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1. INTRODUCTION

In many models it is useful to describe the macroscopic behavior of a body taking into
account its microscopic structure. Often, these problems deal with composite media,
where there are two finely mixed regions, occupied by materials with different physical
properties (an analogous situation occurs for porous media, where one of these regions
is empty). The geometry of the medium is modeled intersecting the domain 2 C RY
occupied by the body with a lattice of period €. The typical configuration is obtained
considering an e-scaling of the unit cube Y C RY, identified with the flat torus in
RY (however, other richer geometries can be considered; for example, quasi periodic
structures [15, 16, 17]). Therefore, the mathematical description is given by means
of equations which typically are the Euler-Lagrange equation or the gradient flow of
energy functionals depending on a micro-variable y = £.

This occurs, for instance, in modelling problems of electrostatic, magnetostatic or
heat diffusion (for details on some of these physical models see, for instance, [11, 24,

31, 32] and the references quoted therein).
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The aim of the homogenization theory is to study the limit, as ¢ — 0, of the solu-
tions of these problems at the e-scale, trying to find suitable limit equations or limit
functionals, describing the effective behavior of the macroscopic phenomena.

In order to handle with this kind of problems, several techniques have been developed
as, for example, I'-convergence (in the variational framework) [15]; G-convergence and
H-convergence [18, 21, 29, 30], two-scale convergence [1, 2, 3, 28], unfolding technique
19, 20).

In this paper, we consider a model for heat conduction in a composite medium with
two finely mixed phases having a periodic active interface and a singular source (for
the introduction of a singular source in the model, see [23]). We assume that the heat
flow across the interface is related to the jump of the temperature (on the interface)
by means of a nonlinear relation.

More precisely, if Q C RY is the region occupied by the material, we denote by (2%
and (25 the two different phases separated by the interface I'*; namely, 2] = 2NeFE,
where E is a periodic open subset of RV, and 25 = 2\ 5. For § € (0,1) and
k € {0,1}, we consider the problem

—div(\Vu.) = f/ul, i £25;
—div(\Vu.) = f/u, in §25;

MVue v =XVu v, on I
ey (4) = AVue-v, on I

ek

u:. >0, in §2;
u. =0, on 0f2,

where A1, Ay are strictly positive constant, [u.] denotes the jump of u. across I'* and
Ve is the normal unit vector to I'® pointing into §25.

In the previous system, in addition to the nonlinear singular source term f/u? (with
f a strictly positive source), there is also a suitable nonlinearity g in the interface
condition. In particular, we consider two different nonlinear responses of the interface,
called “weak nonlinearity” (when & = 0) and “strong nonlinearity” (when k = 1).
From the homogenization point of view, these two cases display different behaviors.
If £ = 0, despite the presence of the nonlinearity in the microscopic problem, the
two-scale homogenized system provides on the interface a linear condition, linking
the flux (of both the macro and the micro states) with the jump of the micro state
(see (5.39)). Therefore, as in the linear case, the limit system can be decoupled,
leading to a single-scale equation for the effective temperature. This motivates the
term “weak nonlinearity” for this case. On the contrary, if £ = 1, the homogenized
problem preserves a nonlinear relation in the interface (see (5.9)), so that the system
cannot be decoupled. For this reason, this is called “strong nonlinearity”.

We recall that the previous problem, in the case of linear response of the interface,
has been considered in [12, 22|, in different geometrical settings, while the parabolic
version of the above system, without singular source, was studied in [6] in the weak

nonlinear case and in [9] in the strong one.
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Our main results are an existence and uniqueness theorem and a homogenization
theorem for the previous system of equations, whose proof is obtained via the two-
scale convergence technique. We point out that, even though in the limit problem
there is no interaction between the nonlinear singular source term and the nonlinear
interface condition, they are deeply linked in the proof of both the existence and
the homogenization results. Therefore, we have to carefully readapt the techniques
already developed in [12] and previously introduced in [22].

Similar models, in the framework of elasticity and electrical or thermal conduction
in composite materials, have been treated in [25, 26, 27| and, more recently, in [4, 5,
6,7,8,9, 10, 13, 14, 22].

The paper is organized as follows. In Section 2, we fix some notations, we define
the suitable functional spaces and we recall the definitions and some properties of
the two-scale convergence. We state our problem in Section 3. The main results of
the paper are proven in Sections 4 and 5. More precisely, in Section 4 we prove the
existence and uniqueness for the problem at the e-scale, and in Section 5, we deduce
the homogenized system.

2. NOTATION AND PRELIMINARY RESULTS

For N > 3, let £2 C RY be an open, connected and bounded set, while E denotes
a periodic open subset of RN (ie. E+2z = E Vz € ZY). We assume that (2
and E have Lipschitz continuous boundary. For all ¢ > 0, we define the two open
sets 25 = 2 Nek and 25 = 2\ eE. We set I'° = 005 N 2 = 9025 N £, so that
2 = 505U, Moreover, we assume that dist(1%, £2) > e, for a suitable v > 0.
Weset Y = (0,1)Y and B, = ENY, B, =Y \ E, ' =0FENY and we assume that
E, CcCY, so that E, is connected.

We denote by v, the normal unit vector to I pointing into {25 and by v the normal
unit vector to I' pointing into Fjs.

For u : 2 — R, u™ and u® denote the restriction of u to 25 and (25, respectively.
On I'¢, we define [u] := u® — 4V, where, with abuse of notation, here u® and u("
denotes the trace of w on I from (25 and (27, respectively. We use the same notation
for functions defined in the unit cell Y, where v(® and ") stands for the restriction
of u to Fy and Ej, respectively. In the following, the symbol [-] will be used also to
denote the jump across I'® for other quantities.

In the sequel, x and y will denote the macro and micro-variable, respectively, so
that, for u : 2 xY — R, Vyu, Vyu and div, u, div, u denote the gradient and the
divergence of u computed with respect to the variables  and y, respectively. When
no confusion is possible, we write Vu for V,u and divu for div, u.

For £,n € RY, ¢ ® n denotes the matrix whose entries are (£ ® n);; = &n; and
(e1,...,ey) is the standard euclidian basis of RY. In the sequel, C' will denote a

positive constant, which may vary from line to line.
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We set

VE(R) ={u: 2 = R|uM e H'(2), u® € H'(£25), u=0 on 012},
and

£5(2) = {u: 2 = R|uY e Lip(2%),u® € Lip(¢25), u = 0 on 912}.
Analogously, we set

Ve(Y)={v:Y = R|vis Y-periodic, vV € Hy(Ey), v'? € Hy(E»)},
and

£,(Y)={v:Y — R|v is Y-periodic, v'") € Lip(E}),v? € Lip(E,)}.

Here Y is identified with the flat torus in RY, so that, for every subset E of the flat
torus Y, H#(E) corresponds to the space of the H'-functions v : E — R, such that

v and Vv coincide on opposite sides of OF N JY'.
Notice that, if u € V5 (£2), then [u] € L*(I'°) and, analogously, if v € V4(Y), then
[v] € LA(I).

We recall the following Poincaré’s inequality (see [6, Lemma 7.1])

Theorem 2.1. There exists C' > 0, independent of €, such that

1
/112 de < C /|Vv|2d$ + - /[’U]Q do Yu e Vi (02). (2.1)
€
Q Q re
We recall some basic definitions and properties of the two-scale convergence tech-

nique. For more details see, for instance, [1, 2, 3, 9, 25] and the references therein.

Definition 2.2. A function ¢ € L*(2 x Y) is said an admissible test function if ¢
18 Y -periodic with respect to the second variable and satisfies:

. 2 z _ 2
yg%/so (xg) dx—//so (z,y) dz dy.
I7; QY
We denote by A(§2) the space of the admissible test functions on 2.

Remark 2.3. The space C°(£2; C%(?)) or, more in general, the spaces L*({2; Cg&(?))
and L2,(Y;C°(R2)) are contained in A(S2). Moreover, if ¢(x,y) = @1(x)@2(y) with
p1 € LP(2) and py € LL(Y), p~' 4+ ¢ " =271, then ¢ € A(2).

Definition 2.4 (Two-scale convergence). Let {u.} C L*(£2) and uy € L*(2 x Y).
We say that {u.} two-scale converges to uy in L*(2 xY) as e — 0 (and we write

Use 2_—S>Cu0) if

e—0
2

lim | u.(x)p <x,§) dx = // uo(z, y)o(z,y)dedy,
78

for every ¢ € A(£2).



Definition 2.5 (Two-scale convergence on surfaces). Let {w.} C L*(I'*) and wy €
L*(2xT). We say that {w.} two-scale converges to wy in L*(2xT') ase — 0 (and,

. 2—sc .
as above, we use the notation w. — wy) if

li_r)r(l)g/wa(x)@ (xg) do = //wo(%y)so(fv,y) dzdo(y),
r

Ie
Jor every ¢ € C°(2;CS(Y)).
Theorem 2.6. Let {u.} be a bounded sequence in L*(£2). Then there exist a sub-
sequence of {u.} (still denoted by {u.}) and a function ug € L*(2 x Y) such that
2—sc . 2
ue — ug in L*(2 xY).
Proposition 2.7. Let {u.} be a sequence of functions in L*(§2), which two-scale

converges to a limit up(x,y) € L*(2 xY). Then, u. converges weakly to u(x) =
[y wo(@, y)dy in L*(£2). Furthermore, we have

liinf ||ucl[z2(2) 2 [Juol|L22xv) 2 [ullz2(2)-

Theorem 2.8. Let {w.} C L*(I'®). Assume that there exists C > 0, independent of
g, such that
5/|w8|2d0§0, Ve > 0.
P
Then, there ezist a subsequence of {w.} (still denoted by {w.}) and a function wy €
L2(£2 x I') such that w, 225 wo in L2(02 x I).

3. STATEMENT OF THE PROBLEMS

Let Ay, A2 be positive constants. Let \. : 2 — R and A : Y — R be defined as
. )\1, 1fx€(2f, . /\1, 1fy€E1,
Aa(x)_{ No, ifz € 05, and A(y)_{ N, ify € By,
and set /\0 = )\1|E1| + )\2|E2|
In the following, we will assume that f € Lﬁ(ﬁ), with 0 € (0,1), is a strictly
positive function a.e. in {2, even if some of the results presented below can be proved

also for a nonnegative source f (this fact will be remarked, when it will be the case).
For k € {0, 1}, we consider the problem

—div(AVu,) =4, in £y U £05;
AeVu. -v] =0, on I's;
g () =2Vl o, on T (31)
u. >0, in (2;
u. =0, on 012,

where g € CY(R), with ¢g(0) = 0, and satisfies

3B8>0:  (g(s1) —g(s2))(s1 —552) > B(s1 — 83)* V1,8 €R. (3.2)



Moreover, if k = 1, we assume that
Ja>0: |g(s1) —g(s2)| < als; —sa] V1,82 €R, (3.3)
while, if £ = 0, we assume g € C*(R) N W?>(R) (which implies (3.3)).

Definition 3.1. We say that u. € V§(§2) is a weak solution of (3.1) if uc > 0 a.e.
i §2 and it satisfies

/ uigm < 400, (3.4)
2

//\€Vu5-v¢dx+/€l—1_kg <[Z,j]) ] da:/£¢dx (3.5)
o e o -

for every ¢ € V§(02).

We remark that the finiteness of the left-hand side of (3.5) implies (3.4); however
we prefer to require it explicitly, since it is crucial in the proof of existence and
homogenization results. Moreover, taking into account that u. and f are positive
and recalling that 1) = " — ¢~ condition (3.4) can be equivalently rewritten for
1 > 0 and without the absolute value, or even in the apparently stronger form
fo uig|@/1| dr < +o00.

4. EXISTENCE AND UNIQUENESS

We first prove a result of existence and uniqueness for system (3.1). The proof of
this result follows some arguments in the Appendix of [12], where the linear case is
considered. However, we will sketch the proof in order to highlight the differences
due to the presence of the nonlinearity g.

We notice that, as in [12], the following result holds also in the more general case,
where the source f is assumed only to be nonnegative, but not identically equal to
zero both in (2, and in (2.

Theorem 4.1. For every € > 0 fized, the problem (3.1) admits a unique solution
ue € V5 (02) strictly positive in (2.

Proof. For the sake of simplicity and without loss of generality, we fix ¢ = 1 and we
will omit it so that, similarly as in Section 2, we write {2 = () U {2, U I" and we set

Vo(2) = {u: 2 = R|uY € HY(2,), u'® € H'(£2,), u =0 on 012},
endowed with the norm defined by
[ullvoc) = IVullz2(@iuez) + [Ilulll 2y -

We set A(x) = A\; a.e. in 2y and A\(z) = A a.e. in (2.
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First, for F' € L*({2), we consider the problem

— le()\VU,) = F, in Ql U Qg,
AVu-v] =0, ) on I'; (4.1)
g([u)) =AVu? .v, on I}
u =0, on 02,

whose existence can be obtained by the Direct Methods of Calculus of Variations.
Indeed, let J : V5(£2) — Vo(£2) be the functional defined as

J(u):/Wu]Qd:c—Ir/G([u]) da—/Fudx,

(9] 2

where G(s) = [ g(t) dt. The Euler-Lagrange equation of J is

/)\Vu -V dr + /g([u])[w] do = /F@Ddx, Vi € Vo(92), (4.2)
2 r Q
which is the weak form of (4.1). By (3.2) and the fact that G(0) = 0, we get that
G(s) > [5382 and hence J is coercive in Vy(£2). Therefore, if {u;} is a minimizing
sequence for J, there exists u € Vg such that, up to a subsequence, there holds

up —> U, strongly in L*(2),
Vu, = Vu,  weakly in L*(12), (4.3)
[up] — [u], strongly in L*(I).

Taking into account that the first term of J is lower semi-continuous with respect to
the weak L?-convergence and that the last two terms are continuous with respect to
the strong L?-convergence, we obtain that u is a minimizer of J in V(£2). Moreover
u is unique because J is strictly convex.

Then, the main idea is to approximate our problem by means of the sequence of

systems
_&%WW>:@ZY’ in 2 Uy
[AVu, -v] =0, on [
g([un]) =AVu? v, on T (4.4)
U, Z 07 n .Q’
Up = 07 on 39,

where f,, = min{f(z),n} and whose weak formulation is

/)\Vun-vwdx+/g([un])[¢] da:/%wx, Vi € Vo(2).,  (4.5)

(1 +3)

Repeating the strategy of the linear case (see [12], proof of Theorem A.2) and exploit-

ing property (3.2) of g, existence for (4.4) can be obtained applying the Schauder’s
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Theorem to the non singular problem

—div(AVu,) = (\u)\anl)G , in 2, U 2y;
AVu, -v] =0, on I'; (4.6)
9([un]) = )\QVU? v, onl';
Up = 07 on &Q,

with w € L%*(£2), which is analogous to the problem (4.1) and whose existence is
proved above. This provides the existence of a solution for (4.5) with £, /(u, +1/n)°
replaced by f,/(Ju,| + 1/n)?. In order to prove that u, > 0, we follow a similar idea
as in [12, Proof of Theorem A.2]. Indeed, taking ) = —u;, as testing function in (4.5)
modified, as before, with f,,/(u, + 1/n)? replaced by f,/(|u,| + 1/n)?, we get

/)\\VunIQdyc < —/)\Vun -Vu, dx—i—/g([un])[—un] do
o) 19 r

—_/—f” g, dz <0, (4.7)
5

]+ 2)

where, in the last inequality we have taken into account that f is nonnegative a.e. in
2 and in the first inequality we used the fact that g([u,])[—u, | > 0. Indeed, recalling
(3.2), we obtain

o if 0> u? >ul, then g([un]) > 0 and —(ug))_ + (ug))_ > 0;

o if ul? > 0> ul”, then g(ju,)) >0 and —(u$?)~ + (W)~ = W)~ > 0;
o if u? > N >0 or uld > ul? > 0, then (ug))_ =0= (ug))_

o if ul) > 0> ul?, then g(ju,)) <0 and —(ul?)~ + (W)~ = —(u?) 0;
o if 0> u) > ul?, then g(u,)) <0 and —(ul?)~ + (ui’)~ <0

Therefore, by (4.7), it follows that Vu,, = 0 a.e. in {2, so that u;, = 0 a.e. in (2 (i.e.
u, > 0 a.e. in 2), because of the homogenous boundary condition, while u, equals
a non-negative constant (let us write u; = ~%) a.e. in §2;. In order to assure that
v? = 0, assume, by contradiction, that 42 > 0. Since u,, € H*({2), this implies that
u, = —7? a.e. in (2 and hence [u,] = WP —ul) = u? + 4% > 0 ae. on I, which
implies g([u,]) > 0 a.e. on I', once we recall (3.2). Moreover, by (4.7), we get

i [ o = / o)) do = [ gw)l-u]do <0,

r

which is a contradiction, if we take into account that [}, g([u,])do > 0. Therefore,
7v? =0, so that u;, = 0 a.e. in 2, and we have proved that u, > 0 a.e. in 2. Thus
Uy, is a solution of problem (4.4).

Finally, similarly as in [22, Proof of Theorem 4.5], uniqueness is a consequence of the
positivity of f and of the decreasing monotonicity of the function s € (0,400)
ﬁ. Indeed, assume that there exist two different solutions u,, and @, for problem
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(4.5) then, setting U, = u, — @, and A\ny, = min(A;, A2), taking ¢ = U, in (4.5)
written for u,, and wu,, respectively, and finally subtracting the two equality, it follows

)\min |VUn|2 dl’ + B [Un]2 dO' = )\min |VUvn|2 d.ﬁU + /8 ([U’N] - [ﬂn])Q dO'
[t feton e [rstoc |

< / AU, - VU, dr + / (9(([ua]) — 9([T)) U] do

2 r

:/< fnlg_ fn19>(un_an)dx§0,
(un+3)" (@t )

2

where, in the first inequality we use (3.2). Therefore, u, —u, = U, = 0 and the
uniqueness of the solution of (4.5) is proved.

Moreover, by a standard procedure we obtain the following energy estimate for the
solution u, of (4.4):

/|Vun|2d:x + /[un]QdJ <C, (4.8)
9

r

where C' > 0 does not depend on n. Hence, up to a subsequence, we get for u,, the
same convergence stated in (4.3) for u; and the limit w is nonnegative. Now, we let
n — 400 in (4.5). We note that the limit of the left-hand side is standard, because
g is continuous and the sequence {[u,|} is strongly convergent. In order to pass to
the limit in the right-hand side, we write

/ﬁwdx: / L@zpdx—l— / #d}dx = I}L’(g—l-]ié

n

(un + )
2N{0<u, <6} 2n{un,>é}

and, as in [12, proof of Theorem A.1], we obtain
lim lim 2, = iw da .
5—0n—+oo M0 u?

2n{u>0}

The crucial point is to prove that

lim lim I};=0.
6—0n—+oo 7

To this aim, following again the same approach as in [12, proof of Theorem A.1], we
consider the function Zs : R — [0, +00) defined by

1, if0<s<9;
Zs(s) = —5+2, ifd<s<20; (4.9)
0, if s > 20,



and we use as test function in (4.5) the function Zs(u,)y (with ¢ as above and
¥ > 0), getting

Iy < / AV, - Vi Zs(uy) da + / o([un)) (Z5(®)® — Zs(wD)pV) do. (4.10)
2 r

However, in the present case we have to proceed very carefully with the estimates,
due to the presence of the nonlinearity g. Indeed, using (3.3) and recalling that
g(t) >0if t > 0 and g(t) < 0 if ¢ < 0 and the definition of Zs, we have

/ ([t [ Zs ()] dor = / 9([ua)) Zs(u@)55® dor / 9([ua) Zs(uD)p) do

I I I
< / 9([1a)) Zs (0@ )0 dor — / 9([ua)) Zs(uD)) do
Fﬂ{ug)gug)} Fﬂ{ug)guﬁ})}
< [ smhePa- [ g
roful’ <ui) <26} roful) <ul <26}
<a / (@] + D)@ do + a / (u@] + D) do
rofuld <ul? <25} rn{u? <uld <26}
(4.11)
and hence by (4.10) and (4.11) we infer
I} < / AV, - Vi Zs(u,) da + 4ad|[p® + D) |1 ). (4.12)

2

Taking into account that Vu, — Vu weakly in L*(£2), u, — u strongly in L*(§2)
and that Z; is continuous, we get

n—-+o0o

lim I}, < / AVu - Vi Zs(u) da + 4ad|[p® + D1y,
I7;
Then, passing to the limit as 6 — 0, we get

§—0n—+oo

lim lim I}, < / AVu - Vipdr =0, (4.13)
2n{u=0}
where we used that Vu = 0 a.e. on the level set {u = 0}. Clearly, we have paid
attention to choose § € C = {§ > 0: |[{u(z) = d}| > 0}, which is at most countable.

Finally, the uniqueness and the strict positivity of the solution u can be proved as in
[12, proof of Theorem A.1]. O

5. HOMOGENIZATION

Once stated the existence and the uniqueness of the solution to problem (3.1) for every

e > 0, we focus our attention in passing to the limit for ¢ — 0. We find a two-scale
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homogenized system (see (5.6)—(5.11)), involving a pair of functions (u,u;), where u
depends only on the macro-variable x, while u; depends also on the microvariable y
(thus keeping memory of the behavior at the micro-scale).

We stress again the fact that, when £ = 1 (i.e. in the “strong” nonlinear case),
differently from the linear case, u; cannot be factorized in terms of the gradient
of u (see (5.9)), so that the homogenized system remains coupled. This calls for
our assumption on the strict positivity of the source f, in order to assure that the
homogenization limit w is strictly positive a.e. in (2. Indeed, the strong maximum
principle, which is the standard tool, generally used to this aim, cannot be applied
to the resulting homogenized two-scale system (5.6)—(5.9).

5.1. The strongly nonlinear case: k = 1.

Theorem 5.1. Fore >0, let u. € V5 (§2) be the weak solution of the problem (3.1).
Then, there exist u € Hy(£2) and uy € L*(2;Vy(Y)) with [, uy(z,y)dy = 0 a.e. in
(2, such that, as ¢ — 0, we have

Us = u, strongly in L*(£2); (5.1)
ue 5w, in LX(2xY); (5.2)
XorsViue =5 Vu+ Vo,  in LH(2XY) (5.3)
é[ug] 225 1], in L2(02: LX(I)) . (5.4)

Moreover,
f
/Egp dz| < 400, Yo € Hy(£2), (5.5)
2
and the pair (u,uy) solves
—div | AVu + //\Vyul dy | = £ : in (2 (5.6)
Y
—divy (A(Vu+ Vyuy)) =0, in 2 x (E1UE,); (5.7)
ANVu+Vyu)-v] =0, on 2 x I (5.8)
g([u1]) = XMa(Vu+ Vyuy) - v, on 2 x I (5.9)
u>0, in (2 (5.10)
u=0, on 012, (5.11)

where Ao and X\ are defined at the beginning of Subsection 3.

Remark 5.2. Notice that the problem (5.6)—(5.11) admits at most one pair of solu-
tions (u,uy). Indeed, assume by contradiction that (u',ut), for i = 1,2 are two pairs

of solutions and denote by U = u* — u? and Uy = u} —u?. Using U as test function
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in (5.6) written for u' and Uy as test function in (5.7) written for ul, adding the two
equations, integrating by parts and using (5.8)—(5.9), we get

// (Vu' + V,ui) - Vdedy—l—/ MVu! + V) - V,Up de dy

// [ui])[U1] dz do(y) = /(f>

Repeating the same procedure for (u?,u?) and subtracting the equation for (u?, u?)
from the equation for (u',uq), it follows

[ Ao vk asay+ [ [ (o) - o)) 0 dsdoty)

:Q/f (ﬁ — ﬁ) (u' —u?)dz. (5.12)

Recalling the property (3.2), we have

(9(ut)) = g([d])) ([ud] = [3]) > B ([ul] - [u?]))* = BIULJ>. (5.13)
By (5.12) and (5.13) we get

5//“ Frdoly S/f(wll)@‘<z;>9)(“l”“b2)dg”’

//)\|VU+VyU1|2dxdy§/f(ﬁ—ﬁ) (u' — u?)dz.
Y

n

(5.14)

Since the function s € (0, +00) — Sig 1s decreasing, the right-hand side in the previous
equalities is non positive, which implies [Uy] = 0 and |VU + V,U;| = 0. Moreover,

/]VU\deJr//|VyU1]2dxdy:/|VU]2dx+/ |V, Ui |?* dz dy
9] Y 2 Y

+2/Vu- /VyUldy dx:/ VU + V,U;*dedy =0,

where we have taken into account that fy V,Uidy = 0, because of the Y -periodicity
of Uy and the fact that [Uy] = 0. Thus, VU = V, Uy = 0, which implies U = 0 in (2,
since it satisfies the homogeneous boundary condition, and U; = 0, since it has null
mean average on Y .

Proof of Theorem 5.3.
12



Step 1. We first state some a priori estimates. Let u, be the weak solution of problem
(3.1). Taking ¥ = u. in (3.5) and recalling (3.2), we get

1 e
Vu)?do + = [ [u]?do < | A |Vu>dz+ [ g [uc] [us] do
£ £
2 e Q

Ie
[ et e <Al gy g e (.15
o)
By Theorem 2.1, it follows
1-0
1 2
el > y<C /|Vu5|2 dz + B /[ue]zda . (5.16)

2 re
Hence, (5.15) and (5.16) imply that there exists C' > 0 such that

1 2
/|Vu5|2d93 + - /[ua]2da < C||f||;%(m Ve > 0. (5.17)

Moreover, by (5.16) and (5.17) we also get that there exists C' > 0 such that

/u ar < ClIAIT2 Ve > 0. (5.18)
(9)
Finally, arguing as in [12, Proposition 3.2|, there holds
/ L op(@)dz| < max(h, M) [Vlle [Valliz Vo € HA(D).  (5.19)

Moreover, by (3.3) and (5.17), it follows also that

e/fG@)wscmwz , (5.20)
€ LT (@)

e
for a suitable constant C' > 0.

Step 2. We now use the above estimates to achieve suitable compactness properties
for the two-scale convergence, which allows to obtain the homogenized limit problem.
By (5.17),(5.18) and [25, Proposition 5.5] we get that (5.1)—(5.4) hold. Hence, taking
into account (5.17) and (5.1) and passing to the limit in (5.19), when ¢ — 0, by
Fatou’s Lemma we get (5.5). Moreover, by Theorem 2.8, there exists u € L*(2 x I)
such that, up to a subsequence,

g([udl/e) =S u,  fore—0. (5.21)

We recall that u is nonnegative, being the limit of the sequence of positive solutions
ue. Hence, taking into account that f is strictly positive, by (5.5) we infer that w is

strictly positive a.e. in 2.
13



In order to pass to the two-scale limit in (3.5), we choose as test function

b(w) = p(z) + e (x g) (5.22)

with ¢ € CH(£2) and ® € CL(£2; £,(Y)). Then, we get

//\EVUE-Vgodx—l—a/)\EVus-V <I>d:z:+/)\ Vu, -V, odx

2 2 +6/ ([ ) do__/ acpdx+8/uig<1>dx. (5.23)

By (5.3),(5.4) and (5.21), as ¢ — 0, the left-hand side of (5.23) converges to

/ AVu+Vyu) - Vodrdy + // AVu+Vyuy) -V, dedy

/ / ®]dzdo(y). (5.24)

We now focus our attention on the right-hand side of (5.23) and we set

:/£godx, J.=¢ %@dx (5.25)
: 7

As proved in [12],
J. =0, as € — 0. (5.26)

In order to study the limit of I, having in mind the decomposition ¢ = ¢t — @~
(notice again that the Lipschitz continuity of ¢ is enough for our purposes), we may
assume ¢ > (0. Moreover, similarly as in the proof of Theorem 4.1, we have to split
the singular term into the part near to and far away from the singularity. To this
purpose, we write

f f
I. = / ie dz + u—ggp dow =I5+ IZ5. (5.27)

3
2N{0<us <8} 2n{u>0}

where, by the Lebesgue Dominated Convergence Theorem and taking into account
that 0 < %g@ < 5%4,0 € L'(£2) in the set {u. > 0} (here it is crucial that ¢ is bounded),
we get

> _ o
(ISIE(I)E—%I o uegodx

/ godx (5.28)

2n{u>0} 0

once we have taken § ¢ C = {J > 0 : [{u(x) = 6}| > 0}, which is at most countable

(exactly as in [12, Proof of Theorem 4.1]) and we recall that « > 0 a.e. in (2.
14



Moreover, using as test function in (3.5) the function Zs(u.)p, with Zs defined in
(4.9) and ¢ as above, and recalling that s € [0, 400) — Zs(s) is decreasing and that
g(t) >0if t >0 and g(¢t) < 0if t <0, we arrive at

Il < /)\EVUE -V Zs(u.) de
o)

= /)\,SVUE -VlZs(u:) — Zs(u)] dx + / AeVu. - Vo Zs(u)dx (5.29)
7 7

since

o (1) G-z <o

FE

and

/ %Zg(ug)go dz > 0.

On{6<u.<26}
In order to pass to the two-scale limit in (5.29), we have to take into account that
AV, is bounded in L*(§2) and Zs(u.) — Zs(u) — 0 strongly in L?(£2) (since s —
Zs(s) is continuous and (5.1) holds), so that the first integral in the second line of
(5.29) vanishes, while in the second integral, thanks to Remark 2.3, we can take
AeVZs(u) as admissible test function for the two-scale convergence. Therefore,
recalling that u is strictly positive a.e. in {2 (as proved at the beginning of Step 2),
it follows that |{u = 0}| = 0; then, we get
. . 1 _
(lsli%ll_l% I s < / / IAN(Vu+ Vyuy)| |[Veldedy = 0. (5.30)

2N{u=0} Y

Then, passing to the limit for ¢ — 0 in (5.23), by (5.24), (5.28), (5.30) and taking
into account the density of our test functions in Hj(§2) x L*(£2;V4(Y)), we obtain

/ AMVu+Vyu) - Vededy + / AVu+Vyu) - V,ededy

02xY 02xY
+//,L[q>] 4 dof(y) :/%wdx. (5.31)

It remains to identify p. To this purpose, we follow the Minty monotone operators

method. Let us consider a sequence of test function ¢y (z) = ¢f(x) + el (x,%) +

tegy (z,2), with ¢f € CL(£2), ¢f — u strongly in H(£2), ¢f € C*(2;£4(Y)), with

¢% vanishing on 992, ¢} — wy strongly in L*(2;Vx(Y)), and ¢» € C!(£2;£4(Y)).
15



Taking into account the monotonicity assumption (3.2) on g we obtain

//\g(Vug - V@/)k) : (Vug - V@/)k) dz

L)) e o

Notice that the function u.—1; can be taken as a test function in the weak formulation
(3.5); hence, inequality (5.32) can be rewritten as

f

u@

= (e — ) d — / AV - (Vi — Vi) da

} _5/9 (@) <[Z_€] W;’“]) do >0. (5.33)

Ie

Hence, passing to the two-scale limit as ¢ — 0, it follows

[ Htu-dpas
2

—/ MV 5+ Vy (87 + ts)) - (Vu + Vyur — Vg — V(¢ + t2)) drdy

- //g ([(b’f + to)) ([ur] — [oF + tds]) dzdo(y) >0, (5.34)

where we have taken into account that

—ugdx— /fu1 9dx—>/
as follows by (5.1) and the Lebesgue Dominated Convergence Theorem, and
f f
[ Las s [ Lo,
o o

as follows by (5.26), (5.28) and (5.30).
Now, letting k — +o00 and taking into account that ¢& — w strongly in H'(f2) and
@% — wuy strongly in L2(£2; Vy(Y)), we obtain

///\(Vu + Vyuy +tVypo) - tVy oo do dy+

s [ [ ot + g dzdoty) 2 0, (.39



since, by (5.31) with ¢ = u — ¢% and ® = 0, it follows

/%(u—%)dm — //A(Vu+vyu1) - (Vu — Vo) da
2 Y

< Ol Vu+ Vyuil| 2oy [[Vu — v%HL2 — 0.
Moreover, again by (5.31), with ¢ = 0 and ® = ¢9, we get that (5.35) can be written

2 / / AV, - Vb da dy
~t [ [iesldedote) vt [ [ gllus +t0a)lon] dwdot) 2 0. (530

Assuming first ¢ > 0 and then ¢ < 0, dividing by ¢ the previous equation and then
letting ¢ — 0, we obtain

// (o] dz do(y // [u1])[¢o] dz do(y),

p=g([w]) (5.37)
Therefore, by (5.31) and (5.37), it follows that the pair (u,u) satisfies

which gives

/ A(Vu+ Vyuy) - Vgodxdy+// (Vu+ Vyuy) -V, dedy

// [uq])[®] dz do(y /—egpdx (5.38)

Finally, taking first ¢ = 0 and then ® = 0 in (5.38), and recalling that u > 0 a.e.
in {2, we obtain that u is a weak solution of the problem (5.6)—(5.11). Moreover,
by Remark 5.2, it follows that the whole sequence {u.} converges and the thesis is
accomplished.

O
5.2. The weakly nonlinear case: k£ = 0.

Theorem 5.3. For ¢ > 0, let u. € V§(§2) be the weak solution of the problem
(3.1). Then, there exist u € Hy(£2) and uy € L*(2;Vu(Y)) with [, uy(z,y)dy =0
a.e. in §2, satisfying (5.1)-(5.5), as € — 0. Moreover, the pair (u,u;) solves (5.6)—
(5.8),(5.10),(5.11) and

g (0)[u1] = Aa(Vu+ Vyuy) - v, on 2 x 1T (5.39)

instead of (5.9).
17



Proof. Tt is easy to check that, as in Step 1 of the proof of Theorem 5.3, we get that
(5.1)-(5.5) and (5.10) still hold and, in particular, from (5.17), we have also

1

. /[u€]2d0 <C, (5.40)
Ie

with C' independent on €. In order to pass to the two-scale limit in (3.5), we choose

the same test function ¢ defined in (5.22) and we obtain

/)\EVUE -Veodr +¢ / AVu, -V, ddr + /)\EVuE -V, ode
Q Q Q

—i—/g([ug])[(b] do = %wdx%—e/%@dx. (5.41)

FE
The right hand-side and the first three terms in the left hand-side of (5.41) can be
treated as in the case k = 1. The main difference occurs in the limit of the fourth
integral. In particular, recalling that ¢g(0) = 0, we have

1 Ue e [ [uel?
5/gg([u€])[®] do = g’(O)a/ [5] (@] do + 5/ | 5] q"(&)[®] do, (5.42)
re re re
for a suitable &, with || < |[u.]|. Since g € C*(R)NW2*>(R) and ® € CL($2; L4(Y)),
using (5.40), we obtain [, @g”({})[@] do is uniformly bounded with respect to ¢.
Hence, using (5.4), as ¢ — 0, it follows

/ o([u))[®] do — ¢'(0) / ][] do

re 2xI

O

Remark 5.4. Arquing as in Remark 5.2, also in this case the homogenized system
has a unique solution (u,uy) € Hy(2) x L*(£2;Va(Y)) with [, ui(z,y)dy =0 a.e. in
(2. Moreover, as pointed out in the Introduction, due to the linear structure of the left
hand-side in (5.39), we can factorize uy in terms of Vu, decoupling the homogenized
system and characterizing u by means of a single elliptic equation. More precisely,
we set

ui(r,y) = x(y) - Vu(z),

where x = (x1,---,xn) and x; € Va(Y) with [, x;dy = 0, for each j =1,...,N,
satisfying
—divy(AM(Vyx; +€5)) =0, in By U Ey;

AVyx;+e) v =0, on I';

g'(0) [x;] = Ma(Vyx; +e;) v, onl.
18



Closely following [12, Remark 4.3], we obtain the following single scale homogenized
problem
—div(ApemVu) = i@, in (2
u
u>0, in §2;
u=20, on 0f2,

where the symmetric and positive definite matriz Apom 1S defined as

Ao = Mobij + / Aixj dy = / AV(Xi +4i) - V(X5 + ;) dy +¢'(0 / xil[x;] d
Y Y r
(see, also, [26, end of Section 3.1]).

Remark 5.5. We point out that Theorem 5.3 holds also in the more general assump-
tion f >0, as a consequence of the decoupling of the two-scale homogenized system.
Indeed, in this case, it is possible to apply the strong maximum principle to the re-
sulting single-scale equation (as done in [12, Theorem 4.1]), thus obtaining the strict
positivity of the homogenization limit u.

6. DECLARATIONS

Funding: not applicable.

Conflicts of interest/Competing interests: not applicable.
Availability of data and material: not applicable.

Code availability: not applicable.

REFERENCES

[1] G. Allaire, Homogenization and two-scale convergence, STAM J. Math. Analysis, 23(6) (1992),
1482-1518.

[2] G. Allaire, M. Briane, Multi-scale convergence and reiterated homogenization, Proc. Roy. Soc.
Edimburg Sect. A, 126(2) (1996), 297-342.

[3] G. Allaire, A. Damlamian, U. Hornung, Two-scale convergence on periodic surfaces and appli-
cations, In Mathematical Modelling of Flow through Porous Media, Bourgeat AP, Carasso C,
Luckhaus S, Mikelic A (eds). World Scientific (1995), 15-25.

[4] M. Amar, D. Andreucci, D. Bellaveglia, The time-periodic unfolding operator and applications
to parabolic homogenization, Atti Accad. Naz. Lincei Rend. Lincei Mat. Appl., 28 (2017), 663—
700.

[5] M. Amar, D. Andreucci, D. Bellaveglia, Homogenization of an alternating Robin-Neumann
boundary condition via time-periodic unfolding, Nonlinear Anal., 153 (2017), 56-77.

[6] M. Amar, D. Andreucci, P. Bisegna, R. Gianni, Fvolution and memory effects in the homo-
geneization limit for electrical conduction in biological tissues, Math. Models Methods Appl.
Sci., 14(9) (2004), 1261-1295.

[7] M. Amar, D. Andreucci, P. Bisegna, R. Gianni, On a hierarchy of models for electrical conduc-
tion in biological tissues, Math. Methods Appl. Sci., 29(7) (2006), 767—787.

[8] M. Amar, D. Andreucci, P. Bisegna, R.Gianni, Homogenization limit and asymptotic decay for
electrical conduction in biological tissues in the high radiofrequency range, Communic. Pure
Appl. Anal., 9(5) (2010), 1131-1160.

19



[9]

[10]

[16]
[17]
[18]
[19]
[20]
[21]

[22]

M. Amar, D. Andreucci, P. Bisegna, R. Gianni, A hierarchy of models for the electrical con-
duction in biological tissues via two-scale convergence: the nonlinear case, Differential Integral
Equations, 26(9-10) (2013), 885-912.

M. Amar, D. Andreucci, R. Gianni, C. Timofte, Concentration and homogenization in electrical
conduction in heterogeneous media involving the Laplace-Beltrami operator, Calc. Var. (2020),
to appear.

M. Amar, M. Chiricotto, L. Giacomelli, G. Riey, Mass-constrained minimization of a one-
homogeneous functional arising in strain-gradient plasticity, J. Math. Anal. Appl., 397(1)
(2013), 381-401.

M. Amar, I. De Bonis, G. Riey, Homogenization of elliptic problems involving interfaces and
singular data, Nonlinear Analysis, 189 (2019), 111562.

M. Amar, R. Gianni, Laplace-Beltrami operator for the heat conduction in polymer coating of
electronic devices, Discrete Continuous Dyn. Syst. Ser. B, 23(4) (2018), 1739-1756.

M. Amar, R. Gianni, FError estimate for a homogenization problem involving the Laplace-
Beltrami operator, Math. Mech. Complex Syst., 6(1) (2018), 41-59.

A. Braides, A. Defranceschi, Homogenization of multiple integrals, Vol. 12 of Oxford Lecture
Series in Mathematics and its Applications. The Clarendon Press Oxford University Press, New
York, 1998.

A. Braides, G. Riey, M. Solci, Homogenization of Penrose tilings, C. R. Math. Acad. Sci. Paris,
347(11-12) (2009), 697-700.

A. Braides, M. Solci, Interfacial energies on Penrose lattices, Math. Models Methods Appl.
Sci., 21(5) (2011), 1193-1210.

V. Chiato Piat, G. Dal Maso, A. Defranceschi, G-convergence of monotone operators, Ann.
Inst. H. Poincaré. Anal. Non Linéaire, 7(3) (1990), 123-160.

D. Cioranescu, A. Damlamian, G. Griso, Periodic unfolding and homogenization, C. R. Math.
Acad. Sci. Paris, 335(1) (2002), 99-104.

D. Cioranescu, A. Damlamian, G. Griso, The periodic unfolding method in homogenization,
SIAM J. Math. Analysis, 40(4) (2008), 1585-1620.

E. De Giorgi, S. Spagnolo, Sulla convergenza degli integrali dell’energia per operatori ellittici
del secondo ordine, Boll. Un. Mat. Ttal., 8(4) (1973), 391-411.

P. Donato, D. Giachetti, Fzxistence and homogenization for a singular problem through rough
surfaces, STAM J. Math. Analysis, 48(6) (2016), 4047-4086.

W. Fulks, J.S. Maybee, A singular nonlinear equation, Osaka Math. J., 12 (1960), 1-19.

M.E. Gurtin, Thermomechanics of evolving phase boundaries in the plane. Claredon Press,
Oxford, 1993.

H.K. Hummel, Homogenization for heat transfer in polycrystals with interfacial resistance,
Appl. Anal., 75(3-4) (2000), 403-424.

F. Lene, D. Leguillon, Etude de Uinfluence d’un glissement entre les constituants d’un matériau
composite sur ses coefficients de comportement effectifs, J. Mécanique, 20(3) (1981), 509-536.

R. Lipton, Heat conduction in fine miztures with interfacial contact resistance, SIAM J. Appl.
Math, 58(1) (1998), 55-72.

G. Nguetseng, A general convergence result for a functional related to the theory of homoge-
nization, STAM J. Math. Anal., 20(3) (1989), 608-623.

S. Spagnolo, Sulla convergenza delle soluzioni di equazioni paraboliche ed ellittiche, Ann. Sc.
Norm. Sup. Pisa Cl. Sci., 22 (3) (1968), 571-597.

L. Tartar, Problémes d’homogénéisation dans les équations aux dérivée partielles, Cours Peccot
College de France, 1977, partiaellement rédigé dans: F. Murat, ed., H-convergence. Séminaire
d’Analyse Fonctionelle et Numérique, 1977/78, Université d’Alger (polycopié).

20



[31] V.V. Zhykov, Averaging of functional of the calculus of variations and elasticity theory. 1zk.
Akad. Nauk. SSSR Ser. Mat., 50 (1986), 675-710.

[32] V.V. Zhykov, S.M. Kozlov, O.A. Oleinik, Homogenization of differential operators and integral
functionals Springer-Verlag, Berlin, 1994.

21



