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When one interprets Candecomp/Parafac (CP) solutions for analyzing three-way data, small loadings are often ignored, that is, considered to be zero. Rather than just
considering them zero, it seems better to actually model such values as zero. This can be done by successive modeling approaches as well as by a simultaneous
modeling approach. This paper offers algorithms for three such approaches, and compares them on the basis of empirical data and a simulation study. The conclusion
of the latter was that, under realistic circumstances, all approaches recovered the underlying structure well, when the number of values to constrain to zero was given.
Whereas the simultaneous modeling approach seemed to perform slightly better, differences were very small and not substantial. Given that the simultaneous
approach is far more time consuming than the successive approaches, the present study suggests that for practical purposes successive approaches for modeling zeros
in the CP model seem to be indicated.
1. Introduction

Candecomp/Parafac (CP [1,2]; is a well-known and often applied
method for the exploratory analysis of three-way data. The idea is to find
a number (R) of components that jointly represent the data well. Spe-

cifically, let X denote the (preprocessed) three-way data, with elements
xijk for i ¼ 1, …,I, j ¼ 1,..,J and k ¼ 1, …,K, where I, J and K denote the
number of units for the three modes, labelled modes A, B and C,
respectively. Then CP models the data as

xijk ¼
XR
r¼1

airbjrckr þ eijk ; (1)

where air, bjr, and ckr denote loadings for units from each of the three
modes, on component r, r ¼ 1, …,R, and eijk denotes the residual or error
terms. For ease of reference, the loadings are collected in the matrices A,
B and C, and likewise error terms are collected in the three-way array E.

The idea of fitting the model to data is that the R components jointly
give a simple summary of the data. The quality of the summary can be
assessed by means of the model fit, expressed as 1-

P
eijk2 /

P
xijk2 . Each

component can be interpreted on the basis of the loadings. So, a
component may represent a particular pattern of scores on modes A, B
and C, the product of which represents the contribution of this compo-
nent to the data. For instance, in sensory analysis, the data may represent
scores of I experts (mode A), on J attributes (mode B) of K products (mode
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C). In such cases, the A-mode loadings may indicate that one component
is strongly related to a particular subset of experts, while another
component is related to a different or partly different subset of experts.
The B-mode loadings may indicate that a component strongly relates to a
particular set of attributes, and less or not at all to other attributes. The C-
mode in turn may indicate that a component strongly relates to a subset
of products. Such interpretations will then be based on the heights of the
loadings, and small loadings (positive or negative) of a unit on a
component will then typically be considered as absence of importance of
this unit for the component at hand. Thus, an A-mode component will be
interpreted mainly in relation to the experts that do not have small
loadings, and experts with small loadings will be ignored. However, then
the question arises, what can be considered small enough? One way of
dealing with this is to consider that, ignoring small loadings in the
interpretation, actually boils down to considering them equal to zero. But
when loadings are tacitly considered to be zero, this implies that the
loadings are implicitly adjusted while interpreting the results. Hence it
seems more reasonable to explicitly adjust the loadings to zero, and then
reassess the fit. If the fit does not change much, indeed, the loadings
apparently were small enough to be modified into zero without much
harm. So the rationale of this approach is to see if a model with zero
loadings, which conforms well to how results are interpreted in practice
(i.e., not taking into account low values at all), indeed gives sufficient fit
of the model, and thus warrants this simplified interpretation.

Above, it has been described how, when interpreting loadings as
. Giordani).
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being so small that they can actually be considered zero, one should
actually set these loadings to 0 and reassess the fit. However, there is
room for improvement now, since the other model parameters are not
optimal given the zero loadings. So, an obvious next step is to find the other
loadings such that given the zero loadings the model optimally fits the
data1. To our knowledge this approach has not formally been developed
any further. Instead alternative approaches have been developed that
take yet another step: Rather than starting from a CP model in which
smallest values are set to zero, the CP model is fitted to data with a
prespecified number of loadings (p) constrained to zero, while their lo-
cations are not specified in advance. The idea is that the locations are
established such that the model with zero loadings at these locations
yield the best possible fit. In the literature various proposals have been
made for such constrained CP methods. In the present paper, we restrict
ourselves to the situation where a number of loadings in only one of the
three modes will be constrained to zeros. For this situation, the approach
where in each row all but one of the loadings are constrained to zero has
been studied repeatedly (e.g., [3–6]. These approaches are usually
denoted as clustering approaches, or more appropriately, nonoverlap-
ping clustering or partitioning approaches. In this case, the model as-
sumes different underlying components for the A-mode units belonging
to different clusters. In fact, a loading equal to zero identifies no
importance for the component involved. In this respect, the method aims
at discovering the structural differences among the A-mode units.

A more general approach of zero constrained CP is obtained when the
limitation of “only one nonzero loading per row” is alleviated. Then the
idea is to find model estimates for the loadings in (say) A such that p of
them are zero, and the others are found such that the fit is optimal. Thus,
overlapping clusters are allowed in this approach, and, as a consequence,
this approach allows for discovering not only structural differences
among A-mode units, but also structural similarities. Structural similar-
ities emerge at its most complete when a column of A does not contain
zeros at all, implying the importance of all the A-mode units for the
component at hand. However, it also allows for distinguishing different
levels of model complexity for the A-mode units. For further details on
the overlapping clustering approach in component-basedmodels, see [7].

The overlapping clustering approach applied to CP has been consid-
ered by [4]; but, up to our knowledge, never elaborated upon. The pur-
pose of the present paper is to elaborate this particular method, and to
compare its performance to the simplified approachmentioned earlier, in
which the location of elements to be set to zero is determined by CP (i.e.,
by locating the smallest p loadings in the CP solution for A), and next the
other parameters are estimated optimally.

This paper starts in Section 2 with a description of the zero con-
strained CP methods to be considered here. As will be seen, in line with
the above two methods, we actually develop three approaches, two of
which have the additional constraint that all rows will have at least one
non-zero loading. The algorithms for minimizing these methods will be
described in detail, and will be proven to yield monotone convergence of
the function value. The methods will be illustrated on an empirical
example in Section 3. Next in Section 4, the performance of the methods
will be compared bymeans of a simulation study. Comparison criteria are
recovery of the underlying structure, sensitivity to local optima, and
computation time. The paper will be concluded by a discussion in Section
5.

2. Three methods for zero constrained CP

2.1. Successive approach to fitting CP with zero constraints at locations of
smallest p loadings in A

The first approach to fitting CP models with the constraint that p
1 This idea may be fairly old, and at least was mentioned in 2012 by Nikos
Sidiropoulos in a discussion session at the TRICAP 2012 meeting in Bruges.
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loadings in A are zero works as follows: First a CP analysis is carried out,
then the smallest p loadings are identified, and next the CP model is
refitted subject to the constraint that these p loadings are zero. In the
present paper, we use least squares fitting procedures. In other words, we
aim to minimize the loss function

f ðA;B;CÞ ¼
XI

i¼1

XJ

j¼1

XK
k¼1

�
xijk �

XR
r¼1

airbjrckr
�2
: (2)

For minimizing (2), we can use any CP algorithm. In the present
paper, we use the original algorithm independently proposed by [1,2]. It
consists of generating starting values for A, B, and C, then iteratively
updating the matrices A, B, and C, while keeping the others fixed, and
continuing doing this until the function value can be considered
converged. Each step of this so called alternating least squares (ALS)
algorithm decreases the loss function f, and because f � 0, this process
must converge to a stable function value. The solution associatedwith the
converged function value usually refers to a stable solution in terms of A,
B, and C, which can be considered a local or global minimum of f.
Sometimes, however, the CP algorithm leads to the so called degeneracy,
in which the parameter matricesA, B, and C do not converge, but (at least
in one of the matrices) grow unboundedly. In such cases, two columns in,
e.g., A do not only get ever larger values, but also become increasingly
proportional to each other, as can be expressed by the cosine between
these two columns approaching �1; at the same time, the associated
columns in, e.g., B, and in C, display the same behavior of increasing
proportionality, except that in one of the three matrices or in all three,
these columns become inversely proportional, that is their cosine ap-
proaches �1. This phenomenon has been studied in depth by many re-
searchers (e.g., see [8–13]). In order to detect it, one should either closely
inspect the solution itself, or compute the triple products of cosines be-
tween all pairs of columns, and if the smallest one is approaching�1, this
indicates a degenerate solution.

The updating steps for matrices A, B, and C have been described well
in the literature, but as we need these steps for our constrained optimi-
zation purpose, the one for updating A of size I� Rwill now be explained
here, and expressed in matrix terms. To update A considering the other
parameters fixed, we have to minimize

f ðAÞ ¼ jjX� AF’jj2; (3)

where X denotes the I � JK matrix with frontal slices of X placed next to
each other, and F denotes the JK� Rmatrix with elements bjrckr, ordered
in column r as b1rc1r, …, bJrc1r, b1rc2r, …, bJrc2r, etc. Differently put, the
columns of F consist of the Kronecker products cr�br, r ¼ 1,..,R. To
minimize (3) over A is a simple multiple regression problem, the mini-
mum of which is found for A ¼ XF(F’F)�1, provided that F has full col-
umn rank, as is usually the case. Hence, to update A, given B and C, we
have to compute F from B and C, and next update A as Au ¼ XF(F’F)�1,
and because f(Au) gives the minimum of f(A) we will have f(Au,B,C) �
f(A,B,C). For updating B and C analogous updating steps can be derived,
each also decreasing f. As mentioned, repeating this until converge will
lead to a local or global minimum (ignoring degeneracies for the
moment). To increase the chance of finding the global rather than just a
local minimum, this procedure is typically repeated a number of times
with different starting values, and the best solution is then kept (hope-
fully giving the global minimum of f). Here we typically use one ratio-
nally started run and ten randomly started runs.

Having described the CP fitting approach, we are now in a position to
describe the procedure of next setting loadings in A to zero, and refitting
the CP model keeping these values equal to zero. The basic set up then is:

Step 1. Find the matrices A,B,C that minimize f(A,B,C) by means of 11
runs of the CP algorithm.

Step 2. Locate the p (in absolute sense) smallest loadings in A and
indicate these in the I� R binary matrixW by 0, while the other elements
are indicated by 1.
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Step 3. Find the matrices A,B,C that minimize f(A,B,C) subject to the
constraint that A ¼ W*A, where * denotes the elementwise product;
alternatively we could phrase this as “subject to the constraint that those
p loadings in A that are at the same position as where W has 0’s must be
constrained to zero”.

To perform Step 2 is straightforward: First collect the absolute values
of all elements of A in a vector of size IR, and make a vectorw of the same
size, filled with 1’s. Then sort them, locate the position of the p smallest
elements, and set the corresponding elements in w to 0. Finally, reor-
ganize w into the matrix W of size I � R.

Step 3 consists of minimizing f(A,B,C) subject to the constraint A ¼
W*A. For this purpose we propose to use a variant of the ALS algorithm
for CP, in which only the updating procedure of A has to be adjusted.
Specifically, to update A, we now have to minimize f(A) ¼ ||X�AF’||2

subject to A ¼ W*A. This problem can be solved by realizing that ||
X¡AF’||2 ¼ P

i ||xi’¡ai’F’||2 where xi’ and ai’ denote the ith row of X
and A, respectively. Hence to minimize ||X�AF’||2 we have to minimize
fi(ai)¼ ||xi’¡ai’F’||2 independently, for i¼ 1,..,I. This is simply solved as
follows (e.g., see [14]. Let vi consist of all nonzero values in ai’ and let Gi
be the matrix containing the associated columns of F, then vi’Gi’¼ ai’F’,
and the problem to solve boils down to minimizing fi(vi)¼ ||xi’�vi’Gi’||2,
which is solved by taking vi’¼ xi’Gi (Gi’Gi)�1, and hence the vector ai
minimizing fi(ai) is obtained by taking its nonzero elements equal to the
subsequent elements of the vector vi minimizing fi(vi). In case all ele-
ments of ai equal 0, obviously, no update of this row has to be carried out.
Thus, each row of A can be updated, and the resulting update of the
matrixAwill give the minimum of f(A)¼ ||X�AF’||2 subject to A¼W*A.
Given the fact that the unconstrained CP solution gives the best possible
fit, we assume that starting our algorithm with the non-zero loadings
from this solution will usually lead to the global optimum of the con-
strained fitting problem, and we will not use different starting configu-
rations. We denote this first method as “CP_Succ”.

2.2. Successive approach to fitting CP with zero constraints at locations of
smallest p loadings in A, while not allowing the occurrence of zero rows in A

In Section 2.1, we described our approach to fitting CP models with
the constraint that p loadings in A are zero. However, it is possible that
this approach leads to one or more rows consisting of only zero values.
This implies that the data for the associated A-mode unit i are modelled to
be exactly zero, hence, say, consisting of only “noise”. Because this to us
seems to lead to rather unrealistic solutions, we developed a variant of
the above approach in which zero rows in A are precluded. The set up for
this variant is basically the same as in Section 2.1, except that Step 2 now
is replaced by

Step 2’. First locate the I rowwise (in absolute sense) biggest loadings.
Among the remaining (I�1)R loadings locate the p smallest loadings in A
and indicate these in the binary matrixW by 0, while the other elements
are indicated by 1.

To perform Step 20 is only slightly more complex than Step 2: First
determine the row-wise absolute values of A. Indicate their locations by
1’s in the associated locations in matrix W, while the others are tempo-
rarily filled with 0’s. Collect the absolute values of the remaining (I�1)R
elements in a vector of size (I�1)R, and make a vectorw of the same size,
filled with 1’s. Then sort them, locate the position of the p smallest ele-
ments, and set the corresponding elements in w to zero. Finally, replace
the (I�1)R temporarily zero values in W by the subsequent values in w.
We denote this second method as “CP_Succ_NoZRows”.

2.3. Fitting CP with zero constraints at optimal locations of smallest p
loadings in A, while not allowing the occurrence of zero rows in A

In Sections 2.1 and 2.2, we described approaches to fitting CP models
with the constraint that p loadings in A are zero. Here, the location of the
zero loadings was based on the CP solution for A. However, it is possible
that solutions exist that give a better CP fit, while also having p loadings
3

equal to zero, and also not allowing zero rows. To search such solutions,
we have to minimize f(A,B,C) subject to the mentioned constraints
without fixing the location of the zero loadings. In other words, we have
to minimize f(A,B,C) subject to A¼ A*W, where nowW itself is not fixed,
but denotes any binary matrix with p zeros provided that each row has at
least one 1. We denote the set of such matricesW asWp. In order to do so,
we propose the following variant of the ALS algorithm for CP. As in the
CP algorithm,A, B, and Cwill be updated, while keeping the others fixed,
and this will be continued until the function value can be considered
converged. The CP updating procedures for B and C, given the other
matrices, are optimal, because they actually minimize f(A,B,C) given the
other parameter matrices. What remains is to find an update for A
satisfying the zero loading constraints and minimizing or at least
decreasing (3), that is f(A) ¼ ||X�AF’||2, subject to A ¼ A*W across all
binary W in set Wp. Because minimizing f(A) subject to this constraint
does not seem to have a closed form solution, we propose to update A by
a majorization step (e.g., see [15,16]) which will decrease f(A). For this
purpose, we rewrite f(A) as

f ðAÞ ¼ c1 þ trð � 2F’X’ÞAþ trðAF’FA’Þ; (4)

where c1 denotes a constant, and we can identify this as a special case of
the general function for which [16], see also [17], described a majorizing
function which is easier to minimize than the original function. Specif-
ically, applying the general result in (11b) of [17] (with correction of the
typo Xc

’ which should be Xc) we obtain for our special case that

f ðAÞ � mðAÞ ¼ c2 þ αjjH� Ajj2; (5)

where c2 denotes a constant, α denotes the highest eigenvalue of F’F, and
H ¼ Ac�(2α)�1 (�2XFþ2AcF’F) ¼ Acþα�1XF� α�1AcF’F, where Ac

denotes the current (not yet updated) version of the matrix A. As shown
by [16]; if Aupd is chosen such that it minimizes m(A), then f(Aupd) � f
(Ac).

The problem of minimizingm(A) subject to A¼ A*W across all binary
W in setWp is easy. It essentially boils down to applying Step 2’ in Section
2.2 to H for findingW and then taking Aupd¼W*H. To see why this is so,
one should first realize that ||H–A||2 ¼ P

ir (hir�air)2. Clearly, for any W
the optimal values of A subject to A¼ A*W are given by air¼ hir ifwir¼ 1,
and air¼ 0 ifwir¼ 0 (which effectively comes down to A¼H*W). Hence it
remains to minimize
X
ir

ðhir � airÞ2 ¼
X
ir

wirðhir � hirÞ2 þ
X
ir

ð1� wirÞðhir � 0Þ2

¼
X
ir

ð1� wirÞhir2 (6)

over all binary W in set Wp. This in turn is equivalent to maximizingP
irwirhir2 over all binary W in set Wp. The best way of satisfying the

requirement thatW has at least one 1 in each row, is to make sure that the
I elements inW that correspond to the rowwise (in absolute sense) largest
values ofH are set to 1, because this gives the highest thus attainable sum
of squares of

P
irwirhir2. In the special case where p ¼ IR�I, the solution

then is to set the other elements inW equal to zero. This is the interesting
special case in which the units of mode A can be considered to be par-
titioned in nonoverlapping clusters. Then the method is equivalent to the
methods by [4,18]. In general, however, p will be chosen smaller than
IR�I. In that case, of the remaining IR�I elements, IR�I�p should still be
set to 1, in such a way that

P
irwirhir2 is maximally increased. This is

trivially attained by locating among the remaining elements in H, the
IR�I�p elements that are highest in absolute sense, and setting the cor-
responding elements in W equal to 1. This gives the highest value ofP

irwirhir2, where in W in total I þ IR�I�p ¼ IR�p elements have been set
to 1, and the remaining p have been set to zero, and the constraint of not
allowing for zero rows has been satisfied. Having obtained the optimal
W, the optimal A is now obtained as H*W, and this minimizes the
majorization functionm(A). As mentioned above, updating A in this way,



Fig. 1. Example of a plot of fit percentage against p.

2 Tom Wilderjans is gratefully acknowledged for sending the data to us in
Matlab format, both the raw data and the preprocessed data.
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will decrease the loss function f(A).
It may happen that in this way a matrix A is obtained that has one or

more zero columns. In that case, we know that it will usually be subop-
timal because it would effectively lead to a model with one or more
components less, and such a solution is usually suboptimal. Moreover,
updates of B and C cannot be computed because these would then involve
the inverse of rank deficient matrices. Therefore, if the computed update
of A has one or more zero columns, it has been decided not to update A at
that stage.

With this adjusted updating for A, an iterative algorithm can be set up
that first initializes the matrices A, B, and C, and then in turn updates A,
B, and C, while keeping the others fixed, and continues doing this until
the function value can be considered converged. A monotone decrease of
the function is again guaranteed, because each update will decrease the
loss function. At convergence, one can expect to have found at least a
local minimum. Practical experience demonstrated that different starting
configurations can very well lead to different solutions, so it is recom-
mended to use good starting configurations, and/or a large number of
runs from different starting positions. One option for a (hopefully) good
starting configuration could be the solution from the method described in
Section 2.2. We denote this third method as "CP_Simult".

2.4. How to choose the number of components R and the number of zero
loadings p

To choose the number of components R one may simply analyze the
data by CP using different values for R up to a reasonable maximum, and
then compare fit values, and see after what value of R further increases
seriously level off. If desired, one can make a plot of fit against the
number of components and look for an ‘elbow’ in the plot, thus carrying
out a kind of ‘scree test’ [19]. This may, however, not always lead to a
clear conclusion, and will require subjective judgement to decide on a
good compromise between parsimony and fit.

Each of the methods discussed above search CP solutions where a
fixed number (p) of loadings in A is constrained to be zero. However, in
practice, it will usually not be clear a priori what number of loadings one
would wish to set equal to zero. Since the aim of setting loadings to zero
is to facilitate interpretation while the fit of the model is still good
enough, it is clear that the choice for p must be such that a good
compromise is found between parsimony and fit. Here parsimony is
related directly to p. The higher p, the more parsimonious is the solution.
Please note that, when increasing p to pþ1 this does not mean that the
same p loadings will be zero in both solutions, in other words, solutions
are not necessarily nested. As mentioned in the introduction, the fit is
defined as 1 minus the loss divided by the sum of squares of the data,
hence as

Fit¼ 1�
PI

i¼1

PJ
j¼1

PK
k¼1

�
xijk �

PR
r¼1airbjrckr

�2
PI

i¼1

PJ
j¼1

PK
k¼1x

2
ijk

: (7)

This is often multiplied by 100 to obtain the fit percentage.
We cannot give a general rule for striking a good compromise be-

tween parsimony and fit, because what is good is a subjective matter,
depending on a researcher’s judgment and goals. Therefore, it is rec-
ommended to plot the fit percentage against p. A typical such plot can be
found in Fig. 1; in this case I ¼ 30, R ¼ 3, and the data were analyzed by
means of the method in Section 2.2, varying p from 1 to 60. Clearly, when
the number of zeros increases, the fit decreases, first only very slowly, but
after p ¼ 20 a bit faster, and the amount of decrease gradually increases.
As said, the choice of a compromise is to be made by the researcher
analyzing the data, but if a clear drop would occur, so that a kind of
elbow can be recognized, then such a phenomenon may help selecting
the compromise, because increasing p after the elbow will give relatively
large fit decreases. Procedures for automatically finding such elbows
have been proposed. In this context, it would consist of finding the point
where the ratio of (fp�1�fp)/(fp�fpþ1) is minimal, because this is where
4

the biggest change in direction of the curve takes place. This is a version
of Cattell’s scree test, and a special case of the Convex Hull procedure by
[20]. The procedure should be handled with care, because at the
beginning and/or end of the range it is well possible that instabilities in
the ratio occur, see [20] for details.

In case it does not become clear what value for R should be used, it
would be good to repeat the procedure for, for instance, two values of R,
and determine good values for p for both cases. Then, to decide between
the resulting solutions, it would be wise to actually compare the loading
matrices, in order to see which solution is easiest to interpret. Indeed, as a
reviewer suggested, taking more components could then result in a
simpler structure (i.e., with fewer nonzeros per component). Whether or
not this is more attractive depends on the goal of the analysis. If the focus
is more on similarity, then taking fewer components would seem more
attractive; if the focus is more on differences, taking more components
seems more attractive.

3. Applying three methods for zero constrained CP on an
empirical data set

To illustrate the methods we reanalyzed the Cider data2 set analyzed
by [18]. The data pertain to judgements of ten varieties of cider, by seven
assessors on ten attributes. The 10x10x7 three-way array was structured
as attributes (A) by products (B) by panelist (C), and our interest was, like
Wilderjans and Cariou’s, in clustering the attribute (mode A) loadings.
The attributes were: sweet, acid, bitter, astringency, odor strength,
pungent, alcohol, perfume, intensity, and fruity. The same preprocessing
was used as by Wilderjans and Cariou, consisting of centering across
products, and a particular scaling within the slices for the panelists (for
details see p.48–49). The result of our preprocessing yielded the very
same data as the preprocessed ones received from Tom Wilderjans.

We first analyzed the data by CP, for R ¼ 1,…,5, yielding fit per-
centages of: 41.2%, 53.4%, 58.5%, 63.5%, and 68.4%, respectively.
Clearly, the fit strongly increased from R ¼ 1 to R ¼ 2 (12%), and after
that consistently by roughly 5%. Therefore, the R ¼ 2 solution seemed
the one giving the last big fit increase after which the increase had lev-
elled off, hence it seemed a good compromise between parsimony and fit.
We report this CP solution in Table 1, with B and C normalized such that
each column has a sum of squares equal to 1.

Next we analyzed the data by CP_Succ, CP_Succ_NoZRows, and



Table 1
Results for Cider data.

Attributes
CP fit ¼ 53.4% CP_Succ, p¼ 7, fit 52.9% CP_Succ_NoZRows p ¼ 5, fit ¼

53.2%
CP_Simult, p ¼ 6, fit ¼
52.9%

CP_Simult, p ¼ 10 (¼nonoverlap), fit ¼
49.5%

Comp.1 Comp.2 Comp.1 Comp.2 Comp.1 Comp.2 Comp.1 Comp.2 Comp.1 Comp.2

Intensity �0.14 �6.41 0 �6.30 0 �6.26 0 �6.25 0 �6.38
Sweet �12.37 �8.54 �14.09 �10.57 �12.92 �8.93 �10.42 �4.44 �9.45 0
Acid 1.31 1.20 0 0 0.58 0 0.84 0 1.10 0
Bitter 3.76 �0.51 4.08 0 4.07 0 3.67 0 2.89 0
Astringency 2.17 1.01 0 0 1.53 0 1.63 0 1.61 0
Odor strength 0.94 �3.77 0 �4.43 0 �4.40 0 �4.42 0 �4.03
Pungent 4.41 7.10 5.34 8.04 4.86 7.48 3.96 5.93 0 4.95
Alcohol 9.97 6.49 11.36 8.12 10.42 6.83 8.34 3.45 7.43 0
Perfume �11.13 �4.72 �12.48 �6.37 �11.44 �4.92 �8.83 0 �8.45 0
Fruity �13.95 �11.29 �16.02 �13.64 �14.67 �11.83 �11.80 �6.76 �10.53 0
Products
Cider 1 �0.15 0.34 �0.18 0.33 �0.15 0.32 �0.04 0.30 0.09 0.36
Cider 2 0.13 0.23 0.09 0.22 0.12 0.22 0.26 0.20 0.36 0.28
Cider 3 �0.31 0.26 �0.31 0.26 �0.32 0.28 �0.29 0.30 �0.21 0.25
Cider 4 �0.39 0.13 �0.38 0.15 �0.40 0.16 �0.43 0.16 �0.42 0.02
Cider 5 0.30 �0.14 0.29 �0.16 0.30 �0.15 0.29 �0.12 0.27 �0.11
Cider 6 0.39 �0.08 0.36 �0.10 0.39 �0.11 0.44 �0.08 0.45 0.06
Cider 7 0.23 �0.01 0.21 �0.02 0.23 �0.02 0.28 �0.05 0.30 �0.02
Cider 8 �0.45 0.22 �0.45 0.23 �0.44 0.22 �0.45 0.19 �0.41 0.11
Cider 9 0.43 �0.81 0.49 �0.81 0.43 �0.80 0.20 �0.83 �0.12 �0.83
Cider 10 �0.16 �0.13 �0.14 �0.11 �0.16 �0.12 �0.26 �0.07 �0.31 �0.11
Panelists
1 0.40 0.37 0.39 0.37 0.40 0.37 0.40 0.33 0.43 0.23
2 0.41 0.40 0.41 0.40 0.41 0.40 0.42 0.39 0.41 0.40
3 0.37 0.41 0.38 0.41 0.37 0.42 0.36 0.46 0.35 0.48
4 0.32 0.30 0.32 0.29 0.32 0.29 0.33 0.30 0.32 0.36
5 0.32 0.22 0.31 0.24 0.31 0.23 0.32 0.18 0.30 0.18
6 0.41 0.51 0.42 0.50 0.41 0.51 0.40 0.52 0.42 0.50
7 0.40 0.37 0.40 0.37 0.40 0.37 0.40 0.37 0.40 0.38

Fig. 2. Fit percentage versus number of zeros for CP_Simul applied to the
Cider data.
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CP_Simult. In all cases we used R ¼ 2 components; all solutions were
aligned with the CP solution, using permissible permutations and scal-
ings. We ran CP_Succ varying p from 1 to 10, yielding fit percentages of
53.4, 53.4, 53.4, 53.3, 53.2, 53.1, 52.9, 51.1, 49.0 and 48.1%, respec-
tively. Clearly, taking up to p ¼ 7 zeros hardly affected the fit, but after
that the fit decreased much more quickly. Therefore, we selected the p ¼
7 solution as the best compromise between parsimony and fit. The
loadings are given in Table 1.

Analogously, running CP_Succ_NoZRows with p from 1 to 10, yielded
fit percentages of 53.4, 53.4, 53.4, 53.3, 53.2, 52.1, 51.8, 51.1, 50.6 and
49.5%, and we selected p ¼ 5, because now p ¼ 6 gave a considerably
poorer fit. Lastly, we ran CP_Simult varying p from 1 to 10, yielding fit
percentages of 53.4, 53.4, 53.4, 53.3, 53.2, 52.9, 52.4, 51.8, 50.7 and
49.5%. Just for illustrative purposes, these fit percentages were plotted in
Fig. 2. Here p ¼ 5 or p ¼ 6 seemed to give good compromises between
parsimony and fit. Here, we chose to report the p¼ 6 solution with 52.9%
fit. For comparative purposes we also report the p ¼ 10 solution, because
this actually constrained the loadings such that there was one zero and
one nonzero per row3, which was exactly the same constraint as used by
the [18] method, yielding non-overlapping clusters. The fit for this so-
lution was 49.5%.

Comparing all solutions, first of all we can note that the first four have
virtually the same fit. So, it can be seen that without noticeable loss of fit,
5, 6 or 7 loadings can be constrained to be 0, yielding an overlapping
clustering solution for the attributes. Clearly, however, the non-
overlapping clustering solution (i.e., by the [18] method) showed an
appreciable fit decrease. So for this example, it seems fruitful to relax the
constraints imposed by Wilderjans and Cariou, and allow for partly
overlapping clusters. Then choosing the CP_Simult solution with p ¼ 6
seems a useful compromise between parsimony and fit. CP_Succ with p¼
3 This is because there must be p ¼ 10 zeros in total in a 10 � 2 matrix, and, as
there must always be at least one nonzero in each of the ten rows, there must
also be one zero in each row.

5

7 could also be chosen, but it leads to two rows of zeros for ‘acid’ and
‘astringency’, which means that these attributes are not represented at all
by this solution. Whether this is deemed problematic or not, of course is a
matter for substantive experts.

Detailed interpretation of the component loadings is not taken up
here. It can be seen that the interpretations of the components by all five
methods are rather similar. The reader can refer to [18] for substantive
interpretations. In the present paper, the main purpose of the analyses
was to show the effect of constraining loadings to zero. Indeed, the
methods can be seen to lead to different compromises between parsi-
mony and fit, and hence different numbers of zeros.



Table 2
Five different choices of construction of W, when I ¼ 15. When I ¼ 30, matrixW was defined as
the matrix in the table below repeated once by itself.
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4. Comparison of three CP methods with p zero constraints on A

In the present section, we wish to compare the performance of the
three approaches developed in this paper. By means of a simulation
study, we generated data on the basis of the CP model with p zero
loadings in A, and our aim was to see which of these methods best
recover the underlying structure. In addition, we studied the computer
time needed for applying the methods to a data set.
4 The idea is that the total sum of squares of X is approximately equal to the
sum of sums of squares of Xf (noise-free part of the data) and of E, because the
noise values were drawn randomly. The multiplication of the randomly drawn
noise values by√(SSf/SSn) makes their sum of squares equal to that of Xf. Hence
multiplying the noise part by 1, makes the ratio 1:1, hence 50% noise, multi-
plying the noise by 2 makes the ratio 4:1, so 80% noise, and multiplying by 3
makes the ratio 9:1, hence 90% noise.
4.1. Generating data and design of the study

In this simulation study, data have been generated according to the
CP model in (1). Specifically, for various combinations of conditions, I �
J � K data arrays X have been computed from constructed matrices A, B
and C as well as arrays Ewith noise values eijk. In the construction of data
wemade some fixed choices, and varied several other choices, so as to get
a fairly realistic and broad coverage of possible data structures.

The fixed choices in our design were as follows. In all cases, the
number of B mode units Jwas fixed to 10, and the number of components
R was fixed to 3. The matrices B and C were both constructed by
randomly drawing all elements from the standard normal distribution,
and next transforming them such that their inner product matrices

equaled

0
@

1 :5 :5
:5 1 :5
:5 :5 1

1
A; that is, they had intermediate values for their

mutual inner products, which seemed a realistic choice to us. Specifically,
this was done by first orthogonalizing the matrices and normalizing their
columns, and then multiplying them by the result of the Cholesky
decomposition of the mentioned inner product matrix. The matrix A was
constructed such that it had p values equal to exactly zero. The other
elements were drawn randomly from a uniform distribution on the
conjunction of the intervals [�1, �0.5] and [0.5,1].

The following choices were varied:
SizeA (2 levels): I was varied as I ¼ 15 or I ¼ 30.
6

SizeC (2 levels): K was varied as K ¼ 10 or K ¼ 20.
Wstruct (5 levels): The matricesW were varied in such a way that the

form of overlap among components was varied, as well as the number of
zeros. The five choices, labelled W1–W5, are described in Table 2. The
choices were made such that we would vary complexity both in number
of non-zeros and in location of non-zeros; specifically, the second and
third structures were given the same number of non-zeros, but in the first
they were spread evenly across components, while in the second they
were very unevenly spread across components.

Noise (4 levels): The elements of the array were drawn from the
standard normal distribution, and next multiplied by a constant such that

the sum of squares of E equaled 0, 1, 4 or 9 times that of the noise-free

part of X (i.e., with elements
PR
r¼1

airbjrckr). Specifically, we first

computed the noise-free data, and their sum of squares (SSf), then drew
the random noise values, and computed their sum of squares (SSn), then
multiplied the noise values by √(SSf/SSn) and by 0, 1, 2 or 3, to get data
with, respectively 0% noise, and (approximately) 50%, 80% and 90%
noise4. It should be realized that the latter two conditions are extremely
noisy. Indeed, the 80% noise condition implies that there is four times
more noise than signal, while the 90% condition even has 9 times more
noise than signal. We incorporated these conditions to explore the range
of situations under which still good results could be obtained, and also to
see whether under such conditions differences between the results of the
methods could be discerned.
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For each of the 2 � 2 � 5 � 4 combinations of levels of the factors
SizeA, SizeC, Wstruct and Noise, 100 data sets were generated. To each
data set, all three methods were applied, taking p equal to ptrue, that is, the
number of zeros in the matrix used in the construction of the data at
hand. In addition, solutions were inspected for p values up to 3 values
lower or higher than ptrue. For each analysis with CP, 11 runs were used,
one using the rational start based on the SVD’s of appropriately arranged
matricized versions of X, and ten using random starts. The CP_Simult
analyses employed 51 starts, the first of which started with the solution
from CP_Succ_NoZRows, while the others were started randomly. In all
algorithms, the convergence criterion was that subsequent loss values
differed by less than 10�6% of the previous loss values, and the maximum
number of iterations was set at 500.

4.2. Evaluation criteria

The main goal of the simulation study was to compare the methods as
to how well they recover the underlying structure. For this purpose, two
measures have been inspected: The average congruence (as measured by
[21] congruence coefficient) of the columns of the estimated Awith those
of the underlying matrix A (both including the zero elements), and the
analogously defined recovery of the matrix 5. Because the methods do not
uniquely determine the order or the sign of the loading vectors, before
assessing these values, the columns of the estimated matrices A have
been permuted and reflected in all possible permissible ways and the one
yielding the best recovery of Awas kept, and used for computing both the
recovery of A and of W.

The analyses were run in Matlab on an ordinary desktop computer
under Windows. Computation time was assessed for the 11 CP runs, and
for all runs involved in the analyses for CP_Succ, CP_Succ_NoZRows, and
CP_Simult using p ¼ ptrue�3,…, ptrue. Note that for the two CP_Succ
methods, the time needed for obtaining the CP solution was also incor-
porated. Likewise, for CP_Simult the computation of the solution of
CP_Succ_NoZRows which was used as the starting configuration in one
run of CP_Simult was taken into account.

The CP analyses sometimes yielded degenerate solutions. In such
cases, it makes no sense to use the CP solution as a start. Degeneracies as
indicated by a minimal triple cosine below �0.90 were therefore moni-
tored and dealt with separately in the report of the outcomes.

The numbers of local optima were recorded for the CP analyses and
the CP_Simult analyses. These actually were minimal numbers of local
optima, because they referred to the number of solutions in which the fit
percentage was at least .01% lower than that of the best solution from all
runs, while in principle, even the best solution may be a local optimum.

Finally, it has been seen to what extent, within the range of p values
used, the scree test described in Section 2.4 was helpful in recovering the
actually underlying true number of zero loadings.

4.3. Results

First an exploratory check on the results was made. For analyses using
the correct number of zero loadings, all individual results for the recovery
of A-mode loadings and the binary weights, as well as the fit percentages
and numbers of local optima were plotted on one screen for each of the
80 conditions for quick visual inspection. This indicated that fit per-
centages were as expected, numbers of local optima for CP_Simult varied
much (also within conditions), and recovery results often showed a big
majority of fairly equal results and a small set of clearly poorer results.
The poorest results tended to be associated with degenerate CP solutions
5 Congruence between binary vectors may seem a strange measure. However,
this value is easily interpreted as the number of overlapping nonzeros, divided
by the square roots of the numbers of nonzeros in the one and the other column,
respectively. Clearly, the minimum is 0 (in case of no overlapping nonzeros),
and the maximum is 1 (in case of identical binary vectors).
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(i.e. with very low triple cosine values). Upon inspecting these in detail,
we saw that in some cases results based on CP solutions with very low
triple cosines led to a zero column in W and hence in A. This in turn
implied that the CP estimates for B and C were undefined, and hence no
constrained CP solution was obtained. This happened in 11 (out of 8000)
cases. The explanation is that, in case of degeneracy, loadings on two
components tend to become high in absolute sense, and as a consequence
the loadings on the third may often all be lower than the other ones. If
such a CP solution is being used to indicate the smallest values which are
to be set to zero, this can easily result in a complete column of zeros.
However, in actual practice, one would recognize a degenerate solution,
and next replace it by a non-degenerate solution, for instance by applying
remedies suggested in [13] or the Error Preserving Correction approach
by [22]. As it is unrealistic to use degenerate solutions in the two suc-
cessive methods, we decided to ignore results for all 141 (out of 8000)
cases where CP led to a triple cosine below �0.90. This effectively
eliminated the solutions with zero columns, but also other poor CP so-
lutions. It should be realized, however, that this does not preclude all near
degenerate solutions leading to poor indications of locations of zero
loadings. As it is difficult to define near degeneracy, we decided to stay
on the safe side, and kept �0.90 as our inclusion threshold. All results
given below hence relate to cases where CP gave triple cosines higher
than �0.90. For each of the 80 conditions we had at least 84 remaining
cases, while in all conditions with 0% and 50% noise all 100 cases
remained.

Our main interest was in recovery of the A-mode loadings, and re-
covery of the location of the zero loadings (both in cases where the
number of zero loadings is correct, that is p ¼ ptrue). The recovery of A-
mode loadings for all conditions is displayed in Fig. 3, while that for W
(i.e., recovery of the structure) is displayed in Fig. 4. To give an idea of
the sampling uncertainty of these results, we computed standard de-
viations per condition, and found these (across all conditions) to be at
most 0.13, hence all averages pertained to standard errors of at most
0.014, and oftenmuch less. In the noise-free condition (0% noise) and the
50% noise conditions, the results were strikingly good for all methods.
Specifically, in the noise-free condition, average recovery of both the
loadings and the structure was perfect in all conditions by all methods.
This can be seen as an unrealistic, but useful test condition because we
can thus verify whether, if a perfect solution can be attained, the methods
actually do attain it. It has been verified that actually each of the 2000
individual cases led to perfect recovery (i.e., value over 0.9999) of both
loadings and structure by all methods. The 50% noise condition seems to
be the most practically realistic condition in our study, and also in this
condition, recovery results were extremely good: Mean recoveries of A-
mode loadings were never lower than 0.977, and those for the structure
never below 0.99. Individual cases led only once to a recovery of the A-
mode loadings lower than 0.95, and only twice to a recovery of the
structure lower than 0.95, out of 2000 cases. Clearly, all methods gave
extremely good recovery under these conditions, and differences be-
tween methods were ignorable.

In order to see if differences did show up in conditions with more
noise, we incorporated the conditions with 80% and 90% noise in our
design. Uncovering structure in such noisy data may be too much to ask
for, but in case of strong theories of an underlying CP structure, one
might still want to use CP to uncover such a structure even with very
noisy data. From Figs. 3 and 4 it can be seen that, for 80% noise, in almost
all conditions the mean recovery of all methods was higher than 0.85
(which is often considered as a threshold for considering the vectors
compared by a congruence coefficient as fairly similar, see [23]. With the
90% noise condition, we seemed to have reached the breakdown level:
Now in many conditions average recovery was poor (say, under 0.80),
and given that results were poor and hence not useful, it did not really
matter whether one method gives less poor results than the other. The
main exceptions to this occurred for conditions with the largest values for
I and K, that is I ¼ 30 and K ¼ 20, and the conditions with the simplest
structure (W5), combined with I¼ 30 and/or K¼ 20, as can be discerned



Fig. 3. Mean recovery of A mode loadings by CP, CP_Succ, CP_Succ_NoZRows and CP_Simult under all 80 conditions.

Fig. 4. Mean Recovery of structure by CP, CP_Succ, CP_Succ_NoZRows and CP_Simult under all 80 Conditions.
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easily from Figs. 3 and 4. This can be explained by the fact that in such
conditions the structure is better consolidated (i.e. based on more data),
and of a less confounded nature (clearest structure in W). This explana-
tion entails that recovery improves both as noise decreases and as size of I
and K increases. Because recovery cannot increase endlessly (as it is
maximized at 1), the increase in recovery due to one of these factors must
diminish when it increases due to another factor, hence the clear inter-
action between these factors. The effect of structure is less easy to un-
derstand, although it seems clear thatW5 had most zeros and hence gave
the simplest structure, which led to the least confounding of components.
As to why, in the 90% noise conditions,W1 andW2 led to relatively good
recovery too, we can only guess.

We now describe the results for the 80% noise conditions in a bit
8

more detail. From Fig. 4 it is clear that the average recovery of the
structure by the three constrained approaches was virtually equal (lines
almost overlap, and mean differences reached up to 0.01 at most, which
is negligible for practical purposes). However, the differences in mean
recovery of loadings was for some conditions more substantial (although
still not clearly over 0.02). In all but three conditions, the three con-
strained approaches gave better or equally good recovery as uncon-
strained CP did, while in the conditions with I ¼ 15, K ¼ 10, and where
the population W had structures W1, W2 or W3, unconstrained CP gave
somewhat better recovery; the three constrained methods gave very
similar results. In the 90% noise condition, focusing on cases with suf-
ficiently good recovery, a similar conclusion can be drawn as for the 80%
condition, except that now the difference between CP and the
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constrained methods was a bit more in favor of CP. But it should be noted
that all such differences were really small, and, as will be seen below,
should actually be taken with a big grain of salt.

Since differences in means were small, we decided to inspect numbers
of individual cases where substantial mean differences (i.e. at least 0.03)
in the loadings occurred. We did so for the comparison of CP_Simult and
CP in Table 3, and CP_Simult and CP_Succ_NoZRows in Table 4, while we
focused on the 80% noise conditions; results for the other conditions
were given as well for comparative purposes. It can be seen first of all that
substantial differences virtually never occurred for noise condition 0%
(as we already knew) and noise condition 50%, as we already expected.
For the condition with 80% noise, we now see that substantial differences
did occur, but never in a majority of cases in the same direction. Rather,
the broad picture in both comparisons is that only slight tendencies can
be discerned, which however by no means seem systematic. First of all,
we considered the earlier mentioned slightly better performance of CP
than the constrained methods, in the I ¼ 15, K ¼ 10, conditions with
structures W1, W2 and W3. From Table 3 we now see that actually in 5,
18 and 26 cases indeed CP had more than 0.03 better recovery than
CP_Simult. However, in the great majority of cases differences were
smaller than 0.03, and in 2, 6 and 10 cases, respectively, CP actually
performed poorer than CP_Simult. Thus, the earlier mentioned results
were far from consistent, and at most reflected a slight tendency. Upon
further scrutinizing Table 3, for 80% noise, we see that the most sys-
tematic pattern (i.e., with most advantages for the one method, while
none or few for the other) occurred for K ¼ 20, I ¼ 15, W5, where
CP_Simult 10 times gave substantially better results, while 90 times the
difference was less than 0.03, and never CP gave substantially better
results. This, however, still indicated that in individual cases, in the great
majority of cases differences were unsubstantial, but sometimes CP_Si-
mult gave really better result than CP. In other cases, the differences were
even less outspoken, or sometimes quite contradictory, e.g., for K ¼ 10, I
¼ 15, W4, where the frequencies were 14, 59, and 24 conveying the
message: we can quite often expect a substantial difference in the one
direction, or the other, and in roughly 60% of the time none at all. All in
all, these results indicate that, in the 80% noise conditions, differences in
recovery do show up, but can never be seen to be really systematically in
Table 3
Frequencies of CP_Simult giving substantially better reco
equal recovery (between � 0.03), or substantially wors
respective columns in each block. (The frequencies do
degenerate solutions).
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favor of any of the methods. In the 90% noise case, the situation was very
similar: No clear patterns of differences in either direction can be dis-
cerned. On a note of interest, we also inspected the recovery of the B-
mode and C-mode loadings. These gave very much the same picture,
except that differences were even less than for recovery of A. The results
can be inspected in the supplementary material of this paper, and on our
osf site https://osf.io/ymxgc/.

Next, we studied computation times. Obviously, computation times
differed quite a bit between themethods: The successive approaches used
only one run of their algorithm, while the simultaneous approach needed
many (in our study 51). To get an idea about differences in computation
times, in Table 5, we report these for the four methods. For CP we used 11
runs, for the two successive fitting approaches we used both the 11 CP
runs, and 7 (single run) analyses for different values of p, while for the
simultaneous approach, we used 11 CP runs, 7 (single run) analyses of
CP_Succ_NoZRows, and 7 analyses involving 51 runs of the Simultaneous
fitting algorithm. In the report of the average computation times, we
distinguish only between noise conditions and size of K, as the biggest
differences were seen across levels of these factors.

It can be seen that the extra runs for the successive approaches were
very cheap compared to the CP analyses. The simultaneous fitting pro-
cedure, however, in this set up, was roughly a factor 100 times as time
consuming as unconstrained CP and the successive approaches.

As far as local optima are concerned, we first report average fre-
quencies for local optima among the 11 runs of the CP analyses (Table 6).
We see that, for the low noise conditions, local optima occurred rarely,
while for the highest noise conditions they occurred considerably more
frequently. In all cases, the choice of as many as 11 random starts seems
on the safe side, with little chance to miss the global optimum.

The CP_Simult analyses led quite frequently to local optima, although
this did depend strongly on the noise level, and, interestingly, on the
value of p. Table 7 gives a full overview of average frequencies of local
optima in all conditions, and for three values of p: p ¼ ptrue�1, p ¼ ptrue,
and p ¼ ptrueþ1. Clearly, in the low noise conditions, local optima
occurred far more frequently when p exceeded ptrue, in all 20 conditions.
In the 80% and 90% noise cases, local optima occurred very frequently,
irrespective of the value of p.
very (more than 0.03) of the loadings, more or less
e recovery (more than 0.03) than CP, in the three
not always add up to 100, because of exclusion of

https://osf.io/ymxgc/


Table 4
Frequencies of CP_Simult giving substantially better recovery (more than 0.03) of the loadings, more or less
equal recovery (between � 0.03), or substantially worse recovery (more than 0.03) than CP_Succ_NoZRows,
in the three respective columns in each block. (The frequencies do not always add up to 100, because of
exclusion of degenerate solutions).

Table 5
Mean computation times.

Table 6
Average frequencies of local optima in 11 CP runs.

CP
11 runs

Noise K ¼ 10 K ¼ 20
0% 0.02 0.02
50% 0.04 0.01
80% 1.92 0.94
90% 5.89 4.34
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Finally, for all cases we applied the scree test to the results from the
seven analyses with values of p ranging from p ¼ ptrue�3, p ¼ ptrue, and p
¼ ptrueþ3. We inspected them in detail for CP_Succ_NoZRows and
CP_Simult, because these methods use the same constrained model. For
CP_Succ, similar results were found, but not reported here. The fre-
quencies of cases in which the scree test indicated ptrue as the most
desirable value for p are reported in Table 8, where the noise free con-
dition is ignored, because in this case, subsequent fit values for p ¼
ptrue�3, …, p ¼ ptrue should all be 100%, but the scree test involved di-
vision by fit differences, which in this case were zero or very close to zero.
In practice, however, upon visual inspection, the noise free cases with
perfect fit outcomes up to p¼ ptrue would automatically lead to ptrue as the
10
desired solution.
The results (in Table 8) show that for the 50% noise conditions, and K

¼ 20, the scree test very often indicated the underlying number of zeros
as the preferred number. For K ¼ 10 this was the case in far fewer in-
stances. With the high noise percentages, the scree test did not have a
clear preference for the underlying number of zeros.

5. Discussion

This paper has described three constrained versions of CP, in which a
fixed number (p) of loadings of one mode is set equal to zero. The
methods were applied to an empirical data set, to illustrate their effect,
and how one can work with them. Next, in a simulation study, their
performance was assessed. It was observed that up to large amounts of
noise, the methods all performed well in terms of recovering the un-
derlying structure given the number of zero loadings, and differences
were small and not really systematic. The simultaneous method is much
more time consuming than the successive approaches, and the fit
improvement one can obtain with it does not systematically lead to
improved recovery. For these reasons, it seems that if zero loadings are
desired, the successive approach is the preferred approach. Only if
optimal data fit is essential, the simultaneous approach seems to be



Table 7
Frequencies of local optima for CP_Simult using 51 runs, reported in each block of three columns for analyses
with p ¼ ptrue�1, p ¼ ptrue, and p ¼ ptrueþ1.

Table 8
Frequencies of times the scree test indicated ptrue, as the most desired value for p.

CP_Succ_NoZRows CP_Simult

50% 80% 90% 50% 80% 90%

K ¼ 10 I ¼ 15 W1 36 13 19 36 13 11
W2 64 21 20 63 20 19
W3 56 17 24 57 26 17
W4 74 20 16 74 24 16
W5 90 19 15 92 20 17

I ¼ 30 W1 40 16 26 40 18 23
W2 62 25 17 63 20 18
W3 51 19 17 53 15 20
W4 60 19 15 63 25 24
W5 87 21 20 85 26 18

K ¼ 20 I ¼ 15 W1 75 24 18 75 23 16
W2 95 21 19 95 19 19
W3 93 24 16 93 29 16
W4 97 25 26 98 22 19
W5 98 50 24 99 53 19

I ¼ 30 W1 84 31 25 84 33 20
W2 94 23 18 94 28 17
W3 95 16 21 96 24 17
W4 96 22 18 97 21 9
W5 99 45 17 100 41 20
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preferred. Actually, in such cases it is important to realize that we cannot
be sure that the global optimum has been reached. It is well known that
the problem of constraining a fixed number of elements to zero without
knowing which ones, is difficult to solve. For tackling this problem, also
known as an L0 norm constrained optimization problem, various other
strategies have been developed (e.g., see [24,25]. Future research could
be devoted to applying such approaches in the present context, and
comparing them to our approach.

In practice, one often does not know what number of zeros to choose.
If the aim is to discover an underlying true model, our results show that
this is reasonably well possible by means of the scree test in the 50%
noise case; with 80% or 90% noise, however, this becomes really diffi-
cult, as we can derive from Table 8. However, if the main aim is to find a
good compromise between parsimony and fit, the choice of p need not be
essential. And, as one can see in the analysis of the empirical data, the
interpretations of the components do not really depend much on the zero
loading constraints employed.
11
In the present paper we have reported the development and com-
parison of methods that simplify interpretation by employing zero
loadings. As has been mentioned, the methods in this way actually can be
seen as methods for overlapping clustering, or in special cases nonover-
lapping clustering. Thus, there is a relation with the clusterwise CP
approach proposed by [5]. Their approach offers nonoverlapping clus-
ters, with for each cluster one or more CP components. In the special case
of their method using one component per cluster, and of CP_Simult using
(I�1)R zero loadings (implying non-overlapping clusters), these methods
are equivalent to each other, and actually also to the methods by [4,18].
Which of these methods to use in practice, obviously depends on the goal
of one’s analysis.

The goal of the methods in the present paper resembles that of
methods for finding sparse component loadings (e.g., see [26]). Sparse-
ness constrained CP methods have been proposed, for instance, by [27]
for obtaining approximate sparseness, and by [28] for Lasso based
sparseness. In the present paper, we restrict ourselves to methods aiming
for exact sparseness, and we wish to get optimal fit of the other param-
eters, so we wish to avoid the shrinkage entailed by the Lasso approach.
This shrinkage problem has been noted by Rasmussen & Bro (2012,
p.23), and they suggested to fix that by first using Lasso to find the lo-
cations of the zero loadings, and then optimally estimating the remaining
elements. This of course closely resembles our Successive fitting
approach, except that we suggested to use the CP solution itself to indi-
cate zero loadings, rather than the Lasso. Whether the latter would work
better than our approach is an empirical question, which could be
interesting for further research.
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