© o N o a »

10
11

12

13

14

15

16

17

18

19

20

21

22

23

24

25

26

27

Homogenization of elliptic problems involving interfaces
and singular data

Micol Amar®, Ida De Bonis?, Giuseppe Riey®

¢ Dipartimento di Scienze di Base e Applicate per l’Ingegneria
Sapienza - Universita di Roma

Via A. Scarpa 16, 00161 Roma, Italy

b Universita telematica Giustino Fortunato

Viale Raffaele Delcogliano 12, 82100 Benevento, Italy
¢Dipartimento di Matematica e Informatica
Universita della Calabria

Via P. Bucci, 87036 Rende (CS), Italy

Abstract

We prove existence and homogenization results for a family of elliptic prob-
lems involving interfaces and a singular lower order term. These problems
model heat or electrical conduction in composite media.
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1. Introduction

We consider a family (depending on a small parameter ¢ > 0 and on a
parameter o > —1) of elliptic problems involving a singular lower order term
and representing the Euler equations of energy functionals, which describe
the equilibrium for the heat conduction in composite materials with two
finely mixed phases having a microscopic periodic structure (for details on
the related physical models see for instance [18, 19, 24] and the reference
quoted therein). The same kind of energies can be also useful to study the
electrical conduction in biological tissues (see for instance [6]-[9], where the
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related evolutive problems without singular source are considered). Similar
models in the framework of electrical or thermal conduction in composite
materials are treated in [5, 10, 11].

We assume that the domain  C R¥, which models the region occupied
by the material, is made by two phases separated by an active interface. The
parameter €, which will be sent to 0, is related to the period of the microstruc-
ture (for more details on the geometrical setting, see the next section). The
mathematical description of our model in the microscopic setting is given by
two non-homogeneous elliptic equations in each phase, complemented with
the assumption that the flux of the solution w, is continuous across the inter-
face and proportional to the jump of u.. Moreover, we assume that in both
phases the rate of heat generation is given by a singular source of the form
uig, with 0 < 6 <1 and f € L7, The restriction on 0 is required in order
to get suitable a priori estimates, although the source term is singular.

Our main results concern the study of the limit (as e — 0) of the solutions
u., focusing our attention on the differences of the limit equations (charac-
terizing the properties of the material from the macroscopic point of view)
with respect to the parameter o (appearing in the interface condition). We
confine our study to the case a > —1, where a suitable Poincare’s inequality
for general geometries is available.

In order to get the homogenized problem, we use the two-scale conver-
gence technique (see for instance [2, 3, 4, 26]). In particular, we obtain four
different behaviours:

a>1, a=1, ae(-1,1), a=-1.

In the first three cases, we get in the limit a second order elliptic equation
with singular source, whose homogenized matrix is different in each case.
Instead, for « = —1, we get a bidomain governed by a system of two coupled
elliptic equations. Moreover, we remark that, when @ > 1 or @ € (—1,1),
the homogenized problem loses memory of the physical properties of the
interfaces, thus suggesting that the main models are those with a = +1.

In order to handle with the singular term, we follow some ideas already
present in [18] and in some previous papers (see, in particular, [20]), but
our different geometrical setting gives rise to technical difficulties due to the
interaction between jumps and singularities, which can be overcome by means
of a new strategy (see, for instance, the proof of theorem 4.1).

Another crucial point, in order to get the homogenized problem, is the
proof of the strict positivity of the limit solution, which is a non trivial re-
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sult, at least when o« = —1. In this case, our geometry does not allow to
follow the arguments in [18], but it requires a new idea (see Lemma 5.7).
To get this result, it should be possible to use the so-called two-scale decom-
position introduced in [29] in order to prove the lower semicontinuity of a
suitable functional, which implies as a by-product, the requested positivity
of the limit solution. However, due to the special structure of our model, we
prefer to follow a more direct approach, appealing to the unfolding technique
introduced by Cioranescu, Damlamian and Griso in 2002 (see for instance
(16, 17]).

The paper is organized as follows: in Section 2 we recall notations and
preliminary results and we set our problems; in Section 3 we state the neces-
sary estimates for the compactness results; in Section 4 we state and prove
our main homogenization theorems. Finally, the paper contains an Appendix
divided into two parts: in the first one, we prove the well-posedness of our
microscopic problem (10), while in the second one we recall some tools from
the unfolding technique and we prove the strict positivity of the homogenized
solution for a = —1.

2. Preliminaries

2.1. The geometrical setting

For N > 3, let £2 C RY be an open, connected and bounded set. Let £
be a periodic open subset of RY, so that £ + 2z = F for all z € Z". For all
€ > 0 we define the two open sets

' =0nNeE, (% =0\zE.

We assume that (2 and £ have Lipschitz continuous boundary and that (25
is connected. We set

[F=02NQ=00500,

so that we have 2 = (25U Q25U I, We also employ the notation Y = (0, 1)",
and By = ENY, B, = Y\E, I' = 0ENY and we assume that |I'NJY |y_1 = 0
and that E5 is connected.

In the following, we will consider two different situations.

e We will name the connected/disconnected geometry the case where I' N
JY = (), and in this case we will assume that dist(1%,02) > e, for

3
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a suitable 79 > 0. To this purpose, for each ¢, we are ready to remove
the inclusions in all the cells which are not completely contained in (2.
In this case, the sets 2] and (25 are usually called the inner and the
outer domain, respectively (see Figure 1).

85 85 85 0o 06
85 06 8o 8i 8o o 8i Ba Do
85 86 80 85 8o Do 8i 8i Do 0
05 85 85 85 Do 8i 8 0i Do 8i Do Di
85 85 85 05 85 8o 8i 8i 85 Di 06 06 o
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8i 96 85 85 8 05 8i 06
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Figure 1: Left: the periodic cell Y. Ej is the shaded region and Fs is the white region.
Right: the region f2.

e We will name the connected/connected geometry the case where Ey, Es,
(25, (25 are connected. In this case, we will assume that both 0F; and
OF5 have Lipschitz regularity and, moreover, we will need that (2, F;
and Es are such that 02 and 025 are still Lipschitz regular at each
e-step, at least for a suitable choice of a subsequence ¢, tending to
zero. For instance, this is the case when 2 is a rectangular domain
with e, = |£2|/n; indeed, this choice implies that 2 always contains an
integer number of e-cells. In the following, that regularity assumption
will be always implicit; however, we will omit the subindex n, even in
the case in which it should be necessary.

We denote by v, the normal unit vector to 1™ pointing into (25 and by v
the normal unit vector to I pointing into FEs.

For a function u defined on 2, we denote by u® and u® the restriction
of u to 27 and (25, respectively. On I'* we define

[u] := u® — oW
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Figure 2: the periodic cell Y. FEj is the shaded region and Fs is the white region.

We use the same notation for functions defined in the unit cell Y, where u(!
and u® stands here for the restriction of u to E; and Fs, respectively.

In the following = and y will denote the macro and micro-variable, re-
spectively, so that, for a function u(z,y) defined on 2 x Y, we denote by
V,u, Vyu and div,u, divyu the gradient and the divergence of u computed
with respect to the variables x and vy, respectively. When no confusion is
possible, we write Vu for V,u and divu for div,u.

Given &, € RY, ¢@n will denote the matrix whose entries are (£®7);; =
&mn;. We denote by e, ..., ey the euclidian basis of RY. In the sequel C' will
denote a positive constant, which may vary from line to line.

2.2. Functional spaces
We set

VE(2) = {u= (uV,u?), vV e H'(025), u® € H'(£25), u =0 on 002},
and

£5(2) = {u = (u,u?),u™ € Lip(12%),u? € Lip(25), u = 0 on 902}.
Analogously, we define the following space

Vu(Y) = {v = (v, @), v is Y-periodic, vV € Hy(E), = H(Es)},

5
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and
L,(YV) = {v= (v, 0@), v is Y-periodic, vV € Lip(E}),v? € Lip(F)}.
Here Y is identified with the flat torus in RY.

Remark 2.1. Notice that, if u € V5 (£2), then [u] € L*(I'°) and, analogously,
if v € Vy(Y), then [v] € L*(I').

We recall the following Poincaré’s inequality (see [23, Lemma 6]).

Theorem 2.2. There exists C' > 0, independent of €, such that

/Qv2 de < C {/Q |Vv|2dx+5/6[v]2 da} Yo € Vi (£2). (1)

Remark 2.3. Notice that (1) holds in this form (i.e., with € in front of the
integral over the interface 1), since we have assumed that 25 is connected.

We also recall the following technical lemma proved in [2, Lemma 2.10],
which will be useful in the sequel.

Lemma 2.4. For any vector function ® € L*(2;RY), there exists a vector
function U € L*(£2; Hy(Ey; RY)) such that

div,V(x,y) =0, in Fsy;
V(z,y)=0, on I'; (2)
U(z,y)dy = ().
E>

Moreover, ||‘I’||L2(Q;H;(E2;RN)) < C||®||L2(Q;RN)-

Clearly, in the connected/connected case, an analogous result holds with
FE5 replaced by FEj.

2.3. Two-scale convergence

We recall some basic definitions and properties of the two-scale conver-
gence technique. For more details see, for instance, [2, 3, 4, 9, 22] and the
references therein.
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Definition 2.5. A function o € L?*(£2xY') is said an admissible test function
if v is Y -periodic with respect to the second variable and satisfies:

lim | 2 (m, E) dr = / ©*(x,y) dr dy.
e=0/0 € oxy

Remark 2.6. If o € C°(£2;C%(Y)) or, more in general, if o € L*(£2;C(Y))
or ¢ € L4(Y;C°(Q)), then ¢ is an admissible test function. Moreover, if
oz, y) = e1(x)p2(y) with o1 € L*(2) and oy € L (Y), then ¢ is an admis-
sible test function.

Definition 2.7 (Two-scale convergence). For {u.} C L*(2) and uy € L*(£2x
Y), we say that {u.} two-scale converges to ug in L*(2 xY) ase — 0 (and

we write ue =% ug) if

lim [ u.(x)e <:c, f) dr = / uo(z,y)p(z,y)dedy,
2 € 2xY

e—0
for every admissible test function .

Definition 2.8 (Two-scale convergence on surfaces). For {w.} C L*(T'®) and
wy € L?(2 x I'), we say that {w.} two-scale converges to wqy in L*(2 x I')

: 2 :
as e — 0 (and, as above, we use the notation w, —> wy) if

lime /E we(z)p (x, g) do = /er wo(x,y)e(x,y) de do(y),

e—0

for every ¢ € CO(£2;CYL(Y)).

Theorem 2.9. Let {u.} be a bounded sequence in L?(§2). Then there exist
a subsequence of {u.} (still denoted by {u.}) and a function uy € L*(2xY)

such that u. =5 ug in L2(2 x Y).

Proposition 2.10. Let {u.} be a sequence of functions in L*(§2), which two-
scale converges to a limit ug(x,y) € L?(2 x Y). Then, u. converges weakly
to u(x) = [, uo(x,y)dy in L*(2). Furthermore, we have

hIgl_)lglfHugHL?(Q) > |fuol|r2(2xy) = ullz2(a)
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Theorem 2.11. Let {w.} C L*(T'?). Assume that there exists C > 0, inde-
pendent of €, such that

e | |w)*de<C, Ve > 0.
FE

Then, there exist a subsequence of {w.} (still denoted by {w.}) and a function
wy € L*(2 x I') such that w, 2% wo in L2 x1T).

Theorem 2.12. Let {u.} C V§(§2). Assume that there ezists C > 0 (inde-
pendent of €) such that

/ lue|? dz +/ |Vu.|*dz < C, Ve > 0. (3)
7 0
Then, there exists u € L*(2; Vy(Y)), whose restrictions to Ey and Ey satisfy

u(z,y) =uM(z) e HY(Q), in By,  ulr,y)=u®(z) e H'(2), inB;

and there exists up € L*(2;Vy(Y)) such that, up to subsequence, as ¢ — 0
we have

2—sc 2—sc .
xosul! =5 xpu® and xopul? = xpu®, i LX(2xY); (4)
XQ;Vuf) 23 XE, (Vum + Vyul(l)> , in L2(2xY); (5)
XQ;Vuf) 2 XE» (Vu(g) + Vyul(’g)> , in L*(2xY). (6)

where, for O C RN, xo denotes the characteristic function of ©. Moreover,
we have also

5/[u5]2da§0, Ve >0,
r
with C' independent of €, and

E=30E in L*(2x I). (7)

[ue

We refer to [2, Theorem 2.9] (see also [3, Theorem 4.6]) for the proof of
(4)—(6) and to [4, Proposition 2.6], which must be applied separately in (2§
and (25, in order to prove (7).
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2.4. Extension result

In this subsection, we recall an extension result (see [1, Theorem 2.1]),
which will be used in the proof of Theorems 4.7 and 4.10. This result per-
mits to extend a function from the connected set (25 to (2, without any
assumption on the connection of the set (2{. Actually, when we are in the
connected /disconnected geometry, we could apply a more classical exten-
sion theorem due to Tartar (see [15, 28]), but this is not the case in the
connected /connected geometry.
We state below the version proposed in [25, Lemma 1]; to this purpose, let
us define

Vsg={w e H'(25) : w|annans= 0} .

Theorem 2.13. For every € > 0, there exist a continuous linear operator
T2 - V5o — H'(2) and a constant C > 0 (independent on €) such that
T?w = w a.e. in 25 and

172wl L2(0) < Cllwlraay) , (8)
IVT2w]| 22 < Cl|Vwl|r2(as) - 9)
Notice that, in the connected/connected case, where the role of 25 and
(27 can be interchanged, the previous theorem can be applied also to extend
from (25 into (2, defining an operator T, in an analogous way as done for
T2
2.5. Statement of the problem

Let A1, A2, 8 be positive constants and € € (0, 1). In the following, we will

assume that f € Lo (£2) is a nonnegative function a.e. in €2, not identically
equal to zero in (27 nor in (25, for every € > 0. Let us define the functions
AM:f2—>Rand \:Y - R as

. >\1, lfLUE\QT . >\1, lnyEl
&“ﬁ_{A% if x € (2% and AW*‘{A% if y € B,

and set A\g = A\1|E1| + A\a|Es|. For @ > —1, we consider the problem

—div(A.Vu.) =L, in 25 U 025;
AVu. -v] = 0, on I's;
E%[ue] =Vu? v, on I (10)
us. >0, in 2;
u. =0, on 0f2.
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Definition 2.14. We say that u € V{(§2) is a weak solution of (10) if u. > 0
a.e. in 2 and it satisfies

< 400, (11)

02 Ug
/AVUE V¢dx+—/ (A Uz/%lpdx (12)
€ 2 Ye

for every ¢ € V§(£2).

Remark 2.15. Note that the assumption (11) is indeed contained in (12),
since it is a consequence of the finiteness of the left-hand side of (12); never-
theless we prefer to require it explicitly, being crucial in the proof of existence
and homogenization results. Moreover, taking into account that u. and f are
positive and recalling the decomposition ¥ = ¢+ — =, (11) can be rewritten
for v > 0 and without the absolute value, or even in the apparently stronger
form

/ —[ldr < +o0.

We will prove in the Appendix (Theorem 5.1) that, for every e > 0 fixed,
the problem (10) admits a unique solution u. € V§(2).

Notice that, for the sake of simplicity, in the problem (10) we have consid-
ered only the model case, where the singular term is given by ; however,
all the proofs also work if we take into account a more general smgularlty of
the form f(x)-g(s), with a non increasing function g such that 0 < g(s) < .

3. Estimates

The aim of this section is to prove that the solution u. satisfies some
uniform (with respect to ) estimates.

Proposition 3.1. Let u. be the weak solution of problem (10). Then there
exists C' > 0, independent of ¢ (and o), such that

/\Vu€|2dx+—/ wl*do < 0717, L EE0 )

/u dz < C||f||77 Ves0.  (14)
0]

LT (2)

10
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Proof. Taking ¥ = u. in (12), we get
s / / - _
| Vu|? de+— J2do = =0 dr < R0 (15
[ v o 5 [ o= [ uttde <117l gy, ity 05
By Theorem 2.2 (a« > —1), it follows

1-0
||“€||;?0) < O[/ |Vu€|2dx—|—€/ [ua]Qdo} (16)
N €

< C{/ |Vu€|2d:)5—l—i/ [uE]Qda] :
0 €% Jre

Hence, (13) follows by (15) and (16), and by (16) and (13), we get (14). O

Proposition 3.2. Let u. be the weak solution of problem (10). Then, for
every v € HL(Q), we have

/Q uigw(x)dx

with C' = max(A1, A2).

< OV 2@l Ve[ 20 (17)

Proof. Taking in (12) a testing function v € H}(f2), and applying Holder’s
inequality, we find that

f

2,0
Q Ug

Ydx

/ AVu, - Vi dx
Q

< max(Ar, \o) (/ |Vu€|2d:)3)2 </|Vw|2dx)2.
Q Q

4. Homogenization

4.1. The case a =1

In this subsection we will assume to be in anyone of the geometrical
settings described in Section 2. We will see that the homogenized problem
will depend on the physical properties of the bulk regions (i.e., A1, Ay) as well
as the physical properties of the interfaces (i.e. /).

11
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Theorem 4.1. For ¢ > 0, let u. € V§(§2) be the weak solution of the
problem (10). Then, there exist u € Hy(82) and uy € L*(2;Vy(Y)) with
[y ui(z,y)dy =0 a.e. in 2, such that, as € = 0, we have

U = u, strongly in L*(£2); (18)
ue =%, in L*(2 xY); (19)
Xour=Vue =5 Vu+Vyuy,  in LF(2xY) : (20)
1 —sc .
~[ue] =5 ], in L*(2; L*(I)).. (21)
Moreover,
‘/ %w de| < 400, Ve HI(®), (22)
0
and the pair (u,uy) solve
— div ()\OVu +/ AV, uq dy) = i@, in §2; (23)
Y u
— divy \(Vu+ Vyu)) =0, in By U Ey; (24)
ANVu+V,u)-v] =0, on 2 x I (25)
Blui] = Xo(Vu+ Vyuy) - v, on 2 xI'; (26)
u>0, in §2; (27)
u=0, on 082, (28)
where A\g and \ are defined at the beginning of Subsection 2.5.
Remark 4.2. As usual, from (24)—(26), we can factorize u; as
ui(z,y) = x(y) - Vu(z), (29)

with x = (X1,...,xn) and x; € Vu(Y) with [, x;dy = 0, for each j €
{1,..., N}, satisfying

—divy,(AMVyx;+€;) =0, in EyUE;y;
AVyx;+ej)-v]=0, on I'; (30)

Blx;l = M(Vyx; +e)-v, onl.

12
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By [23, Theorem 2] the previous problem (30) admits a unique solution. Re-
placing (29) in (23), it follows that u solves

—div(Apom Vu) = i in €;
U

7 (31)
u=0, on 0f),
where the matrix Apom ts defined as
Apom = Mol + / MV, )" dy. (32)
Y

Here, V,x is the matriz whose entries are (V,X)i; = g—;‘; and (V,x)T denotes

its transposed. Therefore, we have

ox oXi ox
)\VTd) :/)\ ]d:/A ]d+/>\ |
</Y ( X> Y ij Y ayi Y B l&yi Y Es 28%‘ Y

= /Alxjuida—/)\ngyidaz—/[)\Xj]l/,-da
r r r

and hence we may write

Apom = Aol + / AV, )T dy = Aol — / vodo  (33)
e r
We can prove that the factorization (29) is unique. Indeed, as we have re-
called above, the problem (30) is well posed. Moreover, the homogenized
matriz Apom 18 symmetric and positive definite, as proved in [23, end of Sec-
tion 3.2 |. Therefore, by [13, Theorem 5.2 and Remark 5.4] we obtain the
existence and uniqueness of a solution of (31).

Remark 4.3. Notice that the problem (23)—(28) admits at most one pair of
solutions (u,u1). Indeed, assume by contradiction that (u',ut), fori = 1,2
are two pair of solutions and denote by U = u' — u? and Uy = ui — u?.
Using U as test function in (23) written for u' and U, as test function in
(24) written for ui, adding the two equations, integrating by parts and using

(25)—(26), we get
/J MVu! + Vyup) - VU dz dy + /a/ MVu! + V) - V, Uy do dy
Y Y

+B/Q/F[uﬂ[U1] dxda(y):/g(u{)ede.

13
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Repeating the same procedure for (u*,u?) and subtracting the equation for
(u,ui) from the equation for (u? u?), it follows

//)\\VU+VyU1\2dxdy
NJY

w0 [ fwiparaot = [ (- ) 00 - ),

Taking into account that the function s — Sie is decreasing, it follows that the
right-hand side in the last equality is non positive, which implies [U;] = 0.
Moreover,

/|VU|2dx+/J |VyU1|2dxdy:/ |VU|2dx+/J |VyU1|2dxdy
2 Y k0] Y
+2/Vu~</ VyUldy) dx:/a/ VU + V,U;*dedy =0,
k0] Y Y

where we have taken into account that fy V,Uidy = 0, because of the Y -
periodicity of Uy and the fact that (U] = 0. Thus, VU = V,U; = 0, which
implies U = 0 in (2, since it satisfies the homogeneous boundary condition,
and Uy = 0, since it has null mean average on Y .

As a consequence of Remarks 4.2 and 4.3, we get that the homogenized
problem (23)—(28) admits a unique solution and that such a solution can be
factorized as in (29).

Proof of Theorem 4.1. By Proposition 3.1 and [22, Proposition 5.5] we get
that (18)—(21) hold. Hence, taking into account (13) and (18) and passing
to the limit in (17), when ¢ — 0, by Fatou’s Lemma we get (22) which also
implies that u is not identically zero in f2.

In order to pass to the two-scale limit in (12), with « = 1, we choose as
test function ¢ (z) = (x)+e® (z, L) with ¢ € C1(£2) and ® € C}(12; £4(Y)).
Then, we get

/ AVu. - Vodr + 5/ AVu, -V, ®dr + / AVu, -V, &dx
Q Q Q

[ f
+ 8 Fs[ue][‘b]da—/Qu—gapdxjtefgu—g(bdx. (34)

14



216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

By (20) and (21), as € — 0, the left-hand side of (34) converges to

/J (Vu + Vyu) - Vgod:cdy+/a/ (Vu+ Vyu) - V,® dz dy
+B/J w][®] dz do(y). (35)

We now focus our attention on the right-hand side of (34) and we set

I ::/ ieapd:z, Je = feédx (36)
2 Ue 0 Ug
In order to deal with the term J., we rewrite the function ® (:c, f) =
v1(z) P2 (f)7 moreover, by the decomposition ¢, = ¢ — ¢] and @y = o —
vy, We can assume @1, 2 > 0 (notice that the Lipschitz continuity of ¢ is
enough for our purposes). We have that

o< == [ Lo (2) o < cllallim [ L) ao
2 Ug 2 Ueg

< Cellallzem)IVerllz@ |l ‘92 %)

(37)
where we used (17) and (13). Since C' is independent of ¢, as ¢ — 0, also
J: = 0. In order to study the limit of I, having in mind the decomposition
¢ = T — ¢~ (notice again that the Lipschitz continuuity of ¢ is enough
for our purposes), we may assume ¢ > 0. Moreover, we have to split the
behaviour of the singular term into the part near to and far away from the
singularity. To this purpose, we write

[E:/ iapdzjt/ ig@da: =11, + 12 (38)
2n{0<u-<8} u? 2n{ue>6} u

where, by the Lebesgue dominated convergence theorem and taking into
account that 0 < %ap < éigcp € LY(£2) in the set {u. > 0} (here it is crucial
that ¢ is bounded), we get

lim lim 12 ; —/ igodx (39)
Q

0—0e—0 N{u>0} u

once we have taken 6 € C = {6 > 0 : [{u(z) = 0}| > 0}, which is at most
countable (exactly as in [18, Proof of Theorem 3.6]).
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233

234

235

236

237

238

239

240

Moreover, introducing the function Zs : R — [0, +00) defined by

1, f0<s<4d:
Zs(s) =9 —5+2, ifo<s5<20; (40)
0, if s > 20,

using as test function in (12) (with o = 1) the function Zs(u.)p, with ¢ as
above, and recalling that s — Zs(s) is decreasing, we arrive at

151,5 < / AV, - Vo Zs(u.) dx
0

= /Q)\€Vua -VlZs(ue) — Zs(u)] de + /Q AeVu. -V Zs(u)dx  (41)

since
2 1w (Z0) — Zsu)) o < 0
Fé‘
and
/ iGZ(;(uE)QD dz > 0.
2N{6<u. <25} Ue

In order to pass to the two-scale limit in (41), we have to take into account
that A\.Vu. is bounded in L*(2) and Zs(u.) — Zs(u) — 0 strongly in L?({2)
(since s — Zs(s) is continuous and (18) holds), so that the first integral in
(41) vanishes, while in the second integral, thanks to Remark 2.6, we can
take \.VypZs(u) as admissible test function for the two-scale convergence.
Therefore, we get

lim lim 115 < / / AV + Vyur)| V| da dy, (42)
2n{u=0} JY

6—0e—0

In order to prove that the right-hand side of (42) is zero, we notice that,
choosing ¢ = 0 in (34) and letting ¢ — 0, we obtain

/n/y AVu+Vyu) - Vy@dedy + 5 /Q /F [ua][®] dz do(y) =0,

which is the problem in the micro variable y (i.e. (24)—(26)); therefore, we
get the factorization (29) for u;. This implies that

[ [NV V) (9ol dedy = (43)
2n{u=0} JY
= [ [ M+ 90Vl Vel drdy o

2n{u=0} JY

16
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242

243

244

245

246

247

248

249

250

251

252

253

254

255

where, in the last equality, we used that u is a Sobolev function and hence
its gradient vanishes on the level sets of u. Then, passing to the limit for
e — 01in (34), by (35), (39), (42), (43) and taking into account the density
of our test functions in Hj(£2) x L2(£2; Vx(Y')), we obtain

/ AMVu+Vyu) - Vedrdy + / AMVu+Vyu) -V, @drdy
02xY

+B/Q/F[u1][(;tixda(y) :/(2£80X{u>0} dr. (44)

Taking first ¢ = 0 and then ® = 0 in (44), it follows that u is a nonnegative
(being the limit of the sequence of positive solutions u.) weak solution of
the problem (23)—(26) and (28), with ui@ replaced by %X{wo}- In order to
conclude the proof, it remains to show that v > 0 a.e. in §2. To this purpose,
we recall again the factorization given in (29), where u solves the problem
(31) with the new nonnegative source uig X{u>0} and the matrix Ay, defined
in (33) is positive definite. Therefore, taking into account (22), we can apply
the strong maximum principle to deduce that u > 0 a.e. in (2. Finally, by
Remark 4.3, it follows that the whole sequence {u.} converges and the thesis
is accomplished. O

4.2. The case a > 1

As in the previous subsection, we will assume to be in anyone of the
geometrical setting described in Section 2. Moreover, we will see that, due
to the particular scaling e~ in front of the interface term, the homogenized
problem will not take memory of 3, as pointed out in Remark 4.6.

Theorem 4.4. For ¢ > 0, let u. € V§(§2) be the weak solution of the
problem (10). Then, there evist u € Hy(2) and wy € L*(£2; Hy(Y)) with
[y wi(z,y)dy =0 a.e. in 2, such that, as € — 0, (18)~(22) hold. Moreover,
the pair (u,uq) solve

— div ()\OVU + / AV, uq dy) = i@ , in {2; (45)
Y u

— divy AM(Vu+Vyu)) =0, inY; (46)

u>0, in (2 (47)

u=0, on 02, (48)

where A\g and X\ are defined at the beginning of Subsection 2.5.
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270

271

272

273

274

275

276

Remark 4.5. Notice that, similarly as in Remark 4.3, it is possible to prove
that the problem (45)—(48) admits at most one pair of solutions (u,uy). More-
over, we can factorize uy as in (29) with x = (x1,...,xn) and x; € Hu(Y)
such that fY X;dy =0, for each j =1,...,n, x;, we get that x; must solve

—divy(A(Vij + ej)) = 0, mY. (49)

Replacing the factorization of uy in (45), it follows that u solves

— div(ApemVu) = i in §Q;

u?’
u>0, in ) (50)
u=20, on 08);

where the matrix Apom ts defined as
Ahom = )\O[ - / )\(VyX)T dy = )\OI — / [)\]I/ &® XdO' (51)
Y r

We recall that by standard arguments equation (49) admits a unique solution.
Moreover by Proposition 4.1 in [6] we know that Apen is symmetric and

positive definite and therefore, by [13, Theorem 5.2 and Remark 5.4/, also
the solution of equation (50) is unique.

Remark 4.6. Notice that, from the definition (49), the cell functions do not
depend on the coefficient 3. Therefore, the homogenized matriz and, hence,
the macroscopic function u lose any memory of the physical properties of the
interfaces.

Proof of Theorem 4.4. By Proposition 3.1, [22, Proposition 5.5] and
Fatou’s Lemma, we get that (18)—(21) and (22) hold (as in the proof of
Theorem 4.1).

Moreover, by (13) we also know that

1 [u] \*
~ [ue]zdzze/ ( ail) de < C,
re € g 2

uniformly with respect to €. Hence, as ¢ tends to 0, by Theorem 2.11 it
follows that there exists v € L?(§2 x I') such that, up to subsequence, v, :=

[ue] 2—s¢ 2—sc

e == v in L3(£2°). However, by (21) we already know that @ — [w];
afT

)
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298

lue] e%va, with O‘T_l > 0, we infer that

therefore, taking into account that

[u1] = 0, so that uy € L*(£2; Hy (Y ))
In order to pass to the two- scale limit in (12), with o > 1, we choose as

test function ¥ (z) = ¢(z) +e® (2, %) with ¢ € C}(£2) and ® € Ci(12;CL(Y))

(i.e., we can take [®] = 0 since [uy] = 0) and we get

/)\Vua-Vgodx+5/)\Vug-Vx(I>dI+/)\Vug-Vyédx:
Q Q

/ 6<pda:+5/—<1>d:): (52)

By (20), we obtain that the left-hand side of (52) converges to

/ AMVu+ Vyuy) - Vodrdy + / AMVu+Vyu) -V, @drdy.
02xY

02xY

Moreover, by (17) and reasoning as in (37), the second term in the right-hand
side tends to 0. Finally, arguing as in the proof of Theorem 4.1 for the study
of the first integral in the right-hand side of (52), as ¢ goes to 0, we have

/

The proof that v > 0 a.e. in (2 follows, as usual, from the strong maxi-
mum principle, taking into account (22), so that we can replace the source
%gpx{wo} with %ap. Finally, recalling the density of our test functions in
Hy(£2) x L*(2; Hy(Y)), taking alternatively ¢ = 0 and ® = 0 in (53) and
integrating by parts, we deduce (45) and (46). Therefore, by the uniqueness
of the problem (45)—(48) (see Remark 4.5), it follows that the whole sequence
{u.} converges and the thesis is accomplished.

U

4.3. The case a € (—1,1)

As in the previous subsections, we will assume to be in anyone of the
geometrical settings described in Section 2. Moreover, analogously to the
case o > 1, we will see that also in this case, due to the particular scaling
e~% in front of the interface term, the homogenized problem will not take
memory of 5 (see the end of Remark 4.8).
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Theorem 4.7. For ¢ > 0, let u. € V§(§2) be the weak solution of the
problem (10). Then, there exist u € Hy(82) and uy € L*(2;Vy(Y)) with

uy = (ul”, ul?) ), [, e ) dy =0= [, u @z, y)dy a.e. inY, such that,
ase — 0, we hcwe

u. =%, in L*(2 xY); (54)
Xanr Ve =5 Vu + Vyuy in L*(2xY); (55)
] =% o, in L*(02; LX(I")) . (56)

Moreover, (18) and (22) hold and the pair (u,u;) solve

— div ()\OVU +/ AV uq dy) f , in §2; (57)
— div,(\(Vu+ V,yuy)) =0, in By U Ey; (58)
AN(Vu+ Vyuy)-v] =0, on 2 xT; (59)
A (Vu® + v, ul?y v =0 on 2 xT; (60)
u>0, in {2 (61)
u=0, on 012, (62)

where \g and N\, are defined in Subsection 2.5.

Remark 4.8. Following the same ideas as in Remarks 4.2 and 4.3, we have
that the problem (57)—(62) admits at most one pair of solutions (u,u,) and
that uy can be factorized as in (29) where, in this case the cell function

X = (X1,---,xn) 18 such that x; € Vu(Y) with fE W q dy =0= fE X] dy
for each j € {1,..., N} and satisfies the cell pmblem

—din()\(vaj + ej)) = O, m El U E2 ;
A(Vyx; +€5)-v] =0, on I'; (63)
>\2(Vyx§2) +e;)-v=0, on I,

which admits a unique solution. Replacing the factorization of uy in (57),
we still obtain that u solves an elliptic problem analogous to (31), where the
new matriz Apom is defined as in (32) and (33) in terms of the cell functions
given in (63). Following [14, Proposition 5.1 and Remark 5.2/, as done in
[24, Section 7], we obtain that the matriz Apen is symmetric and positive
definite.

As in the case o > 1, from the definition (63), we see that the cell func-
tions do not depend on the coefficient 3.

20



313 Proof of Theorem 4.7. As a consequence of Theorem 2.2 and Proposition
se 3.1, we can apply Theorem 2.12, obtaining that (4)—(7) hold. Moreover, by

315 (13), it follows
2
5/ ([“_J) do =~ [ wPar<c, (64)

-

E 2 E:a Ie

sis with C' independent of . Hence, after setting v, := [;‘i}l , as in the proof

ars

15
s7 of Theorem 4.4, we can apply Theorem 2.11 to {v.}, obtaining that, up to
28 subsequence, v. two-scale converges in L?(§2 x I') to some v € L?(§2 x I'),
310 SO that

atl 2—sc

085" = [ue] — [u], (65)

20 where we have taken into account that a4+ 1 > 0. Therefore, (56) holds and
= [u] = 0. Taking into account (65), (4)—(6) become (54)—(55).

2 Now, let us choose ¢(z) = p(z) + @ (z, %), with ¢ € C1(£2) and ¢ €
23 CH(2;£4(Y)), as test function in (12). Then, we get

/ A-Vu, - Vodr + 5/ AVu, -V, ddx + (66)
Q Q
+ / AVu, -V, &dr + ﬁel_o‘/ [us][®] do =
Q €
/

Egpdx—i—é‘ ifbdx = 1.+ J..
2 Ye

0
n Ug

By (55), as ¢ — 0, we obtain

/ AVu, - Vodr + 6/ AVu, -V, ¢dr + / AeVu, -V, &dx
Q Q Q

— AMVu+ Vyu) - Vodrdy + / AVu+ Vyuy) -V, @ dedy.
02xY 02xY
(67)

s« Moreover, we can write

s [ uliwldo = g [ Lhfalao —o. (69)

g2

»s as a consequence of (64) and the fact that 1 — a > 0.
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In order to pass to the limit in the right-hand side of (66), i.e. to deal
with the singular term, we consider the extension of u. from (25 to (2] as
in Theorem 2.13, and for the sake of simplicity, let us denote by T'(u.) this
extension, i.e. T'(u.) € H'(£2), T'(uc) = u in 25, | T (ue)| 2y < Clluell 20
and ||[VT'(uc)l|r2(2) < CllVue| r2(0s), with C independent of e. Then, by
(13), it follows that there exists v € H*(f2) such that, up to a subsequence,
T(u.) — v weakly in H'(2) and T(u.) — v strongly in L?({2). Moreover,
recalling [2, Proposition 1.14 (i)] we have also T'(u.) 2% v in L*(2xY). By
Lemma 6 of [23] applied to function u. — T'(u.), we have that

e = vl = Il (e = T(we)) + (T(w) = V)]0
<2 (JJue = T(o) 32y + 17 0) = Vil )
< C(lue = Ty + = [ e = TP do

+ &2V — VT(:) |2y + 1T () = 0320 )
<o [ o+ & Vulag,
+ 29T () g + 1T () = 0l3agq)) 0,
where we have taken into account again that v+ 1 > 0. It remains to prove
that v = w, but this is a direct consequence of the fact that T'(u.) = u. in

(25, indeed taking a test function ¢ (l’, %) = ¢1(x) o (%), with ¢; € C°(12)
and ¢g € C%(Y) with compact support in FEs, it follows

([ r@a@ar) ([ o) [ uwo(nt)
_ /QT(ue)(x)¢ (:c, g) dz — (/Qv(:c)gbl(x) dx) ( . b2(y) dy) :

Therefore, u. — u strongly in L?({2), i.e. (18) holds. In order to get the
homogenous boundary condition (62), we proceed as in [9, Proof of Theorem
2.2]. Let ® € L*(£2;RY) and let ¥ be the function associated to ® on E, by
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331

332

333

334

335

336

337

338

339

340

341

Lemma 2.4. Integrating by parts and passing to the two-scale limit, we have

/Q/E (Vu(z) + Vyui(2,9) (2, y) dyde «+ [ Vu(z) ¥ (x’ g) da

2

_ _/95 uc()div, ¥ (z, g) dz — —/Q/E w(@)div, U(z, y) dy do
_ /Q w(@)divd(z) dz . (69)

Moreover, by (2) there holds

(2, )W (2, ) dy = — /

uy(z,y)¥-v da—/ wy (x, y)div, ¥ (z,y) dy=0.
r

- (70)

E>

By (69) and (70), we conclude

/Vu(:c)é[)(x) dz :/ Vu(z) (/ U(z,y) dy) dz = —/ u(z)divd(z) dz,
2 2 Es 2

(71)
and hence u = 0 on 9f2. Then, we can repeat the argument in the proof of

Theorem 4.1 in order to obtain (22) and
I. — / iggox{wo} dx , J.—0, for e — 0. (72)
nu

Moreover, using the strong maximum principle as in Theorem 4.1, we obtain
u > 0 a.e. in {2, so that we can drop the characteristic function Xy, in
(72). Finally, taking first ¢ = 0 and then ® = 0, we deduce the strong
formulation (57)—(62). O

Remark 4.9. Notice that, when we are in the connected/disconnected case,
as already pointed out in Subsection 2.4, we can refer to the more classical
extension theorem in [15, 28], where the extension is found directly in HJ({2).
Thus the proof of Theorem 4.7 can be achieved in a simpler way, avoiding
steps (69)—(71).

4.4. The case a« = —1
In this subsection we will assume to be in the connected/connected geom-
2
etry. Moreover, we stipulate that the source f € LT ({2) is strictly positive
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342

343

344

345

346

a.e. in 2. We will see that the homogenized problem will take into account
the physical properties of the bulk regions (i.e., A1, A2) as well as the physical
properties of the interfaces (i.e. [3).

Theorem 4.10. For ¢ > 0, let u. € V§(§2) be the weak solution of the
problem (10). Then, there exist u = (v, u®) € H}(2) x Hi(£2) and
u; = <u{1),u{2)) € L2(02;Vy(Y)) with fEl u{l) dy =0 = ng u{”@) dy, such
that

xoeu 25 g™, xo:u® % ygu®, in LX(2xY);  (73)
xor V! 25 x, (u + 9,uf’) | in LA(2xY);  (74)
xo; Vul? 2_—S? XE, (Vu(g) - vyuf)) : in LX(QxY);  (T5)
[u) =5 [u], in L*(8; L*(I')) . (76)
Moreover,
'/ egod:c < 400, Yo € Hy(2), i=1,2, (77)
and the pair (u,uy) solve
— div <A1\EI|VW +/ M Vul” dy) =By (f)) + | Blul, in 2
B (78)
— div <A2\E2|Vu(2) +/ AV, ul? d ) = \Ez\L — || B[u], in 2
8 (uly

(79)
— divy(A(Vu+ Vyup)) =0, in Ey U Esy; (80)
Al(Vu(“%—Vyu{U)-u:O, on 2 x I (81)
A (Vu® +V,ul?) v =0, on 2x I'; (82)
u u® >0, in 02, (83)
u =u® =0, ondn, (84)

where, with a slight abuse of notation, we set [u] = u® —u(®.

24



347

348

349

350

351

352

353

354

Remark 4.11. Following the same ideas as in Remark 4.3, we obtain that
problem (78) admits at most one pair of solutions (u,uy). Moreover, we can
factorize uy as

u(z,y) = xV(@)Vu(2),  u(z,y) =xP@)Vu@(x),  (85)

k
where X® = (), for k = 1,2, Iz, Xj Jdy = 0 = szx§2)dy,

for each j € {1,...,N}, and, recallmg the usual notation, we set x =
(xW, x@) e (V#(Y))N. Then by (78) we obtain that, for eachj € {1,..., N},
x; satisfies (63) and uV u® solve the following system

dw(A  Vul)) = \E1|W+ || 3 (u(g)—u(l)) . in Q)

—dw(AhomVu(g)) = |E2|W —|I"|B (u(g) — u(l)) . in Q) (86)
u(l):u(g):(), on 89,

where, for k = 1,2, the matrix A® e defined as

hom

A®) = N BT + Ak/ (Vyx"™7T dy.

Ey

Since

ax(k)
([ oxrar) = [ Sy [P
)l ij E, OYi r

we also have
A;:Zrn = M| B ] — (—1) >\k/ v @ x* do. (87)
r

Following the same ideas as in [12, Remark 2.6], it is not difficult to prove

that the matrices Aﬁl’f]m are symmetric and positive definite. Therefore, the
solution u = (u™ u®) of (86) is unique. In fact, if & = (4, a®?) and
u = (aW,a®) are two different solutions, then for ¢ € H}(2) and k = 1,2,
we have

/Ag’;mw Vi doe |Ek|/ e da - 1)k|r|5/[a]¢dz, (88)
(P4

/Aﬁwmvu wdx_\Ek\/ de— —1)k|F|B/[ﬂ]<pdx. (89)
2
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Subtracting (89) from (88) and taking o = 4 —a®, separately for k = 1,2,
we have

[ 40,9 @ =) v @ - i) da

—|Ek|/ ( — (j,: 9) —a®) d:c—\ﬂﬁ/n(ﬂ(k)—ﬂ(k)fdx

+ \F\ﬁ/ —aM) (a® —a®) da.
(90)
Summing (90) for k= 1,2, we get
/ AD v (@ —a®) v (@ —aW) dz (91)
7

+ /A vV (a® —a®) . v (a® —a®) dz
n

hom

f f (1) _ (1
a ‘E1|/Q ((a(l))a B (@(1))9) (@ —a®) dx

f ¥ ) )
+ ‘EW2|/Q ((ﬁ(g))g - (u(2))0) (u(2) _u(2)) du
= s [ (@ - a®) - @ - a®)?do.
2

Recalling that Ahom cmd Ahom are positive definite and taking into account
that the function s +— s—g is decreasing, by (91) we infer

/}v <1_u<1\+/;v (@ —a®)[* <o,

which implies 4V = @M and 1 = a®.

Proof. First we note that (73)—(76) follow by Proposition 3.1 and Theo-
rem 2.12. In order to proceed with the homogenization, we choose ¢ =
(W, @), 9O (z) = pi(x) + e®; (2, %) in 2F x E;, with ¢; € C2(£2) and
D, € CL(2;£4(Y)), for i = 1,2, as test function in (12), with & = —1. We
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get

)\1Vu€ . VgOl dz —+ / >\2VU5 . V(pg dx —+ 6/ >\1Vu€ . qu)l dx

J

1 25 05
+ 5/ AVu, -V, $ydo + / MVu V¢, dz +/ Ao Vu V, @y da
2 025 025
+ Be/ [u][¢] do
= i(;% dz + %@2&64‘5 ieq)l de +¢ ieé[)gd:c
s Ug 05 Uz e Ug 05 Ueg
= I +I2+J'+ 2 (92)

Hence, taking into account (73)—(76), as € — 0, the left-hand side converges
to

/ A (Vut) +Vyu§1)) -V, de dy+/ Ao (Vu® +Vyu§2)) Vo da dy
2% Eq 2x FEo

+ / A (Ve 4+v,u{Y)- v, @, dz dy+ / A (Vu?+V,u?)-V, 0, dz dy
2x Fq (%

X o

+8 , F[U][SO] dzdo(y). (93)

In order to treat the right-hand side of (92), we will need to making use
of the extension operator introduced in Subsection 2.4. More precisely, we
consider the extensions of uf:l) and uff’, which can be obtained applying
Theorem 2.13 both in (27 and (2. In the sequel, for the sake of simplicity,
we set T(ug)) = Tgug), i = 1,2. We recall that ugl) and ug) are positive
and, without loss of generality, we can assume that also T(ugl)) and T(ug))
are positive (in fact, if the extension given by Theorem 2.13 would not be
positive, we could replace it with its positive part). Moreover, by Theorem
2.13 and (73) we get

T(“E:”)XQ; = Ugl)XQ;, T(ng))XQg = g)XQg, (94)
1) )

u
2—sc 2—sc
Ugl)sz; — U XE, Ug)XQg = XE2> (95)

i« and, by (8), (9), (13) and (14), it follows that there exist vy, vo such that

T(uM) = vy, T(u®) — vy, strongly in L*(Q). (96)
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Finally, we obtain

vy (z) = vV (), va(z) = u(z), for a.e. z € (2. (97)
In fact, for i = 1,2, we have that T(Ug))XQf 2= ViXE,, since T(ug)) — Uy,
strongly in L?(§2) on compact sets contained in (2. Hence, by (95), it follows

/u(i)|Ei|g0dx — /ug)xgisgodx:/T(ug))xgiswdx — /U(i)|Ei|godx,
o 2 2 Q
for every ¢ € C!(£2). Therefore, we have proved that
T(uM) — u T(u®) = u®  strongly in L*(Q). (98)

We remark also that, arguing as in (69)—(71), both for u(" and u®, we get
u®™ =4 =0 on 0.

We are now ready to deal with the right hand side of (92). Taking into
account that the integrands in J! and J? can be assumed positive, we can
estimate from above each J!, i = 1,2, with the integral over the whole (2.
Therefore, reasoning as in (37), we obtain that, as ¢ — 0,

JE—0 and J2 — 0.

On the other hand, we rewrite I, i = 1,2, in the following way

i f f i1 0,2
IEZ/Q —QQOZCL'L'—F 0 —GQOZCL'L' = [e,6+[e,6‘

cN{0<uc <o} Ue cn{uc>8} Ue

We can adapt the same argument used for the term / ;(:; in the case a = 1. In
particular, as in the proof of Theorem 4.1, we take Zs(u.)p; as test function
in (12) with Z; defined in (40) and we assume ¢; > 0, obtaining

Ié:(lg < /)\EVuE-VapiZ(;(uE) d:)::/)\EVua-VapiZ(;(ua)(XQ;jLXQ;) dx

Q Q
2

= Z/ NVul) - Vi Zs(ul) xor da
k=17
2

= > [ VT VT ) o do
k=17
2

= > [ M) Vo (Za(T @) ~ Zu®) i da
k=17
2

+ Z/ )\fVT(uf:k))-V(piZg(u(k))XQZ dz. (99)
k=17
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Recalling that A VT(uE )xgs is equi-bounded in L?({2), using (98) in order
to obtain that Zs(T (ue ))) — Zs(u®) strongly in L?(£2), we get

lim [ AVu. -V Zs(u.)de =

e—0

2
= 3 [ N (a4 V) Ve Zitu®) dedy,
k=1 2xFE

where we have taken into account (74), (74) and (94). Hence,

il o — (k) ’ 1
lim limm 12 Z e VT V| 196, (100

By Remark (4.11), for k£ = 1,2, we may rewrite

/(m{M):o})wk

B /(Q {u(k)=0})x E* NI+ V) vul | [Ve| =0,
N{u 0})x

Ne(Tu® + V)| [Vi] =

because Vu®) vanishes on {u*) = 0}. Therefore, we conclude

lim lim I} (1; =0. (101)

0—0e—0

) 2
We now focus our attention on the term I;’ 5- We have

. f ;
* Jon®zay () o (T(ul)))e ™ )=o)

Since 0 < (1)))3 ¢i < i € LY(£2) in the set {T(u) > 6} and Xa: — |EY|

weakly* in L*({2), we can argue as in (39), once we have taken § ¢ C =
Uizl{é >0 : H{u®(z) = 6} > 0}, which is at most countable. Thus we
obtain

hmIé? |E|/ gx{u(l)%}gpzdx (103)
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Finally, by (92), (93), (101) and (103), we arrive at
/ M (Vu) + v, u Y. Vo, dzdy (104)
QXEl
+ / Ao (Vu® + v ul )Y Vs dz dy
QXEQ

+ / A (Vu + v,uly . v, @, dedy
QXEl

02xI

+ / Xo(Vul® + v, u ) -V, @odxdy + [u][p] dx do(y)
2x FEo

= 18 | coaeds+ 1B [ ovue.gede.

Choosing ¢1, @2, @1, Py respectively equal to 0 in (104), we obtain (78)—(82)
and (84) with W replaced by WX{WBOP i = 1,2. Moreover, using the
factorization of ul"” and u{” given in Remark 4.11, we obtain that (u(!), u®)
solve the system (86), with the new sources Wx{uubo}, i =1,2. In order

to conclude the proof, we have to show that (77) and (83) hold so that we
can drop Xq,msoy in (104)). These properties will be proved in Lemma 5.7
in Section 5.2. O

5. Appendix

5.1. Existence and uniqueness for the e-problem

We devote this subsection to prove the existence and uniqueness for prob-
lem (10), following the ideas in [13] as done in [18, Theorem 3.1]. The main
difference in the present case is the underline geometrical setting, which re-
quires different a-priori estimates. For this reason and for convenience of the
reader, we will give a sketch of the proof.

Since here ¢ is fixed, we will omit it so that, similarly to Section 2, we
rewrite 2 = 2, U % U and

Vo(Q) = {u= (u",u?),uM € H' (), u® € H'(£2,), u =0 on 00},
endowed with the norm defined by

[ullvoo) = IVull2eiue,) + lulll2ay -

30



397

398

399

400

401

402

403

404

405

406

407

Moreover, we denote by
L£o(2)={¢p = (ap(l), <p(2)) : go(l) € Lip(ﬁl), <p(2) € Lip(ﬁg), ¢ =0 on 00}.

Finally, we set A(z) = A1 a.e. in {24 and A\(x) = Ay a.e. in (2.

Theorem 5.1. Assume that f € LF%(Q), 0 €(0,1), and f >0 a.e. in £2,
with f not identically zero in £21 nor in §25. Then, the problem

/Qﬁwdx

/AVu-V¢dx+ﬁ/[u][¢]da:/igwd:c, Vb € Vo(92),
0 r nu

< +00,
(105)

admits a unique solution u € Vy(£2), with u > 0 a.e. in (2.

In order to prove the previous result, we first need a preliminary existence
result for a sequence of approximating problems. To this purpose, for n € N,
we set

fulx) = min{ f(z), n} (106)
and we consider the problem to find u,, € V({2) satisfying the system
—div(A\Vu,) = (unﬁ})@’ in (4 U £y
AVu, -v] =0, on I';
Blu,] = AV - v, onl; (107)
U, >0, in (2,
up, =0, on 0f2,

whose weak formulation is

. _ [
/Q)\Vun vwd“ﬁfr[un][w]da—/ﬂ (uﬁ%)gwdx, Vo € Vo(Q).

(108)

Theorem 5.2. The problem (107) admits a unique nonnegative solution u,, €
Vo(©2).
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Proof. Let w € L*(Q) be fixed. For any n € N we consider the following
nonsingular linear problem

—div(A\Vu,) = (| ‘f:l)e, in 2,U0;
[un] = )\QVUn v, onl}
u, =20, on 042,

whose weak formulation is

/QAVun~V1pdx+ﬁ/F[un][w]do—:/mzb v, Ve Q).

(110)
Since the datum (|w|+ )=, is bounded by n'*?, there exists a unique so-
lution u, € V(€2), as a consequence of the well-known Lax-Milgram Lemma.
Moreover, by standard energy estimates and by Poincaré’s inequality (2.2),
there exists a positive constant C', depending on n but not on w, such that

[un||22() < Clltallvo@) < C. (111)

In order to prove the existence of a solution to problem (107), we will use
Schauder’s Theorem. To this purpose we introduce the map F : L*(Q2) —
L*(Q) defined by F(w) = u,, where u, is the solution of (109). Let B be
the ball in L?*(£2) of radius C, where C is the constant appearing in (111).
Clearly F'(B) C B. In order to apply the Schauder’s Theorem, we need to
prove that F'is continuous and compact on B. The compactness of F' follows
by the fact that the inclusion of Vj in L?(f2) is compact. In order to prove
that F' is continuous we proceed as follows. Let {w,} C B be a sequence
in L?(Q) strongly converging to a function w € L*(Q2). We want to prove
that u,,, := F(w,) strongly converges in L*(Q) to u, = F(w), for r = +o0.
Since w, is strongly convergent in L*(2) to w, we have also that, up to a
subsequence, w,(r) — w(x) for a.e. x € Q and therefore also (|w,| + %)_9 fn

converges to (Jw| + %)_6 fn a.e. in Q, which implies the strong convergence in
L4(Q) for every ¢ > 1. By (111) with u,, replaced by u,, , and the compactness
of the inclusion of Vj in L?(£2), it follows that there exists u,, € Vj such that,
up to a subsequence,

Upp = Up strongly in L*(£2),
Vi, = Vu,,  weakly in L*(£2),
(U] = [tn)] weakly in L*(T).
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Passing to the limit in (110) written for w,, , and w,, it follows that u,, = F'(w)
and by the uniqueness of the solution of problem (109)—(110) we have that
the whole sequence F(w,,,) = un, — u, = F(w), strongly in L?*({2), for
r — 4o00. Hence F is continuous and therefore there exists a fixed point u,,
which is a solution of the problem

fn
. Jldo = [ —I" yde, Q).
/Q)\Vu Viﬁdx—i-ﬁ/r[u |[¥] do /Q(|un|+%)91pdx Vi € Vo(Q)

The proof that u, is nonnegative can be obtained following the same com-
putations at page 15 of [18, Proof of Theorem 3.1], as well as the proof that
the solution wu,, is unique follows by [18, Proof of Theorem 3.5]. O

Proof of Theorem 5.1. Taking u,, as test function in (108) and using the
Poincaré inequality (1), we obtain

/ufldx < C'(/ \Vun|2dx+/[un]2da) SC/ Leundx
Q Q r 2 (up + 1)

< CUI, 2yl 30,

and hence

1
lunllr22) < Cllunllve < ClFIT (112)
L0 ()

where C is independent of n. By (112) and the compactness of the inclusion
of Vy in L%(£2), we infer that there exists u € Vi, u > 0 a.e. in {2, such that,
up to a subsequence,

Up —> U, strongly in L?(2);
Vu, = Vu, weakly in L*(2); (113)
[w,] — [u],  weakly in L*(I).

Moreover, by (108), with ¢ € V4(£2), and (112), we obtain

In
/(Zi(unjL 1)9¢dx

n

Sca

so that, when n — +o00, by Fatou’s Lemma it follows

f

g <C (114)

]
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which also implies that u is not identically zero in {2 (nor in §2; neither in
(). Now, we can pass to the limit in the weak formulation (108). Clearly,
the left-hand side converges to the left-hand side of (105). In order to pass to
the limit in the right-hand side, we proceed again as in [18, Proof of Theorem
3.1], assuming that v is a nonnegative function belonging to £y(£2). As in
(38), we can write

In:/ ” 9¢d$+/ L gUde =I5+ I,
n{0<un<s} (U, + 1) 2nfun>s} (un + 2)
(115)
where
lim lim 2= / iew dz . (116)
6—0n—+oo 7 2n{u>0} U

Moreover, using as test function in (108) the function Zs(u,)y, with Zs
defined in (40) and v as above, we arrive at

s [ AV VZstun) do+ 2880 + 00, (17
2

as in [18, Proposition 4.4]. Therefore,

lim I}, < / AV - Vi Zs(u) da + 2861102 + 6Ol 1,
n—+oo 19)

where we have taken into account that Vu, — Vu weakly in L*({2) and
Zs(un) — Zs(u) strongly in L?(2), since s — Zs(s) is continuous and u,, — u
strongly in L?(£2). Then, passing to the limit as § — 0, we get

lim lim I}s< / AWu-Vipdr =0, (118)
d—0n—+oco0 2n{u=0}
where we have taken into account that Vu = 0 a.e. on the level set {u = 0}.
Clearly, as done before, we have paid attention to choose § ¢ C = {§ > 0 :
{u(z) = 0}| > 0}, which is at most countable.
From (115), (116), (118), the density of £4({2) in V;(£2) and the standard
decomposition of ¥ € V5(£2) as ¢ = ¢+ — 7, it follows that u satisfies

Ny
[ avuevides s [l = [ Lxieovds
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for every ¢ € V4(§2). It remains to prove that v > 0 a.e. in (2, in order
to replace %X{wo} with uig This is a direct consequence of the maximum
principle (see [21, Theorem 8.19] and also [20, Proposition 3.5]) applied to u
in 27 and (2, separately, recalling that (114) implies that u is not identically
zero in (2 nor in (2. Indeed, in the connected/connected geometry the
maximum principle can be applied since inf u = 0 in each (2;, i = 1,2 (being
u=01in 902N 9 # 0, i =1,2). The same approach can be followed in the
connected /disconnected geometry for the outer domain (2, where we have
u=0on 92N a2 # . On the contrary in 2, taking into account that u
is nonnegative (being the strong L?-limit of the sequence of positive function
uy,) we should distinguish two different situations: or infu > 0 in {2 and,
therefore, there is nothing to prove, or infu = 0 in {2; and in this case we
can appeal again to the maximum principle. O]

5.2. Positivity of the bidomain homogenized solution

We devote this subsection to the proof of the strict positivity a.e. in (2
of the solution of the bidomain problem (78)—(84) obtained from the homog-
enization of the system (10) in the case @ = —1 (Lemma 5.7 below). Notice
that this result can be obtained from (17), by using the so-called two-scale
decomposition introduced in [29] and following the approach used in [30, Sec-
tion 1]. However, due to the special factorized form of the integral in the
left-hand side of (17), we prefer to give a direct proof based on the unfolding
homogenization technique which, in this case, essentially corresponds to the
two-scale decomposition. To this purpose, we recall the definition and those
properties of the unfolding operator which are necessary in order to achieve
our result (see [16, 17]).

Let us set

E.={¢eZV, e+Y)C R}, Q. :interior{ U 5(§+7)} .

£€8e

Denoting by [r] the integer part of r € R, we define for x € RY

= (R ) o= ([2], 4 21,)
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Definition 5.3. For w Lebesgue-measurable on {2 the periodic unfolding op-
erator Tz is defined as

w(a [g]ijay) , (x,y) Eﬁe xY,

0, otherwise.

Te(w)(z,y) =

Clearly, T is linear and for wy, we as in Definition 5.3
72(101102) = 72(7~U1)7Z(7~U2) . (119)

Proposition 5.4. Let w € LY(12), then

/ To(w)| dr dy < / ) de. (120)
2xY (93

Proposition 5.5. Let {w.} be a sequence of functions in LP({2), p > 1.
If we — w strongly in LP(§2) as e — 0, then

To(w.) = w, strongly in LP(£2 xY). (121)

Proposition 5.6. Let ¢ : Y — R be a function extended by Y -periodicity to
the whole of RN and define the sequence

¢*(x) = ¢ (E) ., zeRVN. (122)

£

If ¢ is measurable on'Y, then

S
Moreover, if p € L*(Y),p>1, ase — 0
T(¢°) = ¢, strongly in LP(2 X Y'). (124)
Lemma 5.7. Under the assumption of Theorem 4.10,
'/Qﬁgodx < 400, Vo€ Hy(2), i=1,2, (125)

holds and the functions u™ and u® are strictly positive a.e. in 2.
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Proof. As in the proof of Theorem 4.10, let T denotes the extension operator.
Recalling that, for a.e. © € £2, xo:(z) = xp, (¢ ') and x oz (z) = xE,(e 7' 2),
extended by periodicity from Y to the whole of RY, and taking into account
(98) and the properties of the unfolding operator (119), (121) and (124), we
have that

7;('“5) = 7;('“5)((2{ + uaXQS) =T. (T(ugl))XQf + T(ugz))XQS)
=T (T(uM)) T2 (xa) + T2 (T(u®)) T2 (xo5)
— uWVxp +uPxg,, strongly in L'(2 x V).

Therefore, there exists a set N’ C 2 x Y, with |[A| =0, such that

T-(ue)(2,y) = u (@) xe () + u® (@) xe, (y)

for every (z,y) € (2 x Y)\ N. Then, by (17) with v € C}(£2), v > 0, (13)
and applying Fatou’s Lemma, we get

Te(f)

02xY 72(“6)6

= liminf/ T: i@b dedy < liminf/ iwdx <C, (126)
QxY ul =0 Jo ul

—
e—0 4

/ / - dz dy < liminf To() da dy
0 e—0

XY (u(l)XE1 + u(2)XE’2)

where we used also (120). Inequality (126) implies, in particular,
\EZ-\/ L.ewdx :/ %zpdxdy <C, =12, (127)
2 (ul) axe, (U9XE,)
thus, (125) is proved and hence, taking into account that f > 0 a.e. in (2,
(127) implies u > 0 a.e. in £2,i=1,2. O
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