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Abstract

The estimation of the parameters of a probability distribution (e.g., moments)
plays an important role both in the model-based system engineering (e.g., analysis
and verification through Statistical Model Checking (SMC)) and in the identification
of parameters of predictive models (e.g., systems biology, social networks).

The contribution of this PhD thesis is both on the algorithm side and on the
modeling side. On the algorithm side, we overview a set of Monte Carlo-based Sta-
tistical Model Checking tools and algorithms for the verification of Cyber-Physical
Systems, and we provide selection criteria for the verification problem at hand.
Furthermore, we present an efficient Monte Carlo based algorithm to estimate the
expected value of a multivariate random variable, when marginal density functions
are not known. We prove the correctness of our algorithm, we give an Upper Bound
and a Lower Bound to its complexity and we present experimental results confirming
our evaluations.

On the modeling side, we present a mechanistic and identifiable model to pre-
dict, at node level and at set of nodes level, the expected value of the retweeting rate
of a message inside a social network, at a certain time. Our model parameters are
random variables, whose distribution parameters are estimated from an available
dataset. We experimentally show that our model reliably predicts both the qualita-
tive and the quantitative time behavior of retweeting rates. This is confirmed by the
high correlation between the predicted and the observed data. These results enable
simulation based analysis of users or of set of users behaviors inside a network.
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Chapter 1

Introduction

The estimation of the parameters of a probability distribution (e.g., moments) plays
an important role both in the model-based system engineering (e.g., analysis and
verification through Statistical Model Checking (SMC) [3, 76, 118, 28, 67, 74, 82, 83])
and in the parameters identification of predictive models, for example, systems
biology [123, 122, 60, 41, 104, 105] and social networks [79, 44, 49, 138].

In such a setting, this thesis contribution is twofold: on the algorithm side and
the modeling side.

On the algorithm side, we overview a set of the Monte Carlo-based SMC tools
and algorithms for the verification of Cyber-Physical Systems and we provide selec-
tion criteria to select the most suitable tool for the problem at hand. Furthermore,
we present an efficient Monte Carlo-based algorithm to compute an approximation
of the expected value of a multivariate random variable.

On the modeling side, we present a mechanistic model for the retweeting rate,
at the node level and the set of users level, of a message inside a social network
(Twitter).

In the following, we give a brief outline of our contributions.

1.1 Statistical Model Checking

We present a review of a set of Monte Carlo-based SMC tools for the verification
of Cyber-Physical Systems that, because of their ever-increasing deployment, ex-
acerbates the need of the need for efficient formal verification methods. SMC is a
simulation-based technique that uses statistical inference over observations to estab-
lish the correctness of the system under verification, within a statistical confidence
bound. On the basis of the available SMC techniques and tools, we provide criteria,
relying on the kind of system and the property to be verified, to select the most
suitable SMC tool for the verification problem at hand.

1.2 Multivariate Monte Carlo

The Monte Carlo-based algorithm, AA, of Dagum et al [30] is mainly used in
Statistical Model Checkers that estimate the expected value of a random variable
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modelling some relevant system properties. Examples are: APMC [74] and APD
Analyser [82, 83].

There are many situations in which the property of interest depends on a mul-
tivariate random variable. This motivates the investigation of efficient algorithms
to estimate the expected value of a multivariate random variable.

We present an efficient (as for the number of samples generated) algorithm,
MAA, to compute an (ε, δ)-approximation of the expected value of a multivariate
random variable when marginal probability density functions are unknown. Our
algorithm is built on top of the optimal AA algorithm in [30] for univariate random
variables. We prove the correctness of MAA. Then, we give a Lower Bound
to the complexity for any (ε, δ)-approximation algorithm to estimate the expected
value of a multivariate random variable, when marginal probability density functions
are unknown. Furthermore, we give an Upper Bound to the complexity of our
algorithm, that is, to the expected value of the number of samples generated. We
experimentally show that there exists an input s.t. the Upper Bound is attained
and that, on a suitable input, our MAA algorithm attains the above mentioned
Lower Bound.

1.3 Mechanistic Model for Twitter
We present a mechanistic model for the retweeting rate of a message inside a social
network (Twitter), along with a model validation methodology. More specifically, we
define a discrete-time dynamical system modeling the message resharing mechanism
of Twitter. We model each network user behavior as a stochastic variable and we
compute its parameters (mean and variance) from an input dataset. The estimate
of these parameters is performed from an available dataset. The so defined user
model, together with the above-mentioned discrete-time model, allows predicting
the time evolution of the expected value of the retweeting rate of a message, for a
user or a set of users of the network. Our model is mechanistic and, as it is built
on top of identifiable parameters, is identifiable.

We use a dataset to train our model. We experimentally show that, when a new
message is spread into the network, our model reliably predicts the qualitative as
well as quantitative time behavior of retweeting rates.

1.4 Summary
This thesis is organized as follows. In Chapter 2 we give a review of the SMC,
by focusing on Monte Carlo-based algorithms for Cyber-Physical System (CPS). In
Chapter 3 we present our Monte Carlo-based algorithm to estimate the expected
value of a multivariate random variable. In Chapter 4 we present our mechanistic
model to predict, at the node level, the expected value of the retweeting rate of a
message inside Twitter. In Chapter 5 we give some conclusions.
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Chapter 2

Statistical Model Checking

In this section, we give a short review of a set of Monte Carlo-based Statistical Model
Checking tools and algorithms for the verification of properties over Cyber-Physical
Systems. The content of this section is related to the paper [94].

2.1 Introduction

The ever-increasing deployment of autonomous Cyber-Physical Systems (CPSs) [6]
(e.g., autonomous cars, Unmanned Autonomous Vehicles) exacerbates the need for
efficient formal verification methods [27]. In this setting, the main obstacle to
overcome is the huge number of scenarios to be evaluated (scenario explosion).
Statistical Model Checking (SMC) [75] holds the promise to overcome this obstacle
by using statistical methods to sample the set of scenarios.

SMC algorithms use a simulation-based approach and statistical inference over
observations to establish the correctness of the System Under Verification (SUV),
within statistical confidence bound. Statistical inference can be applied for two
different purposes: i) Hypothesis Testing (HT), allowing to infer if the observa-
tions provide statistical evidence of the satisfaction of a property defined over the
system; ii) Estimation, allowing to compute approximated values for some system
parameters, whose probability distribution has to be known a priori.

Many SMC tools have been developed, suggesting how to carry out simulations
and how many simulations to perform. The simulation runs affect the performance
of each tool, that significantly varies according to several features. As a conse-
quence, it is hard to know a priori the best tool suited for the verification problem
at hand. In this work, we will overview a set of the Monte Carlo based SMC tools,
currently available for research purposes, to provide selection criteria based on Key
Performance Indicator (KPI) about: the verification activity (e.g., minimize ver-
ification time or cost); the environment; the kind of system model; the property
specification language; the statistical inference approach and the algorithm that
implements it. For example, if the verification KPI is to ease parallelization of the
simulation activity, our analysis allows us to identify the tools that compute before-
hand the number of simulation runs needed to attain given statistical confidence.
On the other hand, if the main verification KPI is the number of simulation runs,
our analysis allows us to identify the tools that minimize the number of scenarios
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to be sampled.
Of course, many SMC reviews are available. For example, Agha et al. in [3] give

a very extensive survey of most of the tools available to the academic community,
giving details about the kind of input models, the logic used to define properties,
emphasizing current limitations and trade-offs between precision and scalability. In
[101], Reijsbergen et al. present a comprehensive overview of different algorithms
performing HT (that will be discussed in Section 2.4.1). For each algorithm the
work in [101] focuses on its characteristics and performance. In [14], some of the
most popular and well-maintained SMC tools are reviewed. The tools are compared
based on their modelling and property specification languages, capabilities, and
performances, to help users to select the most suitable tool to use.

Summing up, the output of our analysis is the following. First, providing tool
selection criteria based on the 5-tuple consisting of: SMC tool, environment model,
SUV model (e.g., Discrete Time Markov Chain (DTMC), Continuous Time Markov
Chain (CTMC), etc), property specification, statistical inference approach. On the
other hand, making a comparison with the above-mentioned reviews: [3] focuses on
tool selection criteria based on the pair consisting of SMC tool, SUV application
domain (e.g., CPS, biological system, etc); [101] focuses on identifying which SMC
tool implements a given verification algorithm; [14] focuses on tool selection criteria
based on the triple consisting of SMC tool, SUVmodel, property definition language.

Second, identifying open research challenges in the field of SMC tools, namely
suggesting the deployment of SMC tools for the unbounded verification of hybrid
systems with discrete or continuous time.

This section is structured as follows. In Section 2.2, we give a brief introduction
to CPSs. In Section 2.3, we give some background information on the models used
to represent the system to be verified and on the logics used to define properties. In
Section 2.4, we discuss the main differences between the two approaches to statistical
inference in SMC, i.e., HT and Estimation. We also give some hints about Bayesian
Analysis (see, e.g., [139]), although we will not go into details. In Section 2.5, we
provide a taxonomy of the tools implementing Monte Carlo based SMC techniques.
In Section 2.6 we analyze our taxonomy and discuss open research topics.

2.2 Cyber-Physical Systems

Our verification setting consists of three main components: the environment, the
System Under Verification (SUV) and the specifications (see Figure 2.1).

For verification purposes we need to model both the set of operational scenarios
(SUV environment) as well as our SUV. This can be done by considering determinis-
tic systems with stochastic inputs (the typical Control Engineering approach) or by
considering stochastic systems (the typical Computer Science approach). Consider-
ing that from a uniformly distributed random variable in the real interval [0, 1] we
can get a random variable with any specific (possibly dependent on the SUV state)
distribution (e.g., as in Chapter 2. of [36]) we can easily transform one modelling
approach into the other. So, for example, a Discrete-Time Markov Chain M can
be modeled with a Discrete-Time Dynamical System S with a uniformly random
stochastic input from which we getM state-dependent transition probability using
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Figure 2.1. Simulation-based verification setting

techniques like the those in [36]. Finally, from a practical point of view, we note that
simulators will generate random numbers using a pseudo-random number generator.
Thus, both modelling approaches lead to the same implementation. Accordingly,
for our purposes, we will consider them equivalent.

Many statistical model checkers work in a black box fashion by interfacing with
widely used commercial as well as open source simulators for the design and the
verification of CPSs in many application domains (e.g., automotive, avionics, IoT).
Examples of such simulators are: Simulink [114], Dymola [38], SimulationX [113],
Wolfram SystemModeler [127], MWorks [137], Open Modelica [92]. Since the SUV
model is not visible to such black box statistical model checkers (they will just
run the simulator and check its outputs) we will not make any distinction between
synchronous or asynchronous systems for them. Of course, the the situation is
quite different for white box model checkers. They typically address this problem
by defining probabilistic or non-deterministic schedulers as done, for example, in
PRISM [73] or SMV [86], e.g., following the approach in Chapter 2 of [13]. Using
such approach also white box model checkers can model both synchronous as well
as asynchronous systems.

Since most statistical model checkers work in a black box fashion with simulators
here we will follow the Control Engineering approach and model our SUV as a
deterministic system with stochastic inputs.

2.2.1 Modelling the Environment

The environment (Figure 2.1) for the SUV defines the set of operational scenarios
our SUV is supposed to withstand. In other words, an environment defines the
set of admissible inputs for our SUV. Such inputs are usually named exogenous
or uncontrollable inputs since they are not under the control of the SUV. Typical
examples of uncontrollable inputs are faults, change in system parameters, inputs
from users or from other systems.

In this section, we formalize the notion of space of input functions for a system.
Such a space defines the system environment, i.e., the set of admissible operational
scenarios for our SUV. To this end, first of all, we define the set of time instants,
time set (Definition 2.1). In the following, as usual, the notation BA denotes the
set of functions from A to B.
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Definition 2.1 (Time set). A time set T is a subgroup of (R, +).

For example, when considering discrete-time systems T will be the set Z of all
integer numbers whereas for continuous-time systems T will be the set R of all real
numbers.

Definition 2.2 (Space of input functions). Given a set U (of input values) and a
time set T , a space of input functions U on (U , T ) is a subset of UT = {u | u :
T → U}

This allows us to easily model application domain-dependent probability distri-
butions on the SUV input functions as well as stochastic sampling strategies on the
SUV input functions.

The above approach is quite convenient since in a simulation-based verifica-
tion setting the simulation model is typically deterministic and stochastic behaviors
stems from uncontrollable events.

Of course, the more liberal the environment model, the larger the set of oper-
ational scenarios under which our SUV will be verified. On the other hand, the
more liberal the environment model, the heavier the computational load entailed
by the verification activity. Accordingly, a trade off is typically sought by verifica-
tion experts between the degree of assurance (i.e., to which extent all meaningful
operational scenarios have been considered) and the computational cost (and thus
time cost) of the verification activity.

2.2.2 Modelling the SUV

We focus mainly on the case where the System Under Verification (SUV) is a Cyber-
Physical System (CPS), i.e., a system consisting of both hardware and software com-
ponents. CPSs can be found basically in any domain. Examples are: biomedical
devices, aerospace (e.g., airplanes, Unmanned Autonomous Vehicle (UAV), satel-
lites), automotive, smart grid, etc. Many CPSs are indeed safety or mission-critical
systems that, through software components, are endowed with some degree of au-
tonomous behavior. From this stems the need for thorough verification of cor-
rectness of the software controlling the CPS. This motivates our focus on formal
verification of CPSs.

From a formal point of view, a CPS is basically a dynamical system whose state
variables can undergo continuous as well as discrete changes. Typically, continuous
dynamics model the physical components of a CPS whereas the discrete dynamics
model the software components.

To formalize our notion of system the following definition will be useful.

Definition 2.3 (Restriction). Let I be a time interval (i.e., an interval I ⊆ T ).
Given a function u ∈ UI (see Definition 2.2) and two positive real numbers t1 ≤ t2,
we denote with u |[t1,t2) the restriction of u to the interval [t1, t2), i.e. the function
u |[t1,t2): [t1, t2) → U , such that u |[t1,t2) (t) = u(t) for all t ∈ [t1, t2). We denote
U [t1,t2) the restriction of UI to the domain [t1, t2). That is, U [t1,t2) = {u |[t1,t2) | u ∈
UI}.

The above considerations lead us to model (Definition 2.4) our SUV as a dy-
namical system, along the lines of [117].
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Definition 2.4 (Dynamical System). A Dynamical System, H is a tuple (X, U ,
Y , T , U , ϕ, ψ), where:

• X, the space of state values of H, is a non-empty set whose elements are said
states of H;

• U , the space of input values of H, is a non-empty set whose elements are said
input values for H;

• Y , the space of output values of H, is a non-empty set whose elements are
said output values for H;

• T is a time set;

• U , the space of input functions of H, is a non-empty subset of UT ;

• ϕ : T × T ×X × U → X, is the transition map of H;

• ψ : T ×X × U → Y is the observation function of H.

Function ϕ satisfies the following properties:

• Causality. For all t0 ∈ T , t ≥ t0, x0 ∈ X, u, u′ ∈ U :

u |[t0,t)= u′ |[t0,t)⇒ ϕ(t, t0, x0, u |[t0,t)) = ϕ(t, t0, x0, u
′ |[t0,t))

• Consistency. For all t ∈ T , x0 ∈ X, u,∈ U :

ϕ(t, t, x0, u) = x0

• Semigroup. For all t0 ∈ T , t > t1 > t0, x0 ∈ X, u ∈ U :

ϕ(t, t0, x0, u |[t0,t)) = ϕ(t, t1, ϕ(t1, t0, x0, u |[t0,t1)), u |[t1,t))

In the following, unless otherwise stated, H denotes the tuple (X, U , Y , T , U ,
ϕ, ψ).

From a formal point of view, a CPS is just a dynamical system where T is the
set of nonnegative real numbers and state variables may undergo continuous (to
model the physical part of the system) as well as discrete (to model the software
part of the system) changes. This typically means that ϕ is not continuous (but
typically may be assumed continuous almost everywhere). Definition 2.4 is general
enough to encompass discrete as well as continuous-time systems and finite as well
as infinite-state systems.

We refer the reader to Section 1 of [117] for examples of how familiar systems
fit Definition 2.4. In particular on how from a state-based description of the system
dynamics (e.g., through Ordinary Differential Equation (ODE) for continuous-time
systems or through recurrence equations for discrete-time systems) we can compute
the transition function ϕ. In this respect we note that typically, the transition
function ϕ is computed by simulation using numerical techniques (e.g., see [25]),
since it is seldom available in a closed form (except, e.g., for linear, time-invariant
systems).
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2.2.3 Modelling the Specifications

A specification (Figure 2.1) defines the requirements our SUV should satisfy for all
operational scenarios. In our simulation-based setting, a specification is also defined
through a system as outlined below.

Notation 2.1 (Product of input spaces). Let T be a time set and U ⊆ UT , V ⊆ V T

be input spaces. By abuse of language we denote with U ×V the set {θ ∈ (U×V )T |
∃u ∈ U , v ∈ V s.t. θ(t) = (u(t), v(t))}.

A specification takes as input the SUV input (operational scenario) and state
and returns a real value assessing the extent to which requirements are satisfied.
This is formalized in Definition 2.5.

Definition 2.5 (CPS Specification). Let H = (X, U , Y , T , U , ϕ, ψ) be a system.
A specification for H is a system Q = (Z, U ×X, R, T , U ×XT , µ, θ), where:

• Z is the space of state values of the system Q;

• U ×X is the space of input values of the system Q;

• R is the space of output values of the system Q;

• T is the time set of the system Q (and H);

• U ×XT is the space of input functions of Q;

• µ is the transition map of Q;

• θ is the observation function of Q.

Example 2.1 (Example of CPS Specification). Let H be the system defined by the
ODE

ẋ = −3x+ u

with u constant. Then, H = (X, U , Y , T , U , ϕ, ψ) with:

• X = U = Y = T = R;

• U is the set of constant functions from T to U ;

• ϕ(t0, t, x0, u) = e−3(t−t0)(x0 − u
3 ) + u

3 ;

• η(t, x̄, u) = x̄.

Of course, in general, the function ϕ is not available in a closed form and can
only be computed through simulation (e.g., using simulators like Simulink, Dymola
or Open Modelica).

Suppose that we want to check that the output from H is always close enough to
u
3 . This could be assessed by computing the Root Mean Squared Error (RMSE) of x
with respect to u

3 . This leads to the specification Q = (Z, U ×X, R, T , U ×XT , µ,
θ), where: Z = U = X = T = R and the space of input functions of Q consists of
pairs of functions (u, x), where u is a constant function and x maps reals to reals.

Finally: µ(t0, t, z0, u, x) = z0 +
∫ t
t0

(x(τ)− u
3 )2dτ (RMSE) and θ(t, z̄, u, x) = z̄.
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To formalize the relationship between a system and its specification we need
to define the notion of monitored system (Definition 2.6) [98], [119], [16] (in the
following, as usual in modern programming languages (e.g., Java, Python), the
lambda notation λt.f(t) denotes the function f that, applied to t returns f(t)).

Definition 2.6 (Monitored system). Let H be a system and Q be a specification
for it. The (H, Q) monitored system is the system M = (X × Z, U , R, T , U , Φ,
Ψ) where:

Φ(t, t0, (x0, z0), u) = (ϕ(t, t0, x0, u), µ(t, t0, z0, (u, λt.ϕ(t, t0, x0, u))))

and
Ψ(t, (x, z), v) = θ(t, z, (v, x))

Example 2.2 (Example of monitored system). Using the systems H and Q from
Example 2.1 we have that the monitored system (H, Q) is the systemM = (X×Z,
U , R, T , U , Φ, Ψ) with:

• X, Z, U , T and U as in Example 2.1;

• Φ(t, t0, (x0, z0), u) = (e−3(t−t0)(x0− u
3 ) + u

3 , z0 +
∫ t
t0

((e−3(τ−t0)(x0− u
3 ) + u

3 )−
u
3 )2dτ);

• Ψ(t, (x̄, z̄), u) = z̄

Thus the output Ψ(t,Φ(t, t0, (x0, z0), u), u) of the monitored system at time t is
z0 +

∫ t
t0

((e−3(τ−t0)(x0 − u
3 ) + u

3 )− u
3 )2dτ .

The real value returned by Ψ defines our KPI evaluating to which extent the
system meets its requirements under the operational scenario defined by input func-
tion u. If a KPI is Boolean (i.e., it takes only values in {0, 1} then we have a crispy
classification (i.e., the system will pass or fail to meet the given specification) else
we have a metric classification measuring the extent requirements are violated. On
such a basis our verification problem can be formulated as follows.

Definition 2.7 (Verification problem). Let H be a system, Q be a specification
for H and t0 ∈ T a time instant. We say that H satisfies its specification Q
from t0 if for all (x0, z0) ∈ (X × Z), for all u ∈ U , for all t > t0, we have that:
Ψ(t,Φ(t, t0, (x0, z0), u), u(t)) > 0.

The verification problem (H, Q, t0) consists in checking if H satisfies its spec-
ification Q from t0 (PASS) or, otherwise (FAIL) in providing a counterexample,
i.e., a state (x0, z0) ∈ (X × Z), an admissible input (operational scenario) u ∈ U
and a time instant t > t0 such that Ψ(t,Φ(t, t0, (x0, z0), u), u(t)) ≤ 0.

To limit complexity, an upper limit h (horizon) is usually given to the value of
t in Definition 2.7. In this case, we have a time-bounded verification problem.
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2.2.4 Statistical Model Checking

From Definition 2.7 we see that a verification problem can be cast as the problem of
finding a state, an admissible input (operational scenario) and a time instant such
that the system KPI is negative (i.e., requirements are violated).

Of course, the above problem is computationally prohibitive in general. Thus
many techniques have been developed to compute an approximate solution to it
with formal assurance about the verification outcomes. Basically, we have two
main options: first, focus on simple models (e.g., finite state systems) to make the
problem tractable; second, use statistical techniques to sample the environment (set
of operational scenarios) in order to answer the verification problem (Definition 2.7)
with some given statistical confidence.

We note that probabilistic model checking (e.g., PRISM [73]) is an exact ap-
proach since it computes exactly the probability of reaching certain states and it
suffers of the state explosion problem, much as the deterministic model checking.
To overcome this, statistical techniques are used. Furthermore, non exhaustive ap-
proaches, for example falsification [1], do not provide a formal guarantee about the
verification outcome. Thus, both probabilistic model checking (see [69]) and non
exhaustive verification are out of our scope, because: probabilistic model checking
returns an exact result; non exhaustive verification does not provide a statistical
confidence level.

SMC follows the second approach and indeed offers a set of methods and software
tools to solve the above problem in many different settings.

In the following, we will survey the available tools to carry out formal verification
via SMC and categorize them on the basis of the environment model (i.e., space
of input functions in Definition 2.2), SUV model (i.e., system in Definition 2.4)
and specification model (i.e., SUV specification in Definition 2.5) they can sup-
port. This will help users in deciding which tool to use for a given verification task
trading off between completeness of the environment model (all operational scenar-
ios represented), faithfulness of the SUV model (all possible behaviors represented)
and expressiveness of the specification language (all requirements are adequately
formalized).

Finally, from a computational perspective, we will categorize tools with respect
to the SMC algorithm used. This will enable users to evaluate which kind of paral-
lelism they can expect to easily implement on the basis of the sampling mechanism
used.

2.3 Background

By defining a probability measure on our set of operational scenarios U (space of
input functions - see Definition 2.2), we can regard the deterministic system (SUV)
in Definition 2.4 as a stochastic system. In such a context, the verification problem
in Definition 2.7 will aim at estimating the probability that the system specification
is satisfied. Such a probability can be computed using numerical as well as statistical
techniques.

Numerical Model Checking (NMC) techniques (e.g., [133], [12]) need an explicit
finite state model (white box) for the SUV. They compute accurate results, but
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do not scale very well to large systems because they suffer from the state space
explosion problem.

SMC methods avoid an explicit representation of the SUV state space. They
use a simulation-based approach and statistical inference over observations to es-
tablish if a property, specified through a stochastic temporal logic (which is then
transformed into a specification for the SUV as in Definition 2.5), is true within
statistical confidence bounds. Compared to numerical techniques, SMC overcomes
the state explosion problem and scales better to big systems, but only guarantees
correctness in a statistical sense. Nevertheless, sometimes it is the only feasible
approach to the problem.

SMC takes as input a model defining the dynamics of a system S and a property
ϕ, defined as a logical formula. The goal of SMC is to decide whether S satisfies ϕ
with a probability greater than or equal to a certain threshold α. In formal terms,
we denote the SMC problem as S |= P≥α(ϕ).

In the next sections, we describe the models that can be used to represent the
system and the kind of temporal logics used to express the properties. Since all
approaches are simulation-based, we have that all SUV models and languages to
define properties discussed in the following can be transformed, respectively, into
the general definitions in Definition 2.4 and Definition 2.5.

2.3.1 System Models

Quite often rather than considering deterministic systems with stochastic inputs as
in Definition 2.4, SMC considers systems without inputs with nondeterministic or
stochastic transitions. This can be accomodated in our setting as discussed at the
beginning of Section 2.2. Accordingly, in our context, we will consider these two
modelling approaches as equivalent.

SMC input systems can be modelled through different kind of structures, such
as DTMC or CTMC [134, 12] and by Generalized Semi Markov Process (GSMP)
[108].

A DTMC is defined as a tuple M = (S, s0, P, L), where: S is a set of states
(state space), s0 ∈ S is the initial state, P : S×S → [0, 1] is the transition function,
and L is a function labeling states with atomic propositions. A CTMC is a Markov
Chain where time runs continuously. GSMP [126] is a stochastic process where
the transition from one state to another depends on a set of several possible events
associated with the current state.

Furthermore, SMC can be applied to DESP, consisting of a set of states, that
can be infinite, and whose dynamic depends on a set of discrete events. DESP
can be modelled as Generalized Stochastic Petri Net (GSPN) [15], that is a bi-
partite graph consisting of two classes of nodes: places, representing the state of the
modelled system; transitions, encoding the model dynamics.

SMC algorithms for Probabilistic Timed Automata (PTA) are also available [90].
Using PTA we can represent systems with probabilistic and real-time features.

More recently, SMC has been applied also to timed and hybrid systems with a
stochastic behavior, like Stochastic Hybrid Automata (SHA) and Stochastic Timed
Automata (STA) (see [31]). Some SMC algorithms accept as input models also
Markov Decision Processs (MDPs) [77], which are particular sequential decision
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models [100] characterized by a set of states, a set of actions, probabilistic tran-
sitions, and rewards, or costs, associated to the actions, such that each decision
depends only on the current state and not on the past. MDPs are often used to
model concurrent process optimization problems.

SMC tools like VeSTa or MultiVeSTa, that will be discussed in the following
Section 2.5.1 and Section 2.5.2, take as input models whose behavior is described
through Probabilistic rewrite theories [2], which is a general high-level formalism to
specify probabilistic systems.

The SMC tool SAM (in Section 2.5.16) works on systems modelled through
StoKLAIM [34], which is a Markovian extension of KLAIM (Kernel Language for
Agents Interaction and Mobility) [33], a language used to model mobile and dis-
tributed systems.

2.3.2 System Properties

The properties to be evaluated represent a set of behaviors of the system under
verification and can be qualitative or quantitative. Verifying a qualitative property
means deciding between two mutually exclusive hypotheses, namely if the proba-
bility to satisfy the property is above or below a certain threshold. Quantitative
properties concern computing the estimation of a stochastic measure, i.e., the ex-
pected value of the probability that a given property is satisfied.

Properties are expressed through a temporal logic and in literature many differ-
ent kinds of logics exist, as outlined below.

Linear Temporal Logic (LTL) [103] is the top family of temporal logics that
reason along linear traces through time, that is each instant is followed by only
one future step. Bounded Linear Temporal Logic (BLTL) extends LTL by adding
upper time bounds (bounded time of steps when the time domain is discrete) to
temporal operators. Probabilistic Bounded Linear Temporal Logic (PBLTL) adds
probabilistic operators to BLTL. PBLTLc corresponds to PBLTL with numeric
constraints. Metric Temporal Logic (MTL) [87] and Metric Interval Temporal Logic
(MITL) [7] both extend LTL by introducing an explicit representation of time.

Another class of stochastic logics considers time evolving in a branching fash-
ion, rather than on a line. This class includes the Computational Tree Logic (CTL)
[26], used to express qualitative properties over (non-stochastic) transition systems.
Probabilistic Computational Tree Logic (PCTL) [50] extends CTL by including op-
erators and time bounds to express the quantitative properties of a DTMC, say M .
If s is a state of M and ϕ is a PCTL formula, then s |= P≥α(ϕ) means that "the
probability that ϕ is satisfied in the next state of outgoing paths from state s is
greater than or equal to α".

Several extensions of PCTL exist, like Continuous Stochastic Logic (CSL) [109],
used to express quantitative properties of CTMCs; Quantitative Temporal Expres-
sions (QuaTEx) [2], a query language used to investigate quantitative aspects of
probabilistic rewrite systems; PCTL* [11], used to specify quantitative properties
of DTMCs or MDPs. PCTL* formulas can be interpreted over the states of a fully
or concurrent probabilistic system. CSLTA [37] is a superset of CSL for CTMC that
allows specifying path formulas through a 1-clock Deterministic Timed Automaton
(DTA).
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Hybrid Automata Stochastic Language (HASL) is a temporal logic formalism
used to define properties over DESP (Section 2.3.1). A HASL formula consists of
an automaton and an expression. The automaton is a Linear Hybrid Automaton
(LHA), i.e., a hybrid automaton with data variables whose dynamic depends on
the modelled system states. The expression refers to the moments of path random
variables associated with path executions of the system.

Finally,Mobile Stochastic Logic (MoSL) is a temporal stochastic logic introduced
in [34]. MoSL is based on CSL and allows us to refer to the spatial structure of
a mobile network. MoSL can be used to specify both qualitative and quantitative
properties.

2.4 Statistical Inference Approaches

When using SMC algorithms, the system is simulated many times by executing
Monte Carlo experiments. The property ϕ to be verified is checked at each simu-
lation (sample). Let us associate a Bernoulli random variable Z to one simulation.
We assume that Z is 1 if ϕ is satisfied, 0 otherwise, and that Pr[Z = 1] = p and
Pr[Z = 0] = 1− p.

HT, described in Section 2.4.1, Estimation, Section 2.4.2, and Bayesian analysis,
Section 2.4.3, can be used as engines for the SMC algorithms, as outlined below.

2.4.1 Hypothesis Testing

The hypothesis testing approach consists of the evaluation of two mutually exclusive
hypotheses, namely the null hypothesis H0 : p ≥ θ, and the alternative hypothesis
H1 : p < θ, where θ is a given threshold value. If we assert that H0 is false while it
is true, we make a Type I error (or false positive); if we decide to reject H1, while
it is true, we make a Type II error (or false negative). Let us denote with α the
probability of Type I errors and with β the probability of Type II errors.

HT can be used to analyze both qualitative and quantitative properties. It can
be performed on a set of samples that can be generated in advance or on demand. In
the former case, the sample size is fixed. In the latter case, called sequential testing,
the samples are collected incrementally and their number is not predetermined. In
a sequential testing approach, the decision of whether or not to continue sampling
is made based on the samples generated up to that point. Mixtures of the two
types of sampling generation are possible. This is discussed in [101], where several
approaches to HT are described, differing from each other in the guarantees they give
about the correctness of the result. The algorithms implementing these approaches
are the following: the Chernoff C.I. method, using a fixed sample size test, resting
on a confidence interval based on the Chernoff–Hoeffding bound [56]; the Gauss C.I.,
that is a similar procedure based on the Gaussian approximation to determine the
confidence interval; the Chow-Robbins test, a sequential test method that continues
sampling until the width of the confidence interval has reached a given value; the
Sequential Probability Ratio Test (SPRT) technique of Wald [125] and its fixed
sample size variant, the Gauss-SSP test, where SSP stands for Single Sampling
Plan (see [130] for details).
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Compared to simple sequential testing, SPRT is optimal in the sense that it
minimizes the average sample size before a decision is made. The last method is
the Chernoff-SSP test, which is a variant of the Gauss-SSP test using the Chernoff-
Hoeffding bound instead of the Gaussian approximation.

When properties to be verified are rare, that is the probability that they hold is
low, the number N of simulations required can explode. Fortunately, two techniques
such as Importance Sampling (ISA) and Importance Splitting (ISS) can be applied
to reduce N . ISA works by sampling through a weighted distribution, such that
a rare property is more likely to be observed. Then, the results are compensated
by the weights, to estimate the probability under the original distribution. ISS
works by decomposing the sampling from the rare probability distribution into the
sampling from the product of less rare conditioned probabilities. See [63], [62] and
[76] for an in-depth discussion about the two mentioned rare properties techniques.

2.4.2 Estimation

Estimation is the kind of inference approach typically used to verify quantitative
properties. Existing SMC algorithms rely on classical Monte Carlo based techniques
to estimate a property with a corresponding confidence interval. The system model
is repeatedly simulated and, if ϕ is the property to be evaluated and p is the prob-
ability to satisfy ϕ, an (ε, δ) approximation p̂ of p is computed, with the assurance
that the probability of error is Pr(|p̂− p| ≥ ε) ≤ δ, where ε and δ are, respectively,
the precision and the confidence.

The confidence interval can be computed using different approaches, each one
affecting the number of simulations N to perform. For instance, according to the
Chernoff-Hoeffding bound [56] N is fixed a priori by setting N = (ln 2− ln δ)/(2ε2).
The Confidence Interval (CI) method, taken as input two parameters α and δ,
samples until the size of the (1−α)×100% confidence interval, computed using the
Student’s t-test, is bounded by δ.

In [46, 47] Grosu and Smolka show how to compute an (ε, δ) approximation p̂
of p satisfying the property:

Pr[p(1− ε) ≤ p̂ ≤ p(1 + ε)] ≥ (1− δ) (2.1)

This can be done with an optimal number of simulation traces N , through the
Optimal Approximation Algorithm OAA introduced by Dagum et al. in [30]. OAA
uses the minimum number N of traces to compute an (ε, δ) approximation, within a
constant factor, of a random variable distributed in [0, 1]. OAA algorithm improves
the classic Monte Carlo algorithm, based on the hypothesis testing approach, since
N is computed at runtime. This result is obtained by applying the sequential
testing approach of Wald [125] to decide when to stop simulating. As well as for
HT, discussed in Section 2.4.1, when quantitative properties to be verified are rare,
ISA or ISS can be applied (see [63], [62] and [76]), together with the algorithm
selected to solve the estimation problem, to reduce the number of simulations to
perform.
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2.4.3 Bayesian analysis

The Bayesian approach to SMC is based on the usage of Bayes’s theorem and se-
quential sampling, and can be associated with both HT and Estimation. Also in
this case, as for Hypothesis Testing (Section 2.4.1) and Estimation (Section 2.4.2)
algorithms, the system model is repeatedly simulated. The difference is that Bayes’s
theorem requires prior knowledge of the model to be verified, which is the prior den-
sity of a given random variable. Sequential sampling, as discussed in Section 2.4.1,
means that the number of simulations to perform is decided at run-time. Properties
to be verified are expressed as BLTL formulas and input systems are modelled as
Discrete Time Hybrid Systems (DTHS) (see Section 2.2).

The algorithm to perform SMC by Bayesian HT, introduced in [64], at each
trace of the system model, generated by simulation, checks if a certain property is
satisfied or not. Then, it uses the Bayes factor B to decide if the null hypothesis
H0 or the alternative hypothesis H1 has to be accepted.

Zuliani et al. in [139] propose a Bayesian statistical Estimation algorithm. The
main goal of this approach is estimating the (unknown) probability p that a ran-
dom execution trace of the system model satisfies a fixed property φ. The estimate
corresponds to a confidence interval, i.e., an interval that contains p with a high
probability. Since p is unknown, it must be assumed that p is given by a random
variable whose density is known a priori. The Bayesian Estimation algorithm itera-
tively generates traces of the system model and for each trace executes the following
steps: checks whether φ is satisfied; computes the posterior mean, that is the Bayes
estimator, of p; computes an interval estimate; produces a posteriori probability of
p.

Finally, Bortolussi et al. in [22] present a novel approach, to the statistical
model checking, based on the Bayes analysis and called Smoothed Model Checking.
Their goal is computing a statistical estimation (and a confidence interval) of the
satisfaction of a MITL property against an Uncertain CTMC, that is a CTMC
indexed by a parameter vector.

2.4.4 Summary of the Algorithms Used for HT and Estimation

In Table 2.1, we summarize the main algorithms, explained in the previous sections,
that can be used to carry out Hypothesis testing or Estimation. For each algorithm,
we specify if the number N of simulation runs to execute is predetermined or not.

2.5 Statistical Model Checking Tools

In this section, we describe some of the existing Monte Carlo based SMC tools,
focusing on those that are directly available to the academic community. There
exist tools using simulation-based techniques, but whose output is not a statisti-
cal confidence interval, that are not included in our review, like: SyLVaaS [81], a
Web-based software-as-a-service tool for System Level Formal Verification of CPSs;
S-TaLiRo [9], that is a tool performing temporal logic falsification of properties
over non-linear hybrid systems; Ariadne [24], a tool for the formal verification of
CPSs, using reachability analysis for nonlinear hybrid automata; SpaceEx, a tool
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Algorithm HT E #Samples fixed a priori
Gauss-SSP • yes

C.I. • yes
Chernoff C.I. • • yes
Chernoff SSP. • • yes
Chow-Robbins • • no

SPRT • no
Bayesian HT • no
Bayesian E • no
OAA • no

Table 2.1. Summary of the algorithms used to perform Hypothesis Testing and Estimation.
In the last column yes means that the algorithm pre-computes the number of samples,
no means that the number of samples is computed at runtime.

platform for reachability and safety verification of continuous and hybrid systems
[40]; Symbolic PathFinder [78], a SMC tool implementing approximate algorithms
for MDP.

For each surveyed tool, we give a brief description and some details about: the
kind of models supported; the languages used to specify the properties to be verified;
the statistical inference approach used (HT and/or Estimation and/or Bayesian
analysis). The information about the environment model, that stem from the kind
of model, are summarized in Table 2.2.

Tools performing statistical inference by algorithms not discussed in Section 2.4
(e.g., SAM, GreatSPN) will not be included in the taxonomy given in Table 2.2.

2.5.1 (P)VeStA

VeStA is a Java-based tool for statistical analysis of probabilistic systems. It imple-
ments the statistical methods from [134] and [109], based on Monte-Carlo simulation
and simple statistical hypothesis testing [57].

Model and Property. This tool can verify properties expressed as CSL/PCTL
formula (Section 2.3.2), against probabilistic systems specified as CTMCs or DTMCs
(Section 2.3.1). VeStA is able also to statistically evaluate, in a Monte Carlo based
way, the expected value of properties expressed in QuaTEx (Section 2.3.2), over
the observations performed on probabilistic rewrite theories models. In this last
case, models are described through PMAUDE, which is an executable algebraic
specification language [2].

Statistical Inference approach. VeStA performs SMC by using classic sta-
tistical hypothesis testing (Section 2.4.1), rather than sequential hypothesis testing,
according to the algorithm described in [110]. In particular, VeStA implements the
Gauss-SSP hypothesis testing (Section 2.4.1), which is a fixed sample size version
of the SPRT algorithm of Wald (Section 2.4.1). As a consequence, it is easily par-
allelizable. PVeStA [5] is the tool extending and parallelizing the SMC algorithms
implemented in VeStA.
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2.5.2 MultiVeStA

MultiVeStA [107] extends VeStA (and PVeStA) with an important feature that is
the integration with several existing discrete event simulators, in addition to the
already supported ones.

Model and property. Properties to be verified are expressed in Multi Quan-
titative Temporal Expressions (MultiQuaTEx) query language, which extends Qua-
TEx (Section 2.3.2) and allows to query more variables at a time through multiple
observations on the same simulation. This represents an improvement of the perfor-
mance obtained when evaluating several expressions. The supported SUV models
are Discrete Event Systems (DESs).

Statistical Inference approach. MultiVeStA performs estimation of the
expected value of MultiQuaTEx properties by HT Chow-Robbins method (Sec-
tion 2.4.1).

2.5.3 Simulation-based SMC for Hybrid Systems

There are many tools supporting SMC for hybrid systems, for example: ProbReach
[112], Probably Approximately Correct (PAC) for hybrid systems verification [128,
129], Plasma [99]. Here we focus on tool that can interface in a black-box fashion
with any available simulator for hybrid systems. One of those is Plasma [61, 23]
which is a SMC platform that may be invoked from the command line or embedded
in other software as a library. This tool uses external simulators (e.g., Simulink,
SystemC) to define the SUV as well as the property to be verified.

Model and Properties. Plasma Lab accepts properties described as BLTL
extended with customized temporal operators, against stochastic models such as
CTMCs and MDPs (Section 2.3.1).

Statistical Inference approach. Plasma Lab can verify both qualitative and
quantitative properties. In fact, the tool implements, among others, the following
algorithms: the Monte Carlo probability estimation based on the Chernoff-Hoeffding
bound [56], to decide a priori the number of simulations to execute; the SPRT
algorithm for hypothesis testing; ISA when properties are "rare" (Section 2.4.1).

2.5.4 APMC

The Approximate Probabilistic Model Checker (APMC) is a model checker imple-
menting an efficient Monte Carlo-based method to approximate the probability
that a monotone property is satisfied, with high confidence, by a fully probabilistic
system. This algorithm is described in [54]. In [74] the optimal approximation algo-
rithm OAA (Section 2.4.2) is used to obtain a randomized approximation scheme
with multiplicative error parameter.

Model and property. APMC is used to verify quantitative properties over
fully probabilistic transitions systems or DTMCs (Section 2.3.1). In 2006, APMC
has been extended to manage also CTMCs (see [97]). Properties to be checked are
expressed as LTL (Section 2.3.2) formulas.

Inference approach. This tool performs estimation through a Monte-Carlo
sampling technique, based on the Chernoff-Hoeffding bound (Section 2.4.1), which
is naturally parallelizable.
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2.5.5 PRISM

PRISM [73] is a Probabilistic Symbolic Model Checker that from the version 4.0
offers support for SMC of several types of probabilistic models. Furthermore, in
[53] a parallelized version of PRISM has been extended to handle MDPs.

Model and property. DTMCs, CTMCs, MDPs models (Section 2.3.1) are
described through the PRISM modelling language while properties to be verified
are defined by several probabilistic temporal logics, incorporating PCTL, PCTL*,
CSL and LTL (Section 2.3.2).

Statistical Inference approach. The tool uses the SPRT (Section 2.4.1) to
verify qualitative properties and the following algorithms to verify the quantita-
tive properties (Section 2.4.2): CI method, Asymptotic Confidence Interval (ACI)
method, and Approximate Probabilistic Model Checking (APMC) method. All these
algorithms precompute the number of samples to be generated. See [95] for an up-
dated detailed description.

2.5.6 Ymer

Ymer, illustrated in [131], is a command-line tool written in C and C++, that
implements the SMC techniques based on discrete event simulation and acceptance
sampling. Furthermore, in the Ymer tool, two sampling-based algorithms for the
statistical verification of time-unbounded properties of DTMCs are implemented
(see in [132]).

Model and property. This tool can verify CSL properties against CTMCs
and PCTL properties against DTMCs (Sections 2.3.1 and 2.3.2).

Statistical Inference approach. Ymer implements both sampling with a
fixed number of observations and sequential acceptance sampling, performed through
the SPRT method (Section 2.4.1). Ymer includes support for distributed acceptance
sampling, i.e., the use of multiple machines to generate observations, which can re-
sult in significant speedup as each observation can be generated independently. The
work in [132] implements in Ymer also estimation through two different approaches,
the first based on Chernoff C.I and the second based on the Chow-Robbins sequen-
tial method.

2.5.7 UPPAAL-SMC

UPPAAL-SMC [32] is a stochastic and statistical model checking extension of UP-
PAAL [18], that is a toolbox for the verification of real-time systems, jointly devel-
oped by Uppsala University and Aalborg University.

Model and Properties. UPPAAL-SMC implements techniques to verify both
quantitative and qualitative properties of timed and hybrid systems with a stochas-
tic behavior, whose dynamic can be specified by SHA, effectively defining ODEs,
and by STA [31]. Properties are expressed through a weighted extension of the
temporal logic MITL (Section 2.3.2).

Statistical Inference approach. This tool carries out quantitative properties
verification through a Monte Carlo based estimation algorithm using the Chernoff-
Hoeffding bound (Section 2.4.1), where the number of samples to be generated is



2.5 Statistical Model Checking Tools 19

predetermined. Qualitative properties are verified through the SPRT algorithm
(Section 2.4.1).

2.5.8 COSMOS

COSMOS [15] is a statistical verification tool implemented in C++.
Model and property. This tool analyzes DESP, a class of stochastic models

including CTMCs, represented in the form of a GSPN (Section 2.3.1). Properties
to be verified are expressed as HASL formulae (Section 2.3.2).

Statistical Inference approach. COSMOS relies on Confidence Interval
based methods to estimate the probability that the property under verification
holds, by implementing two possible approaches: the static sample size estimation,
based on the Chernoff-Hoeffding bound (Section 2.4.1), where the sample size is
fixed a priori; the dynamic sample size estimation, where the sample size depends
on a stopping condition, such as that provided by Chow and Robbins (Section 2.4.1).
COSMOS provides also the SPRT method.

2.5.9 GreatSPN

GreatSPN [8] is a tool that supports the design and the qualitative and quantitative
analysis of GSPN. GreatSPN contains, in particular, two modules: a CTL model
checker and a CSLTA model checker.

Model and Properties. GreatSPN can verify: CTL properties against models
represented as GSPN or its colored extension, defined as Stochastic Symmetric Nets
(SSN); CSLTA properties (Section 2.3.2) against CTMCs.

Statistical Inference approach. The CTL model checker of GreatSPN veri-
fies CTL properties by numeric symbolic algorithms (see Section 2.3). The CSLTA
module is a probabilistic model checker for estimation of properties that can interact
also with external tools like PRISM (Section 2.5.5) and MRMC (Section 2.5.10).

2.5.10 MRMC

MRMC (Markov Reward Model Checker) [68] is a command-line tool, written in
C language, that implements SMC techniques. This tool is a Probabilistic Model
Checker rather than a SMC. However, as MRMC performs statistical inference
through Monte Carlo-based techniques, it is included in our review, for sake of
completeness.

Model and property. The tool can verify CSL and PCTL properties (Sec-
tion 2.3.2) against CTMCs and DTMCs (Section 2.3.1).

Statistical Inference approach. MRMC performs probability estimation by
the Confidence interval method based on the Chow-Robbins test (Section 2.4.1),
with a dynamic sample size. The only problem is that since MRMC always loads
Markov chain representation completely in memory, it can lose the benefits deriving
from simulating instead of using numerical techniques.
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2.5.11 SBIP

SBIP [91] is a statistical model checker for the BIP (Behavior, Interaction, Priority)
general framework for the design of component-based systems developed at Verimag
(see [124]).

Model and property. It supports DTMC, CTMC and GSMP (Section 2.3.1)
as input models. Properties to be verified can be expressed as PBLTL and MTL
formula (Section 2.3.2).

Statistical Inference approach. The tool implements several statistical test-
ing algorithms for stochastic systems verification of both qualitative and quanti-
tative properties. Qualitative properties are checked through one of the following
algorithms: Single Sampling Plan (SSP) [75], where the number of samples is pre-
determined, and SPRT, where the number of samples is generated at runtime (Sec-
tion 2.4.1). Quantitative properties are verified through a Probability Estimation
procedure, based on the Chernoff-Hoeffding bound (Section 2.4.1).

2.5.12 MARCIE

MARCIE [52] is a tool written in C++ and made up of several analysis engine, in
particular a Stochastic Simulation Engine based on statistical estimation.

Model and property. This tool can verify both quantitative and qualita-
tive properties over systems modelled as GSPN, including CTMC (Section 2.3.1).
Properties can be defined by CSL, Continuous Stochastic Reward Logic (CSRL) or
PLTLc. CSRL includes CSL and adds reward intervals to the temporal operators
(Section 2.3.2).

Statistical Inference approach. The component of MARCIE dedicated to
estimation implements an algorithm performing several simulation runs depending
on the variance of the system stochastic behavior and determined through a Con-
fidence interval method based on the Chernoff-Hoeffding bound (Section 2.4.1).

2.5.13 Modest toolset discrete event simulator: modes

Modest [21] is a high-level compositional modelling language for STA. It is com-
pletely supported by the Modest Toolset, available at [88], which includes tools to
analyze different subsets of the STA, e.g PTA, MDP, DTMC, CTMC (Section 2.3.1).
In particular, the modes tool, a discrete event simulator, based on the Modest lan-
guage, is available. From version 1.4 it offers SMC functionalities.

Model and property. modes supports the analysis of SHA, STA, PTA, and
MDP. Properties to be verified are expressed in Modest language.

Statistical Inference approach. modes verifies quantitative properties through
a confidence interval based algorithm, that allows deciding at runtime how many
simulations to do; qualitative properties through the SPRT method (Section 2.4.1).

2.5.14 APD Analyser

Aggregated Power Demand (APD) Analyser ([82, 83]) is a SMC based domain-
specific tool to compute the APD probability distribution in a smart grid scenario
in presence of highly dynamic individualised electricity price policies [84, 51].
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Model and property. The input model consists of a probabilistic model
of end-user deviations with respect to their expected behaviors. The tool com-
putes a single domain-specific property: the APD probability distribution in Elec-
tric Distribution Networks. Further post-processing of this distribution allows the
Distribution System Operators (DSO) to compute the safety properties of interest.

Statistical Inference approach. As an exact computation of the required
APD probability distribution is computationally prohibitive, because of its exponen-
tial dependence on the number of users, APD-Analyser computes Monte Carlo based
(ε, δ)-approximation, through an efficient High Performance Computing (HPC)-
based implementation of the OAA algorithm, discussed in Section 2.4.2.

2.5.15 ViP generator

The works in [121, 85, 115] present a tool called ViP (Virtual Patient generator).
This tool uses a SMC based approach to compute complete populations of vir-
tual patients for in silico clinical trials and the model-based synthesis of optimal
personalised pharmaceutical treatments [80, 116].

Model and property. The input model is a system of ODEs and the boolean
property to be satisfied is the completeness of the virtual patient set generated.

Statistical Inference approach. HT (Section 2.4.1) is used to check, with
high statistical confidence, completeness of the virtual patient set S generated so
far. After defining a probability threshold ε and a confidence threshold δ, the SMC
algorithm in [121] randomly extracts, from a parameter space Λ, a sample {λ} that,
if admissible, is added to S. On the basis of [46, 47], the algorithm ends when S
remains unchanged after N = ln δ/ ln(1− ε) attempts.

2.5.16 SAM

SAM (Stochastic Analyzer for Mobility) [34] is a tool supporting the analysis of
mobile and distributed systems. SAM uses a statistical model checking algorithm
to verify whether a mobile system satisfies a certain property.

Model and Properties. Systems are specified in StoKLAIM (Section 2.3.1).
Properties to be verified are expressed through MoSL (Section 2.3.2).

Statistical Inference approach. SAM performs the estimation of quantita-
tive properties.

2.5.17 Bayesian Tool

The Bayesian analysis consists of the introduction of Bayesian statistics to the SMC
approach, as discussed in Section 2.4.3.

Model and property. Models to be analyzed are DTHS (see Section 2.2)
defined as Stateflow/Simulink models, while properties are expressed as BLTL for-
mula.

Statistical Inference approach. The Bayesian analysis includes: i) an algo-
rithm to perform SMC using Bayesian hypothesis testing to verify BLTL properties
against Stateflow/Simulink models with hybrid features; ii) a Bayesian estimation
algorithm, to compute an interval estimate of the probability that a BLTL formula
is satisfied in a stochastic hybrid system model.
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2.5.18 Tool Comparison

In Table 2.2, we show a taxonomy of the surveyed tools, based on their main prop-
erties, namely: the environment model, characterized by the time (discrete or con-
tinue), the set of events values (that can be finite/infinite); the SUV model, con-
sisting of the kind of models or language used to represent the system and the set
of states of the model (that can be finite/infinite); the property specification, that
is the stochastic logic used to specify the properties to be verified and the search
horizon (that can be bounded/unbounded); the verification technique, consisting
of the statistical inference procedure used (HT and/or Estimation and/or Bayesian
analysis) together with the algorithm implemented to perform the inference. The
algorithm is useful to know if the number of simulation runs is fixed beforehand or
not (as shown in Table 2.1).

In addition to the tools extensively reviewed in [101] and [3], we have included
the Bayesian analysis and two other SMC domain-specific software tools, the APD
Analyser and the ViP (Virtual Patient) generator.

2.6 Discussion

The taxonomy showed in Table 2.2 highlights the following trade-offs.
The Environment model is: complete if it contains all possible operational sce-

narios; sound if it contains only the operational scenarios that can occur in a real
situation. Ideally, we would like a complete and sound environment model. How-
ever, in practice, this is not easy to define. Depending on priorities, correctness, or
efficiency, we may select a complete (possibly unsound) model or a sound (possibly
incomplete) model.

A SUV model has to capture the dynamics of the system. If the properties to
be verified are of the safety kind, tools taking as input an over-approximated model
(i.e., containing more behaviors than the real system) have to be preferred. If
liveness properties have to be verified, tools accepting under-approximated models
can be used.

The property language has to be selected with respect to its capability to define
the property to be verified. The search horizon should be large enough, but not
too large, in order to avoid making simulations overly time consuming. In this case
the trade-off is between the expressiveness and the computational complexity of the
verification activity.

The verification technique selection depends on the goal (namely, estimation
or HT) and on the need to know beforehand, or not, the number of samples to
be generated. Accordingly, all the tools implement the SPRT to perform HT on
qualitative statements, except: (P)VeStA that uses the Gauss-SSP test, through
which the sample size is predetermined; the Bayesian analysis, that bounds the
sample size using a test based on the Bayes factor. SBIP, besides SPRT, implements
also SSP.

The estimation of quantitative properties is performed through different tech-
niques. (P)VeSta uses the Confidence Interval method to evaluate QuaTEx for-
mulae; MultiVeStA, COSMOS (from version 1.0) and MRMC (from version 1.5)
implement the Chow-Robbins test; Plasma Lab, UPPAAL-SMC, PRISM (from
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ENVIRONMENT
MODEL

SUV MODEL SPECIFICATION VERIFICATION TECH-
NIQUE

TOOL
Time Event

val-
ues

Model Set of
states

Property
language

Search
horizon

Inference #samples
computing

(P)VeStA
[110]

C fin CTMC,
DTMC/
PMaude

fin/inf CSL,
PCTL,
QuaTEx

ubnd HT: Gauss-
SSP; E: C.I.

HT and E: a
priori

MultiVeStA
[107]

D/C fin DES inf MultiQuaTExubnd E: Chow-
Robbins

E: at runtime

Plasma
[99]

C fin/inf CTMC,
MDP

inf BLTL bnd HT: SPRT; E:
Chernoff C.I.

HT: at run-
time; E: a pri-
ori

APMC
[48, 74]

D inf DTMC,
CTMC

fin LTL ubnd on
monotone
LTL

E: Chernoff-
SSP/OAA

E: a priori/at
runtime

PRISM
[73, 53]

D/C fin DTMC,
CTMC,
MDP

fin BLTL ubnd HT: SPRT; E:
Chernoff C.I.;
NS

HT: at run-
time; E: a pri-
ori

Ymer
[131, 132]

D/C inf DTMC,
CTMC

fin PCTL, CSL ubnd HT:
SPRT/Gauss-
SSP; E: Chow-
Robbins/
Chernoff C.I.

HT: at run-
time/a priori;
E: at run-
time/a priori;
NS

UPPAAL-
SMC
[32]

C inf SHA inf MITL bnd HT: SPRT; E:
Chernoff C.I.

HT: at run-
time; E: a pri-
ori

COSMOS
[15]

C fin GSPN fin HASL ubnd HT: SPRT; E:
Chernoff C.I. /
Chow-Robbins

HT: at run-
time; E: a
priori/at run-
time

MRMC
[68]

D/C fin DTMC,
CTMC

fin PCTL, CSL ubnd E: Chow-
Robbins; NS

E: at runtime

SBIP [91] D/C inf DTMC,
CTMC,
GSMP

inf PBLTL bnd HT: SPRT; E:
Chernoff C.I.

HT: at run-
time; E: a pri-
ori

MARCIE
[52]

C fin GSPN fin CSL,
CSRL,
PCTL

ubnd E: Chernoff
C.I.; NS

E: at runtime

modes [21] C fin SHA,
STA,
PTA,
MDP

fin MODEST ubnd HT: SPRT; E:
Chernoff C.I.

HT: at run-
time; E: a pri-
ori

APD
Analyser
[83]

D fin Custom
model

inf Safety
properties

bnd E: OAA E: at runtime

ViP gener-
ator [121,
85]

D fin ODEs inf Boolean
properties

bnd HT: SPRT HT: at run-
time

Bayesian
tools
[139, 22]

D fin DTHS,
Uncer-
tain
CTMC

inf BLTL,
MTL,MITL

bnd HT: Bayesian
HT; E:
Bayesian
E

HT and E: at
runtime

Table 2.2. Monte Carlo simulation-based SMC tools comparison table. In the Time
column D stands for discrete, C for continue. In the column Model, the model is
specified as its representation structure or as the language describing the model. In the
columns Event values and Set of states, fin means finite and inf means infinite.
In the Search horizon column, bnd stands for bounded, ubnd for unbounded. In the
Inference column, HT stands for Hypothesis Testing; E stands for Estimation and
NS stands for Numeric-symbolic methods (see Section 2.3). In the same column, for
each inference approach, the name of the algorithm used is specified. For further details
about the algorithms see Table 2.1. Depending on the algorithm, the number of samples
can be computed a priori or at runtime.



24 2. Statistical Model Checking

version 4.0), SBIP, and MARCIE use the Chernoff-C.I. method; Ymer uses the
Gauss-SSP test; APMC (from v3.0) implements the so-called Chernoff-SSP test;
the APD Analyser implements the OAA algorithm (see Table 2.1). The Bayesian
Estimation procedure is different from all the others, because it is based on the
Bayes factor test, but like with the Chow Robbins test, the sample size is not fixed
a priori.

If we have to choose a Monte Carlo based SMC tool minimizing the number
of simulations to do, in case of qualitative statements, all the tools implementing
the SPRT to solve HT are suitable. On the other hand, an a priori fixed sample
size technique is easily parallelizable, then sometimes this kind of approach could
be preferable. In the case of quantitative statements, the tools implementing the
Chow-Robbins test or OAA are the fastest. The Bayesian analysis also allows us
to decide at runtime how many simulations to do, but it needs to know in advance
the probability distribution of the variables to be estimated.

As a last result, Table 2.2 highlights an open research challenge, that is the lack
of tools to perform an unbounded verification of hybrid systems whose environment
has continuous- or discrete-time.

2.7 Conclusions
We have reviewed most of SMC tools currently available for research purposes, focus-
ing on the complexity, in terms of sample size, of the Monte Carlo-based techniques
used to evaluate quantitative and qualitative properties through HT, Estimation,
and Bayesian analysis.

For each tool, we have highlighted: the environment model; the SUV model; the
stochastic logic used to define the properties to be verified, together with the search
horizon type; the statistical inference procedure and the corresponding algorithm
used, by explicitly indicating if the number of samples is generated at runtime or
not. After an in-depth comparison, we produced the taxonomy in Table 2.2.

First, we observe that most of the tools assume that the environment is sound,
thus events are taken from a finite set. In this scenario, the SUV model set of
states is typically finite and the search horizon for the properties to be checked is
unbounded. Otherwise, if the SUV model set of states is infinite, the search horizon
is always bounded.

Second, 90% of the tools performing HT use algorithms deciding at runtime the
number of samples to be generated; about 70% of the tools implementing Estimation
employ algorithms computing beforehand the number of samples. Thus, according
to the problem at hand, we suggest to use SMC tools computing a priori the number
of samples if there is a need to parallelize, and, instead, using tools generating one
sample at each iteration if it is more important to reduce the number of simulations.

Finally, our taxonomy points out the challenging task to deploy tools to perform
unbounded verification of discrete- or continuous-time hybrid systems.
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Chapter 3

An Efficient Algorithm for
Multivariate Monte Carlo
Estimation

Monte Carlo simulation is a computational technique that has been studied for
decades and is widely used to analyze a huge range of problems in many different
fields. Monte Carlo approach consists of building a model of the system and carrying
out simulations on it, by sampling from a random variable that follows a certain
probability distribution.

A typical usage of Monte Carlo-based algorithms is computing the estimation
of an unknown quantity. The optimal AA algorithm of Dagum et al. [30] computes
an (ε, δ)-approximation of the expected value of a univariate random variable Z
distributed in [0, 1]. The AA algorithm is mainly used in Statistical Model Checkers
that estimate the expected value of a random variable modelling some relevant
system properties. However, there are many situations in which the property of
interest depends on a multivariate random variable. This motivates the investigation
of efficient algorithms to estimate the expected value of a multivariate random
variable.

The main challenge of the Monte Carlo approach is minimizing the number of
samples to be generated. A naïve use of AA to compute the expected value of
a multivariate random variable Z, of size n, would require a number of samples
given by the sum of the number of samples generated for each Z component. We
propose the MAA algorithm, a multivariate version of AA, to compute an (ε, δ)-
approximation of the expected value of a multivariate random variable Z. MAA
generates one sample of the input variable Z that is re-used to compute the ap-
proximated expected value of each Z component. Our approach assures the same
guarantees of the AA algorithm, but is strictly faster than AA, both in terms of
number of samples to be generated and of CPU time elapsed.

The content of this section is related to the paper [93] that has been submitted
for publication.
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3.1 Introduction

Algorithms to estimate the expected value of a bounded random variable are among
the enabling technologies for Statistical Model Checking (SMC), see, e.g., [3, 107,
101, 23], APMC [74] and APD Analyser [82, 83].

Furthermore, the problem of estimating the expected value of a bounded random
variable arises in many different fields, see, e.g., [106, 39, 120, 85]. Such a problem
is typically solved using Monte Carlo based approaches, such as those in [30, 56, 46,
47, 101, 139]. Basically, given a density function for a bounded univariate random
variable X and positive real numbers ε and δ, most available algorithms compute
an estimation µ̃ ((ε, δ)-approximation) of the expected value µ of X such that, with
probability at least 1− δ it holds that |µ̃− µ| < ε.

Since our goal here is to minimise the number of samples to be generated, in
the following we will focus on the AA algorithm from [30], since it is optimal (up
to a constant factor).

Although AA has been presented for the univariate case, of course it can be used
also to compute the expected value µZ = (µZ1 , . . . , µZn) of a bounded multivariate
random variable Z = (Z1, . . . , Zn). If the marginal density functions pZi , i = 1, . . . n,
of Z are known we can sample from them. In this case the complexity ofmultivariate
AA, in terms of expected number of samples E[NZ ] to be generated, is the sum,
for i = 1, . . . n, of the expected number of samples E[NZi ] generated to estimate
the expected value of Zi by using AA on pZi . That is, E[NZ ] =

∑n
i=1 E[NZi ]. If

only the joint density function pZ is available we can of course still use AA to
compute the expected value of each component Zi of Z. In fact, sampling from
pZi can be performed by sampling from pZ and then disregarding all components
but the i-th one. However, in this case, the computational cost becomes E[NZ ] =
n
∑n
i=1 E[NZi ]. This is n times the complexity of the case where marginal density

functions are known.
The above described state of affairs motivates design of efficient algorithms to es-

timate the expected value of a boundedmultivariate random variable when marginal
density functions are not known.

3.1.1 Contributions

Building on the AA algorithm in [30], we present an efficient (as for the num-
ber of samples generated) algorithm, MAA (Section 3.4), to compute an (ε, δ)-
approximation of the expected value µZ = (µZ1 , . . . , µZn) of a multivariate random
variable Z = (Z1, . . . , Zn) when marginal probability densities are not known. Our
contributions can be summarized as follows.

First, we show that for i ∈ {1, . . . , n},MAA computes an (ε, δ)-approximation
of the expected value of Zi (correctness, Theorem 3.2).

Second, we give a Lower Bound (Theorem 3.3) to the complexity for any (ε, δ)-
approximation algorithm to estimate the expected value of a multivariate random
variable, when marginal probability density functions are not known. We show also
that when marginal probability density functions are known the above described
multivariate version of AA is optimal (Remark 3.3).
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Third, we give an Upper Bound to the complexity (Theorem 3.2) of our algo-
rithm, that is to the expected value of the number of samples generated byMAA,
namely E[NMAA

Z ].
Fourth, we give experimental results confirming that there exists an input s.t.

the Upper Bound, we gave to the complexity of our algorithmMAA, is attained.
Furthermore, we experimentally show that on a suitable input ourMAA algo-

rithm attains the above-mentioned Lower Bound.

3.1.2 Related Work

Our proposed algorithm aims at minimizing the number of samples to be generated.
Accordingly, it is based on AA in [30], which is (up to a constant) optimal in this
respect. Huber et al in [59] present an algorithm that is at least 2.5 times as fast
as AA. Both these two algorithms can be used to estimate the expected value of
a multivariate random variable. However, when marginal probability density func-
tions are unknown, their computational complexity (as for the number of samples)
is given by the number of samples generated for each random variable component,
multiplied by the number of components. Our algorithm, on the other hand, is
strictly faster than AA.

Estimation of the expected value of multivariate variables has been mostly stud-
ied in the context of formal verification tools supporting SMC [3]. Here are a
few examples. MultiVeStA [107] computes an estimation of the expected value
of a multivariate random variable by an algorithm based on the sequential Chow
Robbins method [101]. Plasma-lab [23] implements a Monte Carlo probabilis-
tic estimation algorithm working on multivariate distributions and based on the
Chernoff-Hoeffding bound [56]. In a smart-grid setting, the Aggregated Power De-
mand (APD) analyzer Monte Carlo-based algorithm, in [83], computes the (ε, δ)-
approximation of the APD probability distribution in Electric Distribution Net-
works (EDN). MultiVeStA, Plasma-Lab, and the APD analyzer generate samples
at runtime. Basically, the aforementioned tools provide algorithms to compute the
expected value of a multivariate random variable from its joint probability density
in a SMC context. However, they do not provide a formal assessment of the compu-
tational complexity of the proposed estimation method. In this respect, we advance
the state of the art by providing a general-purpose algorithm to compute the ex-
pected value of a multivariate random variable when marginal probability density
functions are not known along with an assessment of its computational complexity.

Section 3.2 gives some background information. Section 3.3 recalls the univari-
ate (ε, δ)-approximation algorithm, AA, of [30]. Section 3.4 presents our multivari-
ate (ε, δ)-approximation algorithm, whereas Section 3.5 shows its correctness and
complexity and Section 3.6 shows the Lower Bound to the complexity. Finally,
Section 3.7 gives experimental results.

3.2 Background
Let Z = (Z1, . . . , Zn) be a n-dimensional random variable. Unless otherwise speci-
fied, we assume that each component Zi (i ∈ {1, . . . , n}), is in the interval [0, 1], has
mean µZi and variance σ2

Zi
. In the following we write µZ = (µZ1 , . . . , µZn) and σ2

Z =
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(σ2
Z1 , . . . , σ

2
Zn

) to denote, respectively, the mean and the variance of Z. We denote
with pZ and with FZ (Eq. 3.1), respectively, the probability density function and the
cumulative distribution function of Z. We denote with Z−i the vector consisting of
all components of Z but the i-th one. That is, Z−i = (Z1, . . . , Zi−1, Zi+1, . . . , Zn).
Furthermore, we denote with pZi(zi), for i ∈ {i, . . . , n}, the density of the i-th com-
ponent of Z ([20]), defined as in Eq. 3.2. The expected value µZi of the Zi compo-
nent of Z can be computed in two ways (see, e.g., [10]): through a n-dimensional in-
tegral (Eq. 3.3), using the joint density function pZ(z) = pZ(z1, . . . , zn), or through
a one-dimensional integral (Eq. 3.4)), using the density function pZi(zi), in Eq. 3.2.

FZ(z) = FZ(z1, . . . , zn) =
∫
Z
pZ(x) dx =∫

Z1
· · ·
∫
Zn
pZ(x1, . . . , xn) dx1 . . . dxn (3.1)

pZi(zi) =
∫
Z−i

pZ(x) dx−i (3.2)

µZi =
∫
Z
xipZ(x) dx (3.3)

µZi =
∫
Zi

xipZi(xi) dxi (3.4)

Notation 3.1. Monte Carlo based algorithms for estimation of the expected value of
a univariate random variable, typically, use the number of samples to be generated
as a complexity measure, that is: each sample has computational cost 1. Along the
same line, in the following, when sampling from a multivariate random variable Z
of dimension n, the computational cost of sampling will be n.

3.3 Univariate Monte Carlo Approximation Algorithm
AA

For the sake of completeness (and self-containment), in this section we summarize
the main steps of the AA algorithm of [30], on the basis of which our algorithm is
built.

Given a univariate random variable Z distributed in [0, 1], the Monte Carlo-
based approximation algorithm AA computes an (ε, δ)-approximation µ̃Z of the
expected value, µZ , of Z. AA works with no a priori information about the prob-
ability distribution of Z. To decide the number of samples needed to estimate µ̃Z ,
AA computes an initial approximation of µZ , obtained by running a Stopping Rule
Algorithm [30], and an initial estimate of the variance σ2

Z .
In particular, given the parameters ε and δ, the following values are defined:

λ = (e− 2) ≈ .72 (3.5)

Υ = 4λln(2/δ)/ε2 (3.6)

ρZ = max{σ2
Z , εµZ} (3.7)

The above mentioned values are used in AA to return an estimate of µZ after a
number NZ of experiments have been performed. The AA Theorem and the Lower
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Bound Theorem in [30] provide the optimal number of experiments NZ , with respect
to a constant parameter c. We summarize this result in Theorem 3.1.

Theorem 3.1. Let Z be any random variable distributed in [0, 1], let µZ = E[Z] > 0
be the mean of Z, σ2

Z the variance of Z, and let ρZ be equal to max{σ2
Z , εµZ}. Let

µ̃Z be the approximation of µZ computed by AA and let NZ be the number of
experiments run by AA with respect to Z on input parameters ε and δ. Then:

(1) P[µZ(1− ε) ≤ µ̃Z ≤ µZ(1 + ε)] ≥ 1− δ

(2) E[NZ ] = Θ(ΥρZ/µ2
Z)

In Theorem 3.1, the Θ notation (see [29]) is used to state that E[NZ ] is at least
c1ΥρZ/µ2

Z and at most c2ΥρZ/µ2
Z , for some constants c1 and c2. In the following,

we summarize in Algorithm 1 the main steps of AA.

Input: ε, δ, pZ()
Output: µ̃Z
Υ2 ← 2(1 +

√
ε)(1 + 2

√
ε)(1 + ln(3/2)/ ln(2/δ))Υ

// Υ2 ≈ 2Υ for small ε and δ
µ̂Z ← SR(min(1/2,

√
ε), δ/3, pZ())

// see function SR in Algorithm 2
ρ̂Z ← EV(µ̂Z , ε,Υ2, pZ())
// see function EV in Algorithm 3
µ̃Z ← EM(µ̂Z , ρ̂Z ,Υ2, pZ())
// see function EM in Algorithm 4

Algorithm 1: Approximation Algorithm AA

In order to ease the description of the functions used by the Algorithm 1, in
the following we denote with sample the function that generates samples of the
univariate random variable Z. That is, if pZ is the probability density function of
Z, then sample(pZ) returns a sample of Z according to the density function pZ .

Algorithms 2 to 4 show the pseudo-code of the functions used in Algorithm 1.

function SR()
Input: ε, δ, pZ()
Output: µ̂Z
Υ1 ← 1 + (1 + ε)Υ;
N ← 0; S ← 0;
while S < Υ1 do
ZN ← sample(pZ());
N ← N + 1;
S ← S + ZN ;
µ̂Z ← Υ1/N

Algorithm 2: The SR (StoppingRule) function computes an estimate µ̂Z of µZ
using the value ZN , obtained through sample(pZ()) and the input parameters (ε, δ).
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function EV()
Input: µ̂Z , ε,Υ2, pZ()
Output: ρ̂Z
N ← Υ2ε/µ̂Z ; S ← 0;
for i← 1 to N do
X2i−1 ← sample(pZ());
X2i ← sample(pZ());
S ← S + (X2i−1 −X2i)2/2

ρ̂Z ← max(S/N, εµ̂Z)

Algorithm 3: The EV (EstimateVariance) function computes an estimate ρ̂Z that
is within a constant factor ρ, with probability at least 1− δ.

function EM()
Input: µ̂Z , ρ̂Z ,Υ2, pZ()
Output: µ̃Z
N← Υ2ρ̂Z/µ̂

2
Z ; S← 0;

for i← 1 to N do
Xi ← sample(pZ());
S← S +Xi

µ̃Z ← S/N

Algorithm 4: The EM (EstimateMean) function computes the needed number of
samples N to be generated with the aim to compute an (ε, δ)-estimate µ̃Z of µZ .

3.4 A Multivariate Monte Carlo Approximation Algo-
rithm MAA

Let Z = (Z1, . . . , Zn) be a multivariate random variable distributed according to
a density function pZ and ε and δ be positive real numbers. Through a Monte
Carlo based approach we would like to compute an estimation (µ̃Z1 , . . . µ̃Zn) ((ε, δ)-
approximation) of the expected value µZ = (µZ1 , . . . , µZn) of Z = (Z1, . . . , Zn), such
that with probability at least 1− δ it holds that, for all i = 1, . . . n, |µ̃Zi − µZi | < ε.

First, we note that any algorithm, say BB, computing an (ε, δ)-approximation
µ̃Z of the expected value µZ of a univariate random variable Z can be used to
estimate the expected value of a multivariate random variable. In this respect, two
different scenarios are possible, as discussed in the following remarks.

Remark 3.1. The marginal density functions pZ1 , . . . , pZn are unknown. In this
case BB can compute µZi, for i ∈ {1, . . . , n}, by generating samples of Z, through
pZ , and then projecting on the i-th component, accordingly to Eq. 3.3.

Let NZi be the number of samplesgenerated by BB to estimate µZi from the uni-
variate variable Zi. Then, the cost of estimating µZi from the multivariate variable
Z with BB is nE[NZi ], since each sample has a cost of n. Then, the expected value
for the number NZ of samples to be generated to estimate µZ through BB is:

E[NZ ] = n
n∑
i=1

E[NZi ] (3.8)
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Remark 3.2. The marginal density functions pZ1 , . . . , pZn are known. In this case
BB can compute µZi, for i ∈ {1, . . . , n}, by generating NZi samplesof Zi, through
pZi, accordingly to Eq. 3.4. Then, as in this case each sample has cost 1, the
expected value for the number NZ of samples to be generated to estimate µZ through
BB is:

E[NZ ] =
n∑
i=1

E[NZi ] (3.9)

The approaches outlined in Remarks 3.1 and 3.2 solve the estimation problem,
however they do not provide any guarantee about computational optimality (as
for samples to be generated). Of course, if we start from an algorithm which is
not optimal for the univariate case, then there is no hope for optimality in the
multivariate case. Accordingly, in the following we focus on algorithms that are
optimal at least for the univariate case.

A widely used one in our setting is the AA algorithm (see Section 3.3).Given
a univariate random variable Z, AA computes an (ε, δ) approximation µ̃Z of the
expected value µZ of Z, with no a priori information about the probability distri-
bution of Z. By abuse of language, in a multivariate setting, in the following we
will refer with AA to the algorithm outlined in Remark 3.2 when BB is AA.

Unfortunately, starting from an optimal algorithm for the univariate case, as
AA, does not guarantee optimality for the multivariate case. In fact, as we will see
in Theorem 3.2, even replacing AA for BB, the algorithm outlined in Remark 3.1
is not optimal. On the other hand, as we will see in Section 3.6, the algorithm in
Remark 3.2 withAA is optimal. Accordingly, by abuse of language, in a multivariate
setting, we will refer to it also as AA.

On the basis of the above considerations, in the rest of the sections we present
our AA based algorithm for the estimation of the expected value of a multivariate
random variable.

Our algorithm,MAA, shown in Algorithm 5, is not optimal but is more efficient
than AA when n ≥ 2. When n = 1,MAA corresponds to AA.

functionMAA()
Input: ε, δ, pZ
// 0 < ε ≤ 1 and 0 < δ ≤ 1
Output: µ̃Z = (µ̃Z1 , . . . , µ̃Zn

)
λ← e− 2; Υ← 4λ

ε2 ln( 2
δ );

Υ2 ← 2(1 +
√
ε)(1 + 2

√
ε)(1 + ln( 3

2 )/ ln( 2
δ ))Υ;

µ̂Z ← MSR(min( 1
2 ,
√
ε), δ3 , pZ ,Υ); // Algorithm 6

ρ̂Z ← MEV(µ̂Z , ε,Υ2, pZ); // Algorithm 7
µ̃Z ← MEM(µ̂Z , ρ̂Z ,Υ2, pZ); // Algorithm 8

Algorithm 5: Multivariate Approximation AlgorithmMAA.
In the functions used by the Algorithm 5, we denote with sample the sample

generator function (as already done for AA in Section 3.3) that, given the probabil-
ity density function pZ of a multivariate random variable Z, returns a sample of Z
according to pZ . The function sample can be implemented by one of the available
C libraries, such as the GNU Scientific Library gsl (see [42]).

The functions used inMAA (Algorithm 5) are: the MSR (MultiStoppingRule)
function, shown in Algorithm 6 and based on the SR (StoppingRule) function in Al-
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function MSR()
Input: ε, δ, pZ ,Υ
// 0 < ε < 1 and δ > 0
Output: µ̃Z = (µ̃Z1 , . . . , µ̃Zn

)
Υ1 ← 1 + (1 + ε)Υ
for i = 1 to n do
Ni ← 0; Si ← 0;

update← 0;
while update== 1 do
update← 0;
Z ← sample(pZ);
for i = 1 to n do
if Si < Υ1 then
Ni ← Ni + 1; Si ← Si + Zi;
update← 1;

for i = 1 to n do
µ̂Zi
← Υ1

Ni

Algorithm 6: MultiStoppingRule Function, implementing the Stopping Rule
Algorithm for multivariate random variables.

function MEV()
Input: µ̂Z , ε,Υ2, pZ
Output: ρ̂Z = (ρ̂Z1 , . . . , ρ̂Zn)
for i← 1 to n do
Ni ← Υ2

ε
µ̂Zi

;
Si ← 0;

Nmax ← Max(N); // see (3.10)
for k← 1 to Nmax do
X2k−1 ← sample(pZ);
X2k ← sample(pZ);
for i← 1 to n do
if k < Ni then
Si ← Si + (X2k−1

i−X2k
i)2

2 ;
for i← 1 to n do
ρ̂Zi
← max( Si

Ni
, εµ̂Zi

);

Algorithm 7: MultiEstimateV ariance function, computing the approximated
value ρ̂Zi

of each ρZi
, for i ∈ {1, . . . , n}.

gorithm 2; the MEV (MultiEstimateVariance) function, shown in Algorithm 7 and
based on the EV (EstimateVariance) function in Algorithm 3; the MEM (MultiEs-
timateMean) function, shown in Algorithm 8 and based on the EM (EstimateMean)
function in Algorithm 4. The MEV and MEM functions are used to compute, re-
spectively, the estimated values of variance and mean of the multivariate random
variable Z.

In Algorithm 6, the MSR algorithm computes an estimate µ̂Z of µZ by using the
sample Z, obtained by sample(pZ), and the input parameters ε, δ. As N and S are
vectors of the same size n of Z, their values are computed by introducing a guard
variable, update, to check if the condition Si < Υ1 is verified, for i ∈ {1, . . . , n}.

Furthermore, we observe that in Algorithm 7 and Algorithm 8 instead of iterat-
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function MEM()
Input: µ̂Z , ρ̂Z ,Υ2, pZ
Output: µ̃Z = (µ̃Z1 , . . . , µ̃Zn

)
for i← 1 to n do
Ni ← Υ2

ρ̂Zi

µ̂2
Zi

;
Si ← 0;

Nmax ← Max(N); // see (3.10)
for k← 1 to Nmax do
Xk ← sample(pZ);
for i← 1 to n do
if k < Ni then
Si ← Si +Xk

i;
for i← 1 to n do
µ̃Zi
← Si

Ni
;

Algorithm 8:MultiEstimateMean function, computing the approximated value
µ̃Zi

of each µZi
, for i ∈ {1, . . . , n}.

ing on the number of samplesNi needed for each Zi component, the iteration is done
on the maximum number of samples Nmax, obtained by calling the Max function
over n-dimensional vectors V , defined as follows:

Max(V ) = max(V1, . . . , Vn). (3.10)
Inside the loop on Nmax, the generated samples of Z, namely X2k−1, X2k in

Algorithm 7 and Xk in Algorithm 8, are used to compute, respectively, each ρ̂Z and
µ̃Z component. In this way the overall complexity of the functions is reduced.

3.5 Correctness and Complexity of MAA
In this section, we discuss (Theorem 3.2) correctness and computational complexity
of MAA (Algorithm 5). In the following let i ∈ {1, . . . n}, Z = (Z1, . . . , Zn) be
a multivariate random variable (Zi ∈ [0, 1]), ε, δ be real numbers in (0, 1), µZ =
(µZ1 , . . . , µZn) be the expected value of Z (with µZi > 0), σ2

Z = (σ2
Z1 , . . . , σ

2
Zn) be

the variance of Z, and, finally, let ρZ = (ρZ1 , . . . , ρZn) with ρZi = max(σ2
Zi , εµZi).

Let NZ
MAA be the number of samples generated by MAA with respect to Z,

on input parameters ε and δ. That is, NZ
MAA is the number of times function

sample() is executed in Algorithm 5 (i.e., Algorithms 6 to 8) multiplied by n since
each call to function sample() generates n samples.

Let NZ
AA be the number of samples generated by AA from pZ , as in Remark 3.1

and let NZi be the number of samplesgenerated byMAA with respect to Zi. That
is, NZi is the number of times variable Si is updated in Algorithm 5 (i.e., Algo-
rithms 6 to 8).

Proposition 3.1 shows that MAA is strictly faster than AA when n ≥ 2 and
marginal distributions are unknown.
Proposition 3.1. If n ≥ 2 then E[NZ

MAA] < E[NZ
AA].

Proof. Let us consider Algorithm 6 (part of Algorithm 5). Taking into account
that Zi ∈ [0, 1] we have that the while loop of Algorithm 6 will be executed
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at least Υ1 times since at each iteration Si can be incremented at most by 1.
Thus, we have that NZi ≥ Υ1 > Υ. Thus we can write: NZi = Υ1 + ÑZi with
ÑZi ≥ 0. Taking into account that NZ

AA = n
∑n
i=1NZi and n ≥ 2 we have:

E[NZ
MAA] = E[nmax{NZi |i = 1, . . . , n}] = E[nmax{Υ1 + ÑZi |i = 1, . . . , n}] =

E[n[Υ1 + max{ÑZi |i = 1, . . . , n}] ≤ E[n[Υ1 +
∑n
i=1 ÑZi ]] < E[n[nΥ1 +

∑n
i=1 ÑZi ]]

= E[n
∑n
i=1[Υ1 + ÑZi ]] = E[n

∑n
i=1NZi ] = E[NZ

AA].
�

From Proposition 3.1 follows that, when marginal density functions are un-
known, MAA is always faster than AA, that is E[NZAA]

E[NZMAA] > 1. Our experimental
results in Sections 3.7.4 and 3.7.5 show thatMAA can be as much as n times faster
than AA, namely E[NZAA]

E[NZMAA] ≈ n.

Remark 3.3. Given a multivariate random variable Z = (Z1, . . . , Zn), let us
assume that for each Zi (i ∈ {1, . . . , n}), the univariate density function pZi is
known. In this case, there is no advantage, in terms of number of samples, in us-
ing MAA instead of AA. In fact, in this case, (as in Remark 3.2): we have that
NZ

AA =
∑n
i=1NZi. Thus: E[NZ

AA] = E[
∑n
i=1NZi ] ≤ E[nmax{NZi |i = 1, . . . , n}]

= nE[max{NZi |i = 1, . . . , n}] = E[NZ
MAA].

The above shows that, when marginal density functions for Z are known, (the
expected values of the) computational complexity of AA is not greater than that of
MAA.

In Sections 3.7.2 and 3.7.3 we show that there exist density functions for Z for
which E[NZ

AA] is strictly less than E[NZ
MAA].

Theorem 3.2 below provides the analogous forMAA of the AA-Theorem in [30]
(Υ is defined as in Algorithm 5).

Theorem 3.2. Let µ̃Z = (µ̃Z1 , . . . , µ̃Zn) be the approximation of µZ computed by
MAA. Then:

(1) P[µZi(1− ε) ≤ µ̃Zi ≤ µZi(1 + ε)] ≥ 1− δ, for i ∈ {1, . . . , n}

(2) There exist a universal constants c such that:
P[NZ

MAA ≤ n c Υ max{ ρZi
µ2
Zi

|i = 1, . . . , n}] ≥ (1− δ)n,

(3) There exist a universal constant c such that: E[NZ
MAA] ≤ n c Υ

∑n
i=1

ρZi
µ2
Zi

.

Proof. Item (1) (Correctness). Given a multivariate random variable Z, whose
probability density function pZ is known, in general the marginal density function
pZi of each Zi component, for i ∈ {1, . . . , n}, cannot be computed in an analytical
way. However, each pZi can be computed through the multivariate density function
pZ by projecting on the i-th component, as in Section 3.2.

As stated in Remark 3.1, AA can be used to compute the approximated expected
value µ̃Zi , for i ∈ {1, . . . , n}, by generating samplesof Zi through pZ . Then, both
AA and MAA compute the approximated expected value µ̃Zi , for i ∈ {1, . . . , n},
through pZ . We know from the item 1 of the AA-Theorem in [30] that Item (1)
holds component-wise for AA. This proves the correctness ofMAA.
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Item (2)(Probabilistic complexity). From the item 2 of the AA-Theorem in
[30], we have:

P[NZ
MAA ≤ n c Υ max{ ρZi

µ2
Zi

|i = 1, . . . , n}] = P[nmax{NZi |i = 1, . . . , n} ≤

n c Υ max{ ρZi
µ2
Zi

|i = 1, . . . , n}] = P[max{NZi |i = 1, . . . , n} ≤ c Υ max{ ρZi
µ2
Zi

|i =

1, . . . , n}] ≥ P[∀i ∈ {1, . . . n}[NZi ≤ cΥ
ρZi
µ2
Zi

]] =
∏n
i=1 P[NZi ≤ cΥ

ρZi
µ2
Zi

] ≥ (1− δ)n.
Item (3)(Expected value of complexity). As for AA, the complexity ofMAA

is defined in terms of the number NZ of samples of Z to be generated. We showed in
equation (3.8) that the complexity of AA to compute µ̃Z is given by n

∑n
i=1 E[NZi ].

In order to compute µ̃Z = (µ̃Z1 , . . . , µ̃Zn), MAA stops when no Zi requires
further sampling. Thus, for the expected value E[NZ

MAA] we have: E[NZ
MAA] =

nE[max{NZi |i = 1, . . . , n}] ≤ nE[
∑n
i=1NZi ] = n

∑n
i=1 E[NZi ] ≤ n

∑n
i=1(cΥ ρZi

µ2
Zi

) =

n c Υ
∑n
i=1

ρZi
µ2
Zi

.
�

3.6 Lower Bound to MAA complexity

In this section, we show that when marginal probability density functions are
known the straightforward multivariate AA (Remark 3.1) is optimal, whereas when
marginal probability density functions are not known, our MAA is more effi-
cient than AA (see Theorem 3.3). Thus, given a multivariate random variable
Z = (Z1, . . . , Zn), with Zi ∈ [0, 1], for i ∈ {1, . . . , n}, we define a lower bound to the
number of samples for any (ε, δ)-approximation algorithm to estimate µZ .

To formalize this lower bound, we first define the class of algorithms we consider.
Let Z be a multivariate random variable whose density function is pZ , mean is
µZ = (µZ1 , . . . , µZn) (with µZi > 0, for i ∈ {1, . . . , n}), and variance is σ2

Z =
(σ2

Z1 , . . . , σ
2
Zn). Let ρZ = (ρZ1 , . . . , ρZn), where ρZi = max(σ2

Zi , εµZi), for i ∈
{1, . . . , n}. Let BB be any algorithm that, on input (ε, δ), works as follows. BB takes
as input a sequence Z1, Z2, . . . of multivariate random variables i.i.d. according to
pZ . At any step k, BB receives one Zk and performs an experiment. The execution
time of BB is the number of experiments BB runs. BB stops running experiments
based on any given criteria. When BB stops, it returns an (ε, δ)-approximation
µ̃Z = (µ̃Z1 , . . . , µ̃Zn) of µZ . Note that AA as well as MAA fits in the above
described class of algorithms.

Theorem 3.3 provides a lower bound to the number of experiments BB must
perform (Υ below is as in Algorithm 5).

Theorem 3.3. Let BB be any algorithm that works as described above on input
(ε, δ) and on a multivariate random variable Z. Let µZ and σ2

Z be, respectively,
the mean and the variance of Z. Let µ̃Z be the approximation computed by BB and
let NZ

BB be the number of experiments performed by BB. Let us suppose that for
all Z with µZ > 0, the following properties hold:

(1) E[NZ
BB] <∞

(2) P[µZ(1− ε) ≤ µ̃Z ≤ µZ(1 + ε)] > 1− δ.
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Then, there exist a positive universal constant c s.t. for i ∈ {1, . . . , n}, and, for
all Z:

(1) if the marginal density functions pZ1 , . . . , pZn are known, then E[NZ
BB] ≥

cΥ
∑n
i=1

ρZi
µ2
Zi

;

(2) if the marginal density functions pZ1 , . . . , pZn are unknown, then E[NZ
BB] ≥

ncΥ max{ ρZi
µ2
Zi

|i = 1, . . . , n}.

Proof. From the Lower Bound Theorem of AA in [30] we know that there exist a
positive real number c such that for all i ∈ {1, . . . n} and for any distribution pZi
we have E[Ni

BB] ≥ cΥ ρZi
µ2
Zi

.
As for Item (1), that matches Remark 3.2, we have that:
E[NZ

BB] =
∑n
i=1 E[Ni

BB] ≥
∑n
i=1 cΥ

ρZi
µ2
Zi

= cΥ
∑n
i=1

ρZi
µ2
Zi

.
As for Item (2), that matches Remark 3.1, we have that:
E[NZ

BB] = nE[max{Ni
BB|i = 1, . . . , n}] ≥ nmax{E[Ni

BB]|i = 1, . . . , n} =
nmax{cΥ ρZi

µ2
Zi

|i = 1, . . . , n} = ncΥ max{ ρZi
µ2
Zi

|i = 1, . . . , n}.
�

Remark 3.4. From Item (3) of Theorem 3.2 and Item (2) of Theorem 3.3 we have:
ncΥ max{ ρZi

µ2
Zi

|i = 1, . . . , n} ≤ E[NZ
MAA] ≤ ncΥ

∑n
i=1

ρZi
µ2
Zi

.
Thus, although from Proposition 3.1 we have that MAA is strictly faster than

AA, we cannot conclude that MAA is optimal, unless n = 1 which is the case
studied in [30]. In Section 3.7.6 we show that both the Lower and the Upper Bounds
to E[NZ

MAA] can be attained, at some input instances.

3.7 Experimental Results
In this section we present experimental results to evaluate the complexity ofMAA
Algorithm 5 in terms of number of samples to be generated and of CPU time. We
present two case studies.

The first one (see Section 3.7.2 and Section 3.7.3) matches the Remark 3.3, and
aims at showing that when the marginal density functions are known one should
use AA through the algorithm outlined in Remark 3.2 (just AA in the following)
since it is optimal (Section 3.6).

The second one (see Section 3.7.4 and Section 3.7.5) matches the result of Propo-
sition 3.1 and aims at showing that when the marginal density functions are un-
known one should use ourMAA algorithm since it is faster than AA.

Furthermore, we perform a third experiment (see Section 3.7.6) that matches
the result in Remark 3.4, that is both the Lower Bound and the Upper Bound to
the expected value E[NMAA

Z ] can be attained.

3.7.1 Computational Environment

We implemented (multivariate) AA and our MAA in C. All experiments have
been carried out on a Cluster consisting of three nodes: one node is an Intel(R)
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Celeron(R) with a 2.27 GHz CPU, 2 cores and 4 GB RAM whereas the other two
nodes are both Intel(R) Xeon(R) with two 2.83 GHz CPU, 16 cores and 8 GB RAM.

3.7.2 Known Marginal Density Functions: Case Study

Let Z = (Z1, . . . , Zn) be a multivariate random variable s.t. each Zi component, for
i ∈ {1, . . . , n}, is distributed according to a known distribution. In our experiments
we choose the Beta distribution, that is a continuous probability distribution defined
on the interval [0, 1]. Then, Zi ∼ Beta(αi, βi), where αi > 0 and βi > 0, and pZi()
is the density function of the Beta Distribution (e.g., see [66]). For i ∈ {1, . . . , n},
the density function pZi is used to generate samplesof Zi. More details about the
Beta distribution are given in Section 3.7.2.1.

3.7.2.1 Beta Distribution Parameters

Let Z be a random variable following the Beta distribution [66], that is Z ∼
Beta(α, β), where α > 0 and β > 0. From the properties of the Beta distribu-
tion, we know that mean µZ and variance σ2

Z are computed as in equations (3.11)
and (3.12).

µZ = α

α+ β
(3.11)

σ2
Z = αβ

(α+ β)2(α+ β + 1) (3.12)

We want to select Z1, . . . , Zn univariate random variables s.t. their means
µ1, . . . , µn take values in the interval (0, 1). Accordingly, let us choose a = 0.1
and b = 0.9. Then, for i ∈ {1, . . . , n}, it holds:

µi = a+ b− a
n− 1(i− 1) (3.13)

From equation (3.13) it follows that: if i = 1 then µi = 0.1, if i = n then
µi = 0.9. The parameters αi and βi can be defined as functions of µi, as follows:

αi =
{

2 if µi ≤ 1/2
2( µi

1−µi ) if µi > 1/2
(3.14)

βi = αi(
1− µi
µi

) (3.15)

In the Figure 3.1, we show the values of α, β, µ and σ2 for the variables whose
index i corresponds, in percentage, to the fraction k/n, for k ∈ {1, . . . , n}. We
multiplied µ by 10 and σ2 by 300 in order to represent all the values with the same
scale. We observe that: µ grows as i grows; σ2 values are symmetric respect to
i = n/2; α decreases when i grows, β increases when i grows; α and β have the
same value when i = n/2.
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3.7.3 Known Marginal Density Functions: Results

We ran our experiments by choosing ε = δ = 10−2 both forMAA and AA. We took
as input a multivariate random variable Z = (Z1 . . . , Zn) s.t. each Zi ∼ Beta(αi, βi),
for i ∈ {1, . . . , n}. We choose probability densities for Z components by setting their
expected values, µZ1 , . . . , µZn as follows: µZ1 = 0.5 and µZi = 0.1, for i = 2, . . . n.

We choose different values for size n in the set {10, 20, . . . , 100}. We iterated
MAA for 10 times. Then, we computed the expected value µ and the standard
deviation σ of, respectively, the resulting number of samples NZ

MAA and the CPU
time (in seconds) elapsed, CPUZMAA. Our results forMAA are in Table 3.1.

NZ
MAA CPUZ

MAA

n µ σ µ σ
10 195536260 89152 2.16 0.005
20 782107120 327613 4.39 0.28
30 1760659740 673415 6.58 0.47
40 3.13021e+ 09 1.44318e+ 06 8.63 0.24
50 4.89078e+ 09 1.34344e+ 06 11 0.81
60 7.04403e+ 09 2.69477e+ 06 12.82 0.09
70 9.58954e+ 09 4.699e+ 06 15.12 0.35
80 1.2523e+ 10 4.02549e+ 06 17.39 0.86
90 1.58517e+ 10 5.89855e+ 06 19.34 0.41
100 1.95697e+ 10 8.77443e+ 06 21.84 1.17

Table 3.1. Mean µ and standard deviation σ of NZMAA and CPUZMAA, resulting from
experiments performed onMAA.

Let NZ1 and CPUZ1 be, respectively, the number of samplesgenerated by AA
for Z1 and the CPU time (in seconds) elapsed. As the other univariate random
variables Z2, . . . , Zn have the same mean value µ, the expected value for the number
of samplesgenerated (and, as a consequence, the CPU time) are the same for all of
them. Let NZ2 and CPUZ2 be, respectively, the number of samplesgenerated by
AA for Zi and the CPU time elapsed, for i ∈ {2, . . . , n}. The expected number of
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samplesgenerated by AA and the expected CPU time elapsed for Z are defined by
the following equations:

E[NZAA] = E[NZ1 ] + (n− 1)E[NZ2 ] (3.16)
E[CPUZAA] = E[CPUZ1 ] + (n− 1)E[CPUZ2 ] (3.17)

From the experimental results it holds that E[NZ1 ] = 438823, E[CPUZ1 ] =
0.0308741, E[NZ2 ] = 1951125.6, E[CPUZ2 ] = 0.1313634. The functions defined in
the Eq. 3.16 and 3.17 have the same trend, as shown in Figure 3.2. This confirms
that the number of samples is a reasonable complexity measure, as from Notation
3.1.
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Figure 3.2. Functions of the lines representing the expected values E[NZAA] and
E[CPUZAA], in seconds.

In Figure 3.3 we show the functions representing: the expected value E[NZ
MAA]

of the number of samplescomputed by AA; the expected value E[NZ
AA] of the

number of samplescomputed by MAA; the expected values of the CPU time
elapsed for both the algorithms. We observe that E[NZ

MAA] > E[NZ
AA] and

E[CPUZMAA] > E[CPUZAA]. This confirms optimality of (multivariate) AA in
this case (Section 3.6) and that there is no advantage in using MAA rather than
AA to compute µ̃Z when Z1, . . . , Zn probability density functions are known.

3.7.4 Unknown Marginal Density Functions: Case Study

Let Z = (Z1, . . . , Zn) be a multivariate random variable distributed according to
a known distribution. We performed our experiments by choosing the Dirichlet
Distribution, with proper parameters. Then, Z ∼ Dir(α) and pZ() is the density
function of the Dirichlet Distribution, used to generate samples of Z. More details
about the choice of the parameters of the Dirichlet distribution are given in the
next Section 3.7.4.1.
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3.7.4.1 Dirichlet Distribution Parameters

The Dirichlet Distribution is a family of continuous multivariate probability distri-
butions (see [72]). Let Z be a multivariate random variable distributed according
to the Dirichlet Distribution, that is Z ∼ Dir(α).

The vector α = (α1, . . . , αn) is the concentration parameter of the Dirichlet
distribution s.t.: αi > 0, for i ∈ {1, . . . , n}. Furthermore, it holds

∑n
i=1 zi = 1

and zi ∈ (0, 1). Let α0 =
∑n
k=1 αk. From the properties of Dirichlet distribution,

we know that the mean µZi and the variance σ2
Zi of each Zi are computed as in

equations (3.18) and (3.19).

µZi = αi
α0

(3.18) σ2
Zi = αi(α0 − αi)

α02(α0 + 1) (3.19)

Zi values obtained from the Dirichlet distribution depend on the choice of α.
We want that ∃Zi s.t. σ2

Zi be large. Therefore, we define, in equation (3.20), a
custom function f : N → R+ to generate the α vector components αi: f(i) = αi.
We want that α0 depends on the size of Z, thus we set α0 = n. From equation
(3.19) we observe that σ2

Zi attains its maximum value when αi = α0 − αi, that
is αi = α0/2 = n/2. Then, we set α1 = n/2. After that, we divide the other
α0 − 1 = n− 1 elements in two sets, among which we distribute the remaining n/2
quantity. Accordingly: a first set of a− 1 items, each one having as value a fraction
θ of n/2, that is a medium value; a second set of n − a items, each one having as
value a (1− θ) fraction of n/2, that is a small value.

f(i) =


n/2 if i = 1
θn2

1
a−1 , if i ∈ {2, . . . , a}

(1− θ)n2
1

n−a , if i ∈ {a+ 1, . . . , n}
(3.20)

In equation (3.21) we show that
∑n
i=1 f(i) = n, then

∑n
i=1 αi = n. In fact:
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n∑
i=1

f(i) = f(1) +
a∑
k=2

f(k) +
n∑

k=a+1
f(k) (3.21a)

= n

2 +
a∑
k=2

θ
n

2(a− 1) +
n∑

k=a+1
(1− θ) n

2(n− a) (3.21b)

= n

2 + (a− 1)θn2
1

a− 1 + (n− a)(1− θ)n2
1

n− a
(3.21c)

= n (3.21d)

After obtaining α, for each Zi we can compute the expected value µZi through
the formula in (3.18), and the variance σ2

Zi , through (3.19), as shown in equations
(3.22) and (3.23).

µZi =


1/2 if i = 1

θ
2(a−1) if i ∈ {2, . . . , a}

1−θ
2(n−a) if i ∈ {a+ 1, . . . , n}

(3.22)

σ2
Zi =


1

4(n+1) if i = 1
2θ(a−1)−θ2

4(a−1)2(n+1) if i ∈ {2, . . . , a}
2(1−θ)(n−a)−(1−θ)2

4(n−a)2(n+1) if i ∈ {a+ 1, . . . , n}
(3.23)

We want that Z1 variance σ2
Z1 is bigger than the variance of the other compo-

nents. Then, we arbitrarily set a = min(n/2, 100) and θ = 1/2, as we want θ ∈ (0, 1)
and, thus, we obtain the following values of µZi and σ2

Zi , for i ∈ {1, . . . , n}:

µZi =


1/2 if i = 1

1
2(n−2) if i ∈ {2, . . . , n/2}
1

2n if i ∈ {n/2 + 1, . . . , n}
(3.24)

σ2
Zi =


1

4(n+1) if i = 1
2n−5

4(n−2)2(n+1) if i ∈ {2, . . . , n/2}
2n−1

4n2(n+1) if i ∈ {n/2 + 1, . . . , n}
(3.25)

As evidenced by equation (3.25), σ2
Zi and σ2

Zj are similar, for i ∈ {2, . . . , n/2}
and j ∈ {n/2 + 1, . . . , n}. In fact:

lim
n→inf

σ2
Zi

σ2
Zj

= 1 (3.26)

On the contrary, Z1 variance is leading respect to the variance of the other
components. In fact:

lim
n→inf

σ2
Zi

σ2
Z1

= 0 , for i ∈ {2, . . . , n/2} (3.27a)

lim
n→inf

σ2
Zi

σ2
Z1

= 0 , for i ∈ {n/2 + 1, . . . , n} (3.27b)
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This result is shown also from the ratio of variance values in pairs, represented in
Figure 3.4.
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3.7.5 Unknown Marginal Density Functions: Results

We ran our experiments by choosing different values of (ε, δ) parameters for both
MAA and (multivariate) AA and by taking as input a multivariate random variable
Z of size n. For each n ∈ {2, 5, 10, 15, 20, 25, 30}, we iteratedMAA and AA for 10
times. Then, we computed the expected value µ and the standard deviation σ of
the number of samples and of the CPU time (in seconds) elapsed. Our results for
MAA are in Table 3.2 and for AA are in Table 3.3.

We fixed the maximum execution time to 1 day, after which we stopped the
experiment and saved the number of samples and the CPU time. We observe that
the CPU time increases as the size of Z increases and as ε and δ decrease. By
comparing the results in Table 3.3 with the results in Table 3.2, it comes out that
E[NZ

AA]/E[NZ
MAA] ∼ n and E[CPUZAA]/E[CPUZMAA] ∼ n.

In Table 3.4 we show the results about: the ratios, respectively, of the expected
values and the standard deviations of the number of samples generated from AA
and the number of samples generated from MAA; the ratios, respectively, of the
expected values and the standard deviations of the CPU time (in seconds) elapsed
for AA and forMAA. As from Theorem 3.2, it holds that E[NZ

AA]/E[NZ
MAA] ∼ n

and, as a consequence, E[CPUZAA]/E[CPUZMAA] ∼ n.
To further explore the performance of MAA, we executed other experiments

on multivariate random variables of (large) size n in {100, . . . , 1000}. We choose
ε = δ = 10−2 and we executed both MAA and AA for only one time. When an
algorithm required more than 1 day of execution, we choose not to run it. The
experimental results in Table 3.5 show that: in many more cases the CPU time
elapsed forAA is over 1 day; in the only case whereAA stops before one day, it holds
that (as from Theorem 3.2) NZ

AA ∼ n×NZ
MAA and CPUZAA ∼ n×CPUZMAA.
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NZ
MAA CPUZ

MAA

n ε, δ µ σ µ σ

2
10−2, 10−2 1.74499e+ 06 6004.4 0.15 0.0006
10−2, 10−3 2.47727e+ 06 7291.16 0.19 0.003
10−2, 10−4 3.22877e+ 06 6110.68 0.26 0.013

5
10−2, 10−2 1.46106e+ 07 22712.5 2.2 0.004
10−2, 10−3 2.08052e+ 07 26331.2 3.05 0.023
10−2, 10−4 2.69946e+ 07 46553.4 3.99 0.064

10
10−2, 10−2 4.29281e+ 07 39780.7 6.13 0.0104
10−2, 10−3 6.11994e+ 07 77270 8.09 0.064
10−2, 10−4 7.95835e+ 07 70101.2 10.54 0.13

15
10−2, 10−2 9.75433e+ 07 73276.8 18.29 0.05
10−2, 10−3 1.39328e+ 08 62269.3 25.83 0.303
10−2, 10−4 1.81203e+ 08 63831 33.37 0.12

20
10−2, 10−2 1.57604e+ 08 70556.8 22.92 0.06
10−2, 10−3 2.25298e+ 08 74570.8 30.64 0.28
10−2, 10−4 2.93051e+ 08 71283.6 39.95 0.54

25
10−2, 10−2 2.51116e+ 08 114838 48.10 0.93
10−2, 10−3 3.59141e+ 08 115617 67.69 1.403
10−2, 10−4 4.67235e+ 08 129522 87.79 0.36

30
10−2, 10−2 3.42959e+ 08 63059.1 50.25 0.31
10−2, 10−3 4.90665e+ 08 104208 66.96 0.28
10−2, 10−4 6.38364e+ 08 64180.2 88.75 4.49

Table 3.2. Mean µ and standard deviation σ of number of samples and CPU time (in
seconds) elapsed resulting from experiments performed onMAA.

3.7.6 Lower and Upper Bounds: Results

In this section we show the experimental results proving that both the Lower Bound
in Item (2) of Theorem 3.3 and the Upper Bound in Item (3) of Theorem 3.2 to
E[NZ

MAA] can be attained, at some input instances.
First, we choose a multivariate random variable Z = (Z1, . . . , Zn) distributed

according to the Dirichlet Distribution, by choosing the same parameters as in Sec-
tion 3.7.4.1. We show that, under these conditions, the Upper Bound to E[NZ

MAA]
is attained (see eq. 3.28), while the Lower Bound is not (see eq. 3.29).

lim
n→∞

E[NZ
MAA]

n
∑n
i=1

ρZi
µ2
Zi

is finite (3.28)

lim
n→∞

E[NZ
MAA]

nmax{ ρZi
µ2
Zi

|i = 1, . . . , n}
is ∞ (3.29)

See Figure 3.5 showing these results.
Second, we choose Z ∼ Dir(α) with the concentration parameter α = (α1, . . . , αn)

s.t. αi = 1 and, for i ∈ {1, . . . , n}. Thus, α0 =
∑n
k=1 = n. By running MAA to

compute the expected value of this multivariate random variable, the Lower Bound
to E[NZ

MAA] is attained (see eq. 3.30), but the Upper Bound is not (see eq. 3.31).
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NZ
AA CPUZ

AA

n ε, δ µ σ µ σ

2
10−2, 10−2 2.45664e+ 06 2395.04 0.19 0.17
10−2, 10−3 3.50445e+ 06 7429.58 0.29 0.006
10−2, 10−4 4.52634e+ 06 7639.66 0.337 0.002

5
10−2, 10−2 5.04413e+ 07 51296.8 7.33 0.07
10−2, 10−3 7.19403e+ 07 96836.5 10.64 0.09
10−2, 10−4 9.33048e+ 07 66818.6 13.5 0.27

10
10−2, 10−2 3.54633e+ 08 182911 46.25 1.53
10−2, 10−3 5.06222e+ 08 217414 70.61 0.07
10−2, 10−4 6.57925e+ 08 192921 85.45 1.73

15
10−2, 10−2 1.22159e+ 09 269794 225.33 6.01
10−2, 10−3 1.74629e+ 09 353977 321.4 0.35
10−2, 10−4 2.27087e+ 09 695214 414.9 5.75

20
10−2, 10−2 2.85494e+ 09 583383 385.46 12.76
10−2, 10−3 4.08209e+ 09 847826 581.84 2.96
10−2, 10−4 5.31017e+ 09 532720 712.81 16.99

25
10−2, 10−2 5.60223e+ 09 580161 1041.31 5.1
10−2, 10−3 8.0147e+ 09 1102402 1510.04 24.95
10−2, 10−4 1.04266e+ 10 917583 1945.88 20.09

30
10−2, 10−2 9.62337e+ 09 1286080 1307.92 36.11
10−2, 10−3 1.37711e+ 10 841766 1972.38 3.98
10−2, 10−4 1.79187e+ 10 1858160 2424.42 30.18

Table 3.3. Mean µ and standard deviation σ of number of samples and CPU time (in
seconds) elapsed resulting from experiments performed on AA.

lim
n→∞

E[NZ
MAA]

nmax{ ρZi
µ2
Zi

|i = 1, . . . , n}
is finite (3.30)

lim
n→∞

E[NZ
MAA]

n
∑n
i=1

ρZi
µ2
Zi

= 0 (3.31)

These results are shown in Figure 3.6.

3.8 Conclusions

We addressed the problem of computing in an efficient way an (ε, δ)-approximation
µ̃Z of the expected value of a multivariate random variable Z = (Z1, . . . , Zn). When
the marginal probability densities for Z are known a straightforward multivariate
version of the Monte Carlo-based algorithm AA from [30] solves our problem. How-
ever, when marginal probability densities for Z are not known such a multivariate
AA does not yield an optimal (as for number of samples) algorithm.

We presented an efficient algorithmMAA to compute an (ε, δ)-approximation
µ̃Z of the expected value of a multivariate random variable Z = (Z1, . . . , Zn) when
marginal probability densities for Z are not known. For MAA we presented cor-
rectness and an Upper Bound to the complexity (given in terms of the number of
generated samples). Furthermore, we gave a Lower Bound to the expected number
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n ε, δ E[NZ
AA]

E[NZ
MAA]

σ(NZ
AA)

σ(NZ
MAA)

E[CPUZ
AA]

E[CPUZ
MAA]

σ(CPUZ
AA)

σ(CPUZ
MAA)

2
10−2, 10−2 1.41 0.004 1.26 0.111
10−2, 10−3 1.41 0.005 1.52 0.044
10−2, 10−4 1.40 0.004 1.32 0.064

5
10−2, 10−2 3.45 0.007 3.32 0.032
10−2, 10−3 3.46 0.005 3.49 0.047
10−2, 10−4 3.46 0.007 3.38 0.1

10
10−2, 10−2 8.26 0.007 7.54 0.25
10−2, 10−3 8.27 0.012 8.73 0.071
10−2, 10−4 8.27 0.007 8.11 0.11

15
10−2, 10−2 12.52 0.009 12.32 0.337
10−2, 10−3 12.53 0.005 12.44 0.15
10−2, 10−4 12.53 0.004 12.43 0.15

20
10−2, 10−2 18.11 0.008 16.81 0.56
10−2, 10−3 18.12 0.008 18.99 0.19
10−2, 10−4 18.12 0.005 17.84 0.52

25
10−2, 10−2 22.31 0.009 21.65 0.456
10−2, 10−3 22.31 0.007 22.31 0.6
10−2, 10−4 22.31 0.006 22.16 0.27

30
10−2, 10−2 20.06 0.005 26.03 0.781
10−2, 10−3 28.07 0.006 29.45 0.136
10−2, 10−4 28.07 0.003 27.32 1.36

Table 3.4. This table shows that E[NZAA]/E[NZMAA] ∼ n and, as a consequence,
E[CPUZAA]/E[CPUZMAA] ∼ n.
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MAA AA
n ε, δ NZ CPUZ NZ CPUZ

100 10−2, 10−2 3.61945e+ 09 477.97 seconds 3.546e+ 09 50750.66 seconds
200 10−2, 10−2 1.44761e+ 10 0.81 hours n.a. > 24 hours
300 10−2, 10−2 4.3428e+ 10 3.07 hours n.a. > 24 hours
400 10−2, 10−2 8.68432e+ 10 3.88 hours n.a. > 24 hours
500 10−2, 10−2 1.44742e+ 11 6.9 hours n.a. > 24 hours
600 10−2, 10−2 2.17099e+ 11 10.64 hours n.a. > 24 hours
700 10−2, 10−2 3.03952e+ 11 15.1 hours n.a. > 24 hours
800 10−2, 10−2 4.05259e+ 11 20.77 hours n.a. > 24 hours
900 10−2, 10−2 5.21015e+ 11 26.4 hours n.a. > 26.4 hours
1000 10−2, 10−2 6.51272e+ 11 33.27 hours n.a. > 33.27 hours

Table 3.5. Number of samples generated and CPU time elapsed resulting from experiments
performed onMAA and AA on a multivariate random variable of big size.
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Figure 3.5. Sampling from a multivariate random variable Z ∼ Dir(α) s.t. α vector is
chosen as in Section 3.7.4.1, the Upper Bound to E[NZMAA] is attained but the Lower
Bound is not. In fact, the function in purple represents the ratio in eq. 3.28 that tends
to a finite value, while the function in green represents the ratio in eq. 3.29, that tends
to infinity.

of samples for any (ε, δ)-approximation algorithm estimating the expected value of a
multivariate random variable. Then, we presented experimental results confirming
our evaluations.

We implemented both multivariate AA andMAA and evaluated their perfor-
mance. Our experimental results show that, as to be expected, when marginal
density functions are known, there is no advantage, in terms of number of samples,
in usingMAA rather than AA to compute µ̃Z . On the other hand, when marginal
density functions are not known, MAA is strictly faster than multivariate AA,
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Figure 3.6. Sampling from a multivariate random variable Z ∼ Dir(α) s.t. for each α
vector component it holds αi = 1 and, for i ∈ {1, . . . , n}, the Lower Bound to E[NZMAA]
is attained but the Upper Bound is not. In fact, the function in green represents the
ratio in eq. 3.30 that tends to a finite value, while the function in purple represents the
ratio in eq. 3.31, that tends to zero.

when n ≥ 2, and, at some input instances, can as much as n times faster than AA.
Finally, there exist multivariate density functions s.t. the presented Upper

Bound and Lower Bound to E[NMAA
Z ] can be attained.
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Chapter 4

A Mechanistic Model for
Retweet Dynamics

In this section we present our contribution to the estimation of a probability distri-
bution parameters in the field of predictive models.

The content of this section is related to the paper A Mechanistic Model for
Retweet Dynamics (authors: A. Pappagallo, A.Massini and E.Tronci) that will be
submitted.

4.1 Introduction

Nowadays web platforms offering microblogging and social services are used by bil-
lions of people, with very different age, gender, education, or nationality. These
systems, better known as social networks, provide users with several kinds of activi-
ties. For example, a user can just read up-to-date information, or share news, video,
images. He can interact with other users all around the world, by giving them feed-
back or sharing his posts to show interest in his activity. Users’ goals when using
social networks may be of different natures, e.g., professional, recreational.

In this work, we focus on Twitter that in the last years has gathered the in-
terest of an increasing number of firms, politicians, organizations, and even public
institutions. This exponential growth of interest is due to the availability of a large
amount of user-contributed data enabling almost real-time social data analytics. In
a Twitter network, users can be followers or followees and they can post messages,
called tweets, that can be sent or re-shared (retweeted).

In such a context, studying the dynamics of the information spread inside the
Twitter network and the interactions among users is very important for many rea-
sons, such as: to understand users trends, to do marketing campaigns, to exercise
political influence, to detect potentially malicious behaviors. It turns out that is
crucial predicting how responsive a user is to a message spread into the network.
More in details, it is very useful to know how many times a user (or set of users)
will retweet, on average, a message (e.g., [65]).
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4.1.1 Contributions

We propose a mechanistic model for the dynamics of the retweeting rate of a mes-
sage inside a Twitter network, along with a model validation methodology. More
specifically, our contributions are the following.

First, we develop a discrete-time dynamical system modeling the retweeting
mechanism of Twitter. Second, we model the behavior of the users participating in
a Twitter network as a stochastic variable and we compute its parameters (mean
and variance) from an available dataset. This, together with the above mentioned
discrete-time system, allows us to define a model to predict the time evolution of
the expected value of the retweeting rate for each user in the network. Our model
is mechanistic and identifiable, as it is built on top of identifiable parameters.

Third, we validate our model with respect to real data taken from a Twitter
dataset. We show that our model predicts, for each user and for each message: the
average retweeting rate for all the time slots in a time frame; the retweets number
and the retweeting users at a certain time and until a certain time. Furthermore,
our model allows computing some error measures, e.g., RMSE and MAPE, both for
a single node (user) and for an arbitrary set of nodes.

Our experimental results about new messages spread into the network show
that our model predicts the qualitative time behavior and also, reasonably well, the
quantitative time behavior. Furthermore, with a probability of 80% the MAPE of
the average retweeting rate is between [0, 50%], while the maximum MAPE value
of the retweeting users’ number is between [0.39, 4.6]. Finally, the expected value
of the MAPE of the average retweeting rate computed for a set containing all the
network nodes is in the range [9.7%, 39%].

4.1.2 Related Work

Prediction of the re-sharing rate in a social network has been widely studied in the
last years.

In [135] a probabilistic collaborative filtering model to predict individual retweets
in Twitter is developed. This model performs a pairwise prediction of the retweeting
of a specific message, within one hour. In [96] a model to predict if a message will
be retweeted or not is presented. Their model works through a machine learning
approach based on a passive-aggressive algorithm. However, the aim here is to
perform a binary classification task, rather than to estimate a value. The work
in [43] proposes an extended reinforced Poisson process model for the retweeting
dynamics of a message in the early stages of its spreading. The aim is to predict
the future popularity of a message. In [136] and [71] a statistical model based on
the theory of the self-exciting point processes is presented. The focus is, again,
on predicting the popularity of a tweet, in terms of its final retweet count in a
considered time frame. Ma et al. in [79] define a mechanistic model of spreading,
accounting the network structure of Twitter and behavioral patterns, obtained by
an empirical analysis of a dataset. They show that there exist a close relationship
between the spreading sub-network structure and the final number of retweets.
Their model allows predicting the final popularity using the out-degree distribution
of the retweet tree during the early stage of spreading. The work in [44] addresses
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the problem of identifying how memes (hashtag or URL within a tweet) emerge and
concur in social networks. They provide a model for on-line sharing behavior that is
analytically tractable and accounts the memory time of users and the connectivity
structure of the social network.

Summing up, the aforementioned works have used different types of models to
predict the popularity of a message. However, to the best of our knowledge, no
models are available for the time evolution, at the node level, of the retweeting rate
of a message inside the Twitter network.

Furthermore, there exist literature focusing on the identification of influential
users in a social network. The works in [58] and [45] mainly use the knowledge of
the underlying network topology. In [58] and [4] the influence of users in Twitter is
quantified by different influence measures and various centrality measures. In [19]
they present an unsupervised algorithm to identify a set of influential users in a
social network by exploiting the temporal sequence of retweets in Twitter cascades.

Despite these works have dealt with the analysis of the most active users activity
in a social network, our model allows predicting the average retweeting rate in the
network, at a certain time, both at the node level and at the set of users level.

4.2 Background
In this section we characterize Twitter as a follow graph [89], that is a directed
graph G = (V,E) where: V is the set of users; E is the set of edges (i, j), each
one representing the follow relationship between the user i (follower) and the user
j (followee). Let Nodes = V be the set, of size n, containing all users identifiers.
In the Twitter scenario, shown in Figure 4.1, users may tweet or re-tweet instances
(tweets) of messagesm ∈M. LetM be the set of messages spread into the network.
In our setting, we consider different tweets of the same message as equal to each
other.

In the rest of the sections we will consider a snapshot of Twitter, included in a
time frame T ⊂ N+ of about 12 days, that will be discussed in Section 4.8.1. We
consider the time frame T as made up of bins, each one made up of time slots k of
size τ (e.g., τ may be one hour). Let [k] be the bin containing the time slot k. Let
∆ be the size of each bin, i.e. |[k]| = ∆. Let bin(k) = b k∆c be the identifier of [k].

4.3 Notation
In Table 4.1 we summarize the notation used along the sections.

4.4 Overview
In the next sections, we are going to present our strategy to estimate the expected
value of the retweeting rate of a message m, spread into the Twitter network, for
each user and for each time slot. Our strategy consists of the following steps:

• We define a user model (see Section 4.5.1) to compute the retweeting rate of
the message m between a user and each one of its followees, for each time slot
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Figure 4.1. Twitter network made up of (follower,followee) pairs, such as (i, j)

Symbol Description
m message taken from a setM
k time slot
τ size of the time slot k
[k] bin containing the time slot k
∆ number of time slots in a bin, i.e., |[k]|
d delay, with values in 0, . . . , D.

|d| = τ , i.e., the same size of k
i user i corresponding to a node of the network.

i ∈ Nodes
(i, j) pair of (follower,followee) in the network
Xi,m(k) re-tweeting rate of m, for user i at

the time slot k
X̄i,m(k) average retweeting rate of m, for user i at the time

slot k
Ami,j,d(k) retweeting rate of m, for user i from its followee j,

with delay d, at the time slot k
Āi,j,d([k]) expected value of each Ami,j,d(k),

depending only on the bin [k]
∆i,m(k) error on Xi,m(k)
V ar(Ai,j,d([k])) variance of each Ami,j,d(k),

depending only on the bin [k]
Table 4.1. List of symbols
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k. This model will be represented as a stochastic variable;

• We compute the user model parameters (see Section 4.6), i.e., mean and
variance, from an available dataset providing a huge number of observations
and, thus, high statistical confidence about the parameters;

• We define a retweeting rate stochastic model (see Section 4.5.2) for each user
i, for each message m and for each time slot k. This model is built on the
previously described user model;

• Building on the previous model, we define an average retweeting rate model
(see Section 4.5.3). This is a discrete-time system that will be simulated for a
certain number of time slots, to predict the average retweeting rate of a new
message spread into the network.

4.5 Twitter Model

In this section, we present our model of the dynamics of the Twitter network. More
specifically, we model the time evolution of the retweeting rate of a message for each
user of the network. Our model is built on a stochastic input, namely a random
variable representing the interaction between a pair of users.

First of all, in Section 4.5.1, we introduce a model for the stochastic input, which
is a user (follower) model, for each pair of (follower, followee). In the next sections,
we present the mechanistic model of the retweeting rate of each Twitter network
node, based on the user model. Then, as we are interested in estimating the expected
value of the retweeting rate of each node, we define an average retweeting rate model.
Finally, we define an error model that, for each node and each message, computes
the difference between the predicted average retweeting rate and the actual rate.
We will show that the expected value of the error is null because we have only one
observation of the global retweeting activity of the Twitter subnetwork available
from the dataset.

4.5.1 User Model

In this section, we define a model for the behavior of each user i ∈ Nodes with
respect to a specific message m ∈M and delay d = 0, . . . , D.

Accordingly, let Fi = {α(i, 1), . . . , α(i, β(i))} be the set of user i followees. Let
tm0 be the first time slot when m is posted on Twitter. Let Ami,j,d(tm0 +k), for j ∈ Fi,
be a random variable modeling the rate of instances of m that user i retweets, with
delay d, at the time slot tm0 + k and received from his followee j at the time slot
k − d.

Remark 4.1. The time slot tm0 , for each message m ∈M, has to be aligned to the
first day of the time frame T , as below:

tm0
∗ = tm0 −

⌊ tm0
24
⌋
24 (4.1)



54 4. A Mechanistic Model for Retweet Dynamics

In order to ease the reading, we denote Ami,j,d(tm0 + k) with Ami,j,d(k).
More informally, Ami,j,d(k) represents the interaction between the pair (i, j) of

(follower, followee) for a time slot k and a delay d. Let pmi,j,d(k, a) be the probability
density function of the Ami,j,d(k) random variable, generating values a ∈ [0, 1]. We
make the hypothesis that the density function of each Ami,j,d(k) does not depend on
the message m and that for two time slots k and k′ in the same bin [k], Ami,j,d(k)
and Ami,j,d(k′) have the same density function. Thus we denote as pi,j,d([k], a) the
density function of all the Ami,j,d(k) random variables.

This implies that the expected value of Ami,j,d(k) variable depends only on the
bin [k] and has to be computed as in eq. 4.2.

E[Ami,j,d(k)] = 1
|M

1
|[k]|

∑
m∈M

∑
k∈[k]

Ami,j,d(k) = Āi,j,d([k]) (4.2)

Furthermore, as we can reasonably assume that a pair (i, j) interacts indepen-
dently from any other pair (p, q) of (follower, followee), we make the hypothesis that
the Ami,j,d(k) variables are independent for different (i, j) pairs. This hypothesis is
acceptable if we observe each Ami,j,d(k) variable for a long enough time.

Let Amd (k) = {Ami,j,d(k)|i ∈ Nodes, j ∈ Fi, d = 0, . . . , D} be the vector of all
Ami,j,d(k) at the time slot k, that is the kth extraction of values from all the pi,j,d([k], a)
density functions. Amd (k) represents the model of all the users at the time slot k,
for a delay d. We will denote Amd (k) with Am(k), as it holds for all d = 0, . . . , D.

Regarding the behavior of a pair (i, j) of (follower,followee), we can assume that
what i retweets from j at a time slot k does not depend on what i retweeted in the
past time slots. Then, the users are modeled as a memoryless stochastic process.
Formally, we require that:

P[Am(k + 1)|Am(k), Am(k − 1), . . . , Am(0)] = P[Am(k + 1)] (4.3)

From the above eq. 4.3 it follows that, for each time slot k, Am(k+ 1) does not
depend on Am(0), . . . , Am(k).

The user model so far defined will be used as a stochastic input for the mecha-
nistic model of the network, that will be presented in the next section.

4.5.2 Retweeting Rate Dynamic Model

So far we have introduced the model Ami,j,d(k) for the retweeting rate of the follower
i, at the time slot k, from the followee j with delay d. Now, for each network node
i ∈ Nodes, we are going to define a retweeting rate model built on Ami,j,d(k), for
each followee j ∈ Fi.

Definition 4.1. For each node i ∈ Nodes and each message m ∈ M, we define
Xi,m(k) ∈ R as the re-tweeting rate of a message m from user i at the time slot k.

Let Zm,i(k) be the number of instances of m retweeted from user i until the time
slot k. Then, it holds:

Xi,m(k) = Zm,i(k + 1)− Zm,i(k)
τ

(4.4)

.
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Remark 4.2. Xi,m(k) stands for Xi,m(tm0 + k), where tm0 is the first time when the
message m is spread into the network (as already said for Ami,j,d(k) in the previous
Section 4.5.1).

Remark 4.3. Xi,m(k) represents the state of node i at the time slot k.

In order to know how node i state is updated from the time slot k to the next
time slot k + 1, we need to define a model of Xi,m(k), as in eq. 4.5. This model
is stochastic because it depends on the random variable Ami,j,d(k), representing the
input and defined in Section 4.5.1.

Xi,m(k + 1) =
D∑

j∈Fi,d=0
Ami,j,d(k)Xj,m(k − d) (4.5)

The eq. 4.5 means that the re-tweeting rate of user i at the time slot k + 1,
depends on what i re-tweeted from j in the previous time slot k, represented by
Ami,j,d(k), and on what each followee j ∈ Fi, retweeted in the past (i.e., Xj,m(k−d))
time slots.

Remark 4.4. Xi,m(0), . . . , Xi,m(D) are random variables whose values are taken
from a set of initial rates.

We want to prove that Xi,m(k) is statistically independent from Ami,j,d(k), for
the time slot k, for j ∈ Fi and for d = 0, . . . , D.

Theorem 4.1. Xi,m(t) is statistically independent from Ami,j,d(k), for each time slot
k, for each delay d = 0, . . . , D, for each followee j ∈ Fi and for each time slot t,
s.t. t ≤ k. Formally:

P(Xi,m(t) = x|Ami,j,d(k) = a) = P(Xi,m(t) = x) (4.6)

The proof of Theorem 4.1 is given in Appendix A.

4.5.3 Average Retweeting Rate Dynamic Model

In the previous section, we introduced the model Xi,m(k) for each state of the net-
work. We could use this model to perform many Monte Carlo simulations and finally
computing the mean value of the results, to obtain the average re-tweeting rate of
message m ∈ M for user i at the time slot k. But as we want to avoid the expen-
sive Monte Carlo-based approach, we introduce the average retweeting rate model
X̄i,m(k), that is the discrete-time model described in the following Theorem 4.2.

From Theorem 4.1 it holds that Ami,j,d(k) and Xi,m(k) are statistically indepen-
dent random variables. Then, in the model Xi,m(k) in eq. 4.5, it holds that Ami,j,d(k)
and Xj,m(k) are s.i. random variables, for each j ∈ Fi.

Theorem 4.2. Let Āi,j,d([k]) be the expected value of the random variable Ami,j,d(k).
Then:

X̄i,m(k + 1) =
D∑

j∈Fi,d=0
Āi,j,d([k])X̄j,m(k − d) (4.7)
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The proof of Theorem 4.2 is in Appendix B.
The average model X̄i,m(k) allows computing the expected value of the retweet-

ing rate of user i at the time slot k with only one simulation.
Furthermore, we observe that there is no need to know the probability distribu-

tion of each random variable Ami,j,d(k), because only its expected value Āi,j,d([k]) is
used in the computation.

4.5.4 Error Dynamic Model

In this section we define the error model (eq. 4.8) to compute the difference between
the average retweeting rate X̄i,m(k) and the rate Xi,m(k) resulting from the models,
respectively in 4.7 and in 4.5.

∆i,m(k) = Xi,m(k)− X̄i,m(k) (4.8)

Let us consider the time slot k + 1. Let εmi,j,d(k) = Ami,j,d(k) − Āi,j,d([k]) be the
distance between the random variable Ami,j,d(k) value and its expected value. It
holds:

∆i,m(k + 1) = Xi,m(k + 1)− X̄i,m(k + 1) (4.9)

=
D∑

j∈Fi,d=0
Ami,j,d(k)Xj,m(k − d)−

D∑
j∈Fi,d=0

Āi,j,d([k])X̄j,m(k − d)

=
D∑

j∈Fi,d=0
(Āi,j,d([k]) + εmi,j,d(k))Xj,m(k − d)

−
D∑

j∈Fi,d=0
Āi,j,d([k])X̄j,m(k − d)

=
D∑

j∈Fi,d=0
Āi,j,d([k])(Xj,m(k − d)− X̄j,m(k − d))

+
D∑

j∈Fi,d=0
εmi,j,d(k)Xj,m(k − d)

=
D∑

j∈Fi,d=0
Āi,j,d([k])∆j,m(k − d) +

D∑
j∈Fi,d=0

εmi,j,d(k)Xj,m(k − d)

4.5.4.1 Average Error Dynamic Model

We prove that the expected value of the error defined in eq. 4.8 is null. First of all,
we show, in eq. 4.10, that the expected value of εmi,j,d(k), defined in the previous
section, is null.

E[εmi,j,d(k)] = E[Ami,j,d(k)− Āi,j,d([k])] (4.10)
E[εmi,j,d(k)] = Āi,j,d([k])− Āi,j,d([k])
E[εmi,j,d(k)] = 0
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It follows that:

E[∆i,m(k + 1)] = E[
D∑

j∈Fi,d=0
Āi,j,d([k])∆j,m(k − d) +

D∑
j∈Fi,d=0

εmi,j,d(k)Xj,m(k − d)](4.11)

=
D∑

j∈Fi,d=0
Āi,j,d([k])E[∆j,m(k − d)] +

D∑
j∈Fi,d=0

E[εmi,j,d(k)Xj,m(k − d)]

=
D∑

j∈Fi,d=0
Āi,j,d([k])E[∆j,m(k − d)] +

D∑
j∈Fi,d=0

E[εmi,j,d(k)]E[Xj,m(k − d)]

=
D∑

j∈Fi,d=0
Āi,j,d([k])E[∆j,m(k − d)] (4.12)

Proposition 4.1. E[∆i,m(k)] = 0, for each i ∈ Nodes and for each time slot k.

The proof of Proposition 4.1 is given in Appendix C.

4.6 Computing User Model Parameters from Data

In Section 4.5.2 we introduced the model Xi,m(k) for the retweeting rate of each
user i of the Twitter network. But we don’t have discussed how the stochastic
input Ami,j,d(k), representing the user model, is built. In Section 4.5.1 we said that
for all messages m ∈ M and for all the time slots k in the same bin, the Ami,j,d(k)
random variables are i.i.d. More formally, these Ami,j,d(k) are sampled from the same
probability density function pi,j,d([k], a).

Note that pi,j,d([k], a) is unknown a priori. However, we are able to compute
Ami,j,d(k) parameters, that is the mean Āi,j,d([k]) and the variance V ar(Ai,j,d([k])),
from an available dataset (see Section 4.8.1).

Remark 4.5. As well as the expected value Āi,j,d([k]), also the variance of the
Ami,j,d(k) random variable is computed for all messages m ∈M and depends only on
the bin [k]. Thus, we denote this variance as V ar(Ai,j,d([k])).

First of all, we need to compute Ami,j,d(k), for each pair (i, j) of (follower, fol-
lowee), for m ∈ M, for d = 0, . . . , D and for the time slot k. Each time slot may
represent one hour or a subset of hours in the time frame T . Thus, let us define
Xi,m(k) through a new variable Wm

i,j(k), defined in eq. 4.14, representing the rate
of messages retweeted by i at the time slot k and received from j, as below.

Xi,m(k) =
∑
j∈Fi

Wm
i,j(k) (4.13)

Wm
i,j(k) =

D∑
d=0

Ami,j,d(k)Xj,m(k − d) (4.14)

Let us replace each addend in the summation of eq. 4.14 with the random
variable Wm

i,j,d(k), defined in eq. 4.15. This variable is the rate of instances of
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message m ∈ M received from j and retweeted by i at the time slot k with delay
d. Wm

i,j,d(k) is available from the dataset.

Wm
i,j,d(k) = Ami,j,d(k)Xj,m(k − d) (4.15)

Note that Ami,j,d(k) in eq. 4.15 represents a fraction of the rate of instances of
m ∈M retweeted by user j at the time slot k−d. Then, Ami,j,d(k) can be computed
from the dataset as in eq. 4.16.

Ami,j,d(k) =
Wm
i,j,d(k)

Xj,m(k − d) (4.16)

Summing up, by replacing Wm
i,j,d(k) in eq. 4.14 and than, backwards, Wm

i,j in eq.
4.13, we obtain:

Wm
i,j(k) =

D∑
d=0

Wm
i,j,d(k) (4.17)

Xi,m(k) =
∑
j∈Fi

D∑
d=0

Wm
i,j,d(k) (4.18)

=
∑
j∈Fi

D∑
d=0

Ami,j,d(k)Xj,m(k − d) (4.19)

Now that we know how to compute Ami,j,d(k), that is our sample, we are interested
in computing the sample mean, Āi,j,d([k]), and the sample variance V ar(Ai,j,d([k])).

In order to compute Āi,j,d([k]), we need to sum all Ami,j,d(k) values for all the
time slots in the bin [k] and for all messages, and then to divide by the number of
messages and by the size of the bin, i.e., ∆, as below:

Āi,j,d([k]) = 1
|M |∆

∑
m∈M

∑
h∈[k]

Wm
i,j,d(h)

Xj,m(h− d) (4.20)

As well, V ar(Ai,j,d([k])) can be computed as in the following eq. 4.21:

V ar(Ai,j,d([k])) = E[(Ami,j,d(k))2]− [Āi,j,d([k])]2 (4.21)

In eq. 4.21 we already know [Āi,j,d([k])]2, from eq. 4.20. While E[(Ami,j,d(k))2]
can be computed as in eq. 4.22

E[(Ami,j,d(k))2] = 1
|M |∆

∑
m∈M

∑
h∈[k]

[Wm
i,j,d(h)]2

[Xj,m(h− d)]2 (4.22)

However, we want to be confident that the sample mean and the sample vari-
ance so computed reflect the correspondent population mean µ and variance σ2 of
the Ami,j,d(k) random variables. Accordingly, we are interested in computing two
intervals of values containing, respectively, the sample mean Āi,j,d([k]) and variance
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Figure 4.2. 100(1− α)% confidence interval, such that the area in each tails is α/2, thus
the sum of tails area is α.

V ar(Ai,j,d([k])) with a high confidence level (1− α), that is a percentage value be-
tween 0 and 100%. Each one of these intervals is called 100(1 − α)% confidence
interval and we are going to compute them with the approach in [57].

In Section 4.5.1 we made the hypothesis that, for each k ∈ [k], the Ami,j,d(k)
random variables, representing the items of our sample, are i.i.d. As each bin [k]
contains a huge number n of time slots k (n > 30), we can assert that our sample
is of big size. Thus, thanks to the "Central Limit Theorem" we can say that the
sample mean Āi,j,d([k]) is a random variable following a Normal distribution, i.e.,
Āi,j,d([k]) ∼ N (µ, σ2/n). The confidence level has to be identified in terms of the
area 1 − α below the standard normal distributed random variable (Āi,j,d([k]) −
µ)/σ/

√
n and between two critical values −zα/2 and −zα/2, which are unknown

(see Figure 4.2).
We want the probability of the following event to be at least (1− α):

P
[
−zα/2 <

Āi,j,d([k])− µ
σ/
√
n

< zα/2

]
≥ (1− α) (4.23)

Computing the above probability corresponds to integrate the Āi,j,d([k]) proba-
bility density function pĀi,j,d([k])(µ, σ2/n, x) between −zα/2 and zα/2, as in eq. 4.24.

∫ zα/2

−zα/2
pĀi,j,d([k])(µ, σ

2/n, x)dx ≥ (1− α) (4.24)
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Note that the pĀi,j,d([k])(µ, σ2/n, x) corresponds to the probability density func-
tion of the Normal distribution N (µ, σ2/n), that is:

pĀi,j,d([k])(µ, σ
2/n, x) = 1

(σ/
√
n)
√

2π
e
− 1

2 ( x−µ
σ/
√
n

)2/n (4.25)

=
√
n

σ
√

2π
e
− (x−µ)2

2σ2/n (4.26)

Let us split the integral in eq. 4.24 in two integrals and let us replace pĀi,j,d([k])(µ, σ2/n, x)
with the Normal density function of eq. 4.25, as in eq. 4.27. Note that thanks to
the Normal distribution symmetric property, the two integrals are equals.

∫ 0

−zα/2

√
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σ
√

2π
e
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2σ2/n dx +
∫ zα/2

0

√
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σ
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2π
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2σ2/n = (4.27)
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σ
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∫ zα/2

0
e
− (x−µ)2

2σ2/n dx ≥ (1− α) (4.29)

Note that the integral in eq. 4.29 contains the known Gaussian error function,
as shown below:
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2σ/
√
n

)
(4.33)

Thus, after setting α, by solving the eq. 4.34, we find the critical values zα/2
and the symmetric −zα/2. Note that the eq. 4.34 has to be solved numerically, as
it cannot be solved analytically.

√
nerf

(
zα/2 − µ√

2σ/
√
n

)
≥ (1− α) (4.34)

The critical values let us compute the probability in eq. 4.23, which can be
rewritten as in eq. 4.35.

P
[
Āi,j,d([k])−

zα/2σ√
n

< µ < Āi,j,d([k]) +
zα/2σ√

n

]
≥ (1− α) (4.35)

As Āi,j,d([k]) population standard deviation σ is unknown, we replace σ with its
maximum likelihood estimator, that is the standard deviation S resulting from the
sample, S =

√
V ar(Ai,j,d([k])) (see [57]), as below.
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P
[
Āi,j,d([k])− zα/2

S√
n
≤ µ ≤ Āi,j,d([k]) + zα/2

S√
n

]
≥ (1− α) (4.36)

Furthermore, again according to the approach in [57], given our sample variance,
i.e., S2 = V ar(Ai,j,d([k])), the random variable nS2

σ2 follows a χ2 distribution with
n− 1 degrees of freedom, i.e., nS2

σ2 ∼ χ2(n− 1).
Thus a 100(1− α)% confidence interval for the Ami,j,d(k) population variance σ2

has to be computed by solving the eq. 4.37, to find two critical values a and b:

P
[
a <

nS2

σ2 < b

]
= (4.37)

P
[
nS2

b
< σ2 <

nS2

a

]
≥ (1− α) (4.38)

Note that a and b are the appropriate right-hand and left-hand of a χ2(n − 1)
distribution. Solving the eq. 4.37 corresponds to compute the integral of the χ2(n−
1) density function pχ2(n−1)(x) between a and b, as below.

∫ b

a
pχ2(n−1)(x)dx =

∫ b

a

1
2(n−1)/2Γ((n− 1)/2)

x(n−1)/2−1e−x/2dx (4.39)

The data-driven approach so far described is useful to compute good statistics
(mean and variance) for the population of the Ami,j,d(k) random variables from a set
of observations (i.e., the sample), that is represented by our dataset.

However, we want to use the user model Ami,j,d(k) to predict the retweeting rate
Xi,w(k) of each node i with respect to a new message w /∈M. Accordingly, we want
to take advantage of the statistics computed on the network with respect to a set
of already seen messages. This will be discussed in the following section.

4.6.1 User Model Parameters for Prediction

When a new message w is spread into the network, for each user i we want to use
the model defined in Theorem 4.2 to compute the average retweeting rate of w, for
each time slot k.

For this purpose, we will exploit the knowledge acquired from the already ob-
served messages. Formally, we will use the user model parameters Āi,j,d([k]) and
V ar(Ai,j,d([k])), computed from already seen messagesm ∈M , in the model defined
in eq. 4.7, to obtain X̄i,w(k).

4.7 Predicting Retweeting Rates for a New Message
In this section, we put all together the models presented so far and we summarize
our strategy to predict the average retweeting rate of a message w, spread inside
Twitter, for a user.
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The retweeting rate model, Xi,w(k), defined in Section 4.5.2 is built on a model,
Awi,j,d(k) (see Section 4.5.1), representing the stochastic input. The random variable
Awi,j,d(k) represents the user i retweeting activity with respect to the message w and
its followees. In the previous Section 4.6, we showed how to compute Awi,j,d(k) mean
and variance from the dataset, respectively through eq. 4.20 and eq. 4.21.

In the following Algorithm 9, we show our algorithm to predict, for each user i
and for each time slot k, the average X̄i,w(k) retweeting rate of message w.

function avgRateX(i, w, k,D)
if k <= D then
return X̄i,w(k)

if k > D then
X̄i,w(k)←

∑D
j∈Fi,d=0 Āi,j,d([k])X̄j,w(k − 1− d)

return X̄i,w(k)

Algorithm 9: Average X̄i,w(k) prediction. This function implements the eq. 4.7
of Section 4.5.3. If k ∈ {0, . . . , D}, the average retweeting rate has to be computed
from the observed data. If k > D, the average Āi,j,d([k]) of the random variable
Awi,j,d(k) has to be computed from the dataset according to eq. 4.20

4.8 Experiments
In this section, we describe the Twitter dataset and we present the experiments we
performed to validate our strategy (discussed in Section 4.7) to predict X̄i,m(k), for
each message m ∈M and each user i.

4.8.1 Data Set Description

The data analyzed in this work are taken from a public dataset available for research
purposes [55]. However, this dataset can be rebuilt also by the Twitter APIs, that
allow to get all users of a subnet of Twitter and, for each user, the list of its followers
and followees.

Our dataset contains tweets with embedded URLs posted on Twitter over 12
days of October 2010. More in detail: 2859760 tweets for 66059 different messages.
The URLs in the messages are usually shortened by some service, such as newzfor.me
or tinyurl, and are used as markers for information spreading into the network.
Thus, messages containing the same URL are considered equal to each other. Most
of the messages are retweeted a few times, that is, in a range of [0, 50], while a
small set of messages are retweeted more than 50 times (see Figure 4.3). There
are 736930 users, most of whom retweeting less than 2000 times, while few of them
retweet more (see Figure 4.4). Finally, there are 36743400 pairs (i, j) of (follower,
followee). In summary, from the above analysis, it comes out that in our dataset
there is a small number of very active users and a small number of very popular
messages.

We performed our experiments by selecting the messages retweeted from at least
one pair of (follower, followee) retweeting at least other 34 messages. The 35 selected
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Figure 4.3. Graphic showing how most messages in the dataset are retweeted a few times,
while just a few messages are retweeted more than 50 times.
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Figure 4.4. Graphic showing how most users retweet less than 2000 times, while a few
number of users retweet more than 2000 times.

messages are summarized in the following Table 4.2. The total amount of users in
the subnetwork identified by the selected messages contains 989 nodes (users). We
assigned a numeric identifier to each distinct message. In Table 4.3 are summarized
the relevant properties of each selected message m, that is: its average number of
retweets for user; the number of times when m is retweeted; the total number of
users and the total number of pairs retweeting m. In particular, the average number
of retweets for user suggests that every user retweets each message m on average 1
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time, which is a realistic Twitter activity scenario.

URL Msg id

http://newzfor.me/?7h8p 305
http://newzfor.me/?78zo 440
http://newzfor.me/?735m 506
http://newzfor.me/?7mbo 512
http://newzfor.me/?75ln 523
http://newzfor.me/?7d7o 536
http://newzfor.me/?7amo 577
http://newzfor.me/?7zio 623
http://newzfor.me/?7ibo 679
http://newzfor.me/?7x4p 786
http://newzfor.me/?7w2o 858
http://newzfor.me/?7azo 864
http://newzfor.me/?7dqn 891
http://newzfor.me/?7dap 932
http://newzfor.me/?7c4m 939
http://newzfor.me/?7xtn 977
http://newzfor.me/?7a6p 981
http://newzfor.me/?7skn 990
http://newzfor.me/?7tjo 1030
http://newzfor.me/?71bm 1052
http://newzfor.me/?7a9o 1086
http://newzfor.me/?752p 1241
http://newzfor.me/?7cqn 1407
http://newzfor.me/?70zo 1439
http://newzfor.me/?7nbo 1516
http://newzfor.me/?7pqp 1525
http://newzfor.me/?74ap 1670
http://newzfor.me/?799o 1680
http://newzfor.me/?7trp 1700
http://newzfor.me/?7hbo 1704
http://newzfor.me/?727p 1752
http://newzfor.me/?7gcp 1839
http://newzfor.me/?78rp 2040
http://newzfor.me/?7san 2662
http://newzfor.me/?7s3p 3030

Table 4.2. Selected messages table: the url identifying the message and the assigned
numeric identifier.

We split the 35 messages in Table 4.2 into two subsets, that is: a training set
Mtraining of 30 messages and a test set Mtest of 5 messages. We don’t need to
hold back also a validation set because our average retweeting rate model, namely
X̄i,w(k), has no hyperparameters to be tuned (see [102]). This means that if we
would validate our model without success, we should define a different model.
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msg id avg retweet #retweets #users #pairs

305 1.689 1079 639 439
440 1.481 828 559 313
506 1.209 689 570 274
512 1.283 716 558 267
523 1.298 696 536 262
536 1.256 662 527 249
577 1.298 667 514 228
623 1.723 691 401 207
679 1.327 584 440 186
786 1.048 499 479 154
858 1.672 510 305 140
864 1.682 523 311 139
891 1.318 447 339 134
932 1.015 458 451 126
939 1.097 439 400 126
977 1.247 444 356 120
981 1.118 418 376 119
990 1.109 406 366 118
1030 1.000 411 411 114
1052 1.443 417 289 112
1086 1.522 504 331 108
1241 1.233 376 305 90
1407 1.383 343 248 77
1439 1.101 294 267 75
1516 1.003 283 282 70
1525 1.006 313 311 69
1670 1.004 267 266 62
1680 1.096 331 302 62
1700 1.093 294 269 61
1704 1.217 314 258 61
1752 1.000 294 294 58
1839 1.004 248 247 54
2040 1.000 268 268 46
2662 1.143 168 147 30
3030 1.000 157 157 24

Table 4.3. Selected messages properties. For each messagem: the average retweets number
for user; m retweets total number; the total number of users reetweeting m; the total
number of pairs exchanging m..

4.8.2 Definition of the Experiments

We choose time slots k of size τ = 1 hour. Then, we perform the following experi-
ments:

(1) First, we perform a sanity check, with the aim to show that our model is
expressive with respect to already seen messages. For each training message
m ∈ Mtraining, we observe its evolution in the first D (i.e., the maximum
delay time) time slots of the time frame T , i.e., for t = tm0

∗, . . . , tm0
∗+D. Let
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us recall that, for every message m, tm0 ∗ is the time slot tm0 realigned to the
first day of T (see Remark 4.1). Then, for each user i and for each time slot
k, we compute the average expected value Āmi,j,d([k]) over all the time slots
k ∈ [k]. Finally, we use Āmi,j,d([k]) to compute X̄i,m(k), by Algorithm 9. As an
expected result, the distance between the predicted and the observed average
retweeting rate has to be small.

(2) Second, we perform our model validation. We pick a message m ∈ Mtraining

and we observe the evolution of m in the first D time slots k of T . Then, for
each user i and for each time slot k, we compute the average expected value
Āi,j,d([k]) over all the training messages and all the time slots k ∈ [k]. Finally,
we use Āi,j,d([k]) to compute X̄i,m(k), by Algorithm 9.

(3) Third, we execute the prediction testing. For each test message w ∈Mtest, we
observe w evolution in the first D time slots k of T . Then we use Āi,j,d([k])
to predict the average value X̄i,w(k) by Algorithm 9, as in the previous exper-
iment.

At the end of both the above experiments, we compute the error between the
X̄i,m(k) obtained by our strategy and the average rate obtained from the dataset.
In Section 4.9.1 we will show the metrics we use to measure the error.

However, before presenting the experimental results about the average retweet-
ing rate for each message, we are going to show, in Section 4.8.3, how we compute
and validate the user model Ami,j,d(k) parameters, i.e., Āi,j,d([k]) and V ar(Ai,j,d).

4.8.3 Average User Model: Computation and Validation

In this section we show how we computed the user model parameters Āi,j,d([k]) and
V ar(Ai,j,d([k])), through, respectively, eq. 4.20 and eq. 4.21, in order to perform
our experiments. First of all, we had to choose the size of the bin [k]. The trade-off
was between a large size bin, that is a bin containing a huge number of time slots,
and a small size bin (the minimum is 1 hour). We observed that large bins did
not allow us to capture the users retweeting activity oscillations during the day.
On the other hand, a small bin makes lower the statistical confidence about the
Āi,j,d([k]) parameters, because it reduces the number of samples in the confidence
computation. In fact, although there is a high overlapping between the pairs (i, j)
retweeting the messages m ∈ Mtraining, not many pairs retweet in time slots k
contained in the same bin [k] or with the same delay d. Thus, we choose bins of
size ∆ = 6, because it turned out that our strategy performed reasonably well.

Let us recall that our dataset time frame T is made up of 12 days. As we chose
time slots k of 1 hour and as each day contains 24 time slots, the total number of
bins in T is T ∗ 24/∆.

Second, we chose a maximum delay value D of 12 hours, to be on the safe size.
If after 12 hours a message m is not retweeted, according to our prediction strategy,
the life message ends. If m is retweeted again after 12 hours, it is considered as a
new message spread into the network, thus we need to perform a new simulation of
our model, defined in eq. 4.7, to compute X̄i,m(k).
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In Figure 4.5 and Figure 4.6 we show the cumulative distribution of Āi,j,d([k])
and V ar(Ai,j,d([k])) values. Note that with probability 1 the average values are less
than 0.16 while the variance values are less than 0.14. We show also the confidence
intervals width distribution, computed both for the mean Āi,j,d([k]) (Figure 4.7)
and the variance V ar(Ai,j,d([k])) (see Figure 4.8).
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Figure 4.5. Graphic showing the cumulative distribution of the Āi,j,d([k]) values. With
probability 1 the average values are less than 0.16.
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Figure 4.6. Graphic showing the cumulative distribution of the V ar(Ai,j,d([k])) values.
With probability 1 the variance values are less than 0.14.

4.9 Experimental Results

In this section, we show our experimental results and the evaluation metrics used.
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Figure 4.7. Graphic showing the cumulative distribution of the width of the 95% confi-
dence intervals computed for the mean Āi,j,d([k]), for each pair (i, j) of users, for each
delay d, for each bin [k].

4.9.1 Evaluation Metrics

We use the following metrics to evaluate the accuracy of our prediction results. See
[111] for more details.

Let X̄∗i,m(k) be the predicted average retweeting value for the node i and the
message m. Let B = T ∗24/∆ be the total number of bins in the time frame T (see
Section 4.8.3).

We compute the Root Mean Squared Error (eq. 4.40) to evaluate the accu-
racy of the average retweeting rate predicted by our model, for each node i and for
each message m ∈M.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1
 1.1

 0  200  400  600  800  1000  1200

p
ro
b
a
b
ili
ty

width

Cumulative of Var[Ai,j,d([k])] confidence intervals width

Figure 4.8. Graphic showing the cumulative distribution of the width of the 95% confi-
dence intervals computed for the variance V ar(Ai,j,d([k])), for each pair (i, j) of users,
for each delay d, for each bin [k]. As to be expected, the confidence intervals for the
variance are quite wide.
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RMSEi,m =

√√√√ 1
B∆

B∆∑
k=0

(X̄i,m(k)− X̄∗i,m(k))2 (4.40)

We compute also the Mean Absolute Error, as in eq. 4.41, that measures the
average absolute error between the observed and the predicted average retweeting
rate.

MAEi,m = 1
B∆

B∆∑
k=0

∣∣∣X̄i,m(k)− X̄∗i,m(k)
∣∣∣ (4.41)

Furthermore, we compute the Normalized Mean Absolute Error error with
respect to the observed average rate value, as in eq. 4.42.

NMAEi,m = MAE
1
B∆

∑B∆
k=0 X̄i,m(k)

(4.42)

As it is a very important measure, we compute also the Mean Absolute Per-
centage Error, that measures the average absolute distance between the predicted
and the real average retweeting rate. The MAPE is a percentage error and is defined
in eq. 4.43. When X̄i,m(k) = 0, we replace it with a fudge factor of 10−3.

MAPEi,m = 1
B∆

B∆∑
k=0

∣∣∣∣∣X̄i,m(k)− X̄∗i,m(k)
X̄i,m(k)

∣∣∣∣∣ (4.43)

Finally, we compute the APE measuring the distance between the forecast and
the real retweeting users’ number of a message m at each time slot k, as in the
following eq. 4.44. If #usersi,m(k) = 0, we replace it with a fudge factor of 1.

APE#users,m(k) =
∣∣∣∣#usersm(k)−#users∗m(k)

#usersm(k)

∣∣∣∣ (4.44)

4.9.2 Evaluation Metrics for Set of Users

Many retweeting activity properties are related, in particular, to a set of users, i.e.,
nodes of the Twitter network. In fact, in different fields [35, 70] it is interesting
to detect the most active user in a subset of the network. Of course, it is always
possible to analyze all the nodes, as we have done so far. However, sometimes it can
be useful to focus, in a first moment, on a subset of n nodes and then, eventually,
on other subsets.

Then, we use the metrics defined in the previous Section 4.9.1 to compute the
expected values of RMSE, MAE, NMAE and MAPE for set of users. Let N =
|Nodes| be the total number of users in the network. First, we fix the size n of the
set we analyze, for n = 1

10N,
1

100N,N . Second, we select n random users. Finally, we
compute the expected value of the above mentioned errors, through the equations
below.

E[RMSE] = 1
n

n∑
i=1

RMSEi,m (4.45)
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E[MAE] = 1
n

n∑
i=1

MAEi,m (4.46)

E[NMAE] = 1
n

n∑
i=1

NMAEi,m (4.47)

E[MAPE] = 1
n

n∑
i=1

MAPEi,m (4.48)

4.9.3 Predictions Results

We run our prediction Algorithm 9 to compute X̄i,m(k), for each user i and for each
message m ∈Mtraining ∪Mtest. Then, we compute the prediction errors, according
to the metrics defined in the previous Section 4.9.1 and Section 4.9.2. Note that we
could run our algorithm indefinitely. However, we stop running at the time slot 288,
i.e., the last time slot of the dataset time frame T , because we need to compare the
predicted rate with the rate observed from the dataset. Note that the CPU time
and the RAM usage of our algorithm are both negligible.

In the next subsections, we present the results about: the model validation
Item (2) and the sanity check experiments Item (1), involving only the training
messages; the prediction testing experiment Item (3), involving the test messages.
For each experiment, for each message m, we show the plots related to: the forecast
and the actual retweets number, at the time slot k and until the time slot k; the
forecast and the actual number of retweeting users at the time slot k and until the
time slot k.

As to be expected, our model predicts the qualitative behavior at the time slot k
(missing the height of the peaks). On the other hand, as evidenced by the plots, until
the time slot k our model predicts reasonably well also the quantitative behavior.
This is confirmed by the Pearson correlation coefficients [17], that, especially for the
retweet number and the retweeting users’ number until k, show a high correlation
between the predicted and the observed data. In fact, experimental results for the
prediction testing show that: the correlation coefficient for the number of retweets
until the time slot k is in the range [0.89, 0.99]; the correlation coefficient for the
number of users until the time slot k is in the range [0.68, 0.97] (see Table 4.6).

Furthermore, for each message, we show the plots of the cumulative distribu-
tion of the RMSEi,m, the MAEi,m, the NMAEi,m and the MAPEi,m, and the
APE#users,m distribution (see Section 4.9.1) of the retweeting users’ number with
respect to the time slots. In particular, prediction testing experiment results show
that: with probability 0.8 theMAPEi,m value is in the range [0, 50%] (Figure 4.104
and Figure 4.76); with probability 1 the RMSEi,m is less than a value in the range
[0.03, 0.065] (Figure 4.117 and Figure 4.61). The maximum APE value of the
retweeting users’ number until the timeslot k is between [0.39, 4.6] (Figure 4.108
and Figure 4.80). For sake of completeness, for each message m we include also the
plots of the APE#users,m distribution at the time slot k. However, they are not
relevant to our evaluation of the results, as we are more interested in predicting
until a certain time slot k rather than at k.
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Finally, for the model validation and the prediction testing experiments, we com-
pute the expected values of RMSE, MAE, NMAE and MAPE for a set of users (see
Section 4.9.2). We observe that, in general, as the set size increases the prediction
errors decrease since they cancel out.

Experimental results for prediction testing show that the E[MAPE] of the
retweeting rate computed for a set containing all the users of the network is in
the range [9.7%, 39%] (Figure 4.96 and Figure 4.82).

4.9.3.1 Sanity Check Results

In this section, we show some of the results for the sanity check experiment. For
the complete set of results, see Appendix D.1.

We show in Table 4.4 the Pearson correlation coefficients, computed for each
training message, after the sanity check experiment.
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Figure 4.11. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1052.

 0
 50

 100
 150
 200
 250
 300
 350
 400
 450

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number until the
timeslot k for msg 1052

forecast users
actual users

Figure 4.12. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
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Figure 4.13. RMSE cumulative distri-
bution, for message 1052. With prob-
ability 1 the RMSE < 0.06.
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Figure 4.14. MAPE cumulative distri-
bution, for message 1052. With prob-
ability 0.8 the MAPE is 0
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Figure 4.15. MAE cumulative distribu-
tion, for message 1052. With proba-
bility 1 the MAE < 0.004
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Figure 4.16. NMAE cumulative distri-
bution, for message 1052. With prob-
ability 0.95 the NMAE is 41%
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Figure 4.17. Distribution of APE on
the retweeting users number at the
time slot k, for message 1052.
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Figure 4.19. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
1439.
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Figure 4.20. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
1439.
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Figure 4.21. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1439.
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Figure 4.22. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1439.
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Figure 4.23. RMSE cumulative distri-
bution, for message 1439. With prob-
ability 1 the RMSE < 0.06
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bution, for message 1439. With prob-
ability 0.95 the MAPE < 0.3%
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Figure 4.25. MAE cumulative distribu-
tion, for message 1439. With proba-
bility 1 the MAE < 0.0035
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Figure 4.26. NMAE cumulative distri-
bution, for message 1439. With prob-
ability 0.95 the NMAE is 41%
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Figure 4.27. Distribution of APE on
the retweeting users number at the
time slot k, for message 1439.
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msg id #retweets at k #retweets to k #users at k #users to k

536 0.18414 0.56984 0.19925 0.69336
577 0.34681 0.76603 0.36853 0.85956
623 0.72795 0.80821 0.72674 0.85410
679 0.84705 0.92914 0.84609 0.94482
786 0.99947 0.99854 0.99946 0.99862
864 0.73894 0.90200 0.75880 0.94701
891 0.75001 0.93678 0.75489 0.94435
932 0.99990 0.99982 0.99990 0.99982
939 0.15492 0.50717 0.23536 0.81294
977 0.33325 0.81213 0.36654 0.85359
981 0.97969 0.98127 0.98058 0.98203
990 0.14189 0.72816 0.15870 0.77923
1030 1 1 1 1
1052 0.81855 0.80461 0.85613 0.87022
1086 0.68795 0.73432 0.70268 0.76205
1407 0.55916 0.81234 0.55817 0.83220
1439 0.94224 0.98271 0.94406 0.98325
1516 1 1 1 1
1525 0.99998 0.99999 0.99999 0.99999
1670 1 1 1 1
1752 1 1 1 1
2040 1 1 1 1
2662 0.37732 0.83300 0.37732 0.83300
3030 1 1 1 1
1680 0.12842 0.55011 0.14077 0.64092
305 0.82454 0.78161 0.84948 0.84724
440 0.57010 0.86370 0.65979 0.92617
506 0.31529 0.59354 0.38835 0.90141
512 0.89632 0.94838 0.89625 0.95979
523 0.39580 0.80953 0.40607 0.85799

Table 4.4. This table shows, for each training message, the Pearson correlation coefficients
computed after the sanity check experiment (see Item (1)), related to: the number of
retweets at the time slot k and until k; the number of retweeting users at k and until
k.
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4.9.3.2 Model Validation Results

In this section, we show some of the results for the model validation experiment.
For the complete set of results, see Appendix D.2.

We show in Table 4.5 the Pearson correlation coefficients, computed for each
training message, after the model validation experiment.
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Figure 4.29. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
523.
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Figure 4.30. Graphic showing the fore-
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ber, until the time slot k, for message
523.

 0
 20
 40
 60
 80

 100
 120
 140
 160
 180
 200

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number at the
timeslot k for msg 523

forecast users
actual users

Figure 4.31. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 523.
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Figure 4.33. RMSE cumulative distri-
bution, for message 523. With prob-
ability 1 the RMSE < 0.06
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Figure 4.34. MAPE cumulative distri-
bution, for message 523. With prob-
ability 0.89 the MAPE is 10%
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Figure 4.35. MAE cumulative distribu-
tion, for message 523. With proba-
bility 1 the MAE < 0.007
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Figure 4.36. NMAE cumulative distri-
bution, for message 523. With prob-
ability 0.65 the NMAE is 50%
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time slot k, for message 523.
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Figure 4.39. RMSE values distribution
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Figure 4.42. NMAE values distribution
with respect to the set of users size,
for message 523. When the set in-
cludes all network nodes, NMAE =
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Figure 4.43. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
786.
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Figure 4.45. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
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Figure 4.46. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 786.
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Figure 4.47. RMSE cumulative distri-
bution, for message 786. With prob-
ability 1 the RMSE < 0.06
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Figure 4.48. MAPE cumulative distri-
bution, for message 786. With prob-
ability 0.75 the MAPE is 10%
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Figure 4.49. MAE cumulative distribu-
tion, for message 786. With proba-
bility 1 the MAE < 0.004
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Figure 4.50. NMAE cumulative distri-
bution, for message 786. With prob-
ability 0.85 the NMAE is 20%
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Figure 4.51. Distribution of APE on
the retweeting users number at the
time slot k, for message 786.
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time slot k, for message 786.
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msg id #retweets at k #retweets to k #users at k #users to k

536 0.20739 0.76352 0.33418 0.91719
577 0.37026 0.86189 0.49702 0.97231
623 0.71933 0.91834 0.40682 0.97023
679 0.85487 0.97973 0.71195 0.87658
786 0.99569 0.97342 0.72265 0.59382
864 0.751818 0.94047 0.73929 0.99454
891 0.754620 0.96921 0.70214 0.98157
932 0.99638 0.98025 0.77690 0.70384
939 0.20961 0.83774 0.30190 0.83019
977 0.35541 0.86019 0.51650 0.97811
981 0.98174 0.99282 0.78665 0.72818
990 0.15581 0.77297 0.31716 0.94282
1030 0.99238 0.97988 0.59015 0.72621
1052 0.81557 0.95570 0.38996 0.83303
1086 0.70533 0.84514 0.67399 0.94493
1407 0.57368 0.87474 0.57333 0.98578
1439 0.950293 0.99538 0.86204 0.96250
1516 0.992043 0.96063 0.62679 0.65394
1525 0.997766 0.99498 0.88214 0.88461
1670 0.997158 0.97329 0.84293 0.67598
1752 0.996829 0.97121 0.79426 0.63956
2040 0.997614 0.99481 0.88193 0.88985
2662 0.389770 0.91133 0.44232 0.97251
3030 0.993197 0.84509 0.54793 0.36585
1680 0.129303 0.60073 0.14808 0.80945
305 0.8397347 0.88964 0.80162 0.94209
440 0.5953833 0.89110 0.79853 0.98245
506 0.3423043 0.88163 0.29527 0.83450
512 0.9071478 0.99023 0.76172 0.85221
523 0.3972747 0.84949 0.43340 0.96843

Table 4.5. This table shows, for each training message, the Pearson correlation coefficients
computed after the model validation experiment (see Item (2)), related to: the number
of retweets at the time slot k and until k; the number of retweeting users at k and until
k.
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4.9.3.3 Prediction Testing Results

In this section, we show all the results for the prediction testing experiment.
We show in Table 4.6 the Pearson correlation coefficients, computed for each

test message.
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Figure 4.57. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
858.
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Figure 4.58. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
858.
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Figure 4.59. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 858.
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Figure 4.60. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 858.

msg id #retweets at k #retweets to k #users at k #users to k

858 0.78393 0.92790 0.54605 0.84044
1241 0.89827 0.95840 0.39714 0.68305
1700 0.93007 0.99067 0.90126 0.96826
1704 0.53501 0.89490 0.52805 0.93353
1839 0.98823 0.97037 0.50847 0.70667

Table 4.6. This table shows, for each training message, the Pearson correlation coefficients
computed after the prediction testing experiment (see Item (3)), related to: the number
of retweets at the time slot k and until k; the number of retweeting users at k and until
k.
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Figure 4.61. RMSE cumulative distri-
bution, for message 858. With prob-
ability 1 the RMSE < 0.065
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Figure 4.62. MAPE cumulative distri-
bution, for message 858. With prob-
ability 0.8 the MAPE is of 25%
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Figure 4.63. MAE cumulative distribu-
tion, for message 858. With proba-
bility 1 the MAE < 0.008
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Figure 4.64. NMAE cumulative distri-
bution, for message 858. With prob-
ability 0.8 the NMAE is of 50%
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Figure 4.76. MAPE cumulative distri-
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Figure 4.77. MAE cumulative distribu-
tion, for message 1241. With proba-
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Figure 4.87. Graphic showing the
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bution, for message 1700. With prob-
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Figure 4.91. MAE cumulative distribu-
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bility 1 the MAE < 0.005
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ber, at the time slot k, for message
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Figure 4.103. RMSE cumulative distri-
bution, for message 1704. With prob-
ability 1 the RMSE < 0.06
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Figure 4.104. MAPE cumulative distri-
bution, for message 1704. With prob-
ability 0.8 the MAPE is 0
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Figure 4.105. MAE cumulative distri-
bution, for message 1704. With prob-
ability 1 the MAE < 0.006

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.5  1  1.5  2  2.5

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 1704

Figure 4.106. NMAE cumulative dis-
tribution, for message 1704. With
probability 0.8 the NMAE is 0.4
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Figure 4.117. RMSE cumulative distri-
bution, for message 1839. With prob-
ability 1 the RMSE < 0.03
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Figure 4.118. MAPE cumulative distri-
bution, for message 1839. With prob-
ability 0.8 the MAPE is of 20%
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Figure 4.119. MAE cumulative distri-
bution, for message 1839. With prob-
ability 1 the MAE < 0.0035
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Figure 4.121. Distribution of APE on
the retweeting users number at the
time slot k, for message 1839.
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Figure 4.122. Distribution of APE
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til time slot k, for message 1839.
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tion with respect to the set of users
size, for message 1839. When the set
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0.0028

 0.25

 0.26

 0.27

 0.28

 0.29

 0.3

 0.31

 0  100  200  300  400  500  600  700  800  900 1000

M
A

P
E

 v
a
lu

e

set of users size

MAPE users retweeting rate value of msg 1839
for set of users
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tion with respect to the set of users
size, for message 1839. When the set
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4.9.4 Computational Environment

We implemented our simulator to compute X̄i,m(k) in C programming language.
All experiments have been carried out on a PC Intel® CoreTM i5 − 6200U CPU
2.30GHz × 4. The user parameters Āmi,j,d([k]) computation has been implemented
in R language and has been executed on a Cluster made up of one login node
and nine nodes used for computation. The features of these 9 nodes are shown in
Table 4.7.

Mach. Type and num. CPUs total overall mach.
id of CPUs freq. #cores RAM cat.

0 1 × Intel(R) Celeron(R) 2.27 GHz 2 4 GB Z
1 2 × Intel(R) Xeon(R) 2.83 GHz 8 8 GB A
2 2 × Intel(R) Xeon(R) 2.83 GHz 8 8 GB A
3 2 × Intel(R) Xeon(R) 2.66 GHz 8 32 GB B
4 2 × Intel(R) Xeon(R) 2.66 GHz 8 32 GB B
5 2 × Intel(R) Xeon(R) 2.27 GHz 16 24 GB C
6 2 × Intel(R) Xeon(R) 2.27 GHz 16 24 GB C
7 2 × Intel(R) Xeon(R) 2.27 GHz 16 24 GB C
8 2 × Intel(R) Xeon(R) 2.27 GHz 16 24 GB C

Table 4.7. Configuration of our cluster machines.

4.10 Conclusions
We presented a mechanistic model to predict the expected value of the retweeting
rate of a message in a Twitter network, for each user and for each time slot of
a considered period. Our model is identifiable, as it is built on top of stochastic
variables, representing the users’ behavior in the network and whose parameters
(mean and variance) have been computed from a dataset. We provided also a
validation methodology for our model.

Our experimental results show that when a new message is posted and re-shared
into the network, our model predicts the qualitative behavior at a time slot k and
also, fairly well, the quantitative behavior until the time slot k. This is confirmed
by the high correlation between the predicted and the observed data. Furthermore,
our experimental evaluations show that the RMSE and MAPE at node level and at
a set of nodes of nodes level are small.

These results have high potential in the analysis of the behaviors of users or of
set of users in a social network.
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Chapter 5

Conclusions

In this thesis we addressed the problem of estimating the parameters of a probability
distribution in two different settings. Namely: the analysis and the verification of
model-based systems through Statistical Model Checking (SMC) techniques; the
identification of parameters of predictive models.

In Chapter 2 we presented an overview of a set of the Monte Carlo-based SMC
tools for Cyber-Physical Systems, currently available for research purposes. Fur-
thermore, we provided selection criteria that based on the kind of system and the
property to be verified, allow to select the most suitable tool for the problem at
hand.

In Chapter 3 we presented an efficient Monte Carlo-based algorithm to estimate
the expected value of a multivariate random variable, when marginal density func-
tions are unknown. We proved that our algorithm is correct and we gave an Upper
Bound and a Lower Bound to the complexity (in terms of the generated number of
samples). Finally, we presented experimental results confirming our evaluations.

In Chapter 4 we presented a mechanistic model for the expected value of the
retweeting rate of a message in a Twitter network, for each user or set of users.
Our model is a discrete-time system whose parameters are stochastic variables, rep-
resenting the users activity towards their followees. We estimated these stochastic
variables parameters (mean and variance) from an available dataset. We experimen-
tally showed that for a new message spread into the network, our model reliably
predicts the qualitative time behavior and the quantitative time behavior. This
is confirmed by the high correlation between the predicted and the observed data.
Our experimental evaluations show that both the RMSE and MAPE at the node
level and at the set of nodes level are small. These results enable the analysis of
the behavior of a single user or set of users inside a network.
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Appendix A

Proof of Theorem 4.1

In this section we give the proof of Theorem 4.1.

Theorem. Xi,m(t) is statistically independent from Ami,j,d(k), for each time slot k,
for each delay d = 0, . . . , D, for each followee j ∈ Fi and for each time slot t, s.t.
t ≤ k. Formally:

P(Xi,m(t) = x|Ami,j,d(k) = a) = P(Xi,m(t) = x) (A.1)

Proof. Unless otherwise specified, let us denote P(Xi,m(k) = x) with P(Xi,m(k))
and P(Ami,j,d(k) = a) with P(Ami,j,d(k)).

By induction, when t = 0, .., D, P(Xi,m(t)|Ami,j,d(k)) = P(Xi,m(t)). In fact, in
this case Xi,m(t) is a known value that can be computed from the observations and
that does not depend from any other variable.

Let us take t > D. By inductive hypothesis, it holds that:

P(Xi,m(t)|Ami,j,d(k)) = P(Xi,m(t)) (A.2)

We want to prove that P(Xi,m(t+ 1)|Ami,j,d(k)) = P(Xi,m(t+ 1)). By eq. 4.5, it
holds:

P(Xi,m(t+ 1)|Ami,j,d(k)) = P(
D∑

j∈Fi,d=0
Ami,j,d(t)Xj,m(t− d)|Ami,j,d(k)) (A.3)

Note that, in eq. A.3, Xj,m(t − d) and Ami,j,d(k) are statistically independent
by inductive hypothesis and that Ami,j,d(t) and Ami,j,d(k) are i.i.d., by the hypothesis
made in Section 4.5.1.As a consequence, a linear combination of Xj,m(t − d) and
Ami,j,d(t) is independent from Ami,j,d(k) as well. Thus, it follows:

P(
D∑

j∈Fi,d=0
Ami,j,d(t)Xj,m(t− d)|Ami,j,d(k)) = P(

D∑
j∈Fi,d=0

Ami,j,d(t)Xj,m(t− d))(A.4)

= P(Xi,m(t+ 1)) (A.5)

�
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Appendix B

Proof of Theorem 4.2

In this section we give the proof of Theorem 4.2.

Theorem. Let Āi,j,d([k]) be the expected value of the random variable Ami,j,d(k).
Then:

X̄i,m(k + 1) =
D∑

j∈Fi,d=0
Āi,j,d([k])X̄j,m(k − d) (B.1)

Proof. Let us consider Xi,m(k + 1) according to the eq. 4.5. It holds:

E[Xi,m(k + 1)] = E[
D∑

j∈Fi,d=0
Ami,j,d(k)Xj,m(k − d)] (B.2)

=
D∑

j∈Fi,d=0
E[Ami,j,d(k)Xj,m(k − d)] (B.3)

As for Theorem 4.1 it holds that Ami,j,d(k) and Xi,m(k) are s.i., and then also
Ami,j,d(k) and Xj,m(k − d), it holds:

E[Xi,m(k + 1)] =
D∑

j∈Fi,d=0
E[Ami,j,d(k)]E[Xj,m(k − d)] (B.4)

=
D∑

j∈Fi,d=0
Āi,j,d([k])X̄j,m(k − d) (B.5)

This proves the result in eq. B.1. �
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Appendix C

Proof of Proposition 4.1

In this section we give the proof of Proposition 4.1.

Proposition. E[∆i,m(k)] = 0, for each i ∈ Nodes and for each time slot k.

Proof. Let us consider the time slot k = 0. It holds ∆i,m(0) = 0 because Xi,m(0) =
X̄i,m(0), in eq. 4.8. Thus, also E[∆i,m(0)] = 0.

Let us assume that E[∆i,m(k)] = 0, then by induction it holds:

E[∆i,m(k + 1)] =
D∑

j∈Fi,d=0
Āi,j,d([k])E[∆j,m(k − d)] = 0 (C.1)

�
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Appendix D

Complete set of Experimental
Results

D.1 Sanity check
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Figure D.1. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
305.

 0

 200

 400

 600

 800

 1000

 1200

 0  50  100  150  200  250  300

ra
te

timeslot

Retweets rate until the timeslot k for msg 305

forecast retweets
actual retweets

Figure D.2. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
305.
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Figure D.3. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 305.
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Figure D.4. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 305.
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Figure D.5. Graphic showing the
RMSE cumulative distribution, for
message 305.
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Figure D.6. Graphic showing the
MAPE cumulative distribution, for
message 305.
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Figure D.7. Graphic showing the MAE
cumulative distribution, for message
305.
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Figure D.8. Graphic showing the
NMAE cumulative distribution, for
message 305.
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Figure D.9. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 305.
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Figure D.10. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 305.
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Figure D.11. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
440.
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Figure D.12. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
440.
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Figure D.13. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 440.
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Figure D.14. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 440.
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Figure D.15. Graphic showing the
RMSE cumulative distribution, for
message 440.
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Figure D.16. Graphic showing the
MAPE cumulative distribution, for
message 440.
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Figure D.17. Graphic showing the
MAE cumulative distribution, for
message 440.
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Figure D.18. Graphic showing the
NMAE cumulative distribution, for
message 440.
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Figure D.19. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 440.
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Figure D.20. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 440.
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Figure D.21. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
506.
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Figure D.22. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
506.



D.1 Sanity check 107

 0
 20
 40
 60
 80

 100
 120
 140
 160
 180

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number at the
timeslot k for msg 506

forecast users
actual users

Figure D.23. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 506.
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Figure D.24. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 506.
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Figure D.25. Graphic showing the
RMSE cumulative distribution, for
message 506.
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Figure D.26. Graphic showing the
MAPE cumulative distribution, for
message 506.
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Figure D.27. Graphic showing the
MAE cumulative distribution, for
message 506.
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Figure D.28. Graphic showing the
NMAE cumulative distribution, for
message 506.
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Figure D.29. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 506.
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Figure D.30. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 506.
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Figure D.31. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
512.
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Figure D.32. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
512.
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Figure D.33. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 512.
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Figure D.34. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 512.
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Figure D.35. Graphic showing the
RMSE cumulative distribution, for
message 512.
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Figure D.36. Graphic showing the
MAPE cumulative distribution, for
message 512.
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Figure D.37. Graphic showing the
MAE cumulative distribution, for
message 512.
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Figure D.38. Graphic showing the
NMAE cumulative distribution, for
message 512.
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Figure D.39. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 512.
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Figure D.40. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 512.
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Figure D.41. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
523.
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Figure D.42. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
523.
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Figure D.43. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 523.
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Figure D.44. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 523.
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Figure D.45. Graphic showing the
RMSE cumulative distribution, for
message 523.
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Figure D.46. Graphic showing the
MAPE cumulative distribution, for
message 523.
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Figure D.47. Graphic showing the
MAE cumulative distribution, for
message 523.
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Figure D.48. Graphic showing the
NMAE cumulative distribution, for
message 523.
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Figure D.49. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 523.
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Figure D.50. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 523.
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Figure D.51. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
536.
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Figure D.52. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
536.
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Figure D.53. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 536.
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Figure D.54. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 536.
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Figure D.55. Graphic showing the
RMSE cumulative distribution, for
message 536.
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Figure D.56. Graphic showing the
MAPE cumulative distribution, for
message 536.
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Figure D.57. Graphic showing the
MAE cumulative distribution, for
message 536.
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Figure D.58. Graphic showing the
NMAE cumulative distribution, for
message 536.
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Figure D.59. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 536.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number until
the timeslot k distribution

for msg 536

Figure D.60. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 536.
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Figure D.61. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
577.
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Figure D.62. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
577.
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Figure D.63. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 577.
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Figure D.64. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 577.
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Figure D.65. Graphic showing the
RMSE cumulative distribution, for
message 577.
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Figure D.66. Graphic showing the
MAPE cumulative distribution, for
message 577.
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Figure D.67. Graphic showing the
MAE cumulative distribution, for
message 577.
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Figure D.68. Graphic showing the
NMAE cumulative distribution, for
message 577.
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Figure D.69. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 577.
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Figure D.70. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 577.
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Figure D.71. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
623.
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Figure D.72. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
623.
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Figure D.73. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 623.
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Figure D.74. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 623.
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Figure D.75. Graphic showing the
RMSE cumulative distribution, for
message 623.
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Figure D.76. Graphic showing the
MAPE cumulative distribution, for
message 623.
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Figure D.77. Graphic showing the
MAE cumulative distribution, for
message 623.
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Figure D.78. Graphic showing the
NMAE cumulative distribution, for
message 623.
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Figure D.79. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 623.
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Figure D.80. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 623.
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Figure D.81. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
679.
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Figure D.82. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
679.
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Figure D.83. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 679.
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Figure D.84. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 679.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.01  0.02  0.03  0.04  0.05  0.06

p
ro

b
a
b

il
it

y

RMSE value

RMSE users retweeting rate
cumulative distribution of msg 679

Figure D.85. Graphic showing the
RMSE cumulative distribution, for
message 679.
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Figure D.86. Graphic showing the
MAPE cumulative distribution, for
message 679.
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Figure D.87. Graphic showing the
MAE cumulative distribution, for
message 679.
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Figure D.88. Graphic showing the
NMAE cumulative distribution, for
message 679.
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Figure D.89. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 679.
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Figure D.90. Graphic showing the dis-
tribution of APE on the retweeting
users number until time slot k, for
message 679.
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Figure D.91. Graphic showing the fore-
cast and the observed retweets num-
ber, at the time slot k, for message
786.
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Figure D.92. Graphic showing the fore-
cast and the observed retweets num-
ber, until the time slot k, for message
786.
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Figure D.93. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 786.
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Figure D.94. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 786.
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Figure D.95. Graphic showing the
RMSE cumulative distribution, for
message 786.
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Figure D.96. Graphic showing the
MAPE cumulative distribution, for
message 786.
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Figure D.97. Graphic showing the
MAE cumulative distribution, for
message 786.
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Figure D.98. Graphic showing the
NMAE cumulative distribution, for
message 786.



120 D. Complete set of Experimental Results

 0

 0.2

 0.4

 0.6

 0.8

 1

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number at
the timeslot k distribution

for msg 786

Figure D.99. Graphic showing the dis-
tribution of APE on the retweeting
users number at the time slot k, for
message 786.
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Figure D.100. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 786.
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Figure D.101. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 864.
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Figure D.102. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 864.
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Figure D.103. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 864.
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Figure D.104. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 864.
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Figure D.105. Graphic showing the
RMSE cumulative distribution, for
message 864.
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Figure D.106. Graphic showing the
MAPE cumulative distribution, for
message 864.
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Figure D.107. Graphic showing the
MAE cumulative distribution, for
message 864.
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Figure D.108. Graphic showing the
NMAE cumulative distribution, for
message 864.
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Figure D.109. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 864.

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4
 0.45

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number until
the timeslot k distribution

for msg 864

Figure D.110. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 864.
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Figure D.111. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 891.
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Figure D.112. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 891.
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Figure D.113. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 891.
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Figure D.114. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 891.
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Figure D.115. Graphic showing the
RMSE cumulative distribution, for
message 891.
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Figure D.116. Graphic showing the
MAPE cumulative distribution, for
message 891.
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Figure D.117. Graphic showing the
MAE cumulative distribution, for
message 891.
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Figure D.118. Graphic showing the
NMAE cumulative distribution, for
message 891.
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Figure D.119. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 891.
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Figure D.120. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 891.
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Figure D.121. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 932.
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Figure D.122. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 932.
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Figure D.123. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 932.
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Figure D.124. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 932.
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Figure D.125. Graphic showing the
RMSE cumulative distribution, for
message 932.
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Figure D.126. Graphic showing the
MAPE cumulative distribution, for
message 932.
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Figure D.127. Graphic showing the
MAE cumulative distribution, for
message 932.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 932

Figure D.128. Graphic showing the
NMAE cumulative distribution, for
message 932.
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Figure D.129. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 932.
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Figure D.130. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 932.
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Figure D.131. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 939.
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Figure D.132. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 939.
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Figure D.133. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 939.
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Figure D.134. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 939.
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Figure D.135. Graphic showing the
RMSE cumulative distribution, for
message 939.
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Figure D.136. Graphic showing the
MAPE cumulative distribution, for
message 939.
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Figure D.137. Graphic showing the
MAE cumulative distribution, for
message 939.
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Figure D.138. Graphic showing the
NMAE cumulative distribution, for
message 939.
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Figure D.139. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 939.
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Figure D.140. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 939.
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Figure D.141. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 977.
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Figure D.142. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 977.
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Figure D.143. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 977.
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Figure D.144. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 977.
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Figure D.145. Graphic showing the
RMSE cumulative distribution, for
message 977.
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Figure D.146. Graphic showing the
MAPE cumulative distribution, for
message 977.
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Figure D.147. Graphic showing the
MAE cumulative distribution, for
message 977.
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Figure D.148. Graphic showing the
NMAE cumulative distribution, for
message 977.
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Figure D.149. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 977.
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Figure D.150. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 977.
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Figure D.151. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 981.
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Figure D.152. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 981.
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Figure D.153. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 981.
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Figure D.154. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 981.
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Figure D.155. Graphic showing the
RMSE cumulative distribution, for
message 981.
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Figure D.156. Graphic showing the
MAPE cumulative distribution, for
message 981.
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Figure D.157. Graphic showing the
MAE cumulative distribution, for
message 981.
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Figure D.158. Graphic showing the
NMAE cumulative distribution, for
message 981.
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Figure D.159. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 981.
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Figure D.160. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 981.
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Figure D.161. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 990.
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Figure D.162. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 990.
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Figure D.163. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 990.
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Figure D.164. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 990.
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Figure D.165. Graphic showing the
RMSE cumulative distribution, for
message 990.
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Figure D.166. Graphic showing the
MAPE cumulative distribution, for
message 990.
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Figure D.167. Graphic showing the
MAE cumulative distribution, for
message 990.
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Figure D.168. Graphic showing the
NMAE cumulative distribution, for
message 990.
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Figure D.169. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 990.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number until
the timeslot k distribution

for msg 990

Figure D.170. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 990.
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Figure D.171. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1030.
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Figure D.172. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1030.
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Figure D.173. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1030.
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Figure D.174. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1030.
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Figure D.175. Graphic showing the
RMSE cumulative distribution, for
message 1030.
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Figure D.176. Graphic showing the
MAPE cumulative distribution, for
message 1030.
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Figure D.177. Graphic showing the
MAE cumulative distribution, for
message 1030.
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Figure D.178. Graphic showing the
NMAE cumulative distribution, for
message 1030.
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Figure D.179. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1030.

-1

-0.5

 0

 0.5

 1

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number until
the timeslot k distribution

for msg 1030

Figure D.180. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1030.
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Figure D.181. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1052.
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Figure D.182. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1052.
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Figure D.183. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1052.
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Figure D.184. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1052.
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Figure D.185. Graphic showing the
RMSE cumulative distribution, for
message 1052.
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Figure D.186. Graphic showing the
MAPE cumulative distribution, for
message 1052.
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Figure D.187. Graphic showing the
MAE cumulative distribution, for
message 1052.
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Figure D.188. Graphic showing the
NMAE cumulative distribution, for
message 1052.
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Figure D.189. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1052.
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Figure D.190. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1052.
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Figure D.191. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1086.
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Figure D.192. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1086.
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Figure D.193. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1086.
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Figure D.194. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1086.
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Figure D.195. Graphic showing the
RMSE cumulative distribution, for
message 1086.
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Figure D.196. Graphic showing the
MAPE cumulative distribution, for
message 1086.
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Figure D.197. Graphic showing the
MAE cumulative distribution, for
message 1086.
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Figure D.198. Graphic showing the
NMAE cumulative distribution, for
message 1086.
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Figure D.199. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1086.
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Figure D.200. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1086.
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Figure D.201. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1407.
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Figure D.202. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1407.
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Figure D.203. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1407.

 0

 50

 100

 150

 200

 250

 300

 350

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number until the
timeslot k for msg 1407

forecast users
actual users

Figure D.204. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1407.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.02  0.04  0.06  0.08  0.1  0.12

p
ro

b
a
b

il
it

y

RMSE value

RMSE users retweeting rate
cumulative distribution of msg 1407

Figure D.205. Graphic showing the
RMSE cumulative distribution, for
message 1407.
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Figure D.206. Graphic showing the
MAPE cumulative distribution, for
message 1407.
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Figure D.207. Graphic showing the
MAE cumulative distribution, for
message 1407.
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Figure D.208. Graphic showing the
NMAE cumulative distribution, for
message 1407.
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Figure D.209. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1407.
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Figure D.210. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1407.
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Figure D.211. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1439.
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Figure D.212. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1439.
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Figure D.213. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1439.
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Figure D.214. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1439.
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Figure D.215. Graphic showing the
RMSE cumulative distribution, for
message 1439.
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Figure D.216. Graphic showing the
MAPE cumulative distribution, for
message 1439.
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Figure D.217. Graphic showing the
MAE cumulative distribution, for
message 1439.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.2  0.4  0.6  0.8  1

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 1439

Figure D.218. Graphic showing the
NMAE cumulative distribution, for
message 1439.
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Figure D.219. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1439.
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Figure D.220. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1439.
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Figure D.221. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1516.
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Figure D.222. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1516.
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Figure D.223. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1516.
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Figure D.224. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1516.
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Figure D.225. Graphic showing the
RMSE cumulative distribution, for
message 1516.
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Figure D.226. Graphic showing the
MAPE cumulative distribution, for
message 1516.
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Figure D.227. Graphic showing the
MAE cumulative distribution, for
message 1516.
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Figure D.228. Graphic showing the
NMAE cumulative distribution, for
message 1516.
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Figure D.229. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1516.
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Figure D.230. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1516.
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Figure D.231. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1525.
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Figure D.232. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1525.
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Figure D.233. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1525.
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Figure D.234. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1525.
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Figure D.235. Graphic showing the
RMSE cumulative distribution, for
message 1525.
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Figure D.236. Graphic showing the
MAPE cumulative distribution, for
message 1525.
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Figure D.237. Graphic showing the
MAE cumulative distribution, for
message 1525.
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Figure D.238. Graphic showing the
NMAE cumulative distribution, for
message 1525.
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Figure D.239. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1525.
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Figure D.240. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1525.
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Figure D.241. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1670.
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Figure D.242. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1670.
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Figure D.243. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1670.

 0

 50

 100

 150

 200

 250

 300

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number until the
timeslot k for msg 1670

forecast users
actual users

Figure D.244. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1670.
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Figure D.245. Graphic showing the
RMSE cumulative distribution, for
message 1670.
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Figure D.246. Graphic showing the
MAPE cumulative distribution, for
message 1670.
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Figure D.247. Graphic showing the
MAE cumulative distribution, for
message 1670.
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Figure D.248. Graphic showing the
NMAE cumulative distribution, for
message 1670.
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Figure D.249. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1670.
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Figure D.250. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1670.
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Figure D.251. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1752.
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Figure D.252. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1752.
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Figure D.253. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1752.
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Figure D.254. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1752.
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Figure D.255. Graphic showing the
RMSE cumulative distribution, for
message 1752.
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Figure D.256. Graphic showing the
MAPE cumulative distribution, for
message 1752.
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Figure D.257. Graphic showing the
MAE cumulative distribution, for
message 1752.
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Figure D.258. Graphic showing the
NMAE cumulative distribution, for
message 1752.
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Figure D.259. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1752.
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Figure D.260. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1752.
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Figure D.261. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 2040.
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Figure D.262. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 2040.
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Figure D.263. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 2040.
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Figure D.264. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 2040.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

-1 -0.5  0  0.5  1

p
ro

b
a
b

il
it

y

RMSE value

RMSE users retweeting rate
cumulative distribution of msg 2040

Figure D.265. Graphic showing the
RMSE cumulative distribution, for
message 2040.
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Figure D.266. Graphic showing the
MAPE cumulative distribution, for
message 2040.
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Figure D.267. Graphic showing the
MAE cumulative distribution, for
message 2040.
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Figure D.268. Graphic showing the
NMAE cumulative distribution, for
message 2040.
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Figure D.269. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 2040.
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Figure D.270. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 2040.
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Figure D.271. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 2662.
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Figure D.272. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 2662.
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Figure D.273. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 2662.
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Figure D.274. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 2662.
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Figure D.275. Graphic showing the
RMSE cumulative distribution, for
message 2662.
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Figure D.276. Graphic showing the
MAPE cumulative distribution, for
message 2662.
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Figure D.277. Graphic showing the
MAE cumulative distribution, for
message 2662.
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Figure D.278. Graphic showing the
NMAE cumulative distribution, for
message 2662.
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Figure D.279. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 2662.
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Figure D.280. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 2662.
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Figure D.281. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 3030.
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Figure D.282. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 3030.

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90

 100

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number at the
timeslot k for msg 3030

forecast users
actual users

Figure D.283. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 3030.
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Figure D.284. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 3030.
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Figure D.285. Graphic showing the
RMSE cumulative distribution, for
message 3030.
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Figure D.286. Graphic showing the
MAPE cumulative distribution, for
message 3030.
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Figure D.287. Graphic showing the
MAE cumulative distribution, for
message 3030.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

-1 -0.5  0  0.5  1

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 3030

Figure D.288. Graphic showing the
NMAE cumulative distribution, for
message 3030.
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Figure D.289. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 3030.
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Figure D.290. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 3030.
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Figure D.291. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1680.

 0

 50

 100

 150

 200

 250

 300

 350

 0  50  100  150  200  250  300

ra
te

timeslot

Retweets rate until the timeslot k for msg 1680

forecast retweets
actual retweets

Figure D.292. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1680.
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Figure D.293. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1680.
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Figure D.294. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1680.
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Figure D.295. Graphic showing the
RMSE cumulative distribution, for
message 1680.
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Figure D.296. Graphic showing the
MAPE cumulative distribution, for
message 1680.
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Figure D.297. Graphic showing the
MAE cumulative distribution, for
message 1680.
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Figure D.298. Graphic showing the
NMAE cumulative distribution, for
message 1680.
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Figure D.299. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1680.
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Figure D.300. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1680.
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Figure D.301. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 305.
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Figure D.302. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 305.
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Figure D.303. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 305.
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Figure D.304. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 305.
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Figure D.305. Graphic showing the
RMSE cumulative distribution, for
message 305.
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Figure D.306. Graphic showing the
MAPE cumulative distribution, for
message 305.
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Figure D.307. Graphic showing the
MAE cumulative distribution, for
message 305.
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Figure D.308. Graphic showing the
NMAE cumulative distribution, for
message 305.
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Figure D.309. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 305.
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Figure D.310. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 305.
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Figure D.311. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 305.
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Figure D.312. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 305.
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Figure D.313. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
305.
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Figure D.314. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 305.
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Figure D.315. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 440.
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Figure D.316. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 440.
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Figure D.317. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 440.
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Figure D.318. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 440.
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Figure D.319. Graphic showing the
RMSE cumulative distribution, for
message 440.
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Figure D.320. Graphic showing the
MAPE cumulative distribution, for
message 440.
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Figure D.321. Graphic showing the
MAE cumulative distribution, for
message 440.
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Figure D.322. Graphic showing the
NMAE cumulative distribution, for
message 440.
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Figure D.323. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 440.
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Figure D.324. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 440.
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Figure D.325. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 440.
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Figure D.326. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 440.
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Figure D.327. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
440.
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Figure D.328. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 440.
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Figure D.329. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 506.
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Figure D.330. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 506.
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Figure D.331. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 506.
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Figure D.332. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 506.
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Figure D.333. Graphic showing the
RMSE cumulative distribution, for
message 506.
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Figure D.334. Graphic showing the
MAPE cumulative distribution, for
message 506.
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Figure D.335. Graphic showing the
MAE cumulative distribution, for
message 506.
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Figure D.336. Graphic showing the
NMAE cumulative distribution, for
message 506.
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Figure D.337. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 506.
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Figure D.338. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 506.
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Figure D.339. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 506.
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Figure D.340. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 506.
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Figure D.341. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
506.
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Figure D.342. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 506.
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Figure D.343. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 512.
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Figure D.344. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 512.
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Figure D.345. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 512.
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Figure D.346. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 512.
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Figure D.347. Graphic showing the
RMSE cumulative distribution, for
message 512.
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Figure D.348. Graphic showing the
MAPE cumulative distribution, for
message 512.
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Figure D.349. Graphic showing the
MAE cumulative distribution, for
message 512.
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Figure D.350. Graphic showing the
NMAE cumulative distribution, for
message 512.
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Figure D.351. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 512.
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Figure D.352. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 512.
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Figure D.353. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 512.
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Figure D.354. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 512.
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Figure D.355. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
512.
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Figure D.356. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 512.
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Figure D.357. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 523.
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Figure D.358. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 523.
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Figure D.359. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 523.
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Figure D.360. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 523.
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Figure D.361. Graphic showing the
RMSE cumulative distribution, for
message 523.
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Figure D.362. Graphic showing the
MAPE cumulative distribution, for
message 523.
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Figure D.363. Graphic showing the
MAE cumulative distribution, for
message 523.
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Figure D.364. Graphic showing the
NMAE cumulative distribution, for
message 523.
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Figure D.365. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 523.
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Figure D.366. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
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Figure D.367. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 523.
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Figure D.368. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 523.
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Figure D.369. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
523.
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Figure D.370. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 523.
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Figure D.371. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 536.
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Figure D.372. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 536.
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Figure D.373. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 536.
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Figure D.374. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 536.
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Figure D.375. Graphic showing the
RMSE cumulative distribution, for
message 536.
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Figure D.376. Graphic showing the
MAPE cumulative distribution, for
message 536.
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Figure D.377. Graphic showing the
MAE cumulative distribution, for
message 536.
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Figure D.378. Graphic showing the
NMAE cumulative distribution, for
message 536.
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Figure D.379. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 536.
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Figure D.380. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 536.
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Figure D.381. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 536.
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Figure D.382. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 536.
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Figure D.383. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
536.
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Figure D.384. Graphic showing the
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Figure D.385. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 577.
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Figure D.386. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 577.
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Figure D.387. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 577.
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Figure D.388. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 577.
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Figure D.389. Graphic showing the
RMSE cumulative distribution, for
message 577.
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Figure D.390. Graphic showing the
MAPE cumulative distribution, for
message 577.
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Figure D.391. Graphic showing the
MAE cumulative distribution, for
message 577.
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Figure D.392. Graphic showing the
NMAE cumulative distribution, for
message 577.
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Figure D.393. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 577.
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Figure D.394. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 577.
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Figure D.395. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 577.
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Figure D.396. Graphic showing the
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spect to the set of users size, for mes-
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Figure D.397. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
577.
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Figure D.398. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 577.
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Figure D.399. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 623.
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Figure D.400. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 623.
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Figure D.401. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 623.
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Figure D.402. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 623.
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Figure D.403. Graphic showing the
RMSE cumulative distribution, for
message 623.
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Figure D.404. Graphic showing the
MAPE cumulative distribution, for
message 623.
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Figure D.405. Graphic showing the
MAE cumulative distribution, for
message 623.
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Figure D.406. Graphic showing the
NMAE cumulative distribution, for
message 623.
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Figure D.407. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 623.
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Figure D.408. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 623.
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Figure D.409. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 623.
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Figure D.410. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 623.
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Figure D.411. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
623.
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Figure D.412. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 623.
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Figure D.413. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 679.
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Figure D.414. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 679.
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Figure D.415. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 679.
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Figure D.416. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 679.
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Figure D.417. Graphic showing the
RMSE cumulative distribution, for
message 679.
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Figure D.418. Graphic showing the
MAPE cumulative distribution, for
message 679.
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Figure D.419. Graphic showing the
MAE cumulative distribution, for
message 679.
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Figure D.420. Graphic showing the
NMAE cumulative distribution, for
message 679.
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Figure D.421. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 679.
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Figure D.422. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 679.
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Figure D.423. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 679.
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Figure D.424. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 679.
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Figure D.425. Graphic showing the
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Figure D.427. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 786.
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Figure D.428. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
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Figure D.429. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 786.
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Figure D.430. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 786.
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Figure D.431. Graphic showing the
RMSE cumulative distribution, for
message 786.
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Figure D.432. Graphic showing the
MAPE cumulative distribution, for
message 786.
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Figure D.433. Graphic showing the
MAE cumulative distribution, for
message 786.
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Figure D.434. Graphic showing the
NMAE cumulative distribution, for
message 786.
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Figure D.435. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 786.
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Figure D.436. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 786.
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Figure D.437. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 786.
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Figure D.439. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
786.
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Figure D.440. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 786.
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Figure D.441. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 864.
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Figure D.442. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 864.
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Figure D.443. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 864.
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forecast and the observed retweeting
users number, until the time slot k,
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Figure D.445. Graphic showing the
RMSE cumulative distribution, for
message 864.
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Figure D.446. Graphic showing the
MAPE cumulative distribution, for
message 864.
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Figure D.447. Graphic showing the
MAE cumulative distribution, for
message 864.
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Figure D.448. Graphic showing the
NMAE cumulative distribution, for
message 864.
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Figure D.449. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 864.

 0
 0.05

 0.1
 0.15

 0.2
 0.25

 0.3
 0.35

 0.4
 0.45

 0.5

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number until
the timeslot k distribution

for msg 864

Figure D.450. Graphic showing the
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Figure D.451. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 864.
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Figure D.452. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 864.
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Figure D.453. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
864.
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Figure D.454. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 864.
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Figure D.455. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 891.
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Figure D.457. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 891.
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Figure D.458. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 891.
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Figure D.459. Graphic showing the
RMSE cumulative distribution, for
message 891.
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Figure D.460. Graphic showing the
MAPE cumulative distribution, for
message 891.
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Figure D.461. Graphic showing the
MAE cumulative distribution, for
message 891.
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Figure D.462. Graphic showing the
NMAE cumulative distribution, for
message 891.
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Figure D.463. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 891.
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Figure D.464. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 891.
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Figure D.465. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 891.
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Figure D.466. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 891.
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Figure D.467. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
891.
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Figure D.469. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 932.
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Figure D.470. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 932.
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Figure D.471. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 932.
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Figure D.472. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 932.
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Figure D.473. Graphic showing the
RMSE cumulative distribution, for
message 932.
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Figure D.474. Graphic showing the
MAPE cumulative distribution, for
message 932.
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Figure D.475. Graphic showing the
MAE cumulative distribution, for
message 932.
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Figure D.476. Graphic showing the
NMAE cumulative distribution, for
message 932.
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Figure D.477. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 932.
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Figure D.478. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 932.
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Figure D.479. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 932.
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Figure D.481. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
932.
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Figure D.482. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 932.
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Figure D.483. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 939.
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Figure D.484. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 939.
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Figure D.485. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 939.

 0
 50

 100
 150
 200
 250
 300
 350
 400
 450

 0  50  100  150  200  250  300

u
s
e

rs
 n

u
m

b
e

r

timeslot

Retweeting users number until the
timeslot k for msg 939

forecast users
actual users

Figure D.486. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 939.
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Figure D.487. Graphic showing the
RMSE cumulative distribution, for
message 939.
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Figure D.488. Graphic showing the
MAPE cumulative distribution, for
message 939.
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Figure D.489. Graphic showing the
MAE cumulative distribution, for
message 939.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8  2

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 939

Figure D.490. Graphic showing the
NMAE cumulative distribution, for
message 939.
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Figure D.491. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 939.
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Figure D.492. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 939.
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Figure D.493. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 939.
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Figure D.494. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 939.
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Figure D.495. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
939.
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Figure D.496. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 939.
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Figure D.497. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 977.
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Figure D.498. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 977.
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Figure D.499. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 977.
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Figure D.500. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 977.
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Figure D.501. Graphic showing the
RMSE cumulative distribution, for
message 977.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.1  0.2  0.3  0.4  0.5  0.6

p
ro

b
a
b

il
it

y

MAPE value

MAPE users retweeting rate
cumulative distribution of msg 977

Figure D.502. Graphic showing the
MAPE cumulative distribution, for
message 977.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.001  0.002  0.003  0.004  0.005  0.006  0.007

p
ro

b
a
b

il
it

y

MAE value

MAE users retweeting rate
cumulative distribution of msg 977

Figure D.503. Graphic showing the
MAE cumulative distribution, for
message 977.
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NMAE cumulative distribution, for
message 977.



D.2 Model Validation 189

 0
 2
 4
 6
 8

 10
 12
 14
 16

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number at
the timeslot k distribution

for msg 977

Figure D.505. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 977.
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Figure D.506. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 977.
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Figure D.507. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 977.
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Figure D.508. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 977.
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Figure D.509. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
977.
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Figure D.510. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 977.
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Figure D.511. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 981.
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Figure D.512. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 981.
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Figure D.513. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 981.
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Figure D.514. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 981.
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Figure D.515. Graphic showing the
RMSE cumulative distribution, for
message 981.
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Figure D.516. Graphic showing the
MAPE cumulative distribution, for
message 981.
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Figure D.517. Graphic showing the
MAE cumulative distribution, for
message 981.
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Figure D.518. Graphic showing the
NMAE cumulative distribution, for
message 981.
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Figure D.519. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 981.
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Figure D.520. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 981.
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Figure D.521. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 981.
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Figure D.522. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 981.
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Figure D.523. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
981.
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Figure D.524. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 981.
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Figure D.525. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 990.
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Figure D.526. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 990.
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Figure D.527. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 990.
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Figure D.528. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 990.



D.2 Model Validation 193

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.01  0.02  0.03  0.04  0.05  0.06  0.07

p
ro

b
a
b

il
it

y

RMSE value

RMSE users retweeting rate
cumulative distribution of msg 990

Figure D.529. Graphic showing the
RMSE cumulative distribution, for
message 990.
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Figure D.530. Graphic showing the
MAPE cumulative distribution, for
message 990.
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Figure D.531. Graphic showing the
MAE cumulative distribution, for
message 990.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.2  0.4  0.6  0.8  1  1.2  1.4  1.6  1.8

p
ro

b
a
b

il
it

y

NMAE value

NMAE users retweeting rate
cumulative distribution of msg 990

Figure D.532. Graphic showing the
NMAE cumulative distribution, for
message 990.

 0

 1

 2

 3

 4

 5

 6

 0  50  100  150  200  250  300

A
P

E
 v

a
lu

e

timeslot

APE of Retweeting users number at
the timeslot k distribution

for msg 990

Figure D.533. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 990.
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Figure D.534. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 990.
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Figure D.535. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 990.
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Figure D.536. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 990.
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Figure D.537. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
990.
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Figure D.538. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 990.
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Figure D.539. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1030.
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Figure D.540. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1030.
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Figure D.541. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1030.
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Figure D.542. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1030.
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Figure D.543. Graphic showing the
RMSE cumulative distribution, for
message 1030.
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Figure D.544. Graphic showing the
MAPE cumulative distribution, for
message 1030.
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Figure D.545. Graphic showing the
MAE cumulative distribution, for
message 1030.
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Figure D.546. Graphic showing the
NMAE cumulative distribution, for
message 1030.
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Figure D.547. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1030.
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Figure D.548. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1030.
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Figure D.549. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1030.
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Figure D.550. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1030.
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Figure D.551. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1030.
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Figure D.552. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
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D.2 Model Validation 197

 0
 10
 20
 30
 40
 50
 60
 70
 80
 90

 0  50  100  150  200  250  300

ra
te

timeslot

Retweets rate at the timeslot k for msg 1052

forecast retweets
actual retweets

Figure D.553. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1052.
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Figure D.554. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1052.
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Figure D.555. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1052.
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Figure D.556. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1052.
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Figure D.557. Graphic showing the
RMSE cumulative distribution, for
message 1052.
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Figure D.558. Graphic showing the
MAPE cumulative distribution, for
message 1052.
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Figure D.559. Graphic showing the
MAE cumulative distribution, for
message 1052.
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Figure D.560. Graphic showing the
NMAE cumulative distribution, for
message 1052.
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Figure D.561. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1052.
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Figure D.562. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1052.
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Figure D.563. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1052.
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Figure D.564. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
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Figure D.565. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1052.
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Figure D.566. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1052.
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Figure D.567. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1086.
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Figure D.568. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1086.
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Figure D.569. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1086.
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Figure D.570. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1086.
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Figure D.571. Graphic showing the
RMSE cumulative distribution, for
message 1086.
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Figure D.572. Graphic showing the
MAPE cumulative distribution, for
message 1086.
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Figure D.573. Graphic showing the
MAE cumulative distribution, for
message 1086.
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Figure D.574. Graphic showing the
NMAE cumulative distribution, for
message 1086.
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Figure D.575. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1086.
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Figure D.576. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1086.
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Figure D.577. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1086.
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Figure D.578. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1086.
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Figure D.579. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1086.
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Figure D.580. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1086.

 0

 10

 20

 30

 40

 50

 60

 70

 80

 0  50  100  150  200  250  300

ra
te

timeslot

Retweets rate at the timeslot k for msg 1407

forecast retweets
actual retweets

Figure D.581. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1407.
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Figure D.582. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1407.
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Figure D.583. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1407.
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Figure D.584. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1407.
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Figure D.585. Graphic showing the
RMSE cumulative distribution, for
message 1407.
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Figure D.586. Graphic showing the
MAPE cumulative distribution, for
message 1407.
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Figure D.587. Graphic showing the
MAE cumulative distribution, for
message 1407.
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Figure D.588. Graphic showing the
NMAE cumulative distribution, for
message 1407.
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Figure D.589. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1407.
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Figure D.590. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1407.
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Figure D.591. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1407.
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Figure D.592. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1407.
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Figure D.593. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1407.
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Figure D.594. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
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Figure D.595. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1439.
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Figure D.596. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1439.
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Figure D.597. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1439.
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Figure D.598. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1439.
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Figure D.599. Graphic showing the
RMSE cumulative distribution, for
message 1439.
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Figure D.600. Graphic showing the
MAPE cumulative distribution, for
message 1439.



D.2 Model Validation 205

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.0005 0.001 0.0015 0.002 0.0025 0.003 0.0035 0.004 0.0045 0.005

p
ro

b
a
b

il
it

y

MAE value

MAE users retweeting rate
cumulative distribution of msg 1439

Figure D.601. Graphic showing the
MAE cumulative distribution, for
message 1439.
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Figure D.602. Graphic showing the
NMAE cumulative distribution, for
message 1439.
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Figure D.603. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1439.
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Figure D.604. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1439.
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Figure D.605. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1439.
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Figure D.606. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1439.
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Figure D.607. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1439.
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Figure D.608. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1439.
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Figure D.609. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1516.
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Figure D.610. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1516.
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Figure D.611. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1516.
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Figure D.612. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1516.
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Figure D.613. Graphic showing the
RMSE cumulative distribution, for
message 1516.
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Figure D.614. Graphic showing the
MAPE cumulative distribution, for
message 1516.
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Figure D.615. Graphic showing the
MAE cumulative distribution, for
message 1516.
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Figure D.616. Graphic showing the
NMAE cumulative distribution, for
message 1516.
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Figure D.617. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1516.
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Figure D.618. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1516.
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Figure D.619. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1516.
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Figure D.620. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1516.
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Figure D.621. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1516.
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Figure D.622. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1516.
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Figure D.623. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1525.
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Figure D.624. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1525.
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Figure D.625. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1525.
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Figure D.626. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1525.
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Figure D.627. Graphic showing the
RMSE cumulative distribution, for
message 1525.
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Figure D.628. Graphic showing the
MAPE cumulative distribution, for
message 1525.
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Figure D.629. Graphic showing the
MAE cumulative distribution, for
message 1525.
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Figure D.630. Graphic showing the
NMAE cumulative distribution, for
message 1525.
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Figure D.631. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1525.
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Figure D.632. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1525.
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Figure D.633. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1525.
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Figure D.634. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1525.
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Figure D.635. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1525.
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Figure D.636. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1525.
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Figure D.637. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1670.
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Figure D.638. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1670.
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Figure D.639. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1670.
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Figure D.640. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1670.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.005  0.01  0.015  0.02  0.025  0.03

p
ro

b
a
b

il
it

y

RMSE value

RMSE users retweeting rate
cumulative distribution of msg 1670

Figure D.641. Graphic showing the
RMSE cumulative distribution, for
message 1670.
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Figure D.642. Graphic showing the
MAPE cumulative distribution, for
message 1670.



D.2 Model Validation 213

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.0005  0.001  0.0015  0.002  0.0025  0.003  0.0035

p
ro

b
a
b

il
it

y

MAE value

MAE users retweeting rate
cumulative distribution of msg 1670

Figure D.643. Graphic showing the
MAE cumulative distribution, for
message 1670.
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Figure D.644. Graphic showing the
NMAE cumulative distribution, for
message 1670.
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Figure D.645. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1670.
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Figure D.646. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1670.
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Figure D.647. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1670.
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Figure D.648. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1670.



214 D. Complete set of Experimental Results

0.00012
0.00012
0.00013
0.00013
0.00014
0.00014
0.00015
0.00015
0.00016
0.00016
0.00017
0.00017

 0  100  200  300  400  500  600  700  800  900 1000

M
A

E
 v

a
lu

e

set of users size

MAE users retweeting rate value of msg 1670
for set of users

Figure D.649. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1670.
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Figure D.650. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1670.
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Figure D.651. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 1752.

 0

 50

 100

 150

 200

 250

 300

 350

 0  50  100  150  200  250  300

ra
te

timeslot

Retweets rate until the timeslot k for msg 1752

forecast retweets
actual retweets

Figure D.652. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 1752.
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Figure D.653. Graphic showing the
forecast and the observed retweeting
users number, at the time slot k, for
message 1752.
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Figure D.654. Graphic showing the
forecast and the observed retweeting
users number, until the time slot k,
for message 1752.
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Figure D.655. Graphic showing the
RMSE cumulative distribution, for
message 1752.
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Figure D.656. Graphic showing the
MAPE cumulative distribution, for
message 1752.
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Figure D.657. Graphic showing the
MAE cumulative distribution, for
message 1752.
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Figure D.658. Graphic showing the
NMAE cumulative distribution, for
message 1752.
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Figure D.659. Graphic showing the
distribution of APE on the retweet-
ing users number at the time slot k,
for message 1752.
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Figure D.660. Graphic showing the
distribution of APE on the retweet-
ing users number until time slot k,
for message 1752.
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Figure D.661. Graphic showing the
RMSE values distribution with re-
spect to the set of users size, for mes-
sage 1752.
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Figure D.662. Graphic showing the
MAPE values distribution with re-
spect to the set of users size, for mes-
sage 1752.
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Figure D.663. Graphic showing the
MAE values distribution with respect
to the set of users size, for message
1752.
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Figure D.664. Graphic showing the
NMAE values distribution with re-
spect to the set of users size, for mes-
sage 1752.
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Figure D.665. Graphic showing the
forecast and the observed retweets
number, at the time slot k, for mes-
sage 2040.
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Figure D.666. Graphic showing the
forecast and the observed retweets
number, until the time slot k, for
message 2040.
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for message 2040.
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Figure D.669. Graphic showing the
RMSE cumulative distribution, for
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Figure D.670. Graphic showing the
MAPE cumulative distribution, for
message 2040.

 0
 0.1
 0.2
 0.3
 0.4
 0.5
 0.6
 0.7
 0.8
 0.9

 1

 0  0.0005  0.001  0.0015  0.002  0.0025  0.003

p
ro

b
a
b

il
it

y

MAE value

MAE users retweeting rate
cumulative distribution of msg 2040

Figure D.671. Graphic showing the
MAE cumulative distribution, for
message 2040.
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Figure D.683. Graphic showing the
RMSE cumulative distribution, for
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Figure D.691. Graphic showing the
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Figure D.697. Graphic showing the
RMSE cumulative distribution, for
message 3030.
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MAPE cumulative distribution, for
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Figure D.713. Graphic showing the
MAE cumulative distribution, for
message 1680.
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