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ABSTRACT. We consider an initial value problem for a doubly degenerate par-

abolic equation in a noncompact Riemannian manifold. The geometrical fea-

tures of the manifold are coded in either a Faber-Krahn inequality or a rel-

ative Faber-Krahn inequality. We prove optimal decay and space-time local

estimates of solutions. We employ a simplified version of the by now classical

local approach by DeGiorgi, Ladyzhenskaya-Uraltseva, DiBenedetto which is

of independent interest even in the euclidean case.
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1. INTRODUCTION.

Let (M, g) be a smooth Riemannian manifold of dimension N > 2. We assume
M to be connected, complete and noncompact. More precise assumptions on the
metric of M will be given below.

We look at nonnegative solutions of the equations of the type of

up = div(u™ VYV ulP 2 V), in M x (0,7), (1.1)
u(z,0) = uo(x), reM. (1.2)

The operators div and V are of course understood in the sense of the Riemannian
metric. We always assume p > 1, m > 0, m + p > 3. This range of parameters is
often referred to as the slow diffusion case.

We prove optimal L!'-L> a priori estimates. In the linear case m = 1, p = 2
such bounds are well known, see [13], [17], [18], [11]. In the degenerate case when
m = 1 we quote [12], [7], [15], [16]. We also quote some papers whose methods,
even when stated in Euclidean spaces, are amenable to application to manifolds,
being based on embedding estimates known to extend to this setting under some
geometrical assumptions: [6], [8], [21], [22].
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In order to describe our results we need introduce some notation; we let for
R>0
Bgr(zg) = {x € M | dist(x,x0) < R}, V(R) = |Br(zo)|,
where zy € M is a fixed point; in the following we’ll often drop the dependence on
xo from the notation. We also define the two functions

R : (0,00) — (0,00) inverse function to s — V(s);
Z :(0,00) — (0,00) inverse function to s s sPV (s)PT™73,
It is known that solutions to (1.1) in a domain §2 C RY with noncompact boundary,
with zero boundary data of Neumann type satisfy decay estimates of the form

luoll1,02
[l (t)] o0, ~ ——
V(Z(tlluoll7"5P 7))

where we extend our definitions above to the case M = 2. Indeed (1.3) was proven
in [3] for expanding domains, and in [2], [4] for narrowing domains, in the case of
(1.1). In the linear case the estimate (1.3) was proven by Gushchin (see [24] and
the references therein) in RY, and in [17], [18] in Riemannian manifolds.

Our first aim in this paper is to obtain the analog of (1.3) in Riemannian man-
ifolds. In the Riemannian setting we discriminate between manifolds satisfying
a global or a relative Faber-Krahn inequality. This distinction replaces the one
between expanding and narrowing subdomains of R .

t>1, (1.3)

Definition 1.1. (M, g) satisfies a global Faber-Krahn inequality for a given p > 1
and a function A4, : R" — R" if for any v > 0 and precompact domain 2 C M
with [£2] = v we have

Ay (v) / ol dpi < / IV ol? dp, (1.4)
(93 (9]
for all ¢ € W, P(£2). O

Remark 1.2. 1t is a classical fact that when p = 2 the optimal choice of the constant
on the left hand side of (1.4) is given by the first eigenvalue A1 (£2) of the Laplacian;
a similar remark holds true for the case p # 2, see [27]. The classical Faber-Krahn
inequality, when p = 2, and its counterparts for p # 2 essentially consist in a bound
from below for such optimal constants given in terms of the volume of §2; we refer
the reader to [28]. O

We also need the following assumption:
H.1 There exists an o > 0 such that the function s — s=*4,(s71), s > 0,
is nondecreasing, and s — A,(s), s > 0, is decreasing.

Theorem 1.3. Assume that M satisfies a global Faber-Krahn inequality, with A, as
in H.1. Let ug € L*(M) be nonnegative. Then problem (1.1), (1.2) has a solution
defined in M x (0,00), and for all t >0

m+p—3 ||u0||17M ) -1
In Theorem 1.3 and in the rest of the paper we denote by 7, 71, ..., possibly
different positive constants depending only on the parameters of the problem p, m,
N, ..., and on the constants o, a; appearing in the assumptions. We also assume
that volume is normalized so that V(1) = 1.
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Remark 1.4. One can check easily, from the definition of the function Z, that (1.5)
implies its possibly more transparent version

lluoll1,ar

Hu(t)HOQM <7 mtp—3. t>1, (16)
V(Z(tuoll3F )
provided we have for some ag > 0
Qo
Ap(’U) > W’ v > 1, (17)
which is known to hold true in many important examples. See however Section 1.1
below for further comments and a counterexample. ([

Remark 1.5. It is well known that if a suitable isoperimetric inequality is available
in M, then the Faber-Krahn inequality holds true, see e.g, [14]. One can apply
the symmetrization technique to get such bound; see [10], [9]. On this matter we
also quote [19]. In [14] also the relation between Sobolev type embeddings and
Faber-Krahn inequality is discussed; actually the two are equivalent at least if A,
is the same as in the Euclidean space. (Il

For a nonnegative locally integrable function f and R > 1 define
P _
Il = swp B V(R) [ fap
R>R
Br
Our local in time existence results can be stated in terms of the norm just defined.

Theorem 1.6. Assume that M satisfies a global Faber-Krahn inequality, with A,
as in H.1, and in (1.7). Let ug € L (M) be nonnegative, and such that |uo|lz <
oo. Then problem (1.1), (1.2) has a solution defined in M x (0,T%), where T =

Yolluo |||3E_p_m, and such that for 0 <t <Tg, R> R,
lu®lz < Ylluollz (1.8)
V(R)R7 3 luwllg
V(Z(tV (R)PHm=3Refuo[Z %))

[uolloo,Br < (1.9)

Remark 1.7. It is worth mentioning that when [ugllz — 0 as R — +oo, Theo-
rem 1.6 actually implies existence of a solution defined for all ¢ > 0. Indeed, since
T — +o00 as R — +oo in the case at hand, we immediately derive from (1.9)
a priori sup estimates in any compact of M x (0,400). This remark and a stan-
dard approximation procedure e.g., by solutions with smooth compactly supported
initial data yield the result. O

1.1. Examples. Let M} = RF x SN—=F_ Here 1 <k < N and SV=F is the N — k-
dimensional sphere. In this case (see [14])
Ap(v) = (N, k) min (v_%,v_%) , (1.10)

and (1.5) amounts to
[w(t)]|oo,am, <y

R -E— N - A
x max (£ T || Ty 0 ¢ N || N0 )L (111)
More generally, the function A, for product manifolds is given in [14] as a suitable
combination of the corresponding functions of the factors.

3



This example can be used to show that our upper estimate, that is (1.11) in this
case, is actually optimal. Indeed, the Cauchy problem (1.1)-(1.2) set in R* has a
well known self-similar solution globally integrable in space, exhibiting the asymp-
totic decay rate given by the first term in the max function in (1.11). However,
this solution is clearly also a solution of the Cauchy problem in My, since it does
not depend on the last N — k variables, and it is globally integrable in Mj, since
the factor S™V=F is compact. Hence the claim.

As a further example we consider the revolution surface

M = {z = (2',an+1) | 2| = 2§11} € RV, (1.12)

with 0 < a < 1. Invoking the connection between the isoperimetric and Faber-
Krahn inequalities, see Remark 1.5, we can check by fairly explicit calculations
that in this case the function 4, can be written as in (1.10), when we formally
replace k there with a(N — 1) + 1.

Remark 1.8. The linear case m = 1, p = 2 of the heat equation has been intensively
studied. For example in [20] Section 1.2, the authors consider a class of manifolds
falling within the scope of our results: specifically manifolds My#M,, 2 < k <n <
N where My, M, are as above and the symbol # denotes connection by a compact
handle. In this case we can take A, as in (1.10), whence our estimate (1.11) follows.
As a further argument supporting its optimality we notice that the authors of [20]
prove two sided estimates of the heat kernel reducing to the same decay rate we
obtain in (1.11) when we formally let m = 1, p = 2 there. However our approach
is completely different from the one in [20].

As a side remark we note that My#M,, provides a counterexample where (1.7) is
not fulfilled. Indeed for large R, V(R) ~ R™. O

1.2. The case of relative Faber-Krahn inequalities.

Definition 1.9. (M, g) satisfies a relative Faber-Krahn inequality for a given p > 1
and a function A, : R" x R™ — R" if for any v > 0, R > 1, and precompact
domain 2 C Bgr(z¢) with |£2] = v < |Br(xo)|/2 we have

a0, [lopan< [1Verap, (1.13)
2 (P

for all ¢ € W, *(£2). O

We need the following assumptions:
H.2 There exist a1, a2 € (0,1) such that both functions V' (s)/s**, s*2 /V (s)
are nondecreasing for s > 1.
H.3 The function A, takes the form

. (V(R)P _»
Ap(v,R)—vmln(vap,v N), v>0,R>1.
Assumption H.2 immediately implies that for all ¢ > 1, R > 1

¢V (cR) < V(R) < ¢ *“V(cR). (1.14)

Remark 1.10. The form of A, in H.3 is natural, at least in the case when M is a

narrowing domain in R”, since in that case the ratio V(R)/R takes the intuitive

meaning of area of Br(0) N M (see [23], [4]). In the case of Riemannian manifolds

a similar form of A, has been used in [17]. O
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The following definition is instrumental in our approach:

F = TN >1 ) = = 17 <s< 1
(S) V(S) s (8) V(l) s
As a consequence of H.2, F' is non-decreasing and
1
F'(s) < . 1.1
6 <y 50 (1.15)

Let us define the standard Barenblatt exponent
B=Np+m-3)+p.

Theorem 1.11. Assume that M satisfies a relative Faber-Krahn inequality with
Ay as in (1.13) and in H.2, H.3. Let ug € L}, (M) be nonnegative, and such that
lluollz < oo. Then problem (1.1), (1.2) has a solution defined in M x (0,Tp), where

Ty = 70|||u0|||3§_p_m, and such that for 0 <t < Ty, R > R,

lu@®lz < ~luollz, (1.16)

P _N — 1 T T
lolloe, e < VRFHS max {t~F luolltl” 7= ol T} . (1.17)

Moreover, if ||uo|l1 < oo, then for any R > 1 and any t > 0
_N p _ 1 [ - p
lu®lloe, 2 < ymax {t= uoll 7,575 [luo| 7 F(R)T75 | . (1.18)

The global boundedness of u(t) is connected to the moment

1) = /u(m, OF (dist(e,z0)) du, I = 1(0).
M
Theorem 1.12. Assume that M satisfies a relative Faber-Krahn inequality with A,

as in (1.13) and in H.2, H.5. Let ug € L*(M) be such that Iy < co. Then problem
(1.1), (1.2) has a solution defined in M x (0,+00) and for all t > 0 we have

[u®)|loo,nr < AU, (1.19)

where
N pa 1 P
04(t) = max {1 g, 477
1 s m-+p— R
£ 753 ||uo | Ty 3F[Z(||u0|\1);jp 3t)]2P+m 3}. (1.20)
Therefore for large enough t (1.5) still holds true.

Remark 1.13. We need in Theorem 1.12 the assumption Iy < oo, which is known

to be necessary to obtain uniform sup estimates in narrowing domains, see [26], [2].

However the form of the sup estimate for large times is the same in Theorem 1.12 as

in (1.6). Indeed for large ¢ the greatest of the three arguments in the max function

in (1.20) is the third one. On substituting in it the definition of F' and then using

the definition of Z we see that this argument equals the right hand side of (1.6). O
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1.3. Example of M with relative Faber-Krahn inequality. Let
M = {z = («/,an11) | || = fleni1)} € RYH

be the surface in RV ! obtained by revolution of the graph of f, where f € C>° (R)
is a positive function such that f(s) = |s|~% for |s| > 1, with 0 < b < 1/N. In this
case calculations similar to the ones in [4] yield

V(s)=vs"" M1 +0(1)), s—o00.
Thus (1.19) implies
BL _1-Nb
[u@lloo,ar < Alluolly 5t 7, t>1,
£ -
lwlloo,nr < Ylluollf 4t 7 t<1,

where = N(p+m —3) +p, b = (1 = Nb)(m +p —3) + p.

Theorem 1.3 is proven in Section 2. The proof of Theorem 1.6 follows from
very similar arguments, combined with a suitable localization procedure (see also
Section 4), and is therefore omitted.

The proof of Theorem 1.11 is prepared by an embedding result given in Section 3,
and then presented in Section 4. Finally, Theorem 1.12 is proven in Section 5.

Actually, for the sake of brevity we confine ourselves to proving the sup bounds
contained in the Theorems above, assuming we are dealing, for example, with so-
lutions to Dirichlet problems, with vanishing boundary data, in some ball B;. The
existence statement, and the sup bounds as well of course, are then recovered as
j — oo by a standard approximation argument relying on by now classical com-
pactness results for equibounded solutions.

Acknowledgments. We are indebted to the referee for several useful remarks.

2. PROOF OF THEOREM 1.3.

Let f € WYP(M) be compactly supported and k > 0; then it follows from
applying the Faber-Krahn inequality to ¢ = (f — k) , that

JU =1t ans a(10r> 1007 [1906 =Bl au. 2.1)
M

M

We also infer by means of Holder inequality that for 0 < ¢ < p
4 —4
[t =ptdu< it > B F (1 > 0

M

< ([IVG-Rpan)” @2
M

In the following we denote by u a compactly supported (for all times) solution to
(1.1)-(1.2), or a solution to a Dirichlet problem set in a ball B;, with vanishing
boundary data, in the spirit of a procedure of approximation as remarked in the
Introduction. We need the auxiliary result
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Lemma 2.1. Let ¥ > 0, and 9 > 2 —m if m < 1, be fived, and define s =
(p+m+9—2)/p. Fiz alsoa; >as >0, 71 >7 >0, Ry > Ry. Then

t

lm—1|
sup / (u(r) — a1) 7 da —i—/ / IV(u—ap)i|Pdedr < 7( 4 )
Ti<T<t ap —az
Br, 71 Bry
¢ ¢
X {(Tl — 1)t / / (u—a2) ™ dvdr + (Re — Rl)_p/ / (u—a2)? dJJdT} .
T2 BRry T2 BRr,
(2.3)

The last integral in (2.3) can be dropped from the right hand side, provided we
formally replace on both sides Br, and Br, with M. We refer to this version of
the estimate as to the global version of (2.3).

We omit the routine proof of Lemma 2.1, which is essentially obtained by multi-
plying (1.1) by (u—k)%.(P, where ( is a suitable cutoff function, and then integrating
by parts; see e.g., [5].

Proof of Theorem 1.3. Let us define for hg > hoo > 0, 79 > Too > 0, and i = 0, 1,
2, ...,

pt+m+9—2

klzhoo+(h0—hoo)2_l, ti:Too+(To—Too)2_i, flz(u—k1)+ P

Next we infer from (2.2) and Young’s inequality, for any fixed time 7, and o > 0,
0 < g < p to be chosen,

a
P

[ < A (1> kas))) > hdF ([I9 fia )
M M

<ot /|Vfi+1|pdﬂ+70_”_ﬁq/1p( {u > ki }]) 77 Hu > kipa}] -
M

On integrating this inequality in time, we obtain

t

t
[ [aduar <ot [ 19 50p

tit1 M tit1 M
__a_
—i—wtafp_ﬁq/lp( sup [{u> ki+1}|> T osup Hu> ki) (24)
tip1 <7<t tip1<7T<t

Select from now on

p(1+9)

:p+m—2+19'
7



On combining now (2.4) and the global version of (2.3), where we let a; = ki,
as = kiy1, 71 = t;, 7o = t;41, we get for a suitable choice of ¢ > 0

t t
swp [ frans [ [9apduar<e [ [19 P
ti<T<t
M ti M tiv1 M
; q D ho %
LeTp—at _ —T( -
+ FYFY].E p—a (TO 7—00) p—a hO _ hoo

J

< Ap(sup H{uskiadl) 77 swp fu kil
tip1<T<t tip1<7<t

whence, by suitably selecting € > 0 and by iterating on 4, we get
P ho —p‘m,il‘
sup /(U(T) — ho)}‘:—ﬂ dr < yt(19 — Too) 71 (7 P—aq
To<T<t ho _ hoo

M
q

xA,,( sup |{u>hoo}|>7ﬁ75up {u> hao}| . (2.5)

Too <T<1 <T<t

We complete the proof by means of a second iterative process; to this end we
introduce for £k > 0 and n =0,1,2,... the sequences

Ky =k(1-27""1), Kn=(Kn+Kun)/2, t,=t1-27""1),
Then we apply (2.5) with 70 =, |, oo =1}, ho = Ky, hoo = K, to conclude
Voqr:= sup  [{u> Ky} <ypk 0 sup /(U — K\ da
trr <7<t t <T<t
M
<Ayt Tk D AL(Y,) T Y,

It follows from Lemma 5.6 p.65 of [25], and from assumption H.1, that ¥;, — 0 as
n — oo and therefore ||u(t)||co < k, provided

kA (Vo) "7 <6, (2.6)
for a suitable § = d(m,p,q) > 0. Next we note that
Yo < 2k H|uollz .
Therefore, (2.6) is satisfied if

p+

m—3
t kT PETI A (B o) T < 276 T (2.7)

Finally we choose k as

- m— — o c— +m-—-3 _ m—
(klluolly )P+ S Ap(k™ uoll) =246 o 1Hu0|\1(p+ 3)

Then (2.7) holds true and since ||u(t)||c < k the sought after result readily follows.
O
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3. A MULTIPLICATIVE INEQUALITY IMPLIED BY THE RELATIVE FABER-KRAHN

INEQUALITY.

Define for all § > 0, 0 < ¢ < ¢, R > 0, and a sufficiently regular f >0,

Fo = /f"du, E=EF°"E, ™,
Br

1

w(E,R) = maX{LRV(R)*lENJ } .

Lemma 3.1. Assume that M satisfies a relative Faber-Krahn inequality with A, as
in (1.13), H.3. Assume that f is a Sobolev function such that V f € LP(M), and

supp f C Bgr. Then there exists a constant Yo(q) > 0 such that if
E < doV(R),
then for all 1 < g <p,0<c<g,

1_ 14,1
”f“q-,BR < wa(EvR)Eq p ||fopoR :

(3.1)

(3.2)

Remark 3.2. The estimate (3.2) is in fact true for ¢(IN — p) < Np. However, here
we use it only for ¢ < p (the proof for ¢ > p may be given following [4]). In this

connection we remark that Holder’s inequality yields
E < |supp f].
Proof. Let A(X\) = {xz € Br: f(x) > A}; then we have for any k > 0

= [-kewraus [
A(k) Br\A(k)

<2171 / (f — k) dp + 297 kY A(k)| + k7 °E..

A(k)
Observing that |A(k)| < k™ °E,, we get from (3.4)
B, <2171 / (f —k)dp+ 271 + D)k °E, .
A(k)

Select now k as follows
(217  + D)k E, = E,/2,

1 —c
(B 1 Y
E 2942 '

From (3.5) and (3.6) it follows that

that is

B, 22 [ (1= kdu.
A(k)
9

(3.3)
O

(3.4)



We bound the right hand side of (3.7) by means of Hélder’s inequality as

S

/(f—k)qdug /(f—k)pdu |A(k)| 5

A(k) A(k)

1]

< (kK °E.)" / (f—K)Pdu| . (38)

A(k)
Notice that by our assumption (3.1) and from the choice (3.6) we infer

C C 1
JA(R)| < KB, = B(21 +2)7 < 95(29 + 2T V(R) < LV(R),
if Jg is selected suitably. Therefore we may appeal to the Faber-Krahn inequality

(1.13) to infer

/Xf—@%mSAAM@merjWVﬂmm, (3.9)

A(k) A(k)

and from (3.6)—(3.9) we get, also by exploiting again |A(k)| < k=P Eg,

p—q+N"lqp %
B, <ABE T (W (B R) [ Ve s EENERT)
Br
The inequality (3.2) follows elementarily. (Il

4. PROOF OF THEOREM 1.11.

Let us use in the following the notation

Gl(t7R) = Sup / U(ZC,T) dua
o<r<t
BR(I[))

G(t, R) = max {t 7 G (t, R)§ ¢~ mFm=s (Gl(t,R)F(R))W%} '

Proposition 4.1. Let u be a uniformly continuous solution to (1.1)—(1.2) in M x
(0,T), and let t > 0 be such that

%u(myﬁm* <1, 0<7<t,z€Buior(ro), (4.1)

where R>1,0<0<1,0<t<T are given. Then
u(z,7) <~vG(t, (1 +0)R), t/2 <1 <t,x € Bgr(zo). (4.2)
Proof. Let for all n > 0 and a; > a2 > 0 to be selected

rn=R(+0(1-27")), r,=(rn+rn1)/2, ta=t1-0(1-27"))/2,

t;z(tn+tn+1)/2, T‘OOZR(1+O'), toozt(l—O')/Q, kn=a2+(a1—a2)27".

10



Then from Lemma 2.1 with Ry = r,, Ra = 41, and using also (4.1) we get for a
suitable b > 1 and for ¥ > 0 as in Lemma 2.1

ptm+9—2

sup /(u—kn)iﬂdu—k/ IV(u—kyn)y * [Pdpdr

tpn<T<t

n

<C—t— //u— 1) dpdr, (4.3)
Qn+1
where we set Q, = B,, X (tn,t), Q,, = By x (t,,,t). We denote in this proof

by C a constant depending also on the ratio ai/(a; — a2). Let 1, be a smooth
cutoff function such that 1, =1 in Q,, and 7,, = 0 outside of Q.,, |V n,| < v2"/R,

0 < M < 427 /t. Define v, = (u — kn)i+m+19_2/p77n. Then from (4.3) one gets

sup / vl du —I—/ |V v, |P dpdr < Cb™t 1 // vl dpdr, (4.4)
tn<T<t
BTn Qn Qn+1

where £ = (1+9)p/(p+m+ 9 —2). Next we use (3.2) as follows. First, we remark
that for all 7, n,

|SU.pp Un(T)| < |BQR| < 190V(7R)7
for a suitable v > 1, owing to (1.14). Set

A(s,h,7) ={x :u(z,7) > h} N By,
A"(T):A(rnvkan)a Aoo(T):A((1+U)R,a2,T).

Thus we may apply (3.2) in B, g, and obtain, again from (1.14) and (3.3),

_ L4 L
/ Vb dpdr < YA (T)|TETR

B"'n+1

w(|An+1(T)|,R)é( / |an+1|17du)§.

B"‘n+1

Hence by means of Young’s inequality and integrating in time we find

//v£+1dud7§76%/ |V vpp1|P dpdr

Qn+1 Qn+1
t

3 P _pL_
+75_ﬁ / {|An+1( )|1+N(p€[)w(|An+1(T)|aR) p*£:|d7'

» _pt_
+’767mt Sup {lAn-i-l( )l +N(p L])w(|An+l( )| R) pi[}'

thy1<T<t
11



It is immediately seen that the inequality above implies for any fixed £ > 0, for a
suitable choice of § > 0, that

ch 1 //vf;_,_l dpdr < 5/ |V vpq1|P dpdr

Qn+1 Qn+1
[ -t L A 1+%€e) A pp_—[e
+Cbe” 7Tt sup|[Apd (1) T I T w (| Apga (7)), R) (4.5)
thy1<7<t

Thus (4.4) and (4.5) give us

sup /vﬁdu+//|an|pdudT§£/ |V vp41]? dpdr
tn <7<t

rn Q Qnt1
¢ s
+ O T swp (A ()T IO w (| A (7)) R) T
too <7<t

On iterating this inequality for n — oo, we find that actually

£
sup /(u —a1) dp < C(o)t™ 77 x
t/2<T<t
Br
142t _pl_
sup [|A((1 +0)R, az, )| TN w(JA((1 + 0)R, a2,7)|,R)H] . (4.6)
t(l—0)/2<T<t

We conclude the proof by further iterating (4.6). To this end, define

t 3.0 1.3 :
B2 BEGR-GRYIT -2,
n=0 n=0

for h > 0 to be chosen. Then from (4.6) one gets for h; = (hj + hjy1)/2,
yji+1i=_sup [A(Rjy1, 7 hjp)l
Tj+1 <7<t

<yh 0 sup / (u—hy)"* du
Ti+1 <7<t
Brjy1

_— R E R B e S0 p(14)
< yihm TSy YT Wy, R) v

Using Lemma 5.6 p.65 of [25], we conclude that y; — 0 as j — oo if

B T (o, RYPERET < 0. (4.7)
Taking into account that
yo < YhTIGa(t,2R),
we see that (4.7) holds if
yh Y T (LG (1, 2R)) YT w(h Gy (t, 2R), R) 7S = g,
whence we easily arrive at (4.2). (]

Proposition 4.2. Under the assumptions of Proposition 4.1 we have
t

//|Vu|)‘u‘9 dpdr < 4Gy (t, 2R G(t,2R)* (4.8)

0 Bgr
12



forO<A<p,s=X3-m)/p+0—-1>0,0<m—2+(p—N(1+N"1).

The proof of Proposition 4.2 relies on Proposition 4.1, following closely the proof
in the Euclidean case, see [1], [4], therefore we omit it.

Proof of Theorem 1.11. Define

T _
tp=sup{t>0: sup sup —|lu(r)|ZF" P <1} .

1 P{ 0<72t RZ% RP l(m)llce B <

Multiply both sides of (1.1) by a smooth cutoff function {(x) such that ( = 1 in Bp,

¢ = 0 outside of Bag and |V (| <~v/R, R > R. On applying (4.8) with A = p — 1,

6 = m — 1 (which is admissible owing to p +m — 3 > 0), we have for ¢ < t;

¢
/u(a:,t)d,ug /uodu—l—%/ /|vu|p71um71dud7

Br Bar 0 Bar

p+m-—3

< /uodu—l—%Gl(t,llR)t%g(t,élR) .

Bar

Dividing this inequality by V(R)R 773 | we obtain, also by means of the doubling
property (1.14),

R_P+7€L*3V(R)71/u(a:,t)dugyR_wmp_fsV(R)*l / ug dpe

BR BQR
tl
P P ptm—3
+y sup(4R)*p+M*3V(4R)_l/u(m,t)du L6 4R (19)
R>R
- Byr

Define also for a § > 0 to be chosen

t% p+m—3
to =supt>0:sup =G, 8R) » <, .
R>R

Indeed t2 > 0 since t — G(t, R)PT™~3 is increasing. Let ty = min{t1,¢2}. Then for
t <ty we get from (4.9)

sup R 7= V()" / u(a, t) dpt < Aol
R>R B

+ 76 | sup sup(4R)7p+5L*3V(4R)_l/u(:v,t)du

0<7<t p>R
T<tR>R B
Hence for a sufficiently small § we obtain
lu®llz < Aluollg  0<t<to. (4.10)

We claim that to = t5. Indeed, for R > R, t < t,

t
v p+m—3
e g <

t 1
p+m—3 D -
00,Byr — FYRpg(tv SR) S 75 < 2 )

13



for a suitable selection of §. Next we bound below tg = to. We have

1

te ptm—3
sup —G(t,8R) » < sup max{

R>R R>R
p+m—3
N(p+m—=3)+p
tNGTmoTr 1 (x,7)d
Nptm=9Fr sup | ——p— ulx, T)dp 5
o<r<t \ RN T7rm—s (4.11)
Bsr
p+m—3
2p+m—3

t T sup %/u(a@ﬁ)du
o<r<t V(R)RP+771*3
Bsr

Thus, invoking also (4.10), as well as the monotonic character of V(R)/R, which
follows from H.2, and implies V(R) < yR™, R > 1, we arrive at

th pm=
§ = sup 2 G(tg,4R) .
r>E I

1 ptm—3 1 p+m—3
< 7 max {tév R T o T Ea } .

On defining Ty = to we have indeed Ty = 7|||u0|||3§_m_p and (1.16). Finally, (4.2),
(4.10) and (4.11) yield

Hu(t)”oo,BR < VR# %

ya ya
" {tﬁ T e T } ,

whence (1.17).

In order to prove (1.18) we first note that if |jugl|; < oo, then T can be chosen
as large as needed by choosing a large enough R and by invoking conservation of
mass. Therefore (1.18) follows from (4.2) and again by conservation of mass. [

5. PROOF OF THEOREM 1.12.

Denote for the sake of brevity

m+p—3 m—+p—3
P(t) = Z(luol 737 7t) . lluollynf "t =1,
P(t) = 2(1), luoll737 2t < 1.

First we use the local estimates which we already proved to obtain a bound for
the moment of u(¢) in terms of the norm ||u(t)]|co-

Lemma 5.1. Assume Iy < co. Then for allt >0
I(t) < vlo +yF(H(1))|[uoll1, , (5.1)
where for all ¥ € (0,1/p)
t P
1) =t | [ )| ar

0
14



Proof. Let us fix R > 1. We denote here d(z) = dist(z, zo). Let n = (P (d(z))F(d(z))
where ((s), s > 0 is a smooth function such that {(s) =1 for s > 2R, {(s) = 0 for
0<s<R,0<¢ <+v/R,0<(<1. We also remark that owing to (1.15)

1
IV F(d(2))| < F'(d(2)) £
V(d(z))
Multiplying against n both sides of (1.1) and integrating by parts, we get

¢
/ CPFu(z,t)dp < I +/ / u™ VP V(dl(:v))cp dpdr
0

d(z) > 1.

M\Br M\Br
t
+p/ / u™ VP F(d(2) |V P dpdr (5.2)
0 B2R\BR
t
Y m—1 -1
<Iy+ —1— r=lqudr.
_o—l—V(R)//u [V ul pdr
0 M

Next we estimate the second term on the right-hand side of (5.2) as follows. Let
R > 1 and v be a standard cutoff function in B,g, such that ¢ = 1 in Bg. Then
by Hélder’s inequality one gets

p—1

t
p—1 1
J::/ / YPum Y uptdpdr < 1,7 17 (5.3)
0 BzE

where

t
o (m—1)
Il://TP_iq/,pu 1T [Vl dpdr,

0 B,:
¢
I, = / / PPy dp dr < 4t 0P Jugl); -
0 Byx

9 +m—3
To estimate I; we choose in the equation as a test function ThTy T 1P, Then
we get by integration by parts and Young’s inequality

t
9p _ p+m—3
I < %/ / 1Pt T2 dpdr
0 B2§

t

+ 7/ / I qudr = L+ L.

0 B,:

Since we are going to let R — oo we may assume, for any fixed 7 > 0, that in (1.18)
[written for R = 2R, t = 7] the second term on the right hand side is the greater
one. Assume R > JP(7), where 7 is such that (1.18) implies

r(@R) P u(r)Z < 1.
15



Then the integrand in I3 is majorised by the one in I, (at time 7). On recalling that
we are working with smooth approximating solutions, by invoking Fatou’s lemma
it is easily seen that in the limit R — oo equation (5.3) gives

¢
//um71|Vu|p71d,ud7':_lim J <
0 M

R—o00
: p—1
P
1_ p__ pim 3
Auolsth= | [+ ar | =l
0

Therefore we have, by using also (5.2),

I(t) = / F(d(x))u(z,t)du + / F(d(x))u(z,t)du

g
< F(R I+ —H(t .
< F(R)|Juolly + 1o + i) () l|wollx
If H(t) > 1 we may select above R = H(t) to obtain (5.1). If H(t) < 1 we choose
R =1 to get the same result. ([

Finally we absorb the L norm appearing in the right hand side of (5.1) with
the help of two technical lemmas proven in [2], which we reproduce in our notation
for the reader’s convenience.

Lemma 5.2. [2] If A, B> 0, I > 1 satisfy
B < AF(F)P/(2P+m*3) ,
then for all € > 0 there exists c. > 1 such that for all o > 0
oBWPtm=3)/p < . 4 cle((aAﬁm :
where Z1(s) = Z(max(s, 1)), s > 0.
Lemma 5.3. [2] Let g € C((0,00)), g > 0 satisfy

)2p+m73)

)

t

g(t) <U(t) + Et_”(/T”q_lg(T)q dT)l/q : t>0,
0
where €, o, ¢ > 0 are given, and U € C((0,00)), U > 0. Assume also that, fort >0
and a given go € C((0,00)), we have g(t) < go(t), and that for a given 0 < ¢ < o,
t°go(t), t°U(t) are non decreasing in t > 0. Then, if € <1 = (0q — 5q)*/?, we have

gt) <A —¢/n) U@, t>0.

Proof of Theorem 1.12. Proceeding as in the proof of Proposition 4.1 one can show
that

p
Ol < {3 (s [ ateryan)”
0<7<t /
R

P
tfm ( sup / U((E, 7—) du) 2p+m*3F(R) 2p+€n—3 } R (54)
0<r<t
R

16



for all R > vP(t) where Ap = Bar\Bgr and A, = Byr\Bg/2. Then the last term
in (5.4) can be bounded in terms of I(¢), which in turn can be estimated as in (5.1).
Thus we have

[u(®)l[oe <
Fmasc {U(t) 1@ g [ B P (1)l @m0 ) (5.5)
For the sake of logical clarity, let us fix from now ¢, 9, § so that

871((19—5)17)’)—? N(p+m—3)
4\ p-1 ’ Bp
Let C = é./e > 1, where for ¢ as in Lemma 5.2, and for 4 as in (5.5),

1
<oi<v<—.
b

Ce =MC, M1 = 7(2p+m Hetm=3)/p >1.

If H(t) > CP(t), so that H(t) > 1, we may apply Lemma 5.2, which is a functional
version of Young’s inequality, to get from (5.5)

0 |u(t) | &P < max {eH(E) + & P(8) AU e (5.6)
Indeed, we select to this end in Lemma 5.2
P=H{) B=lul)le, o=, 4=51Crm=|ju|f/erm=,
here we also use the fact
Z(ntluollF %) < MmZ(tluollTTF),
which follows from the definition of Z. Actually (5.6) implies
||u(t)||g’;+m_3)/p < 25,5—1/17}[(,5) + 7]/[(,5)(17+m—3)/p 7 (5.7)

when we use our assumption H(t) > C'P(t) again. However, (5.7) is in force even if
H(t) < CP(t), as it follows from (5.1), (5.5), and the definitions of U(t) and P(t),
perhaps by an inessential change of the constant v appearing in (5.7). Thus (5.7)
is in force for all £ > 0.

Notice that (5.7) is in practice an integral inequality; if we knew the monotonicity
in t of £°||u(t)| s, for a suitable § > 0, the statement would follow readily. In the
general case, our choice of € enables us to apply Lemma 5.3 to circumvent the
technical difficulty posed by the lack of monotonicity and prove (1.19). Indeed, we
may select in Lemma 5.3

g(t) = lu@®)| B3P Ut) =uE) P,
and €, 6 and ¥ as above. O
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