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Abstract The goal of this note is to give, at least for a restricted range of indices,
a short proof of homogeneous commutator estimates for fractional derivatives of a
product, using classical tools. Both L? and weighted L? estimates can be proved by
the same argument. When the space dimension is 1, we obtain some new estimates in
the unexplored range 1/3 <r < 1/2.

Keywords Commutator estimates - Kato—Ponce estimates - Littlewwod square
function - Muckenhoupt weights

1 Introduction

The homogeneous product estimate, also called fractional Leibniz rule, states that

I1D* o)llzr ey S WD ullpervlie: + lullpa (1D vl e (1.1)

~

foru, v € .Z(R"), where D¥ = (—A)*/2.
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The conditions on the indices are
1 1

R + N

pP1 P2

1 1

= — 4+ —, pj.qj € (1,00], s>max(0,z—n) ors € 277,
q1 q2 r

1
-

(1.2)

When r < 1 it is possible to take one of the indices p; (and g;) equal to 1, provided
the L" quasinorm at the left is replaced by a L™>°° seminorm (see [12,20] for the
range 1 < r < oo, Ref. [10] for the extension to values r > 1/2, and [4] for the
endpoint r = p; = ¢g; = 00). The proof relies on the Coifman-Meyer theory for
bilinear multipliers [6] i.e. on paradifferential methods. Note that for integer values
of s the classical Gagliardo—Nirenberg estimates are sufficient to prove (1.1). An
analogous estimate holds for the non homogeneous case where D® is replaced by
JS = (1= A2

Several variants and improvements of (1.1) are known. Indeed, the original result
of Kato and Ponce is the following commutator estimate for s > 0:

175 o) — ud vl S I ullpe vllze: + 19ull o 15 0l L. (1.3)
An even stronger statement is due to Kenig et al. [13]:
| D*(uv) —uD*v —vD*ulLr S D™ ullpe | D20l Lr2 (1.4)

provided s = s1+s withs, s; € (0, ) and 1 = %+$ withr, p1, pr € (1, 00). Here
the additional restrictions on s, s ;, are natural, but higher order versions of (1.4) have
been obtained by Li [16] (see also [9]). The paper [16] gives a comprehensive view of
the state of the art in this genre of inequalities, and in particular extends (1.4) to the
range 1/2 < r < 1. See also [14] for an alternative general approach to commutator
estimates, based on the characterizations of functional spaces given in [5].

We also mention that product and Kato—Ponce commutator estimates in weighted
L? spaces, with Muckenhoupt weights, have been recently proved by Cruz-Uribe and
Naibo in [7], for the full range of indices (1.2) with the exception of the endpoint case
r = o0.

Our main purpose here is to give a very simple proof of the sharper estimate (1.4),
relying entirely on classical tools of harmonic analysis. The main drawback is that
in most cases the proof does not cover the full range of indices (1.2). However, in
the allowed range of indices, the method is efficient, and indeed one recovers both
unweighted and weighted estimates with essentially the same argument.

The main result of the paper is the following:

Theorem 1.1 Letn > 1. Assume s, s1, s2 and r, p1, p> satisfy

1 1 2n
s=s51+5€(0,2), s;€(0,1), - = — 4+ —, < pi < Q.
1+s2€(0,2), s;€(0,1) PR b2 nt2s; Dj
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Then for all u, v € . (R") we have
|D*(uv) — uD’v — vD*ul|pr < || D% ullpe || D20 Lr2. (1.5)

Moreover, if we define

1 Sj

qj=pi(3+%) ifn=2, qj=min{p;, p;(3+s;)} ifn=1,

and we assume in addition pi, p» > 1 when n = 1, then for any weigths w;j € Ay,
we have

”DS(MU) —uD’v — UDSMHU(w:/Pl wg/pzdx) ,S ||Dslu||L171 (widx) ||DS2U||LI72 (wadx) -

(1.6)

We briefly discuss the result.
e The indices 7, p; are in the ranges (recall that s € (0, 2) and s; € (0, 1))

n 2n
n—+s <r <o, n+2s;

< pj < 0.
Forn > 2 this is a strict subset of the known set given by r € (%, ool, pj € (1, 00].
However, when n = 1, the ranges are

1 2
<r<oo
1+ 1+ 2s;

<pj <o

so that  can be arbitrarily close to % and p; to %
In particular, this shows that the range of indices in [10] is not sharp and can
further be extended. This is likely due to the fact that paradifferential techniques
do not adapt well to the range p < 1. The result suggests that also in dimension
n > 2 the usual range of indices may be extended below 1/2.

e The 1-dimensional estimate can be applied also to functions of several variables,
in the form (here |3;[Su = F~1(|&;°0))

19, 1* (wv) — uldj*v — v[d; [ ullLr S N0; 1" ullper 11012 Lea

for j =1, ..., n,and hence also multi-parameter estimates in the sense of [18,19]
can be deduced.

e One can deduce from (1.5) a fractional Leibniz rule via interpolation. For instance,
in the one dimensional case, from (1.5) one has

ID* o)l < D ullr + luD* vl + 1D ullpry [DZ vl 1.

To the first two terms one can apply Holder’s inequality. To the third term one
applies a standard interpolation inequality

0 1-6
1D ullzr S ID ully e llull ) v
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.» LP?]p with
s1=(0—-0)s+6-0and rl_l =(1—- Q)pl_l + sz_l), and a similar one for v.
Then by Cauchy—Schwartz one obtains (1.1).

e We relax the restriction s < 1 in estimate (1.4) to s < 2; note that this result is
(marginally) sharper than the corresponding estimates in [16].

e The weighted estimates (1.6) are new; note however that in [7] weighted versions
of the product estimates (1.1) and of the Kato—Ponce estimates (1.3) were proved,
with conditions on the weights similar to ours.

e Whenn = 1ands > 1/2, applying a result in [15], we get an explicit and sharp
bound of the constant in (1.6), as a function of the Muckenhoupt norms of the
weights (see Remark 2.6).

(which follows from the complex interpolation formula Hfll =[H >

The proof is remarkably short and is based on the explicit representation

D¥(uv) — uD*v — vD'u =c/ UG +3) = u@)]G +y) — v@)]

|y|n+s dy’

0<s<?2 (1.7)
for a suitable ¢ = c¢(n, s). From this we deduce the following pointwise bound

D*(uv) —uD*v —vD'u| < g5, (DMu)(x) - g5, (D™v)(x),  si+s2=s5

in terms of the Littlewood nontangential square function g5 In this way classical L?
and weighted L? bounds for g} can be applied. The limitations on the set of indices are
unavoidable due to well known counterexamples for the square functions (see [8]); it
should be possible to obtain a more complete result by analyzing directly the Dirichlet
form

T,(u, v) = / [u(x 4+ y) — u(@)][v(x +y) — v(x)]dy.

Iy
Remark 1.2 Note that, thanks to the characterization of homogeneous Besov norms

ulx +y) —u(x)

ol = H I 0<s<1, p.gell o]

b
LILY

a Besov version of the Kenig—Ponce—Vega estimates (1.4) is almost trivial to prove.
Indeed, applying Holder’s inequality to (1.7) first in x then in y, we get

D (uv) —uD’v —vD%ulpr < llull g vl g (1.8)
P1-41 P2.92

provided s € (0,2),s; € (0,1) and r, p;, q; € [1, oo] satisfy

s =81+ 52, -=—+ —, l=— 4+ —.
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Remark 1.3 Besides commutator estimates, a similar approach can be used to study
the fractional p-Laplacian

lu(x) — u(WP~2[u(x) — u(y)]
R |x — y[rtsp

(—A);u =c(n,s, p) dy

and more general Dirichlet forms like

A(x, y)

mdydx a€(0,2)

Eu, v) =/ (ux) —u(y)(vx) —v(y)
with A > A(x,y) > A~! > 0,seee.g. [3,11].

2 The Proofs

We begin by recalling the explicit representation for fractional derivatives as a hyper-
singular integral, sometimes named after Aronszajn and Smith:

Lemma 2.1 [2] Forallu € S (R"), x € R", and 0 < s < 2 we have

ux +y)— u(x)d

D'u(x) = c(n, s) - lim 2.1
€10 Jix|>e |y|”+s
Proof Consider the identity
u(x +y) —ulx)  Ayulx+y) u(x +y) —u(x)
y -2 o e S 2 E e
|y |y |y
u(x +y) —u(x)
- [yl

where ¢ = n + s — 2. If we integrate over {y € R" : |y| > €} and let ¢ | 0 we obtain

Ayu(x +y) : ulx +y) —ux)
Typr v =selm | e
[y]" €0 Jix|>e¢ [yl

Since the first integral is precisely

A ) )
Ay V) |2 Aur) = D52 Au = ¢ D
|y|rts=2
for a suitable constant ¢’ = ¢/(n, s), the proof is concluded. O

Thus D*u can be written as the principal value integral (2.1); note that in the range
0 < s < 1 (and for smooth u) the integral is actually absolutely convergent. In the
following we shall write simply

/ ulx +y) —ux)

ly|ts

ulx +y) —ux)

dy instead of P.V./ NES

) Birkhduser
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Writing ur = u(x £ y), v&a = v(x £y), u = u(x), v = v(x), one has the identity
(ivy —uv) —u(vy —v) — (g —wv = (U —u)(v4 —v),
thus (2.1) implies the formula
D*(uv) —uD*v —vD’u = c(n, s) - Ty(u, v), 0<s<?2 2.2)

where Ty (u, v) is the bilinear form

Ty (u, v)(x) = / [utx +y) —ux)]vix +y) — v(x)]d

Iy v, 0<s <2

Remark 2.2 1t is possible to work exclusively with absolutely convergent integrals,
using the equivalent representation

Diu(x) = C/ ulx+y)+ulx—y) — Qu(x)dy
[y["+s

and the identity

(Ugvy +Fu_v_ —2uv) —u(vy + v —2v)
(s +u_ —2u)v=(uy —u)(vy —v)+ @ —u_)(v—v_).

In order to estimate T (u, v) we use the square fractional integral (see [21])

1
_ 2 2
D, [ul(x) = (/ lutx +7) — ux)| dy)z, 0<y<l

|y|n+2y

By Cauchy—Schwartz one has the pointwise bound
|Ts(u, v)| < Dy, [ulDy,[v],  s=s1+s5, s€(0,2),s5;€(0,1) (23)

and we are reduced to estimate the fractional integral Dy. To this end, we shall
use the Littlewood nontangential square function g5 (u) defined as follows (3, =
(axl LECE] axn’ 8[)):

1

* _ o 4 an 1-n _ 2 2
gm)(x)—[/o /,,(t+|y|>’ 01U (x = 3., 1) dydt} 24)

where U (x, t) is the harmonic extension of u(x) in the upper half space R’;jl:

re tu(x —y)

+1 +1
T IR (24 )T

Ux,1) =e "Pu= dy, xeR" t>0.

Now, the crucial step is the following pointwise estimate:

) Birkhduser



J Fourier Anal Appl

Theorem 2.3 [21]Letn > 1,0 <s <land ) <1+ 2n—é Then we have
Dy[ul(x) < c(n, s)g; (D u)(x)

with a constant independent of u € . (R") and x € R".

Proof The resultis stated in [21] and a hint is given in [23]. For the sake of complete-
ness, we include a proof in the Appendix of the paper. O

Summing up, we have proved the following
Proposition 2.4 (Pointwise commutator estimate) Let n > 1 and

2s;
L.

s =s1+s52 €(0,2), s; € (0, 1), Aj <1+

Then the following pointwise estimate holds, with a constant independent of u, v €
S (R") and x € R":

D*(uv) —uD*v —vDu| < g5, (D'u)(x) - g5, (D™v)(x). (2.5)

It remains to estimate the square functions at the right of (2.5). We recall a few well
known properties of g}

Theorem 2.5 Letn > 1, A > 1. For any u € % (R"), g5 (u) satisfies the following
estimates, with constants independent of u:
) llgx@liLe S llulipe for x> max{l, %} and(0 < p < o0
() lgillrrwan S NullLran for 2 > max{l, 2}, 1 < p < oo and w €
min{p, )
Proof Estimate (i) is proved in [1,22,23]; see also [24] for a proof in the range 0 <
p < 1. Estimate (ii) is from [17] (Corollary at p. 110). O

In the borderline case A = 2/ p estimate (i) is valid with LP-* in place of L? at the
left [1,8]. The corresponding weighted weak estimate is contained in [17]; moreover,
estimate (ii) holds also for p < 1 provided the weighted L? norm at the left is replaced
by a weighted Hardy space norm (see [17]). The sharp form of the constant in estimate
(i) isknownif A > 2,1 < p < oo:

. max {3,517}

lgillLrwax) = Cln, p, Mlwly llullLr (wdx)

as proved in [15], but it is still unkown for A < 2. Recall that [w]AP forl < p<oo
is the minimal C such that the averages over any ball B C R” satisfy

fpw- (fB w_l’l—l>p_l <C.

Now it is a simple matter to prove the main result:

Birkhauser
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Proof of Theorem 1.1 By Holder’s inequality and (2.5) we have
I1D* (uv) — uD*v — vD*ullrr < lgf, (D w) e 185, (D)l 2

2Sj
e

for any r, p1, p2 € (0, co] with % = Ll + é,anysj €(0,1)andany A; < 1+
Applying Theorem 2.5(i) we get (1.5) provided we can pick A ; such that

ZSj
n 9

max{l,p%_} <Aj<l1l+

which is possible by the conditions on pj, s;.
The second estimate is proved in a similar way using Theorem 2.5(ii). We obtain
the following condition on the weights:

Sj

wj € Ag;. 1 <gq; <min{p; p;(z+ )}

Thanks to the self improving property of Muckenhoupt classes (i.e., if w € A, with
q > 1thenw € Ay, for some q; < g), we can relax the condition to

wj €Ay, 1<g;=min{pj, p;j(z+3)}
In dimensions n > 2 we have always s;/n < 1/2 and hence we obtain

S

1
wj €A, 1<q;=pi(3+3)
while in dimension n = 1 we have
wj € Ag;.  L<g;=min{p;. p;(5+s))]
and the proof is concluded. O
Remark 2.6 In the case n = 1 and s1, so > 1/2, the values of A1, A in the previous

proof can be taken both > 2 and then Lerner’s result [15] gives the following explicit
bound on the constant of (1.6): if p1, p» > 1,

max l,)% max l,%
C <clna,s;,r, pplunly, {t.5 1}[w2]Ap2{2 e=tl (2.6)
Appendix A: Proof of Theorem 2.3
tD

Itis sufficient to prove the inequality atx = 0.Letu € . (R")andletU (x,t) = e ""u
be its harmonic extension on Ri“ for t > 0. Following the hint in [23] V.6.12, we
can estimate the difference u(y) — u(0) with the integral of 9, ;U (x, t) along any path
contained in R’f‘] joining the points (0, 0) and (y, 0). We choose a path made by a
vertical segment joining (0, 0) with (0, |y|), followed by a horizontal segment joining

Birkhduser
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(0, |y|) with (y, |y]), followed by a vertical segment joining (y, |y|) with (y, 0). We
get

u(y) = u () < 718U (v, )| + 18U 0, )] + [8U (A3, |y )dA

where ¥ = y/|y|. If we denote with F(x, ) = ¢ '? D%u the harmonic extension of
D’u, we have the formula

Uz,s) = [g° Fz, t + wp'~ldu
which implies

() —u ) < " [FA8F (.
+HOF O, )]+ [0F AP, w4yl = WD — 1)~ dud.

We split the RHS in the sum of four pieces I + I + Il 4 IV where

Iyl plyl
I = /0 / OF (s 101 — 2~ dpada,
A
[yl [y]
H=/ / OF O, 10)](1 — 1)°~ ' dudn,
0 A
Iyl rlyl R 1
m=/ / DFOF, 1+ 1y] = It — 1) dpad,
0 A

Iyl poo
IV = /0 | (OFQ I+ OFO.0] + IFOF. e+ 1] = DD — ' duud.
y

The term IV can be estimated for any A with

VS sup AMOF@ |- [ [ A — )5 duda.

lzl=<lyl=A
The integral is finite if s < A < 1 and we get

V< sup AAy|"TA9F(z, V).
[zI=lyl=A

Using the mean value property of the harmonic function 0 F, we get

UV S sup AP 19§, 1) PddT
lzl=[yl=A D

where

D={E¢ 1):1§ -z =A/2, [t —Al =2/2}.

Birkhauser
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Now we note that
DcC{¢ el v >1yl/2}
where I' is the cone of aperture 3
I'={¢ 1):[§] =37}

and moreover, if (§,7) € D, we have T >~ X and actually A/2 < t < 3X1/2. This
gives

AV < [y[P+2s-24 / OF &, 1PA " dedr.
I, t=y|/2

Now dividing by |y|"*? and integrating in y we have, inverting the order of integra-
tion,

(]V)2 dy</(/ |y|2_"_2Ady)|8F(§ T)|2T2A—n—1d%-dr
Iyl +2s 7~ e Sy <or 7
and finally

avy?

iy < / OF(E, 7)Pr "dEds. A1)

(In particular we see that the piece IV is estimated by a Lusin area integral on a cone
of fixed aperture).

The terms /11 and I satisfy an estimate similar to /V. Indeed, in III we have u +
Iyl = A = |yl = A = [A)] so that

Iyl iyl
m< sup A40F(z, 1) / Uyl +pm— 2" — 2" dudxr;
0 s

lzI=lyl=A

using (|y| +u —A)~4 < |y~ we have

[yl plyl
/ (¥l 4 1 = = 2 dpdn < [y~ -y
0 A
so that

o< sup A4y A9F (z, M)

lz|=|yl<A

Proceeds as for IV we obtain that /11 satisfies (A.1).

Birkhduser
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For the term /7 we have by Fubini and then by Cauchy—Schwartz, for € € (0, 2s),

ly

Iyl |
_ 1/2
I~ /O OF O, ltdu S ( /0 9F O, )P+~ dp) Py /2

which gives

(n? o )
|y|n+2sdy§ |y|6 n=2s 0 |8F(07 M)|2M1+2S €d,bL

_/OolaF(O )|2 1+2s—e/ dy d
o O pizp B H

so that

(In? 00
|y|n+2xdy 5/0 [0 F (0, M)|2Md,u.

We now apply the mean value property:

(11)2 0 —n 5
5 AV S % |0F (£, T)|*dédd .
Iypre= 0 €1 <p1/2 |7l <p1/2

Note that the domain of integration of the inner integral is contained in the cone I
defined above, and that >~ 7; more precisely we have

3u 2t
— die. — <u <2t
2 3 =H=

RS

=T=

This gives, after exchanging the order of integration,

an” d </|8F(§ WP /h dpded
: . , TITT % T
|y|n+2s Y r 2t/3

and finally we get as in (A.1)

(I11)?
|y|n+2s

dy§/|8F(§,r)|2rl_"d§dr. (A.2)
r

The remaining piece I is the only one requiring cones of arbitrary aperture, and
hence the function g} . Exchanging the order of integration and using Cauchy—Schwartz
we get

[yl Iyl
=5 /O |aF<y,m|Mdu5(/0 OF (3. 2+ 2|12

Birkhauser
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for any € € (0, 2s). Thus we have

(1)2 1 2 142s—€ e—n—2s
——-dy S [0F (y, w)|" 1 duly| dy
0

|y|n+2s

that is to say

/

0 )2 5 M1+2s—e
/| |n+25 /|y|>H|3F(y, Wl ||n+—2sedydu“' (A3)

Summing all the pieces, we have proved the estimate

14+2s5—€

lu(x + y) — uy|? _ 1
,l—m}dys/wns,r)ﬁrl "dsdr+/ 0F (y, )P ———dyd.
[yl r RIEM [yl

The first term at the right is obviously bounded by g5 (D*u)(0) for all A, while it is easy
to check that the second integral is bounded by g (D*u)(0) provided A = 1 + = _£
Since € is arbitrarily small, the proof is concluded.
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