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Abstract

We present the stochastic solution to a generalized fractional partial differential equation involving a regular-
ized operator related to the so-called Prabhakar operator and admitting, amongst others, as specific cases
the fractional diffusion equation and the fractional telegraph equation. The stochastic solution is expressed
as a Lévy process time-changed with the inverse process to a linear combination of (possibly subordinated)
independent stable subordinators of different indices. Furthermore a related SDE is derived and discussed.
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1 Introduction

In the last few decades considerable effort has been devoted to the study of fractional partial differential
equations (fPDEs) that is of PDEs in which usual differential operators are substituted by fractional differential
operators (for example two rather recent references are ? and ?). The simplest equation of this class is the
so-called fractional diffusion equation, also known as diffusion-wave equation [see amongst others ????].
Another well-known and well-studied fPDE is the fractional telegraph equation [?????]. In the more recent
years, moreover, an increasing number of papers presented results connecting the study of fractional PDEs to
that of some time-changed stochastic processes. The aim of this paper is to clarify this connection for a very
general class of fPDEs which includes as specific cases both parabolic and hyperbolic fPDEs as well as more
general integral and differential equations. In order to be more specific and for the sake of comprehension, we
will start by recalling here the definitions of the classical fractional operators of Riemann-Liouville type and
the Dzhrbashyan—Caputo derivative (see for the latter 2?? — see ? for a reference book).

Definition 1.1 (Riemann-Liouville integral). Let f € Llloc(O, b), 0 <t < b < 00, be a locally integrable
real-valued function. The operator

wr . 1 [" F

th = (@) =)= u, a>0, 1.1
0

is called Riemann-Liouville integral of order a.

Definition 1.2 (Riemann-Liouville derivative). Let f € L'(0,b), —00 < a < t < b < 00, and define the
power-law kernel Zg(t) = tF=1/T(B), B > 0. Consider a > 0 and write m = [a] for the smallest integer
greater than or equal to a. For f * %,_, € W™(0, b), where W™1(0, b) is the Sobolev space

wm™(0,b) = {heLl(o, b): %heLl(O,b)}, (1.2)



the Riemann-Liouville derivative of order « is defined as
s 1 dm )
—f(t) = ———— t—s)™m ¢ ds. 1.3
1 0=t dtmL( SY"If (5) ds (1.3)

In order to introduce the definition of the Dzhrbashyan—Caputo derivative, let us denote by AC™ (0, b), n €N,
the space of real-valued functions h (t) with continuous derivatives up to order n— 1 on (0, b) and such that
h=D (¢) belongs to the space of absolutely continuous functions AC (0, b), i.e.

n—1

AC™"(0,b)={h:(0,b) > R: d
dxn—l

£ (x) €AC(0, b)} . (1.4)

Definition 1.3 (Dzhrbashyan—Caputo derivative). Let a > 0, m =[a]. The Dzhrbashyan—Caputo derivative of
order a > 0 is defined as

0 1 ' L, dm

—f(t) = ———— t—s)" Tt — d 1.5

2ol O gy | =9 gl O 1)
for f € AC™(0, b) such that (1.5) exists.

Let us now recall one of the most famous applications of the Dzhrbashyan—Caputo derivative: the fractional
diffusion equation in dimension one in its simplest form. Let us consider thus the Cauchy problem

D%u(x, t)= Azdd—;u(x, t), t>0,x€R,
u(x,0)=6(x), 0<a<2, (1.6)
%u(x, t)|t:0=0, l<a<2.

It has been proven that the solution to (1.6) can be written as [??]

1 x|
2Agaf2 —w/2imal2\ Ty a2

where W, ,(2) is the Wright function [?, Chapter 1]. The solution (1.7) has the remarkable property that it
reduces to the Gaussian function for a = 1 and to the classical d’Alambert’s solution to the wave equation for
a — 2 while keeping an intermediate behaviour for a € (1,2).

Aside the analytical point of view, by starting from the well-known fact that diffusion processes are strictly
connected via their distributional structure to parabolic equations, the most part of the recent research on
the subject has been in fact dedicated to construct stochastic processes that can be related to various classes
of fractional PDEs and that can therefore furnish them with a microscopic interpretation. For example the
fractional diffusion equation (1.6) can be related to a time-changed Brownian motion (see e.g. ????). Indeed, let
us call B;, t > 0, a standard Brownian motion and V%, t > 0, a € (0, 1) an a-stable subordinator, independent
of B,, from which the time-change will be constructed. Note that stable subordinators are a particularly
well-behaved class of Lévy processes which are increasing and have a very simple Laplace exponent. Then,
after having defined the right-inverse process as Kf‘ =inf{s > 0: VS“ > t}, t > 0 (see ? for details) we have
that the marginal distribution IP{BKra € dx}/dx is the solution to (1.6). Similar considerations can be done for
hyperbolic PDEs and some stochastic processes describing particles moving with finite velocity. With respect
to this the reader can consult the papers by ???? and the references therein. For what concerns fractional

), t=0,xeR, 0<a<2, 1.7

In this paper we study fractional PDEs in which the operator acting on time generalizes the Dzhrbashyan—Caputo
fractional derivative and connect them to time-changed Lévy processes. The general fractional PDE that we
study in Section 3 generalizes both diffusion-like and telegraph-like differential equations.

Let us thus start by considering the operator Di’n, ro+ that we call Prabhakar derivative. It was first introduced
by ? and it is defined as

dqn+o t B
(Do f O) 0= 3 JO (t=y)"7E5 (St =) 1 () dy, (1.8)
where 6 >0,11>0,{ €R, t >0 and
3 — - xr(g)r
ES, (x) ;: Tty ©MmESRa>0, (1.9)



is known as the generalized Mittag-Leffler function (see for example ? or ?). The symbol (&), in (1.9) is the
so-called Pochhammer symbol. Recall that the operator in (1.8) is the Riemann-Liouville derivative and notice
that the operator Di .0+ is the left-inverse to the convolution-type operator [?]

(E5, 0fO) (r)—f (t—y)" S, [E(e— ) 1f (1) dy, (1.10)

which was originally introduced by ?. Consider now the following operator:

Definition 1.4 (Regularized Prabhakar derivative). Letn >0, &,{ €R, a >0, m=[n], x =[&], f € A*(R"),
where

Kk—1 —ai
A*(R*) = {u: Rt —» R s.t. a; aa:n*oj ueC(R"), a€(0,1], a; >0V}, {%(t){ <t B> O}.
j=0
The operator
(D%, 10 f ) (@)= (D, 0, f()) () - Zf(")m*)tk AN (430) (1.11)

k=0
is called regularized Prabhakar derivative.

Note that the regularized Prabhakar derivative has Laplace transform
oo m—1

f e (DE, 0 f ) (e =" =L () — > FPON)T 1A —¢),  (112)
0 k=0

where f(s) is the Laplace transform of function f.

In Section 2 we introduce a stochastic process M f, t >0, 6 > 0, built as a suitable linear combination of stable
subordinators that are made dependent by a common random time-change with a further independent stable
subordinator. Indeed formula (2.31) tells us that M5 Zr 0( )an )rV "t >0, where V r=1,...n,
are the dependent w,-stable subordinators with w, =y + v—rvé/n, n=[6 ] and v6 <y+v< 1 The main
result of Section 2 is Theorem 2.2 which states that the process Zf = inf{s >0: Mf ¢ (0, t)}, t >0, i.e. the
right-inverse process to M f, has marginal distribution which solves the Cauchy problem

8
(D% 1) 0eh(x,)) () =—Fh(x,t),  t20,x20, w13)
h(x,0") = 56(x).
In Section 3 the most general fPDE we deal with is
(D% ) 10:8(6)) () = g(x,t), xR, >0, 1.14)

with 6 >0,6v<y+v<1,y,v€(0,1), and where .¢/ is the infinitesimal generator of a Lévy process A}, t > 0,
starting from x € RY. We prove in Theorem 3.1 that the time-changed process A; s> t = 0, has one-dimensional
distribution which solves (1.14) with a suitable choice of the initial datum. t
Section 4 contains all the details for the case ./ = 92/9x2. However, in that section v < y + v < 2, hence
including important specific cases such as the classical telegraph equation. This clearly does not permit us to
relate the solution to A’;S but still several results from an analytical point of view are obtained.

t

2 The operator ]Di .o, and its relation to the hitting time of linear
5n;g,0+

combinations of stable subordinators

In the following we study the connection of the operator Di .04 O some stochastic processes constructed as
inverse processes to some linear combinations of dependent stable subordinators.



2.1 Connections of D’ to the hitting time of linear combinations of stable sub-

a,m,$;0+
ordinators

Here we analyze the relations of some inverse processes of linear combinations of dependent stable subordinators
to differential equations involving the operator Di .0+ with a restriction on the range of the parameter 1 and
considered as an operator acting on functions t — f (-, t). When 1 € (0, 1) from formula (1.11) we have

(D%, ri0sf (6 0) () = (D5, 0, f (6, )) () — £ (x, 0%) £ TE, S, (Ce®), @2.1)
with Laplace transform
J e (D5, 0 f (6, )) () dE =s"(1— 5™ F (x,5) — £ (x,07)s" (1 — {5~ (2.2)
0

Let us now assume (y + v) € (0,1), § €R, k =[5], and call Q4*! := Q x (0, 00) with 2 C R?. We define the
function space

on—ai

ue @), ae€(0,1], a;>0Vj, (2.3)

k=1
keod+1y — | . od+1 +
AT(Q )—{u.ﬂ — R s.t. Z():ajat”—“f
J:

{%(x, ] <a)tP, p>0, g€ L“(Q)}.

Our aim is to find the solution to the following Cauchy problem, u € Ak (R}fl) NCy(R,),

(S hx,)) () =—Zh(x,t), t>0,x>0,

v,y+v,—1;0+

{h(x, 0") =6(x).

It is interesting to note that when & = 0, the above equation reduces to that satisfied by the density law of
the inverse (y + v)-stable subordinator (see e.g. ?, Section 4). Indeed, by using Remark A.1 and after some
calculations, we arrive at

2.4

r+v

a
aw”h(x’ t)= —ah(x, t), t>0, x>0, (2.5)

where, we recall, 9® /0t® is the Dzhrbashyan—Caputo fractional deivative of order @. For § = 1, we obtain

D)/+V

or 0
orth(x’ t)+ a?h(x’ t)= _ﬂh(x’ t), t>0,x>0. (2.6)

In order to solve (2.4) we apply a Laplace-Laplace transform to (2.4) with respect to both variables.

Proposition 2.1. The Laplace-Laplace transform i(z,s) = f Ooo f Ooo e #*h(x, t) dx dt of the solution to (2.4) is

sTPL (1 4+ s"’)é

sTHY (14s57)° + z

;l(Z,S) = z>0,s>0. 2.7

Proof. By means of direct calculation and considering (1.12) and the initial condition we have that
SY+V;1(Z,S) (1+ s_“’)5 =—z ;I(Z,S) +sT (1 + 5_”)5 . (2.8)

Rewriting (2.8) with respect to ?l(Z,S) we obtain the thesis (2.7). O

Proposition 2.2. The t-Laplace transform and x-Laplace transform of h(x, t) read respectively

~ e y+v _—.
h(x,s) = J eth(x, t)dt =s"71 (1 +s_“’)5 e (1457) s x>0,s>0, 2.9)
0
oo oo
R(z,t)= L e h(x,t)dx = Z(—z)rH(Y+V>E;§(Y+v)+1(—H), t>0,2>0, (2.10)
r=0

where |2/(s"""(1 +s7")%)| < 1.



Proof. Formula (2.9) is straightforward as it follows from the expression of the Laplace transform of an
exponential. For what concerns formula (2.10), from (2.7), we first write

_ oo
h(z,s)=s7! (1 + 2570+ (1 +s_”)_5) - z:(—z)rs_(“v)r_1 (1 +s_v)_r6 , (2.11)
r=0

which holds if |z/(s"**(1 +s7")%)| < 1. We then recall the following formula for the Laplace transform of a
generalized Mittag-Leffler function [?, formula (2.3.24)]

f (e PES ((t)de=p 1 (1-pT) T, a>0,7>0, p> (e, (2.12)
0

by means of which result (2.10) is easily found. O

Remark 2.1. Note how the above t-Laplace transform (2.9), for 6 = 0, reduces to the well-known t-Laplace
transform of the inverse (y + v)-stable subordinator, namely s"*"~! exp(—xs?*") [?, formula (2.14)]. Further-
more, the x-Laplace transform, again in the case 6 = 0, can be written as

. 0 (—ztr+)” .
REt)=> ————2  =F . (—2t'"), 2.13
(z,1) ZO GG D - B E) (2.13)
which, as expected, concides with the classical result [?, formula (2.13)].

The remaining pages of this section are devoted to explain in which sense the integral operator we are analyzing
is connected to some stochastic processes. For the sake of clarity we explain our results first in the specific case
6 € (0,1] leaving the presentation of the more general case § > 0 at the end of this section.

Consider a filtered probability space (2, F, &, P), where & = (¥,)>¢ is the associated filtration, and the process

Ut(al,az) — ],V[al + 2V[a2, t>0, a;,ay € (0’ 1)’ 2.149)

adapted to &, where thaj ,t>0,j=1,2, are independent stable subordinators of order a;. Let us further

consider the stable subordinator Vf, t >0, 6 €(0,1] also adapted to & and independent of Ut(al’aZ), t>0. We
focus now on the subordinated process

U™ =1V 45V, 620, (2.15)
clearly adapted to the time-changed filtration ((g‘/f)tzo and, in particular we have that its Laplace transform is
Eexp (—zU‘(/;l’aZ)) =Eexp(—2"V? —2%V?) =exp(—t(z™ +2%)°). (2.16)

Notice that for (2.15) we obtain
U‘(/;l’%) Lviu 4, vl >0, (2.17)

Sa; . . .
where ;V; % t>0,j=1,2 are now ®-adapted dependent stable subordinators. The dependence is due to
the time-change and vanishes in the degenerate case § = 1. For § € (0, 1) the processes in (2.17) possess
dependent increments but non-decreasing paths, that is the increments are non-negative. Thus we argue that

ClomP%) —infls > 0: V% +,V0% ¢ (0,0)} £ inf{s >0: U ¢ (0, t)}, t>0, (2.18)

is the first exit time of the process (2.17) from the interval (0, t) whose distribution coincides with that of the
first exit time of (2.15) from the same interval (0, t). We refer to (2.18) also as the inverse to (2.15) as

P{cCe2%) > x} = IED{U‘(/:ZI’“Z) < t} . (2.19)

Ct(éal,éaz)
Say)

Note that if we let the inverse process , t = 0, be adapted to filtration § = (Z,), we have that
G =(Y%)>0= (gc(&ll,ﬁaz))t>0, that is Ct(éal’ is a time change on the filtered probability space (2, #, T, P).
Relation (2.18) allows us to derive the t-Laplace transform of the density law of (2.18):

d

oo d oo
—— | e {cf s xbae=—— f ep{uls < cfde (2.20)
X 0 X 0 x



1d (T (e 1d (@1,a)
=——-— e IP{U P2 Gdt}z———Eex (—sU P2 )
sdx J, v? s de " SXP vs

Now, by using the Laplace transform (2.16) we arrive at
oo et (]P, {Ct(éabﬁaz) = dx} /dx) dt =— li exp (_X(Sal 4+ 5% )5) (2.21)
o s dx
1
==(s% 45%)° exp (—x(s“‘1 +s“2)5).
S

First we present the following result.

Proposition 2.3. We have that

Ct(aal,saz) 4 Lg t>0,65¢<(0,1], (2.22)

(a1,a2)2
where Lf =inf{x>0: Vx5 ¢ (0,t)}, t = 0 is the inverse to the stable subordinator Vt‘s, t > 0 in the sense that
P{L? < x} =P{V? > t} (2.23)
and CE“““Z) =inf{s > 0:,V* +,V% ¢ (0,t)}, t >0, is the inverse to Ut(al’a”, t > 0 in the sense that
(ay,a5) — ay oy
P{C™ > xt =P{,V4 +,V% < t}. (2.24)

Proof. It suffices to consider formula (2.21) for 6 = 1 and the integral

o0
J e‘“(Eexp(—zLi(alyaz)))dt =J
0 ' 0

ZJ El:e—zL)‘Z] l(Sal +5“2)exp(—x(s“1 +Sa2)) dx
0 S

oo (o]

E[e ] f e P{c ™ edx}dr (2.25)
0

1, ., *® 5 1 (s9 45%)°
=—(s" +s% Es(—2x°) exp(—x(s“ +s%2))dx = ——————
] )JO p(oax®) exp(ox(s® +st)dr = T U

which coincides with the x-Laplace transform of (2.21). O

In the following, when we refer to stochastic solution of a pde, we mean the stochastic process whose density
function is the fundamental solution to such pde.

a;)

Remark 2.2. We observe that the process Ct(al’ , t > 0 has been investigated in ? and is, for a; =y +v € (0,1)
and a, =7 € (0, 1) the stochastic solution to the fractional telegraph equation

orty oY
aku(x, t)+ 30

u(x,t) = —aa—xu(x, t), x=0,t=0, (2.26)

subject to the initial and the boundary conditions
t*']/*v t*V

u(x,0)=56(x),  u(0,t)= r(1—y—v) " r(1—v)

(2.27)

Now we are ready to prove the following result which shows the relation to the Cauchy problem (2.4).

Theorem 2.1. The stochastic solution to (2.4), 6 € (0, 1] is given by the hitting time (2.18) of the subordinated
process (2.15) with a; = (y+v)/6 € (0,1], ay = (y+v)/6 —v € (0, 1]. Furthermore, the process (2.18) becomes

ARES cI = —inf{s > 0: (VI 4, v g (0, 1) t>0, (2.28)

y+v—6v
Vt

where 1Vt"+v and , are dependent stable subordinators.



Proof. From (2.21) we obtain the Laplace-Laplace transform of the density law of the process (2.18) as follows

oo oo oo
f e Eexp (—th(aal’MZ)) dt = f f e S p {Ct(aal’éa” e dx} de (2.29)
0 o Jo

)
1 1 (s% 45%)°

= e FX _(s*1 4 g*2 5ex —x(s* 4% 5 dx =~ —— -

Jo s( ) p( ( ) ) s z+(s0 +s52)58

For a; = (y +v)/6, ay = (y + v)/6 — v, we have that

(o]
f e Eexp (—sz)dt =
0

which coincides with (2.7). O

S)/Jrvfl(l _{_sfv)é
z+srt(1+s7)8°

(2.30)

We now move to analyzing the more general case § > 0. In light of Theorem 2.1, the results stated in the
following theorem will appear natural. What changes is basically that now we are dealing with a linear
combination of subordinated stable subordinators whose hitting time will be the stochastic solution to (2.4).

Theorem 2.2. Given the filtered probability space (Q, & ,§,P), the stochastic solution to (2.4), 6 > 0, is given by
the F-hitting time Z f, t > 0, of the &-adapted process

s n n 1/[(y+v)n/6—rv] N 5/ n N 5/
_ y+v—rvé/n __ y+v—rvd/n
M? = ;_0 (r) v = ;zorv(:)t ,  t>0, (2.31)

where § = ()0 = (gZ?)po’ is the associated filtration (with & = (%,)>0), thY”_”'S/”, r=1,...n, are
dependent stable subordinators, n =[] is the ceiling of 6 and v6 <y + v < 1.

Proof. We start, similarly to proof of Theorem 2.1, by considering the process

n 1/[(y+v)n/6—rv]
n _
U => :(r) yrtmfe=ry. (2.32)
r=0

with , VO3 =1 .. n, independent stable subordinators and »5 < y + v < &/n. This process must be
subordinated to a further stable subordinator V>/" independent of , V™5™ =1,...n. We thus obtain

n 1/[(y+v)n/6—rv]

_ n (y+v)n/6—rv

Uyon = Eo(r) Vi . (2.33)
—

. . L . . d
Note that, as U, is a linear combination of independent stable subordinators, the process U s» = Mf .
t

Due to the nature of the time-change considered it is clear that M t‘s is a linear combination of depen-
dent subordinators. This is easily explained by noticing that the shared time-change turns the indepen-
dency (Ve ylrmn/osty ylra/oy Ly /ey i the dependent collection of subordinators

r+v y+v—v8/n y+v—2v86/n y+v—nvé/n
(OVr :1Vr ’2Vt 7th

IR

n n &/n
n n
Eexp{—zUVra/n} = Eexp{—Vf/n E (r)z(””)”/é_”} = exp{—t[ E (r)z(7+”)”/5_r”i| } (2.39)

r=0 r=0

). The Laplace transform of the density law of U, s/ reads

=exp {—t [z(””)”/5(1 + z‘”)”]é/n} =exp {—tz"""(1+27")°}.
Let us define now the right-inverse process to Mf as
z8 =inf{s>0: M2 ¢ (0,0} Zinf{s > 0: Uysn ¢ (0,0)},  £20,5>0. (2.35)

In particular note that P{Z f > x} =P{Uysm < t}.
The time-Laplace transform related to the inverse process Z f, t > 0, can be determined as in the following.

o

d

d oo
— 5 _ —
—a . e St]P){Zt > x}dt = —EL e StP{UVXS/n < t}dt (2.36)



_ d o —s — d _SUV‘S/”
=—s 1aJO e P{Uysn €dt} =—s 1aEe i
Therefore
f et [IP’{Z? € dx}/dx] dt =—s7! di exp {—x sTH(1 +s‘”)5} 2.37)
0 x

=" (1 4+57) exp {—x ST+ s_”)ﬁ} .

Finally we calculate the complete Laplace-Laplace transform.

oo oo oo
f eStRe 4 dt = J f e‘“‘"”‘IP’{Z;s e dx}dt (2.38)
0 o Jo

sy+v71(1 +sfv)5
Z+sTt(1+sv)0"

oo
= f e s (14+57") P exp {—x s"(1 +s*”)5} dx =
0

As the latter expression coincides with (2.7) the proof of the theorem is complete. O

Remark 2.3. If we consider n =[6] and m > n we have that the corresponding process becomes

- n
Mén/m = Z (
7 r

¢ r=0

1/[(y+v)n/6—rv] 5
) JyEn/mrvdim S 0 Ym > n, (2.39)

where v6 <y+ v <1 and Vt"/ ™ is an independent n/m-stable subordinator. It is worthy noticing that in this
case the hitting time of the above process is not a stochastic solution to equation (2.4).

Aside the results contained in Theorem 2.2 we are able also to prove a subordination relation for the stochastic
solution Z f , t = 0, in the following proposition.

Proposition 2.4. We have that

2221l >0, (2.40)
where n = [8] is the ceiling of 6 > 0 and where Lf/” =inf{x > 0: VX‘S/" ¢ (0,t)}, t = O, is the right-inverse

process to the stable subordinator Vf/ "t >0, in the sense that P{Lf/ T<x}= IF’{VXE/ " > t} and the hitting time

F,=inf{s > 0: U, ¢ (0,t)}, t = 0 is the inverse to U,, t > 0 in the sense that P{F, > x} =P{U, < t}.

Proof. In order to prove the subordination relation it is sufficient to consider formula (2.37) for 6 = n and the
following calculations.

f e‘”(IEexp(—zL?r/n))dt =f E[e_ZLf/n]J e 'P{F, €dx} dt (2.41)
0 0 0

oo
— f E I:e—sz/ﬂsz(y+v)n/5—1(1 +S—V)n exp (_xs(y+v)n/6(1 +s—v)n) dx
0

o0

_ s(””)”/‘s_l(l +57)" f Eg/n,l(—zxﬁ/”)exp (_xs(7+v)n/5(1 +S—V)n)dx
0

5/n—
[5(Y+V)Tl/5(1 +S—V)“:| /n—1 _ Sy+v—1(1 +S—1/)5
2 + [sG+n/8(1 4 s—v)n]%/" Szt (14s7v)8

:S(y+v)n/5—l(1 +S—1/)n

The last expression exactly coincides with the x-Laplace transform of (2.37). Notice that E/,, ;(x) = E; /n (%)
is the classical two-parameter Mittag-Leffler function.

Remark 2.4. In the specific case of § = n € NU {0}, equation (2.4) takes a peculiar form. We have

ay+v+9

a t
(D’;’Yw’_lmh(x, -)) (O)=—z—h(x,0) & 5 L (t—=y)*7E} [—(t —¥)"1h(x,y)dy (2.42)



0
= —a—h(x t)+6(x)t (Y”)EV1 (Y+v)( t).
By recalling again that (—n), = (1) (n—r + 1), =(—1)"n!/(n—r)!, we obtain

grtv+o o 1 (t—y)" B ~r—(r=1))
atwef (t—y) 0() Fors e ) dy = ~hCx, t)+5(x)2( e
(2.43)

—(r—r=1)

n gr—r=1)
I Z@aw—vv—w hCx 0 == $ oG ”*5“)2( )m = —D))
s Zj:( );;—v—v((rr—ll)) (x,t)=—ah(x,t)

with h(x,0) = 6(x), 0 <y—v(r—1) <1 and thus nv < y + v < 1. Note furthermore that equations (2.43)
and (4.20) are consistent with Theorem 3.1 of ?.

Before moving to the next section where the introduced process is related to the the stochastic solution of
different abstract Cauchy problems, we first underline in the following remark that the inverse process Z f,
t >0, 6 >0, is well-behaved and can be used as a time-change.

Remark 2.5. The inverse process Z f ,t>0,6 >0, is a continuous time-change on the probability space
(2, Z,5,P). This simply ensues from the construction of the process (2.31) as a linear combination with non-
negative coefficients of dependent stable subordinators which are clearly increasing processes (right-continuous
and taking values in [0, 0o0]) and Mf, t >0, is adapted to &.

We conclude this section by studying the case & < 0. When § is strictly negative calculations become more
complicated. We present the following result for —1/2 < 6 <0, v=—f.

Theorem 2.3. Let 0 <y—f <1, (withy,p €(0,1)) and e = —5 with —1/2 < § < 0. In this case the solution
to (2.4) is

h(x,t) = % L %qﬁ)(x,z)L dup(u,z,t), x,t>0, 2.449)
where -
oz, t)= f f e Vo (y, U /42) v (t —k, yP) L _p(u, k) dy dk. (2.45)

Vve(x,t) =P{V € dx}/dx is the density law of the a-stable subordinator, I,(x,t) =P{L{ € dx}/dx is the density
law of the inverse process to an a-stable subordinator; and ¢ is a function such that ¢(u,z) = ue’z“z.

Proof. First we show that
u? e |
G(u,z,5) = e A" grp-lomus™ (2.46)
Indeed, the first exponential term in the right-hand side of (2.46) can be written as

e_%(lﬂﬁ)zf —Ee —(1+s? )vz/4 —ERe —(1+sV )Vze/4 (2.47)

oo oo
- f e VR v, (y,u2/45)dy = f e 0V v, (v, 4 /42) dy,
0 0
where e~09)" = fooo e vg(x,y Pydx. Also, the remaining terms of equation (2.46) are in fact the Laplace
transform of the density law of an inverse (y — 3)-stable subordinator, that is

oo
Pl gus " zf e—sxly_ﬁ(u’x) dx. (2.48)
0

Now, note that the following product can be represented as the Laplace transform of a convolution, as it is
shown in the following formula.

[oe] t
ef(ys)ﬁsyfﬁfleiusﬂ/#j = f eist f Vﬁ(f —W,yﬁ)lyfﬁ (u, W) dwdt. (249)
0 0



Therefore we have
oo oo
J e to(u,z,t)dt = J e vy (y, u2/4z)e*(y5)ﬂsyfﬁfle*”sHa dy. (2.50)
0 0

Last step has been obtained by using (2.49). Considering (2.47) we immediately obtain result (2.46).
The t-Laplace transform of h becomes therefore

1 (% dz % aupy
h(x,s) = ﬁf 7009 J e e du (2.51)
0 0
and the double Laplace transform is given by
2 1 (<4 F_2aubye ;
h(u,S):ﬁf 725(“6‘2“2) J TS du 2.52)
0 0

By considering that K,(2v'ab) = % (g)E fooo y&le™ b3 dy is the modified Bessel function of the second kind,
we have that

oo (1B 26 2 By2e 7
d_z o 6—7(142 = 2 M K1 202(1 +sP)2e ). (2.53)
u U 1 u
0

vz 4u?

Since K 5(2) = \/ge_z, we get

) L
d 21seP2€ 2(1 +sP)2e\* _1 c e
f 2 (‘uefzuz)ef% =2‘u(u ( S ) g(‘u,2u2(1+sﬁ)25) 7 e*Mu(l‘FSﬂ) — /_nefuu(lﬂﬁ) .
0

vz 4u?
(2.54)
Hence,
- oo —p-1 —B-1 By—€
h(u,s) =s"F1 du e™us " pu(1sh) — s = s (1 +s7) (2.55)
’ 0 st +u(1+sP)e  srB(1+sP)ec+u
which coincides with (2.7) for = —v and e =—6. O

3 Time changed Lévy processes

Let A7, t = 0, be an R¢-valued F-adapted Lévy process starting from x € R?, with characteristics (a,Q, IT). We
introduce the convolution semigroup

T, f(x)=Ef(A) = f fFIPA; €dy) (3.1
Rd
with infinitesimal generator
.1
lim = (T f —f)=df, (3.2)
where the strong limit exists in the domain
D(.ef):= {f € L (RY) : f FE@P (1 +1wE)P)de < oo}. (3.3)
Rd
In (3.3), f represents the Fourier transform of f. The cumulant generating function (also known in some
literature as Fourier symbol) of the process A, := ‘2, t >0, clearly is
. 1 - ;
¥(E) = ifa, &)+ (€,Q8) + f (1=e@9 +ifa, )1 ) T1(d2). (3.4)
R4\ {0}

10



The Borel measure II(:) is the so-called Lévy measure satisfying f R4\ {0}(1 A|z|?)TI(dz) < oo, where, as usual,
|z|2 = (2,2). We have that

T f ()= f(x) ZJ
t

Rd

. —t¥(&) _ 1, . R

o f (x) = lim L f I (—wENf(E)dE 35
t— t— Rd

and therefore, —V is the Fourier multiplier of .«/. An explicit representation in terms of Lévy measure can

be also given, we consider some special cases below. The semigroup u,(y, x) = P(A} € dy)/dy denotes the

density of the Lévy process A7 on R? starting from x € R?. This means that

Eexp (igA,) =f Y (dy) = exp (—1¥(£)) (3.6)
]Rd

and that the function ¥(-) completely determines the density of A,, t > 0. In (3.6), u.(dy) = u.(dy,0).

We introduce the time-change operator

H™ = f h(dy, )T, 3.7)
0

where h(y, t) is the solution to (2.4) and hence the density law of Zf, t > 0, with 6 € (0,00) and T, is the
convolution semigroup in (3.1). For § € (0, 1), the function h(y, t) coincides with the density law of (2.18).
For the operator (3.7), we obtain that

7,0
1= fIISJ

0

Ih(dy, OIIIT, fIl < IIfIIJ Ih(dy, )l = [If1I- (3.8)
0

Indeed, T, is a strongly continuous contraction semigroup on C°°(R?) and h(-, t) is a probability measure on
(0, 00). Consider now the space LP((0, 00),e tdt) of all measurable functions t — f(t) equipped with the
norm ||f ||§ = fooo |f (¢)|Pe~tdt. Recalling that n =[6] and therefore that 6/n € (0, 1], we have

1= £y < j Ih(dy, Ol [Ty £I = ITesz8m f Iz (3.9)
0
Indeed, from (2.37) we also have that
Ih(dy, ), = f h(dy, t)e~tdt = 2°/me 72" dy. (3.10)
0

From Proposition 2.4 we have that h(x, t) = fooo l5/n(x,7)k(dr, t) and the operator (3.7) takes the form

H" = J k(dr, t)f ls/n(dy,T) T, (3.11)
0 0

where, l5,,(dy,r) = P{Lf/” edy} and k(dr, t) =P{F, e dr}.

. d . .
For n = 1 the density law of the process F, = Ct(yw’v), t > 0 has the explicit representation (see ?)

t t
k(x,t)= j Ly (6, y)v, (t =y, x)dy + J L0, y)vy iy (t =y, x)dy. (3.12)
0 0
For the sake of completeness we show that the Laplace transform of the density (3.12) is written as
~ 1 +v v
k(x,s) == (s“” +s”) e X(TTHST) (3.13)

S

a—1,—xs*

Indeed, from the Laplace transforms I, (x,s) = s* e and V,(s,x) =

a, we arrive at
oo
f e k(x, O)dt =T, (x,8)9,(5,3) + 1,3, 807, (5, x) = (5777 45771 ) 077, (3.14)
0

Note also that when & = n =0, the process F, 4 L™, which is an inverse (y + v)-stable subordinator.
Recall that R%*! := RY x (0, o0) and that the function space A¥ is defined in (2.3).

11



Theorem 3.1. Let 6 >0, n=[6], and 6v <y + v <1, y,v €(0,1). The unique solution to

g € A"(R™Y),
(D%, 1) 10:8(x,)) () = Fg(x,0), xR t>0, (3.15)

v)

g(x,0) = f(x),

with f € D(«), is written as g(x,t) = Hf’v’éf(x) =Ef (A’éé ), where Hf’v"s is the time-change operator (3.11)
and A7, t = 0, is the Lévy process started at x € RY with infinitesimal generator (3.2).

Proof. From (2.9) and (3.7) we obtain the Laplace transform

é(x,5)=f E(dy,S)Tyf(x)=J h(dy,s)Ef (A%). (3.16)
0

0

We need now the Fourier transform
J e'€ g(x,s)dx =f(€)f h(dy,s) f, (€) (3.17)
Rd 0

where recall that ay(g )=e? Y&, From (2.9) and (3.6), (3.17) takes the form

sy+v—1(1 + S—v)ﬁ

S(&,5)=f : 3.18
He) = Oy oG Ty (3.18)
The Fourier transform of (3.15) leads to the equation
(D% ) 10:8(5.)) () =—W(E) 4(E, 1). (3.19)
By taking into account formula (2.2) we get the Fourier-Laplace transform
ST (1 457)°8(8,8)—8(E, 0N (1 +57")° + W(E) &(,5) =0 (3.20)
and therefore, we get that
. sy+v—1(1 +S—v)5
g(&,s)=g(&,0" . 3.21
e =8E 0 T T (3.21)
with g(x,0) = f(x). O
Remark 3.1. Consider the integral (3.11). We observe that
f L/n(dy, 1) T, £ () = Ef (A%,,,) (3.22)
0 K
is the solution to the fractional problem
%u(x,r)zbdu(x,r), xeR?, r>0,6/ne(0,1), (3.23)
u(x,0) = f(x). '
Furthermore, for 6 =1, fooo k(dr, t)T, f(x) = Ef (A7) is the solution to
%u(x,r)+ aa—:vu(x, r)=.du(x,t), xe€RY, t>0, v<y+v<1,
(3.24)
u(x,0) = f(x).

Remark 3.2. Note that even though Theorem 3.1 requires that nv < y + v < 1, the Fourier-Laplace transform
(3.18) is still valid for 6v < v + v < 2. In this case however it cannot be related to the process A’ég, t>0.

Remark 3.3. Formula (3.4) defines the Fourier multiplier of .« which is the infinitesimal generator of a Lévy
process A,, t > 0. We mention below some specific cases:

12



o if U(&) = |£]?* with a € (0,1], then ./ = —(—A)“ is the fractional Laplacian. The process A, is an
isotropic stable process and becomes a Brownian motion for a = 1. Thus, for a € (0, 1), we have that
(for a well-defined function f)

fx=y)— 2f(X)

y [2+d (3.25)

C () = (CAYf(x) = € (a,d) f St s
]Rd

where % (a,d) is a constant depending on a,d. It is well known that, in this case, the process A, =

By« where B is a multidimensional Brownian motion and V¢ is a stable subordinator (the Bochner

subordination rule). In our case, therefore we get that g(x,t) = Ef (x + B, ), where 7, = V7 is a
t

time-changed subordinator, is the solution to the problem (3.15) with generator (3.25).

e ifd =1and ¥(&) = A(1 —e'®), then A, is a Poisson process on Z, := {0,1,2,...} with rate A > 0 and

A f(x)=2A{f ()= f(x — 1)}y, (x) (3.26)

is the governing operator written as A times the discrete gradient on Z,. Also, we usually write
o f =A(I—B)f.

o ifd =1and ¥(&) = A(1 +i& —e'®), the corresponding process is the compensated Poisson on R with
rate A > 0. The generator takes the form

A f =AMI—B)f —Af'. (3.27)

4 One-dimensional case with0 <y +v<2

Here the results obtained in the previous section are specialized for .of = c32/9x2, 0 # ¢ € R. Note however
that in this section the order of the operator D’ is allowed to reach 2. Specifically we need 0 < y+v < 2.

»,y+v,—A;0+
Consider thus the Cauchy problem

2
(D3 1) 0:800)) () =cEmg(x,t),  x€R,t>0,
g(x,0") = 5(x), 4.1)
£8(x,0)],,,=0

In the above equation 6 € R, v € (0,00), v € (0,00),0 <y + v < 2, ¢ # 0 is a real constant. Note therefore
that here y + v € (0,2] so that (4.1) is not in fact a direct specialization of (3.15). This explains also the

presence in (4.1) of the addictional initial condition % g(x, t)| o = 0.

Remark 4.1. For 6 =0, equation (4.1) reduces to the time-fractional diffusion-wave equation [?]. Indeed we
have

0 N
(D008 000 (D = e 58, 0) (4.2)
ay+v+9 0—1 10 92 (r+9) 20
_ . v v
= 8tY+”+9J (t=y) E o [-AMt—¥)"1g(x,y)dy = cang(x,t)+5(X)t VB, 1 (en (FAL)
orty 39 01 92 ¢ (y+»)
t— dy=c— t)+6 _——
S om0 r(e)j (t—y)" " glx,y)dy = ‘35 58(x, 1) (x)r(1—(y+v))
(x=y+v) OK tK
= _ <
= 8t’<g(x t)= ca 2g(x t)+5(x)1"(1—1<)’ 0<k<2
K 82
= —cﬁg(x t).

In the second step of the above formula we have used the fact that
E)o[=A(t=y)1=1/T(0),  E) (., ,(=A")=1/TA—(y + ). (4.3)

Also, as mentioned before, we considered here that the semigroup property for the Riemann-Liouville fractional
derivative and hence some regularity conditions on the solution g are fulfilled (see Section A).
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Remark 4.2. For 6 = 1, equation (4.1) reduces to the fractional telegraph equation [?]. In this case we have

(B0 s )) (O = ¢ 28 (4.4)

ay+v+9 2

f (6= )"V} [=ACt — )T g, Yy = g, )+ 5(0) T IESL L (—Ae).

3ty+v+6 9 x2

Now, by considering that

1 l(t—y)v

- " 1 At”
we can write
a}’+v 39 01 Y av+9 o
atr+ 9o r(e)J (t=y) " eley)dy +A50 50 F(v+9)f (t—=y)"" " glx,y)dy 4.7)
32 0+ AT

_cwg(X, t)+6(X)m+5(X)F(1——Y)

vty o 2 =7 A7
= aﬁ,wg(X,t)+}»—g(X,t)—Cﬁg(x,t)+5(x)1_'(1_(}/+ ) +5(X)F(1—y)

Y+v 32
s g(x, )+A—g(x t)—c g(x t),

Dt)/+v
where 0 <y+v<2.

The Laplace-Fourier transform of the solution g(x, t) to equation (4.1) can be easily determined as follows.
We start with the application of the Fourier transform g(f3,t) = f_ozo eP*g(x,t)dx, immediately yielding

(Di,wvﬁl;mg(ﬁ’ )) (6) =—cp?8(B, 1),
%g(x’ t)|tL0 =0

Then, by using formula (2.12) and applying the Laplace transform (with parameter s) to both members of
(4.8), the complete Laplace-Fourier transform of (4.1) can be written as

sTHH05(B,s)s0 (1 + As‘”)g =—cB25(B,s)+s ! (1 + )»s_”)5 . 4.9
From this we immediately obtain the Laplace-Fourier transform of the solution to equation (4.1) as

TP+ As)°
sTHY (14 As—)° + cp? .

3(B,s)= (4.10)

Remark 4.3. Clearly, for 6 = 0, formula (4.10) reduces to the Laplace-Fourier transform of the solution to
the fractional diffusion-wave equation [?, formula (2.17)], while for § = 1 it leads to that of the fractional
telegraph equation [?, formula (2.6) for y = v = a].

The Fourier transform of the solution to (4.1) can be derived by inverting the Laplace transform in (4.10) as
follows.

R B Cﬂz - o0 r
(6.5) = 1(1+—) [ —} (4.11)
8 s+ (1 + As—)° Z(; ST (1 + As—)°

The last step is valid whenever |c$2/(s"**(1 4+ As~”)?)| < 1. We then have

r

§([;}’s) = Z(_CﬂZ)rs—(r(Y+v)+1) (1 + As—v)_ g ) (4.12)
r=0

14



Consequently, by recalling again formula (2.12) and considering ?, Theorem 30.1 which ensures the inversion
term by term, the Fourier transform of g(x, t) reads

2B, ) =D (—cPP Y EL L (—ALY) (4.13)
r=0

(1,1),(m,8) ]

= mzz(:)(—ltv)mzwz |:C/52tY+V (0,50, (r b v, vm+1)

where v, is the generalized Wright function [?, Section 1.11], defined as

(a1, 1),...,(ay, ap) ] Z k[, Tla,+a k)
(b1, 1), - -5 (bgs By) ki TT0, T(b; + Bik)

where x,a,,b; €C, a,,, ; ER,m=1,...,p,j=1,...,q.
The Laplace-Fourier transform (4.10) immediately yields

° 1 [ ST (1 4+ As_”)a
N(x,s)zf etg(x,t)dt = — f e 1Bx d (4.15)
g . g 2n |, s (1 + As—v)ﬁ +cp2 B

S(YJ"’)/2(1+AS_")§/z

(4.14)

pWe(X) =Yg [

B ﬁs(wv)/z (1+ As_v)é/z ean
sc

Remark 4.4. Note how the Fourier transform (4.13), for 6 = 0 reduces to the Fourier transform of the solution
of the pure fractional diffusion equation as we recall that (0),, =0, m=1,2,..., but (0), = 1. Therefore,

8(B, ) = E pyy (—cp?t7™), (4.16)

which coincides with the corresponding formula of ?, page 212.
When 6 = 1 instead we arrive at

(B, ) =D (—cB2"YE () (AL 4.17)

r=0
= Z(—Atv)mzwz [Cﬁz Y
m=0

which should be compared with formula (2.7) of ? when v =y = a.

(1,1),(m,1)
O,1),(y+v,ym+1) |’

Remark 4.5. For 6 =2, y > v, we obtain an interesting specific case. In this case equation (4.1) reduces to

gl ) +2A8g(x, £) + A2 25 g(x, £) = c s g (x, 1), (4.18)
g(x,07) = 6(x). )
In the general case of 6 = n € NU {0}, we can work out equation (4.1) as follows.
82 ay+v+9 t P
(D21, e 802 0) (0) = Fastee o i (t=)E B At — ) 1g(x, ) dy  (4.19)

az
(y+v) o— v
—cang(x, t)+6(x)tTVE™T o (HV)( —At").

Now, considering that (—n), = (—1)"(n—r + 1), = (=1)"n!/(n—r)!, we can write

grv+e A(t—vy)" 52 AT (r=v(r=1))
f(t— (e sy = st o450 3(1)

atr+v+o T'(vr+06) rl—(y—v(@r—-1))
(4.20)
gr—(r=1) 3 AT r—r(r=1)
< Z( ) Goepé =g, ”+5(X)Z( )r(l—(y—v(r—l)))

-1
o Z() O T o)

Here we have 0 < y—v(r—1)<2sothatny<y+v<2.
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Remark 4.6 (Wave-telegraph equation). When y = v = 1, the equation considered is a wave-telegraph equation.
In this case, the allowed range for § is 6 < 1. The interpolating equation reads

82
(Diz,—/l;mg(x’ ')) (O)=cz—glxt), x€R >0 (4.21)

Appendix A Properties of the operator ]Di L0+

We analyze here some properties of the operator ]D)i’n, o4 I the following proposition we show that the
integral operator (1.10) is in fact a generalization of the left sided Riemann-Liouville fractional integral, to
which it reduces for & = 0. The convolution kernel here is no longer a power-law but it is instead a generalized
Mittag-Leffler kernel. It follows furthermore that the operator (1.8) represents a generalization to the left
sided Riemann-Liouville fractional derivative.

Proposition A.1. For £ = 0 we have that
(B2, c0nf (D) ()= F( )f (t—y)" f ()dy, (A1)
(D%, 0. fO)(t )=d7f( ), A2)
withn>0,a>0, R, t =>0.

Proof. Formula (A.1) can be derived by simply considering that Eg,n [Z(t—y)*]1=1/T(n). In order to briefly
prove formula (A.2) we can write that

n+6
(B0 ) (D= S +9f (t—y)°E, [L(t— )" 1f (1) dy (A.3)

_e a1 =" L),

den ded T(0) IITII =
as the Riemann-Liouville fractional derivative is the left-inverse operator to the Riemann-Liouville fractional
integral. As before, in the second step of formula (A.3) we considered that Eg o [8(t—y)*]1=1/T(0), and that
the semigroup property for the Riemann-Liouville fractional derivative is fulfilled as

=0, VYreNu{o} (A.4)
t=0

f (= ()dy

der
O

Remark A.1. From Proposition (A.1) it immediately follows that the operator (1.11) represents a generalization
of the left sided Dzhrbashyan-Caputo fractional derivative 9”7 /0t". Indeed, for & = 0, we can write

(D%, r0ef()) () = (ango+f(-))(t)—f(0+)t_”E§1n(Ct“), (A.5)

= @f(t)—f(OJ“)F(l_ ) o?f(t)

For more information on Dzhrbashyan—Caputo derivatives, the reader can refer for example to ?.

Proposition A.2. The operator Di a0 1> 0, a>0,{ €R, t >0, can be written also as

(D% 00:f ) (O = Wey g (<L) £ (0), (A.6)
where
0 r
Wa,b(x):;m, a>1,beR, (A7)
is the classical Wright function which is convergent in |x| < 1if a =—1, b >0, and J is the Riemann-Liouville

fractional integral.
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Proof. We start by expanding in series the generalized Mittag-Leffler function in the kernel of the operator.

(D0 ) D= 5 f (=)' E5 Lt = y) 1 f (y)dy (A8)

- _ 0N 88 (=)
_dtn+9L(t y) Z T AR ACOLE2

By recalling now that (—§), = (=1)(§ —r + 1), = (—1)'T(§ + 1)/T(£ —r + 1) and considering again that the
semigroup property is satisfied, we have that

dn+9 0 (_C)r
t’l+9 = riT(€—r+1) F(ar+9)

dﬂ+9 < ( C) ar+9
den+o ~ rit(E—r+1) SO

(DS, 10:f (D) (O)=T(E+1) J (t—y)* 7 f(y)dy A.9)

=T(&E+1)

" < =9 ar
—F(§+1)d72mff f(0),

provided that the series converges and where J;" represents the Riemann-Liouville fractional integral of order
ar. Thus we obtain that

77 [Sasd _ Ja r
(p anCOJ())(t)—F(€+1)mZ%f&) (A.10)

=T(£+ 1)@%,&1 (=¢I) f (o).

The obtained representation (A.10) is formal and it becomes an actual representation whenever all the requested
convergence conditions are fulfilled. O
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