68) ¢.(z,t) = ed(x,t, e x)A(t), where

¢(x,t,y) = Ms(w)(xé;)w(y) +w(z, 1)e(y), (4.70)



with w € ([0, T];C*(£2)), w(z,T) = 0in 2, ¢ € CX(Y)NHL(Y) and ¢ € CF(Y),
with ¢ |g,= 0. This implies, after integrating by parts with respect to ¢,

—8//a ue[ME (wy ¢+wtg0]dxdt—e// atyu [ ME(w) Y + we] dz dt

0 2 0 £2.

+ // M eV, - [ME(w)V b + eVawe + wVp] do dt

0 2

T
/ “(we) + wyp| da dt

= 5/@2 (2,0, e 2) g [ME(w)(z,0)1) + w(z,0)p] dz

2

/ﬂ (ME(w)(x,0) +w(z,0)p dx+6// THAIME(w)y + w(x)p] de dt

T 0 £
(4.71)

Taking into account Lemma 4.13, unfolding and then passing to the limit for ¢ — 0,
we get

// A (Vu+ Vu') - V(v + ¢)wdy dz dt +—

Q7Es

//T T-(Vue) - [To2(ME(w)V ) + To(wV )| dy dzdt = O(e) — 0,

(4.72)

where we used (3.18). Taking into account that a general function in C3(Y') N HZ(Y)
can always be split in the form v + ¢, with v, ¢ as before, and recalling the density
of product functions in H! (£27;Y’), we obtain

/T Ms(A) ( /

0 2 Es

k(Vu+ V,u') - V,Udy dx) dt =0, (4.73)

for every W € HE(027;Y). Here, we also use the fact that 88—“81 =0.
Now, we take as test function in (2.11) ¢.(x,t) = ¢(z,t,e 'z)A\71(¢), where

oz, t,y) = M (w)(z, t)(y) + wlz, t)(1 = P(y)), (4.74)
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with w, v as in (4.70) and ¢ = 1 on E,. Clearly, ¢. — wA~! strongly in L?(27 x Q).
Inserting it in the weak formulation (4.68) and integrating by parts in time, it follows

T
— alu [ME(wy) + w (1 — )] do dt — azu M (w) + w(l — )] dedt
l JI

0 £2

4 /T / ARV, E(M%w) —w) Vi + Vow(l - M da dt

0 £
T

ug./\/l6 (wy) da dt :/a; (2,0, @) up. M (w)(x,0) + w(z,0)(1 — )] dx

2

|E|/“0€ fUOde// M ()Y 4+ w(l — )] dedt. (4.75)

0 £2:

Unfolding and then passing to the limit for ¢ — 0, we get

—//aluwtdydxdt—//a%uwdydzdt

QTES QTES
+/ / K(Vu+ Vyu') - [Vw =V, ((y° - Vw)y) ] dy dz | dt
Q By
- /uwt dz dt ://al(:v,(),y)ﬂow(z,()) dy dz
Q7 2 Es
—l—/ﬂow(z,()) dx+|Es|/Mg()\_l)fwdxdt, (4.76)

0

where we have taken into account (3.29). Since, as before, the initial condition can
be easily recovered, as a consequence of the convergence u. — u weakly in H'({27),

we integrate again by parts with respect to ¢ and sum the resulting equation with
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(4.73), thus obtaining

// auyw dy do dt

Q7FEs

+ /Mg()\_l) //{(Vu + Vyu') - [Vw+ Vy (¥ = (y° - Vw)¢) ] dydz | dt

s

T
—l—/utwdxdt: \ES\/Mg(A_l) /fwd:c dt, (4.77)
0 2

Q7

which is equivalent to (4.69), by setting
wh(z,y,t) = U(z,y.t) — (y°- Vw(%t))w(y)—/(‘lf(%y,t) — (¥ Vu(z, 1)y (y)) dy

Y

and recalling (4.56).

Finally, the variational character of equation (4.69) together with Poincaré or Gron-
wall inequality gives immediately the uniqueness of the solution. U

Despite the fact that the connection between the macroscopic and the microscopic
test functions w and w! prevents the possibility to state a strong formulation for
(4.69), we still can factorize in a standard way the corrector u!, thus obtaining the
single-scale homogenized equation satisfied by w.

Theorem 4.18. Let (u,u') € W(2r;Y) be the unique solution of equation (4.69),
satisfying the initial condition u(z,0) = Uo(x) a.e. in 2. Then, the two-scale problem
(4.69) can be decoupled by setting

u'(z,t,y) = =X (2, 9)Oula, ) , (4.78)
where X7, for j =1,..., N, satisfies problem (4.28)~(4.30) and v € L*(0,T; H}(2))N
HY(7) is the unique solution of the single-scale equation

/ |ES|MES(a1)utwdxdt+/ Ms(A ™ Ay Vu - Vw da dt

//utwdxdt |E|//f/\/lz DYwdzdt, (4.79)

for every test functions w € LQ(O,T; H(2)) N Hl(QT), with w(z,T) = 0 a.e. in
2, where the symmetric and positive definite homogenized matriz Anom @S given by
(4.45).

Proof. Equation (4.79) follows from (4.69), after rearranging the second term in the
left-hand side as done in the first part of the proof of Theorem 4.10. As a consequence
of the positive definiteness of the homogenized matrix, the solution u of equation

4.79) is uniquely determined. O
( ) quely
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Remark 4.19. One can see that the strong formulation of (4.79) reads like

Ej Mg, (a*) +1 , ‘
(| |M§(E\_1)) ) uy — div(ApomVu) = |Eg| f, in Or;
u=0, on 012 x (0,7); (4.80)
u(z,0) =1y, in (2.
U

4.3. Final remarks. After concluding our analysis, we are in a position to make
some final considerations.

First, we emphasize that we treat in this paper only the case a@ > 1, corresponding
to the so-called fast oscillations (see [3]), while the case a € (0,1), corresponding to
the slow oscillations, deserves a completely different approach and is left to further
investigations. Moreover, we collect some common features of the two classes of
scalings treated above.

Remark 4.20. Assume that in problem (2.4)—(2.7) we take a.(z,t) = 1, A\5(t) a strictly
positive constant A and k.(x) independent of « (or, equivalently, in (4.64)-(4.67) we
take A(t, s) equal to the strictly positive constant A\, Al(x,¢,y) = A~! and again r.(x)
independent of ). Then, one can obtain that the limit function v € L*(0,T; H}(£2))N
H'(0r) is the unique solution of the homogenized problem

(1E| + A) g — div(Apom V) = |E|f,  in 2p;

4.81
u(z,0) =g, in (2, (4.81)

where the matrix Ay, is obtained as in (4.45), but it is now constant.
We point out that this result can also be derived independently, by means of simpler
techniques (see [5], where a more general initial condition can be considered). O

Remark 4.21. Our results can be generalized to the case in which the microscopic dif-
fusion matrix depends also on the macro-time ¢, the only difference being that, in this
situation, the corresponding homogenized matrix Ay., depends also, parametrically,
on t. U

Remark 4.22. We notice that for the whole family o« > 1, the limit problems obtained
above present the same elliptic part. Indeed, the homogenized matrix Ay, depends
only on the solution x?, j = 1,..., N, of the cell problem appearing in Lemma 4.7,
which is independent of the micro-time s, since the microscopic diffusion matrix is
not oscillating in time. U

Remark 4.23. Finally, we remark that, if we assume that the capacity A is chosen
as in Remark 4.16 also for the case o = 1, then the corresponding effective capacity
appearing in front of the time-derivative in (4.44) coincides with the one arising in
(4.80). Thus, the single-scale formulation is the same for all the scalings. U
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