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Abstract

In this paper we study a gradient flow approach to the problem of
quantization of measures in one dimension. By embedding our prob-
lem in L2, we find a continuous version of it that corresponds to the
limit as the number of particles tends to infinity. Under some suit-
able regularity assumptions on the density, we prove uniform stability
and quantitative convergence result for the discrete and continuous

dynamics.
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1 Introduction

The quantization problem in the static case

The problem of quantization of a d-dimension probability distribution by
discrete probabilities with a given number of points can be stated as follows:
Given a probability density p, approximate it by a convex combination of a
finite number N of Dirac masses. The quality of the approximation is usually
measured in terms of the Monge-Kantorovich metric. Much of the early at-
tention in the engineering and statistical literature was concentrated on the
one-dimensional quantization problem. This problem arises in several con-
texts and has applications in information theory (signal compression), cluster
analysis (quantization of empirical measures), pattern recognition, speech
recognition, numerical integration, stochastic processes (sampling design),
mathematical models in economics (optimal location of service centers), and
kinetic theory. For a detailed exposition and a complete list of references,
we refer to the monograph [9].

We now introduce the setup of the problem. Fixed r > 1, consider p a
probability density on an open set  C R such that

/Q I p(y)dy < oc.

Given N points z',...,2" € Q, one wants to find the best approximation
of p, in the sense of Monge-Kantorovich, by a convex combination of Dirac
masses centered at z!, ..., z"V. Hence one minimizes

inf{MKr<Zmi6mi,p(y)dy) tmy,...,my >0, Zml:l}
with

ME, (1, v) = inf{ | o= udsto) () = s (rhar = }



where ~ varies among all probability measures on 2 x 2, and m; : 2 x Q — Q
(¢ = 1,2) denotes the canonical projection onto the i-th factor (see [2, 15]
for more details on the Monge-Kantorovitch distance between probability
measures).

As shown for instance in [9, Chapter 1, Lemmas 3.1 and 3.4], the following
facts hold:

1. The best choice of the masses m; is given by

m; = / ply)dy,
W({al,...aN}[ai)

where

W({:Ul??xN}‘xz) = {yEQ : ’y_xZ’ < \y—m]\, j€17-'~7N}
is the so called Voronoi cell of 2% in the set z!,..., 2.

2. The following identity holds:

inf{MKr<Zmi5mi,p(y)dy> :my,...,my >0, Zmi = 1}

= Fn,(z, ,mN),
where
Fyp(z',...aN) = it =yl p(y)dy
If one chooses z!,...,z"V in an optimal way by minimizing the functional

Fyn, : (RHYN — RT| in the limit as N — oo, these points distribute them-
selves accordingly to a probability density proportional to p%/4*+". In other
words, by [9, Chapter 2, Theorem 7.5| one has

pd/d+7‘

N
1
=30 e da, 1.1
Ni= Jo P (y)dy -

These issues are relatively well understood from the point of view of the
calculus of variations [9, Chapter 1, Chapter 2|. Our goal here is to consider
instead a dynamic approach to this problem, as we shall describe now.

A dynamical approach to the quantization problem

Given N points :r(l), . ,iBéV , we consider their evolution under the gradient
flow generated by Fl ., that is, we solve the system of ODEs in (RHN

(&'(t),...,aN (1) = =VFn, (21 (t),..., 2N (1)), (1.2)
(z1(0),...,2N(0)) = (zf,..., 2] '
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As usual in gradient flow theory, as t — oo one expects that the points
(z'(t),..., 2N (t)) converge to a minimizer (z!,...,z") of Fy,. Hence (in

view of (1.1)) the empirical measure

1 N
=1

is expected to converge to
pd/d+r

B R— .
/Q P (y)dy

as N — oo.

We now seek to pass to the limit in the ODE above as N — oo. For this,
we take a set of reference points (21, .. ,2N) and we parameterize a general
family of N points 2’ as the image of Z* via a smooth map X : R? — R?,
that is

= X ().
In this way, the function Fy,.(x!,... , V) can be rewritten in terms of the
map X and (a suitable renormalization of it) should converge to a functional
F[X]. Hence, we expect that the evolution of z'(t) for N large is well-
approximated by the L2-gradient flow of F.

Although this formal argument may look convincing, already the 1 di-
mensional case is nontrivial, and will be studied in detail in the present
paper. The higher dimensional case is much harder. For one thing, even in
space dimension 2, there is no obvious analogue of the functional F[X] in
the continuous limit. The present paper is focussed on the 1 dimensional

setting, and the higher dimensional case is left for future work.

The 1D case

With no loss of generality we take Q to be the open interval (0,1) and we
consider p a smooth probability density on 2. In order to obtain a continuous
version of the functional

1

= [ min |z" —y["p(y) dy,

N
) 0 1<i<N

FNyr(.J?l,...,ZU

witho<zl<...<zN < 1, assume that
: ;—1/2
x’:XC N/ ) i=1,...,N

with X : [0,1] — [0,1] a smooth non-decreasing map such that X(0) = 0
and X (1) = 1. Then, as explained in Appendix A,

NTFN,T(xl, e ,:UN) — /1 p(X(H))|89X(9)|7"+1d0 — f[X}
0
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as N — oo, where C, : 2T(r+1)
By a standard computation [6] we obtain the gradient flow PDE for F
for the L?-metric,

AX(1,0) = Cp((r + 10 (p(X (1,0)) 0 X (1, 0) "~ 0 X (2,0))
— 0 (X(0) 0 X (1,0) ), (13)
completed with the Dirichlet boundary condition
X(1,0)=0,  X(t,1)=1. (1.4)

Let us notice that, in the particular case p = 1, (1.3) becomes a p-Laplacian
equation
o X = Cr(’l“ + 1)89(’69X|T_189X)

with p — 1 = r (see [5, 13| and references therein for a general treatment of
this class of equations).

From the Lagrangian to the Eulerian setting

Equation (1.3) provides a Lagrangian description of the evolution of our
system of particles in the limit N — oco. We can also study the Eulerian
picture for the gradient flow PDE. If we denote by f(¢,x) the image of the
Lebesgue measure through the map X, i.e.

f(t,2)de = X(t,6) 4do),

then the PDE satisfied by f takes the form !

O (t,2) = —rCyd, (f(t,max(%)), (15)

with periodic boundary conditions, and we expect the following long time
behavior

pH ) (@)
fo )1/ +1) gy
Notice that if p = 1, (1.5) becomes

Of=—-Cr(r+1)02(f"),

as t — oo.

[t x) —

which is an equation of very fast diffusion type [4, 13, 14]. It is interesting
to point out that the above equation set on the whole space R or with zero

with b(t,y) := Cpr (%) (this follows by a direct

)
)), the function f = f(t,x) solves the continuity equation

Tndeed since 9 X = b(t, X
.3
= 0, as shown for instance in [1].

computation starting from (1

9 f(t, ) + div(b(t, =) f (¢, 2))



Dirichlet boundary conditions has no solutions, since all the mass instan-
taneously disappear [12, Theorem 3.1|. It is therefore crucial that in our
setting the equation has periodic boundary conditions. In particular, as we
shall see, our equation satisfies a comparison principle (see Lemma 2.1).

Assumptions on p and convexity of the functionals

Notice that our heuristic arguments in the previous section were based on
the assumption that both the gradient flows of Fiy o and of F converge to
a minimizer as ¢ — oo. Of course this is true if Fiyo and F are convex
[2]. Actually, notice that we are trying to show that the limits as N — oo
and ¢ — oo commute, and for this we need to prove that the discrete and
the continuous gradient flows remain close in the L? sense, uniformly with
respect to t. Therefore, the convexity of F and Fi 2 seems to be a very
natural issue for the validity of our gradient flow strategy.

As shown in Appendix B, for the hessian of F to be nonnegative at
“points” X which are Lipschitz and uniformly monotone, one has to assume
p to be sufficiently close to a constant in C?. We shall therefore adopt this
condition on p.

Whether this condition on p ensures that Fiy o is also convex is left un-
decided. Nevertheless we are able to prove that the discrete flow and the
continuous one remain close by a combination of arguments including the
maximum principle and L?-stability (see Section 4).

Statement of the results

In order to simplify our presentation, in the whole paper we shall focus only
on the case r = 2. Indeed, this has the main advantage of simplifying some
of the computations allowing us to highlight the main ideas. As will be
clear from the sequel, this case already incorporates all the main features
and difficulties of the problem, and this specific choice does not play any
essential role.

As we mentioned in the previous section, the properties of p are crucial in
the proofs. Notice also that (1.3) is of p-laplacian type, which is a degenerate
parabolic equation. In order to avoid degeneracy, it is necessary for the
solution to be an increasing function of #. For this reason, we assume this
on the initial datum and prove that this monotonicity is preserved along the
flow.

It is worth noticing that the monotonicity estimate at the discrete level
says that if z't1(0) — 2%(0) ~ % for all 4, this property is preserved in time
(up to multiplicative constants). In particular the points {z(¢)}i=1,. n can
never collide.



Our main result shows that, under the two above mentioned assumptions
(that is, p is close to a constant in C? and the initial datum is smooth and
increasing) the discrete and the continuous gradient flows remain uniformly
close in L? for all times. Notice however that the results in the case p = 1 and
p # 1 are quite different. Indeed, when p = 1 the equation (1.3) depends on
0y X and Ogg X, but not on X itself. This fact plays a role in several places,
both for showing the monotonicity of solutions (in particular for the discrete
case) and in the convergence estimate. In particular, while in the case p =1
we obtain convergence of the discrete flow to the continuous one for all initial
data, the case p # 1 requires an additional assumption at time 0 (see (1.6)).

One further comment concerns the time scaling: notice that, in order to
obtain a nontrivial limit of our functional Fj ,, we needed to rescale them
by 1/N". In addition to this, since we want to compare gradient flows, we
have to take into account that the Euclidean metric in RY has to be rescaled
by a factor 1/N to be compared with the L? norm.? Hence, to compare the
discrete and the continuous gradient flows, we need to rescale the former in
time by a factor N7t

We now state our convergence results, first when p = 1 and then for the
general case. It is worth to point out that the best way to approximate the
uniform measure on [0, 1] with the sum of N Dirac masses it to put masses
of size 1/N centered at points (i — 1/2)/N and

1 & 1
MK, (N 25(1‘—1/2)/1\77059) =N
i=1

(see the computation in the proof of Theorem 3.6). Hence the result in our
next theorem shows that the gradient flow approach provides, for N and ¢
large, the best approximation rate.

Theorem 1.1. Let p =1, (xl(t), e ,$N(t)) the gradient flow of Fin 2, and
X (t) the gradient flow of F starting from Xo. Assume that Xo € C+(]0,1])
and that there exist positive constants cg, Co such that

G
N Y

€o

< H_JZ<O) - i’i_l(O) < and ¢y < 0§ Xg < Cp.

Define X'(t) = X(t, i_;/Q), Ti(t) = 2'(N3t), and p = %Ziémi(t)

Then there exist two constants ¢’,C" > 0, depending only on cy, Co, and

Let z:= (z*,...,2™),5:= (¥',...,,y") € RY, and embed these points into L?([0, 1])
by defining the functions

7 1 i —1 i
X(0):==z", Y(0) =y, V@E( N ’N>'

Then |z —g|* = 3270, |2 —y'|* while | X — Y. = & 200, |2 —y'[*



[ Xollcae(jo,17), such that, for all t >0,

N

1 Y 2 1 2
—i i —c't —i i
N2 @0 - X W) <e N;(x (0) = X¥(0)" + 33
and
MK (Y, dh) < Lo ey “
1Mt = AN NQ'
In particular
1 2 2N3log N
ME; (uY < =4+ > 2
1(/’[/25 7d9)—4N+N2 Vt— c

Theorem 1.2. Let (z'(t),...,z" (t)) be the gradient flow of Fy, 2, and X (t)
the gradient flow of F starting from Xg. Assume that Xo € C+*([0,1]) for
some a > 0 and that there exist two positive constants cg, Cy such that

A : C
& S2'(0) —a(0) < 2. and ¢o < X0 < Co.

Define X'(t) := X (t, i_]i,/Q), zi(t) == 2 (N3t), and pfy == &>, Ogiry, and
assume that p : [0,1] — (0,00) is a periodic probability density of class C3%
with ||p'loe + |10 |cc < & and that

C

XU(0) — 2'(0)| < 15

Vi=1,...,N. (1.6)

for some positive constants g,C. Then there exist two constants ¢,C’ >
0, depending only on co, Co, [|pllcs.a(o)) and || Xollcae(o,1)), such that the
following holds: if € is small enough (in terms of ¢y, Co, and C) we have

1 A c
S (@0 - Xit)? < i Jorallt>0
=1

and
/
ME, (N, vp'? do) < Cle YN 4 % for all t >0,

where

1 ! ,
= ::/ p(0)'/3 dg.
Y 0

In particular
c’ N3log N
MKl(uiV,'ypl/3d9)§ﬁ for all tz%g.
c

As a consequence of our results, under the assumption that p is C? close
to 1 we obtain a quantitative version of the results in [9]:



Corollary 1.3. There exist two constants € > 0 and C > 0 such that the
following holds: assume that ||p'||oc + [|0"|lec < &, and let (z*,...,2N) be a
minimizer of Fyo. Then

MK (N, yp'/ do) < %
where )
N . )
and
1 1
= ::/ p(0)'/ dp.
Y 0

The paper is structured as follows: in the next section we collect several
preliminary results both on the discrete and the continuous gradient flow.
Then, we prove the convergence result first in the case p = 1, and finally in
the case [[p — 1f|c2(o,1)) < 1.

In the whole paper we assume that 0 < XA < p <1/,

2 Preliminary results

2.1 The discrete gradient flow

We begin by computing the discrete gradient flow: as shown in the appendix,
given points 0 < r<... <N < 1, one has

N
FN,T('xl’"'?xN) = Z/
i=1vT

Zit1/2
i

L = Te)dy

where , -
1 1
Li1/2 T+

Vi=2,...,N—1,
B 1

while we set #1/2 := 0 and #N*t/2 := 1. Then, a direct computation gives
OF N 2 AR
2o =2 [ ey, (2.1)
833‘ pi—1/2

Moreover, assuming that p is at least of class C¥ it is easy to check that
V Fy 2 is bounded and continuously differentiable, hence Fly 5 is of class C?.
Thus the gradient flow of Fiy 2 is unique and exists globally for all ¢ > 0 by
the Cauchy-Lipschitz Theorem for ODEs.

2.2 The continuous gradient flow

In order to construct a solution to the continuous gradient flow (2.3) we start
from the Eulerian description that we look as a PDE on [0, 1] with periodic
boundary conditions.



2.2.1 The Eulerian flow

Recall that by assumption A < p < 1/ for some A > 0. Given f(t,x) a
solution of (1.5), we set

1/37 u(t,x) . f(t7x) )

m(z) := p(x)

With these new unknowns (1.5) becomes

_% 0, <m(:c)0x<u12>> on [0,00) x [0,1]  (2.2)

with periodic boundary conditions. The advantage of this form is double:
first of all, the above PDE enjoys a comparison principle; secondly, constants
are solutions. Since for our purposes, only comparison with constants is
necessary, we will just show that.

8tu =

Lemma 2.1. Let u be a nonnegative solution of (2.2) and c be a positive
constant. Then both

1 1
tl—>/ (u—c)_dx and tl—>/ (u—c)y dx
0 0

are nonincreasing functions.

Proof. We show just the first statement (the other being analogous).
Since constants are solutions of (2.2), it holds

1 1 1

We now multiply the above equation by —m ¢, (1712 — c%), with ¢. a smooth
approximation the indicator function of Ry satisfying ¢, > 0. Integrating
by parts we get

d ]L\Ila(u—c)dﬂz,‘:—/lqﬁ6 <1—1) O(u—c)mdx
0

dt J, uz 2
1/t 11
=1 / O (2 - 2)
4 Jo U c
where we have set

W.(s) = —/Os ¢(((;+1c)2 - 012) do.

Letting ¢ — 0 we see that W.(s) — s_, hence

d 1
dt Jo

(u—c)_dx <0,

proving the result. O
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Thus, if ag < u(0,z) < A, then ag < u(t,z) < Ag for all ¢ > 0. We now
apply this fact to show that if f is bounded away from zero and infinity at
the initial time, then so it is for all positive times. More precisely, recalling
that by assumption A < p < %, we have

A
ap < f(0,2) <A = M3y < u(0,z) < )\1/13
A
= A <ut,z) < )\1/13
Ay
2/3
=  ABa < f(8, ”3)—)\2/3 Vit >0.

These a priori bounds show that (1.5) is a uniformly parabolic equation.
In particular, since f is uniformly bounded for all times, by parabolic regu-
larity theory (see for instance [10, Theorem 8.12.1], [8, Chapter 3, Section 3,
Theorem 7|, and [11, Chapters 5, 6]) we conclude that:

Proposition 2.2. Let A € (0,1], and assume that p : [0,1] — [A\, 1/A] is
periodic and of class C*% for some k > 0 and a € (0,1). Let f(0,-) : [ 1] —

R be a periodic function of class C** satisfying 0 < a1 < £(0,-) < Ay, and
let f solve (1.5) with periodic boundary conditions. Then

ANBay < f(t,x) < for all t >0,

Ay
)\2/3
£(0,-) is of class C* for allt > 0, and there exists a constant C, depending
only on A, ||pllck.e, k, o, a1, and Ay, such that || f(t,-)||cr.e o)) < C for all
t > 0.

2.2.2 The Lagrangian flow

To obtain now existence and uniqueness for the gradient flow of F, we simply
define X (¢) for any ¢t > 0 as the solution of the ODE (in )

{ 305((% )= m on [0,1], Vit > 0. (2.3)

Notice that the boundary conditions X (¢,1) = 1 is automatically satisfied

since
X(t,1)
/ flt,x)dx =1
0

and f(t) > 0 is a probability on [0,1]. Also, notice that X (¢) has exactly
one derivative more than f(t). Hence, by Proposition 2.2 we obtain:

Proposition 2.3. Let A € (0, 1], and assume that p : [0,1] — [\, 1/A] is pe-
riodic and of class C** for some k >0 and a € (0,1). Let X(0,-) satisfy 0 <

11



ar < 9pX(0,-) < Ay, X(0,0) = 1, X(0,1) = 1, and | X(0, )]l cxs100.)) <
oo, and let X(t,-) solve (1.3)-(1.4). Then

NBa; < 9pX (t,0) < A

_)\2—/13 for all t >0,

and there exists a constant C, depending only on X\, ||p|lck.«, k, , a1, and
Ay, such that || X (t, )|l cr+1.aqo,1) < C for all t > 0.

3 The case p=1

As we already mentioned we shall focus only on increasing initial data, and
as proved in the previous section this monotonicity is preserved in time,
hence 9pX > 0.

We first observe that, in the case p = 1, the equation (1.3) becomes

1 1
8tX(t> 9) = 189 (8€X(t> 9)2) = 569X(t7 9)6929X(t> 9) (31>
with Dirichlet boundary conditions (1.4).

3.1 The L? estimate in the continuous case

The following result shows the exponential stability in L? of the continuous
gradient flows.

Proposition 3.1. Let X1, Xy be two solutions of (3.1) satisfying (1.4) and
9 X:(0,0) >c>0, i=1,2 (3.2)

Then
1 1
/ X1 (£,60) — Xo(t,0)[2d6 < </ 1X5(0,0) — X2(0,0)|2d9> e—tet.
0 0

Proof. We first recall that the monotonicity condition (3.2) is preserved in
time (apply Proposition 2.3 with A = 1). Then, since X9 — X vanishes at
the boundary, one has

d 1 1
G [ b= XaPdo = [ 06— Xa) (0u(@0X3) - du(00X3) 0
0 0

1
(0pX1 — 0§ X2) (09 X7 — 09 X32) db

1
(agXl - 89X2)2(89X1 + 89X2) de.

o— S—
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Using the monotonicity condition dypX; > ¢ and the Poincaré inequality on
[0, 1] (see for instance Lemma 3.5 and let N — o), we get

1 1
—/ (agXl — 89X2)2(89X1 + 89X2) di < —26/ (agXl — 89X2)2 do
0 0

1
< —40/ (X1 — X»)?do
0

so that

1
4 <e4ct/ |X1 — Xo|?(t,0) d6> <0.
dt 0

O]

This argument shows that, if at time zero X1(0,0) = X5(0,60) for a.e.
6 € (0,1), in particular X;(¢,0) = Xa(t,0) for a.e. 6 € (0,1), for all ¢t >
0. Moreover if X;1(0,0) — X2(0,6) is small in L? then it remains small in
L? (continuity with respect to the initial datum), and actually converges
to zero exponentially fast. In particular, noticing that X (¢,0) = 6 is a
solution (corresponding to f(t,z) = 1), we deduce that all solutions converge
exponentially to it: indeed, choosing Xs(t,6) = 6 and assuming ¢ < 1 we

have ) .
/ 1 X (t,60) — 0]*db < (/ |X(0,60) — 9|2d9> e~ e,
0 0

3.2 Convergence of the gradient flows

The functional Fyo(z!,...,2V) with p = 1 is given by

13 N-1 N3
1, . : |1 — 2™
Ia I N:|95\ P =S AT .
N72(:L‘ ) y L ) 3 + ;_1 12|:L‘ x | + 3 ) (3 3)
hence the defining equation for the gradient flow for Fiy o is
i OFN2 1 1 2 ;i 1n2 .
it =— I :Z<(xz —x’) —(w’—:pl ) ) forall i=1,..., N,

(3.4)
where by convention z° := —z! and 2Vt :=2 — 2V,

The former convention comes from the following observation: in order
to avoid problems at the boundary, one could symmetrize the configuration
of points z', ..., 2" with respect to 0 to get N points y',...,y" € [~1,0]
satisfying y* := —z'. By identifying —1 with 1, we then get a family of
2N points on the circle where the dynamics is completely equivalent to ours.
This means that, by adding 2° and V1

2!V as interior points. In the next section we will apply the same observation

defined as above, we can see 2! and

13



symmetrizing also the density p in the way described above.
In order to prove convergence, we want to find an equation for X evalu-
ated on the grid (i — 1/2)N

Lemma 3.2. Let X (t,60) be a solution of (3.1)-(1.4) starting from an initial
datum Xo € C**([0,1]) with 09Xo > co > 0. Let X' be the discretized

solution defined at the points (2 /2 4 ,1), that is
. ,—1/2
X'(t) ::X<Z N/ ,t> forall i=1,...,N. (3.5)
Then OF
O, X" — N38TNZ.’2(X1,...,XN) = R
with

|R'(t)] < N£ forall t >0, forall i=1,...,N,

where C' depends only on ¢y and [ Xollcae(o,17) -

Proof. As we showed in Proposition 2.3 we have 0y X (¢,0) > ¢ > 0 for all
t, so that the equation (3.1) remains uniformly parabolic and under our
assumptions the solution X () remains of class C* for all times, with

IX(t)|lgs <C V0.

By Taylor’s expansion centered at (#, t), one has

, T X(t
X = X4 L 0,X 4 O X+ — g XZ+O<H O”“),

N 2N2 6N3 N4
RN IX(®)lles
1 _
XZ —XZ— N&)Xl-f- 2 289QX Wa X1+O<4 .

Thus, with the convention X? := —X! and XVN+1 .= 2 — XV,

i N°® i )2 i i—1\2
o' = (! - x7) = (X - X)) =

i N3 i i HX(t)||C4 2
OX —4[ 0 X" + 2N2899X +6N389 0 X +0<N4)]
NoT 1, i IX(@®)llcs \1?
hence
N3

o' = S (X=X - (x - X))

1 . . , .
= X" — iagXlaggXl + R'= R',

14



with

: X(t 4 é

with C := C'supysg | X (8 ca- O

In order to compare X with 2’ we need to rescale times. More precisely,
let us denote with z'(t) := 2*(N3t). Then

it = ]\f( (@ —2) - (& - 55"‘1)2). (3.6)

For simplicity of notation we set
Wi = N (X* - XY, Y= (W)

W% — N (.i,iJrl _ j;l) , Y;il — (W%)2’

(recall the convention X?:= — X' and XV*!:=2— X¥). The equation for
X can be written as

N o .
X' = (Vx - Yy Y+ R,

while the equation for W (which follows easily from (3.6)) is given by

N2

Wi = = (W2 — 2w + (Wi™)?). (3.7)

We now prove a discrete monotonicity result:

Lemma 3.3. Assume that C > 99X (0,6) > ¢ and C > WL(0) > ¢ for all
i and 0 € (0,1). Then C > Wi(t),Wi(t) > ¢ for alli=1,...,N, and all
t>0.

Proof. The inequality for W)Z( follows from the fact that the bound C' >
09X (0) > c is propagated in time (see Proposition 2.3 and recall that here
A=1).

To prove that Wi(t) > ¢ > 0, it suffices to prove that, for any ¢ > 0
small,

Wit)>c—e(2—e )= f(t) Vi,Vt>0 (3.8)

(the bound WZ(t) < C being obtained in a is completely analogous manner).
Notice that, with this choice, f(0) < min; WZ(0). Suppose by contradiction
that

Iniin Wi(t) # f(t) in RT

Then there exist a first time ¢y such that W)Zg (to) = f(to) > 0 for some i,
ie., f(t) < Wi(t) for all t € [0,0) and all i = 1,...,n, and f(¢) touches

15



Wi(t) from below at (ig, to). From the equation (3.7) and the condition (3.8)
we get a contradiction: indeed, since tq is the first contact time we get

Wi (to) < f(tg) = —ee™ <0,

while since (W%°+1(t0))2, (V[/%O_l(tg))2 > f(to)? = (W%O (tg))2 (here we used
that f(t) > 0 provided ¢ is sufficiently small to deduce that W* > f implies
(W92 = f?)

N2

W (to) = -

((WZO-H( >)2 _ Q(W%()(t()))Q + (W%o—l(to))2> > 0.

This proves that min; WZ(t) > f(¢) for all t > 0, and letting ¢ — 0 we have
the desired result. O

We can now prove our convergence theorem.

Theorem 3.4. Let ¥ be a solution of the ODE (3.6), and let X' be as in
(3.5). Assume that Xo € C*([0,1]) and that there exist positive constants
co, Co such that

A . C,
%<ﬁ%m—f“%m§7§,cog%xbga}

Then there exist two constants ¢,C > 0, depending only on co, such that

21:: - X)) < —CtNZ ~ X¥(0))” +C<§2>2

for allt > 0, where C is as in Lemma 3.2.

Proof. We begin by observing that, because of Lemma 3.3,

. ) C , . C
%gf@—ﬂ%ﬂgﬁ,md%gxw—WA@SNH
for all t > 0. We now estimate the L? distance between X* and Z’: recalling

16



Lemma 3.2 we have

dtNZ|Xz —i|2

N
z i i 2 : o
L e v o 2
1 & . , L | |
o M.
R DL
i—1
| V-l v
_ i =t 1 _74 - 1+1 _i+1 _Z
8 i=0 N =) Ve -] 8N N (X ) [Yx — Y2
2 L
+y (X TR
i—1
L Nl | |
-y N ((XZ-H — X —( i+l )) [YX Y’]
i=0
o Mo
+ (X =R
i=1
Hence
d1L
TR B
=1
L3 oy : : 2 M
= —gw 2 Wk = W)[W%)* = (W)’ + 5 D_(X' —a)R
- i—1
e N1 , 9 ' o
<5y Wk WP+ 5 ) (X' =R,
=0 i1

since W,}:,W}( > ¢ > 0. We then apply the following discrete Poincaré
inequality (we postpone the proof to the end of the Theorem):

Lemma 3.5. Let (u° u) C RN with u® = 0. Set

i(ui)g)é;

1=0

Jull = (

N-1
o (1 N2(y ! _ )2 2
[u'[|2 = N § (u u')?) "
i—0

[SIen

17



Then [[ul3 < 3lu'[13.

N N
. 1 . . 2 . .
dtN§ :’Xz —2‘2 _ENE :‘Xz_i,z|2+ﬁ§ :(XZ—:EZ)RZ.
i=1 i

Using that

. L . . 1 .
(Xz —j;l>RZ <e p' - i,z)Z + *(RZ)2,

—~

choosing € = ¢/4 we get

d1 Y 1 & 2 Y
Xi—_i2<—_7 Xt —112 “ 7\ 2
BN 2] " < N - \ |+NZ(R)
i=1 i=1 i=1
Recalling that R
. C
R0 < 15

(see Lemma 3.2), we conclude that

N
d 1 i 2 202
%NE:\XZ—M —c—§:|XZ =P + S
=1

By Gronwall Lemma, this implies

N
1 i 7 —C
S IXi) - g r%*Zm —F(0) e
i=1
t B 9 CQ
—c(t—s)/2
+/0 € (t )/ st

In particular, using that the third derivatives of X (¢,-) are bounded, we get

1 N 2@2
s Xz 2 XZ o 2 7Ct/2 o~
RSO N}] e+ 2,

as desired. O

Proof of Lemma 3.5. We observe that, since u’ = 0,

=
NZ uktt uk for i =0,..., N,
k=0

18



hence

1 N 1 N 1 i—1 9
= & @) = =3 (5 DN — b))
=0 =0 k=0
1 N 1 i—1
< N (Z _ 1)72 N2(uk+1 _ uk)Q
=0 k=0
N-1
N-1)1 1
= D LS Nty < L

3.3 The Eulerian picture

Let us define pf¥ := £ >, dyi(r)- We want to estimate the distance in MK
between ¥ and the Lebesgue measure on [0, 1].

Theorem 3.6. Let Z° be a solution of the ODE (3.6), and let X be as in
(3.5). Assume that Xo € C*+([0,1]) and that there exist positive constants
co, Cy such that

@ < #(0) — z7H0) < Co co < 0pXo < Cp.
N — - N’ - -

Then there exist two constants ¢,C > 0, depending on cq, Co, [ Xoll o (jo,17)
only, such that

N —&t/N3 c 1
ME(ul,do) < e tm oy Y20
In particular
1 C+1 2N3log N
ME; (Y, df) < — + ——— t> -2

Proof. Take X°() = 0, so that X (¢,60) = 0 for all ¢, and apply Theorem 3.4:
we know that

1 1 C 2
s i) ()2 < & GO i) (2 o—Ct/2
N;IX (t)—z())? < N;\X (0) =2 (0)F ™% + —7

hence, since 0 < z¢(0) < 1, 0 < X*(0) < 1,

N . 2 = A2
LN, i—122 ., CC
_ t) — < ¢
N;x() N | =S¢ T

19



Recalling that ' '
'(t) == 2 (N3t/8),

we get

1—1/2‘ _e_ét/N3+602.
N4

1N
AP
To control M K;(ul¥,df), we consider a 1-Lipschitz function ¢ and we esti-
mate
1 N 1 1
pduy — / pdf = — /
[ o= [[om= 33w -3 [0
N :
1 ; i—1/2
= t _
Z[m 0oy )}

/wa () ]

N
271/2
<y 2 |
i/w 1_1/2—0‘019
prt 1)/N
-1 1
N AN

—Ct/ 2N3 + 01/20 + L
N2 4N’
hence, taking the supremum over all 1-Lipschitz functions we get
—ajeny [ C2C 1
N2 4N’
which proves the result with ¢ := ¢/2 and C:=C2¢. t

MK (i, df) <e

4 The case p# 1

We consider the case r = 2 whit p a periodic function of class C*®, where

/11 om
Iollgse = llplles + supl = 72w
T7y |z —y|

We recall that .
1
FIX] = 15 [ oXO)00X 0)d,

and that the gradient low PDE for F for the L%-metric is given in (1.3).

20



4.1 Convergence of the gradient flows
We recall the formula for the gradient of Fy 2 given in (2.1).

Lemma 4.1. Let X (t,60) be a solution of (1.3)-(1.4) starting from an initial
datum Xo € C**([0,1]) for some a > 0 with 9pXo > co > 0, and assume
that 0 < A < p <1/A. Let X be the discrete values of the exact solution at

the points (i_]i/Q,t) as in (3.5). Then

, F .
8tXZ—N38 N2xt L XNy =R
oxt
with A
i c .

where C depends only on cg, A, Hp|]ca,a([071]), and HXOHCAL,Q([O’H).

Proof. As we showed in Proposition 2.3, under our assumptions 9p X (¢) >
¢ > 0 for all ¢ and the solution X (¢) remains of class C* for all times, with

IX(®)lgs <C VE>0.

A Taylor expansion yields

4 | , 1 . 1 ; X(t
Xz+1:XZ+N89XZ+2N2899X’+6N33009X1+O<H §V1||C4>;

i— i 1 i 1 i 1 ; X(t 4
X=X O X — om0 (101 )

p(y) = p(X7) + p/(X7) (y — X) + P"(2XZ)

where as before we adopt the convention X? := — X! and XN+ =2 - XV,
In addition, we set

(y— X"+ 0(ly — X%,

p(y) == p(—y) forye[X°,0,  p(y):=p2—y) foryell, X ]
Then
Xiqxitl
OFN2 1 Ny _ 2 i i /v i
O X = [ =) o6+ 1060 - X
" Xi ; ;
0 = X2 4 Oy - Xy
Xi+§i+1 Xi+§(i+1
_ oy i i | vy v
=2 [ W2 [ LX) 00 X
,ON Xz’ ; ;
+ 205 (= X7+ Ol - X ay
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so that

_35;\;,2( XN = P(fl) -(Xi—i-l _ X2 (X Xi—1)2-
vo (o) L (- oy o0 - x|
o) Lot - (x- x o),
Therefore
_85;\;72 (X17“" [ Xz+1 i _ (Xi _ Xi1)2]
P [(XZ“ X - - x|
+'0”(XZ)6174 |:(Xi+1 _ XY (X — Xi—1)4:|
+ O(1/N?).

We now use the Taylor expansion for X to see that

; ; ; i 209 X" Ogg X"
(X X = (X - i) = ZAE S o),
i i i i 2(0pX")?
(X+1—X)3—(X - X 1)3:(]v?,)+0(1/N5)a
(Xi+1 o Xi)4 o (X Xz 1) (1/N5)
thus
OFN2 1 N
— (X X
Ozt (X5 )
_ 1 i i i L i i3 5\ _ 5
= S PXNOX 000X 4 /(XN (@9 XY + O(1/N7) = O(1/N7).
O
4.1.1 The L stability estimate
Let X be a smooth solution of the continuous gradient flow
1 1
KX = i'o(X)an Op9 X + EPI(X)(‘?@X)B (4.2)
and define 1)
XYt):=X |t . 4.
0= x (") (1.3

22



Recall that, according to Lemma 4.1, X solves the following ODE:

Xi+Xi+1
i o nr3 2 oy i
X"'=2N i (z = XYp(2)dz+ R (4.4)
2
where R’ satisfies (4.1) and we are using the conventions X° := —X1,
XN+ =92 — XN and
ply) == p(=y) forye[X°0l  ply):=p2-y) forye L, xV*].

We also consider the rescaled discrete solution (fl(t)) L<i<N

a':i—2N3/_ . (z — 2")p(2)dz. (4.5)

In the following lemma we prove that, over a time scale 7 > 0, X’ gets at
most 77 apart from the exact solution of the ODE, where n depends both
on % and on the initial distance between the two solutions.
Lemma 4.2. Let & be a solution of the ODE (4.5), and let X* be as in
(4.3). Set
Ay = T (t) — X' (t)].
= max [21(t) - X()
There exists a time T > 0, depending only on sup;sq || X(t)|[c2 and
10"l + 11" [loo, such that, for any t* >0,

At*+T < Ap +nT V71 e [O,T]

with n := ?V—Cz + ATt*, where C' is as in (4.1).

Proof. Let us define

AF ;= max (£ () — Xi(t)])+.

i=1,...N

Notice that A; = max{A;, A; }, and to prove the result it is enough to prove
the following stronger statement:

AL <AL +nr VT e0,T), (4.6)

Apy, S Ap =7 VT elo,T)].

Since the arguments for AT and A~ are completely analogous , we prove only
(4.6). Also, without loss of generality we can assume t* = 0. By definition
of Ag , at time 0 the solutions are ordered

X'(0) < 7(0) + Af.
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Let us define Yi(t) :== X%(t) — Al — nt and assume that there exist ¢y € RT
defined as to := inf+{Yi(t) = Z'(t)}. Then,
teR

T (tg) < Yi(to) < X'(to) — . (4.7)

Observing that 271 (tg) > Y+ (tg) and ¢ () > Y 1(to),

gigzit!
# (o) 2N / Z(zz _ #)p(2)dz
yiqyitl
> 2N3 w_ﬂj_l (z—Y"p(2)dz

Performing a change of variable w = z + ASr + ntp, we have

vipyitl
Zis ) > 9 N3 _ i
x'(tg) > 2N iyit (z —=Y")p(z)dz
2
xiyxitl
3 2 .
=2N i (w—X")plw — A — nto)dw.
2

By the fundamental theorem of calculus

1
plw — Ag —nto) = p(w) — (Ag + nto) </O p(w+s(Ag + nto))d$)

= p(w) —a(w),
SO
xiqxitl

=i 3 _ i

z'(to) = 2N Xi+§(i—1 (w = X*)p(w)dw

xipxitl
2 .

— 2N3(AF + nto) (w—X")a(w)dw.

Xt xi—1
2

If we recall that X solves the ODE (4.4) we have

Xty xitl
i .. . 2 .
T'(tg) > X' — R' — 2N*(A$ + nto) i (w—X"a(w)dw
'L+ 11—
2
Xi+Xi+1
.. . 2 .
= X'~ R" - 2N3(A§ +nto) e (w—X") (a(w) — a(X")) dw
2
x4 xit1
304+ 2 oy i
+2N3(AF + nto) /X s (@ XDa(X)dw
2

= X' — R — T, +Tb.
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For Ty we observe that, since | X+ — X?| < C/N for all 4,

x4 xit]

2 .
T3] < CN?(AG +1to) o[ oo /X¢+X¢1 jw — X*[2dw < C(AF + nto) 1"l oo-
2z

For T5 we use the Taylor expansion for X:

, , X 1
xirt o xi 2o <> |

N N2
. o 9p Xt 1
i—1 __ i _
X=X T +O<N2>.
Thus,
X’L+§<'L‘+1
7, < ON(AT o)l o [, (0= X
i
1/ 0pXi 1\\°
_ 304+ / N —
=g+l | -5 (-2 +0 (372
1 [0pX? 1))
-3 (% +0<N2>>]
< O(AT + 010) /] .
Then

&'(to) > X' — |R'[ = C(A +11t0) (10" lloc + 16'lloc) -
that combined with (4.7) and (4.1) gives
1 < C(A +nto) (10" e + [1'l0) + |R']
C
< C(Ag +nto) (16" lloe + 19'l00) + 373

We now show that there exists a time 7' > 0, depending on sup,~q || X (¢)]|c2
and [|¢]|oo + ||0"||ls only, such that to > T. This will prove that (4.6) holds
on [0,T7.

Assume by contradiction that ¢g < T'. Then the above estimate gives

AE")_ // / é
1< (S0 +n) T (1o + 16/loe) + 13-
Choosing T sufficiently small so that

1
CT ([ loo + 16 llo0) < 5
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we get

or equivalently
AJr C’

This contradicts the definition of 1 and proves the result. O

4.1.2 The L? stability estimate

Lemma 4.3. Let 7' be a solution of the ODE (4.5), and let X* be as in (4.3).
Let 0 < T < Ty < o0, and assume that there exist two positive constants
co, Cy such that

Co —i —i— C(] Co i i—1 C()
=< — <=, =<X X < =, .
VW -dT < <X O-XTN <2, Ve DT

Then, there exists g = €o(co, Co) > 0 such that, if ||p'||re + ||p" || < €0
then one can find two constants ¢, C > 0, depending only on cqg, such that

1 & i i(1))\2 < p—et=T1 1 i C\?
N;(x ) — X'(t))” < Ty) N; - XY Tl)) +C<N2>

for all t € [T1,T5].
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Proof. We compute

EOMCERDIS
;\7:1 zyaitl Xty xitl
4N2; (7 — X7) / H; (2 — #)p(2)dz — m;il (z — XP)p(2)dz
9 N
+N;(ﬂ—X1)RZ
N ~i
= 4N? Z (' — X7) [/zuzzl (z —2")p(2)dz
S
+ /;zz (z —2")p(2)dz — /Xi+xi1 — X")p(2)dz
xl+§ci+1 ' 22 N
-/ (z = X)pl)dz | + z_; (7' — X') R
2 Y =1 % 2 N =1 7 %
— 4N ;(w - X% [AjmtBii—AXi—BXi] +N;(:c - X)R
For Az and By we have
A= [ o= aea@ e+ [ - a (o) - plat)d:
:
= A pt s [ #) - pa)as
;
= DIl 4 B2
a‘ci+a'ci+1 a‘ci+a':i+1
Ba= [0 Gaphast [T (=) (o) e
@ [T ) (o) - pla)ds
= D% + E%.

Analogously we can set Ayi := Dé(_l + E;f and By := D% + E}l In this
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way we have

o Z; (@ — x7)?
N 9 N
4N2;(xl XY [A Ay BX,] —i—N;(xl—XZ) R
N
=4N?) (7 Xﬁ{D; Dt — DX—%DX]
Z;l i1 i1 /2 2 2 &
+4N2;(:EZ - X [E;; —EY +E; EX} +N;(E’Xl) R
2 o i i\ pi
:ﬂ+B+N;¥x—Xﬂi
Let us estimate 77 and 75 separately. First
N
tn:4NQ§:@th)F§—D;1—D§+D§]
i=1

N
x_

_4N2<Z

1=

—

N
(D% — D) Z z —X)(D;‘;l—Dg;l)>
=1

Using the discrete version of the integration by parts we obtain

-
Il

a6 ) (- pi) - 30 - ) (0 - i)

:4N2(
1
:4N2(

7

M=

(o) (05 - DR - Y 0 ) (05 )

=
7N
YounS
&S
3T
A
N—
—
o
|
ol
+
N
N———
—~
>
8=
|
>
><S
~—
N——

28



Recalling the definitions of D% and D% we have

E:AT<§X@M;ﬁ}{M“—MD

i=1
% (p(.’El)(l‘H_l _ i,i)Q _ p(XZ)(XH—l _ X2)2>>

N2

_4<M[@m_fy4WH_Xﬂ

«|ota (@ - a2 - e X>)D

Notice that, since ||p/||oc < €0 and ||p||z1 = 1, we have p > 1/2 provided &

is small enough. Hence, recalling that z't? — z* > § and X! — X* > <,
we can estimate the first term

2
Ty < —— |:(l,i+1_xi)_(Xi+1_Xi):|
=1

» <(:fz‘+1 C ) (X Xi)>

N 2
C ) i . .
< —ZON ;:1 [(;ﬂ“ — ) - (X - X’)}
co N 2
_ . S AN i+l oy
=—x H[N(g; ') - N (X X)}.

Hence, recalling that X+ — X < %,

/ N? > =i+l =i i+1 i
T2 <|lp HLOOTZ (! — 7)) — (X - X7
=1
x (2 — X7) (X - x7)?
c? N . . 4 R
< 1Pl ; N (@ - ') — N (X - X7) ||2' - X7
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Using the inequality ab < a® + b we get

2 N ' A ‘ 12
[T < 6l 2 [N (7 - 7)) — N (X - X7 ]
1=
o2 N L
+ WOHP,HLoo Z; (z' - X")".
i—
Let us now consider T5.
N . . . .
T2 — 4N2Z (iﬂ, o XZ) |:E;,1 . E}l +ECZE,2 o E;;'2j|
i=1
— 4N2Z (j;l _Xz) |:EZ£,1 . E;1:| +4N2Z (.’i‘l _ Xz) |:Eli,2 . E;,(Q:|
i=1 =1
=151 +Top.

Let us first focus on the differences E%’l — Eé’(l and E:%2 — Eé’f. Keeping in
mind the definitions of E2' and E%' we have

EXt - EY =
T e @ = [ T =X (0 - X))

Performing the change of variable w = z — Z', w = z — X' respectively, we
get

E;’l — Eé’(l = /0 w (,o(w + ') — p(i"z)) dw

Adding and subtracting
Fi+1_ 5t

|7 el x - px) o

we have
gtz
BB = [T wfpte ) - pla) — gl X+ (X0
OX”LX"
_ W; w (plw + X7) — p(X1)) dw.
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By the fundamental theorem of calculus and recalling that (z/+! — z%) < %,
(X — X9 < % we obtain the following estimate

1 1
[/ P (& + sw)ds — / p(X"+ sw)ds} dw
0
X7,+1 z

— [DZH_IZ ( (w—|—X) (X”‘)) dw

2

’Ezl Ezl

xitl_xi

2 2
) ) w*dw
i+l _zi

2

< Bl lelat — XL+ e

. o
= yall?" =z — X'

+ ||P/2|3|L°° ‘ (Xi+1 - X¢)3 o (g—:i—f—l - i,i)?r .

Thus,

N
sl = 83 o - X 2
N

C . .
S NHPHHLO" Z (fl _ X@)2

i=1

+ *HP [P le‘

Xi)3 _ (ji—&-l _ ji)3 ‘

Recalling that 0 < (777! — ) < €2 and 0 < (X™+! — X7) < €0 we see that

) (Xi-H _ Xz')3 _ (Ei—l-l - ‘ < = ¢ ‘ (Xz—l-l Xi) B (ji+1 _ jz) ’
therefore
C N .
S NH/OHHLOO Z (.’Z’Z o Xz)?
i=1

7”,0 HL(’QZW‘ X’LHN ~i4-1 i,i)_N(Xi—i-l_Xi)‘
C N .
< N”pHHL‘X’ Z (i‘l o Xz)2

=1

N N
e | 3 I8 = XYW (25— ) - N (0 - x|
=1 =1
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Let us now estimate E;’2 — E;’f. By definition we have

71

B -EP = [ =) (o) - plat ) s

43

Xl . .
s (2= X (6l2) = (X))

2

With the substitutions w = z — z'~! and w = z — X*~! respectively, we get

z
0,2 i2

i_gi—1
e (w + - :Z“Z) (p(w + :Ei_l) — p(a‘ci_l)) dw

2

- /Xixil (w+ X=X (plw+ X1 — p(X7)) dw.

2

Adding and subtracting

XiiXi_l . . . .
_/XZ.XZ.1 (w _{_lel _ Xz) (p(w—kX%l) _ p(lel)) dew

we get
. . _l_il_l . . . -
’E%’Z - E;,(2 < [Di_lil (w + jz—l _ jz) (p(w + jz—l) _ p(:fl_l)
2o
—plw+ X" + p(XTT)) dw
Xi_Xi_l . . . .
o [ @ XX e+ XY = p0 )
2

i mi—1

+ / L (wF X=X (pw+ XN = p(XTTY) duw.

Arguing as we did for the first term in E;’l — Eé’(l, the first term in E;’Q — Eé’(z

is controlled by

L R E

zt

and recalling that |z¢~! — | < Cy/N, the above term is bounded by

C . .
WHIOHHOO‘XZ_I _ J—:z—l‘.
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Concerning the second term in E%2 — E;"f, using that

a b a b a/2 b/2
TR

< + -

+

r

b/2
L

we get

gi—gi—1 ) ] ' '
‘ /a_ﬂ__a_:z__1 (w+ Xt X (plw + X — p(XZ_l)) dw

2
Xi_Xifl

N /xz-_xz-_l (w+ X7 = X7) (plw+ X1 = p(X*71)) dw
2

<\ [@EXTT =X (plw+ X = p(XTT) dw

Xi_xi-1 ' ' | |
L a0 o ra]

zt—gi—1

Xz;;(i—l
<1l ‘/ii_l lw+ X - X7 de‘
ziogil

i_gi—1

X’L—Xi71 4 4
+\/ \w+XZ_1—XZHw\dw‘].
T

We now notice that in the last term the second integral is bounded by the
first integral hence we can bound it by

Xi—Xi71 ' ' Xi—Xi71
2l [ Pt 2l (X - X | o d
T

t=Tt Fi—gi—1

=< CHP,HLOO‘(Xi — X (7 - ji—l)i’)‘

+Cllp' || (X1 = XT)

(XP— X712 (5 — g—cz’—1>2‘_

Hence, arguing as for 75 1, we obtain

C N ‘ C N .
Ty,2| < NHP”HLW d (@ - x%)% + N\lp’lle [Z |z — X7|?
— o
1 N 1
+3 N (@@ - ') - N (X - X) \2].
=1
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Combining all these bounds together, we get

dl N i i\ 2
i=1

< COA% [N (! —2') — N (X" — X7) r

2N P
C N

(Il + 10" 3 (& = x7)
C Z;VI , . 72
+ (Il + 11 uLoo);[ B ) - N (X X |
9o N o

+y 2 (@ - X) R

N
Il
—

Hence, recalling that ||p'||z~ + ||p” ||z < €0, we can choose gp small (the
smallness depending only on ¢g, Cp, \) so that C'<||p’||Loo + Hp"HLoo) < coA/2
to obtain

dli(i_X¢)2<_CO§:[N(i+1_i)_N(XiH_Xi)r
dtNi:l ’ a 8 =1 ’ ’
C & 2 U
+€0;(f — N;

We now use the discrete Poincaré inequality (see Lemma 3.5) to get

Z[ Fit1 4)_N(Xi+1_Xi)rZZ(jz_

i=1 =1

l\DM—l

34



so that assuming ¢¢ small enough we conclude

d1 & (a:l XZ)2< co al (xl Xi)2+05 N (xl Xl)2
i _ <2 _ Zeo _
dth:l N’L:1 N =1
5 N
—{—N;(l‘Z—XZ)RZ
%0 o 2
<y @ -X) T3 (@ - xR
i=1 i=1

Finally, using the bound
A o A , 1
9 (J—jz _Xz) Rt < E(i‘Z _Xl)g + *|RZ‘2
€
with € := 2¢0/3, and recalling that |R| < C'//N? we conclude
N N N

d 1 i N2 co _ 2 3 [ C

Rl X < Y i X il (i

dtN;(yC ) =6 £ (& =X+ 2co<N2

Integrating this differential inequality over [T1,¢] with ¢t < Ty, by Gronwall
Lemma we obtain

1 Y ; ; 2 z 1 Y , ; s~ (C\?
L3 (@) - Xi(0)” < TS () - X (1) + C(m)
i=1 i=1
for some constants ¢, C > 0 depending only on ¢y, as desired. ]

4.2 The convergence results

Combining the results in the previous sections, we can now prove that if a
continuous and a discrete solution are close up to 1/N? at time zero, then
they remain close for all time. As one can see from the proof, it is crucial

that the discrete scheme has a error of order ﬁ (see Lemma 4.1).
Theorem 4.4. Let ' be a solution of the ODE (4.5), and let X' be as
in (4.3). Assume that Xy € C+*([0,1]), Xo(0) = 0, Xo(1) = 1, and that
apg < 0gXo < Ay for some positive constants ag, Ag. Also, suppose that

!

X¥(0) — 7(0)| < 15

Vi=1,...,N. (4.8)

for some positive constant C'.
Then, there ewists €1 = €1(ao, Ao, [|pllca.ao,1), | Xollose(o,yy) > 0 such
that, if [|p'llec + 17" lloc < €1 we have

i a2 C
(Z'(t) — X'(t))” < ~i Vt € [0, 00).
=1

1
N
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Proof. The idea of the proof is the following: we want to prove the discrete
gradient flow and the continuous one are L? close for all times. This is
exactly what is claimed in Lemma 4.3 which, on the other hand, is based on
the assumption §¢ < z'(t) — ' 1(t) < %, co,Co € RT. Unfortunately, a
priori, these assumptions may not hold for every time. However, by carefully
combining Lemmas 4.2 and 4.3 by an induction argument, we can show that
these assumptions actually holds for all times.

Basis for the induction. First we observe that, by Proposition 2.3, there

exist two positive constants a and A such that
a<0pX(t) <A Yt > 0. (4.9)

Recalling the definition of X in (4.3), we can infer the following inequalities
at the discrete level:

a , , A
— <Xt -XTH ) < = > ’ 4.1
N = (t) (t) < N Vt>0, Vi (4.10)
Let us now focus on the assumption
, Co
CNO <) - W< e.CoeR".

Using Lemma 4.2 we have
Z'(t) — X' ()] < |2°(0) — X' (0)[ +nt  Vte[0,T]
Keeping in mind the definition of  and (4.8) we have

c 3C C't

7)) - X'(0)| < et t ey VEEDT)

so by the triangle inequality and (4.10) we obtain
a 2" 3C A 2C¢" 3¢
— -2 —=+-=T t) — 1)< —+2 T
N <N2+N2> Tt~ ) <+ <N2 N2)

for ¢ € [0,T)]. In particular, by choosing N large enough (depending only on
a,A,C,C",T), we can ensure that
~ 2A
— <7 ) < == 7). 4.11
o<a)-a )< Ve ] (4.11)
Inductive step. Our goal is to show that if the above property holds for all

t € [0,aT] then it holds for all t € [0, (a4 1)T]. Let us apply Lemma 4.3 on
[0,aT] and (4.8) to get

1L
NZ(x(t)—

el

—C

| /\

Vte[0,aT]

IN
%‘ Qi



for some constant C depending only on C, C ,C’. Hence, since

N
7)) - X)) < | Y (@) - Xi@)* Ve o,aT], Vi,

=1

we obtain in particular,

i ; C .
1Z'(aT) — X (aT)| < N3 Vi=1,...,N.

Applying again Lemma 4.2 with o1 as initial time, we now get

ZH (T +t) — X(aT + 1) < \:c (aT) — X (aT)| + naT

| C | C
e NQ aT N3 oT vVt e [0,aT).

Hence, by (4.10) and the triangle inequality,

a / C SC el
(4.12)
A | ¢ 3C
< = - _ ==
SN + 2 <2 N3 W2 aT>

for each t € [aT, (aw + 1)T]. Then, if N is big enough so that
c 3C a
2 —al < 4.1
Vs T SN (4.13)

< F) -7 < % Vt e [aT, (a+1)T).

we have

Recalling the inequality (4.11) we get

, 2A
— < F() -7 < = HT].
2N_ac(t) T (t)_N Vte |0, (a+1)T]
This concludes the inductive step and, in particular, Lemma 4.3 applied on
[0,00) proves the desired estimate for N > Ny for some large number Nj.
Notice that the case N < Ny is trivial since (using that 0 < z%, X* < 1)

N
%Z (@) - X'(t) > <1< Ng Vt € [0,00).
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4.3 The Eulerian description

In order to get a convergence result in Eulerian variable, we will also need a
full stability result in L? in the continuous case. The following result holds:

Proposition 4.5. Assume that p : [0,1] — (0,00) is a periodic probability
density of class C? and let X1, Xy be two solutions of the equation (4.2)
satisfying (1.4) and

0<cy < (%XZ-(O, 9) < C(), 1=1,2. (4.14)

There exists g = €o(co, Co) as in Lemma 4.3 such that, under the condition
10" |Loe + |0 || zee < €0, one has

1 1
/O|X1(t,9)—X2(t,9)|2d0§</0 |X1(0,0)—X2(0,0)|2d9> et

for all t >0, for some ¢ = &(cp).

Proof. The proof of this result follows the lines of the proof of Proposition
3.1, with the difference that we have to get rid of the extra terms using the
smallness of ||p||pec + ||p”||zee. Also, this result could also be obtained as
a consequence of Lemma 4.3 letting N — oo. However, since the proof is
relatively short, we give it for the convenience of the reader.

We begin by noticing that since fol p(x)dr = 1, if ||p||oo is sufficiently
small it follows that 1/2 < p < 2, so the monotonicity condition (4.14)
implies that

0<c <OpXi(t) <y, i=1,2, for allt > 0 (4.15)

for some constants ¢;,Cy depending only on ¢y, Cy (see Proposition 2.3).
Also, we notice that (4.2) can be equivalently rewritten as

0.X = 100 (p(X) (00 X)%) — 50/ (X) (0 X)"
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Then, since X9 — X7 vanishes at the boundary, we compute

d 1
dt/ | X1 — Xo|?db
0

_ % /0 (X1 = X3) (0 (p(X1)(00X1)%) = 09 (p(X2)(99X2)?) ) dB
1

- 6/0 (X1 — Xo) (P’(Xl)(30X1)3 - P'(X2)(89X2)3> do

1
_ —% /0 O0(X1 = X2) ((p(X1)(D0X1)?) = (p(X2) (4X2)?) ) 9

1

1
-5 | =X (F 0 @x0) 0 () @0)")

1
- _;/ p(X2)0p(X1 — X2) ((69X1)2 - (89)(2)2) do
0

1 1
=5 [ 16X = p(X)) 0(0Xs — Xa) (00X ds
0
1
-3 / §(X2) (X1 — X2) (05X1)° — (99 X2)") dO
0
1
a é / [0'(X1) = p/(X2)] p(X1 = X2) (85.X1)" df
0

=T +Ti2+To1 +To3.

Recalling that 1/2 < p, using (4.15) we get

Tig < —% /01 p(X2) (8p(X1 — X2))2 (89 X1) + (89 X2)) db

1
< —% (89(X1 —XQ))2d(9.
0

Using again (4.15) we bound
ct
2

C% / ! 2 C% / ! 2
< 7”0 loo [ (X1 — X2)"do+ 7”0 loo | (0p X1 — 0pX2)"db,
0 0

1
Tl < 15l / X1 — Xa| 109X — pXs| dO
0

C2 1
Toq] < ;leHoo/ | X1 — Xo| [0p X1 — OpX2| db
0

C% / ! 2 012 / ! 2
< Lol /0 (X1 = X2 d8 + oo /O (30X1 — 05.X2)? do),
C’13 // ! 2
ool < o'l [ (X3 = X ab
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Hence, combining all together, if both ||p’|| 0 and ||p”|| s are sufficiently small,
using Poincaré inequality (see Lemma 3.5 and let N — o0), we obtain

/ ’Xl X2’2d0 < —/ (69(X1 _XQ))Qda
1
(1 s + 110" 1s0) /0 (X1 — Xo)?d
1
< —021/ (X1 — X2)2 df
0

1
(0 oo + 10" 16) /0 (X, — X2)2do
1

< _a (Xl — X2)2 de,
4 Jo
and the result follows by Gronwall’s inequality. O

Theorem 4.6. Let p : [0,1] — (0,00) be a periodic probability density of
class C3®. Let 2* be a solution of the discrete gradient flow starting from an
initial datum satisfying

7 7/_]./2 C, .
$(0)—X0<0, N )’Sm VZzl,...7N,

where Xo € CH([0,1]), Xo(0) =1, Xo(1) =1, and 0 < ¢y < 9pXo < Cp.
Then there exist three constants €1 = &1(co, Co, [|pllcs.a(o,1]), 1 Xollca.a(0,17))
as in Theorem 4.4; ¢ = ¢(co) > 0,C = C(co) > 0, such that,

= =3  C
MKl(uiV,’ypl/SdG)SC’eiCt/N3+— Vit >0,

N
where
1
yi=

Jo P13 (x)dx
provided that ||p||c + ||0"||cc < €1. In particular

20 N3log N

ME (Y, yp'3do) < == forall t > ~—28

N c

Proof. Let X satisfy
_ 1 B
W= vp/3 0 X X(0)=0.

Then X is a stationary solution of (4.2) satisfying also the boundary condi-
tion (1.4), hence by Proposition 4.5 we deduce that

1
/ X (1) — X|2do < Ce®,
0
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where X (t) is the solution of (4.2) starting from X. We then apply Theorem
4.4 to deduce that

72 — X'(t/N?)? < 5 Vit e [0,00),
=1

where X(t) := X (t, 17]%/ 2). Combining these two estimates and observing

that Xudf = v p'/3df, the result follows by arguing as in the proof of
Theorem 3.6. 0

A From the discrete to the continuous case

In order to obtain a continuous version of the functional
1
= min |z' — y|" dy,
[ min o'~ ooty dy

with 0 < z! < ... <2V <1, we define

FN,T(:UI,...,xN)

iy il
it1/2 . _ Tt %
x = 5 ,

N+l — 1. Then the expression for the

where by convention z° = 0 and z
minimum becomes
|y _ xi|r for y € (wi—1/2’$i+1/2)’
_ I = T 1/2
1g11<nN\y | = [yl for y € (](\)/rcl i )
ly—1"  fory € («NT1/21),

and Fl, is given by

Fn,(x 1,...,30N):

ZiF1/2 1/2 1

Z/ ly = 2'"p(y )dy+/ \yl’"p(y)der/ ly — 11" p(y)dy
pi—1/2 ZN+1/2

Assume that 179
xi:X<l_N/ ) i=1,...,N

with X : [0, 1] — [0, 1] a smooth non-decreasing map. Then a Taylor expan-
sion yields

Fyolatea®) = S5 [ px@pianx@)r+ia + o),
ol ey =5 [ 2 e

where C, = Wl—&-l) and O (ﬁ) depends on the smoothness of p and X
(for instance, p € C! and X € C? is enough). Hence

N Fxo(ah,... a) — G, / 0))]0X (0)["+1df = F[X]

as N — oo.
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B The Hessian of F[X]

Assume A < p < %, and let X,Y € L2(]0,1]) with 0 < ¢ < 9X < C and

|0pY| < C. Then

D?*FIX|(Y,Y) =6 / 1 p(X)0pX (9pY)* db
0

1 1
+6 /0 P (X) (09 X)? (85Y) Y db + /0 p"(X) (0pX)2Y? d.

B.1 Convexity under a smallness assumption on p’ and p”

We want to prove that the Hessian of F is positive definite provided that
1A loo + 117" [l < 1.

We first observe that

2

D?*FIX|(Y,Y) = L

1
= F(X +¢eY)>6Ac / (9pY)* db
d25 0

e=0
1 1

— 6C|4[loe / 051V d6 — C3[ "o / Y2 do.
0 0

Observe that if both p’ and p” are small, we can control both the second and
third term by the first one using Cauchy-Schwarz and Poincaré inequalities.
In particular one sees that the Hessian is positive at “points” X which are
uniformly monotone and Lipschitz 3.

Indeed, using Cauchy-Schwarz,

1 1
D?*FIX|(Y,Y) > —C3|yp”||oo/ Y2d9+6)\c/ (9pY)* db
0 0

1 1
—3(12\|p/||00U0 Y2d0+/0 (89Y)2d9}

Hence, if 3||0'||C? < 3\c we have

1
D?FIX](Y,Y) > 3\c / (0pY)? db
0
1
; [—c3||p"|oo+302||p'||oo] | yras
0

1 1
> 6)\c/ Y2do + [C3||p”\|oo 302||p,||oo]/ Y2 db,
0 0

where for the second inequality we used Poincaré (see for instance Lemma
3.5 and let N — 00). Thus, if 3A¢ > C?||p"||oo — 3C?||p || it follows that
the Hessian of F is positive definite.

3Recall that 0 < ¢ < 9 X < C
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B.2 Lack of convexity without a smallness assumption

In this section it will be convenient to specify the dependence of F on p, so
we denote

1
Fp(X) 3:/0 p(X) |09 X|* df.

To build a counterexample, we first construct a density p and a Lipschitz
function Y such that D2F;(X)[Y,Y] < 0 with X(¢,0) = 6. Although the
density p will not be smooth nor strictly positive, by an approximation argu-
ment we will eventually obtain a counterexample also with a smooth positive
density.

Let € > 0 be a small number and define

5(0) == 1 foree[%—s,%+5]
PEZ00 for0e 0,1\ [L—ed+e],

and let Y (¢,0) be a Lipschitz function in [0, 1] that coincides with |0 — J| 41

in [% — &, % + s] . Then, recalling the formula for the Hessian of F,

1 1 1
D*F5(X)[Y,Y] _6/ ﬁ(agY)QdH—i-G/ ﬁ'@gYYd@—i—/ p'Y?deh.
0 0 0
Integrating by parts we have
1 1 1
D*F5(X)[Y,Y] = 6/ p(@gY)2d0—6/ 5 (0pY)? —6/ pORYY df
0 0 0
1
+2 / p|:(89Y)2 + 05y Y] do
0
1 1
:2/ p(@gY)ZdQ—Zl/ pORYY db.
0

0

Recalling the definitions of Y and p we have

D*F5(X)[Y,Y] =2 / o

1
5—€

1
(0pY )2 df — 4Y <2> =4e—-4<0 for e < 1.

In order to build a counterexample with a smooth positive density, we first
extend p by periodicity on the whole real line and define ps := p * s, with

_lo?
exp~ 26
ws(0) = ——.
(©) 2md
Then, by the same computation as above we have

1 1
D*F, (X)[Y,Y] =2/ Ps (89Y)2d9—4/ ps OFYY d6,
0 0
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and since ps — p in L' and ps(1/2) — p(1/2), we conclude that

D2F,,(X)[Y,Y] = D*F3(X)[Y,Y]as § — 0.

In particular, by choosing § > 0 sufficiently small, we have obtained that
the Hessian of F,; in the direction Y is negative when X (6) = 6 and ps €
C*°([0,1]) and satisfies 1 > ps > 0.

Acknowledgments: The third author is grateful to Matteo Bonforte for
useful comments on a preliminary version of this paper.
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