WELL-POSEDNESS OF TWO PSEUDO-PARABOLIC PROBLEMS
FOR ELECTRICAL CONDUCTION IN HETEROGENEOUS MEDIA

M. AMAR' — D. ANDREUCCI' — R. GIANNI* — C. TIMOFTES?

TDIPARTIMENTO DI SCIENZE DI BASE E APPLICATE PER L'INGEGNERIA
SAPIENZA - UNIVERSITA DI ROMA
VIA A. SCARPA 16, 00161 ROMA, ITALY

IDIPARTIMENTO DI MATEMATICA ED INFORMATICA
UNIVERSITA DI FIRENZE
VIA SANTA MARTA 3, 50139 FIRENZE, ITALY

SUNIVERSITY OF BUCHAREST
FACULTY OF PHYSICS
P.O. BOX MG-11, BUCHAREST, ROMANIA

ABSTRACT. We prove a well-posedness result for two pseudo-parabolic problems,
which can be seen as two models for the same electrical conduction phenomenon
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1. INTRODUCTION

Composite materials are experiencing an increasing popularity in different fields of
science and applications. In particular, they have a relevant role in the study of
electrical conduction. A typical geometry is the one of an electric conductor in which
inclusions of a possibly different conductive material are inserted, separated from the
surrounding by a dielectric layer, also called membrane. The latter is in principle
thick, i.e. N-dimensional, but for reasons of simplicity it is often replaced with a

thin, i.e. (N — 1)-dimensional interface, also in view of the homogenization limit.
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It is therefore necessary to investigate the behavior of the composite medium when
the thickness 7 of the insulator vanishes, thus reducing the membrane to a surface.
Obviously, a suitable scaling of the relevant physical quantities is required in this
process. Some of the authors in [4] performed the limit 7 — 0, assuming essentially
that the relative dielectric constant €, scales in such a way that it tends to zero as the
thickness of the membrane 7. In this case, it has been proved in [4] that in the limiting
problem the current is continuous across the interfaces and the time derivative of the
jump of the potential across the interfaces is proportional to the current. This setting
is suitable for electrical conduction in biological tissues of alternating currents at the
radiofrequency range, assuming the magnetic field to be negligible (see [2, 3, 5, 6]
and the references therein).

It is clear that other scalings are possible. We investigate here a problem arising
from the somewhat more traditional scaling of concentration of capacity, where in
practice €, scales as 1/n in the limit. This fact produces, in the concentration limit,
the appearance of a transmission condition across the resulting (N — 1)-dimensional
membrane ruled by the Laplace-Beltrami operator. Similar problems in the context
of thermal diffusion are studied, for instance, in [30], where the authors consider a
concentrated capacity model in the framework of abstract evolution equations, and
in [8, 9, 10], where the concentration and the homogenization of a parabolic system
involving the tangential derivatives on the interface are investigated. For a general
survey on tangential operators we refer to [21, 29] and the references therein, as well
as for the well-posedness in concentrated capacity problems arising in the framework
of the heat conduction we may recall, for instance, [11, 25] and the references therein.
Nevertheless, to the best of our knowledge, this problem has not yet been considered
in the framework of electric conduction described above. It seems however that it
may be physically relevant when dealing with new dielectric materials made available
by recent technology (see [1]), where the dielectric constant is very high. The details
and motivations of the concentration limit are worked out in a forthcoming paper
[7]. However, for the reader’s convenience, we provide here a brief formal derivation
of the thin membrane problem starting from the thick one, in order to enlighten the
connection between the two pseudo-parabolic problems addressed in this paper, on
which we focus our main mathematical interest.

More precisely, the thin membrane problem consists of two elliptic equations set in
the exterior and interior conductive phases. Here, the dependence on time is merely
parametric. However, the two equations are coupled at the interfaces, where the
potential is continuous. In addition, on these surfaces the time derivative of the
potential solves an equation for the Laplace-Beltrami operator. The jump of the
current across the interface acts as a source in this pseudo-parabolic problem. Let
us remark that such an equation is due to the dielectric nature of the membranes.
This mathematical problem appears to be rather non-standard and new in the litera-
ture. Indeed, the elliptic and pseudo-parabolic character of the differential equations
imposes as a compatibility condition the fact that the global flux of the potential at
each one of the interfaces must be essentially assigned. Problems with a total flux
boundary condition can be encountered also in other contexts (see e.g. [17, 23, 24]
and the references quoted therein). The novelty in our case is its coupling with an

2



evolutive problem, and the fact that the solution on the interfaces is not required to
be constant. Moreover, the dependence on time and therefore the presence of initial
data raise some nontrivial issues.

The necessary presence at the same time of the total flux condition, the evolutive
pseudo-parabolic character and the Laplace-Beltrami operator creates technical prob-
lems, starting even from the choice of suitable functional spaces, for which we have
been unable to find any specific reference in the literature.

Even the mathematical model for thick membranes shares the interesting features
of the concentrated scheme. In addition, it exhibits the pseudo-parabolic equation
in the bulk of the domain, that is in the dielectric phase, which makes the degen-
eracy possibly stronger. We recall that pseudo-parabolic problems can appear in
several different contexts. For instance, they can model fluid flow in porous media or
heat conduction in two-temperature systems and are also used to regularize ill-posed
transport problems (see [13, 14, 15, 16, 18, 19, 20, 26, 27, 28, 31] and the references
therein). However, also for this problem, to the best of our knowledge, there are no
results of well-posedness in the existing literature.

We present here a proof of the well-posedness of both problems introduced above,
relying on two different approaches. In both cases, we see that the compatibility
condition mentioned above and, independently, the parametric dependence on time
in the conductive phases prevent the solution to attain the prescribed initial data
other than in the sense of electrical currents, which is actually the correct one from
a physical viewpoint (see Remarks 2.4 and 4.6). The problem with a N-dimensional
dielectric phase is treated by approximation, introducing a suitable sequence of coer-
cive problems. Our approach to the problem with (N — 1)-dimensional interfaces is
based on a fixed point argument, and must be carefully tuned in such a way that our
contractive operator preserves the relevant compatibility conditions. This is made
possible by Proposition 2.6 which, though related to results in [24], seems to be new
in its present formulation, and allows some regularity estimates (see Remark 4.4).
The paper is organized as follows: in Section 2 we present our main results and
the geometrical setting for both problems, together with a formal motivation of the
concentration procedure. In Section 3 we give proofs for the problem with thick
membranes, and in Section 4 for the one with thin interfaces.

2. PROBLEMS AND MAIN RESULTS

2.1. Tangential derivatives. Let ¢ be a C?-function, ® be a C?-vector function and
S a smooth surface in RY with normal unit vector n. We recall that the tangential
gradient of ¢ is given by

VB¢ =Vo— (n-Vo)n (2.1)

and the tangential divergence of ® is given by
divP @ = div® — (n - V&®;)n; — (divn)(n - @)
=div? (® — (n- ®)n) =div(® — (n-®)n), (2.2)

where, taking into account the smoothness of S, the normal vector n can be naturally
defined in a small neighborhood of S as %, where d is the signed distance from S.
3



Moreover, we define the Laplace-Beltrami operator as
Ny = divP (VEp). (2.3)

Finally, we recall that on a regular surface S with no boundary (i.e. when 95 = ()
we have

/ div? ®do =0, (2.4)
S

for any C?-vector function ®.

2.2. The problem with thick membranes. We consider first the problem where
the insulating membranes have a positive thickness, as displayed in Fig. 1. To this

FIGURE 1. The geometrical setting in the case of thick membranes:
here 2™ is the gray region, while 22" is the white region. The con-
nected components of 2™ are labelled as (2;".

purpose, let {2 be an open connected bounded subset of RY and let us write 2 as
2 = Py QmUON™, where 2P and 2™ are two disjoint open subsets of 2. More
precisely, 2™ is the union of the isolating membranes with boundary 0f2™, while we
assume that 2PWk = it J Q0 where 2°U, 2™ correspond to the two conductive
regions separated by the membrane 2™ and we denote 92™ = (92 U 902°") N (2.
We assume that 2°"* is connected and that the boundary 9£2™ is Lipschitz. Finally,
given T' > 0, we denote by 27 = 2 x (0,T). More in general, for any spatial domain
G, we denote Gr = G x (0,7T).

Let Aint, Aout, @ be strictly positive constants and set A(z) = Ay in 2, A(z) = Aout
in 2° A(x) =0 in 2™, B(z) =0in 2™ U 2° B(z) = o in Q™.

For a given function iy € H'(£2™), we will denote by Uy an extension to the whole of §2
of Wy, such that uy € Hj(§2) and Hﬂo”H&(Q) < loll g1 (gm)- Finally, let f € L2($27).
We consider the problem for u given by

—div(AVu+ BVuw) = f, in 2r; (2.5)
Vu(z,0) = Vug(x), in 2™,

>



Definition 2.1. We say that u(z, t) € L?(0,T; Hj(£2)) is a weak solution to problem
(2.5)-(2.6) if

T T .
O/Q/AVU-Vanxdt—O/Q/BVu-VaStda:dt:O/Q/fgbdxdthQ/ngo.vqg(O)dI,

(2.7)
for every test function ¢ € C>°(f27) such that ¢ has compact support in {2 for every
t€(0,7) and ¢(-,7) = 0 in 2. O

Here, the operators div and V, as well as div® and V%, act only with respect to the
space variable x.
First, we note that, by formally integrating in time and by using Poincaré’s inequality
and Gronwall’s lemma, one can derive from (2.7) the energy inequality

T

[ [ werarars s [1Val0d <2015 s + 1950l 28

0 (outint tE( ’ )Qm
where 7 = v(Aing, Aouts @, 2™). In the next proposition, we make this remark rigorous;
this point is not obvious due to the characteristic feature of the problems at hands,
that is the fact that they do not necessarily preserve the value of the initial data
(which actually may be locally changed by a constant).

Proposition 2.2. Let u € L*(0,T; H}(£2)) be a solution of problem (2.5)~(2.6).
Then, u satisfies the energy estimate (2.8).

Proof. Reasoning as in [22, p.158 ff.], we can prove that Vu € C° (O,T; Lz(Qm)).
Hence, by Gronwall’s lemma and Poincaré’s inequality, we obtain that

T
/ / mew+§%/wwwmgwmm@+wwwam»@m
0 (outint ’ )m

Moreover, from the weak formulation (2.7), it follows that

/B(Vu(O) — Vo) - Vo da =0

for all ¢ € C1(£2). By the asserted continuity of Vu(t), we infer that, up to modifying
u(t) by a constant k;(t) in each connected component {2 of 2™, we may assume that,
ast — 0, u(t) — v; in L2(£2™). For example we may enforce the condition that wu(t)

has zero average on each component 2. Therefore, recalling that B = 0 in 2bulk
and setting g = v; — Uy in (2", it follows that g satisfies the Neumann problem
—div(BVg) =0, in 2"
9]
a—i =0, on 02"
which implies that v; = T + ¢;, for ¢; € R. Hence Vu(x,0) = Vig(x) a.e. in 2™ and
the thesis is proven. O
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Clearly, estimate (2.8) and the linearity of problem (2.5)—(2.6) ensure that, if a so-
lution does exist in L? (O, T H&(Q)), it is unique and depends continuously on V.
Hence, we have just to prove existence. This will be done in Section 3, proving the
following general result.

Theorem 2.3. Let A, B, f and ugy be as above. Then, for any given T > 0, problem
(2.5)~(2.6) admits a unique solution uw € L*(0,T; H}(2)).

Remark 2.4. Assume, for the moment, that u has a trace for ¢t = 0.
Notice that, from (2.5)—(2.7), it follows that the solution u satisfies, for each connected

component 2" of 2™,
ou
~—Zdo = 2.1
/ )\out EY do / f dz s ( 0)

aQoutmaQ;n Q%ntUle

in a weak sense (see Remark 4.1). In general, this condition with u replaced by
up is not automatically satisfied for any choice of the initial datum w,. However,
reasoning as in Proposition 2.6 with I; = 902°" N JN2™, it is possible to prove that
Uy can be modified by a suitable constant ¢; in every 2 in such a way that (2.10) is
fulfilled. Clearly, this does not affect the initial condition for Vu, in accordance with
the fact that problem (2.5)—(2.7) requires an initial condition only for the gradient
of the solution and not for the solution itself. Therefore, the solution does not
assume exactly the initial condition %g; roughly speaking, it “rearranges by itself”
the prescribed initial condition by adding to % in each connected component of 2™
the previously quoted constant ¢;, in order for (2.10) to hold true.

However, without suitable assumptions on the source f with respect to the time
dependence (for instance f € H* (O, T, LZ(Q))), it is not possible to guarantee that u
has a trace for t = 0 in the whole of {2, since in 2" U 2™ the problem (2.5) displays
only a parametric dependence on t. O

2.3. Formal concentration. We devote this subsection to formally justify the re-
lationship between the problem with thick membranes and the one with thin mem-
branes. The rigorous proof of this result can be found in [7].

Assume that 2™ is, indeed, a tubular neighborhood of a smooth (N — 1)-dimensional
regular surface I" with thickness 7 << 1 and with a finite number of connected
components strictly contained in £2. Redefine 2™ = I, 2 = (2" and 02°" = 2™,
so that our domain becomes 2 = Q};‘t Ut UL,

Let Aing, Aout, @ be as in Subsection 2.2 and define A"(z) = Ay in Q%“t, A'z) = Aout
in 20", A"(z) = 0in I3, B"(x) = 0 in 2" U, B'(z) = a/nin I;. The choice of
the scaling 1/7 is designed to let the specific permittivity of the interface to blow up
as 11 — 0. This is essential to allow conduction “along” the concentrated membrane,
as required by the fact that in the thin interface model we have a Laplace-Beltrami

equation on the membrane I'.
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Denoting by u” the solution of problem (2.5)-(2.6), we can rewrite its new weak
formulation as

T T
/ / Aﬁvu”-wdxdt—gffvu’%wtdxdt
0 QinenQgut 1 07,

T
://f¢dxdt+%/Vﬂo-V¢(0)dx, (2.11)
00 I,

for every test function ¢ € C>(f27) such that ¢ has compact support in {2 for every
t€(0,7) and ¢(-,7) =0 in {2.

In order to pass to the limit for n — 0 in the previous equation, we consider smooth
test functions ¢ as before such that V¢ ~ VB¢ in I'" and V¢" is stable in Qi]nt U
Qg“t. Such testing functions can be constructed by a suitable process of interpolation
(see [7, 8]). Inserting ¢" in (2.11), it formally follows

T T
/ / Aﬁvu”-vwdxdt—%n//vu”-v%ydadt
0or

Ogyltnggut
T
~ [[1erasars Sy [ Vi vio0 e @12)
0 r

Thus, taking into account that Vu" - VB¢] = VBu" - VB! and Vi, - VB¢"(0) =
VB, - VE¢"(0), and passing to the limit for n — 0, we obtain

T T
//)\VU-qudxdT—a//VBu-VngtdadT
002 0r

T
:O/Q/f¢dxd7+a[[VBﬂo-VB¢(17aO)dU>

which is exactly the weak formulation of the problem with thin membranes (see
(2.13)-(2.17)).

2.4. The problem with thin membranes. The typical geometrical setting is dis-
played in Figure 2. Here we give, for the sake of clarity, its detailed formal definition.
Let 2 be an open connected bounded subset of RY such that 2 = 2, U Q2oue U I,
where (2;; and (2,,; are two disjoint open subsets of {2, and I" = 0§2,,;N§2 = I, NS2.
The region {2, [respectively, (2] corresponds to the outer phase [respectively, the
inclusions|, while I is the interface. We assume that (2, is connected (while (2
could be connected or not), I" is the union of a finite number (say m > 1) of connected

components [, and dist(1,0f2) > 0. We assume also that 2., {2,y have regular
7



F1GURE 2. The geometrical setting in the case of thin membranes:
The connected components of I" are labelled as I7;.

boundary (that is 02 and I" are smooth). Finally, let v denote the normal unit vector
to I pointing into (2.

Let us consider the problem

—div(A\Vu) = f, in (20U x (0,7T); (2.13)
[u] =0, on I7r; (2.14)
—alu; = [A\Vu -], on Ir; (2.15)
u(z,t) =0, on 02 x (0,7); (2.16)
Viu(z,0) = VP (z), on [ (2.17)
where we denote
[u] = u®t — ™™ (2.18)

the same notation being employed also for other quantities. Here, A = Ay in 2,
A = Aout N 2oue and Aing, Aous, @, f are as in the previous section, while wy € H*(I') .
Since problem (2.13)—(2.17) is not standard, in order to define a proper notion of
weak solution, let us set

Xo(02) = {u € HN Q) : tr|p(u) € H(I)}. (2.19)

Definition 2.5. We say that u € L2 (O,T; XO(Q)) is a weak solution of problem
(2.13)-(2.17) if

T T
//)\VU~V¢dxdT—a//VBu-VBqﬁtdadT
0 N or

T

= // f¢dxd7+a/VBﬂ0-VB¢(:c,0) do, (2.20)
0 R r
for every test function ¢ € C>(f27) such that ¢ has compact support in {2 for every

t€(0,7) and ¢(-,T) =0 in (2. O
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We also state the following energy inequality, which can be obtained (via a regu-
larization process in the spirit of Proposition 2.2) by taking ¢ = w in (2.20) and
integrating by parts with respect to ¢:

T
//|Vu|2dxd7‘+ sup)/|VBu|2da < (Iflz2c2) + %ol e ry) (2.21)
19 r

te(0,T
0

where v depends on Ay, Aous, @ and the Poincaré constant for (2. Clearly, uniqueness
of solutions follows trivially by the previous energy inequality, hence it remains to
prove existence. To this purpose, we first need the following technical result (for
similar problems, see [17, 23, 24]).

Proposition 2.6. Let I' = U;I;, i =1,...,m, and assume that h; € H'(I}). Then,

there exist c; € R, i =1,...,m, such that the solution to problem
Aw =0, N out; (2.22)
w=20, on 02; (2.23)
w=h; + ¢, onl;,1=1,...,m, (2.24)
satisfies the further condition
a—wda:&, i=1,....,m, (2.25)

ov

I

where U; are given numbers. Moreover, the constants ¢; are unique.

Remark 2.7. In Proposition 2.6, the assumption h; € H'([};) may be relaxed to
h; € HY2(I7), but in our following application (see Theorem 2.9), h shall belong to
HY(I'), since we will need to consider VZh. O

Remark 2.8. In order to state a periodic version of Proposition 2.6, in which (2 is
replaced by Y = (0,1)" and periodic boundary conditions are assigned instead of
(2.23), we need to impose the natural compatibility condition given by > ¢; = 0.
Notice that, in this case, uniqueness is ensured up to a global additive constant. [

The regular dependence of the constants ¢; on the data will play a role in our proof
of the following existence result, see Remark 4.4.

Theorem 2.9. Let T > 0, f € L*(Q2r) anduy € H'(I"). Then, problem (2.13)~(2.17)
admits a unique solution u € L? (0, T; XO(Q)). Moreover, VBu € H' (O,T; L2(F)).

Also in this case only the initial gradient is attained by the solution; see also Re-
mark 4.6.

Remark 2.10. Notice that APu, in (2.15) should be rewritten in the form div” ((VBu),),
as it is done in (4.39) (a similar remark applies to (2.5)), since w; is not defined as
a Sobolev derivative. However, the weak formulations (2.20) and (2.7) still are cor-

rect. O
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3. PROOF OF EXISTENCE FOR THE PROBLEM WITH THICK MEMBRANES

We remark that this problem is non-standard since the principal part of the equation
is not coercive. For this reason, we are led to introduce a coercive perturbation of
it and to prove the well-posedness of this d-perturbed problem. Then, in order to
obtain existence for the original problem, we pass to the limit for 6 — 0, once we
have obtained suitable estimates independent of ¢.

Theorem 3.1. Given § > 0 and f € L*(f27), set B’(z) = a in 2™ and B°(z) = 0
in 20U 02 and let A and Uy be defined as above. Then, for any fivred T > 0, the
problem

—div (B°Vu + AVW’) = f, in Qr; (3.1)
Vul(x,0) = Vi,  in £2; (3.2)
u’(x,t) =0, on 92 x (0,7T), (3.3)

admits a unique solution u® € L*(0,T; Hj(£2)) N H' (7).

Proof. First, we note that the weak formulation of problem (3.1)-(3.3) reads as

T T T
—//B5vu5-v¢tdxdt+//Avu5~v¢dxdt ://f¢dxdt+/35Vﬂo~V¢(O)dx,
0 N 0 N 0 N

9

(3.4)
for every test function ¢ € C>(f27) such that ¢ has compact support in {2 for every
t € (0,T)and ¢(-,T) = 01in 2. Moreover, using Poincaré’s inequality and Gronwall’s
lemma, we have also the energy estimate

T
sup /|Vu6|2dx+5 sup / |Vu6|2dx—l—/ / |Vl |? dz dt
)

te(0,T) te(0,T
)m int|jQout 0 intyout
T
<7 //fzdxdt+/\Vﬂ0\2dx+5 / |Vig|?dx| <7, (3.5)
0 N )m intyQout

where v depends on iy, Aout, @, || Vol £2(om), || f]| 22(2), the Poincaré constant for 2,
but not on §. As a consequence of this energy estimate, we obtain that, if a solution
does exist, then it is unique.

In order to prove existence for problem (3.1)—(3.3), for any given function h €
L2(0,T; H}(£2)), we consider the auxiliary problem

—div (B°V’) = div(AVR) + f,  in £ (3.6)
v =0, on 012. (3.7)

Since B° is a strictly positive L>({2)-function, problem (3.6)-(3.7) is a standard

Dirichlet problem, so that, for a.e. ¢t € (0,T), it admits a unique solution v’ €
10



L2(0,T; Hy(£2)), satisfying for a.e. ¢ € (0,T) the following energy estimate:

/wm%ww /|wstwWMMWﬂmmHWMWMMm»
)m intout
which gives
||U5HH(}(Q) < %(HhHHg(Q) + ||fHL2(_Q))7

where 5 depends on o, Ajy¢, Aout, 0 and the Poincaré constant for (2. Integrating with
respect to time the previous inequality, we obtain

’|U5HL2(0,T;H3(Q)) < 75(||h||L2(0,T;H5(Q)) + Hf||L2(QT)) : (3.8)
Hence, we can define the function
t
W (2, 1) = Tio(x) + / oz, 7) dr, (3.9)
0
which actually belongs to L*(0,T; H}(£2)) N H'(£27). Now, let us choose T in
such a way that 757 < 1 and consider the linear operator L : L*(0,T; H}(£2)) —
L2(0,T; HY(2))nH (27) € L*(0,T; Hy(£2)) defined by L(h) = u®, where u° is given
by (3.9). Clearly, L is a contraction since

t

| L(h1) — L(h2)||iZ(O7T;H6(Q)) = Hu(i - ug||2L2(0,T;H(}(Q)) = |l /(Uf - Ug) dT||2L2(OT;H6(Q))
0
T ¢ Tz T
< [t 1]~ oy dr | at < [ 0]~ iy dr

0 0 0

) =2

T [ 112 2T 2 1 2

= 7””1 — Ul = 757“;“ = Palla iy < §Hh1 = Palliaozimy

Therefore, there exists a unique fixed point u’ € L2(0,T; H}(£2)), given by (3.9),
where 10 satisfies

—div (B°V®) = div(AVY’) + f,  in 2x(0,T),

which is nothing else than the equation (3.1), since v° = . Finally, since T depends

on a, Aint, Aout, 0, but not on the initial condition @y, we can repeat the previous fixed
point argument in the intervals (7', 27, (27, 3T) and so on, so that we can recover
the whole interval (0,7") by iteration. Here, we employ the regularity in time of u°
to define the trace of u’(t) at all time levels. Then, the thesis is achieved, once we
take into account that conditions (3.2), (3.3) are clearly satisfied by the function u’
thus constructed. 0

Proof of Theorem 2.3. For any 6 > 0, let u® € L*(0,T; Hy(£2)) N H'(£2) be the solu-

tion of problem (3.1)—(3.3). By the Poincaré inequality and integrating the inequality
11



(3.5) with respect to the time ¢ in the interval (0,7"), we obtain

Il 2o romcan < 7
where 7 is independent of §. Then, passing to a subsequence if needed, it follows that
there exists u € L?(0,T; Hj(£2)) such that u® — w for § — 0 in L*(0,T; H}(£2)).
Then, passing to the limit in the weak formulation (3.4) and taking into account that
B° — B strongly in L>(§2), we obtain that the limit u satisfies (2.7); i.e., u is a
solution of problem (2.5)—(2.6). By uniqueness, it follows that the whole sequence
(u®) coverges to u and u is the unique solution of problem (2.5)—(2.6). O

4. PROOF OF EXISTENCE FOR THE PROBLEM WITH THIN INTERFACES

The main goal of this section is to prove that problem (2.13)—(2.17) admits a solution
e L2(0,T; X(92)).

Remark 4.1. Since the solution of problem (2.22)—(2.24), in general, belongs only to
H'(4), we have to precise the meaning of condition (2.25). It is quite a stan-
dard result (see, for instance, [12]), but we prefer to recall it here for the reader’s
convenience.

To this purpose, assume that, given h € H'(I"), (h,) € C>®(I') is a sequence of
smooth functions such that h, — h strongly in H'(I'). Let us set H}(Qu) =
{u € H' () : st. u=0o0n 82} and, for n € N, define the linear functional
Ay HE(Q0w) — R as

An(g)= [ L

= 5 ¢pdo = — / Vu, -Vodrx, (4.1)

r Qout

where u,, € C®({2,y) is the smooth solution of problem (2.22)—-(2.24) corresponding
to the boundary datum h, € C*(I") and ¢;, i = 1,...,m, as above. By standard
energy estimate, and taking into account the linearity of the problem, we obtain

[t = wnll (o) < Ve = han iy 5 Vn,m e N, (4.2)

so that u, — u € HL(Quy) strongly in H'(£24,), where u is still the solution of
problem (2.22)—(2.24) corresponding to h.

Then, by (4.1), we obtain that there exists a limit functional denoted by A : HJ-(2u) —
R and defined by

Ao) = — / Vu-Vedzx. (4.3)
Qout
In particular, by fixing i € {1,...,m} and by taking ngﬁz € H}E(244) such that ngSZ =1
on I and ¢; = 0 on I}, for j # ¢, we have that
%1:" do = — / Vi - Vo dz = An(d:) — A(dy) (4.4)

Fi »Qout

so that we can state that, for a given H' solution of problem (2.22)—(2.24), condition
(2.25) is understood in the sense that A(¢;) = 0, for i = 1,...,m, where A is here
the operator associated to w. Il

12



Proof of Proposition 2.6. For any h € H'(I}), denote by u;[h] € H}-(2y) the solu-
tion of the standard elliptic problem

Av=0, in Q2ou; (4.5)
v=20, on 02, (4.6)
v=20, onlj,i=1,....,m,i# 7J; (4.7)
v=nh, on Ij. (4.8)

2.24)

Then, taking into account the linearity of the problem, the solution to (2.22)—(
can be written in the form

w = Z uilhy] 4+ ugles] . (4.9)

Then, the conditions (2.25) become

> 8u] a—i—cj/a%[]da =0, i=1,...,m. (4.10)
=1 \r, I Y

Upon defining

Ou[1 -
ai; :/ ng[ ) do, and Z/ da +4;, (4.11)
i =
we can rewrite (4.10) as
Zaijcj:G,-, 2:1,,m (412)
We claim that the previous linear system has a unique solution (cy, ..., ¢, ). Indeed,

assume, by contradiction, that the corresponding homogeneous system
> ayd;i=0, i=1,..m, (4.13)

admits a nonzero solution. It is easily seen that the function w = ) u,[d;] solves
(2.22)-(2.24) with h; = 0 and ¢; = d;, for every j = 1,...,m, and it satisfies also the
conditions (2.25) with ¢; =0,i=1,...,m, since

Zd 8% Zawd—o, i=1,....m. (4.14)

I;

Now, let k € {1,..., m} be an index such that

Then, if d, > 0, by Hopf’s Lemma it follows that Y < 0 on [}, which contradicts

(4. 14) for i = k. A similar argument holds when dk < 0. Hence, the linear system
13



(4.13) admits only the null solution, which implies that the matrix A := [a;;] has a
trivial kernel, that is (4.12) has a unique solution. O

Remark 4.2. Let h € HY(I') be a given function and consider the problem

—div(AVu) =0, in 2 U 2ous; (4.15)

u=20, on 0f2; (4.16)

wu=h, onl=|]JL (4.17)

As a consequence of the previous lemma, where we take ¢; = 0, for i = 1,...,m, it

follows that the set
Ho(I') = {h € H'(I') s.t. the solution u € H}({2) to problem (4.15) —(4.17)

) auout -
satisfies /AOMW do=0,Vi=1,...,m} (4.18)
I;

is a non-empty linear space. Moreover, it is not difficult to see that Ho(I") is also a
closed subspace of H!(I"). Indeed, if (h,) is a sequence in Hq(I") strongly converging
to h in HY(I'), for n — +oo, it follows that the corresponding sequence (u,,) of
solutions to problem (4.15)—(4.17), with h replaced by h,, strongly converges in
H} () to the solution u € H{(£2) of problem (4.15)—(4.17) corresponding to the limit
function h. Moreover, passing to the limit, for n — +o00, in the weak formulation of
(4.15) for £2,,, we obtain

0= —/Aoutaa“" do = / Aout Vit - Vo dz — / AotV - Vo da |

I; Qout out

for every ¢ € H}(§2) supported in a neighbourhood of I; and ¢ = 1 on I;. This

implies that
0= / Aot VU - Vo do = —/)xouta—u do,

ov
Qout I;
and this can be repeated for every i = 1,...,m, so that h € Ho(I"). Hence, Ho(I') is
closed, which implies that it is a Banach space. 0

Remark 4.3. Let h; € H'(I}). For i = 1,...,m, if we fix ¢; € H:(2y) such that
¢ =1on I}, gb,—()onf for j # 4, by (43) and (4.4) we have

Z/ outﬁuj Z / outVu] V¢z dl’

= 1F j 1Qout

<VZ||UJ 11 (@ 1931l 13 20y < VPl2 (> (419)

where we set u[h] = >, u;[hy] and the last inequality is due to the standard energy

inequality for problem (2.22)—(2.24) and the fact that the test function &; is fixed.
14



Given h,g € H'(I') with h|,. = h;, g|,. = g; and h;,g; € H'(I}), set GI' GY the
J J

corresponding numbers defined in (4.11). Then, by the linearity of problem (4.5)—

(4.8) and by (4.19), it follows that

|G?_Gg| §7||h_9||H1(F)~ (4.20)
Hence, by the first equality in (4.11) and by (4.12), we have
[} =l <Al = gllmr). (4.21)

where we have taken into account that the constant matrix A := [a;;] by Proposition
2.6 is invertible and depends only on the geometry. Here, we have employed also for
¢ and ¢ the same notation used for G} and GY. O

Remark 4.4. We note that, if in (4.8) we take h; = h;(t) with h; € L*(0,T; H(I")),
by standard regularity results for elliptic equations, it follows that the solution u;[h;]
of problem (4.5)—(4.8) belongs to the space L?(0,T; H(25y)). Then, if also ¢; €
L?(0,T), by (4.11) it follows that G; € L?*(0,T) and, by (4.12), the same holds
also for ¢;. Analogously, if h; € H'(0,T; HY(I')) and ¢; € H*(0,T), then u;[h;] €
H'(0,T; H-(204)) and again G; € H'(0,T) and the same holds also for ¢;. O

Proof of Theorem 2.9. For a.e. t € (0,T), let u(t) € Hy(£2) be the unique solution of
the standard Dirichlet problem

—div(AVa(t)) =f(t), in 2 U Loy (4.22)
u(t) =0, on I (4.23)

Clearly, w satisfies
@O 3 2y < AN O L202) - (4.24)

Moreover, set
aa(t) aa(t)
gj(t) = —/)\Olltw do — / f(t) dx + Z]:./Aoutw dO', (425)
) I

o 'Qijnt US2out

where n denotes the outer normal vector to 0f2.
For a.e. t € (0,7), let us define

Ho(I') = {h € H'(I') s.t. the solution u € Hy(§2) to problem (4.15) —(4.17)

a out
satisfies /)\Omg— do=4(t),Vi=1,...,m} (4.26)
v
I;
where ¢;(t), i = 1,...,m, are defined in (4.25). Following a similar argument as in

Remark 4.2, one can easily prove that H,(I") endowed with the distance defined by
d%[(h17h2) = th_h2||H1(F)7 vhluh2 GHZ(F)v

is a complete metric space. Let h € L?(0,T;H,(I")) and, for a.e. t € (0,7, let u(t)

be the solution of problem (4.15)—(4.17) with h replaced by h(t). Clearly, the unique

solution u(t) € Hy(§2) satisfies

@@ ) < MO ey (4.27)
15



where ||A(t)| ;1) depends obviously on /1, ...

u(t) = u(t) + u(t), which satisfies
—div(AVu) = f(t),
—0,
= h(t),

Starting from w(t), solve the problem

—aPu(t) = {Aﬁu—(t)} :

ov

/v(t)dazo.

r;

First, we note that [Aag—l(f)] e H™
solves (4.28) and setting, for w € H(I'),

<{ du(t)

, U, and hence on [[f ()| 2. Set

in Qint U Qout; (428)
on 02, (4.29)
on I (4.30)
in I'; (4.31)
i=1,....m (4.32)

L(I"); indeed, taking into account that u(t) € Hg(£2)

Aa—} , W) = — / Aout Vu(t) - Vw dx — / At Vu(t) - Vw dz
v

out

where (-,

int

-} denotes the duality pairing between H (") and H'(I") and w is assumed

to be extended from H'(I") to an Hg(£2)-function such that [|w|| g1y < yllwllm ),

Oul(t

it follows that [)\

|<{)\6u(t)

85)] is a linear and continuous functional on H'(I"), since

5 } s )| <Al g lwllmye) < AURO @) + 1 Ollz2@) 1wl -

(4.33)

Moreover, since u(t) satisfies (4.28) inside (2, it follows that

1nt
/ )\mt a

r;

while
out
/)\out /.f
I Dout
/ f dLE‘ - Z/ out ™ .
Qout J?ﬁl
- /)\out

a‘Q Q UQout

int

16

/ out "

/ ft dx+2/ out—H

/f

/ Do 22 4 1t =

on
a0

/ Aouta_u—(t) dU
on

/ f(t)dx

]#Z 0

int



by the choice of h € H,(I"). Therefore, the compatibility condition

/ {Aagfjﬂ do =0

I;

is satisfied, so that, from standard results, for a.e. ¢ € (0,7, there exists a unique
solution v(t) € HY(I") of (4.31) such that

oy < DI ey < 10Oy + 1 Olsar) s (430

where the last inequality is due to (4.33).

Define
t
w(x,t) = To(x) + /U(m,T) dr € H'((0,T); H(I)) , (4.35)
0
and
@(w, 1) = w(z,t) + Y a@()xn (), (4.36)
i=1
where, fori = 1,...,m, ¢(t) are the constants given in Proposition 2.6 with h;(x,t) =

w(z,t) and ¢; given by (4.25). Now, set T = (2,/7)"", where v is the constant
given in the last line of (4.37), and consider the operator L : L*(0,T;H(I")) —

L2(0,T;M,(I)), defined by L(h) = w, with @ given by (4.36). Clearly, L is a
17



contraction since

2 ~ ~
[d'H( (L(h'1>7 L(h'2))] dt = ||U)1 - w2||iQ(O,T;H1([‘))

St~

= ||/ (% 1)2 d’T‘l‘ Z E? XFZ||L2 (0,T;HY(I))
T T
<~ /(t/vl — va(7) 3y A7 dt+Z|F|/ (@) — (1)) at
0 0 =1 0
(T t )
2
<7y /(t/v1 — va(T) 31y AT dt+2\ﬂ\/llw1(t)—w2(t>HH1<m de
L0 0 i=1 0 )
(T T t )
<! [ (t J 1) = sy dr | ae [{¢ [ lont) = en()l g ar o
0 0 0 0 J

) =2
<AL [ i (r) = v2(D Iy At < AT N = ol 0 7 1y

St~

1
= §||h1 (4.37)

h2||L2 0,T;H(I))
where we reason as in (4.21) (with h and g replaced by w; and ws respectively). We
also use an obvious version of (4.34) written for f = 0, which readily follows from
the definition of v. Therefore, there exists a unique fixed point w € L? (0, T H(I ))
Consider the function u defined as in (4.28)-(4.30) with h = w being the fixed point.
Then, according to our definition,

t

VBu(z,t) = VPw(x,t) = VPw(x,t) = VP () + /VBU(SL’,T) dr, (4.38)
0
where v is the solution of (4.31)—(4.32) for the just defined w. Then, clearly,

—adiv?(VPu), = [\Vu- 1] . (4.39)

Finally, VZu(z,0) = VP%y(z); then, u solves our problem (2.13)-(2.17) in (0,7).
Note that actually VPu is continuous in time (in the L?-norm) either owing to
an analogue of Proposition 2.2 or simply by (4.38) above, so that we may choose
VBu(x,T) as a new initial data. In this fashion we cover the interval (0,T') with a
finite number of steps of width 7', which does not depend on the initial data. O

Corollary 4.5. Let T > 0 and o € HY(I'). If f € H'(0,T;L*((2)), then the
solution u of problem (2.13)~(2.17) belongs to H'(0,T; Xo(£2)).
18



Proof. 1t is a direct consequence of the construction in (4.36), when we take into
account that ¢; € H*(0,T), j = 1,...,m, as it follows from (4.25), and we recall
Remark 4.4. U

Remark 4.6. Clearly, in the case f € H* (O, T, LZ(Q)), the previous corollary implies
that u(x,0) is defined a.e. in {2; however, in general, it does not coincide with @y, but
it is “rearranged” by adding in each connected component of I" the suitable constant
provided by Proposition 2.6, as explained in Remark 2.4. U

Remark 4.7. We note that, if 2 =Y = (0,1)" and we replace condition (2.16) with
the requirement that the solution is Y-periodic with respect to the spatial variable
and has null mean average on Y for a.e. t € (0,7), then the corresponding problem
(2.13)-(2.15), (2.17) still admits a unique solution u € L*(0,T; HL(Y) N H'(I)),
when also the initial datum @, and the source f are assumed to be Y-periodic and f
has null mean average on Y. U
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