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ABSTRACT. We prove the existence and uniqueness for a degenerate pseudo-parabolic
problem with memory. This kind of problem arises in the study of the homoge-
nization of some differential systems involving the Laplace-Beltrami operator and
describes the effective behaviour of the electrical conduction in some composite
materials.
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1. INTRODUCTION

Let © be an open bounded subset of RY with regular boundary and let T > 0.
We study existence, uniqueness and regularity for the solution of the linear pseudo-
parabolic problem with memory, given by

t

—div [ CVu; + AVu + /B(:L’,t —7)Vudr | = f, in Q x (0,7);

J (1)
u=20, on 092 x (0,7);
u(z,0) = up(x), in €,



where A, B,C': 2 x (0,T) — RN * are symmetric matrices, A is positive definite and
C' is only positive semi-definite. Here, f : Q x (0,7) — R and @, : 2 — R are given
functions.

This problem, in the coercive case, arises in the study of electrical conduction in
conductive media with microscopical dielectrical inclusions [6, 7] and more recently
in [8], in the case of the so-called connected/connected geometry; i.e., when the two
conductive regions separated by the interface are both connected. The noncoercive
case is expected to appear in the layered geometry; i.e., when the interfaces are
layered (see [8, Remark 4.10]).

The coercive elliptic version of the previous problem arises as the homogenization
limit in the study of some models for electrical conduction in biological tissues ([1,
3, 4, 5]) and has been considered from the point of view of the well-posedness in [2].

From the physical point of view, problem (1.1) describes the effective behaviour
of the homogenized potential appearing in the macroscopic model of the composite
material mentioned above. Here, the unknown wu represents the electrical potential
and the driven electrical current

t
O, )V — Al )V — / Bla,t — 7)Vu(z, 7) dr
0
depends on the history of the electrical field —Vu, therefore it is non local in time.

The term —C'(z,t)Vu, originates from the displacement currents due to the presence
of the dielectric interfaces.

Diffusion problems with history are well known not only in the framework of bi-
ological applications but also in continuum mechanics; for instance, to model fluid
flow and heat conduction (see, e.g., [9, 10, 11, 12, 13, 14, 15, 16, 17, 18] and the
references therein).

When problems of type (1.1) appear as homogenization limit, this automatically
yields the existence of solutions. Here, we prove an independent result of existence
and uniqueness under more general assumptions.

The paper is organized as follows. In Section 2, we state and prove the existence
and uniqueness of the corresponding coercive problem. In Section 3, we prove the
existence and uniqueness in the positive semi-definite case.

2. THE COERCIVE CASE
In this section, we will assume that B € L*(0,T; L=(2;R™)) and A,C € L®(£2 x
(0,7); RN?) are such that
MNEP < Az, 0)€ - € < A€, for a.e. (z,t) € 2 x (0,T) and V& € RY;  (2.1)
MNEP < O, t)E - € < AEJ?, for a.e. (z,t) € 2x (0,T) and V& € RY,  (2.2)

for suitable 0 < A < A < 400. For the sake of brevity, we will employ the notation

|v]|2 to denote the usual L?(£2 x (0,T))-norm of a given function v € L*(£2 x (0,T)).
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Theorem 2.1. Assume that f € L*(2 % (0,T)) and ug € Hy(§2). Then, there exists
a unique function u € L*(0,T; H}(£2)) satisfying in the sense of distributions problem
(1.1). The initial data is taken in the sense of L*(2).

Proof. Consider the Banach space X = L?(0,Ty; Hi(£2)) , endowed with the usual

norm
1/2

T
lu|lx = //|Vu|2 dx dt | |
0 0

where 77 < T will be chosen later. Let us introduce an operator H acting on X by
means of H(u) = w, where

w(z,t) =uy(x) + /w(:c,T) dr, for a.e. (z,t) € 2 x (0,T1), (2.3)

and w is the weak solution of
t

—div (C(az, t)Vw) — div (A(a:, 1) Vu(z, t) + / B(z,t — 1) Vu(w, 1) dT) + fa,t),

in X. Clearly, the operator H is well defined; indeed, multiplying the previous
equation by w and integrating by parts, we obtain

Mwl|3 < //C’Vw Vwdzdt =

T
//AVU Vwdzxdt — // /BVudT -dexdtJr/ fwdxdt <

/15

Ao A, 1|| ||L2(OT1L°°Q)
Mk + —H %+ 755 —H %

—||u —||w
Sl + Sl + 2
where ¢ is the Poincaré’s constant. Therefore, taking 6 = ﬁ, we can absorb the
second, the fourth and the sixth term on the right-most hand side into the left-most
hand side, thus obtaining

A+1+c¢
ol < 25 [+ BB R nam@) ek + 1518 24)

Hence, by (2.3) and (2.4), it follows

1@(1% < Talfwollz o) + Tillwllx <

A+1+c
P A+ Tl Bl o) Il + 113 - (25)

Therefore, H(X) C X and, taking into account (2.3), we have also w = H(u) €
HY (02 x (0,T1)).

Th [0l ) + T¢
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Next, let us prove that the operator H is a contraction map. Indeed, given uy, us €
X, we have that w := H(uy) — H(u2) has null trace on the boundary 042, w(x,0) =0
and it solves

_ div (C(az, t)Vw) — div (A(:c,t)Vu v j Blx,t — 7)Vu(z, 1) dr) ,

0
where u = u; — ug and, according to (2.3), w = w,;. Hence, by (2.5), we obtain

A+1+c

1 (un)=H (o) 5 = I@]l% < TV —35

(A+T4 1Bl 0 13100 ) ln =2k - (2:6)

Now, recalling that 77 < T', setting

A+1+c¢c
7:7

5 (A TIB 0 mi0()

and choosing T = 1/2,/7, we obtain that H is a contraction. So, it admits a unique
fixed point, i.e., a unique solution of (1.1) exists in X. Noting that the width 7} of
the time interval is independent of the iteration step, we may conclude the proof by
iterating this argument over (0, 7). O

Remark 2.2. Actually, (2.3) proves that the solution to problem (1.1) belongs to the
space H(0,T; H}($2)). O

3. MAIN RESULT

The aim of this section is to prove an existence and uniqueness result for the general
non-coercive case. To this purpose, we first regularize the problem adding an e-
perturbation, ¢ > 0, to the matrix C', in order to make it coercive. Then, we prove
suitable uniform estimates with respect to €. Finally, we obtain the desired result
letting € — 0. Thus, for any € > 0, set

Ce(z,t) = C(x,t) + el , (3.1)
where € > 0, I is the identity matrix and C' € L™ (Q; Whee(0,T; RNQ)) satisfies

Clz,t)¢-£>0, forae. (x,t) € 2x(0,T) and every £ € RV, (3.2)
Ci(z,)€- £ <0 for ae. (x,t) € 2% (0,T) and every £ € RY or ||Ci]|ec < A. (3.3)

For the sake of brevity, we employ the notation ||D|, to denote the L>({2 X
(0,7); RN*)-norm of a given matrix D € L®(2 x (0,T); RN?).
Notice that, when C' is independent of ¢, we are simply requiring that (3.2) holds

and C' € L*(£2; RN"), while condition (3.3) is automatically satisfied.
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We assume also that A, B € L™(£2 x (0,T);RY’) and A satisfies (2.1). For any
€ > 0, we consider the coercive problem

t

—div | C.Vu; + AVu® + / B(z,t —7)Vudr | = f, in Q x (0,7);

0
u* =0, on 09 x (0,7);
u(z,0) = up(x), in Q;

(3.4)

whose weak formulation is the following

T T
//Cﬁ;Vuf-chdxdtJr//AVuE-Vgodxdt
0 2 02
T ¢ T
+// /B(l‘,t—T)vue(fL‘,T)dT -chdxdt:/ fedzdt, (3.5)
02 \0 0 2

for all test functions ¢ € H'(£2 x (0,7T)) such that ¢ |go= 0 in [0, T]. By Theorem
2.1, it follows that, for any ¢ > 0, there exists a unique solution u® € X of the
previous problem, with the extra-regularity given in Remark 2.2.

Theorem 3.1. Let A, B € L®(2 x (0,T);RY") and C' € L®(02; Wh>(0, T; RN?)).
Assume that A satisfies (2.1) and C satisfies (3.2) and (3.3). Assume that f €

L*(02 x (0,7)), up € H}(2) and let u® be the solution of (3.4). Then, there exists
v > 0, independent of €, such that

(] 20,753 (2)) < -

Proof. Choosing ¢ = u° in (3.5) and taking into account (2.1), we obtain

//C’Vut Vu? dxdt+)\/ |Vus|* do dt

// /BVU dr | - Vu® dxdt+/ futdxdt

I, €5y e
//dt /|Vu (x,7)|dr | dxdt+ 5% 2||u lx s

where Ty < T will be chosen later, and X = L*(0,Ty; H}(£2)), as in the proof of

Theorem 2.1. Then, integrating in time in the first integral on the left-hand side and
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on the right-hand side, it follows

1 1
§/C€(x,TI)Vu€(x,T1)-Vue(x,Tl)d:L’jL)\/ |Vus|* do dt

Q 002
1 1
< §/C€(x,0)Vﬂo-Vﬂodx+§// CyVu® - Vu© dx dt
17
8 2
| B 113, ey oo
: Ve Dl dr | de+ LD

0

1
§§/ (x,0)Vug - Vg de + = //CtVu -Vut drdt
Q

TIHB”OO Il

g e sy W2y ey s

where we recall that (3.1) implies C.; = C;. Now, taking into account (3.3), choosing
0= % and 17 = MBI= BII , we can absorb the second, the third and the fifth term in the
left-hand side, thus gettlng

1 4 9
/ |Vuf|? dz dt < —/C’E(x,O)Vﬂo - Vo de + Bl

A A2

2 (3.7)
4 L SISIE
X(”CYHOO‘i‘l)” OHHl \2 2,
2
/Ce(:r,Tl)W( 1Y) -Vl (2, Ty) da < /ce@owﬂo_vﬂod“ 2lli‘llz
“ (3.8)

2|1 f113
o

< (ICllss + DTl 20 +

Repeating the same argument in (77, 277), by (3.7) and (3.8), we obtain

2T

4 2
[ [1vurara < [ mvien) vu. ny i+ S
T 2 0N

) 2AM712Y - SIIFI
((HCHoo Dol + =52 ) + =52

>/|4>
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and

/C’E(x, 21)Vu(z,2Ty) - Vus(z,2Ty) dx
19

2 2
< [ o Tyvete 1) - Wit 13+ 20
(9}

2| /113
o

Hence, since only a finite number n of steps is required, in order to recover the whole
interval (0,7), it follows that

T T
||u6||%2(0,T;H3(Q)) = Z //|VU€|2d$dt+//|VUE|2d$dt <7,
i=1 .

Ti 182

1O D 2B
< (|C e + D[l ) + =52 +

where we set Ty = 0 and the bound ~ does not depend on . This concludes the
proof. O

As a consequence of Theorem 3.1, there exists a function u € L*(0,T; H}(£2)) such
that, up to a subsequence,

ut —u weakly in L?(2 x (0,T)), (3.9)

Vu® — Vu  weakly in L2(02 x (0,7)). (3.10)
Theorem 3.2. Let A, B € L®(2 x (0,T);RY") and C' € L>®(2; Wh(0, T; RN")).
Assume that A satisfies (2.1) and C satisfies (3.2) and (3.3). Assume that f €
L*(2x(0,7T)) anduy € Hi(£2). Then, there exists a unique functionu € L*(0,T; H}(£2)

)
satisfying problem (1.1) in the sense (3.11) below, for all test functions ¢ € H*(0,T; H}(£2))
such that p(z,T) =0 a.e. in §2.

Proof. Integrating by parts with respect to the time ¢ the first integral in (3.5),
recalling that C.; = C;, and passing to the limit for ¢ — 0, by (3.9) and (3.10), it
follows

T T T
—//CVU'VQOtdZL‘dt—//CtVU'VQOd{L‘dt+//AVU'VQOdZL‘dt
00 00 00

T ¢
+// /B(x,t—T)Vu(x,T) dr | -Vedadt
02 \o

T
=//fsodde/C(x,O)Vﬂo-Vgo(a:,()) da, (3.11)
0N 02
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for all test functions ¢ € H'(0,T; H}(£2)) such that o(z,T) = 0 a.e. in {2. Here,
we used the fact that, by (3.1), C. — C strongly in L?(£2 x (0,T); RN"). Moreover,

setting
t
// T)Vu(z,7)dr and g(¢ ://B(x,t—T)VU(SL}T)dTa
00

we have that g.(t) — g¢(t) pointwise a.e. in (0,7") and, by Theorem 3.1, |g(t)| <
Y| Bloo||Vuf||3 < 7, so that g. — g strongly in L?(0,T). Therefore, u is a weak
solution of problem (1.1). In order to prove the uniqueness, we proceed as follows.
Set U = u; — uy, where u;, i = 1,2 are two different solutions of (1.1). Then,
U € L*0,T; Hj(£2)) satisfies (1.1) with f = 0 and homogeneous boundary and
initial conditions. Moreover, by the energy estimate, we get

O—//CVUt VUdl‘dt+//AVU VU dz dt

// / (x,t —7)VU(z,7)dr | - VU dz dt
1

= /C(:c T)VU(z;T1)-VU (z,T7) x——//CtVU VUd:c+//AVU VU dz dt

// / (x,t —7)VU(z,7)dr | - VU dx dt,

and therefore, reasoning as in (3.6), it follows

T1 Tl
)\//|VU|2dxdt§ (%) //|VU|2.

4”B” , this implies that fo Y, IVU|? dzdt < 0, so that uy = us a.e.
in 2 x (0,73). Since T} depends only on A and || B||«, We repeat the same argument
for a finite number of steps and we get that u; = uy in the whole 2 x (0,7"). This,
in particular, implies that the whole sequence u® — w. This concludes the proof. [J

Do |

If we choose T} =

Remark 3.3. We may consider a non homogeneous boundary condition v = ¢ on
92 x (0,T). To this purpose, it is enough to assume g € H'(0,T; H'(2)) with
g(-,0) € H(2), B € L*(2 x (0,T); RN*) and to replace in (1.1) u with v = u — g,
Uo with ug = uy — g(x,0) and f with

t

fla.t) = f(a.t) — div (C(2.) Vg, + Al Vg + / Blz,t —7)Vg(z.7)dr) .

0
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It is worthwhile to notice that all the proofs can be carried out in essentially the same

way for f € L*(0,T; H'(£)). O

1]
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