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Abstract. This note is an extended version of a fifty minutes talk given at
the INdAM Meeting “Complex and Symplectic Geometry”, held in Cortona

from June 12th to June 18th, 2016. What follows was the abstract of our talk.

Let X be a compact Kähler manifold with a Kähler metric whose holomor-
phic sectional curvature is strictly negative. Very recent results by Wu–Yau

and Tosatti–Yang confirmed an old conjecture by S.-T. Yau which claimed

that under this curvature assumption X should be projective and canonically
polarized. We will explain how one can relax the assumption on the holomor-

phic sectional curvature to the weakest possible, i.e. non positive and strictly
negative in at least one point, in order to have the same conclusions. We shall

also try to motivate this generalization by arguments coming from birational

geometry, such as the abundance conjecture.
The results presented here were originally contained in the joint work with

S. Trapani [DT16].

1. Introduction

Let (X,ω) be a Kähler manifold, Θ(TX , ω) be its Chern curvature and R(TR
X , gω)

be the Riemann curvature tensor of the underling real Riemannian manifold with
the induced Riemannian metric gω := ω(·, J ·), where J is the complex structure
of X. Since ω is Kähler, the Riemann tensor can be identified with the Chern
curvature tensor via the usual isomorphism ξ : TX → T 1,0

X , ξ(v) = (v − iJv)/2.
The holomorphic bisectional curvature of ω in the directions given by two (holo-

morphic) tangent vectors v, w ∈ TX,x \ {0} is defined by

HBCω(x, [v], [w]) :=
1

||v||2ω||w||2ω

〈
Θx(TX , ω) · v, w

〉
ω

(v, w̄).

In the above formula, Θ(TX , ω) firstly acts as an endomorphism of the holomorphic
tangent space and then, once contracted with w using the hermitian product defined
by ω, eats the pair (v, w̄) as a (1, 1)-form.

The holomorphic sectional curvature of ω in the direction given by one (holo-
morphic) tangent vector v ∈ TX,x \ {0} is defined by

HSCω(x, [v]) := HBCω(x, [v], [v]) =
1

||v||4ω

〈
Θx(TX , ω) · v, v

〉
ω

(v, v̄).

It coincides with the Riemannian sectional curvature Kgω (v, Jv) relative to the
2-plane spanned by (v, Jv) in TX,x.
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Next, the (Chern-)Ricci tensor Ric(ω) is the closed, real (1, 1)-form defined up
to a constant as the trace (in the endomorphism part) of the Chern curvature:

Ric(ω) :=
i

2π
TrTX

Θx(TX , ω).

It is the Chern curvature i
2π Θ(K−1X , ωn) of the anti-canonical bundle K−1X of X

equipped with the metric ωn induced by ω.
Finally, the scalar curvature sω is the trace with respect to ω of the Ricci cur-

vature. It is thus defined by the relation

Ric(ω) ∧ ωn−1 =
sω
n
ωn.

Both the Chern–Ricci and the scalar curvature correspond to the namesakes in
Riemannian geometry.

It is well-known that both the Riemannian sectional curvature and the holo-
morphic sectional curvature completely determine the curvature tensor. A natural
question is wether and how the signs of the different curvatures introduced above
are correlated. The answer is summed up in the following diagram:

Kωg
+3 HBCω +3

 (

HSCω +3 sω

Ric(ω)

8@

The arrows ⇒ in the diagram mean that the positivity (resp. semi-positivity, neg-
ativity, semi-negativity) of the source curvature implies the positivity (resp. semi-
positivity, negativity, semi-negativity) of the target curvature. These implications
can be verified by an average argument. It is however a priori not clear if the sign
of the holomorphic sectional curvature propagates and determines the signs of the
Ricci curvature.

Nevertheless, it was conjectured by S.-T. Yau that a compact Kähler manifold
(X,ω) with negative holomorphic sectional curvature should aways admit (a pos-
sibly different) Kähler metric ω′ with negative Ricci curvature. If so, then KX

would be ample and, in particular, X would be projective. This conjecture has
been proved only very recently in the projective case by Wu and Yau in [WY16b],
and extended shortly after to the Kähler case by [TY15] (see also Nomura’s re-
cent proof contained in [Nom16] for a Kähler–Ricci flow approach to the problem).
Before these major breakthroughs, only some cases were known under some extra
conditions. For instance, this was proven in [HLW10] supposing the abundance
conjecture to hold true (which is the case indeed in dimension less than or equal to
three).

From our point of view, one important motivation to study such a problem
comes from the general conjectural picture in Kobayashi hyperbolicity theory of
compact Kähler manifolds. Namely, it was conjectured in the 70’s by S. Kobayashi
himself that a compact hyperbolic Kähler manifold should have positive canonical
bundle, and thus by Yau’s celebrated solution of the Calabi conjecture, would
admit a Kähler metric with negative Ricci curvature (even more, a Kähler–Einstein
metric of Einstein constant −1). Now, if a compact complex manifold admits
a hermitian metric of negative holomorphic sectional curvature, then it is well-
known that the manifold in question is Kobayashi hyperbolic (the converse does not
hold in general, see [Dem97, Theorem 8.2] for a very interesting class of projective
examples). Thus, negativity of the holomorphic sectional curvature is a strong way
to have hyperbolicity and the result of Wu–Yau and Tosatti–Yang can also be seen
as a weak confirmation of the Kobayashi conjecture.
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Now, what about compact Kähler manifolds with merely non positive holomor-
phic sectional curvature? They surely have nef canonical bundle thanks to [TY15]
(in the projective case this is a well-known consequence of Mori’s theorem, since
they do not admit any rational curve, see next section for more details). Anyway,
such a condition is not strong enough in order to obtain positivity of the canonical
bundle, as flat complex tori immediately show. A less obvious but still easy coun-
terexample is given by the product (with the product metric) of a flat torus and,
say, a compact Riemann surface of genus greater than or equal to two endowed with
its Poincaré metric. In this example, over each point there are some directions with
strictly negative holomorphic sectional curvature but always some flat directions,
too (we refer the reader to the recent paper [HLW14] for some nice results about
this merely non positive case).

So, if we look for the weakest condition, as long as the sign of holomorphic
sectional curvature is concerned, for which one can hope to obtain the positivity of
the canonical bundle, we are led to give the following (standard, indeed) definition.

Definition 1.1. The holomorphic sectional curvature is said to be quasi-negative
if HSCω ≤ 0 and moreover there exists at least one point x ∈ X such that
HSCω(x, [v]) < 0 for every v ∈ TX,x \ {0}.

Now, why should we hope that such a condition would be sufficient? The reason
comes from the birational geometry of complex Kähler manifolds, and in particular
from the Minimal Model Program and the Abundance conjecture. Let us illustrate
why.

We begin with the following elementary observation.

Proposition 1.2. Let (X,ω) be a compact Kähler manifold such that HSCω ≤ 0,
and suppose there exists a direction [v] ∈ P (TX,x0

) such that HSCω(x0, [v]) < 0, for
some x0 ∈ X. Then, c1(X) ∈ H2(X,R) cannot be zero.

Sketch of the proof. A computation shows (see for instance [Ber66], or [Div16, Sec-
tion 2.1] for a more general computation) that, up to a positive constant multiple
(which depends only on dimX), we have for all x ∈ X

sω(x) '
∫
P (TX,x)

HSCω(x, [v]) dVolFS([v]),

where dVolFS is the Fubini–Study volume form on P (TX,x) induced by ω. The
hypotheses imply therefore that sω(x) ≤ 0 for all x ∈ X and sω(x0) < 0. But then,

c1(X) · [ω]n−1 =

∫
X

Ric(ω) ∧ ωn−1

=

∫
X

sω
n
ωn < 0.

�

As a direct consequence, if X is moreover projective and Pic(X) is infinite cyclic,
then KX must be ample. This gives back (and slightly generalize) a result of
[WWY12].

Now, let (X,ω) be a compact Kähler manifold with quasi-negative holomorphic
sectional curvature. Then, Proposition 1.2 implies that X cannot have trivial first
real Chern class. Moreover, as we saw, by [TY15] KX is nef.

Suppose that not only KX is nef, but moreover it is semi-ample, i.e. some tensor
power of KX is globally generated. This further hypothesis should be in principle
removed since conjecturally guaranteed by the abundance conjecture for compact
Kähler manifolds. It is in particular always verified if dimX ≤ 3 [CHP14] (note
moreover that if dimX ≤ 4 and X is projective, then since X does not contain
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any rational curves as we shall see later, the abundance conjecture reduces to the
weaker nonvanishing conjecture [HPR13, Theorem 1.5]).

Let φ : X → B be the semiample Iitaka fibration associated to KX . So, φ is a
proper holomorphic mapping with connected fibers and such that some multiple of
the canonical bundle is the pull-back of an ample line bundle on the normal pro-
jective variety B (see [Laz04, Theorem 2.1.26] for more details). The dimension of
B is exactly the Kodaira dimension κ(X) of X, that is the Kodaira–Iitaka dimen-
sion of KX . Moreover, since KX is supposed to be semi-ample, its Kodaira–Iitaka
dimension coincides with its numerical dimension ν(KX) ≥ 0, which is the largest
integer ` such that c1(KX)` is non zero in real cohomology. Thus, since X has non
trivial first real Chern class, we have that κ(X) > 0.

If κ(X) = ν(KX) = dimX, then X is by definition of general type and, as we
shall see, projective (see discussion right after formula (1)) and without rational
curves [Roy80, Corollary 2]. Then, Lemma 2.1 implies that in this case KX is
ample.

Next, suppose by contradiction that 1 ≤ κ(X) ≤ dimX−1 so that if we call F the
general fiber of φ, we have that F is a smooth compact Kähler manifold of positive
dimension and different from X itself. Now, on the one hand, the short exact
sequence of the fibration shows that KF ' KX |F and therefore it follows that c1(F )
must be zero in real cohomology. On the other hand, the classical Griffiths’ formulae
for curvature of holomorphic vector bundles imply that the holomorphic sectional
curvature decreases when passing to submanifolds, that is for every x ∈ F ⊂ X

HSCω|F (x, [v]) ≤ HSCω(x, [v]),

where v ∈ TF,x and, in the right hand side, v is seen as a tangent vector to X.
The quasi-negativity of the holomorphic sectional curvature implies, since F is a

general fiber, that there exists a tangent vector to F along which the holomorphic
sectional curvature of ω|F is strictly negative. Thus, Proposition 1.2 implies that
F cannot have trivial first real Chern class, which is absurd.

As a consequence, me may indeed hope to extend Wu–Yau–Tosatti–Yang theo-
rem to the optimal, quasi-negative case. This is precisely the main contribution of
[DT16].

Theorem 1.3 ([DT16, Theorem 1.2]). Let (X,ω) be a connected compact Kähler
manifold. Suppose that the holomorphic sectional curvature of ω is quasi-negative.
Then, KX is ample. In particular, X is projective.

This answers a question raised in [TY15] (see also [HLW14, Remark 7.2] for
a related discussion). A particular case of this theorem was already proved in
[WWY12] (see also the comment right after Proposition 1.2) under the additional
assumption that the Picard group of X is infinite cyclic, and in [HLW14] under the
additional assumption that X is a projective surface. Let us finally note that D.
Wu and S.-T. Yau have subsequently given a slightly different proof of our Theorem
1.3 in [WY16a].

The rest of this note will be devoted to give a proof of Theorem 1.3, which
somehow simplifies the one contained in our original paper. It is the outcome of
exchanges with H. Guenancia, who is warmly acknowledged.

Acknowledgments. We would like to warmly thank the organizers Daniele Angella,
Costantino Medori, Adriano Tomassini for the beautiful and stimulating environ-
ment of the INdAM Meeting “Complex and Symplectic Geometry”, in Cortona.
A particular thought goes to Paolo De Bartolomeis, who sadly passed away on
November 29th, 2016.
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2. Reduction to the key inequality

Let (X,ω) be a n-dimensional compact Kähler manifold such that HSCω ≤ 0.
Then, it is classically known (see for instance [Roy80, Corollary 2]) that X cannot
contain any (possibly singular) rational curve, i.e. it does not admit any non
constant map P1 → X. Now, if X is projective, Mori’s theorem immediately gives
us that KX must be nef. If X is merely supposed to be Kähler, then the nefness
of KX still holds true and is a direct consequence of the non positivity of the
holomorphic sectional curvature, but this is the much more recent result [TY15,
Theorem 1.1].

Now, suppose that one can show under the quasi-negativity assumption of the
holomorphic sectional curvature that

(1) c1(KX)n > 0.

Then, by [DP04, Theorem 0.5], we deduce that KX is big. In particular, carrying a
big line bundle, X is Moishezon. Since X is Kähler and Moishezon, by Moishezon’s
theorem X is projective. But then, the following lemma implies that KX is ample.

Lemma 2.1 (Exercise 8, page 219 of [Deb01]). Let X be a smooth projective variety
of general type which contains no rational curves. Then, KX is ample.

Proof. Since there are no rational curves on X, Mori’s theorem implies as above
that KX is nef. Since KX is big and nef, the Base Point Free theorem tells us that
KX is semi-ample. If KX were not ample, then the morphism defined by (some
multiple of) KX would be birational but not an isomorphism. In particular, there
would exist an irreducible curve C ⊂ X contracted by this morphism. Therefore,
KX · C = 0. Now, take any very ample divisor H. For any ε > 0 rational and
small enough, KX − εH remains big and thus some large positive multiple, say
m(KX − εH), of KX − εH is linearly equivalent to an effective divisor D. Set
∆ = ε′D, where ε′ > 0 is a rational number. We have:

(KX + ∆) · C = ε′D · C
= ε′m(KX − εH) · C
= −εε′mH · C < 0.

Finally, if ε′ is small enough, then (X,∆) is a klt pair. Thus, the (logarithmic
version of the) Cone Theorem would give the existence of an extremal ray generated
by the class of a rational curve in X, contradiction. �

Remark 2.2. The same conclusion can be directly obtained by means of [Tak08,
Theorem 1.1]. This theorem states, among other things, that the non-ample locus
of the canonical divisor of a smooth projective variety of general type is uniruled.
In particular, if there are no rational curves, the non-ample locus must be empty
and thus KX is ample.

It is thus sufficient to prove inequality (1). Since KX is nef, for any ε > 0, the
cohomology class [εω − Ric(ω)] = ε[ω] + c1(KX) is a Kähler class. By [WY16b,
Proposition 8], for every ε > 0, there exists a smooth function uε which solves the
following Monge–Ampère equation:

(2)

{(
εω − Ric(ω) + i∂∂̄uε

)n
= euεωn,

ωε := εω − Ric(ω) + i∂∂̄uε > 0.

Moreover, again by [WY16b, Proposition 8], there exists a constant C > 0 which
only depends on ω and n = dimX, such that

sup
X
uε < C.
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Now, ∫
X

euε ωn =

∫
X

ωnε

=
(
ε[ω] + c1(KX)

)n
= c1(KX)n +

n−1∑
j=0

(
n

j

)
εn−j [ω]n−j · c1(KX)j .

Therefore,

lim
ε→0+

∫
X

euε ωn = c1(KX)n,

and what we have to show is that

(3) lim
ε→0+

∫
X

euε ωn > 0.

The next section will be entirely devoted to the proof of inequality (3), which in
the sequel will be referred to as “key inequality”.

3. Proof of the key inequality

The first observation is that the functions uε are all ω′-plurisubharmonic for
some fixed Kähler form ω′ and ε > 0 small enough. For, let ` > 0 be such that
`ω − Ric(ω) is positive and call ω′ = `ω − Ric(ω). Thus, for all 0 < ε < `, one has

0 < εω − Ric(ω) + i∂∂̄uε < `ω − Ric(ω) + i∂∂̄uε = ω′ + i∂∂̄uε.

Therefore, by [GZ05, Proposition 2.6], either {uε} converges uniformly to −∞ on
X or it is relatively compact in L1(X). Suppose for a moment that we are in
the second case. Then, there exists a subsequence {uεk} converging in L1(X) and
moreover the limit coincides a.e. with a uniquely determined ω′-plurisubharmonic
function u. Up to pass to a further subsequence, we can also suppose that uεk
converges pointwise a.e. to u. But then, euεk → eu pointwise a.e. on X. On the
other hand, we have euεk ≤ eC so that, by dominated convergence, we also have
L1(X)-convergence and

lim
k→∞

∫
X

euεk ωn =

∫
X

euωn > 0.

The upshot is that what we need to prove is that {uε} does not converge uniformly
to −∞ on X. From now on, we shall suppose by contradiction that

sup
X
uε → −∞.

Now, as in [WY16b], consider the smooth positive function Sε on X defined by

ω ∧ ωn−1ε =
Sε
n
ωnε .

Now, define Tε to be logSε. In other words, Tε is the logarithm of the trace of ω
with respect to ωε.

Lemma 3.1. The function Tε satisfies the following inequality:

Tε > −
uε
n
.

In particular, if {uε} converges uniformly to −∞ on X, then Tε converges uniformly
to +∞ on X.
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Proof. Let 0 < λ1 ≤ · · · ≤ λn be the eigenvalues of ωε with respect to ω, so that
0 < 1/λn ≤ · · · ≤ 1/λ1 are the eigenvalues of ω with respect to ωε. Then,

eTε = trωε ω =
1

λ1
+ · · ·+ 1

λn
>

1

λ1
.

Thus, e−Tε < λ1 so that e−nTε < (λ1)n ≤ λ1 · · ·λn. But, euεωn = ωnε =
λ1 · · ·λn ωn, and so we get e−nTε < euε , or, in other words,

Tε > −
uε
n
.

�

Next, since we do not dispose of a negative constant uniform upper bound for
HSCω, we are naturally led to consider the following continuous function on X:

κ : X → R
x 7→ − max

v∈TX,x\{0}
HSCω(x, [v]).

The quasi-negativity of the holomorphic sectional curvature of Theorem 1.3 trans-
lates in κ ≥ 0 and κ(x0) > 0 for some x0 ∈ X.

By [WY16b, Proposition 9], for every ε > 0 we have the following crucial in-
equality which makes the holomorphic sectional curvature enter into the picture:

(4) ∆ωεTε(x) ≥
(
n+ 1

2n
κ(x) +

ε

n

)
eTε(x) − 1.

Set M(x) = n+1
2n κ(x). By plain minoration of the right hand side, we obtain that

the Tε’s satisfy the following differential inequality:

(5) ∆ωε
Tε(x) ≥M(x) eTε(x) − 1.

For each ε > 0, integrate (5) over X using the volume form associated to ωε, to
get

0 =

∫
X

∆ωε
Tε ω

n
ε ≥

∫
X

(
MeTε − 1

)
ωnε .

We obtain therefore the following integral inequality:∫
X

MeTεeuε ωn ≤
∫
X

euε ωn,

and setting vε = uε − supX uε one has∫
X

MeTεevε ωn ≤
∫
X

evε ωn.

Next, if we define Cε := infX e
−uε/n, we have that eTε > Cε, and

(6) Cε

∫
X

Mevε ωn ≤
∫
X

evε ωn.

Moreover, recall that we are assuming by contradiction that Cε → +∞ as ε→ 0+.
Now, the same reasoning made at the beginning of this section tells us that

there exists a subsequence {vεk} of {vε} converging in L1(X) and moreover the
limit coincides a.e. with a uniquely determined ω′-plurisubharmonic function v.
Indeed, the case where {vε} converges uniformly to −∞ is not possible here since
the supremum of the vε’s is fixed and equal to 0. Again, up to pass to a further
subsequence, we can also suppose that vεk converges pointwise a.e. to v. But then,
evεk → ev pointwise a.e. on X. On the other hand, we have evεk ≤ 1 so that, by
dominated convergence, we also have L1(X)-convergence and therefore

lim
k→∞

∫
X

evεk ωn =

∫
X

evωn > 0,
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and

lim
k→∞

∫
X

Mevεk ωn =

∫
X

Mevωn > 0,

since M is non negative and strictly positive in at least one point, while the set of
points where v = −∞ has zero measure.

Plugging this information into inequality (6) we obtain the desired contradiction
since the left hand side blows up while the right hand side converges to some fixed
positive number.
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