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Abstract. We define and study spherical subgroups of finite type of a Kac-Moody group.
In analogy with the standard theory of spherical varieties, we introduce a combinatorial
object associated with such a subgroup, its homogeneous spherical datum, and we prove
that it satisfies the same axioms as in the finite-dimensional case. Our main tool is a
study of varieties that are spherical under the action of a connected reductive group L,
and come equipped with a transitive action of a group containing L as a Levi subgroup.

1. Introduction

Let G be a connected reductive complex algebraic group. A subgroup H of G is spherical
if a Borel subgroup of G has a dense orbit on G/H; in this case G/H is called a spherical
homogeneous space. Over the last 30 years the theory of spherical subgroups has been
widely developed, as has the general theory of spherical varieties, i.e. normal G-varieties
where a Borel subgroup of G has a dense orbit. This theory has strong interactions with
the representation theory of reductive groups, with the geometry of flag varieties and
symmetric spaces, and also with other themes such as Hamiltonian actions of compact
Lie groups on symplectic manifolds.

The present paper introduces a new research project, aimed at bringing this theory to
the infinite-dimensional setting of Kac-Moody groups. The first task is to choose a
generalization of the definition of spherical subgroups, which in the classical case can be
given in several different ways. Here we proceed as follows: we say that a subgroup H of
a Kac-Moody group G is spherical of finite type if is contained in a parabolic subgroup
P ⊆ G of negative sign such that P has a finite-dimensional Levi subgroup L, the group
P acts on P/H via a finite-dimensional quotient P , and P/H is a (finite-dimensional)
spherical variety under the action of L (see Sections 9 and 10 and Definition 17.3 for
details).

These assumptions are particularly effective because the intermediate subgroup P provides
a direct connection with the standard theory of spherical varieties. Our point of view is
that the “symmetries” of G/H given by the action of G are essentially already encoded
in the finite-dimensional variety P/H viewed as a spherical L-variety equipped with the
additional automorphisms given by the unipotent radical of P .

Our main results are the definition of a combinatorial object called the homogeneous
spherical datum of G/H (see Definition 16.3), generalizing the one given in [Lu01] in the
finite-dimensional setting, and the proof that this datum satisfies the same combinatorial
properties as in the finite-dimensional case (see Theorem 16.5). We recall that these
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objects classify finite-dimensional spherical homogeneous spaces (see the papers [Lu01,
Lo09, Bra09, BP11a, BP11b], and also [Cu09] for a different approach).

We also show that the homogeneous spherical datum is independent of the choice of
P, and invariant under conjugation of H in G (see Theorems 12.1 and 17.2). These
properties are not as obvious as in the classical theory.

We point out that a more encompassing study of the “big” homogeneous space G/H is
possible, but goes beyond the scope of the present work. For example using the ind-variety
structure of G/P it is possible to give a natural structure of ind-variety to G/H. In
addition, such subgroups H arise as stabilizers of lines in the restricted duals of integrable
G-modules in category O, a feature that is not expected to hold for other generalizations
of spherical subgroups (in particular it does not hold in general for symmetric subgroups).

This contributes to the relevance of spherical subgroups of finite type and opens the way
to a conjectural close relationship between the geometry of G/H and the representations of
G, generalizing many aspects of the finite-dimensional theory. Here we do not pursue these
lines, nor the relationship with other possible generalizations of the notion of spherical
subgroups. They will be the subject of a forthcoming paper.

This research project is motivated by various recent developments in the literature on
infinite-dimensional groups, in particular on topics that, in the classical case, are closely
related to spherical varieties.

First of all the representation theory of Kac-Moody groups and the geometry of their
flag manifolds are well-established central themes. Symmetric subgroups of affine Kac-
Moody groups have been classified (see e.g. [Ro94], [HG12] and references therein), the
geometry of the corresponding symmetric spaces and of certain compactifications are the
subject of current investigation (see [Fr11], [So12]). Research on the space of loops on a
spherical variety has led to a link between spherical varieties and Langlands duality (see
[GN10]). Finally, the techniques used for solving Delzant’s conjecture on multiplicity free
Hamiltonian manifolds (see [Kn11]), where affine smooth spherical varieties have a central
role, can be applied also to multiplicity free Hamiltonian actions of loop groups (a paper
by Friedrich Knop on this subject is in preparation).

We also mention that our results on P/H intersect the study of the automorphism groups
of spherical varieties, which is an ongoing research area (see [LP14], [Pe12]). In particular,
we expect that our results will provide new insight on the theory of log-homogeneous
varieties, introduced by M. Brion in [Br07].

In the first part of the paper, Sections 3–8, we develop the basic tools to study P/H.
Here we work in even greater generality: we start with a connected linear algebraic
group P with Levi subgroup L, and we consider a homogeneous space P/H with the only
assumption that it is a spherical L-variety. In this generality we define some invariants
associated with the action of P on P/H, the most relevant being its spherical roots (see
Definition 5.11), and we establish relationships between the combinatorics of these objects
and the geometry of P -equivariant compactifications of P/H.

In the second part of the paper, Kac-Moody groups enter into the picture: we start now
with H ⊆ P ⊆ G as above, and identify P/H with a homogeneous space P/H where P
is a finite-dimensional quotient of P . We discuss the invariants of P/H in this case and
derive for them further combinatorial properties essentially from the structure of the roots
of P and the Weyl group of G. In Section 16 we collect the invariants we have defined
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and introduce the homogeneous spherical datum of G/H, showing that it satisfies the
same axioms Luna had introduced in [Lu01] in the finite-dimensional case. In Sections 17
we prove invariance of the homogeneous spherical datum under conjugation of H in G, in
Section 18 we discuss possible further developments, and finally Section 19 is devoted to
some examples.
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2. Notation and basic assumptions

In this paper all varieties and algebraic groups are defined over the field C of complex
numbers, varieties are always assumed to be irreducible, and subgroups of algebraic groups
are assumed to be closed.

If G is an affine algebraic group then we denote by X (G) the group of its characters, by
Gu its unipotent radical, by G◦ the connected component containing the neutral element.
If K is a subgroup of G and g ∈ G, we set gK = gKg−1. If V is a G-module then V (G)

denotes the set of common eigenvectors of all elements of G (in particular 0 /∈ V (G)), and
if χ ∈ X (G) then we set

V (G)
χ = {v ∈ V r {0} | gv = χ(g)v ∀g ∈ G}

Unless otherwise stated, we denote the Lie algebra of a group with the corresponding
lower case fraktur letter.

If X is a variety, by a discrete valuation on C(X) we mean a map v : C(X)r{0} → Q such
that v(fg) = v(f) + v(g) for all f, g ∈ C(X) r {0}, such that v(f + g) ≥ min{v(f), v(g)}
whenever f, g, f + g ∈ C(X) r {0}, such that v(f) = 0 if f is constant, and such that the
image of v is a discrete (additive) subgroup of Q. If G is a group and X a G-variety, we
denote by D(X)G the set of G-stable prime divisors of X.

We denote by P a connected affine algebraic group, we choose a Levi subgroup L of P , a
Borel subgroup B of L and a maximal torus T of B. We denote by SP the simple roots of
L with respect to these choices, and we denote by B− the Borel subgroup of L opposite
to B with respect to T .

For any character α of T we denote by pα the associated root space of p if α is a root of
P , and we set pα = 0 otherwise. The sum⊕

n>0

pnα

is a nilpotent Lie subalgebra of p, and we denote by Uα = Exp(
⊕

n>0 pnα) the corresponding
unipotent subgroup of P .

We come to our crucial assumption: unless otherwise stated, in the whole paper H denotes
a subgroup of P such that P/H is a spherical L-variety, i.e. it has a dense B-orbit.
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3. Invariants of spherical varieties

We begin by recalling some notions and notations of the standard theory of spherical
varieties. With any B-variety X one associates the lattice

ΞB(X) =
{
λ ∈ X (T )

∣∣∣ C(X)
(B)
λ 6= ∅

}
,

whose rank is by definition the rank of X, and the vector space

NB(X) = HomZ(ΞB(X),Q).

Any discrete valuation v of C(X) can be restricted to the subset C(X)(B). If X has an
open B-orbit then this yields a well-defined element ρ(v) of NB(X), by identifying ΞB(X)
with the multiplicative group C(X)(B) modulo the constant functions. If X is normal
then this applies in particular to the valuation associated with any B-stable prime divisor
D of X, and in this case we denote simply by ρ(D) (or ρX(D)) the corresponding element
of NB(X).

These definitions apply in particular if X is a spherical L-variety. In this case the set
D(X)B \D(X)L is called the set of colors (or L-colors) of X, and is denoted by ∆L(X). If
K is the stabilizer in L of a point in the open L-orbit of X, then X is called an embedding
of its open orbit L/K, and K is called a spherical subgroup of L. Intersecting with L/K
gives a bijection between ∆L(X) and D(L/K)B.

4. Toroidal embeddings

We recall that a spherical L-variety X is toroidal (or L-toroidal) if no L-color contains an
L-orbit. This, and the notion of an embedding, adapt quite directly to our setting.

4.1. Definition. A P -embedding of P/H is a normal P -variety X together with a P -
equivariant open embedding P/H ↪→ X. In this case we identify P/H with its image
in X. If, in addition, for all D ∈ D(P/H)B the closure of D in X doesn’t contain any
P -orbit, then X is called a P -toroidal embedding of P/H.

4.2. Lemma. Let Y1 and Y2 be P -embeddings of P/H. Then there exist a P -toroidal
embedding X of P/H and proper, P -equivariant maps X → Yi extending the identity on
P/H for all i. In particular, if Y1 and Y2 are complete then X is complete, and there exist
complete P -toroidal embeddings of P/H.

Proof. The proof of [Kn91, Lemma 6.2] yields essentially the desired result. Let π : P →
P/H be the quotient map, and choose f ∈ C[P ](B×H) vanishing on π−1(D) for all
D ∈ D(P/H)B. Let us check that such f exists. Since B has an open orbit on P/H, we may
assume that BH is open in P . Denote by E the sum of all D ∈ D(P/H)B. The divisor E
is Cartier since P/H is smooth, and we can fix a positive integer n such that the associated
line bundle L = O(nE) on P/H is P -linearizable (see [KKLV89, Proposition 2.4]). The
divisor nE is the zero set of a global section s ∈ H0(P/H,L). Consider the corresponding

element f ∈ C[P ] under the isomorphism H0(P/H,L) ∼= (C[P ]
(H)
χ ∪ {0}) (for a suitable

character χ of H) induced by pulling back to P the line bundle L along π (see [Ti11,
Proposition 2.4]): then the zero set of f is π−1(D). Since π−1(D) is B-stable, for any
b ∈ B the quotient bf/f ∈ C(P ) is a regular invertible function on P , i.e. a scalar constant
cb ∈ C times a character λb of P by [KKV89, Proposition 1.2]. Since B is connected, the
character λb doesn’t depend on b, so we denote it by λ. Since 1 = f(eb)/f(b) = ceλ(b)
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for all b ∈ B, the character λ is trivial, and it follows that b 7→ cb is a character of B. In
other words for all b ∈ B and all h ∈ H we have f(bh) = f(b)χ(h) = cb−1f(e)χ(h). Since
BH is open in P , this shows f ∈ C[P ](B×H).

Let V be the P -submodule of C[P ] generated by f ; this induces a P -equivariant morphism
ϕ : P/H → P(V ∗). Let X ′ be the closure of the image.

Regard f as a linear function on V ∗, and let Z be its set of zeros in P(V ∗). Since V is
generated by f as a P -module, the elements pf for p varying in P are not contained in
any hyperplane of V . In other words they have no common zero in P(V ), so

⋂
p∈P pZ = ∅.

This implies that Z doesn’t contain any P -orbit. Since ϕ(D) is contained in Z for all
D ∈ D(P/H)B in P(V ∗), we deduce that the closure of ϕ(D) in X ′ doesn’t contain any
P -orbit.

Now we identify P/H with its image in X ′ × Y1 × Y2 under the map (ϕ, diag), and let X
be the normalization of the closure of the image. The map ϕ extends to a P -equivariant
morphism X → X ′, also denoted ϕ. The variety X is a P -embedding of P/H, and the
projections onto Y1 and Y2 are proper morphisms extending the identity on P/H. In
addition X is P -toroidal: if the closure of any D ∈ D(P/H)B in X contained a P -orbit,
then the closure of ϕ(D) in X ′ would contain a P -orbit, contradiction.

The second statement is obvious, and to show the last statement we take any two P -
equivariant completions Y1 and Y2 of P/H (by Chevalley’s theorem P/H is a locally
closed subvariety of the projective space P(V ) of a P -module V , it is enough to take
Y1 = Y2 equal to the normalization of the closure of P/H in P(V )), and apply the first
statement. �

4.3. Lemma. Let K be a subgroup of P containing H. There exist a P -toroidal embedding
X of P/H and a proper P -equivariant morphism X → P/K extending the natural map
π : P/H → P/K.

Proof. It is enough to apply the proof of Lemma 4.2 with P/K instead of Y1 × Y2 and
with (ϕ, π) instead of (ϕ, diag). �

The next lemma is fundamental in this paper and carries most of the informations we
will need about the action of P u on P/H. It resembles results by Demazure (see e.g.
[Oda88, Section 3.4]) on automorphism groups of toric varieties, and also results by Bien
and Brion in [BiBr96] on automorphism groups of complete toroidal spherical varieties.
However, the results in [BiBr96] cannot be used here directly, since in general a P -toroidal
embedding of P/H is not L-toroidal.

4.4. Lemma. Let X be a P -embedding of P/H, let −α be a root of P and let D ∈ D(X)B.
Let U ′−α be a one-dimensional subgroup of U−α stable under conjugation by T , and suppose
that D is not stable under the action of U ′−α, but it is stable under the action of the
commutator (U ′−α, B

u). Let n be the positive integer such that T acts on U ′−α via the
character −nα. Then nα ∈ ΞB(X) and 〈ρ(D), nα〉 = 1. For all E ∈ D(X)B different
from D we have 〈ρ(E), nα〉 ≤ 0. If in addition U ′−α is centralized by Bu then any such E
is stable under U ′−α.

Proof. First we claim that for some v0 ∈ U ′−α the group K = v−1
0 (kerα)Buv0 has an

open orbit on D. To prove this, consider x ∈ D and v0 ∈ U ′−α such that v0x is in the
open B-orbit of X. Since (kerα)Bu has codimension 1 in B, the orbit (kerα)Buv0x has
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codimension at most 1 in X. Let y be in this orbit, so there exist t ∈ kerα and b ∈ Bu

such that y = tbv0x. Then y = v0tbcx with c ∈ (U ′−α, B
u). It follows that v−1

0 y ∈ D,
whence the claim.

Consider now the morphism ϕ : U ′−α × D → X induced by the action. It is dominant,
since D has codimension 1 and not stable under U ′−α. We claim that ϕ is also generically
injective, and for this it is enough to prove that for general x ∈ D and v ∈ U ′−α the
condition vx ∈ D implies v = e.

Let x be in the open K-orbit of D, suppose that vx ∈ D, let b ∈ (kerα)Bu and consider
the element v(v−1

0 bv0)x. We have v(v−1
0 bv0) = cbv where c ∈ (U ′−α, B

u). It follows that
vv−1

0 bv0x = cbvx ∈ cbD, and the latter is equal to D since b and c stabilize D. Since Kx
is open in D, we conclude that vD = D. The stabilizer of D in U ′−α

∼= Ga is a proper
subgroup, hence trivial; in other words v = e.

As a consequence the map ϕ is birational, U ′−α-equivariant, where we let this group act on
U ′−α ×D by left translation on the first factor, and also T -equivariant, where we let T act
diagonally: by conjugation on U ′−α and as usual on D. The map ϕ induces an isomorphism
of an open subset of U ′−α ×D onto an open subset of X. By U ′−α-equivariance, we may
assume that the former is of the form U ′−α × D0 for D0 an open subset of D, and we
denote by X0 the image of U ′−α ×D0.

The projection of U ′−α×D on the first factor induces a T -equivariant and U ′−α-equivariant
rational map f1 : X 99K U ′−α. On the other hand vD is Bu-stable for all v ∈ U ′−α, because
uvD = v(v−1uvu−1)D = vD for all u ∈ Bu. Therefore f1 is B-equivariant, where B acts
on X as usual and we let Bu act trivially on U ′−α. Notice that at this point we have
defined an action of B on U ′−α

∼= C that is simply the linear action via the character −nα.

So f1 is actually an element of C(X)
(B)
nα , which proves nα ∈ ΞB(X). Seen as a rational

function on U ′−α×D, the function f1 has a simple zero on D, which shows 〈ρ(D), nα〉 = 1.

Consider now a B-stable prime divisor E 6= D: we want to show that 〈ρ(E), nα〉 ≤ 0.
Suppose first that the E doesn’t intersect X0. Then E is an irreducible component of
X rX0 therefore it is U ′−α-stable. Now, any zero of the rational function f1 on X is
mapped by f1 to e ∈ U ′−α, hence it is not U ′−α-stable. This shows that 〈ρ(E), nα〉 ≤ 0.

We are left with the case where E intersects X0. But then, since ∅ 6= E ∩X0 6= D0, the
divisor E is not a zero of f1, so again 〈ρ(E), nα〉 ≤ 0.

Let us show the last assertion of the lemma, and let E be a B-stable prime divisor different
from D. We claim that E cannot intersect X0, which concludes the proof, because then
E is U ′−α-stable by the above argument.

To show the claim, we notice that the assumption that U ′−α is centralized by Bu implies
that ϕ is B-equivariant, where we let B act diagonally: by conjugation on U ′−α and as
usual on D. Hence the rational map f2 : X 99K D induced by the second projection is also
B-equivariant. The pull-back of functions along f2 gives an inclusion ΞB(D) ⊆ ΞB(X)
with Zα ∩ ΞB(D) = {0}.

If E ∩ X0 6= ∅, the restriction f2|E : E 99K D is defined and B-equivariant. Since
∅ 6= E ∩X0 6= D0 the function f1 restricts to a non-zero and B-semiinvariant rational
function on E, which implies nα ∈ ΞB(E). On the other hand f2|E is of finite degree,
whence ΞB(D) is identified (via the pull-back of functions along f2|E) with a finite index
subgroup of ΞB(E). This implies that a multiple of α is in ΞB(D): contradiction.
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We use now Lemma 4.4 to clarify some basic relationships between the action of P u on
P/H and its B-stable prime divisors.

4.5. Lemma. Suppose that H doesn’t contain P u and H is not contained in any proper
parabolic subgroup of P . Then there exists an element D ∈ D(P/H)B not stable under
P u.

Proof. The image of H via the quotient map P → P/P u is reductive, otherwise it would
be contained in a proper parabolic subgroup of P/P u, contradicting the fact that H is
not contained in any proper parabolic subgroup of P . This shows that Hu is mapped to
the trivial subgroup of P/P u, i.e. Hu ⊆ P u. Since H doesn’t contain P u by assumption,
then we have Hu ( P u. Replacing if necessary H with a conjugate in P , we can suppose
moreover that H has a Levi subgroup K contained in L.

The quotient P/H is then isomorphic to the L-equivariant vector bundle L×K P u/Hu on
its closed L-orbit L/K. The latter is also a spherical L-variety, so up to conjugating H
by an element of L we may assume that the B-orbit of eK ∈ L/K is open in L/K.

We denote by ϕ the induced map P/H → L/K. Since P u/Hu is a non-zero (B ∩K)◦-
module and (B ∩K)◦ is solvable, the quotient P u/Hu has a (B ∩K)◦-stable prime divisor
E. Then E ′ = (B ∩K)E is a (B ∩K)-stable union of finitely many prime divisors. No
irreducible component of E ′ is P u-stable, since P u acts transitively on P u/Hu. Seeing
P u/Hu as the fiber over eK of ϕ, the set D′ = BE ′ is a B-stable union of finitely many
prime divisors of P/H not containing P u/Hu, since ϕ is a locally trivial fibration and the
B-orbit of eK in L/K is open. Then D′ has an irreducible component D that is B-stable
but not P u-stable. �

4.6. Corollary. Let X be a P -embedding of P/H. If P u doesn’t act trivially on X, then
there exists β ∈ ΞB(X) that is ≤ 0 on ρX(D(X)P ) but not on ρX(D(X)B).

Proof. Suppose first that no proper parabolic subgroup of P contains H. By Lemma 4.5
there exists D ∈ D(P/H)B not stable under P u. The Lie algebra u of P u admits a
filtration 0 = u0 ⊂ u1 ⊂ u2 ⊂ . . . where the subspaces are (AdB)-stable subalgebras and
the quotients ui/ui−1 are one-dimensional for all i > 0. The existence of such filtration can
be proved by induction on the dimension of u. First, one finds a filtration of (AdB)-stable
subspaces of the center z(u). These subspaces are subalgebras. Then one extends the
filtration to the whole u by passing to the quotient u/z(u) and applying induction on the
dimension.

For i ≥ 0 denote by Ui the subgroup Exp(ui) of P . It is a subgroup of P u stable under
conjugation by B, normal in Ui+1, and Bu acts trivially on Ui+1/Ui for all i ≥ 0. Let
i > 0 be such that Ui−1 stabilizes D but Ui doesn’t. Let α be the character such that
T acts on ui/ui−1 with eigenvalue −α (so −α is a root of P ), let x ∈ ui r ui−1 be an
AdT -eigenvector, and consider the subgroup U ′−α = Exp(Cx) of Ui.

Then U ′−α is a T -stable subgroup of U−α, it doesn’t stabilize D but the commutator
(U ′−α, B

u) does. Let us check this last assertion. For u ∈ U ′−α and b ∈ Bu we have

(u, b)D = u (bu−1b−1)︸ ︷︷ ︸
=u−1v

D = vD = D
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for some v ∈ Ui−1. Lemma 4.4 implies the corollary with β = α.

Now let Q be a proper parabolic subgroup of P containing H. We may suppose that Q is
minimal with this property, therefore H is not contained in any proper parabolic subgroup
of Q. We may also suppose that Q contains B−, the Borel subgroup of L opposite to
B with respect to T . This implies that BuQ is open in P . We denote by M the Levi
subgroup of Q containing T , and in this way BM = B ∩M = B ∩Q is a Borel subgroup
of M .

Without loss of generality we may assume that X is complete. Indeed, we can replace X
by any normal P -equivariant completion X of X (it exists by [Su74]), because such X
satisfies ΞB(X) = ΞB(X), together with the inclusion D(X)P ⊇ D(X)P and the equality
D(X)B r D(X)P = D(X)B r D(X)P (up to identifying a prime divisor of X with its
closure in X), which holds because X rX is P -stable.

Let Y0 = Q/H be the fiber over eQ ∈ P/Q of the natural morphism π : P/H → P/Q, let
Y be the closure of Y0 in X and consider the equivariant fiber bundle X ′ = P ×Q Y over
P/Q. It is a P -embedding of P/H equipped with the P -equivariant morphism ϕ : X ′ → X
given by [p, y] 7→ py. Since X and P/Q are complete the P -embedding X ′ is complete
and the morphism ϕ is surjective.

Up to positive multiples we have ρX′(D(X ′)P ) ⊇ ρX(D(X)P ). Indeed, for any Z ∈ D(X)P

there exists Z ′ ∈ D(X ′)P mapped onto Z. Inside C(X) = C(X ′), the local ring OX,Z
is contained in the local ring OX′,Z′ by pulling back functions from X to X ′, so for all
λ ∈ ΞB(X) the inequality 〈ρX(Z), λ〉 ≥ 0 implies 〈ρX′(Z ′), λ〉 ≥ 0, which yields that ρX(Z)
is a positive multiple of ρX′(Z

′). The equality D(X ′)B rD(X ′)P = D(X)B rD(X)P also
holds and is compatible with the maps ρX′ and ρX , if one identifies non-P -stable prime
divisors of X and of X ′ with their respective intersections with P/H. Therefore we may
replace X by X ′, which enables us to assume that there is a P -equivariant map X → P/Q
extending π. We still denote by Y the fiber of this map over eQ.

The group Qu doesn’t act trivially on Q/H, otherwise P u being contained in Qu would
act trivially on P/H. The first part of the proof then yields β ∈ ΞBM (Y ) that is ≤ 0 on
ρY (D(Y )Q) but not on ρY (D(Y )BM ).

On the other hand P/Q is a complete L-orbit, and the point eQ is in the open Bu-
orbit. It follows that restriction of functions from X to Y induces an isomorphism
ΞB(X) ∼= ΞBM (Y ), that any D ∈ D(X)P intersects Y in a Q-stable prime divisor, and
that any E ∈ D(Y )BM is the intersection of some D ∈ D(X)B with Y . This identifies
ρX(D(X)P ) with ρY (D(Y )Q), and identifies ρY (D(Y )BM ) with a subset of ρX(D(X)B),
compatibly with the above isomorphism between the lattices. The corollary follows. �

5. The spherical roots

In this section we use the theory of embeddings of spherical L-varieties as presented in
[Kn91], we refer to loc.cit. for details.

Let us recall some basic facts of this theory. Given an spherical L-variety X, with any
L-orbit Y ⊆ X one associates the polyhedral (i.e. finitely generated) convex cone CY
generated by ρ(D) where D varies in the set of all B-stable prime divisors of X that
contain Y . The colored cone associated with Y is the couple (CY ,DY ) where DY is the
set of those elements in ∆L(X) that contain Y .
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The set of the colored cones of all L-orbits of X is called the fan of X and is denoted here
by FL(X). Moreover, two L-orbits Y , Z satisfy Z ⊇ Y if and only if CZ is a face of CY
and DZ = DY ∩ ρ−1(CZ).

The set of L-invariant valuations on C(X) is identified via the map ρ with its image
VL(X) in NB(X), and VL(X) is a polyhedral convex cone of maximal dimension called
the valuation cone. If X is complete and toroidal then VL(X) is equal to the union of
all cones CY for Y varying in the set of L-orbits of X. The dual cone of −VL(X) in
ΞB(X) is generated by a set ΣL(X) of primitive, linearly independent elements. They
are usually called the spherical roots of X; in this paper we will use the denomination
spherical roots of the L-action on X. The equality VL(X) = NB(X) holds if and only if
X is a horospherical L-variety, i.e. a maximal unipotent subgroup of L stabilizes a point
in the open L-orbit of X.

Finally, any colored cone (CY ,DY ) is uniquely determined by CY among the elements
of FL(X). Indeed, let v ∈ VL(X) be in the relative interior of CY (such v exists by
[Kn91, Section 4, property CC2]). Then by [Kn91, Section 4, property CF2] for any
(C,D) ∈ FL(X) different from (CY ,DY ) the point x is not in the relative interior of C,
which implies C 6= CY .

The purpose of this section is to adapt the above notions to our case, in particular to
introduce a set of spherical roots related to the action on P/H of P instead of L. We
accomplish this task by defining a set V (P/H) that will play the role of the valuation
cone. However, for this we must use P -toroidal compactifications of P/H, and several
details need to be worked out to prove the two main results of this section: that what we
define is indeed a convex cone (Theorem 5.9), and that it is independent from the chosen
compactification (Theorem 5.10).

5.1. Definition. Let X be a complete P -toroidal embedding of P/H. We define

V (X) =
⋃
Y

CY

where Y varies in the set of L-orbits of X such that Y is P -stable.

Suppose that X is as in the above definition. If Y is an L-orbit with P -stable closure then
Y contains a closed P -orbit Z. The latter is complete, therefore itself a closed L-orbit,
hence CY is a face of the maximal cone CZ ⊆ V (X).

It follows that in the definition of V (X) the same set is obtained if we let Y vary only
in the set of closed L-orbits that are also P -orbits, because this corresponds exactly to
taking only those Y such that Y is P -stable and CY is maximal in the fan FL(X).

We provide now some general insight on L-orbits Y ⊆ X whose closure is P -stable.

5.2. Proposition. Let X be a complete P -toroidal embedding of P/H, let Y ⊆ X be an
L-orbit, and suppose that CY ⊆ V (X). Then Y is P -stable, and DY = ∅.

Proof. If CY ⊆ V (X) then there exists a closed P -orbit Z such that CY is a face of the
maximal cone CZ . Since X is P -toroidal, then any B-stable prime divisor containing Z is
P -stable, in particular DZ = ∅. The relative interior of CY meets VL(X), so the face CY
of CZ is itself the cone of a colored cone (CY ,D) of FL(X), corresponding to an L-orbit Y ′

of X, such that Y ′ ⊇ Z and D = DZ ∩ ρ−1(CY ), i.e. D = ∅. Colored cones are uniquely
determined by their cones, which implies D = DY and Y ′ = Y .
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It follows that Y ⊇ Z, hence any B-stable prime divisor containing Y is also P -stable.
As a consequence, the colored cone of Y is equal to the colored cone of Y ′, where the
latter is defined as the open L-orbit of the intersection Y ′ of all P -stable prime divisors
containing Y . This implies that Y = Y ′ and Y = Y ′. Since Y ′ is by definition P -stable,
we conclude that Y is P -stable. �

5.3. Corollary. Let X be a complete P -toroidal embedding of P/H, and let Y ⊆ X be
an L-orbit such that Y is P -stable. Then Y has in X an L-stable neighborhood that is an
L-toroidal embedding of the open L-orbit of P/H.

Proof. By definition of V (X) the cone CY is in V (X), and by Proposition 5.2 we have
DY = ∅. Consider the L-embedding X0 of the open L-orbit of X having fan

{(C,∅) | C is a face of CY } .
The embedding X0 is L-toroidal, the fan of X0 contains (CY ,DY ) and is contained in the
fan of X. This implies that X0 is L-equivariantly isomorphic to an open subset of X (see
[Kn91, Section 4]) containing Y . �

5.4. Lemma. Let X be a normal L-variety, let Y ⊆ X be an L-orbit and Z ⊆ Y be a
B-stable subvariety. Then Z is contained in a B-stable prime divisor of X not containing
Y .

Proof. Thanks to [Su74], we may suppose that X is quasi-projective, i.e. X ⊆ P(M) where
M is a finite-dimensional L-module. Let X ′, Y ′ and Z ′ be the closures in M of the cones
over resp. X, Y and Z. Choose a homogeneous function f ∈ C[Y ′](B) vanishing on Z ′. By
[Kn91, Theorem 1.1] we can extend f to a B-semiinvariant homogeneous regular function
F on X ′. Then

D = {F = 0} ∩X
contains Z but not Y . Any irreducible component of D containing Z satisfies the desired
properties. �

5.5. Proposition. Let X be a P -toroidal embedding of P/H and Y ⊆ X an L-orbit such
that Y is P -stable.

(1) The closure Y is a P -toroidal embedding of an L-spherical homogeneous space
P/K for some subgroup K ⊆ P .

(2) Restriction of rational functions from X to Y induces an identification between
ΞB(Y ) and C⊥Y (⊆ ΞB(X)), and correspondingly an identification between NB(Y )
and NB(X)/(spanQ CY ).

(3) The set V (Y ) is the projection on NB(Y ) of the set
⋃
Z CZ , where Z varies in the

set of L-orbits of X such that Z is P -stable and CZ ⊇ CY .

Proof. Let us prove 1. The closure Y is a spherical L-variety equipped with an action of
P extending the one of L. It follows that Y contains an open (L-spherical) P -orbit P/K.
It remains to check that Y is P -toroidal. Let D be an element of D(P/K)B and suppose
that D ⊂ Y contains a P -orbit. By Lemma 5.4 the closure D is contained in a B-stable
prime divisor E of X not containing Y . This implies that D is an irreducible component
of E ∩ Y . Since D contains a P -orbit, then E contains it too, so it is P -stable, therefore
D is also P -stable.

Part 2 is a standard result for spherical L-varieties, see e.g. [Kn91, Proof of Theorem 6.3].
10



To prove part 3, recall that for any L-orbit Z ⊆ X the condition Z ⊆ Y is equivalent to
CZ ⊇ CY . It only remains to prove that the cone of Z in the fan of Y is the projection of CZ
in N(Y ), for any L-orbit Z such that Z ⊆ Y and Z is P -stable. Thanks to Corollary 5.3,
Z has in X an L-stable neighborhood X0 that is an L-toroidal embedding. Then X0

contains Y , since Y ⊇ Z. At this point the cone of Z in the fan of Y is indeed as desired
by the standard theory of toric varieties, thanks to [Ti11, Theorem 29.1]. �

We are ready to prove that V (X) is a convex cone. The key argument comes from
Corollary 4.6, and the following three lemmas will enable us to apply it here.

5.6. Lemma. Let X be a complete P -toroidal embedding of P/H, and let Y ⊆ X be an
L-orbit whose closure is P -stable. If CY is contained in a cone of FL(X) not contained in
V (X), then P u acts nontrivially on Y .

Proof. Let Z be an L-orbit whose cone contains CY and is not contained in V (X). Then
Z is contained in Y , it is L-stable but not P -stable. Hence P u doesn’t act trivially on
Y . �

5.7. Lemma. If P u acts non-trivially on a complete P -toroidal embedding X of P/H
then V (X)R r {0} is connected, where V (X)R is the convex cone generated by V (X) in
NB(X)⊗Q R.

Proof. Since X is complete it contains some complete P -orbit, whose points are then fixed
by P u. Therefore the set XPu is non-empty, and by [BB73, Theorem 1] it is connected.

It follows that any two closed L-orbits Y, Y ′ of X that are also P -orbits are “connected”
by a sequence of L-orbits Y = Y1, Y2, . . . , Yk = Y ′ such that for all i ∈ {1, . . . , k − 1} the
orbit Yi contains a point fixed by P u and we have either Yi ⊃ Yi+1 or Yi ⊂ Yi+1. For all i,
the L-orbit Yi is then itself a P -orbit, thus has P -stable closure. Moreover Yi is not the
open L-orbit of X, since P u doesn’t act trivially on the whole X.

This translates to the existence, for any two maximal cones C, C ′ in the union defining
V (X), of a sequence of cones C = C1, C2, . . . , Ck = C ′ such that for all i ∈ {1, . . . , k − 1}
the cone Ci is contained in V (X), and either is contained in Ci+1 or contains it. They
are also different from {0}, which is the cone of the open L-orbit of X, and the lemma
follows. �

5.8. Lemma. Let V be a finite union of polyhedral convex cones of maximal dimension
in a finite-dimensional real vector space, such that the intersection of any two of these
cones is a face of both. If V r {0} is connected and locally convex, and V is not convex,
then V is not contained in any half-space.

Proof. Suppose that V is contained in one of the two half-spaces defined by a linear
subspace M of codimension 1. For dimension reasons V is not contained in M . The
interior V ′ of V is obtained from V by removing from each maximal cone all proper faces
whose relative interior is not contained in the interior of V . By local convexity of V r {0},
any two maximal cones intersect in a face of codimension 1, whose relative interior is
contained then in the interior of V . This implies that such faces are not removed in
passing from V to V ′, i.e. V ′ is connected.

On the other hand V rM is an open subset of V containing V ′. It follows that V rM is
connected; it is also locally convex since V r {0} is. Then it is easy to show that V rM
is convex, which implies that its closure, i.e. V , is convex: contradiction. �
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5.9. Theorem. Let X be a complete P -toroidal embedding of P/H. Then V (X) is equal
to the polyhedral convex cone generated by ρ(D(X)P ), and has maximal dimension.

Proof. If it is a convex cone, then V (X) has maximal dimension because X contains a
complete P -orbit, which is a complete L-orbit whose cone has maximal dimension and is
contained in V (X).

Denote by Y the set of L-orbits whose closure is P -stable. For Y ∈ Y , if the closure Y is
contained in a B-stable prime divisor, then the latter is P -stable, because X is P -toroidal.
It follows from [Kn91, Lemma 4.2] that CY is generated by the elements of ρ(D(X)P ) it
contains. Hence V (X) contains ρ(D(X)P ) and is contained in the convex cone generated
by ρ(D(X)P ). The theorem follows if we show that V (X) is convex. Also, notice that
any element of D(X)P is in particular L-stable, so V (X) ⊆ VL(X).

Let Y ∈ Y. Consider the union of the projections on NB(Y ) of all cones CZ such that
Z ∈ Y and CZ ⊇ CY . By Proposition 5.5, this union is equal to V (Y ). If V (X) is
not convex then there exists Y ∈ Y such that V (Y ) is not convex and CY has maximal
dimension possible under these assumptions. Maximality of the dimension of CY implies
that V (Y ) is locally convex, except for the origin. Indeed, let v ∈ NB(Y ) be a point of
V (Y ) r {0} where the latter is not locally convex. Then there exists a Y ′ ∈ Y contained

in the closure of Y such that v lies in the relative interior of the cone CYY ′ of Y ′ in the fan
FL(Y ). Then V (Y ′) is not convex, because V (Y ) r {0} is not locally convex in v, and
the cone CY ′ of Y ′ in FL(X) has bigger dimension than CY .

On the other hand V (Y ) is contained in the valuation cone VL(Y ) of the complete variety
Y , by the above argument applied to Y instead of X. So any point x not in V (Y ) but

in its convex hull is contained in a cone CYZ of FL(Y ) for some L-orbit Z in Y such that

Z /∈ Y . Then CYZ is not contained in V (Y ), and by Lemma 5.6 we have that P u doesn’t
act trivially on Y . By Lemma 5.7, the set V (Y )R r {0} is connected, and by Lemma 5.8
the set V (Y ) is not contained in any half-space. This contradicts Corollary 4.6, therefore
V (X) is convex and the proof is complete. �

5.10. Theorem. If X and Y are complete P -toroidal embeddings of P/H then V (X) =
V (Y ).

Proof. Thanks to Lemma 4.2 there exists a complete P -toroidal embedding equipped with
P -equivariant maps to X and to Y . Hence we may suppose that there is a P -equivariant
morphism ϕ : X → Y . In this situation [Kn91, Theorem 5.1] implies that for any L-orbit
Z of X the cone CZ of FL(X) is contained in the cone Cϕ(Z) of FL(Y ).

Let Z be a closed L-orbit of X. If CZ ⊆ V (X) then Z= Z is P -stable by Proposition 5.2,
and P u acts trivially on Z. Then it acts trivially on ϕ(Z) too, which is therefore also a
P -orbit. It follows that (CZ ⊆)Cϕ(Z) ⊆ V (Y ), and V (X) ⊆ V (Y ).

Suppose that V (X) ( V (Y ). In this case V (Y ) r V (X) is a non-empty subset of
VL(Y ) = VL(X), whence there is some maximal cone CZ of FL(X) not contained in
V (X) and with relative interior intersecting V (Y ). Therefore the relative interior of Cϕ(Z)

intersects V (Y ), whence Cϕ(Z) ⊆ V (Y ). By Proposition 5.2 the closure ϕ(Z) is P -stable.

Now Z is contained in some B-stable, not P -stable prime divisor D of X, otherwise Z
would be the intersection of P -stable prime divisors contradicting CZ 6⊆ V (X). But then
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the closure of D ∩ P/H in Y contains ϕ(Z), hence some P -orbit. This contradicts the
fact that Y is P -toroidal. �

Thanks to Theorems 5.9 and 5.10, we are now able to give the following.

5.11. Definition. Define V (P/H) = V (X) where X is any complete P -toroidal embed-
ding of P/H. Also, define the set Σ(P/H) of spherical roots of the P -action on P/H as
the minimal set of primitive elements of ΞB(P/H) such that

V (P/H) = {v ∈ NB(P/H) | 〈v, σ〉 ≤ 0 ∀σ ∈ Σ(P/H)}.

5.12. Remark. We call the spherical roots of the P -action on P/H also simply the
spherical roots of P/H. To avoid confusion, we avoid doing the same for the spherical
roots of the L-action on P/H.

5.13. Proposition. We have V (P/H) = NB(P/H) if and only if Σ(P/H) = ∅ if and
only if H contains a maximal unipotent subgroup of P .

Proof. The first equivalence is obvious. For the second, let X be a complete P -toroidal
embedding of P/H. If H contains a maximal unipotent subgroup of P then it contains
P u, therefore P u acts trivially on P/H. It follows that all L-orbits of X are also P -orbits,
so X is also L-toroidal. As a consequence, we have D(X)P = D(X)L, and V (X) is
equal to the valuation cone VL(X) of X as a spherical L-variety. We also have that X
is horospherical, because P/H ∼= (P/P u)/(H/P u) ∼= L/K where K contains a maximal
unipotent subgroup of L. Then VL(X) = NB(X).

Suppose now that V (X) = NB(X). By Corollary 4.6, the unipotent radical P u acts
trivially on P/H. This implies as above that all L-orbits of X are also P -orbits, and
V (X) = VL(X). Finally, the equality VL(X) = NB(X) implies that X is a horospherical
L-variety, whence H also contains a maximal unipotent subgroup U of L. The product
UP u is contained in H and is a maximal unipotent subgroup of P . �

For any spherical variety X, the elements of ΣL(X) are linear combinations of simple
roots of L with non-negative rational coefficients (actually, integer in most cases). The
analogue in our setting is provided by the following theorem.

5.14. Theorem. Let σ ∈ Σ(P/H). Then σ ∈ ΣL(P/H), or −σ is a root of P u.

Proof. Let X be a complete P -toroidal embedding of P/H. Choose an L-orbit Y such
that CY is contained in V (X), has codimension 1 in NB(X) and is orthogonal to σ. Then
Y is P -stable by Proposition 5.2, and by Proposition 5.5 we have ΞB(Y ) = Zσ and V (Y )
is the half-line of NB(Y ) defined by 〈−, σ〉 ≤ 0.

Since NB(Y ) has dimension 1, there are only two possibilities for VL(Y ), namely V (Y )
and NB(Y ). In the first case CY is contained not only in a face of codimension 1 of V (X)
but also of VL(X), therefore σ ∈ ΣL(P/H). Hence we may suppose that VL(Y ) = NB(Y ),
i.e. Y is L-horospherical. Moreover Y is complete, hence there are cones in FL(Y ) not
in V (Y ). This implies that not all closures of L-orbits of Y are P -stable, therefore P u

doesn’t act trivially on Y .

Let P/K be the open P -orbit of Y , and consider the natural morphism π : P/K → P/KP u.
Since P/K has rank 1, the L-variety P/KP u has rank 1 or 0. But KP u/K = P u/(K∩P u)
is connected and non-trivial because P u doesn’t act trivially on Y , so the inclusion K ⊆
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KP u corresponds to a non-trivial colored subspace of NB(P/K) as in [Kn91, Theorem 5.4]
(we recall the definition of colored subspaces and this result in Section 6). Therefore
P/KP u has rank 0, i.e. it is a complete L-homogeneous space, and KP u is a parabolic
subgroup of P .

Up to conjugating KP u in P , we may assume that KP u ∩ L is a parabolic subgroup
of L containing B−. Let M be the Levi component of KP u ∩ L containing T : then
BM = B ∩M is equal to B ∩KP u and is a Borel subgroup of M .

With this choice, the Bu-orbit of eKP u is dense in P/KP u, which is a complete L-
homogeneous variety. Hence restricting B-semiinvariant functions from P/K to the fiber
Z = π−1(eKP u)(∼= KP u/K) induces the equality ΞB(P/K) = ΞBM (Z).

Recall that P u as a variety is L-equivariantly isomorphic to its Lie algebra n via the
exponential map, which restricts to an M -equivariant isomorphism between the intersection
K ∩ P u and its own Lie algebra i. Then Z ∼= P u/(K ∩ P u) ∼= n/i is a spherical module
for M (i.e. it an M -module and is spherical as an M -variety). Moreover Z has rank 1,
which implies that it is an irreducible M -module whose lattice ΞBM (Z) is generated by the
highest weight γ of the dual module Z∗. With this notation, the opposite −γ is the lowest
weight of Z, therefore a root of P u, and it is also either σ or −σ because it generates
ΞB(P/K).

Consider the closure Z of Z in Y . It is connected and complete, so any function f ∈
C[Z]

(B∩M)
γ (i.e. a highest weight vector of the dual module Z∗), being non-constant, cannot

be regular on Z. Choose such f : we have already noticed the equality ΞB(P/K) = ΞBM (Z),
i.e. the function f extends to a rational function on Y . Then f has on Y a pole that
intersects Z but not Z. Call it D: we have 〈ρ(D), γ〉 < 0. Now D cannot intersect P/K:
if it did, it would be either the inverse image of a B-stable prime divisor of P/KP u, in
which case it wouldn’t intersect Z, or D would intersect Z, which is false. Hence D is
P -stable, which yields 〈ρ(D), σ〉 < 0 because σ is the spherical root of Y . We conclude
that γ = σ, i.e. −σ is a root of P u. �

6. Morphisms

Given a spherical L-homogeneous space X, surjective equivariant morphisms with con-
nected fibers X → Y are classified in [Kn91, Theorem 5.4] by means of colored subspaces
of NB(X), i.e. couples (C,D) such that D ⊆ ∆L(X), and C is a linear subspace of NB(X)
generated as a convex cone by D and by C ∩ VL(X). Precisely, with any morphism
ϕ : X → Y one associates the colored subspace (Cϕ,Dϕ), where Cϕ is the subspace ΞB(Y )⊥

of NB(X), and Dϕ is the set of colors of X mapped dominantly onto Y .

In this section we describe how this correspondence can be used to describe P -equivariant
morphisms with domain P/H.

6.1. Lemma. Let K be a subgroup of P containing H, and η : P/H → P/K the corre-
sponding P -equivariant map. Then there exist a P -toroidal embedding Z of P/H and a
set D0 such that:

(1) Dη|X ⊆ D0 ⊆ Dη|X ∪ D(Z)L, where X is the open L-orbit of Z,

(2) the convex cone generated by ρ(D0) is a vector subspace,

(3) ΞB(P/K) is a subgroup of finite index of ρ(D0)⊥(⊆ ΞB(P/H)).
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Moreover, the map η has connected fibers if and only if ΞB(P/K) is a saturated sublattice
of ΞB(P/H).

Proof. Using Lemma 4.3 we extend the map P/H → P/K to a proper P -equivariant
map ψ : Z → P/K where Z is a P -toroidal embedding of P/H. Denote by

Z
µ→ Z ′

ψ′→ P/K

the Stein factorization of ψ.

Denote by D′0 ⊆ D(Z ′)B and by D0 ⊆ D(Z)B the subsets of the elements mapped
dominantly onto P/K by ψ′ and ψ respectively. Then Dη|X ⊆ D0 ⊆ Dη|X ∪ D(Z)L, and
ρ(D0) = ρ(D′0) up to replacing some elements with positive rational multiples.

For a B-semiinvariant rational function on Z ′, being a pull-back along ψ′ is equivalent
to being constant on general fibers of ψ′, which is also equivalent to having no poles
along the B-stable prime divisors of Z ′ mapped dominantly onto P/K. This shows that
the subgroup ΞB(P/K) of ΞB(Z ′) is the set of elements that are ≥ 0 on ρ(D′0). Since
ΞB(P/K) is also subgroup of ΞB(Z ′), then all elements of ρ(D′0) are actually 0 on it,
whence the convex cone generated by ρ(D′0) is a vector subspace.

The map µ is finite, therefore ΞB(Z ′) is a subgroup of ΞB(Z) of finite index. Moreover Z
is equal to Z ′ if and only if ΞB(Z) = ΞB(Z ′), and the proof is complete. �

6.2. Definition. A colored subspace (C,D) of NB(P/H) is called P -equivariant if C is
generated as a convex cone by ρ(D), a subset of ρ(D(P/H)L), and finitely many elements
of the form ρ(v) for v a P -invariant valuation of C(P/H).

6.3. Remark. Let (C,D) be a colored subspace of NB(P/H). If it is generated as a convex
cone by ρ(D), a subset of ρ(D(P/H)L), and a face of V (P/H), then it is P -equivariant.

We prepare for the proof of the main result of this section, Theorem 6.6, with two lemmas
essentially taken from [Kn91, Section 2].

6.4. Lemma (see [Kn91, Corollary 2.5]). Any P -invariant discrete valuation of C(P/H)
can be lifted to a P -invariant discrete valuation of C(P ).

Proof. The proofs of [Kn91, Lemma 2.4 and Corollary 2.5] hold verbatim with the non-
reductive group P in place of the reductive group G of loc.cit., and yield the desired
result. �

6.5. Lemma (see [Kn91, Theorem 2.6 and Section 6]). Let v be a P -invariant discrete
valuation of C(P ), let s be a positive integer, let f0 ∈ C[P ] and g1, . . . , gs ∈ C(P ) be
such that fi = f0gi ∈ C[P ] for all i ∈ {1, . . . , s}. Denote by Mi the P -submodule of C[P ]
generated by fi, and denote by M1 · · ·Ms the linear span of all s-fold products where for
all i the i-th factor is in Mi. Then for all h ∈M1 · · ·Ms we have

v(h/f s0 ) ≥ v(g1) + . . .+ v(gs).

Proof. Similarly to the proof of [Kn91, Theorem 2.6], we observe that the valuation v on
Mi is at least v(fi) by P -invariance, so it is at least v(f1) + . . .+ v(fs) on s-fold products
where the i-th factor is in Mi. This yields the inequality

v(h) ≥ v(f1) + . . .+ v(fs)

which is equivalent to the desired one. �
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6.6. Theorem. Let X be the open L-orbit of P/H, let Y be an L-homogeneous space,
and ϕ : X → Y be an L-equivariant map with connected fibers. Then (Cϕ,Dϕ) is P -
equivariant if and only if there exists a subgroup K of P containing H such that P/K is
an L-embedding of Y and the corresponding map P/H → P/K extends ϕ. If this is the
case, a subgroup K with these properties is unique.

Proof. Suppose that ϕ : X → Y extends to a P -equivariant map P/H → P/K. Then
(Cϕ,Dϕ) is P -equivariant thanks to Lemma 6.1.

We prove the converse statement, so suppose that (Cϕ,Dϕ) is P -equivariant. First we
construct a map from P/H onto a P -homogeneous space P/K associated with Cϕ as in
the proof of [Kn91, Theorem 5.4] (see [Kn91, proof of Theorem 3.3] for more details),
then we check it extends ϕ.

The dual cone Λ of Cϕ in ΞB(P/H) (i.e. the set of all elements that are non-negative
on Cϕ) is actually a subgroup and is equal to C⊥ϕ ; by Gordan’s Lemma Λ is a finitely
generated monoid. Let χ1, . . . , χn be generators of Λ and for all i ∈ {1, . . . , n} choose

gi ∈ C(P/H)
(B)
χi . Let D0 be the union of all elements of D(P/H)B not contained in Dϕ

and not contained in D(P/H)L ∩ ρ−1(Cϕ).

For all i the poles of gi are contained in D0. The pull-back of gi in C(P ), also denoted
gi, is H-invariant and B-semiinvariant. Choose a non-zero function f0 ∈ C[P ](B×H) that
vanishes exactly on the inverse image of D0 in P (for its existence, see the proof of
Lemma 4.2), with enough multiplicity so that fi = f0gi is a regular function on P .

The P -module M generated by f0, f1, . . . , fn in C[P ] defines naturally a P -equivariant map
ψ : P/H → P(M∗). The image is a P -orbit, and we denote the stabilizer of ψ(eH) by K.

Notice that this orbit, isomorphic to P/K, is dense in P ·X0 where X0 = ψ(P/H)\{f0 = 0}.

We claim now that

(1) ΞB(P/K) = Λ;

(2) ψ has connected fibers;

(3) Dϕ is the set of L-colors of P/H mapped dominantly by ψ onto P/K.

From these three properties we conclude that the L-equivariant map ψ|X has colored cone
equal to (Cϕ,Dϕ), hence ψ|X = ϕ.

Let us show (1). It follows if we prove that M = C[X0](B), where

M =
{
f ∈ C(P/H)

(B)
λ

∣∣∣ λ ∈ Λ
}
.

The inclusion M⊆ C[X0](B) stems from the fact that the functions g1, . . . , gn correspond
to regular functions on the principal open subset P(M∗)f0 , so they restrict to regular
functions on X0. To show the other inclusion, we show that 〈c, χ〉 ≥ 0 for any c belonging
to a given set of generators of Cϕ as in Definition 6.2 and any B-character χ 6= 0 such

that C[X0]
(B)
χ is non-empty. Denote by f an element of C[X0]

(B)
χ .

If c = ρ(D) where D ∈ Dϕ ∪ D(P/H)L then 〈c, χ〉, which is equal to ordD(f), is non-
negative because the poles of f as a rational function on P/H are contained in D0.
Otherwise c is of the form c = ρ(v) where v is a P -invariant discrete valuation of C(P/H),
so 〈c, χ〉 = v(f).
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We observe now that X0 is a closed subvariety of the principal open subset P(M∗)f0 .
Hence f is a polynomial in finitely many variables, each being a function of the form
(pfj)/f0 for some index j ∈ {1, . . . , n} and some p ∈ P . Since v is a discrete valuation
and we want to prove that v(f) ≥ 0, it is enough to prove this inequality assuming that
the polynomial giving f is a monomial of positive degree, denote the latter by s. Also,
up to reindexing χ1, . . . , χn and introducing repetitions if necessary, we may assume that
s ≤ n and that ff s0 is in M1 · · ·Ms where Mj is the P -submodule of C[P ] generated by
fj for all j ∈ {1, . . . , s}.

We lift v to a P -invariant valuation of C(P ) thanks to Lemma 6.4, so Lemma 6.5 applied
to v and h = ff s0 yields

v(f) ≥ v(g1) + . . .+ v(gs) = 〈c, χ1〉+ . . . 〈c, χs〉 ≥ 0,

concluding the proof of part (1).

Part (2) stems from part (1) and Lemma 6.1, let us show part (3). Any L-color of P/H
not in Dϕ is mapped to the proper closed subset {f0 = 0} of P/K, so it is not mapped
dominantly onto P/K. Suppose now that an L-color D ∈ Dϕ is not mapped dominantly
onto P/K. Then f0 is non-zero on the inverse image of D in P , so ψ(D) intersects X0 in a
B-stable prime divisor E. By part (1), and since ρ(Dϕ) ⊆ Cϕ, no non-zero B-semiinvariant
rational function of X0 vanishes on E. This is absurd since X0 is affine, and part (3) is
shown.

It remains to show uniqueness of K. Suppose that ϕ has extensions ψi : P/H → P/Ki

given by subgroups Ki ⊇ H for i ∈ {1, 2}. We may suppose that the L-orbit of eH in
P/H is dense. Denote by I the stabilizer of eH in L, and by J the stabilizer in L of
ϕ(eH). Then I = H ∩ L and J = Ki ∩ L for any i. The two maps ψi both factor as the
composition of the natural maps P/H → P/(K1 ∩K2)→ P/Ki. The restriction to the
open L-orbits, i.e. the map ϕ, is then the composition

L/I → L/J ′ → L/J,

where J ′ = (K1 ∩K2) ∩ L. From this equality follows J ′ ⊇ J , which yields J ′ = J . In
other words the maps P/(K1 ∩K2)→ P/Ki are bijective if restricted to the respective
open L-orbits. Since P is connected, this is only possible if K1 = K2. �

We may restate more concisely the above theorem in the following way.

6.7. Corollary. The bijection ϕ 7→ (Cϕ,Dϕ) of [Kn91, Theorem 5.4] induces a bijection
between the set of surjective P -equivariant maps with domain P/H and connected fibers
and the set of P -equivariant colored subspaces of NB(P/H).

Let K ⊇ H be a subgroup of P and ϕ : P/H → P/K the induced map, denote by
ϕ∗ : ΞB(P/K) ↪→ ΞB(P/H) the homomorphism induced by the pull-back of functions,
and by ϕ∗ : NB(P/H)� NB(P/K) the dual homomorphism. If ϕ has connected fibers
then ϕ∗ can be identified with the quotient map NB(P/H)� NB(P/H)/Cϕ.

6.8. Proposition. Let ϕ : P/H → P/K be as above. Then ϕ∗(V (P/H)) = V (P/K).

Proof. Let Y be a P -toroidal complete embedding of P/K. Thanks to Lemma 4.3, we
can find a complete P -toroidal embedding X of P/H such that the map ϕ extends to a
P -equivariant map ϕ : X → Y . Let Z be a closed P -orbit of X, so that CZ is a maximal
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cone contained in V (X). Then ϕ(Z) is a complete P -orbit of Y , and Cϕ(Z) is contained in
V (Y ). On the other hand Cϕ(Z) ⊇ ϕ∗(CZ), which implies ϕ∗(V (X)) ⊆ V (Y ).

Let now Z be a P -stable prime divisor of Y . The inverse image ϕ−1(Z) contains a P -stable
prime divisor Z ′ of X mapped dominantly onto Z. Then Q≥0ϕ

∗(ρX(Z ′)) = Q≥0ρY (Z),
which shows ϕ∗(V (X)) ⊇ V (Y ). �

We expect that it is possible to develop a theory of P -equivariant embeddings of P/H
based on the same ideas of [Kn91], as already suggested by the proof of Theorem 6.6. In
particular, one can show as in [Kn91, Lemma 6.1] that V (P/H) is the image in NB(P/H)
of the set of P -invariant discrete valuations of C(P/H), in analogy with the fact that for
a complete toroidal spherical L-variety X the convex cone generated by ρ(D(X)L) is the
valuation cone VL(X). This goes beyond the scope of the present work.

7. Localization via one-parameter subgroups

In this section we study localizations of a P -toroidal embedding X ⊇ P/H, i.e. certain
subvarieties of X that are invariant (and spherical) under the action of Levi subgroups of
parabolic subgroups of L.

Our goal is essentially to adapt some of the results of [Kn14, Section 4], taking into account
the additional action of P u on X. Several proofs here follow the guidelines of those in
[Kn14] and [Lu97] with only minimal modifications. We start recalling some well-known
results on the action of one-parameter subgroups on normal, complete varieties, and we
refer to loc.cit. for more details.

Let X be a complete normal Gm-variety. Then the set of fixed points XGm is closed, thus
complete, and there is a unique connected component Y of XGm such that

lim
t→0

t · x ∈ Y

for a general point x ∈ X. Denote by πλ(x) the above limit and by Z the subset of X
such that πλ(x) ∈ Y . Then Z is open in X, the map π : Z → Y is a categorical quotient
by Gm and its general fibers are irreducible. In particular Y is irreducible and normal,
and is characterized by the property that, for any x ∈ X, we have limt→∞ t · x ∈ Y if and
only if x ∈ Y .

If λ : Gm → T is a one-parameter subgroup of T , then one denotes by Lλ the central-
izer of λ(Gm) in L and by Lλ the parabolic subgroup of L of those l ∈ L such that
limt→0 λ(t)lλ(t)−1 exists. Then Lλ is a Levi subgroup of Lλ, and the map l 7→ πL(l) =
λ(t)lλ(t)−1 is the quotient map Lλ → Lλ/L

u
λ
∼= Lλ.

7.1. Definition. A one-parameter subgroup λ of T is P -dominant if 〈λ, α〉 ≤ 0 for all
roots α of P u and of (B−)u. If this is the case we denote by P λ the centralizer in P of
λ(Gm), and put

Pλ = {p ∈ P | lim
t→0

λ(t)pλ(t)−1 exists}.

For all p ∈ Pλ we also set πP (p) = limt→0 λ(t)pλ(t)−1.

7.2. Lemma. Let λ be a P -dominant one-parameter subgroup of T . The groups Pλ and
P λ have the same Levi subgroup Lλ; we have (P λ)u = P λ ∩ P u and (Pλ)

u = (P λ)u(Lλ)
u.

The intersection Bλ = Lλ ∩ B is a Borel subgroup of Lλ and is equal to πP (B); the
intersection Bλ

− = Lλ ∩ B− is the Borel subgroup of Lλ opposite to Bλ with respect to
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T . Finally, a root α of P u (resp. B−) is not a root of (P λ)u (resp. Bλ
−) if and only if

〈λ, α〉 < 0.

Proof. We deduce all statements from the fact that, for any p ∈ P , the limit

lim
t→0

λ(t)pλ(t)−1

exists in P if and only if limt→0 λ(t)lλ(t)−1 exists in L and limt→0 λ(t)uλ(t)−1 exists
in P u, where p = ul with u ∈ P u and l ∈ L. The “if” part of this claim is obvious.
The “only if” part holds because if limt→0 λ(t)pλ(t)−1 exists, then limt→0 λ(t)(lP u)λ(t)−1

exists in P/P u ∼= L, which implies that lP u is in LλP
u/P u, so l ∈ Lλ. Then the limit

limt→0 λ(t)uλ(t)−1 exists too.

At this point we have that p ∈ Pλ if and only if l ∈ Lλ and u ∈ (P u)λ, so Pλ = Lλn(P u)λ =
(Lλn (Lλ)u)n (P u)λ. This shows (Pλ)u = (P u)λ(Lλ)u, which is similar, but not yet equal,
to one of the claims of the lemma. In the same way one checks that p is λ(Gm)-stable
if and only if u and l are, so P λ = Lλ n (P u)λ. This proves that Lλ is a Levi subgroup
of Pλ and of P λ, and also that (P λ)u = (P u)λ. A consequence of the last equality is the
desired formula (P λ)u = P λ ∩ P u.

We observe that P u is an affine space where λ(Gm) acts linearly via the characters 〈λ, α〉
for α varying in the roots of P u. Since 〈λ, α〉 ≤ 0 for all such α by hypothesis, the limit
limt→0 λ(t)uλ(t)−1 exists if and only if u is fixed by λ(Gm). This shows (P u)λ = (P u)λ,
and with it the desired equality (Pλ)

u = (P λ)u(Lλ)
u. The other claims of the lemma are

standard. �

7.3. Definition. Let λ be a one-parameter subgroup of T . We denote by λr ∈ NB(P/H)
the corresponding element induced by restricting to ΞB(P/H) the natural pairing of λ
with X (B).

7.4. Lemma. If a one-parameter subgroup λ of T is P -dominant then −λr ∈ V (P/H).

Proof. This stems from Theorem 5.14, and the fact that all elements of ΣL(P/H) are
linear combinations of simple roots of L with non-negative coefficients. �

7.5. Definition. Let X be a complete P -toroidal embedding of P/H and λ a P -dominant
one-parameter subgroup of T . We define Xλ = Z and Xλ = Y , where Z and Y are
defined as above considering X as a Gm-variety via the action of λ(Gm) ⊆ P . The variety
Xλ is called the localization of X with respect to λ.

7.6. Lemma. Let X and λ be as in Definition 7.5. Then Xλ is Pλ-stable and Xλ is P λ-
stable and spherical as an Lλ-variety. Moreover, the map πλ : Xλ → Xλ is Pλ-equivariant,
if we let Pλ act on Xλ via the quotient πP : Pλ → P λ.

Proof. The centralizer P λ of λ(Gm) acts on Xλ(Gm); since P λ is connected it preserves the
connected components hence also Xλ.

The other statements follow, thanks to the equality

lim
t→0

(λ(t) · px) = lim
t→0

(
(λ(t)pλ(t)−1) · λ(t)x

)
= πP (p) · πλ(x)

for all x ∈ Xλ, p ∈ Pλ, except for the fact that Xλ is spherical. To prove it, we observe that
the open subset Xλ of X intersects the open B-orbit of X; for any x in this intersection
the orbit Bλπλ(x) is open in Xλ. �
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7.7. Lemma. Let X and λ be as above, and let α be a root of P with 〈λ, α〉 < 0. Then
Uα acts trivially on Xλ.

Proof. This is shown as in [Lu97, Proof of Proposition 1.3]. For all x ∈ Xλ we have
x = λ(t)x, and for all u ∈ Uα we have limt→0 λ(t)−1uλ(t) = e. Then

lim
t→∞

λ(t)ux = lim
t→0

λ(t)−1ux = lim
t→0

(
λ(t)−1uλ(t)

)
· x = x ∈ Xλ.

This shows that ux ∈ Xλ, whence λ(t)ux = ux for all t, so ux = x. �

Thanks to Lemma 7.6, the localization Xλ has an open Bλ-orbit, therefore also an open
P λ-orbit.

7.8. Proposition. Let X, λ be as above and P λ/K be the open P λ-orbit of Xλ. For all

D ∈ D(P λ/K)B
λ

there is a unique D∗ ∈ D(P/H)B such that πλ(D∗∩Xλ) = D. The map

D 7→ D∗ is a bijection between D(P λ/K)B
λ

and the set of those elements of D(P/H)B

that are not stable under P λ. Moreover, for any root α of P λ, an element D ∈ D(P λ/K)B
λ

is not stable under Uα ⊆ P λ if and only if the same holds for D∗.

Proof. We have that E = π−1
λ (D) is irreducible, because πλ is P λ-equivariant, its general

fibers are irreducible, and P λ/K is P λ-homogeneous and dense in Xλ. Moreover E cannot
intersect the open B-orbit of X, otherwise D would intersect the open Bλ-orbit of Xλ.
Hence the closure E of E in X is an element of D(X)B. Since D is not P λ-stable then
E is not P λ-stable. This also implies that E is not P -stable, therefore the intersection
D∗ = E ∩ P/H is non-empty and obviously an element of D(P/H)B.

The map D 7→ D∗ is injective, so it remains only to prove that its image is as claimed. Let
F ∈ D(P/H)B be not P λ-stable. Then F intersects Xλ, otherwise it would be Pλ-stable.
But F is anyway λ(Gm)-stable because λ(Gm) ⊆ B, therefore D0 = πλ(F ∩Xλ) is not
P λ-stable. It follows that D = D0 ∩ P λ/K is non-empty and a Bλ-stable prime divisor of
P λ/K satisfying D∗ = F .

The last assertion stems from the fact that πλ : Xλ → Xλ is in particular P λ-equivariant.
�

7.9. Lemma. Let X and λ be as above, and let Z be a closed P λ-orbit of Xλ. Then Z
contains a point fixed by P uB−, and PZ is a closed P -orbit of X with PZ ∩Xλ = Z.

Proof. Since Z is a complete P λ-orbit then (P λ)u acts trivially on Z, which is also a
complete Lλ-orbit. So Z contains a point z fixed by Bλ

− and by (P λ)u. By Lemma 7.2
and Lemma 7.7 we have that z is fixed also by P u and by B−, whence Pz = PZ is a
closed P -orbit of X. Finally z ∈ (PZ)λ, hence PZ ∩Xλ = (Pz)λ = P λz = Z. �

7.10. Definition. Let X and λ be as above. We denote by C(λ) the cone of FL(X) such
that the relative interior of C(λ) contains −λr.

7.11. Theorem. Under the assumptions and notations of Proposition 7.8, the variety
Xλ is a P λ-toroidal complete embedding of P λ/K. Moreover ΞBλ(Xλ) is equal to C(λ)⊥(⊆
ΞB(X)), we have Σ(Xλ) = Σ(X) ∩ C(λ)⊥ = Σ(X) ∩ λ⊥, and for all D ∈ D(P λ/K)B

λ
the

element ρXλ(D) is the restriction of ρX(D∗) on ΞBλ(P λ/K).
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Proof. We have already observed that Xλ is normal and complete, with open P λ-orbit
P λ/K. Let us show it is P λ-toroidal, so suppose that the closure in Xλ of some D ∈
D(P λ/K)B

λ
contains a P λ-orbit Z. We may suppose that Z is closed, and by Lemma 7.9

we have that Z contains a point fixed by P uB−, so PZ, which is a closed P -orbit, is also
equal to BZ. It follows that the closure of D∗ in X contains the P -orbit PZ, contradicting
the fact that X is toroidal.

To show the statement on ΞBλ(Xλ), we first observe that λ is dominant as a weight of
the maximal torus T of L. We proceed similarly as the proof of Corollary 5.3, so consider
the fan of colored cones

F = {(C ∩ VL(X),∅)}

where C varies in the set of cones of FL(X). It is the fan of an L-toroidal embedding X̃
of the open L-orbit X0 of X, such that the identity on X0 extends to an L-equivariant

map X̃ → X. Moreover, if a cone of FL(X) is entirely contained in VL(X) then it is also

a cone of F = FL(X̃).

By Lemma 7.4 the cone C(λ) is contained in V (X), therefore it is entirely contained in

VL(X). Thanks to the observation above, the cone C(λ) is also a cone of FL(X̃). Let

Y (resp. Ỹ ) be the L-orbit of X (resp. X̃) with cone C(λ). We have CY = CỸ , and by

Proposition 5.2 also DY = DỸ (= ∅). Then by [Kn91, Sections 4 and 5] we have that Ỹ

is mapped to Y , and there exist L-equivariant neighborhoods X̃Ỹ of Ỹ in X̃ and XY of Y

in X such that X̃Ỹ is mapped L-isomorphically onto XY . It follows that the map Ỹ → Y
is an isomorphism.

Consider now the localization X̃λ of X̃ with respect to λ. It can defined as above even if

P doesn’t act necessarily on X̃, and it is a localization in the sense of [Kn14, Section 4].

Thanks to [Kn14, Proposition 4.8] we have that an open subset of X̃λ is contained in Ỹ .

Therefore X̃λ intersects the open set X̃Ỹ . Since Ỹ → Y is an isomorphism, the set X̃λ

is mapped birationally onto Xλ. The equality ΞBλ(Xλ) = C(λ)⊥ is now a consequence
of [Kn14, Theorem 4.6]. It also follows that NBλ(Xλ) is identified with the quotient of
NB(X) by its subspace spanQ C(λ). The assertion on ρXλ(D) stems from the fact that

D∗ = π−1
λ (D) ∩ P/H.

To show that Σ(Xλ) = Σ(X)∩C(λ)⊥, it is enough to show that V (Xλ) ⊆ NBλ(Xλ) is the
union of the projections of the maximal cones of FL(X) contained in V (X) and containing
C(λ).

A maximal cone of FL(X) contained in V (X) is of the form CZ for Z a closed P -orbit
of X. Then Z is also a closed L-orbit, and, as above, we have that Z has an L-stable

neighborhood XZ equivariantly isomorphic to an L-stable neighborhood X̃Z̃ of Z̃, where

the latter is a closed L-orbit of X̃ mapped isomorphically onto Z.

If CY ⊇ C(λ) then X̃λ ∩ Z̃ 6= ∅, and X̃Z̃ (resp. XZ) contains the open set X̃Ỹ (resp. XY )

considered before. This implies that X̃λ and Xλ are isomorphic in a neighborhood of

X̃λ∩ Z̃ = Xλ∩Z. Thanks to [Kn14, Theorem 4.6] the projection of CZ in NBλ(Xλ) is the
maximal cone CXλ∩Z associated with Xλ ∩ Z, which is a closed Lλ-orbit of Xλ. Since P u

acts trivially on Z, we have that (P λ)u acts trivially on Xλ ∩ Z. Therefore the latter is a
closed P λ-orbit of Xλ and CXλ∩Z ⊆ V (Xλ). Lemma 7.9 implies that all closed P λ-orbits
of Xλ are obtained in this way, and the proof of Σ(Xλ) = Σ(X) ∩ C(λ)⊥ is complete.
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It remains to show that Σ(X) ∩ C(λ)⊥ is also equal to Σ(X) ∩ λ⊥, and this follows from
the fact that any σ ∈ Σ(X) is ≤ 0 on V (X). Then σ ∈ C(λ)⊥ if and only if σ ∈ λ⊥. �

7.12. Corollary. Recall that SP denotes the set of simple roots of L. If there exists a
P -dominant one-parameter subgroup of T vanishing on SP but not vanishing on any root
of P u, then ΣL(P/H) = Σ(P/H) ∩ spanQ SP .

Proof. Let λ be such a P -dominant one-parameter subgroup of T , and let X be a P -
toroidal complete embedding of P/H. Then Σ(Xλ) = Σ(X) ∩ λ⊥ by Theorem 7.11.
By Theorem 5.14, an element of Σ(P/H) is either in spanQ SP , in which case it is

in λ⊥, or it is a root of P u up to sign, in which case it is not in λ⊥. This yields
Σ(X) ∩ λ⊥ = Σ(P/H) ∩ spanQ SP . On the other hand P λ = Lλ = L and Bλ = B,

therefore Σ(Xλ) = ΣL(Xλ).

In the proof of Theorem 7.11 we have shown that Xλ is L-equivariantly birational to the
localization in λ of an L-toroidal complete embedding of the open L-orbit of P/H. By
[Kn14, Corollary 4.7] we conclude ΣL(Xλ) = ΣL(P/H) ∩ λ⊥ = ΣL(P/H). �

8. Examples

8.1. Example. Consider the case L = T and dimP u = 1, and denote by −α the root
of P u. Notice that α extends to a character of P , trivial on P u, and that Hu ⊆ P u

since L is a torus. We may also assume that H = M n Hu, where M ⊆ T . Here the
quotient P/H = T ×M P u/Hu is spherical under the action of L(= T ) if and only if
Hu = P u or M◦ acts nontrivially on P u/Hu. The last condition amounts to requiring
that no multiple of α is trivial on M . If Hu = P u then D(P/H)B = ∅ = Σ(P/H), and
ΞB(P/H) = X (T/M).

Let us discuss the case where M◦ acts nontrivially on P u/Hu, which implies that Hu is
trivial and H = M . The vector bundle T ×H P u is T -equivariantly trivial, in other words
P/H ∼= T/H × P u, where T acts diagonally: by left translation on the first factor, and
by conjugation on the second. This implies that ΞB(P/H) = X (T/H)⊕ Zα.

Since P u has no non-constant invertible regular functions, the action of P u on P/H is
the left translation on the factor P u. So D(P/H)B has one element D, not stable under
P u = U−α, and α is an element of ΞB(P/H) where ρ(D) takes value 1.

Moreover, the variety PdimT/H × P1 is a P -toroidal compactification of P/H, where we
embed T/H ∼= (Gm)dimT/H ⊂ CdimT/H naturally in PdimT/H and P u ∼= C in P1. It is
elementary to compute V (PdimT/H × P1), which is defined by the equation 〈−, α〉 ≤ 0.
We conclude that Σ(P/H) = {α}.

8.2. Example. We want to discuss the fundamental example where P/H ∼= Cn with
n ≥ 1 and P is the semidirect product of GL(n) with the group of translations of Cn.
The special case where n = 1 was essentially analyzed already in Example 8.1. It is
convenient to work even more in general, so our assumptions are the following: we require
that L ⊆ H, with (L,L) ∼= SL(n) or Sp(n) (the latter with n even), and that Hu is a
normal subgroup of P u with P/H ∼= P u/Hu abelian and isomorphic to the (L,L)-module
M = Cn or M = (Cn)∗.

The rank of P/H as a spherical L-variety is 1, and ΞB(P/H) is generated by the B-
eigenvalue ω of a regular function f ∈ C[M ](B) that is actually linear and a highest weight
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vector of M∗. There is exactly one B-stable prime divisor of P/H, namely div(f). It
is L-stable if dimM = 1 and an L-color if dimM > 1. We claim that Σ(P/H) = {ω}.
Indeed, we can embed P/H equivariantly in Pn, which is a complete P -toroidal embedding
of P/H. Its unique P -stable prime divisor is Pn rM where f has a pole, whence the
claim.

8.3. Example. Let us consider a variation of Example 8.2, where P/H ∼= Cm, but
now L is equal to (Gm)m acting on the i-th coordinate of Cm via a character denoted
by −αi (for any i ∈ {1, . . . ,m}), and P u is the group of translations of Cm. Here
Ξ(P/H) = X (L) ∼= Zm, the colors of P/H are the coordinate hyperplanes of Cm, and a P -
toroidal compactification of P/H is P1× . . .×P1. It follows that Σ(P/H) = {α1, . . . , αm}.

Notice that P/H and its P -equivariant embeddings are toric varieties, which raises the
question of the relationship between our invariants and the standard theory of toric
varieties and their automorphisms. Here we do not develop this theme further.

8.4. Example. For later convenience we discuss another variation of Example 8.2: we
assume n > 1 and we “enlarge” P u/Hu, assuming that P u/Hu ∼= M ⊕ C as L-modules.
We maintain the hypothesis that Hu is a normal subgroup of P u and that P u/Hu is
abelian, so it is a vector group and the isomorphism with M ⊕ C is also as (additive)
groups. Denote again by ω and f resp. the highest weight and a highest weight vector
of M∗, and by β the highest weight of the dual of C, so that ΞB(P/H) = spanZ{ω, β}.
In this case P/H has exactly one L-stable prime divisor E = M ⊕ {0}, and exactly one
L-color F = M ′ ⊕ C, where M ′ = div(f). The variety Pn × P1 is a complete P -toroidal
embedding of P/H, and we conclude that Σ(P/H) = {ω, β}.
8.5. Example. Maintain all the assumptions of Example 8.4 except for the fact that Hu

is now allowed to be non-normal in P u. The descriptions of D(P/H)B and of ΞB(P/H)
remain the same. Moreover, the summand C is T -stable so it is the image in P u/Hu

of a one-dimensional T -stable subgroup U ′−β of U−β ⊆ P u. Then U ′−β moves E, and
Lemma 4.5 implies that β is non-positive on ρ(D) for D any P -stable prime divisor in
any P -toroidal embedding of P/H. It follows that β is a linear combination of spherical
roots of P/H with non-negative rational coefficients.

The normalizer K of Hu in P u is strictly bigger than Hu and stable under conjugation by
L, so K/Hu in P u/Hu is M , C, or M ⊕ C. Using the fact that the Lie algebra of P u is
nilpotent and isomorphic as a vector space to the sum of M ⊕ C and the Lie algebra of
Hu, and that dimM > 1, it is easy to deduce that K/Hu contains the summand C. The
normalizer of K in P u is also L-stable, therefore equal to P u.

To sum up, the summand C corresponds to a subgroup of P u containing and normalizing
Hu and normal in P , let us denote it R. The natural map P/H → P/RL is P -equivariant,
so the spherical root of P/RL, which is ω by Example 8.2, is also a linear combination
of spherical roots of P/H with non-negative rational coefficients by Proposition 6.8.
Moreover, the condition 〈−, ω〉 = 0 defines a face of V (P/H) of dimension 0 or 1, of
dimension 1 if and only if ω ∈ Σ(P/H).

On the other hand X = M × P1 is a P -toroidal embedding of P/H. We can fix a normal
P -equivariant completion X of X, and thanks to Lemma 4.2 there exists a complete
P -toroidal embedding Y of P/H mapping surjectively onto X. The valuation of the
P -stable invariant divisor D = M × {∞} of X is 0 on ω and < 0 on β, so the same
holds for a P -stable prime divisor E of Y mapping dominantly onto D. This implies that
〈−, ω〉 = 0 defines a face of V (P/H) of dimension > 0, in other words ω ∈ Σ(P/H).
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9. Kac-Moody groups and parabolic subgroups

We denote by G a minimal Kac-Moody group with set of simple roots S, as constructed
in [Ku02, Section 7.4] (denoted Gmin in loc.cit.) following Kac-Peterson (see e.g. [PK83]).
We denote by T the standard maximal torus of G. If α is a real root, we denote by Uα
the one-parameter root subgroup of G associated with α, by U (resp. U−) the subgroup
generated by Uα for all positive (resp. negative) real roots α. We denote by B (resp. B−)
the standard Borel subgroup containing T and U (resp. U−). We denote by W the Weyl
group of G.

A subset of simple roots is called of finite type if the corresponding Dynkin subdiagram has
connected components only of finite type. A standard parabolic subgroup of G containing
B or B− is called of finite type if the corresponding set of simple roots is of finite type.

For any standard parabolic subgroup P ⊆ G of finite type and of negative sign, i.e.
containing B−, we denote the corresponding subset of simple roots by SP . We denote by
L the standard Levi subgroup of P containing T , and we recall that P = Ln Pu for a
subgroup Pu of U− stable under conjugation by L.

We also consider the “completed” Kac-Moody group as constructed in [Ku02, Section

7.1], and we denote it here by Ĝ. Correspondingly, we denote by B̂ the standard Borel

subgroup of Ĝ, so B = B̂ ∩ G. We denote by P̂+ the standard parabolic subgroup of Ĝ
associated with SP and containing B̂. Denote by ω̃ : G → G an involution of G as in [Ku02,

7.4.E.1] sending Uα onto U−α for all real roots α. We recall that P̂+ is equipped with the

structure of a pro-group, and we fix a subgroup N ⊆ P̂+ in its defining family. Then ω̃(P)

is mapped surjectively onto P̂+/N (this can be shown as in the proof of [Ku02, Corollary
7.3.8]).

Therefore we can identify P̂+/N with the quotient P = P/ω̃−1(N ∩ G), and equip P
with the corresponding structure of (finite-dimensional) algebraic group. We identify the
subgroups L and T of P with their (isomorphic) images in P , and we denote by B the
Borel subgroup of L containing T and associated with the set of simple roots SP (i.e.
B = L ∩ B).

10. Spherical subgroups of Kac-Moody groups

We fix from now on a parabolic subgroup P of finite type of G containing B− and a
finite-dimensional quotient P of P constructed as in the previous section. We denote by
H a closed subgroup of P and by H its inverse image in P ; we identify the quotient P/H
with P/H.

10.1. Definition. If P/H is a spherical L-variety then H is called a standard spherical
subgroup of finite type of G. We define:

(1) the lattice

Ξ(G/H) = ΞB(P/H),

whose rank is by definition the rank of G/H and is denoted by rkG/H;

(2) the rational vector space

N(G/H) = HomZ(Ξ(G/H),Q);
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(3) the finite set

∆(G/H) = D(P/H)B ∪ (S r SP)

(considered as an abstract disjoint union), whose elements are the colors of G/H.

(4) We say that a simple root α of G moves a color D of G/H if D is not stable under
the action of U−α ⊆ P in the case where D ∈ D(P/H)B, and if D = α in the case
where D ∈ S r SP .

(5) The map ρ is defined on D(P/H)B with values in N(G/H), we extend it to the set
∆(G/H). Let D ∈ ∆(G/H) rD(P/H)B, thus D = α ∈ S r SP . By Lemma 4.4
all elements of D(P/H)B are U−α-stable except possibly for one element E, since
in this case U−α is one-dimensional and commutes with Bu. We define

ρ(D) =

{
α∨|Ξ(G/H) − ρ(E) if E exists,

α∨|Ξ(G/H) otherwise.

We denote this extended map also by ρG/H.

(6) We define the valuation cone V (G/H) = V (P/H) and the set of spherical roots
Σ(G/H) = Σ(P/H).

(7) If H contains a maximal unipotent subgroup of P , then G/H is called horospherical.

Unless otherwise stated, from now on we assume that H is a standard spherical subgroup
of finite type.

The above data associated with G/H do not depend on the element N of the defining

family of P̂+ used in the definition of H. Indeed, let N ′ be another element in this family,
giving similarly as above the finite-dimensional quotient P ′ of P , with a subgroup H ′ ⊆ P ′

such that H is its inverse image in P. We may assume N ′ ⊂ N , then the group P is
a quotient of P ′ and the image of H ′ in the quotient is H, so that P ′/H ′ ∼= P/H as
P ′-varieties.

The above data actually do not even depend on P . This is not clear a priori, and will be
shown in Section 12.

Conjugating H with an element p ∈ P does not change the above objects, since P/H and
P/(pH), where p is the class of p in P , are P -equivariantly isomorphic. Conjugating H in
G also behaves well but again requires a detailed treatment, see Section 17.

If G is finite-dimensional (and thus also P , B and H) then all of the above coincide with
the standard invariants of the spherical homogeneous space G/H with respect to the
action of the reductive group G and its Borel subgroup B. This fact follows e.g. from
Theorem 12.1, because in this case one can choose P = G.

We end this section rewriting in the setting of Kac-Moody groups two results obtained
previously.

10.2. Proposition. Any spherical root of G/H is a linear combination of simple roots of
G with non-negative rational coefficients.

Proof. This is Theorem 5.14. �

10.3. Proposition. We have Σ(G/H) = ∅ if and only if G/H is horospherical.
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Proof. This is Proposition 5.13. �

10.4. Example. The case where H is a parabolic subgroup of G (containing B− and
contained in P) can be regarded as the most basic one. Here Σ(G/H) = ∅ and ∆(G/H)
can be identified with S r SH thanks to the natural identification between D(P/H)B and
SP r SH. It is straightforward to show that H has this form (up to conjugation in P) if
and only if G/H has rank 0, since P/H has rank 0 as a spherical L-variety if and only if
it is a complete L-homogeneous space.

11. Types of simple roots

11.1. Proposition. A simple root α ∈ S moves at most two colors of G/H, and it moves
two colors if and only if α ∈ Σ(G/H). In the latter case 〈ρ(D), α〉 = 1 for D equal to
either color moved by α, and 〈ρ(E), α〉 ≤ 0 for any color E ∈ D(P/H)B not moved by α.

Proof. Let α ∈ S r SP . Then we have already observed that at most one element of
D(P/H)B is not stable under U−α. The fact that α moves at most two colors follows. If
instead α is a simple root of L, then it moves no L-stable prime divisor of P/H and it
moves not more than two L-colors of P/H by [Lu97, Section 2.7].

We show the remaining assertions. Assume α ∈ SP : in this case α moves two colors if
and only if α ∈ ΣL(P/H); this is equivalent to being in Σ(G/H) thanks to Corollary 7.12.
The value on α of any L-color of P/H moved by α is computed in [Lu97, Section 3.2].
This concludes the proof for α ∈ SP , except for the case where E is not an L-color, i.e. if
E is L-stable. In this case ρ(E) is in VL(P/H), and α ∈ ΣL(P/H) assures 〈ρ(E), α〉 ≤ 0.

It remains to consider α ∈ S r SP : then α moves two colors if and only if it moves an
element D ∈ D(P/H)(B).

Suppose that α ∈ S r SP moves indeed an element D ∈ D(P/H)(B), and let X be a
P -toroidal complete embedding of P/H. Lemma 4.4 implies that α ∈ ΞB(X), and that
〈ρ(E), α〉 ≤ 0 for all B-stable prime divisors E of X different from D. This applies in
particular if E is P -stable, then 〈V (X), α〉 ≤ 0, and α is then a linear combination with
non-negative coefficients of spherical roots of G/H. From Proposition 10.2 we deduce
that α ∈ Σ(G/H).

Suppose now that α ∈ S r SP belongs to Σ(G/H), and choose a P -toroidal complete
embedding X of P/H. Choose also a one parameter subgroup λ adapted to S ′ = {α} and
consider the localization Xλ. In this case P λ has one-dimensional unipotent radical, equal
to U−α, and Lλ = T . Moreover, the localization Xλ is a P λ-toroidal complete embedding
of an Lλ-spherical homogeneous space P λ/K. By Theorem 7.11 we have Σ(Xλ) = {α},
hence P λ/K occurs in Example 8.1 as the case that has a Bλ-stable prime divisor not
stable under U−α. We conclude thanks to Proposition 7.8 that X has a B-stable prime
divisor not stable under U−α, i.e. α moves an element of D(P/H)B.

Finally, suppose that α is in S r SP and is a spherical root, denote by D the color in
D(P/H)B moved by α and by E the other color moved by α (so formally E = α). The
equality 〈ρ(D), α〉 = 1 follows from Lemma 4.4, and it implies 〈ρ(E), α〉 = 〈α∨, α〉 −
〈ρ(D), α〉 = 2− 1 = 1. �

The last statement of the above proposition holds in greater generality, namely for all
E ∈ ∆(G/H) not moved by α. We will prove this fact later in Corollary 15.7.
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11.2. Definition. We denote Sa(G/H) = S ∩ Σ(G/H) and S2a(G/H) = S ∩ 1
2
Σ(G/H),

we denote by Sb(G/H) the set of simple roots of G that move exactly one color of G/H
and are not in S2a(G/H), and we denote by Sp(G/H) the set of simple roots of G that
move no color of G/H. The type of a simple root α is (a), (2a), (b) or (p) according to
the set where it belongs. If α ∈ Sa(G/H) then we denote by D+

α and D−α the two colors
moved by α (with D+

α ∈ D(P/H)(B)). If α moves only one color of G/H, then we denote
this color by Dα.

11.3. Definition. We denote by A(G/H) the set of all colors of G/H moved by simple
roots that are also spherical roots. For such a root α, we denote by A(G/H, α) or simply
A(α) the set {D+

α , D
−
α } of the two colors moved by α.

11.4. Proposition. The set S is the disjoint union

S = Sa(G/H) ∪ S2a(G/H) ∪ Sb(G/H) ∪ Sp(G/H).

Any simple root in S2a(G/H) moves exactly one color, and S2a(G/H) ∪ Sp(G/H) ⊆ SP .
For any α ∈ S, according to its type we have the following formulae for the colors moved
by α:

type
(a) ρ(D+

α ) + ρ(D−α ) = α∨|Ξ(G/H)

(2a) ρ(Dα) = 1
2
α∨|Ξ(G/H)

(b) ρ(Dα) = α∨|Ξ(G/H)

Proof. The four subsets of S are disjoint by definition, except for S2a(G/H) that may
intersect Sp(G/H). Let α ∈ S2a(G/H). If α ∈ SP then α ∈ SP ∩ 1

2
ΣL(P/H), so α moves

exactly one color of the spherical L-variety P/H (see e.g. [Lu97, Section 2.7]).

Suppose now that α ∈ SrSP , and let X be a complete P -toroidal embedding of P/H. As
in the proof of Proposition 11.1, a localization of X at S ′ = {α} occurs in Example 8.1,
but no variety in this example has spherical root 2α: contradiction.

It follows that the disjoint union S2a(G/H) ∪ Sb(G/H) is the set of simple roots that
move exactly one color each, and the union of the four subsets of the statement of the
proposition is S. Moreover we have showed that S2a(G/H) ⊆ SP , and since any root in
S r SP moves at least one color by definition, we have also Sp(G/H) ⊆ SP .

It remains the formulae for the colors moved by a simple root α. If α ∈ SP then they are
proved in [Lu97, Proposition 3.4]. Otherwise α is in S r SP and it is either in Sa(G/H)
or Sb(G/H) thanks to the first part of the proof. In this case the corresponding formula
holds by definition. �

12. Independence from P

Suppose that H is contained in another parabolic subgroup Q of finite type containing
B−. Then we can apply to Q the same construction of Section 9, based on the pro-group
structure of Q̂+. Any element in the defining family of P̂+ as a pro-group contains some
element of the defining family of Q̂+, which shows that H is also the inverse image in
Q of an algebraic subgroup of Q, the latter being a finite-dimensional quotient of Q. In
other words Q can play the same role of P in our constructions.

We show in this section that choosing Q instead of P essentially doesn’t change the objects
introduced in Definition 10.1.
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12.1. Theorem. Let Q be a parabolic subgroup of G of finite type containing B− and
H. Then Sp(G/H), Σ(G/H) and Ξ(G/H) defined with respect to P are equal to the same
objects defined with respect to Q. The same holds for ∆(G/H), A(G/H) and ρG/H if we
consider the first two as “abstract” finite sets, in the sense that ∆(G/H) defined with
respect to P can be identified with ∆(G/H) defined with respect to Q compatibly with the
map ρG/H and respecting the fact that a color is moved by a given simple root.

Proof. The intersection Q ∩ P is also a parabolic subgroup of G of finite type containing
B− and H, therefore we may suppose that Q is contained in P, and also that the finite-
dimensional quotient Q of Q as above is the projection of Q in P . More precisely, the
projection Q is a parabolic subgroup of P , and P/Q is a spherical L-variety. But Qu

contains P u, so P/Q is isomorphic to (P/P u)/(Q/P u). The quotient P/P u is isomorphic
to L and Q/P u is a parabolic subgroup, so the rank of P/Q as a spherical L-variety is 0
and P/Q ∼= L/R where R is a parabolic subgroup of L.

Denote by LQ the Levi subgroup of Q containing T , and by BQ the Borel subgroup B∩LQ
of LQ. Consider the natural map ϕ : P/H → P/Q. We have ΞB(P/H) = ΞBQ(Q/H),
because Q/H is the fiber of ϕ over eQ and BQ is open in P . Thanks to Lemma 4.3
we can choose a complete P -toroidal embedding X of P/H such that ϕ extends to a
P -equivariant map X → P/Q. Denote this map also by ϕ, and denote by XQ the fiber
ϕ−1(eQ) in X.

Since BQ is open in P we have that intersecting with ϕ−1(eQ) induces a bijection between
D(XQ)BQ and the subset of D(X)B of those elements mapped dominantly onto P/Q. On
the other hand any P -orbit of X intersects XQ in a Q-orbit, and if Y is a closed Q-orbit
of XQ then Qu ⊇ P u acts trivially on Y and BY is a closed P -orbit of X. It follows that
XQ is a complete Q-toroidal embedding of Q/H, and that Σ(P/H) = Σ(Q/H).

In other words the invariants Ξ(G/H) and Σ(G/H) are equal if defined with P or with Q.
Let us consider now the set of colors. The elements of D(P/H)B mapped not dominantly
onto P/Q are precisely the inverse images via ϕ of the BQ-stable prime divisors of P/Q.
These are in natural bijection with SP r SQ. We have thus a natural identification of the
sets of colors defined with respect to P and the set{

D ∈ D(P/H)B mapped dominantly onto P/Q
}
∪ (SP r SQ) ∪ (S r SP)

which is identified with the set

D(Q/H)BQ ∪ (S r SQ)

that is the set of colors defined with respect to Q. This identification respects the property
of being moved by a simple root, it remains to prove that it is compatible with the map
ρ. For any color D ∈ D(P/H)B ∪ (S r SP) defined with respect to P let us denote
D′ ∈ D(Q/H)BQ ∪ (S r SQ) the corresponding color defined with respect to Q.

If D′ ∈ D(Q/H)BQ then D is mapped dominantly onto P/Q and ρ(D) = ρ(D′) because
D′ is the intersection of D with Q/H. If D′ ∈ SrSQ instead, then ρ(D) is either equal to
α∨|Ξ(G/H) for some simple root α moving D, or to 1

2
α∨|Ξ(G/H), or to ρ(E)− α∨|Ξ(G/H) for

some color E such that the corresponding color E ′ is in D(Q/H)BQ and is also moved by
α. Which is the case among these three possibilities is determined by Σ(G/H) and which
simple roots move which colors, therefore D′ falls in the same case of D. This assures
ρ(D) = ρ(D′) in the first two cases, and also in the third since E ′ ∈ D(Q/H)BQ implies
ρ(E) = ρ(E ′) by the above argument. �
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13. Localization at simple roots

13.1. Definition. Let S ′ ⊆ S. A one-parameter subgroup λ of T is adapted to S ′ if
〈λ, α〉 = 0 for all α ∈ S ′ and 〈λ, β〉 > 0 for all β ∈ S r S ′. In this case, if X is a complete
P -toroidal embedding of P/H, then Xλ is called a localization of X at S ′.

For any S ′ ⊆ S we denote by GS′ the minimal Kac-Moody group with maximal torus T
and set of simple roots S ′; it is naturally a subgroup of G. As for G, denote by BS′ and
BS′− the standard Borel subgroups of GS′ containing T .

13.2. Lemma. Let S ′ ⊆ S and λ be a one parameter subgroup of T adapted to S ′. Then
P λ is a finite-dimensional quotient of PS′, where the latter is the parabolic subgroup of
GS′ associated with S ′ ∩ SP and containing BS′− .

Proof. This follows from Lemma 7.2. �

13.3. Theorem. In the hypotheses of Lemma 13.2, let X be a complete P -toroidal
embedding of P/H. Denoting by P λ/K the open P λ-orbit of Xλ and by K the inverse
image of K in PS′, the subgroup K of GS′ is standard spherical of finite type, and we have:

Sp(GS′/K) = Sp(G/H) ∩ S ′

Σ(GS′/K) = Σ(G/H) ∩ spanQ S
′

Ξ(GS′/K) = Ξ(G/H) ∩ λ⊥.

Moreover, the set ∆(GS′/K) can be identified with the subset of ∆(G/H) of elements moved
by some α ∈ S ′, in such a way that the identification respects the property of being moved
by a simple root in S ′ and is compatible with the map ρ, in the sense that

ρGS′/K(D) = ρG/H(D)|Ξ(GS′/K)

for any D ∈ ∆(GS′/K).

Proof. Everything follows from Proposition 7.8 and Theorem 7.11. �

13.4. Remark. If S ′ in the above theorem is of finite type, then GS′ and K are finite-
dimensional groups. As already remarked after Definition 10.1, in this case by The-
orem 12.1 the invariants computed in the theorem above are the usual invariants of
the finite-dimensional spherical homogeneous space GS′/K under the action of GS′ . In
particular, if S ′ is of finite type then the set of spherical roots Σ(G/H) ∩ spanQ S

′ is the
set of spherical roots of a usual finite-dimensional spherical variety.

13.5. Corollary. If σ ∈ Σ(G/H) is a multiple of a simple root α, then σ = α or σ = 2α.

Proof. Let G be a connected reductive group and X a spherical G-homogeneous space.
Then X admits a geometric quotient X/Z(G)◦, which is a spherical (G,G)-homogeneous
space. It has the same spherical roots as X, thanks to [Kn91, Theorem 4.4]. The corollary
follows now from the well-known classification of spherical SL(2)-varieties, thanks to
Remark 13.4 applied to the subset of simple roots S ′ = {α}. �
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14. Localization at spherical roots

14.1. Theorem. Let Y be an L-orbit of a P -toroidal embedding X of P/H. Suppose that
X ′ = Y is P -stable and let P/K be the open P -orbit of X ′. Then the inverse image K of
K in P is a standard spherical subgroup of finite type of G contained in P, and

Sp(G/K) = Sp(G/H)

Σ(G/K) = Σ(G/H) ∩ C⊥Y
Ξ(G/K) = Ξ(G/H) ∩ C⊥Y .

Moreover, the set A(G/K) can be identified with the subset⋃
α∈Σ(G/K)

{
D+
α , D

−
α

}
of A(G/H) in such a way that the identification respects the property of being moved by a
simple root in S and is compatible with the map ρ, in the sense that

ρG/K(D) = ρG/H(D)|Ξ(G/K)

for any D ∈ A(G/K).

Proof. The homogeneous space P/K is L-spherical, therefore the inverse image K of K in
P is a spherical subgroup of finite type of G. Thanks to Proposition 5.5, the variety X ′ is
a P -toroidal embedding of P/K with lattice and spherical roots as desired.

Let us prove the assertion on Sp. First observe that Sp(G/K) is equal to the set of simple
roots of L moving no L-color of X ′. Then by Corollary 5.3 the open L-orbit of X has in
X an L-stable neighborhood Z that is an L-toroidal embedding and contains the open
L-orbit of X ′. At this point the assertion on Sp follows from [Kn14, Proposition 6.1].

The last assertion of the theorem follows if we prove an analogue of [Kn14, Lemma 6.2],
i.e.:

(1) we have Sa(G/H) ∩ C⊥Y = Sa(G/K);

(2) if D ∈ D(P/H)B is a color of G/H moved by α ∈ Sa(G/H) ∩ C⊥Y , then D ∩ P/K
contains a color E of G/K moved by α so that ρG/K(E) is the restriction of ρG/H(D)
to Ξ(G/K).

Part (1) follows from Σ(G/K) = Σ(G/H) ∩ C⊥Y , let us prove part (2). If α ∈ SP then D
is an L-color of X, and in this case we conclude using [Kn14, Lemma 6.2] applied to an
L-toroidal neighborhood of Y in X thanks to Corollary 5.3. We may suppose α ∈ SrSP ,
so α moves in X exactly one B-stable prime divisor, which is the closure of an element
D ∈ D(P/H)B, and exactly one element E ∈ D(P/K)B. The two functionals associated
with D and E are both 1 on α(∈ Ξ(G/K) ⊆ Ξ(G/H)), in particular they are non-zero.

By Lemma 5.4 there is an element D̃ ∈ D(X)B that contains E but not X ′. Since E is

moved by α but X ′ is P -stable, we deduce that D̃ is moved by α, so D̃ = D. In other
words E is an irreducible component of D ∩ P/K. Now, if a B-semiinvariant rational
function f on X ′ vanishes on D once extended to X, then f vanishes on E. This implies
that ρG/K(E) is a positive rational multiple of ρG/H(D)|Ξ(G/K). Since these two functionals
are both 1 on α, they are equal. �
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14.2. Definition. In the assumptions of Theorem 14.1, the variety X ′ is called a local-
ization of X in Σ′ = Σ(G/K).

15. Other relations between spherical roots and colors

15.1. Proposition. Two different simple roots α and β move the same color of G/H if
and only if one of the two following mutually exclusive situations occur.

(1) Both α and β are spherical roots, and they move the same color.

(2) They satisfy 〈α∨, β〉 = 0, and α + β or 1
2
(α + β) is in Σ(G/H).

Moreover, if condition (2) holds, then both α and β are in Sb(G/H).

Proof. We prove the “only if” part: supposing that condition (1) is not satisfied, we show
that (2) holds.

If α and β move the same color D then D ∈ D(P/H)B. Suppose that α /∈ Σ(G/H),
then it is either in S2a(G/H) or in Sb(G/H). In either case the root α is in SP . Then
D is not L-stable so it is an L-color of P/H, and ρ(D) is a positive rational multiple of
α∨|Ξ(G/H) by Proposition 11.4. Suppose now β ∈ Σ(G/H): then 〈ρ(D), β〉 is equal to 1
by Proposition 11.1 and is equal to a positive multiple of 〈α∨, β〉, which is impossible.
Hence β /∈ Σ(G/H), and for the same reasons as α we conclude β ∈ SP . Then the rest
follows from [Lu01, Proposition 3.2] applied to the L-spherical variety P/H.

The “if” part amounts to the fact that if condition (2) is met, then α and β move the same
color. This follows from Remark 13.4 applied to the subset of simple roots S ′ = {α, β}
together with [Lu01, Proposition 3.2]. We recall that the argument in loc.cit. is essentially
the following: since 〈α∨, β〉 = 0, one reduces the problem as in the proof of Corollary 13.5
to the study of spherical SL(2)× SL(2)-homogeneous spaces, which are well-known. For
more details see also [Kn14, Proof of Proposition 5.4].

The last assertion and the fact that (1) and (2) are mutually exclusive follow in the same
way. �

The rest of this section is devoted to adapting to our situation the result [Kn14, Proposition
6.5], which here corresponds to Theorem 15.6 below.

15.2. Definition. A set of spherical roots Σ′ ⊆ Σ(G/H) is called a set of neighbors if
there exists v ∈ V (G/H) such that

Σ′ = {σ ∈ Σ(G/H) | v(σ) = 0}.

Two spherical roots σ, τ ∈ Σ(G/H) are neighbors if {σ, τ} is a set of neighbors.

Notice that any two spherical roots that are multiples of simple roots are neighbors: this
is shown exactly as in [Kn14, Lemma 6.4], thanks to Proposition 10.2.

15.3. Remark. Let X be a complete P -toroidal embedding of P/H. We remark that
localizations in Σ′ of X exist for any set of neighbors Σ′ ⊆ Σ(G/H). Indeed, the set
F = V (X) ∩ {σ = 0 for all σ ∈ Σ′} is a face of V (X). Then it is enough to consider
X ′ = Y where Y is an L-orbit such that CY is contained in F and has the same dimension
of F . Notice that the rank of such localization is rkX − dimF .
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We prepare for the proof of the main result of this section, Theorem 15.6, with two
lemmas.

15.4. Lemma. Let G be a connected reductive group and M be a spherical G-module
of rank 1. If M has dimension 1 then it has exactly one G-stable prime divisor and no
G-color, otherwise it has exactly one G-color and no G-stable prime divisor.

Proof. Let us denote by BG a Borel subgroup of G. If M has dimension 1 then {0} is the
only BG-stable prime divisor of M and it is G-stable. If M has dimension greater than 1
but only rank 1, then (G,G) acts non-trivially on it. On the other hand M is factorial, so
any BG-stable prime divisor D has a global equation. Considering once again that M has
rank 1, there can only be one BG-stable prime divisor, which is a G-color and precisely
the zero set of a highest weight vector of M∗. �

15.5. Lemma. Suppose that H is not contained in any proper parabolic subgroup of P ,
that P/H has rank 2, exactly one L-stable prime divisor E and exactly one L-color F .
If |ΣL(P/H)| = 0 then H contains a Levi subgroup of P and P/H is L-equivariantly
isomorphic to a spherical L-module of the form M ⊕C as in Example 8.5 with dimM > 1.
If |ΣL(P/H)| = 1, then either the element of ΣL(P/H) is 0 on ρ(E), or H contains a
Levi subgroup of P and P/H is L-equivariantly isomorphic to an irreducible spherical
L-module of dimension > 1.

Proof. We may assume that H has a Levi subgroup LH contained in L: since H is
not contained in any proper parabolic of P , it follows that Hu ⊆ P u and P/H is L-
equivariantly isomorphic to the smooth affine variety L×LH P u/Hu. The fiber P u/Hu

over eLH of the corresponding map P/H → L/LH is an LH-module, spherical under the
action of L◦H .

We proceed to prove the lemma under the assumption that |ΣL(P/H)| = 0. Since
ΣL(P/H) = ∅ we also have ΣL(L/LH) = ∅, i.e. LH contains a maximal unipotent
subgroup of L. But LH is reductive, so it must contain (L,L) and hence the quotient
L/LH is a torus.

Then the vector bundle L ×LH P u/Hu is trivial, so P/H as an L-variety is isomorphic
to P u/Hu up to a torus factor, and the ranks of L/LH and of P u/Hu (the latter as a
spherical L◦H-variety) add up to the rank of P/H. Also, the spherical module P u/Hu has
no spherical root for the action of L◦H , it has exactly one L◦H-stable prime divisor and one
L◦H-color.

If L/LH has rank 2 or 1 then P u/Hu has rank 0 (i.e. is trivial) or 1. The first possibility
is excluded because the module {0} has no L◦H-color nor any L◦H-stable prime divisor, and
the possibility of P u/Hu having rank 1 is excluded by Lemma 15.4. Therefore L/LH has
rank 0, so L = LH and P/H ∼= P u/Hu. We refer now to the classification of spherical
modules (see e.g. [Kn98]). It implies that P u/Hu under the action of (L,L) is a sum of
standard representations (or their duals) of special linear groups and of symplectic groups.
Each summand has rank 1; if it has dimension 1 then it has one L-stable prime divisor
and no L-color, otherwise it has one L-color and no L-stable prime divisors. It follows
that P u/Hu ∼= M ⊕ C with dimM > 1.

Let us examine now the case |ΣL(P/H)| = 1, and denote by σ the element of ΣL(P/H).
We discuss separately the cases where ΣL(L/LH) is empty and where it is not.
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If ΣL(L/LH) is empty then L/LH is again a torus, the module P u/Hu has again exactly one
L◦H-stable prime divisor and one L◦H-color, but this time |ΣL(P u/Hu)| = |ΣL(P/H)| = 1.
If L/LH has rank 2 or 1 then P u/Hu has rank 0 or 1, impossible by the same argument
as above. So L = LH and P/H ∼= P u/Hu. In this case the fact that ΣL(P u/Hu) 6= ∅
implies that (L,L) acts non-trivially on P u/Hu, which has then dimension > 1. Since
P u/Hu has rank 2 and |ΣL(P u/Hu)| = 1, the classification of spherical modules implies
that P u/Hu is irreducible.

Finally, suppose that ΣL(L/LH) is not empty. Then the colored subspace associated
with the L-equivariant map P/H → L/LH has first entry (the vector subspace) equal
to σ⊥. Moreover, L/LH has no L-stable prime divisor, so the pull-back of any B-
semiinvariant function from L/LH to P/H has neither a zero nor a pole on E. In other
words 〈ρ(E), σ〉 = 0. �

15.6. Theorem. Let α ∈ Sa(G/H) and D ∈ A(α). If σ ∈ Σ(G/H) is a neighbor of α
and 〈ρ(D), σ〉 > 0 then σ ∈ Sa(G/H) and D ∈ A(σ).

Proof. Let X be a complete P -toroidal embedding of P/H. Replacing if necessary X
with a suitable localization in {σ, α}, we may assume that Σ(G/H) = {σ, α} and that X
has rank 2. In addition, by making P smaller and conjugating H in P if necessary, we
may assume that no proper parabolic of P contains H.

Denote by E the other color moved by α and suppose that D or E is also moved by
another simple root β. By Proposition 15.1 the simple root β is a spherical root, so β = σ
and we are done. Therefore we assume that α is the only simple root moving D or E.

At this point the proof bifurcates in two parts, depending on whether D is in D(P/H)B

or not. In the first part we assume that D /∈ D(P/H)B, so (D =)α ∈ S r SP and
E ∈ D(P/H)B. Since no other simple roots move E, we even have E ∈ D(P/H)L. Let us
also suppose that 〈ρ(E), σ〉 ≤ 0: if this is not the case we refer to the second part of the
proof switching the roles of D and E. Our goal now is to show that all these assumptions
lead to a contradiction, which will eventually emerge from a detailed analysis of Hu.

Suppose that σ is a simple root in S r SP . Then ΣL(P/H) = ∅, and by Proposition 15.1
the colors moved by σ are not moved by any other simple roots (any such simple root
would be a spherical root, so equal to α). In particular σ moves an element E ′ ∈ D(P/H)L,
and we even have {E,E ′} = D(P/H)L since no simple root other than α and σ is a
spherical root.

Reasoning as in the proof of Lemma 15.5 we conclude that P/H is the product of a
torus L/LH and a spherical L◦H-module M (where LH is a reductive subgroup of L). In
addition, the module M has rank ≤ 2, we have ΣL◦H

(M) = ∅, and M has exactly two
L◦H-stable prime divisors. By the classification of spherical modules, this is only possible
if L = LH , the action of (L,L) on M is trivial and M is the direct sum M1 ⊕M2 of two
one-dimensional L-modules. From Example 8.3 we have that the L-weights of M∗

1 and
M∗

2 are the spherical roots α and σ, and 〈ρ(E), σ〉 = 0 since the simple root σ moves E ′

and not E. This contradicts the fact that

〈ρ(E), σ〉 = 〈α∨, σ〉︸ ︷︷ ︸
≤0

−〈ρ(D), σ〉︸ ︷︷ ︸
>0

< 0,

which holds because here σ is a simple root different from α.
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This settles the case σ ∈ S r SP , so assume now the contrary: σ /∈ S r SP . Here E is
the unique L-stable prime divisor of P/H. It is also the unique element of D(P/H)B

such that 〈ρ(E), α〉 > 0 (this value is not only positive, but actually 1). The variety P/H
admits a P -equivariant morphism to a point, let us denote it by ψ : P/H → P/P , with
associated colored subspace equal to (N(X),∆L(P/H)). This implies that the whole
space N(X) is generated as a convex cone by V (X) together with ρ(E) and ρ(∆L(P/H)).

Consider now the element

γ = σ − 〈ρ(E), σ〉α.
Since 〈ρ(E), σ〉 ≤ 0, the above linear combination of σ and α has non-negative coefficients,
hence γ is ≤ 0 on V (X). On ρ(E) it is zero, indeed:

〈ρ(E), γ〉 = 〈ρ(E), σ〉 − 〈ρ(E), σ〉〈ρ(E), α〉 = 0,

so there must be an element F ∈ ∆L(P/H) where γ is positive. Then it is elementary to
show that N(X) is also generated as a convex cone by V (X) together with ρ(E) and the
only ρ(F ). In other words also (N(X), {F}) is a P -equivariant colored subspace. Denote
by ψ′ : P/H → P/K the associated morphism: then P/K is an L-spherical variety of rank
0, i.e. a complete L-homogeneous space. So K is a parabolic subgroup of P containing
H, whence K = P , ψ′ = ψ and the colored subspaces of ψ′ and ψ are equal, which yields
∆L(P/H) = {F}.

To summarize, the variety P/H has exactly one B-stable prime divisor different from E,
namely F . Let us assume in addition that ΣL(P/H) = ∅. By Lemma 15.5 the group
H contains a Levi subgroup of P (we may assume it is L) and the homogeneous space
P/H ∼= P u/Hu occurs in Example 8.5 as the case of the spherical L-module M ⊕C with
M irreducible of dimension > 1. Thanks to Example 8.5, one of the spherical roots of
P/H is the highest weight of M∗, and it takes value 0 on ρ(E) and 1 on ρ(F ). Only σ
can be this spherical root, in particular

(1) 〈α∨, σ〉 = 〈ρ(D), σ〉+ 〈ρ(E), σ〉︸ ︷︷ ︸
=0

> 0.

Example 8.5 also shows that there is a normal subgroup R of P , contained in P u and
containing Hu, such that P u/R ∼= M . Then there must exist γ ∈ S rSP such that U−γ is
not in R, otherwise R would be equal to P u. Then a non-trivial element of the projection
of U−γ in P u/R is a highest weight vector of P u/R. Such −γ is the highest weight of M ,
and the lowest weight of M is an element of −γ + spanZ≤0

SP . So the highest weight σ

of M∗ is in γ + spanZ≥0
SP . It follows α = γ, otherwise 〈α∨, σ〉 ≤ 0, contradicting (1).

Therefore −α and −σ are resp. the highest and the lowest weights of M .

Now consider the summand C of P u/Hu. It is the image of U−β ⊆ P u for some positive
root β 6= α, which is then in the lattice of P/H and takes value 1 on ρ(E) and 0 on ρ(F ).
These values, together with 〈ρ(F ), α〉 ≤ 0 and α 6= β, imply that

α = β + 〈ρ(F ), α〉︸ ︷︷ ︸
<0

σ.

Let wL0 be the longest element of the Weyl group of L. Using the fact that −wL0 (−α) = σ
and the fact that −wL0 (β) = −β (because (L,L) acts trivially on C) it is elementary to
deduce that 〈ρ(F ), α〉 is actually −1, i.e.

(2) α + σ = β.
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After Lemma 15.5 the module M is isomorphic to Cn under the action of (L,L) ∼= SL(n)
or Sp(n) (with n even). From (2) we see that the sum of the highest and the lowest
weight of M is trivial when restricted to T ∩ (L,L). This implies that n is even and
(L,L) ∼= Sp(n).

Because of ΣL(P/H) = ∅ and Theorem 5.14, the spherical root σ is a root of G. Consider
the α-string of roots {σ + kα | − p ≤ k ≤ q} through σ, where p, q are integers such that
p− q = 〈α∨, σ〉. From (1) and the fact that α+ σ is a root we deduce p > q ≥ 1, i.e. that
σ−α and σ− 2α are (positive) roots too. Now σ−α is actually a root of L, this is shown
easily computing the highest weight of Cn minus its lowest weight under the action of any
reductive group whose commutator is Sp(n). Then α doesn’t appear in the expression of
σ− α as a linear combination of simple roots, and so σ− 2α cannot be a root. We obtain
the desired contradiction, and the case ΣL(P/H) = ∅ is completed.

We examine the only other possibility for ΣL(P/H), namely ΣL(P/H) = {σ}. In this
case 〈α∨, σ〉 ≤ 0 (because σ ∈ spanQ≥0

SP), so 〈ρ(D), σ〉 > 0 implies 〈ρ(E), σ〉 < 0. This

excludes the possibility that 〈ρ(E), σ〉 = 0, so by Lemma 15.5 the group H contains
a Levi subgroup of P (we may suppose it is L), and P/H ∼= P u/Hu is L-equivariantly
isomorphic to an irreducible spherical L-module M of rank 2 and dimension > 1. Then
Hu is a normal subgroup of P u, otherwise its normalizer would correspond to a non-trivial
and proper L-submodule of M . As above, there exists a simple root β ∈ SrSP such that
U−β is not contained in Hu, and −β is the highest weight of M . The T -weights of C[M ]
are now in the set spanZ{β, SP}, so the latter contains also ΞB(P/H). But spanZ{β, SP}
doesn’t contain α unless β = α.

In other words we have that −α is the highest weight of M . Since M has dimension > 1,
there is a simple root α′ ∈ SP such that 〈(α′)∨,−α〉 6= 0, which implies

(3) 〈α∨, α′〉 < 0.

We refer once again to the classification of spherical modules. For irreducible modules of
rank 2 with one L-stable divisor E and spherical root σ it turns out that 〈ρ(E), σ〉 = −1,
and that σ is a linear combination with positive coefficients of all simple roots of SP .
From (3) we deduce that 〈α∨, σ〉 < 0, whence

〈ρ(D), σ〉 = 〈α∨, σ〉︸ ︷︷ ︸
<0

−〈ρ(E), σ〉︸ ︷︷ ︸
=−1

≤ 0

which contradicts our assumption 〈ρ(D), σ〉 > 0. The case ΣL(P/H) = {σ} is completed,
and with it also the part of the proof where we assume D /∈ D(P/H)B.

We proceed now to the final part of the proof, where we assume D ∈ D(P/H)B. Here the
proof is similar to the one of [Kn14, Proposition 6.5].

If σ is a simple root then it moves D, because otherwise we would have 〈ρ(D), σ〉 ≤ 0
thanks to Proposition 11.1, and we are done. Therefore we can assume that σ is not a
simple root, so α is the only simple root of G moving two colors. Since ρ(D) is positive
both on α and on σ, the convex cone generated by ρ(D) together with V (P/H) is the
whole N(P/H). In other words, thanks to Remark 6.3, the entire space N(P/H) is the
first component of a P -equivariant colored subspace, equal to either (N(P/H),∅) or
(N(P/H), {D}) depending on whether D is also L-invariant or not. By Theorem 6.6 this
colored subspace is associated with a P -equivariant morphism ϕ : P/H → P/Q. Moreover
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the L-spherical variety P/Q has rank 0, i.e. it is a complete L-homogeneous space and Q
is a parabolic subgroup of P .

We have assumed that H is not contained in any proper parabolic subgroup of P , so
Q = P and the map ϕ is the map to a single point. As a consequence, all L-colors of
P/H are mapped dominantly via ϕ.

Suppose that D is not L-stable, i.e. it is an L-color. Then ϕ has colored subspace
(N(P/H), {D}), which says that D is the unique L-color of P/H. On the other hand α
is the unique simple root moving it, therefore α ∈ SP . Then α ∈ ΣL(P/H), which implies
that α moves two L-colors of P/H: contradiction.

Finally, it remains to discuss the case where D is L-stable. Then P/H has no L-colors, so
Sp(G/H) = SP = Sp(G/P).

Consider a complete P -toroidal embedding X of P/H, let X ′ ⊂ X be a localization of X in
{σ}, with open P -orbit P/K, and let K be the inverse image of K in P . By Theorem 14.1,
we have Sp(G/K) = Sp(G/H) = SP . This equality together with Sa(G/K) = ∅, which is
a consequence of Σ(G/K) = {σ}, implies that D(P/K)B = ∅.

Lemma 4.5 yields that K ⊇ P u, so G/K is horospherical and cannot have spherical roots.
We obtain the desired contradiction, and the proof is complete. �

15.7. Corollary. The last statement of Proposition 11.1 holds for any E ∈ ∆(G/H) not
moved by α.

Proof. This stems from the fact that two spherical roots that are simple roots are neighbors.
�

15.8. Corollary. Theorem 15.6 holds even if σ is not assumed to be a neighbor of α.

Proof. Since V (G/H) has maximal dimension in N(G/H), the cone C = spanR≥0
Σ (inside

ΞR = R⊗Z Ξ(G/H)) is strictly convex. Consider now the vector subspace M = spanRC
of ΞR, and extend R-linearly the functional ρ(D) to M . Since C is strictly convex, there
exists an affine hyperplane M ′ of M such that A = M ′ ∩ C is a convex polytope (of
maximal dimension in M ′) whose vertices are the spherical roots of G/H, up to positive
multiples. Denote by A+ the union of all proper faces of A where ρ(D) is non-negative.
Since α and σ are both positive on ρ(D), the polytope A+ is not empty.

The main observation is that A+ is connected. This holds if ρ(D) is non-negative on all
vertices of A, because then A+ is the whole boundary ∂A, and it is also true if ρ(D) is
negative on some vertex of A, because in this case A+ is a deformation retract of the
intersection ∂A ∩ {〈ρ(D),−〉 ≥ 0}, which is itself homeomorphic to a disc of dimension
equal to the dimension of M ′ minus 1. Take now the two vertices of A corresponding resp.
to σ and α. They are contained in A+, hence they are connected by a chain of vertices of
A+ such that any two successive elements of the chain are adjacent vertices of A, i.e. the
corresponding spherical roots are neighbors. The corollary is now a direct consequence of
Theorem 15.6. �

16. Spherical systems and Luna’s axioms

16.1. Definition. The homogeneous spherical datum of G/H is defined as the quintuple
(Sp(G/H),Σ(G/H),A(G/H),Ξ(G/H), ρG/H|A(G/H)). We also define the spherical system

36



of G/H as the triple (Sp(G/H),Σ(G/H),A(G/H)), where A(G/H) is considered implicitly
equipped with the map A(G/H)→ HomZ(spanZ Σ(G/H),Q) induced by ρ.

16.2. Definition. An element σ ∈ X (T ) is a spherical root for G if there exists a standard
spherical subgroup of finite type K of G with σ ∈ Σ(G/K). The set of spherical roots for
G is denoted by Σ(G). A spherical root σ for G is compatible with a subset Sp ⊆ S if
there exists a standard spherical subgroup of finite type K of G with Sp(G/K) = Sp and
σ ∈ Σ(G/K).

Thanks to Remark 15.3 and Theorem 14.1, a spherical root σ is compatible with Sp if
and only if there exists a spherical subgroup of finite type K of G with Sp(G/K) = Sp and
{σ} = Σ(G/K).

16.3. Definition. An (abstract) homogeneous spherical datum1 for G is a quintuple
(Sp,Σ,A,Ξ, ρ), where Sp is a subset of S, Σ is finite subset of primitive elements of Ξ,
which is a subgroup of X (T ), A is a finite set, ρ is a map ρ : A→ HomZ(Ξ,Z), such that
the following properties are satisfied:

(A1) For all δ ∈ A and σ ∈ Σ we have δ(σ) ≤ 1, and δ(σ) = 1 implies γ ∈ Σ ∩ S.

(A2) For all α ∈ Σ ∩ S, the set A(α) = {δ ∈ A | δ(α) = 1} contains exactly two
elements δ+

α , δ−α , and they satisfy ρ(δ+
α ) + ρ(δ−α ) = α∨|Ξ.

(A3) The set A is the union of all A(α) for α ∈ Σ ∩ S.

(Σ1) If 2α ∈ Σ ∩ 2S then 〈α∨,Ξ〉 ⊆ 2Z.

(Σ2) If α and β are orthogonal simple roots such that α + β or 1
2
(α + β) is in Σ, then

α∨|Ξ = β∨|Ξ.

(S) Any σ ∈ Σ is compatible with Sp.

An (abstract) spherical system for G is a triple (Sp,Σ,A), where Sp is a subset of S,
Σ is finite subset of X (T ), A is a finite set implicitly equipped with a map ρ : A →
HomZ(spanZ Σ,Z), such that (Sp,Σ,A, spanZ Σ, ρ) is an abstract spherical homogeneous
datum.

The above definition is the same given in [Lu01] in the finite-dimensional case. In the
next, we give the combinatorial counterpart of the condition that H ⊆ P for some P .

16.4. Definition. An abstract homogeneous spherical datum or an abstract spherical
system for G is of finite type if there exist a subset A1 of A, a subset S2 of S r (Σ ∪ Sp),
and an element

η ∈ spanQ>0
(ρ(A1) ∪ {α∨|Ξ | α ∈ S2})

such that 〈η, σ〉 > 0 for all σ ∈ Σ, and such that S1 ∪ S2 ∪ Sp is a subset of S of finite
type, where

(4) S1 = {α ∈ Σ ∩ S | A(α) ⊆ A1} .

Finally, in the following theorem we collect our main results and check that the objects
associated with H indeed satisfy Luna’s axioms.

16.5. Theorem. The homogeneous spherical datum (resp. spherical system) of G/H is
an abstract homogeneous spherical datum (resp. spherical system) of finite type for G.

1See Theorem 16.5.
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Proof. The assertion on the spherical system follows from the one on the homogeneous
spherical datum, because the required conditions on values of functionals on spanZ Σ(G/H)
are implied by the same conditions holding on the bigger lattice Ξ.

We prove the assertion on the homogeneous spherical datum. Axioms (A1) and (A2)
follow from Propositions 11.1 and 11.4 and Corollaries 15.7 and 15.8, axiom (A3) holds
by definition of A(G/H), axiom (Σ1) stems from Proposition 11.4, axiom (Σ2) from
Propositions 11.4 and 15.1, and axiom (S) is obvious.

To show that the homogeneous spherical datum of G/H is of finite type, consider the
P -equivariant morphism ϕ : P/H → P/P . The associated P -equivariant colored sub-
space (Cϕ,Dϕ) satisfies Cϕ = N(P/H), so the latter is generated as a convex cone by
ρ(D(P/H)B) ∪ V (P/H). In other words the cone generated by ρ(D(P/H)B) meets
the relative interior of −V (P/H). Choose η in the intersection. Now define A1 =
D(P/H)B ∩ A(G/H) and S2 to be the set of simple roots moving some element of
D(P/H)B r A(G/H).

For each α ∈ S2, the color Dα ∈ D(P/H)B r A(G/H) moved by α satisfies ρ(Dα) ∈
Q>0α

∨|Ξ. Then η satisfies the requirements of the theorem, up to replacing if necessary A1

and S2 with smaller subsets (i.e. those of the elements actually involved in the expression
of η as a linear combination of elements of ρ(D(P/H)B)). The set S1 defined as in (4) is
a subset of SP , because A1 ⊆ D(P/H)B and if A(α) contains only elements in D(P/H)B

then α is in SP . Also S2 is a subset of SP : indeed, if a simple root α /∈ SP moves
an element of D(P/H)B then it is a spherical root and the colors it moves are both in
A(G/H). We conclude that S1 ∪ S2 ∪ Sp is a subset of SP , therefore it is of finite type
and the proof is complete. �

17. Invariance under conjugation

Recall that a subgroup of a reductive group is called very reductive if it’s not contained
in any proper parabolic. In this section, for any element w ∈ W we denote by ẇ a fixed
representative of w in G.

17.1. Lemma. Let R be a very reductive subgroup of L and w ∈ W , and suppose we
have ẇR ⊆ Q for some parabolic subgroup Q ⊆ G of finite type containing B−. Also
suppose that ẇR is a very reductive subgroup of the standard Levi subgroup M of Q. Then
M = ẇL.

Proof. The group ẇL is reductive and contains T , and its subgroup N = ẇL ∩ Q is
parabolic. Since N contains the very reductive subgroup ẇR of ẇL, it follows that N = ẇL.
In other words ẇL ⊆ Q, so ẇL ⊆M . Now P and (therefore) L contain ẇ−1

M by symmetry:
the lemma follows. �

In the next theorem we show that the homogeneous spherical datum is invariant under
conjugation of H in G. Here, for brevity, we consider again A(G/H) as an “abstract”
finite set in the same sense of Theorem 12.1.

17.2. Theorem. Let g ∈ G and suppose that gH is a standard spherical subgroup of finite
type of G, thus contained in some parabolic Q of finite type containing B−. Then the
spherical homogeneous datum of G/gH (defined with respect to Q) is equal to the spherical
homogeneous datum of G/H (defined with respect to P).
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Proof. Denote by SQ the set of simple roots associated with Q, and set K = gH. Up
to conjugating H inside P and K inside Q, and up to replacing P and Q with smaller
parabolic subgroups (thanks to Theorem 12.1), we can assume that H has a Levi subgroup
LH that is a very reductive subgroup of L, and that gLH is a very reductive subgroup of
the standard Levi subgroup M of Q. By the Bruhat decomposition, and since both P
and Q contain B−, we can also assume that g = ẇ for some w ∈ W . Lemma 17.1 implies
that gL = M , and up to changing the element w we can also assume that ẇB is the Borel
subgroup BM = M ∩ B of M . This is equivalent to w(SP) = SQ.

Write

(5) w = s1 · · · sm
where sk is the simple reflection corresponding to the simple root αk for all k ∈ {1, . . . ,m},
and m is the length of w. We proceed by induction on m, the base of the induction being
the obvious case m = 0. We underline that the condition w(SP) = SQ is now part of our
assumptions and must be taken into consideration while proving the induction step.

Since the expression (5) is reduced, the root w(αm) is negative. Then αm ∈ S r SP ,
otherwise w(αm) would be positive because of w(SP) = SQ. Notice that this equality also
implies that w(αm) is not a root of M .

Let now wM0 be the longest element of the Weyl group of M . We have wM0 w(SP) = −SQ,
and wM0 w(αm) is negative because wM0 permutes the roots of Q that are not roots of M . It
follows that the set of simple roots S0 = SP ∪{αm} is of finite type, otherwise wM0 w would
sends infinitely many positive roots to negative ones. We denote by P0 the corresponding
parabolic subgroup containing B− of G, and by L0 the standard Levi subgroup of P0.

Let wL0 and wL0
0 be the longest elements of the Weyl groups of resp. L and L0, and

consider the subgroup H1 = ẇ
L0
0 ẇL0H. It is conjugated to K by a representative of the

element wwL0w
L0
0 ∈ W , and G/H1 has the same homogeneous spherical datum of G/H by

Theorem 12.1 since H and H1 are conjugated in P0.

Our goal is to apply the induction hypothesis to the groups H1 and K and the element
wwL0w

L0
0 ∈ W , so we must check all required conditions that we had set up:

(1) H1 is contained in a negative parabolic subgroup P1 of G of finite type (denote by
H1 ⊆ P1 corresponding finite dimensional quotients as usual),

(2) H1 has a Levi subgroup that is a very reductive subgroup of the Levi subgroup L1

of P1 containing T ,

(3) wwL0w
L0
0 sends SP1 onto SQ,

(4) wwL0w
L0
0 is shorter than w.

The set SP is a subset of the simple roots S0 of L0, hence S1 = −wL0
0 (SP) is also a

subset of S0. Denote by P1 the parabolic subgroup of finite type of G (contained in P0)

associated with the set of simple roots S1 and containing B−. We have that L1 = ẇ
L0
0 L is

the standard Levi subgroup of P1.

Set Q̃ = ẇ−1Q. The intersection P ∩ Q̃ contains H and L, and is contained in P0. The

intersection P ∩ Q̃ ∩L0 has Levi subgroup L, and its unipotent radical is either trivial, or
has roots that are linear combinations of simple roots with non-positive coefficients and
involving αm. Suppose it is not trivial, and let α be such a negative root. Then w(α) is a

39



root of Q, not a root of M , so w(α) is a linear combination with non-positive coefficients
of SQ = w(SP) and w(αm) (the latter with negative coefficient). This contradicts the fact
that w(αm) is itself negative and not in the Z-span of SQ.

The consequence is that P ∩ Q̃ ∩L0 = L, which is then also the projection of P ∩ Q̃ in L0

along the quotient by Pu0 . This implies that the projection of H ⊂ P0 in L0 is contained in
(and a very reductive subgroup of) L. In turn, this implies that the projection of H1 ⊂ P0

in L0 is contained in (and a very reductive subgroup of) L1.

Conditions (1) and (2) follow, and condition (3) is clear by construction.

Finally, we count how many negative roots change sign under the action of w and of
wwL0w

L0
0 . The set of negative roots of G is equal to two disjoint unions R1 ∪R2 ∪R3 =

R′1 ∪R′2 ∪R3, where R1 (resp. R′1) is the set of negative roots of L1 (resp. L), R2 (resp.
R′2) is the set of negative roots of L0 that are not roots of L1 (resp. L), and R3 is the set
of negative roots that are not roots of L0.

We have R′1 = wL0w
L0
0 (R1), and w(R′1) = wwL0w

L0
0 (R1) is the set of negative roots of M .

Since wL0w
L0
0 permutes the set R3, the element wwL0w

L0
0 changes the sign of as many roots

of R3 as w does.

It remains to compare the behaviour of the two non-empty sets R2 and R′2. The elements
of wL0

0 (R2) are the positive roots of L0 not of L, and these are permuted by wL0 , so
wL0w

L0
0 (R2) = wL0

0 (R2) = −R′2. Since w(αm) is negative and not in the Z-span of SQ,
while w(SP) = SQ, we have that wwL0w

L0
0 (R2) is a set of negative roots, and w(R′2) is a

set of positive roots.

Claim (4) follows, and the proof is complete. �

Theorem 17.2 enables us to give the following.

17.3. Definition. Let H be a subgroup of G. If it is conjugated to a standard spherical
subgroup of finite type, then H is called a spherical subgroup of finite type of G. In this
case, the homogeneous spherical datum of G/H is defined as the homogeneous spherical
datum of G/K, where K is any standard spherical subgroup of G of finite type conjugated
to K.

18. Further developments

It is natural to pose the question whether homogeneous spherical data are as relevant
here as in the classical theory of spherical varieties.

First of all, in this setting they are not entirely combinatorial objects, because axiom (S)
involves the notion of a spherical root compatible with Sp. To make this into a purely
combinatorial condition one could classify all spherical subgroups of finite type with only
one spherical root. It has been done in the finite-dimensional setting (see e.g. [Br89]
and references therein), and completing this task for G infinite-dimensional seems to be
attainable (see Example 19.4). It will be included in a forthcoming paper.

Then we come to the question whether the classification of spherical homogeneous spaces
can be extended to our situation.
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18.1. Conjecture. Mapping H ⊆ G to the homogeneous spherical datum of G/H induces
a bijection between the set of conjugacy classes of spherical subgroups of finite type of G
and homogeneous spherical data of finite type of G.

Evidence supporting this generalization is still limited to a direct verification for a few
cases of G, such as G of affine type with Cartan matrix of size 2 or 3.

19. Examples

19.1. Example. Let P = B− and H = T (U−,U−). Then P/H is isomorphic to an affine
space, where L = T acts with characters equal to the opposites of the simple roots of G,
and P u acts as the full group of translations. In other words it occurs in Example 8.3.
Therefore Σ(G/H) = S, the lattice Ξ(G/H) is equal to the root lattice, the set D(P/H)B

contains n = |S| elements D+
1 , . . . , D

+
n , each moved by exactly one simple root αi, and

〈ρ(D+
i ), αj〉 = δij.

The whole set ∆(G/H) is equal to {D+
1 , D

−
1 , . . . , D

+
n , D

−
n }, with

〈ρ(D−i ), αj〉 = 〈α∨i , αj〉 − δij.

The corresponding Luna diagram for G e.g. of type A
(1)
1 is the following:

q qpppppppppp ppppppppppppppppppppppppppppppqee qee
We refer to [BP11c, Section 2] for details on Luna diagrams.

19.2. Example. With G of type A
(1)
1 , let us call α0 and α1 the two simple roots. We

modify a bit Example 19.1 and consider H to be the subgroup generated by T and
U−α for α any positive real root different from α0. In other words H contains T , and
contains U−β if and only if β is a positive root different from α0 and from δ = α0 +α1. We
have again Σ(G/H) = S = {α0, α1} and ∆(G/H) = {D+

0 , D
−
0 , D

+
1 , D

−
1 }, but the pairing

between colors and spherical roots is the following:

〈ρ(−),−〉 α0 α1

D+
0 1 −1

D−0 1 −1
D+

1 0 1
D−1 −2 1

and the Luna diagram is q qpppppppppp ppppppppppppppppppppppppppppppqee qeeα0 α1

This H is also contained in P where SP = {α0}. The Levi subgroup L has type A1, and
H∩L is a maximal torus of L. If we call N the normalizer of H∩L in L, then Hu is stable
under conjugation by N , so K = NHu is a disconnected subgroup of P with K◦ = H.
Call K the inverse image of K in P ; then Σ(G/K) = {2α0, α1} (with ΣL(P/K) = {2α0})
and ∆(G/K) = {D0, D

+
1 , D

−
1 } with pairing

〈ρ(−),−〉 2α0 α1

D0 2 −1
D+

1 0 1
D−1 −4 1
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and Luna diagram q qpppppppppp pppppppppppppppppppppppppppppp qeeqe
19.3. Example. We give an example of the situation of Theorem 17.2. Let G be of type

A
(1)
2 with simple roots α0, α1 and α1. Define Σ = {α0, α1 +α2} with 〈ρ(D+

0 ), α1 +α2〉 = 0;
the corresponding Luna diagram is the following:q qq qqee q qe epppppppppppppppppppp ppppppp ppppppp pppppppppppppp ppppppp ppppppp ppppppp ppppppppppppp

0 1 2

Setting Ξ = spanZ Σ, these are the invariants of G/H for a subgroup H in P, where
SP = {α1} and H is generated by T together with Uα1 and Uβ for β any negative real root
different from −α2 and −α1 − α2. If we define other subgroups K and Q of G similarly as
above, but exchanging the roles of α1 and α2, we obtain that H and K are conjugated in
G, and they have the same above invariants.

19.4. Example. We give an example of a spherical root that is “new”, i.e. not appearing
in the classical theory of finite-dimensional spherical varieties. For this, we choose H
in an infinite-dimensional G so that ΣL(P/H) = ∅ 6= Σ(P/H) and rkG/H = 1. These
properties are achieved imposing H ⊇ L, so that P/H = P u/Hu, and choosing Hu so that
P u/Hu is an irreducible spherical L-module of rank 1. Notice that this is only possible
if L has semisimple type An or Cn for some n, thanks to the classification of spherical
modules.

For example, let us consider G of type G
(1)
2 , with simple roots α0, α1, α2 numbered as

follows: q qq qpppppppppp pppppppppp
0 1 2

Set SP = {α0, α1}, consider the corresponding parabolic subgroup P, its Levi subgroup
L, and set H = LHu where Hu is the group generated by Uα where α is any positive real
root with SP -height2 at least 2. Then P/H = P u/Hu is isomorphic to C3 and equal to the
defining representation of SL(3) if one chooses an appropriate isomorphism (L,L) ∼= SL(3).
The group P u acts on P/H as the full group of translations. As in Example 8.2, we have
Σ(P/H) = {ω} where ω is the highest weight of (C3)∗. The highest weight of P u/Hu as
an L-module is −α2, therefore

ω = −s0s1s0(α2) = α0 + α1 + α2

is the spherical root of G/H.

19.5. Example. Not all abstract spherical systems are of finite type. For example, the
following Luna diagram q qpppppppppp ppppppppppppppppppppppppppppppqee qee
corresponds to the spherical system (Sp,Σ,A) given by Sp = ∅, Σ = S = {α0, α1},
A = {D+

0 , D
−
0 , D

+
1 , D

−
1 } with the values

〈ρ(−),−〉 α0 α1

D+
0 1 −1

D−0 1 −1
D+

1 −1 1
D−1 −1 1

2Recall that, for S′ ⊆ S, the S′-height of a positive root is defined as the usual height but where only
simple roots not in S′ count.
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For this system the sets A1, S2 and the linear combination η needed in Definition 16.4
don’t exist, because no linear combination (with non-negative coefficients) of the rows of
the above table has only positive entries.
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Progress in Mathematics. Birkhäuser Boston Inc., Boston, MA, 2002.

[LP14] K. Langlois, A. Perepechko, Demazure roots and spherical varieties: the example of horizontal
SL(2)-actions, arXiv:1406.5744 .

[Lo09] I.V. Losev, Uniqueness property for spherical homogeneous spaces, Duke Math. J. 147 (2009),
315–343.

[Lu97] D. Luna, Grosses cellules pour les variétés sphériques, Algebraic groups and Lie groups, Austral.
Math. Soc. Lect. Ser., 9, Cambridge Univ. Press, Cambridge, 1997, 267–280.
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