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Internal observability of the wave equation in tiled domains

Anna Chiara Lai

Abstract. We investigate the internal observability of the wave equation with Dirichlet bound-
ary conditions in tilings. The paper includes a general result relating internal observability
problems in general domains to their tiles, and a discussion of the case in which the domain is
the 30-60-90 triangle.

1. Introduction

The aim of the present paper is to investigate internal observability properties
of vibrating repetitive structures. Motivated by applications of hexagonal and
triangular tilings (and related subtilings) to engineering, the particular case of the
half to the equilateral triangle is treated in detail.

By a repetitive structure, or tessellation, is meant a structure obtained by the
assemblation of identical substructures, or tiles. For instance, two-dimensional
lattices and the honeycomb lattice are examples of tessellation of R?; while the
regular hexagon (i.e., the tile of the honeycomb lattice) and the rectangle with
aspect ratio equal to v/3 are bounded domains that can be both tiled with 30-60-
90 triangles, see Figure 1. The interest in repetitive systems of vibrating mem-
branes is motivated by applications in mechanical, civil and aerospace engineering
[5, 24]. Modular structures have indeed the double advantage of a cost-effective
manufacturing and construction (due to the repetitivity of the process) as well
as a computationally cost-effective design. In particular, structural eigenprob-
lems (e.g., vibrations and buckling) for repetitive structures in general involve a
lower number of degrees of freedoms and, consequently, a less computationally de-
manding numerical solution [26]. Tilings involving regular triangles and hexagons
(known as triangular lattice and honeycomb lattice, respectively) find countless
applications in engineering, as well [27]. For instance, the use of such structures
in architectural engineering is motivated by their mechanical properties, including
resistance to external load and energy absorption, see for instance [6, 20] and,
for a comprehensive dissertation on the topic, the book [7]. Finally, we mention
that honeycomb lattice plays a crucial role in nanosciences and, in particular, in
graphene technology [1].
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(a) Honeycomb tiling (b) Triangular tiling

(c) Tiling of the regular hexagon (d) Tiling of the rectangle with as-
pect ratio equal to /3

Figure 1: Some tilings related to the 30-60-90 triangle.

As mentioned above, we are interested in the internal observability of the wave
equation, that is the problem of reconstructing initial data from the observation
of the evolution of the system in a subregion of the domain. Using folding and
tessellation techniques, in the spirit of [23] and [18], we provide a general class of
tilings, called admissible tilings, for which some internal observability properties
of tiled domains extend to their tiles and — under some symmetry assumptions on
initial data — vice versa. In particular, we show how to bridge the well-established
theory concerning rectangular domains [8, 9, 15, 16, 17, 22] to the case of a 30-
60-90 triangular domain. In the remaining part of this Introduction we discuss in
detail this case, while postponing the more technical, general result to Section 2.

1.1. A case study: observability in a triangular domain
We consider the problem
Utt*AUZO iHRXT

u=0 in R x 9T (1.1)
u(t,0) = ug, w(t,0) =wu; inT

where 7 is the open triangle with vertices (0,0),(1/4/3,0) and (0,1). Also con-
sider ther rectangle R := (0,4/3) x (0,1) and remark that there exists 6 rigid
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K3(T) Kg(T1)

Ky (Ty) K5(Th)

T K,y (Tl)

Figure 2: The tiling of R with 7. Note that K is the identity map, hence K1(7)=T.

transformations K1, ..., K¢ satisfying the relation

6
d(R) = ] Kn(cl(T)),
h=1

where cl(£2) represent the closure of a set Q — see Figure 2. We then say that 7
tiles' R.

As it is well known, a complete orthonormal base for L?(R) is given by the
eigenfunctions of —A in Hg(R)

e = sin(wklxl/\/g) sin(rkoxza), where k = (k1,k2), k1,ke € N

k2
and the associated eigenvalues are vy, = ?1 + k3. In [23], a folding technique

(that we recall in detail in Section 3) is used to derive from {ex} an orthogonal
base {ey} of L?(T) formed by the eigenfunctions of —A in H}(T). The explicit
knowledge of a eigenspace for Hi(T) allows us to set the problem (1.1) in the
framework of Fourier analysis — see [14, 10, 8, 9, 4, 2, 3]. Our goal is to exploit the
deep relation between the eigenfunctions for H}(R) and those of H}(7) in order
to extend known observability results for R to 7.

In particular, we are interested in the internal observability of (1.1), i.e., in
the validity of the estimates

T
lualiscry + NorlBysry = [ [ futt.o)Pda
0 JTo

1 For a precise definition of tilings see Definition 2.1 below, while the explicit definition of the
K},’s is given in Section 3.
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where 7 is a subset of 7 and T is sufficiently large. Here and in the sequel A < B
means c; A < B < ¢y A with some constants ¢; and ¢y which are independent from
A and B. When we need to stress the dependence of these estimates on the couple
of constants ¢ = (¢1,¢a), we write A <. B. Also by writing A <. B we mean the
inequality cA < B while the expression A >, B denotes cA > B.

We have

Theorem 1.1. Let u be the solution of

Htt—AEZO mMRXR
u=0 in R x OR (1.2)
u(t,0) =g, ue(t,0) =u inR,

let Ro be a subset of R and assume that there exists a constant Ty > 0 such that
if T > Ty then there exists a couple of constants ¢ = (c1,ca) such that T satisfies

T
I0l1Z () + 1T [+ ) Xc/o /R [a(t, ) dwdt (1.3)
0

for all (up,uy) € L*>(R) x H-Y(R). Moreover let

6
To=J K, (Ro)NT.

h=1

Then for each T > Ty and (ug,u1) € L?(T) x H=Y(T), the solution u of (1.1)
satisfies

T
luollZ2 ) + Nl xc/ [ut, )| dwdt . (1.4)
0 JTo
The result also holds by replacing every occurrence of <. with <. or >..

We point out that the time of observability Ty stated in Theorem 1.1, as well
as the couple ¢ of constants in the estimates (1.3) and (1.4), are the same for both
the domains R and 7. Also note that in Section 3 we prove a slightly stronger
version of Theorem 1.1, that is Theorem 3.5: its precise statement requires some
technicalities that we chose to avoid here, however we may anticipate to the reader
that the assumption on initial data (g, u1) € L?(R) x H~(R) can be weakened
by replacing L?(R) x H~1(R) with an appropriate subspace.

1.2. Organization of the paper.

In Section 2 we consider a generic domain {2 tiling a larger domain €': we establish
a result, Theorem 2.10, relating the observability properties of wave equation on
Q' and on its tile £2. Section 3 is devoted to the proof of Theorem 1.1.
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2. An observability result on tilings

The goal of this section is to state an equivalence between an observability problem
on a domain € and an observability problem on a larger domain €, under the
assumption that € tiles '. We begin with some definitions.

Definition 2.1 (Tiling). Let 2 and €’ be two open bounded subsets of R"™. We
say that Q tiles Q' if there exists a set {K},})_, rigid transformations of R™ such

that
N
= U K}L(CZ(Q))
h=1

and such that K;(2) N K;(2) =0 for all h # j.

Definition 2.2 (Foldings and prolongations). Let (Q, {Kj}_,) be a tiling of €/
and § = (01,...,0n) € {—1,1}N. The prolongation with coefficients 6 of a function
u: © — R to € is the function Psu: Q' — R

Psu(Kpz) = dpu(z) Vh=1,...,N.

The folding with coefficients § of a function uw: ' — R is the function Fsu: Q — R
defined by

N
Fst(z Z wW(Kpz)  VYh=1,...,N.
When the particular choice of 5 is not relevant we omit it in the under scripts and

we simply write P and F.

Definition 2.3 (Admissible tiling). A tiling (Q, {K,})_,) of Q' is admissible if
there exists § € {—1,1}"V such that

Fsp € HY(Q) Vo € HH (D). (2.1)

Example 2.4. We show in Lemma 3.1 below that the tiling of R with 7 depicted
in Figure 2 is admissible, in particular (2.1) holds with § = (1,-1,1,1,—1,1).
On the other hand the tiling of R’ := (0,1/+/3) x (0, 1) given by the transfor-
mations K7 :=id and
Ké : (371,.’172) — —(,’L‘l,xg) + (1/\/3, 1),

see Figure 3, is not admissible. Let indeed vy := (1/4/3,0), vy := (0,1) and
) = Avg + (1 — A)vg with A € (0,1). Then z) € 9T and

Ko(xy)) = x1-» -
Therefore it suffices to choose ¢ € H}(R) such that ¢(z)) # £p(x1-)) to obtain
Fop(n) = drp(2a) + d2p(x1-2) # 0
for all 81,02 € {—1,1}. Consequently Fsp & HY(T) for all 6 € {—1,1}>.
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T KiT

Figure 3: A non-admissible tiling of R’ = (0,1/v/3) x (0,1) with 7.

Remark 2.5. We borrowed the notion of prolongation and folding from [23]: while
our definition of Py is exactly as it is given in [23], we introduced a normalizing
term 1/N? in the definition of F5 in order to enlighten the notations. Note that

the following equality holds:
]is(’PgU) = %u (2.2)
for all u: Q — R.

Also remark that we shall need to prolong and fold also functions u: Rx — R
and u: R x Q' — R, in this case the definition of P and F naturally extends
by applying the transformations K}’s to the spatial variables x. For instance if
u: R X 2 — R then its prolongation to R x Q' reads

Psu(t, Kpx) = dpul(t, x).

We want to establish a relation between solutions of a wave equation with
Dirichlet boundary conditions and their prolongation. To this end we introduce
the notations

’P(;L2(Q) = {'Pgu ‘ u e LQ(Q)},

PsHy (Q) = {Psu | u € Hy(2)}
and
PsH Q) := {Psu|uec H(Q)}.
Note that PsL2(2) C L2(QY), PsH}(Q) € HY () and PsH-1(Q) C H1(Q).
All results below hold under the following assumptions on the domains €,
and on a base {e;} for L?(Q):
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Assumption 1. (Q,{K,})_,) is an admissible tiling of ',

Assumption 2. {e;} is a base of eigenvectors of —A in H}(Q), it is defined on
QU and there exists § € {—1,1}" such that

Ps(exla) = exlar
for each k € N.

Remark 2.6 (Some remarks on Assumption 2). We note that Assumption 2 can
be equivalently stated as

ep(Kpx) = dpep(x) forallzeQ, h=1,...,N, keN. (2.3)

Indeed, by definition of prolongation and noting 6,% = 1, we have

ek(Khx) = 5iek(K;Lx) = 5h'P§€k($) = 5hek(m).
for every z € Q, h=1,...,N and k € N.

Also remark that, in view of (2.2), Assumption 2 also implies

1
Fser, = Nek. (2.4)

Example 2.7. Let Q = (0,7)? and Q' = (0,27)2. Consider the transformations
of R?

K :=id, K : (371,172) — (—!L‘l + 271',.%'2),

K (CEl,fEQ) — (SEl, —Z2 + 27T), Ky ((El,.’EQ) — —(xl,xg) + (271',27'()

Then {Q,{K}}_,} is a tiling for '. In particular, Assumption 1 is satisfied:
indeed setting § = (1, —1,—1,1) we have for each p € H}(Q')

Fso(x) =0 Ve .
Also note that the functions
ex(z) == sin(kyzy) sin(kaxe) k= (ki, ko) € N?

satisfy Assumption 2, indeed they are a base for L?(£2) composed by eigenfunctions
of —A in H}(Q) and
er(Kn(x)) := dper(x)

for all x € R?2, h = 1,...,4 and k € N2. The space PsL?(Q) in this case coincides
with the space of so-called (2,2)-cyclic functions, i.e., functions in L?(Q)’) which
are odd with respect to both axes 1 = 7 and x2 = 7. We refer to [16] for some
results on observability of wave equation with (p, ¢)-cyclic initial data.
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Our starting point is to show that, under Assumption 1 and Assumption 2, the
base of eigenfunctions {eg} is also a base of eigenfunctions also for an appropriate
subspace of L?(€'), and to compute the associated coefficients.

Lemma 2.8. Let Q,Q and {er} satisfy Assumption 1 and Assumption 2.

Then {ex} C HY(Q') and it is also a complete base for PsL*(Q) formed by
eigenfunctions of —A in PsHE ().

In particular, for every k € N, if uy, is the coefficient of u € L*(Q) (with respect
to ey ) then Nuy, is the coefficient of Psu.

Proof. The proof is organized two steps.

Claim 1: {ex} is a set of eigenfunctions of —A in H}(€Y). Extending a result
given in [23]|, we need to show that, under Assumption 1 and Assumption 2, if
ex € H} () is a solution of the boundary value problem

/Vengodx:/'ykekgodx Yo € Hy(Q)
Q Q

for some 7y, € R, then e, is also solution of the boundary value problem on €’
/ VerVpdr = / yrerpdr Yo € Hy(Q).
/ Q/

Now, recall from Assumption 1 that if p € HY(Q') then Fso € HY(Q). Then it
follows again from Assumption 1 and from Assumption 2 (in particular by recalling
that Kj,’s are isometries and (2.3)) that for all ¢ € Hj ()

Ve (z)Vo(x)dx = / Ve (x)Vp(z)dr

@ Un=1 Kn()

N N
:hz:;/QVek(Khx)Vgo(Khx)dx:/QVek(m)};(Stho(Khx)dx

:/Ve;c(x)V}'ggo(x)dx:/vkek(x)f(;cp(x)dx
Q Q

:/lykek(m)go(x)dw.

and this completes the proof of Claim 1.

Claim 2: completeness of {ex} and computation of coefficients. By Assump-
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tion 1 and Assumption 2 and by recalling §7 = 1 for each h = 1,..., N, we have

Psu(z)eg(x)dr = | Psu(z)Pser(x)dz
(o) o
N

M R CL I

h=1
N

- Z/K @ Shu(Kn(x))er(Knp(x))dx

h=1

—Z/ x)eg(x dfo/

where the second to last equality holds because K},’s are isometries. Then we may
deduce two facts: first if {uy} are the coefficients of u € L*(Q) then {Nuy} are
coefficients of Psu. Secondly, {ex} is a complete base for PsL?(), indeed if the
coefficients of Psu are identically null, then also the coeflicients of u are identically
null: since {ex} is complete for Q then v = 0 and, consequently, Psu = 0, as
well. O

Next result establishes a relation between solutions of wave equations on tiles
and their prolongations.

Lemma 2.9. Let Q,Q and {e} satisfy Assumption 1 and Assumption 2. Let u
be the solution of

Uy — Au =10 in R xQ
u=0 in R x 9 (2.5)
u(t,0) = ug, ut(t,0) =u; in Q

Then u is well defined in QU Q" and @ = Nu|q is the solution of
Ett—AEZO in R x Q
T=0 in R x o (2.6)
ﬂ(t, 0) = Psug, ﬂ(t, O) =Psu; in

Conversely, if u is the solution of (2.6) then Fsu is the solution of (2.5) and for
everyh=1,....N

Fsu(t,x) = %ﬂ(t,Khx) for each z € ). (2.7)

Proof. Let {~} be the sequence of eigenvalues associated to the base {ej} and set
wr, = 1/, for every k € N. Expanding u(t, z) with respect to e, we obtain

oo

u(t,x) = Z(ake“"kt + bre ke ()

k=1
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with ay and by depending only the coefficients ¢ and dy, of ug and u; with respect
to {ex}. In particular ay + by = ¢, and ax — by = —idy/wg. We then have that the
natural domain of u coincides with the one of {ex}’s, hence it is included in QU
By Lemma 2.8 the coefficients of Psug and Psu; are Nc¢i and Ndy, respectively.
Then it is immediate to verify that

Nu(t,z) = Z(Nakei“”‘t + Nbge “kt)e ()
k=1
is the solution of (2.6).
Now, let
u(t,x) = (ape™*" + bpe ey (x)
k=1

be the solution of (2.6), and note that, by the reasoning above, setting aj, := %dk
and by, := %bk we have that

o0

) ) 1
u(t,x) == Z(ake“”kt + bpe " ep (x) = Nﬂ(t,x)
k=1
is the solution of (2.5). Hence to prove that u(t,x) = Fsu(t,z) it it suffices to
note that by Assumption 1 (see in particular (2.4))

Fsu(t,z) = _(are™*" + bye ™M) Fsep(z)
k=1
= % i(akeiw’“t + bpe” “r)ey(z) = %ﬂ(t,x).
k=1
Finally, we show (2.7): for each h =1,..., N we have

(oo}

u(t, =) = 6pu(t,x) = o Z(dkei“”“t + bpe” ) e ()
k=1

= Z((lkeiwkt + Bke_iw’“t)ek(Khl‘) = (Shﬂ(t, Khx)
=1

and this concludes the proof. O

We are now in position to state the main result of this section, that bridges
observability of tiles with their prolongations.

Theorem 2.10. Let Q,Q and {ex} satisfy Assumption 1 and Assumption 2. Let
u be the solution of

uy — Au =0 in R x Q
u=0 in R x 09 (2.8)
u(t,0) = ug, ut(t,0) =u; in Q
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with ug,u1 € L?(Q) x H=Y(Q) and let u be the solution of

Utt—AUZO in R x Q
u=0 in R x 0% (2.9)
u(t,0) = Psug, ui(t,0) = Psuy n Q.

Also let Qy C ¥ and define

N
Q= J K, ' () nQ
h=1

Then for every T > 0 and for every couple ¢ = (c1,c2) of positive constants, the
inequalities

T
ool + sy =e | [ e )Pt (210)
hold if and only if
T
I PsuolZery + IPsu -1 ey =e /0 /Q ut.x) Pt (210)
0
Proof. By Lemma 2.9, u and u satisfy
u(t,x) = %ﬂ(t,Khm) foral h=1,...,N.
Since Q tiles ', then setting ), := K, () N O we have Qo = Uthl O, and

= UhN:1 K;,(9Q), and that these unions are disjoint. Hence, also recalling
|05] = 1 and that K}’s are isometries, we have

/// tx|dx—Z//Kh(Qh u(t, z)|*dx
,Z//Q u(t, Ky (x)) |2 de
vy [ [%
_NQZ://Q u(t, z)|dx
:NQ/I/QO lu(t, )| dz

||P5U0||2L2(Q/) = N2||u0||%2(9) and ||736U1H%171(Q/) = N2||U1||§171(Q)

2
dzr

u(t, Kp(x))

Finally, by Lemma 2.8

and this implies the equivalence between (2.10) and (2.11). O
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Figure 4: The tiling of R with 7T, the grey areas correspond to negative dp’s.

3. Proof of Theorem 1.1

The proof of Theorem 1.1 is based on the application of Theorem 2.10 to the
particular case
Q=T and Q' =R.

We then need to admissibly tile R with 7 and a base {ey} formed by the
eigenfunctions of —A in H}(T) satisfying Assumption 2. Such ingredients are
provided in [23]: in order to introduce them we need some notations. We consider

the Pauli matrix
(1 0
o=y _1

R, = ( cos sina)
—sina  cosa
where a := 7/3. Now let v; := (0,1/v/3) and vy := (0,1) be two of the three
vertices of 7 and define the transformations from R? onto itself

and the rotation matrix

Kl = ’Ld, K43Zl—>fRa(CE*U2)+3’U1
Ko :x— —Roo,(x — vg) + vg; Ks:z+— —Ro(z —v2) + 3v1 + 09 (3.1)
K3 : 2+ Ro(x — va) + v Kg:x— —x 4 3v; + 09

and note (7, {Kp}$_,) is a tiling for R. Indeed
6
d(R) = | Knel(T), (3.2)
h=1

and the sets K, T, for h =1,...,6, do not overlap — see Figure 4 and [23].
We set
§:=(1,-1,1,1,—1,1).

and, in next result, we prove that 7 admissibly tiles R.
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Lemma 3.1. (T,{K,}$_,) is an admissible tiling of R.
Proof. We want to show that if ¢ € H}(R) then Fso € H}(T). To this end let
v = (0,0), v1 := (1/4/3,0) and vy := (0, 1) be the vertices of 7 and define

xf‘j = Av; + (1 = Nv;.

so that T = {z; | A € [0,1],0 < i < j < 2}. By a direct computation, for all
A€ [0,1]
Ky (zy), Ko (2,) € OR,

K2($f}1) = K4(9C6\1)»

and
KB(x())\z) = K5($82)~

Since ¢ € H}(R) then Fsp(x);) = 0. Similarly, for all X € [0, 1]
K1 (205), Ko (27,) € OR,

K2($E}2) = KS(CU())E%

and
K4($8\2) = KS(fE())é)

therefore Fsp(x)y) = 0 for all A € [0,1]. Finally for all A € [0,1]
Ky(215), Ka(21y) € OR,

Ky (331\2) = K2(9Ui\2)»

and
K5(xi\2) = KG(fi\z)

therefore we get also in this case Fsp(x7y) = 0 for all A € [0,1] and we may
conclude that Fsp € H(T). O

Remark 3.2. Lemma 3.1 was remarked in [23, p.312], but to the best of our
knowledge, this is the first time an explicit proof is provided.

Now, consider the eigenfunctions of —A in H}(R):
I
V3

We finally define for every k € N2

er(x1, T2) = sin(mk; —=) sin(mkoxs), k= (k1, ko) € N2,

6
ek(x) = Ng]:(;ék = Z (5hék(Kh.T). (33)
h=1

Next result, proved in [23], states that Assumption 2 is satisfied by {ej}.
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Lemma 3.3. The set of functions {e} defined in (3.3) is a complete orthogonal
base for T formed by the eigenfunction of —A in HY(T). Furthermore Pser(z) =

er(z).
Remark 3.4. For each k € N2, the eigenfunctions e; and € share the same

k2
eigenvalue v = 72 <31 + k%), see [23].

Next gives access to classical results on observability of rectangular membranes
for the study of triangular domains.

Theorem 3.5. Let u be the solution of (1.1) with ug,u; € L?() x H=Y(Q) and
let w be the solution of

ug — Au =0 on R xR
u=0 in R x0OR
u(t,0) = Psug, ut(t,0) = Psur in R.

Also let Rg C R and define
N
To = |J K, " (To) n Q.
h=1

Then for every T > 0 and for every couple ¢ = (c1,c2) of positive constants, the
inequalities

T
Juollry + laalfysr e [ [ Jutt.o)Paode. (3.9
0

hold if and only if

T
IPstolleqry + IPs sy = [ [ lutt,a) s (3.5)
0

Proof. Since T, R and {ey } satisfy Assumption 1 and Assumption 2, then the claim
follows by a direct application of Theorem 2.10 with Q =7 and Q' = R. O

We conclude this section by showing that Theorem 1.1 is a direct consequence
of Theorem 3.5:

Proof of Theorem 1.1. By Lemma 2.8, if (ug,u;) € L?(T) x H=1(T) then
(Psuo, Psur) € L*(R) x H'(R).

The claim hence follows by Theorem 3.5. O
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