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FULL METASTABLE ASYMPTOTIC OF THE FISHER
INFORMATION

GIACOMO DI GESU AND MAURO MARIANI

ABSTRACT. We establish an expansion by I'-convergence of the Fisher informa-
tion relative to the reference measure e~ #Vdz, where V is a generic multiwell
potential and 8 — oco. The expansion reveals a hierarchy of scales reflecting the
metastable behavior of the underlying overdamped Langevin dynamics: dis-
tinct scales emerge and become relevant depending on whether one considers
probability measures concentrated on local minima of V', probability measures
concentrated on critical points of V, or generic probability measures on R?.
We thus fully describe the asymptotic behavior of minima of the Fisher infor-
mation over regular sets of probabilities. The analysis mostly relies on spectral
properties of diffusion operators and the related semiclassical Witten Lapla-
cian and also covers the case of a compact smooth manifold as underlying
space.

1. INTRODUCTION

The Fisher information of a probability measure p relative to a reference measure
m on a smooth manifold is given by the expression

1 Vol _ 2
Z(pulm) = §/Tdm— 2/|V\/§| dm, (1.1)
assuming that g := j—v’fl exists and is sufficiently regular (see the precise Defini-
tion 3.1 below). This is a classical and ubiquitous object measuring the discrep-
ancy between two measures and appearing in various fields as Statistics, Information
Theory and Statistical Mechanics.

In the context of Statistical mechanics the reference measure usually appears in
the form mg = e #Vdx, where V is a suitable potential describing the interaction
in the model, (3 is a positive parameter, proportional to the inverse temperature and
dzx is the volume measure corresponding to the absence of interaction. The main
interest often lies in the dynamical properties of the associated heat flow evolution
featuring mg as stationary measure. Under suitable regularity assumptions on V'
it may be described by the Fokker-Planck equation

Ou = B Au + div(uVV) (1.2)
or, on a pathwise level, by the overdamped Langevin equation

X, = -VV(X;) +v2871 W, (1.3)

where W; is Brownian motion. The Fisher information may enter the description
and analysis of a Statistical Mechanics model in various ways: through functional
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inequalities, prominently the Log-Sobolev and HWI inequality (see e.g. [1] and
references therein and in particular [19] for the 5 — oo regime considered here); as
rate functional in Large deviation principles describing fluctuations of the empirical
occupation measure of (1.3) when t — oo, [5]; or also as a tool to give an alternative
construction of the dynamics (1.2) as gradient flow with respect to the relative
entropy functional [12] (see also the discussion at the end of this introduction).

1.1. The low temperature regime and metastability. In this paper we study
the asymptotic behaviour of the Fisher information relative to mg = e AV dz in the
low temperature regime, that is 8 — oo. When the potential V' admits several local
minima, in this regime energy traps are created which slow down the dynamics (1.3)
around these minima and produce metastability effects.

In the heuristic picture, there are several relevant time scales that feature a
non-trivial dynamics: on the natural time-scale on which the process is defined,
the system essentially follows the deterministic gradient flow with respect to the
potential V. In particular, all critical points of V are absorbing for the limiting
dynamics. On a longer time scale (see below), the process just lives on critical
points; however on this scale stable critical points (that is, local minima of V') are
absorbing for the dynamics (once visited, the system sticks there). When observed
on even larger time scales, typically exponentially large in 8 [9, Chap. 6.], even
among the local minima distinctions become observable: on the long run, rare
but sufficiently large fluctuations may occur that allow the process to climb the
mountain pass which leads to another local minimum. This tunneling or metastable
transition among local minima favors the passage from a minimum point to a
deeper, energetically more convenient minimum point. Thus, on the long run, the
deeper the local minimum, the more time the process will spend around it.

The reversible diffusion model (1.3) is a paradigmatic model for metastable phe-
nomena, that show up in the dynamical behavior of a large variety of complex real
world systems, and can be regarded as a mark of dynamical phase transitions. It
is often a detailed theoretical and numerical analysis of metastability that allows
for a proper upscaling of microscopic models - defined at the atomic or molecular
level - to macroscopic descriptions catching experimental observations in materials
science, biology and chemistry. We refer to Kramers’ influential work [14], to [10]
and to [2, 16, 7] for recent brief reviews on some of the mathematical techniques
used in the analysis of metastability. We also refer specifically to [18, 20] and ref-
erences therein for some classical rigorous results concerning the heuristic picture
described above.

One expects the metastable behavior to be encoded somehow in the asymptotic
behavior of the Fisher information. We discuss below why I'-convergence is the
natural tool to characterize this asymptotic behavior, in particular in the context
of metastability and convergence of multi-scale reversible dynamics. However, for
the sake of readability, we first shortly describe our main result in Section 1.2 below,
then informally explain how I'-convergence can be used as a solid theoretical frame-
work for metastability in Section 1.3, in particular in the context of large deviations
of the occupation measure. We quickly review the applications of I'-convergence
in multi-scale gradient flows in Section 1.4 (see also [21] where T'-convergence is



FULL METASTABLE ASYMPTOTIC OF THE FISHER INFORMATION 3

exploited to upscale an essentially one-dimensional metastable Fokker-Planck equa-
tion). We recall the definition of I'-convergence in Section 2.2 below, and refer to
[4] for a systematic treatment.

1.2. Informal description of the main result. In this paper a full expansion
in the sense of I'-convergence of the Fisher information is established, which indeed
features the complete cascade of metastable scales as informally described above.
Using standard techniques, it is not hard to see that, under mild assumptions on
the potential V', the rescaled Fisher information

I = 25 Z(-le"V du) (1.4)

I-converges (in the weak topology of probabilities) as 8 — oo to the linear func-
tional

160 =} [ duta) 9V ()

On the dynamical level this corresponds to the convergence of the diffusion (1.2)-
(1.3) to the deterministic transport along the gradient of V. Note that Zglefﬁ Vi
is the unique minimizer of Ig, provided Zz = exp(—fV) < oco. On the other
hand, if V' admits several critical points, I(x) vanishes on any probability that is
concentrated on such points.

This suggests that one may obtain a non-trivial I'-limit also when multiplying
Iz by a suitable diverging constant, so that, according to the heuristic picture
described above, the new limiting functional vanishes only on probability measures
concentrated on local minima. This is indeed the case, and 313 also I'-converges
to a functional J with the mentioned properties (see Theorem 2.3 for its explicit
characterization).

To capture the exponential scales associated with tunneling between local min-
ima we iterate the same procedure: assuming that there is a unique global minimum
point 2 of V and labelling by {1, ..., 2, } the other local minimum points of V', we
investigate for each k = 1,...,n the I-limit of eV Ig, where W}, is the mountain
pass barrier which separates zj from a deeper minimum (see Section 2 for precise
defintions). Under genericity assumptions, we prove that for each k = 1,...,n also
BeBWr T s I'-converges to some Ji, which can again be explicitly characterized (see
Theorem 2.3) and involves the prefactors already appearing in the famous Kramers
formula for metastable critical times [14] (see also the I'—convergence result in [21]).
Since Ji(u) = 0 for all &’s iff y = d,,, this amounts to a full expansion of Iz by
I-convergence (see [4, Chap. 1.10] and Section 2 of this paper). In other terms,
as far as infima over closed and open sets are concerned (that is, in the sense of
I-convergence)

Tg(p) ~ I(p) +zn: L e BWe 1 (1). (1.5)
k=1

As a consequence of (1.5) and the Donsker-Varadhan Large Deviations Principle
[5] we infer that, in the sense of large deviations, the solution to (1.3) satisfies (see
Corollary 2.5)

P(%/O‘Tlsf (Xa) ~ / dpu(2)f (x), Vf ) ~ T (1 + I+, =

—E0W) - (1.6)
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That is, we characterize the sharp asymptotic of the left hand side for every u €
P(RY).

To prove our main result (1.5) we take a spectral point of view and exploit
results which were mainly developed in the context of the semiclassical spectral
analysis of Schrodinger operators. Indeed, as highlighted by the expression on the
right hand side of (1.1), the Fisher information can be seen as a Dirichlet form
on L?(dm) and thus be studied from a spectral point of view by considering the
corresponding selfadjoint operator. When mg = e~ BV dz the latter is given by the
diffusion operator

Ls=A—BVV.V. (1.7)

It is well-known that a unitary transformation, sometimes called ground state trans-
formation, turns the generator into a Schrédinger operator acting now on the flat
space L?(dx). More precisely,

1 1 2
—e 3V Lge2V = —A 4 %|VV|2 - gmf. (1.8)

The latter operator is a specific Schrédinger operator. This operator coincides with
the restriction on the level of functions of the Witten Laplacian, an operator act-
ing on the full algebra of differential forms, considered by Witten in his celebrated
paper [26]. Note that the small noise limit § — 0 turns now into a problem in
semiclassical analysis of Schrodinger operators. In this paper we use two important
results, established in this framework: the approximation of the low-lying spectrum
of Schrodinger operators via harmonic oscillators sitting at the bottom of the wells
[23], and the fine analysis of the splitting of the exponentially small eigenvalues
provided in [11]. For simplicity we restrict here to the case of R? or of a compact
Riemannian manifold as state space, but our arguments could be adapted with-
out much difficulty to the case of a bounded domain with reflecting (Neumann)
boundary conditions, as considered e.g. in [21], by using [15] instead of [11].

1.3. Metastable dynamical systems. Here we informally describe some motiva-
tions to approach metastability via I'-convergence of the Fisher information. By the
Birkhoff ergodic theorem, time-averages of an observable of an ergodic (determinis-
tic or random) dynamical system converge in the long time limit to the average of
the same observable with respect to the invariant measure m of the system. Assume
that we have a family of ergodic systems indexed by some parameter 3, that for
the sake of simplicity we may take as a real number. Under very weak and general
conditions, see e.g. [13], dynamical systems also satisfy a long-time large deviation
principle, that we informally write for each fized 5 as

T
Ps <% /Ode(Xs) ~ /du(l‘)f(x), Vf) ~exp(-TEg(p), T>1, (1.9)

where the rate Eg(p) > 0 is a positive real valued function defined on probability
measures'. For each fixed 3, we assume that the system has good ergodic properties,

I'Note that (1.9) makes sense both for random and deterministic systems, as in the latter case
the initial distribution induces a probability measure on the trajectories of the system. In other
words, for the deterministic systems, the left hand side of (1.9) should be interpreted as the
measure of initial data such that fOT f(Xs)ds ~ [ du(z)f(z).
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i.e. Eg(p) = 0iff = mg is the invariant measure?, so that (1.9) can be interpreted
as a quantitative version of the Birkhoff theorem.

Suppose now that, informally speaking, a limiting behavior takes place as we
move the parameter 8 to some limit, say 8 — oo. Then the invariant measure is
expected to converge to some limiting measure, mg — m. Similarly one expects
concentration of time averages to take place in the parameter § as well, namely

T
Ps <% /Odsf(XS) ~ /d,u(x)f(:zr), Vf) ~exp(=TaglI(un), T>1,6>1
(1.10)

where ag is a sequence of real numbers converging to 4+o0o0. It is a general fact,
see e.g. [17], that the functional I in (1.10) is the I-limit of ﬁEﬁ' If ergodic
properties of the system hold uniformly in 3, one would expect that I(u) = 0 iff
i=m = limg mg.

On the other hand, we say that the system exhibits a metastable behavior (on
the scale (ag)) in the limit 8 — oo, if the function I(u) = Flimg éE@, vanishes on
a set strictly larger than {m}. In other words, if there is a ’small-but-not-so-small’
probability that, for T large and [ large, the time average of observables does not
behave as the spacial average with respect to the limiting invariant measure. In
such a case, (1.10) states in particular that one needs to consider time scales much
longer than ag to observe convergence of the system to the invariant measure. If
the system features a metastable behavior, (1.10) is not completely satisfactory.
Indeed, one knows a priori that the left hand side should vanish if u # m (as we
sent ' — oo before 3, and assumed mg — m), but the right hand side does not
catch the sharp asymptotic if I(x) =0 (and g # m). In other words, if © # m and
I(p) = 0 (1.10) just states that the left hand side vanishes on a slower scale than
exp(—agT) but does not quantify this scale.

In this case, one would expect a further non-trivial expansion in the right hand
side of (1.10), say for T > 1,8 > 1

Py (% /0 137 (X) ~ / dpa(w) f(2), w) ~ exp (~Tag (I(n) + (1)) ), (1.11)

where bg — oo and J(p) is such that J(m) = 0, J(u) = oo if I(p) > 0, and thus
J(u) gives the asymptotic value of the left hand side when I(u) = 0 and pu # m.
Actually, it may happen that for such p’s, the left hand side in (1.11) vanishes at
different rates, so that a further expansion of the exponent in the right hand side
is necessary, until the exponential behavior of the left hand side at each and every
point in {I(x) = 0} is characterized, and a complete quantitative version of the
ergodic convergence of averaged observables is recovered.

The discussion informally carried over above can be made very precise, since
both large deviations and I'-convergence always hold along subsequences, and thus
(1.9) can actually be used as a rigorous definition of Eg, and the existence of a non-
trivial development by T'-convergence [4, Chap. 1.10] (or equivalently of multiple

2For the sake of simplicity we are assuming that at time 0 we start with distribution mg. This
assumption is usually not needed in the random case, but crucial for deterministic systems.
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large deviations principles® as in (1.11)) as a general definition of metastability.
However we refrain from giving a too abstract formulation of these statements that
are not instrumental to our results below.

1.4. Multiscale gradient flows. The relative entropy Hg(u) of the probability
measure 4 with respect to the reference measure m = e~ #Vdz is defined as

Hp(p) := /dmglog o, p=om (1.12)
It is a well-known fact [12] that the Fokker—Planck equation

O = Au + Bdiv(uVV) (1.13)

can be written as a gradient flow of the relative entropy Hg with respect to the
2-Wasserstein distance on probability measures on RY. Namely a curve (ug(t)) of
probability measures with bounded second moments on R? satisfies (1.13) iff

Hy(15(0)) > Halus (1)) + 3 / 10ugas (5)]2ds + 1 / Ve, Ho P (s(s))ds (1.14)

where || - || is the tangent norm on the 2-Wasserstein space and, most importantly
for us, the metric gradient |V, Hg|? coincides with 815. Following the approach in
[22], and dividing both sides of (1.14) by 3, one wants to pass to the limit 5 — occ.
Then, using the I'-limit result /3 — I in Theorem 2.3, one easily gathers that any
limit point (u(t)) of (1a(t)) satisfies

Jvauo= [vauo+3 [ () s+ 3 / t [19vPduas. 113)

provided the initial data satisfies %Hg(uﬁ(())) — [Vdup(0). In other words, one

recovers the simple fact that the solution ug to (1.13) satisfies ug(t/3,z) — u(t, ),
where u solves the transport equation

Oyu = div(uVV). (1.16)

Of course, if the inital data concentrates on critical points of V', (1.16) becomes
trivial, namely 0yu = 0. Then the development by I'-convergence gives the sharp
asymptotic of ug(t/?) exactly in these cases. It turns out that, when the initial
condition concentrates on local minima, even this limit is trivial, and still by the
I-development one can establish the limit of ug(t/(3e’"*),z) where the W), are
appropriate constants defined in A.5 below. We do not pursue these problems
here, since we plan a detailed study in the non-reversible case (namely when VV
in (1.16) is replaced by a generic vector field) in a follow-up paper. See [21] for a
detailed discussion on a similar model.

3This should not be confused with what is called large and moderate deviations in the literature,
which is not related to metastability. Here the observables are fixed once and for all, and not
rescaled. And yet they feature multiple large deviations principles.
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1.5. Plan of the paper. In Section 2 we introduce some definitions and state the
main result. In Section 3, we shortly review some basic properties of the Fisher
information functional. In Section 4 we consider suitable quasimodes associated to
the generator Lg. In Section 5 we prove the I'-convergence and equicoercivity results
for the Fisher information. In Section 6 and Section 7 we prove the development
by I'-convergence of the Fisher information respectively under inverse power and
exponential rescaling.

2. MAIN RESULT

2.1. Basic notation. Hereafter (M,g) is a smooth d-dimensional Riemannian
manifold without boundary and with metric tensor g. We assume that either M
is compact or that M = R? and ¢ is the canonical Euclidean tensor. € is the set
of smooth, compactly supported 1-forms over M. For v € Q, 9? is understood
as (¥,v)4, while V, V-, Hess and A are the covariant gradient, the divergence,
the Hessian and the (negative) Laplace-Beltrami operators on M. P(M) is the set
of Borel probability measures on M, and it is naturally equipped with the weak
topology of probability measures. If M is compact this is the weakest topology
such that the map p +— [du f is continuous for all f € C(M). If M is not com-
pact, the definition is slightly more involved, as one should require f to be bounded
and uniformly continuous with respect to any totally bounded distance on M (this
topology is independent of such a distance), see [24, Chap. 3.1]. In any case, P(M)
is a Polish space (that is a completely metrizable, separable topological space), and
it is compact if M is compact.

2.2. T'-convergence. In this section we briefly recall the basic definitions related
to I-convergence, see [4, Chap. 1]. For X a Polish space (we will always consider
X =P(M)) and (Hg) a family of lower semicontinuous functions on X indexed by
the directed parameter 8 (we will always consider § > 0), one defines

(Flim Hg)(x) := inf {li_mHB(:vlg), {zp} C X : 2 — :v} )
b b (2.1)

(Plﬁi_mHﬁ) (z) := inf {@Hﬁ(xg), {zp} C X : 23— x} .

Whenever Flimg Hg = Flimg Hg =: H we say that Hg I-converges to H in X.
Equivalently, Hg I'-converges to H iff for each 2 € X:

— for any sequence x5 — it holds limg Hg(zs) > H(x);

— there exists a sequence xg — x such that limg Hg(zg) < H(x).
(Hp) is equicoercive if for each M € R the set {limg Hg < M} is precompact in X.

If Hg is equicoercive and I'-converges to H, then A := argmin(H) contains each

limit point of argmin(Hpg). Denote by Ay the set of such limit points. If A\ Ay is

nonempty, there exists a diverging sequence (ag)) such that the functional

1 1 .
Hé ) aé )(Hg - 111612 Hg(z)) (2.2)
admits a non-trivial (that it having somewhere a value different from 0 and oo)
I'-liminf. Note that H él) inherits from Hg the property of being equicoercive, and

that (Plimg H{V)(z) = (Plimg H{V)(z) = 0 if & € Ao and (Plimg H)(z) =
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(Plimg HV)(2) = +o0 if & ¢ A. If H}" admits a I-limit H() then we say that
the development by I'-convergence
Hg~ H + —25HY (2.3)
%p
holds. Iterating the procedure with sequences such that agk)/ a%kﬂ)
that the development by I'-convergence is full if it holds

Hyg ~H+Z$H(k) (2.4)
k

and for each z € A\ Ay there exists k such that H® (z) € (0, 00).

Equicoercivity and I'-convergence of a sequence (Hg) imply an upper bound of
infima over open sets, and a lower bound of infima over closed sets, see e.g. [4,
Prop. 1.18], and it is a relevant notion of variational convergence for the problems
discussed in the introduction. A full development by I'-convergence then gives a
sharp asymptotic of each of such infima.

— 0, we say

2.3. Assumptions on the potential. The potential V is a given real-valued func-
tion and we consider the following assumptions.
A1V € C>®*(M) is a Morse function. Namely the Hessian of V' is non-
degenerate at any critical point of V.
A.2 In the case M = Rd, it holds for some By > 0

. 2 1 _
xlirrgo 51§£0(1|VV| - ﬁAV)(x) = +00. (2.5)

A.3 In the case M = R%, it holds for some By > 0 and all 3 > S
Zg = /e—ﬂvmdx < 4o0. (2.6)

Remark 2.1. If M = R¢, A.1-A.3 imply that lim| )40 V(z) = +o00 (see [11,
Proposition 2.2] ). Thus, in both cases of M compact and M = R?, the set {V < c}
is compact for all ¢ > inf,ep V(2).

Remark 2.2. Assumption A.2 says that, after the ground state transformation
of the diffusion generator Lz and division by % (see (1.7),(1.8)), the Schrédinger
potential grows to infinity at infinity, uniformly in [3.

Let p be the set of critical points of V', namely z € p iff VV(2) = 0. By A.1-A.2,
p is finite. Let po C p be the set of local minima of V' and define W: py — (0, o]
as

Wi(x) = inf inf  sup V(y(t)) —V(z),

(@) y#z: V(y)<V(z) ¥ED (z,y) te[OI,:)l] (1) = Vi(a) (2.7)
where I'(z, y) is the set of continuous curves connecting = and y in time 1. In other
words W(z) is the lowest mountain pass to climb when going from z to a deeper
minimum of V.

A.4 For each x € p; such that W (z) < 400 there exists a unique point & € g
such that the two following conditions hold:
(i) V(2) =V(z) + W(x).
(ii) # and z lie in the same connected component of the compact set
{yeM : V(y) <V(z)+ W)}
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In other words, there is a unique saddle point & such that all the optimal

curves v in the variational problem (2.7) pass through &.
A.5 W(x) # W(y) whenever z # y, x, y € ©o.

By A.5 we can label pg = {zo,...,2,} by requiring
Wp < ... < Wi < Wy = +o0, (2.8)

where we use the shorthand notation W; := W(z;). Note that z( is the unique
global minimizer of V' and Z; exists for i # 0 by A.4.

2.4. The I'-development theorem. For 5 > 3y define the reference measure mg
on M as

dmg(z) = e PV @ dy, (2.9)
where dz is the Riemannian volume on M. The Fisher information at inverse
temperature 8 > 0 is the functional (see Definition 3.1 and (3.6) for further details)

Ig: P(M) — [0, +0],
1 Vol :p dp _

o [ Tama S i = 210
+o00 otherwise.

We are interested in the variational convergence of I in the low temperature regime,
namely when 8 — oo. In order to describe our main result we need to define further
notation.

For z € p, we denote by (£;(2))i=1,....a the eigenvalues of Hess V'(z), labelled by

ordering &1(z) < &(z) < ... < &y(2). Then define
¢: M — [0, 400]
(2) = S l6(G)] = &(2) =23 ¢ o0 [€i(2)] if 2 € g5 (2.11)
| oo otherwise.

For k > 1 and zj, € g, the saddle point Zj defined in A.4 is easily seen to satisfy
&1 (2r) < 0 and &(2) > 0 for i > 2. Recalling the labelling (2.8) we define for
k=1,....n

ng: M — [0, +o0]

0 if v € {xo,..., xp_1};
L [€1(28)] det(Hess V) (zg) |€1 (2 )‘Hf: &i(zw) - _ .
(@) = 4 S (e Tes G = \/ L aGy =
+00 otherwise.

(2.12)

The functions ¢ and 7y are lower semicontinuous and coercive. Their expression
naturally appears when studying the asymptotic behaviour of eigenvalues of Lg
(see Theorem 4.1 and 4.5 for this interpretation). Our main result is the following.

Theorem 2.3. Assume A.1-A.5. Then (Ig) is an equicoercive sequence of lower
semicontinuous functionals. Moreover

Flim [ = 1, (2.13)

Tim 315 = J, (2.14)
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Plgm(ﬁeﬂwklg) = J fork=1,...,n, (2.15)

where the lower semicontinuous, coercive functionals I, J, Ji: P(M) — [0, +o0]
are defined as

1) =} [ duto) [V (o). (2.16)

Doyeo wCY) i =30, ayly;

) (2.17)
+00 otherwise.

ﬂ@=/m@am={

) -k iy, ;
Ji(p) = /du(:v) ne(x) = {ak o (2.18)

+00 otherwise.

Remark 2.4. It holds inf, I(p) = inf, J(u) = inf, Ji(u) = 0. The number of
minimizers of the functionals in the sequence I,J,J,,...,J1 decreases from |p|
to 1. More precisely we have

o I(n) =0 iff J(u) < +oo, namely iff p is concentrated on p.

o J(u) =0 iff J,(u) < +oo, namely iff p is concentrated on .

o fork=1,....,n-1, Jyp1(p) = 0 iff Ju(p) < 400, and finally J1(p) = 0 iff

=0z, (that is the unique limit point of mga, the minimizer of Ig).

In other words, Ig admits the following full development by I'-convergence, see [4,
Chap. 1.10], as 8 — oco:

1
B

In particular the asymptotic behavior of infima of Ig on closed and open subsets is
characterized by a finite and non-zero leading order, see [4, Theorem 1.18].

o) ~ 100)+ 570 + 30 5 T, (2.19)
k=1

Corollary 2.5. Consider the diffusion process X” defined through
XP = —vv(XP) + /28 TW,
XP(0) = xo.

Equivalently, let XP be the Markov process with generator B~'*A — VV -V, and
starting at xg € M. For B, T > 0, consider the empirical measure

(2.20)

1 T
05,7 := T/ 8y odt € P(M). (2.21)
0 t

In other terms, Og 1 is the random probability measure on M such that for all

test functions ¢ it holds [dOsr(p) = fOT w(Xf)dt. Then, in the sense of large
deviations [6], and in the limit T >> [ — +o00, O 1 satisfies (independently of x¢)

=BT (T + 5 TG+ iy =5 T ()) (2.22)

PO, ~p) ~e

More precisely, for all I-reqular (respectively J-reqular and Jy-reqular) sets A C
P(M) it holds

: : 1 :

Jim lim log P(6,r € A) = — inf, I(p), (2.23)
: 1 :

/311—>H;o Tlgréo T logP(Og 1 € A) = —ﬁgi J (), (2.24)
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BWi

Bh—>n<10 Tlg%o T
Proof. Tt is not hard to check that, under A.1-A.3, the hypotheses in [5] are sat-
isfied, and thus for each fixed 5 > 0 the empirical measure 0g 1 satisfies a large
deviations principle with rate 51z as T' — +o00. As well known and easy to prove,
the rate function of the large deviations with speed ag T, for the directed familiy
03,7 as T'— oo and 8 — oo is then given by the I'-limit of %BI/;, see [17, Corol-
lary 4.3]. Thus the statement follows from Theorem 2.3 when using respectively
ag =B, as=1and ag = e Wk, O

logP(0s1r € A) = —jng Je (). (2.25)

3. THE FISHER INFORMATION

In this section we shortly collect some basic facts concerning the Fisher infor-
mation, we also refer to [25, Definition 20.6] for further details. We only sketch the
proofs here since we just restate some facts in what is a well understood framework.
In this section we omit the dependence on S for the sake of readability.

Definition 3.1. Let V € C°(M). The Fisher information I: P(M) — [0,+00]
induced by V is defined as
I(p) = sup /du (eVV -y —LeVyp?). (3.1)
$eQ
Define the measure m € P(M) as dm(x) = e~V @) dz.

Remark 3.2. As a supremum of linear and continuous functionals, I is convex and
lower semicontinuous. Moreover if V€ C?(M), the change of variable ) — —e~V 1)
shows

_ Lol oy — L 2
I(M)—zlég/du(VV WV — L)

_ {%fdm% if du = odm and Vlog o € L?(p)

+oo otherwise (3.2)
B {fda: 2|Vh|? + h? (% —AV) if diu = h2dz and h € H (M)
+00 otherwise.
Let now
P(M) = {u cP(M) : j—g e C*(M), 3 >0 : % > a}. (3.3)

Proposition 3.3. Assume that [dre™"(®) < 400 and V € CY(M). Then I is the
lower semicontinuous envelope of I: P(M) — [0, +oc] defined as

~ 1 d [Veol? ; D M

I(p) = 2fm_g ZfﬂeP( ) (3.4)
400 otherwise.

Proof. Since changing V to V +log [ dx e~V () does not change I, here we assume

[dre=V(® = 1. We need to prove that for each u there exists u" € P(M) such

that p" — p and Iim, I(p") < I(p). Said differently, that P(M) is I-dense in
P(M). Setting

w= (1= D+ Lm (3.5)
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one easily gathers p — p and I(p™) < I(u). Therefore it is enough to prove that
P(M) is I-dense in the set of u € P(M) with density bounded away from 0. This
is immediate from the density of smooth functions in weighted Sobolev spaces.

O

In view of Remark 3.2, the functional I3, already introduced in (2.10) and ap-
pearing in our main theorem, can be equivalently defined as

Ig(p) == p21°Y, (3.6)
where TPV is the Fisher information induced by 3V as defined in Definition 3.1.

4. SPECTRAL ANALYSIS OF THE GENERATOR

In this section we denote by (-, -) the inner product in L?*(mg). Consider the
operator

Laf = Af — BVV -Vf (4.1)

defined for f € C°(M). By A.2 and standard results, it uniquely extends to a
self-adjoint operator in L?(mg) with compact resolvent. We still denote by Lg such
an extension.

4.1. Quasimodes of the bounded spectrum. For z € pand n = (ny,...,nq) €
N let
(@), ¥
/\z.ﬂ = T =+ ;nk|€k(z)|a (42)

where ¢ and the &’s are defined in Subsection 2.4. The set (A, n),ene is the spec-
trum of a suitably rescaled quadratic approximation (i.e. of a harmonic oscillator)
around the point z € p of the Schrodinger operator (1.8), see also the proof of
Lemma 4.3 for this interpretation. Define also

Sy = {(Z,ﬂ)épXNd P Aam = A} (4.3)

The following theorem conveniently resumes in our setting some of the main
results obtained in the paper [23] in a more general framework of semiclassical
Schrédinger operators. Throughout this Subsection 4.1 it is sufficient to assume
just A.1 and A.2.

Theorem 4.1 (Bounded eigenvalues). Fixz A > 0. There exists epn > 0 such that
for each € € (0,e5) the following holds: there exists 3. > 0 so that for 8 > S

Spec(—5Lg) N[0,A] € |J (A—&X+e)Nn[0,Al
A SA#D
Moreover, for each X € [0, A] such that Sx # 0, the cardinality of Spec(—%L;—;)ﬂ(z\—

€, \+¢) equals, when each eigenvalue is counted with its multiplicity, the cardinality

OfS)\.

This theorem states that in the limit f — oo, counting multiplicity, the spec-
trum of —%Lg is well-aproximated by the spectrum of the direct union of suitable
harmonic oscillators. It is necessary to fix a threshold A, since this harmonic ap-
proximation is not uniform for A — oco.

(4.4)
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For A > 0 and € > 0 denote by
Pgey = 1()\75,)\+5)(_%L,@) (4.5)
the spectral projection of —%Lg associated to the interval (A —e, A + ¢).

Proposition 4.2. There exists an orthonormal base (Vg . pn).conene of L*(mg)
such that for every ¢ > 0,z € o and n € N the following holds: there erists a
Be,zn > 0 such that for B> B. .. and for every ¢ € Cy(M),

Vg, n € Range (PB@,\Z&) , (4.6)
- — ! d — !
B e T E 0 otherwise

We stress that eigenbases of Lg in general fail to satisty (4.6)-(4.7), due to
possible resonances (that is A, , = A,/ v for some z # 2" and n, n’). We prove the
proposition after the preliminary Lemma 4.3.

Lemma 4.3. For each 2z € p, n € N there exists Vg ,,, € C2(M) such that for
every ¢ € Cy(M)

i [ (3L = Xe)¥s.c.n(o) Py = 0 (45)
~ ~ ) = / d = /
lim/\lfﬁ,z,n\lfg,z/,n/sodmg _Jez) iz Zandn=n (4.9)
B - - 0 otherwise

Proof. First consider the case M = R?. Define for # > 0 the differential operator
(see also (1.8))

Agi=—-A+ iﬁQIVVIQ - %ﬁAV (4.10)
and let for z € p
Hp,. = —A+5%Q. - BC, (4.11)
where
Q.(x) = %Hess2 V(z)(x—2z2) (x—2), C, = %Trace(Hess V(z)). (4.12)

The operator Hps . extends to a self-adjoint operator in L?(dz), which is a har-
monic oscillator shifted by the constant SC,. In particular its spectrum is given by
(BAz.n)nena. Let now (0, ,,),ene be a corresponding orthonormal basis of eigen-
functions of H, 5—1; the @Z@_ are Hermite functions centered at z. It is easy to
check that (03 . n)n defined by

Op,2n(x) = F1/ 0. n(2 + V/B(x — 2)) (4.13)
is an orthonormal base of eigenfunctions of H. g and
. 2 o .
ﬁgrfoo 03 , ndr = 0.(dx) in P(M). (4.14)

Then define Op . ,(z) := %\/ﬂﬁ(m), where x, € C°(M;]0,1]) is a smooth cut-
- B.z,n

off function such that y = 1 on a ball B,.(z) centered at z of radius r, and x =0
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on BS,.(z), where r > 0 is chosen sufficiently small (in particular such that the x.’s
have pairwise disjoint supports).

It follows from Taylor expansion of the Schrédinger potential % BHVV|?— % BAV
that, as x — z,

Ag:H51Z+O(ﬁ2|x—z|3)+O(ﬁ|x—z|). (4.15)
Thus one obtains
- 2
[ (45 = 83)85(0)] o=

1
Z&Zﬂ

/ [@ﬁyzﬂAXz +2VX:-VOp.n (4.16)
2
+ (O (52|x - z|3) + 0 (Blx — z|)) xz®37zﬂ} dzx.

Hence, using the explicit form of the ©3 . ,,’s as Hermite functions centered at z, it
follows by Laplace asymptotics that

& [ [(4s = 82en)Op,0 ()] dr=0(5). (4.17)

Moreover, from (4.14) and L?(dx) orthogonality of the Hermite functions (0, ),
it easily follows for ¢ € Cy(M)

~ ~ if z = / d —
hm/@ﬁym@ﬁyzgn,@dl«: p(z) ifz dandn=n' (4.18)
B - - 0 otherwise

Finally define ¥g ., = (:)ﬂ,zﬂe%v and note that

J 1320 = ) s (o) = J [ 1045 = BA)Bscnla) P
and

/\ilﬁyzﬂlilﬁyz/ﬂlgpdmﬁ = /égyzﬂéﬁyz/@/gﬁd‘r.

Therefore (4.8) and (4.9) follow from (4.17) and (4.18).

The proof in the case of M a compact manifold follows from a straightforward
adaptation of the previous arguments: since the Laplace-Beltrami operator in co-
ordinates takes the form

Zgij&aj + (8jgij =+ gijaj log V det g) 8]" (419)
i,J

using in particular local coordinates {y = y(*)} around each z € p such that the
metric tensor is the identity in 0, leads (instead of (4.15)) to the local estimate

Ag = Hs.+ 3 [0 (jy) 5:0: +0()2) + 0 (F*ly) + O (Bly) - (4.20)

Chosing r sufficiently small such that the support of x, is contained in the corre-
sponding local chart {y(z)}, one can argue as before through Laplace asymptotics
and show that the additional terms appearing in (4.20) give again an O(/3) contri-
bution. O
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Remark 4.4. Let T be a bounded operator on a Hilbert space H and let u,v € H
be normalized. Then

(0, Ty = (u, Tu')| < 2|T)) (VI =, 0)2 + V1= (W, 0)?) . (4.21)

Proof. Write v = (u, v)u+ (v — (u, v)u) and note that ||v — (u, v)u| g = 1 — (u, v)2
Using the inequality v1 — a2v1 —a2 + V1 —ad’ < V1 —a2 + 1 —a”? for a =
(u, v) and o’ = (u/, v") one gets the result by straigthforward linear algebra. [

Proof of Proposition 4.2. We use the same notation as in Theorem 4.1. Fix A > 0
large enough. For A\ < A such that Sy # 0, for (z,n) € Sy take Vs ., as in
Lemma 4.3. Define W5, := Ps., AUs.., as the spectral projection of Wg , ,
corresponding to the interval (A —ex, A+ £5), see (4.5).

Now for (z,n), (2',n) € S, since P, » is a projector,

(Ug,2m> U2 ) L2(mp) =
(Ug,2m5 Ug,27 ) L2(mp) = (¥B,2m — YB2ms VB2 — VB2 ) L2(mp)-  (4:22)
The definition of W , ,, readily implies

1Ws.20 — Upznlln2mg) = 11 = Poex A) szl L2(my)

1

< 2 I5L8 = Aen) Vs emllLagms)-

(4.23)

In view of (4.8) this vanishes as 5 — oo. Therefore the last term in (4.22) vanishes
as # — oo and (4.9) now gives

1 fz=z2andn=n'

1ién<%,z,ﬂ, g o) 12 (my) = { (4.24)

0 otherwise.

In particular for 3 large enough the (¥ B,zn)(zm)es, are linearly independent, and
span Range(Ps.c,,») by Theorem 4.1. Now construct (Vs . ,)(-n)es, by applying
the Gram-Schmidt procedure on (¥g . ) (z.n)es, - From (4.24) and Lemma 4.3-(ii)
(with ¢ = 1) it follows that

1 ifz=7andn=n (4.25)

li \i/ Z,ny Y z'\n’ mg) —
1;11( gz Vo2 )12 (m) {O otherwise

Now apply Remark 4.4 with H = L?(mpg), v = U, V' = Vg i, u = Vg, )
uw =Vg . and T = T, the pointwise multiplication by ¢ to get

’<\Ijﬁ,z,ﬂa @\Ilﬁ,z’,ﬂ’>L2(mg) - <\ijﬁ,z,ﬁa @@B,Z’,Q’>L2(mﬁ)’ <

2 ||S0||00 (\/1 - <\i/51z1ﬂ7 \Pﬁvzvﬂ>%2(mg) + \/1 - <\ijﬁvz/vﬂ/7 \Ijﬁvz/ﬂﬂ/>%2(m5)) :

Thus we obtain (4.7) from Lemma 4.3-(ii) and (4.25).

Thus the (¥5,2.n)(zn)es, are an orthonormal base of Range(Pjs c, ) satisfying
(4.7). Since this holds for any A such that Sy is not empty and L?(mg) is a direct
sum of eigenspaces of Lg, the (¥g...n) (., are an orthonormal base of L?(mg) as
A runs over the positive real numbers such that S is nonempty.

(4.26)
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4.2. Eigenfunctions of the split spectrum. We denote by £z, ..., ¢g, the first
n+1 eigenvalues of —%L s counted with multiplicity. It follows from the smoothness
of V', A.2, A.3 and general principles that £z o equals zero for every 8 and is simple
with constant eigenfunction ®30 = 1/,/Zz. Moreover, with the notation of the
previous Subsection 4.1, A, o = 0 whenever x € g is a local minimum, and A, > 0
otherwise. It follows then from Theorem 4.1 that there exist € > 0 and 5y > 0 such
that for each 8 > Sy

SpeC(—%LB) N [O,E] = {f,@)o = 0,[[6)1, - ,f,@)n} . (4.27)

It is not difficult to see that the eigenvalues £g 1, ...,¢z, are indeed exponentially
small in 8. A much stronger statement, giving the precise leading behaviour of the
{5 1’s in a general setting encompassing hypotheses A.1-A.5, was given in [11], (see
also [3] and [8]). The following theorem conveniently resumes in our framework a
weak version of the main result in [11].

Theorem 4.5 (Low-lying eigenvalues). For k = 1,..., n the eigenvalue {g is
simple, admits a normalized eigenfunction ®gj € C°(M) and satisfies, for ny as
in (2.12),

1
lién e,BWk[ﬂ)k = ink(xk)' (4.28)

Lemma 4.6. For k=1,...,n there exists @5 € C°(M) with ||‘i’6,k||L2(m5) =1,
such that

(i) the pmbalzility measure fi)%ﬁkdmg converges to o, i P(M).
(i1) limg oo (Pp k, q)ﬁ,k>2 =1.
Proof. In this proof the Wy’s are defined as in A.4-A.5, and we set for convenience
Whpt1 =0 and g 41 = €, with € as in (4.27) (note that this is not an eigenvalue
of —%Lﬁ).
Fix 6 > 0 such that
6 < . Irllin (Wk — Wk-’,—l)- (4'29)

=1,..., n

Let By C M, respectively By 5, be the connected component of V=1 ((—oco, V(#4))),
respectively V=1((—oo, V(#x) — 4)), containing x,. The By’s are precompact by
Remark 2.1, and the closure of By s is contained in Bj. In particular there exists
Xk € C°(M;[0,1]) such that x; =1 on By,s and xx =0 on M \ By.

For k =1,...,n define ®5 1 = x1/\/Zsx where

Zg = /e_ﬂv(w)xi(a@) dx. (4.30)

V(z) is the unique minimum of V(z) on By, and x(x) = 1. Therefore (i) holds.
By the Laplace principle

1
lim — log Zﬁyk = —V(a:k), (4.31)
B p

lién<(1),@)0, (i),@)k> =0 k= 1, o, N (4'33)
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Note moreover that

inf Vi) > V(i) —06=V Wy — 4.
o [Tan(2)|>0 () 2 V(i) (%) + Wi (4.34)
Denote now by Pgj = l[gﬁ’k+l)+oo)(—%L5) the spectral projection of —%Lﬁ asso-
ciated to the interval [¢g j41,+00). By spectral decomposition

k
P =d = (D, g )05, VP E L (mp). (4.35)
j=0
The Markov inequality for spectral projections, an integration by parts and (4.34)
yield
2

[Pt

~ ~ 1
< Py, —Lpgd = [IVxelX@)e PV @y
L2(mg) — fﬂ,k+1< ok: ~Lo®o) l3 k+128,k /| xx[ ()

exp(—B(V(zk) + Wi —0))

< Cy
lg k1 2,k

(4.36)

where C = [|Vxi[*(z)dz < oo. The estimates of {541 and Zg ) provided
respectively in (4.28) and (4.31), and the choice (4.29) of ¢ thus imply

hén HPB,k(i)B,k‘

=0. 4.37
L2(mp) ( )

Taking the scalar product with ®4 4 in both sides of (4.35) calculated for & = ®4 4,

gives

L= (Pgk, ®pk)” = (Ppk, P aPpn) Z (g ks p5)°
7=0

= 1 Ps.x®p kl|T2(my) + (Psks B0)°
k—1 ~ ~ ~
+y (@673‘7 P, )(Ppks Ps,j)

=1
~ ~ ~ 2
(P By — (L5 (I’B,j>‘1)ﬁ7j>) (4.38)

< ||Psk®s kll72(my) + (Ppoks Ps0)?

k—1
+2> (Bpn, Pp )2 +1— (Bg;, B 5)°
j=1
k—1
=o0p(1) +2) (1 — (@5, %,ﬁz) :
j=1

where in the last line we used (4.32), (4.33) and (4.37).
In order to prove (ii), we now proceed by finite induction over k. The statement
(ii) holds for k = 1 as the sum in the last line of (4.38) is actually empty. But then

from (4.38) one immediately yields the inductive step.
O
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Proposition 4.7. For k =0,...,n let g} be a normalized eigenfunction corre-
sponding to £g i and define the probability measure mg i by
dmg,. = ®F ), dmy. (4.39)

Then mgy, converges to 65, in P(M) as B — oo. In particular for h # k it holds
lién/ |(I),@)h @371€|de =0. (4.40)

Proof. The statement (4.39) is immediate for k = 0, since we assumed z to be the
unique global minimizer of V. Let k > 1, take i)gyk as in Lemma 4.6 and fix a test
function ¢ € Cp(M). Now apply Remark 4.4 with H = L?(mg), v = v/ = ®gy,
u=1u'=dgy, and T = T, the pointwise multiplication by . We get from (4.21)

‘/gﬁdmﬁyk —/gp‘iék dmg
< 4llgllonny/L - @ a7

This vanishes by Lemma 4.6-(ii). Therefore by Lemma 4.6-(i)

liérlfgodm37k = lién/gofi)%)k dmg(z) = p(xg), (4.42)

namely mg — 0z, as 8 — oco. Now (4.40) is an immediate consequence of this
fact, since for F C M a neighborhood of z;, not containing xy,

1/2 1/2
/|‘1>3,h g |dmg < (/ |<1>3,1€|2dm,@) + (/ |<I>37h|2dm3> , (4.43)
E Eec

and both terms vanish as 5 — oco. O

= }@ﬁ,k, Ty ®s.1) — (Ppk, TpPp k)
(4.41)

5. '-CONVERGENCE OF Ig
Proposition 5.1. Assume V € C?*(M) and A.2. Then (Ig) is equicoercive.
Proof. Let R(x) := infg>p, [VV|*(x) — %AV(x). Taking ¢ = 8 VV in the first line
of (3.2) and recalling (3.6), one obtains for 5 > fy and each u € P(M),

102 572 [ du (V- pAV - ZVVP)

:%/ﬁuOVVP_%Av)z%/ﬁuR

In particular, for any ¢ > 0 and p € P(M), it holds p({R < t}) > 1 — 2t~ ().
By A.2, R has compact sublevel sets, therefore any family (u3) C P(M) such that

(Is(pp)) is uniformly bounded, is tight. And, by Prohorov’s Theorem, precompact.
O

Proof of (2.13), I'-liminf. Assume that ug — p. Then, replacing ¢ by 8 in (3.2),
one obtains for each ¢ € Q

Iaus) > [ dg (VV 0= V0= 30?). (5.2)

(5.1)

which implies

tim 5 (15) > [ dp (V-0 = §07). (53)
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Optimizing over ¢ we get the result. O

Proof of (2.13), I'-limsup. We proceed in three steps.
Step1. First assume p = §; for some z € M. Take U = Uz € C?*(M; [0, +00)) a
smooth function such that
(i) U(x) = distance(z,7)? in a neighborhood of Z, and U is strictly positive
elsewhere.
(ii) If M =R%, then U(x) > |z|* + |VV|?(x) + |AV|(z) for z large enough and
Vexp(—U) € L?(dz) (it is immediate to check that such a U exists).
Let then

wa.z(dz) = OLB exp(—20U(z))dx. (5.4)

By the Laplace principle pugz — 0z. On the other hand an explicit calculation
shows

I15.0) = [ dia ('V2V " oo - %AV) . (5.5)
If M is compact, then
lién/dulg@ VU = |VU*(z) =0, (5.6)
lién/dlugj AV = AV (z), (5.7)
so that the second and third term in the left hand side of (5.5) vanish to get
@Iﬂ(ﬂﬁ,f) :@/dﬂﬂ,i |V;/|2 = |VV2|2@) = 1(6z). (5.8)

If M = R4 (5.6), (5.7) and (5.8) still hold if we restrict the integral to a (large)
ball B containing Z. Since e~2%Y /Cj vanishes pointwise out of B, it is enough to
show that the integrands in (5.6), (5.7) and (5.8) are uniformly integrable. This is
easily established by condition (ii) above.

Step2. Tt = SN, il , then define pg = 31, anfip z,, where g 5 is defined
as in (5.4). Clearly ug — p. On the other hand, since I is convex and I is linear,
again limg I5(pg) < I(p).

Step3. By a standard diagonal argument, it is now enough to show that finite
convex combinations of Dirac masses are I-dense in P(M). This is trivial, since T
is linear. O

6. FIRST ORDER DEVELOPMENT BY I'-CONVERGENCE
In this section we prove (2.14). The following remark is a restatement of (3.2).

Remark 6.1. If u = omg and h € C*(M) is such that h® = g, then

2

1) = =35 [ dma@h(a)(Lah)(a). (61)
In particular if du = h*>dmg and h is an L?(mg)-normalized eigenfunction of —%ng
with eigenvalue X\, then

Is(n) = 2. (6.2)
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More generally, for Pg .\ defined as in (4.5) and for h € Range(Ps ¢ x)
2

SO=9) ST < S+ o). (63)

Proof of (2.14): I'-liminf inequality. Let p1g be a sequence converging to p in P (M),
we need to show that

liTmBI/a (1) = J () (6.4)

From the T-liminf (2.13) proved in Section 5, the liminf in (6.4) equals +oo unless
I(p) = 0, namely g has the form

p=_ as.. (6.5)
zZEP

Up to passing to a suitable subsequence (still labeled g hereafter), we can assume
that the liminf is actually a limit, so that with no loss of generality Iz(ug) < 400
for all 3 large enough. Then by Proposition 3.3 we can assume that pg = dug/dmg
is in C*(M) and bounded away from 0. In particular hg := /g5 € C*(M). Fix
e > 0, A large enough and such that

A > max Az, (6.6)

and let 8 > max(; ). x., <A Bezn. By Proposition 4.2 and using the notation
therein introduced, recalling also (4.3)-(4.5), we can write

hg =Y Pgexhs + Paahg, (6.7)
A<A

where

Pani=1(aqo0)(—5L8) » Poenhsg= D Ys:m¥sem

(z,m)€S
V8,2m = (hg, ¥p,zm) € [-1,1].

By (6.1), Proposition 4.2 and the Markov spectral inequality

BIs(up) =2y (—5LsPserhs, Pserhphm,

A<A

+2(=5LgPs ahg, Psahg)m,

> 2% (A= e)[Pserisl iz, + 20 PoalslZz(m,) (6.8)
A<A

=2 Z Z 7?;7272()\272 —e)+ 2AHPL-3,Ah5”%2(mB)
A<A (z,n)€SN

> 2> g a(Asg — &) + 2A[ P ahg| 22,

zep

where we used in the last line A, , > A; ¢ and introduced

Wer = Y Ve (6.9)
n:A; <A
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As we take 8 — oo, (6.8) holds for any € > 0, in particular we gather
hml\Pﬁ || () < hm 3515 (1) (6.10)

and, since

Y e =1=hsl}2(n,) = 1PoabslFim,) + D e, ©6.11)

zEP zEp
still by (6.8) and the fact that e is arbitrary (once we take 8 — 00)

hmﬁlﬁ(uﬁ) > hm22aﬁz/\)\zo +2A (Zaz aﬂzA>
B

zEP zEp
=2 o) zO—l—thZ s —agan) (A= Ap) (6.12)
zEP zEp
+2hmz 2= ag s a)(A—As0),
zZEP

where in the last line we used (4.2). Since the sum above is finite, in view of (6.6),
we conclude once we show that

liéna,g,z),\ < a, Vz € p. (6.13)
To this aim, fix z € p and x € Cp(M), 0 < x < 1, such that x(z) =1 and x(z') =0
for 2’ € p, 2’ # z. Then
as = p(x) = lim us(x) = limmg (h5x)
=lim > Z V8,278 2 (X¥B.2m Vo) 120ma)  (6.14)
AN <A (z,n)€8, (2/,n/)ESy
+ 1lgl<XP5,Ahﬁv 2h5 — Pﬁ,Ahﬁ>L2(m3)'

Using (4.7) both for the on- and off-diagonal terms in the above sum and recalling
(6.9) we obtain

— — . 251,

0 2 T a0~ 2l | P, shis ) 2 a0~ lim | 22120 (6.15)
B
where in the last inequality we used (6.10). Since we can assume lim, B15(ug) =
C < 400 with no loss of generality, and since ag . A is increasing in A, from (6.15)
we gather

Tmag.a < inf Tmag.a <a.+ inf /25 —a (6.16)

3 2, A > N>A B \Z, > Gz ASA A 2]
namely (6.13). O

Proof of (2.14): T-limsup inequality. If J(u) = 400 there is nothing to prove. So
we can assume g =y az0.. Recall the functions (¥g.n).cp nene introduced

in Proposition 4.2 and define pg . € P(M) and the recovery sequence ug € P(M)
by

dpp,. == % o dmg, (6.17)

He = Z QzMp,z (6.18)
zEP
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By (4.7), pg,> — 0, in P(M), so that pg — p.
Using the notation of Proposition 4.2, for each ¢ > 0 and for each 8 > max.c, B¢,- 0,
by (6.3) and (4.2)

Ig(mg,2) < F(A0 +€) = 5(C(2) + 29). (6.19)
Now, since Ig is convex by Remark 3.2
Bls(us) < BY azl(mp.) <D ax(((2) +2¢) = J(u) + 2. (6.20)
zEP zZEQ

As we take the limsup 3 — +o0, (6.20) holds for any & > 0, and thus limg I5(ug) <
J (). O

7. EXPONENTIAL DEVELOPMENT BY I'-CONVERGENCE

In this section we prove (2.15).

Proof of (2.15): I'-liminf inequality. Fix some k = 1,...,n and let ug be a se-
quence converging to . We need to show that

lim BeWr [ > Ji(p).
%ﬁe 8(ps) = Jr(p) (7.1)

Up to passing to a suitable subsequence (still labeled g hereafter), we can assume
that the liminf is actually a limit, so that with no loss of generality Iz(ug) < 400
for all § large enough. Then by Proposition 3.3 we can assume that pg = dug/dmg
is in C?(M) and bounded away from 0. In particular hg := /o5 € C*(M). As
in the proof of Lemma 4.6 we denote by Pg ) := 1[451“1#00)(—%@3) the spectral
projection of —%ng associated to the interval [(g ry1,+00). Then, since hg €
L?(mg), we can write

k
hg = jgomj%,j + Psrhg, (72)
V8,5 = (hg, ®s,5) € [-1,1].
By (6.1) and the spectral Markov inequality
2 & 2
Io15) = 5 378,160 = 55 [ dmi(e) Pashs(z) (LoPahs)(z)
=0 (7.3)
2 & 20
> 5 V5 48,5 + ﬂ’;ﬂ 1Ps,1hg 122 (m )
3=0
i.e.
BeP e I5(ug) 27 1 €™ g i
(7.4)

k—1
+2) 75,57 ls 5 + 267 g | P khsl T2y -
§=0

From (4.28) and assumption A.5, the terms 7%,3‘ ePWilg ; with an index j < k—1
vanish as 5 — oo, since ’Yﬁ,j < 1. On the other hand, still by (4.28) and A.5, the
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term eﬁWk£57k+1||Pﬁﬁkhﬁ||%2(mﬁ) diverges to +oo unless ||Ps rhgl|12(m,) vanishes.
Thus setting o := limg ”yék we gather again by (4.28)

+oo i limyg | PpahpllL2(mg) > 0,

7.5
ang(zr) otherwise. (7.5)

hTmﬁeﬁwkfﬂ(uﬁ) > {

In particular, if limg || Ps rhsl £2(ms) > 0, we proved the inequality (7.1) no matter
what the limit p of the pg is.

Now we claim that if limg || P khg|L2(ms) = 0, then necessarily limg g = p =
Z;C:O @;d,, for some a;, with ay = a, so that limg BePWelg(ng) > o mi(zi),
namely (7.1). To prove this claim note that

dpg = (hg)*dmg

k k
= ZVE,J“I’%,J‘ dmg + Z 78,i78,i28,iPs,; | dmg
j=0 i3, 1,j=0 (7.6)
k
+ (Ps,xhg) 22’757j(1)ﬂ)j+Pﬂ)kh,@ dmg.
j=0

Since ||(Ps,xhs)l| £2(m ;) vanishes as 3 — oo and (4.40) holds, the last two term above
also vanish (weakly) as measures as 3 — co. On the other hand, since ug — p, it

follows from Proposition 4.7 that a; = limg 7%,3‘ exists and p = Z?:o a0y O

Proof of (2.15): T'- lzmsup inequality. If Jy(u) = 400 there is nothing to prove. So
we can assume [t = ijo a;jd,,. For mg ; as in (4.39), define the recovery sequence
ps by

fhp = Z Mg, ;. (7.7)

By Proposition 4.7, pg — p in P(M). IB is convex, and by (6.2)
k

Z (mgs.;) Z a;lg,; (7.8)

j=0
By (4.28) and hypotheses A.5 one finally gets
@@ﬂw’qﬁ(uﬂ) <2ap 1ién€ﬂw’°fﬂ,k = arni (k) = Jr(p)- (7.9)

O
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