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Abstract

We present an implicit-explicit finite volume scheme for the Euler equations with a gravitational
source term. To visualize the different scales we use the non-dimensionalized equations on which
we apply a pressure splitting and a Suliciu relaxation. On the resulting model, we apply a splitting
of the flux into a linear implicit and an explicit part that lead to a scale independent time-step.
The explicit step consists of a Godunov type method based on an approximative Riemann solver
where the source term is included in the flux formulation. For the first order scheme we give a
second order extension. Both schemes are designed to be well-balanced, preserve the positivity
of density and internal energy and have a scale independent diffusion. We give the low Mach
limit equations for well-prepared data and show that the scheme is asymptotic preserving. These
properties are numerically validated by various test cases.

Keywords IMEX scheme, Suliciu relaxation, Euler equations with gravity, non-dimensional,
well-balanced, positivity preserving, asymptotic preserving

1 Introduction

The aim of this paper is the construction of an all speed scheme for the Euler equations of gas
dynamics with a given gravitational source term in multiple space dimensions. Applications of
this model can be found for example in astrophysics and meteorology. A broad overview is given
in the review of Klein [1] where it is demonstrated that atmospheric flows can have large scale
differences. To reflect those scales in the equations, we use the non-dimensionalised version which
is characterized by the reference Mach and Froude numbers denoted by M and F'r respectively.

In the homogeneous case the behaviour of the fluid changes depending on the Mach number
only. It ranges from compressible for large Mach numbers to the incompressible limit equations

*Dipartimento di Scienze e Alta Tecnologia, Universita degli Studi dell’Insubria, Via Valleggio 11, 22100 Como,
Italy

fMarie Sklodowska-Curie fellow of the Istituto Nazionale di Alta Matematica Francesco Severi, Rome, Italy

iDipartimento di Matematica, La Sapienza Universita di Roma, Piazzale Aldo Moro 5, 00185 Roma, Italy



for M going to zero, see eg. [2, 3, 4] and references therein. To accurately approximate all speed
flows asymptotic preserving (AP) schemes are well suited since they are consistent with the limit
behaviour as M tends to zero. A non-exhaustive list of references concerning AP schemes is given
by [5, 6, 7, 8]. Help :) Whom to cite in addition?

Since for explicit schemes the time step is restricted by the inverse of the largest wave speed
which scales with 1/M, explicit schemes are not practical for low Mach applications. Therefore
implicit [8, 7] or implicit-explicit (IMEX) schemes [5, 6, 9] are used to have a scale independent
time step.

The presence of the source term makes it interesting to look at steady states. For zero
velocity, we find the hydrostatic equilibrium, that is characterized as the balance of the pressure
gradient with the weight of the fluid. Most atmospheric-flow phenomena may be understood
as perturbations of such a balanced background state. The scope of well-balanced schemes is
to maintain the background atmosphere at machine precision to be able to resolve those small
perturbations accurately. Since the shape of the equilibrium state depends on the underlying
pressure law there are schemes focused on well-balancing a specific class of equilibria for example
isothermal and polytropic atmospheres as done in [10]. HELP! more references here!!l Cite Castro,
Parés !l Higher order schemes can be realized by using a high order hydrostatic reconstruction
to achieve the well-balanced property, as done in [11, 12, 13]. Since our aim is to well-balance
arbitrary hydrostatic equilibria, we follow the approach used in [14, 15, 12] and rewrite the
gravitational potential in terms of a reference equilibrium state. Note that the above mentioned
well-balancing techniques were developed for the compressible regime. To have a well-balanced
scheme that is applicable in the low Mach, low Froude regime, we extend the second order AP
IMEX scheme developed for the homogeneous Euler equations [16] to a gravitational source term
and inherit the nice properties as preserving the positivity and a natural extension to second
order. Therefore we have to modify, following [7, 15], the therein used Suliciu relaxation model
to incorporate the source term and at the same time keep the ordered wave structure which
guarantees an easy construction of a Riemann solver. As in the homogeneous case, we split the
pressure into a slow and a fast component, as discussed in [18]. To guarantee a scale independent
time step, the flux function is split into a linear implicit part only involving relaxation variables
and an explicit part which contains the original non-linear flux function of the Euler equations
and concerns the update of the physical variables. Both splittings are essential to ensure the
AP property and the scale independent diffusion. To show the AP property, we define a set of
well-prepared data which consists at leading order of the hydrostatic equilibrium, as well as the
divergence free property of the velocity and its orthogonality to the direction of the gravitation.
In the limit this results in the incompressible Euler equations with a gravitational source term.
Similar results were found in [21] for the isentropic case with potential temperature. We refer to
[19, 20] for theoretical studies on the isothermal and isentropic case.

The paper is organized as follows. In Section 2, we introduce the used equations, definition
of hydrostatic equilibria and the considered limit equations. Then we give the derivation of the
Suliciu type relaxation model in Section 3. The time semi-discrete scheme with the flux splitting
togehter with the Mach number expansion of the fast pressure and the asymptotic preserving
property is discussed in Section 4. Subsequent, we give the derivation of the fully discrete scheme
which includes a Godunov type finite volume scheme based on an approximative Riemann solver
in the explicit part, as well as the extension to second order. Therein we show the well-balanced



and positivity property of the fist and second order scheme which are numerically validated in
Section 6. To illustrate the low Mach properties of our scheme, we give an example of well-
prepared data in terms of a newly developed stationary vortex in a gravitational field. It is based
on the Gresho vortex test case [28] which is a standard test to check the diffusion behaviour of a
numerical scheme in the homogeneous case. We conclude the numerical tests with the simuluation
of a rising bubble. A section of conclusion completes this paper.

2 The Euler equations with a gravitational source term
The Euler equations with a gravitational source term in d dimensions are given by

pt+ V- (pu) =0,
(pu);+ V- (pu®@u) + Vp=—pVe,
Ey+ V- (u(E+p)) =—pu- Vo,
P, =0,

where the total energy F is given by
1 2
E =pe+ §p|u] .

Here, p denotes the density, u € R? the velocity vector, e the internal energy and ® : R — R is
a given smooth potential. The pressure is given by the ideal gas law p = (v — 1)pe and the speed
of sound is denoted by c.

To make the impact of slow and fast scales evident in the equations, we rewrite (2.1) in
its non-dimensional form by decomposing all variables ¢ into a scalar reference value ¢,, that
contains the units, and a non-dimensional quantity ¢:

©=rP. (2'2)
Choosing ., pr, u,, ¢, we have the following relations for the reference values

T
Up = =, Pr = prcy. (2.3)
ty

Inserting the decomposition (2.2) in the dimensional equations (2.1) and using the relations (2.3),
we arrive at the non-dimensional FEuler equations with a gravitational source term:

pr+ V- (pu) =0

1 1
(pu)i+ V- (pu®u) + va = —F—ﬂpvtb
A2 (2.4)
By +V-(u(E +p)) =—F 5 -VE

q)t:O



For simplicity, we have dropped the tilde and, if not otherwise mentioned, we will use the non-
dimensional variables throughout this paper. The total energy of system (2.4) is given by

1
E = pe + §M2p|u\2.

Equations (2.4) depend on two non-dimensional quantities, the Mach number M and the Froude
number Fr. The Mach number is defined as the ratio between the velocity of the gas and the
sound speed

IV

Cr
and the Froude number is defined as the ratio between the velocity of the gas and the velocity
introduced by the gravitational acceleration
Uy

Fr = .
V3,

2.1 Hydrostatic equilibria

Hydrostatic equilibria are stationary solutions of (2.4) that satisfy

u=020,

1 1 (2.5)
VP = Ve

Solutions to (2.5) can have completely different behaviour. To demonstrate this, let us for a
moment consider the class of equation of state

p=xp" (2.6)

with constants y > 0, I" € (0,00). For the class of equation of states (2.6), we obtain for I' = 1
(isothermal) with a constant ¢ € R and x = RT

2
p(x) = exp (%5%) (2.7)
p(x) = RTexp (Cfiﬂm)
and for T € (0,1) U (1, 00) (polytropic) with a constant ¢ € R
u(x) =0,

1

px) = (S (e - phex)) " (2.8)

T

po0 =xm (SR fhee)

Since arbitrary solutions p and p of the hydrostatic equilibrium (2.5) are stationary, we follow
[14] and define two time-independent positive functions a(x) = p(x) and 8(x) = p(x) representing



the equilibrium density and pressure respectively. Since «a, 8 satisfy (2.5), we can find a new
relation for V& due to the following equivalent description

1 1 Fr?vp

With this definition of the gravitational potential, we can rewrite (2.4) into

pt+ V- (pu) =0,

1 1 p
Ei+ V- (a(E+p) = Lu- V5, (2.10)
ap = 07
B = 0.

We emphasize, that the reference equilibrium has to be known in advance. Equations (2.10) are
only depending on the Mach number, but the dependence on the Froude number is implicitly
given in the definition of £ in (2.9).

2.2 The low Mach limit

To model perturbations of an equilibrium state, we assume in accordance with [19, 20, 21] that
O(Fr?) = O(M?). To analyse multi-scale effects and the formal asymptotic behaviour of (2.4),
we express the variables in form of a Mach number expansion and compare the orders of terms
in M. The expansions are given by

e . e . e . e .
p=ZM’pi, u=ZM’ui, e:ZM’ei, p:ZM’pi. (2.11)
=0 =0 =0 =0
Inserting the expansion (2.11) into the Euler equations (2.10) and collecting the terms of order
O(M~2), we have
Vpo = —poVe. (2.12)
For the O(M 1) terms, we find
Vpl = —p1V<I>. (2.13)

This means that the couples pg, po and pi1, p1 fulfil the hydrostatic equilibrium and thus are
time-independent. Using this in the O(M?) terms, we obtain

V- (poug) = 0,
\Y% Vo
dup + up - Vug + P2 _ 7'0277
Po Po
Vo
V- = % 3
=0



where we have used c% = 7%3. We define the set of well-prepared data for a given potential ® as

Qup = {w € R2 | Vpy = —poV®, Vpr = —p Ve, V- (poug) =0, V-up =0, ug- Vb = 0} .
(2.14)
Analogously, we define the well-prepared data for given a, 8 for the modified equations (2.10)

Vpoipolﬂ, Vpliﬂllﬁ, V- (poug) =0, V-ug =0, UO'W—0}~
Q@ Q@ @
(2.15)
This means that the pressure and density fulfil the hydrostatic equilibrium up to a perturbation
of M?, the the first component of the velocity field is divergence free and orthogonal to V®. Thus
we obtain as the limit equations, the incompressible Euler equations with a gravitational source
term

d
Q%ﬁ—{weﬂ%”

V - (poug) =0,
\Y% Vo
8tu0 +up - VUO + ﬂ - 7P2 5 (2.16)
Po Po

V-u=0, uy-Ved=0.

3 Suliciu Relaxation model

Using a Suliciu Relaxation approach [17, 22, 23] is one way of simplifying the non-linear structure
of the Euler equations (2.1). The derivation of the relaxation model follows the argumentation
given in [7, 16]. In the spirit of Klein [24], we apply in the momentum and energy equation a
splitting of the pressure p into a slow and a fast component

P 1— M?
=Pt P

The aim is to relax both the slow and the fast pressure in a Suliciu relaxation manner. On the

slow part, we can directly apply the Suliciu relaxation technique which leads to the addition of

the following equation for the slow pressure in conservation form

(pm)e + V - (pru) + a®*V -u = g(p—ﬂ').

As discussed in [7], applying this Suliciu relaxation technique also on the fast pressure does not
lead to scheme that is accurate for small Mach numbers. Instead a relaxation equation for the
velocity G coupled with a relaxed pressure v is added. Here we apply the same strategy as in the
homogeneous case described in [7, 16] where we in addition take into account the influence of the
source term in them momentum equation. As a consequence, the source term will also appear in
the relaxation equation for Gi. The relaxation model is developed under the following objectives:

e It has ordered eigenvalues that lead to a clear wave structure and make it especially easy
to construct a Riemann solver.



e It is a stable diffusive approximation of the non-dimensional Euler equations with gravita-
tional source term (2.10).

e The resulting numerical scheme has Mach number independent diffusion.

The achievement of the first objective depends also on the treatment of the source term, since it
is associated over 8 with a 0 eigenvalue. Following [10], we remove the 0 eigenvalue by relaxing
also 8 by transporting it with u as

1
Zi+u-VZ=_(5-2)

This associates the source term with the eigenvalue u. Since the evolution of « is constant in time,
we consider it as a given time independent function and will omit its evolution in the relaxation
model. All this considerations lead to the following relaxation model in conservation form:

pt+ V- (pu) =0

1— M? 1 p
Tz VT iR,
Et+V-(u(E+M27r+(l—M2)w)):gu-VZ,

(pu); + V- (pu®@u) + Vr + VZ,

(pm)t + V - (pur + a*u) = g(p - ), (3.1)
(pa) + V- (pu® ) + %Vz/} = #gVZ + g(u — 1),
(p0)i + V- (pugp + a*td) = g(p — ),
(2)i+V(puz) = £(8 - 2).

The following lemma sums up some properties of system (3.1).

Lemma 1 The relazation system (3.1) is hyperbolic and is a stable diffusive approzimation of
(2.10) under the Mach number independent sub-characteristic condition for the relazation param-
eter a > p\/0,p(p, e). It has the following linearly degenerate eigenvalues

a a
M=uN=ut- A, =ut-—,
p M Mp
where \* has multiplicity 99. For M < 1, the eigenvalues have the ordering
- - + +
Ay < AT AT <AT <A

Proof. The proof can be done analogously to eg. [16, 15, 10]. d
In the case of M = 1, the waves associated with )\f/[ and A\ collapse to AT which have then
multiplicity 2 respectively.
For simplification, we will refer to system (2.10) as
wy+ V- f(w) = s(w),
ap =0, (3.2)
/Bt = 07



where w = (p, pu, E)T denotes the vector of physical variables and the flux function f(w) and

the source term s(w) are given by

pu 0
fw)=[pu@u+ ﬁpﬂ and s(w) = #gvﬁ
u(E +p) Lu-Vp

The relaxation model (3.1) is given by
1
Wi+ VFW) =S(W)+ ER(W)’ (3.3)

where W = (p, pu, E, pr, pit, ptp, pZ)T denotes the state vector, F the flux function as defined in
(3.1) and the gravitational source term S(W) and the relaxation source term R(W) are given by

0 0
T=LVZ 0
Lu.-VZ 0
SW) = 0 and R(W) = | p(p— )
vz p(u — )
0 p(p — )
0 p(B—Z)

The relaxation time ¢ indicates how fast the perturbed system (3.3) is reaching its equilibrium
(3.2). The relaxation equilibrium state is given by

W = (p, pu, E, pp(p. e), pu, pp(p, ), pB)" . (3.4)

Following [25], we can connect (3.3) to (3.2) through the matrix Q € RC+)x(22+d)+1) defined as

Q= (Inga Oz24a)41) »

where d denotes the dimension. Then we have for all states W that QR(W) = 0 and the physical
variables are recovered by w = QW and the flux function f(w) = Q(F(W*1)).

4 Time semi-discrete scheme

To avoid the very restrictive CFL condition that would arise when using an explicit scheme,
we will construct an IMEX scheme where its CFL number is independent of the Mach number.
Therefore, we split in (3.1) the flux function F(W) and source term S(W) in the following way:

Wi+ V- F(W)+ #v LG(W) = SE(W)

+ %SI(W) + éR(W) (4.1)

where F'(W) and Sg(W) will be treated explicitly and G(W') and S;(W) implicitly. To reduce
the computational effort, especially avoiding to invert a huge non-linear system, we have chosen
to treat the original flux function f and source term s explicitly, whereas the implicit operators



G and S7, as well as the relaxation source term R, are very sparse and only act on the relaxation
variables. This results in the following definitions of fluxes and source terms:

pu 0
pu@u+rl+ My +LvZ
(E+ M?m + (1 — M?)Y)u bu-VZ
FW) = pru + a*u L Sp(W) =
pu® i
pYu
pZu

o O O O
o

(4.2)

The time semi-discrete scheme is given by the following order of the implicit and explicit steps as

. 1 1
Implicit: Wy + WV -G(W) = WSZ(W)’ (4.3)
Explicit: W, + V- F(W) = Sp(W), (4.4)
Projection: W = %R(W) (4.5)

The projection step (4.5) is equivalent to solve R(W) = 0 for ¢ = 0, see [25]. Due to the simple
structure of R(W), we can immediately set W = W as defined in (3.4) thus guaranteeing that
the data at the new time step is on the relaxation equilibrium manifold and thus satisfying the
original equations (3.2). The formal time semi-discrete scheme is then given by

At
W —pyred Tl aw) =

At
W@ —wh L At v FWD) = At Sp(WwD),
Wn+1 — W(Q),eq’

Hydrostatic equilibria of (4.6)-(4.8) are then given by

o =0, Implici 4.9
vl — gVZ(l) mplicit (4.9)
u® =0, —
xplicit
val) 4 LM gy() = L ey z(0)

From (4.9) and (?7?) we see that if the implicit step is well-balanced, then the hydrostatic equation
for the explicit step reduces to solving

u® =0,
v = §VZ(1)

which is independent of the Mach number.

ok
oo ocooo



4.1 Mach number expansion of ")

Due to the sparse structures of the implicit flux function G and implicit source term Sy in (4.2),
the implicit part reduces to solving only two coupled equations in the relaxation variables @,
given by

L — Vi = L VZ
(P0)e + VY = 3ErVZ, (4.10)
(p)e + a’V -t = 0,

where k = p/a. As done in [5, 16, 21|, we rewrite the coupled system (4.10) into a single equation
with an elliptic operator for 1 starting from the time-semi-discrete scheme

(1 _ yn

P P

E P —y, (4.11)
At
1 1 1
= At = iTE vy — —xWyzW =, (4.12)
1 _ n

() - (P9)" | 2w a) — . (4.13)

Note, that Z, representing the pressure of the steady state, is constant in time and we have
ZW = 7" as well as o) = o”. From the density equation (4.11) it follows that p™®) = p".
Together we have x(1) = g—z = k™. Inserting (4.12) into (4.13) we have

1 n
P — A2a?V - (T”va)) =" — At?a?T"V - (Tn%Vﬂn) — Atd®>m"V -u",  (4.14)

where we simplified the notation by using 7 = 1/p. Note that the data at time ¢" is in relaxation
equilibrium and we have @" = u” and Z" = " on the right hand side of (4.14). Note that, in
contrary to [21, 5], the update (4.14) is linear in .

Now we analyse the implicit update of w(l with respect to the Mach number. We assume
that the initial data is well-prepared, that is w" € Q wp- 1o preserve the scaling of the pressure,
we define the following boundary conditions for ¢ on a computational domain D

(1) n
\Y Y
¢‘()1) po} on 0D. (4.15)
V¢1 = Vp?

Inserting the Mach number expansion according to fog for well-prepared data into (4.14) and
separating the O(M~?) terms we find

(1) ny7,n :
{ . ((1) Vw ) (1Vpy) in D . (4.16)
Vg on 0D

This boundary value problem has the unique solution Vzb(()l) = Vp{ on the whole domain D.
Collecting the O(M 1) terms leads to

10



This simplifies using vy = Vpg to

{v (gvel”) = V- (gvp) D

(4.17)
vl = wpr on dD.

which has the unique solution Vi/)il) = Vp¥ on the whole domain D. As a last step we look at
the O(M?) terms and find using the results from (4.16) and (4.17) that

v-(T{;wg”) v <"”2v5n> in D.

This means the first two components of ¢(!) fulfil the hydrostatic equilibrium (2.12), (2.13) and
therefore (1) is well-prepared.
4.2 Asymptotic preserving property

Having established the Mach number expansion of 1), we can show now that the time semi-
discrete scheme (4.6) - (4.8) for M — 0 coincides with the time-discretization of the limit equations
(2.16) and that the scheme preserves the set of well-prepared data Q%ﬁ. We consider well-prepared

data w" € Q?U’g. Then we find for the zero order terms in the density, momentum and energy
equation of (4.7)

P = pb + ALV - piug =0,
'
o — g+ At (pfuy © ug + Vo) = a2,

patled ™t — prel 4+ At (V -ug ( poes + w(l))) = At %ug -VE".

We can simplify the equations by using Vw(()l) = Vpj and w" € Qiﬁ:

Pt —pp =0,
(1)
ul ™ —uf + At (uf - Vu§ + Vin ) At—pg vp"
Uy 0 0 0 n n )
Po Py &
Pyt —pi = 0.

From the first and the last equation we see that pg and py do not change in time and looking at the
O(M?) terms in the energy equation we have p’f“ = p{ + O(At). This means the pressure and
density at "1 are still well-prepared up to perturbations of At. Next, we analyse the divergence
free property of u”"‘1 and p”'H ”+1. This is done by applying the divergence operator on the
momentum equation and snnphfymg using (4.1). We obtain

Vot = At V- (—uf - Vub) = O(At),
Ve (ppttaptt) = At V- (—pgug vul — vl 4 22 v5n> = O(AL).

11
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For showing the orthogonality condition for ug‘H we multiply the momentum equation by

and obtain

a” n

ugtt VO _ At (—ug -Vug — VZ;? + %Vﬁ") : V(f = O(At).

Therefore all three conditions are satisfied up to a perturbation in A¢. This analysis results in
the following result about the asymptotic preserving property.

Theorem 2 (AP property) For well-prepared initial data w™ € Qf,jﬁ and under the boundary
conditions (4.15) the time semi-discrete scheme (4.6)- (4.8) is asymptotic preserving when M — 0
in the sense that if w™ € va’g then also w™*t € QY and in the limit M — 0 the time semi-discrete
scheme is a consistent time discretization of the limit equations (2.16).

We remark that the analysis still holds if instead of fo)g the original well-prepared set €2, is
used.

5 Derivation of the fully discrete scheme

The derivation of the fully discrete scheme is done in one spatial direction for simplicity, but it
can be extended straightforwardly to d dimensions using dimensional splitting in the explicit part
and discretizing the expressions

V- (1V() = 0p, (102, (+)) + -+ - + 02, (705,(-)) and V- u = 0y, u1 + - - - + Oy uq (5.1)

with u = (ug,...,uq) component-wise in the implicit step. We use a uniform cartesian grid on
a computational domain D divided in N cells C; = (x;_; /25 Tt /2) of step size Az. We use
a standard finite volume setting, where we define at time t" the piecewise constant functions
w(z,t") = wy, for x € C;.

5.1 Well-balanced property of the implicit part

Applying central differences in (4.14) we obtain

! E—— non 1 1 n 1 n
wz( ) - A2 WTi (Ti+1/2(wi(+)1 - wf )) - Tifl/2(¢i( ) _ wl_"'ll)> =
n Atz a2 n n n n n n n n n
RERVN=S Vel (Ti+1/2ﬁi+1/2(5i+1 = Bi") = Ty a1 2 (8P — 51;1)) (5.2)
At o,
zAxaQ (w1 —uiy),

1
where 7,11 /9 = 5 (Tiy1 + 7).

Lemma 3 (Well-balancedness of the implicit part) Let the initial condition w] be well-
balanced, that is

1 14
u; =0, %:1, %:1. (5.3)

12



If the function k is discretized such that in the hydrostatic equilibrium holds, ie.
K:i+1/2 = 1, (54)

then it is %(1) = for all cellsi =1,...N, that means (4.6) is well-balanced in the sense that
W fulfils (4.9).

Proof. From the condition (5.3) we have ;15 = 1. At time level " we know that ¢ = p".
Therefore we can write

Yivr — ¥ = B = B = KBt — B (5:5)
Using u = 0 and inserting (5.5) into (5.2), we have
1y A a? n a 1 n n
7/’( ) - ?MQ i ( i+1/2(wz+)1 d’( )) —li-1/2 (@b ZZ’ +1)> = (5.6)

vi' - Az p2i ( z‘+1/2(¢z‘+1 — i) — T 1/2(1/} — i 1))
Define the tridiagonal coefficient matrix A by (—uTZ.”TZ.”_UQ, 14 MTin(TﬁH/z + Tin—1/2)7 _MTZnTﬁrlﬂ)’

where p = At2 1\(142 Then we can write (5.6) as

AP = Ay e AR —y") = (5.7)
Since the matrix A is strict diagonal dominant it is invertible. Then we have from (5.7) that

wi(l) = for all i = 1,..., N. The proof can be extended to d dimensions using (5.1) for the
space discretization. In d dimensions the coefficient matrix A is an invertible strict diagonal
dominant banded Matrix with 2d + 1 diagonals. Therefore the results holds also in d dimensions.
d

In the following we will use a second order accurate discretization of x;, /5 that fulfils (5.4)

and is given by
1 pit1 | pi
Rit1/2 = 5 <ai+1 + o)

5.2 Godunov type finite volume scheme

In the explicit step, we consider the explicit step (4.7) using the explicit operators F, Sg defined
(4.2).

Otp + Ozpu =0

1
drpu + Oy (pu? +7T+T

WE + 0,(E + M%7+ (1 — MQ)w)u) =
Opm + ax((pﬂ' +

&
s
<>
+
QD
AQ
§>



The derivation of the Godunove type finite volume scheme is followed closely the steps given eg.
in [10, 7, 15, 16] and the proofs in this Section can be done analogously following those references.

the eigenvalue \* has multiplicity 5. The relazation parameter a as well as the eigenvalues are
independent of the Mach number M. The Riemann Invariants with respect to \* are

Lemma 4 System (5.8) admits the linear degenerate eigenvalues M =u+2 and \* = u, where

I =wu, I} = M*n+ (1 — M*)¢ — kZ
and with respect to \*

2
Ilizu:tg, IQi:ﬂ'—i—a—,
p

M? 1—M?
+ 2
=cmgom - —@ ™

IF=a If=vy If=2

We will follow the theory of Harten, Lax and van Leer [26] for deriving an approximate Riemann
solver Wrs <%, WS), Wé”) based on the states W) after the implicit step. Due to the linear-
degeneracy from Lemma 4, the structure of the approximate Riemann solver is given as follows

Wél) 7 <A,
Wi AT <3<y,
Wh o A< Z <At

wi At <z

T

Wrs (;,

W) - 59

To compute the intermediate states W} p, we use the Riemann invariants as given in Lemma 4.

Lemma 5 Consider an initial value problem with initial data W = w® given by

Wi, <0

WO(x): {WR $>0.

Then, the solution consists of four constant states separated by contact discontinuities with the
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structure given in (5.9). The solution for the intermediate states W;, W, is given by

1 1 + 1 )
- =— L — 7T,
p;,  pr a? L
1 1 1

| 1 1— M? K
u = ’LLL = ’I_I,R = §(UL +UR) — % (TI'R — Ty + 7M2 ('(Z)R — QpL) — W(ZR — ZL))
1 a 1— M?
mL = 5+ mR) = S(ur —up) + <o e (br = Y1) = 2MQ(ZR —-Z)
1 a 1— M? (5.10)
7TR=§(7TL+7TR)—§(UR_UL) YR (wR T/JL) QMQ(ZR_ZL)
1
e} = er = 55 (] = (n1)” + (1= M?)(mp, — 7))
1
¢ = en— 53 (th — (77)” + (L= M*)(wr — 7h)r)
YLr=YLR

ULR UL,R

Z1.R=2LR

Having established the structure of the Riemann solver, we can show that it is preserving
hydrostatic equilibria.

Lemma 6 (Well-balancedness of Riemann Solver) Let the initial condition w} ,w% be given
in hydrostatic equilibrium (5.3). Let the function k be defined as in (5.4). Then the intermediate
states (5.10) satisfy

i QOB H ORI
that is, the approximate Riemann solver as defined in Lemma 5 is at rest.
Proof. From Lemma 3, we know that 1 @) = = p™ and satisfies

1 1 1 1

Do) - wial) - 289 o)
We also know that WS)R = 7} r = PL g and since w" is fulfilling (5.3) and with (5.4) we have
W(Ll) - ﬂ'g) = K(Zél) - Z](%l)). Then we have

1 1 1 1) 1 1
) a4 LA ) 0 2lD) =

M2
A0 ) Mz;y 20—

Since uS;)R =uf p =0, we find u M* = 0. With u* = 0 and (5.11) and the fact that " = p" =
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n

= 7r(1), we can write

K

L1 1— M2
Win(W(Ll)-l-Wg))ﬂL e ( g)—l/f(Ll))—
1
S

1
5 Tr(Ll) + ﬂ'g)) — 5(71'%) — W(Ll))

=Ty.

Analogously follows 73, = mg. Then it follows directly from the intermediate states (5.10) that
PL = PL; Pp = pr and €], = er, € = €R.
d
Another important property is that the density and pressure remain positive during the
simulation. This is equivalent to preserving the following domain

Qppy ={w e Q,p>0,e>0}.
We show that the Riemann solver preserves {1y, .

e . . L 1)

Lemma 7 (Positivity preserving property of Riemann Solver) For initial data WL7 R be
composed of w(LliQ € Qppy U fo)pﬁ and YV satisfying the boundary conditions (4.15), the solution
of the Riemann problem given by QWRS(%;WS),WS)) is contained in Qupy for a relazation

parameter a sufficiently large.

Proof. The proof for the intermediate states for the density can be taken from [16, 15]. After

the implicit step we have v = u*, 7(1) = 77 and Z(V) = Z". We use the following notation

A(-) = (\)gr — (). For the internal energy, the intermediate state W(Ll)* is inserted into e} and

we have

X 1
e(Ll) =e] + gAUQ—i-

270,2 <—(7TL)2 + Z (7TL + TR — AT/J(I) + WH(I))
5.12
Lo — a2y (Ar — Ap® £ g o
+§¢L (1= M7) [ Ar" — Ayt + el

1 n n n 1
+ @Au (Aw + 277 — A 4+ WH(I) +(1— MQWJ(LU) ’

where we have defined H®) = (1) — 1) — k(21 — Z1). We know from the Mach number
analysis in Section 4 that 1/)(1) preserves the hydrostatic equilibrium up to a perturbation of M?,
thus H() = O(M?). Therefore we find a relaxation parameter a > p+/3,p(p, ¢) independent of

M that can control the negative terms in (5.12) and we have e(Ll)* > 0. d
With the solution of the Riemann problem (5.9) we can define the numerical fluxes at the
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interface x;1/9. With ;19 = (0, 5,41/2, U] 5i41/2) where s; 119 = Kiy1/2(Ziv1 — Z;) we have

(FWD), POV + 5400), A~ >0
(F(W(l)*) (W(l)*) 4 Sz+l/2) A S 0> A

(F;l/? FiJ-ri-l/Q) = (F(W(l) ), F (Wﬁ)l*)) AY=0 (5.13)

( <W(”*) - ZH/Q,F(WEI ), At >0 v

(F( z+1) Siv1/2, F(W, )) AT <0

where the superscript (1) emphasizes that the states after the implicit step are used. We want

to stress that we include the source term into the flux definition and therefore in general it is
F; 1 /2 # F; +1 /2 To avoid interactions between the approximate Riemann solvers at the interfaces
Tiy1/2, we have a CFL restriction on the time step of

Az

1
At < - ——————
2 max|u; £ a/p;|
K]

IA

(5.14)

which is independent of the Mach number. This leads to the following update of the explicit part

w® _ o _ At

(3 (2 A (Fi

i+1/2 Fi+—1/2)‘ (5.15)

Due to the relaxation step (4.8), we can directly give the update of the physical variables w as

Wit = P — (Q e (Wrs (s W) ) = QFF, , (Wrs (0w, wi))) .
(5.16)

Theorem 8 (Well-balanced property 1) Let w; on all cellsi € {1, N} be given in hydrostatic
equilibrium (5.3). Let k be defined as in (5.4). Then the first order scheme given by the steps
(5.2),(5.16) is well-balanced.

Proof. Since w" fulfils the hydrostatic equilibrium, we know from Lemma 3 that Wz-(l) =Wy
fulfils the hydrostatic equilibrium and from Lemma 6 that the approximate Riemann solver at
the cell interfaces is at rest. With the definition of the fluxes (5.13), we have

Ff = FW]) F F(WM).

i—1/2 i)s i+1/2

Using the formulation (5.16) for the update of the variables w, we have

At
+1_ - + Y
wi T = wit = EQ (Fi+1/2 - F¢71/2) = wj'.

This shows the well-balanced property in one dimension. Since we apply dimensional splitting in
the multi-dimensional set-up, the proof can be easily extended by giving the update (5.2) as a
sum of the flux differences along each dimension. a
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Theorem 9 (Positivity preserving 1) Let the initial state be given as
Wi € Q= Qpy, NP

Then under the Mach number independent CFL condition

and the boundary conditions (4.15) the numerical scheme defined by (5.2),(5.16) preserves the
positivity of density and internal energy, that is w?“ € Qpupy for a sufficiently large relazation
parameter a independent of M.

An important property for any low Mach scheme is the behaviour of the diffusion. Due to
the fact that (1) is still well-prepared after the implicit step, the diffusion of the scheme is of
order O(M?). The computations are performed analogously to the homogeneous case and can be
found in [16].

5.3 Second order extension

Here, we give a strategy to extend the first order scheme to second order accuracy such that the
well-balanced and the positivity preserving property are maintained.

For the time integration, we use the second order scheme presented in [16]. The second order
extension in space is realized by a linear reconstruction of the interface values. We reconstruct in
the primitive variables wP = (p,u,p) and ¥ on each cell. Since we use dimensional splitting, we
reconstruct along each space dimension separately. We consider a linear function on C; defined
as

wP(z) = wl + oz — z;). (5.17)

The slopes 0 = (0, 0%, o) are obtained by using information from the neighbouring cells. The
interface values on cell C; denoted by wj_l /20 w; /o are then obtained by evaluating wP(x) in
the limit of the cell interfaces. The reconstruction (5.17) has to fulfil two properties. Firstly,
the interface values in conserved variables have to be in €, to satisfy the conditions in Lemma
7. Secondly, if w™ fulfils the hydrostatic equilibrium, also the interface values have to fulfil
the hydrostatic equilibrium. To meet the first requirement we apply on the slopes ¢ a limiting

procedure described in [15] to guarantee w € Qyppy. For the well-balanced property,

+
i+1/2 Wie1/2
we follow [15] and transform the pressure as follows

Gi—1 = Ti—1 + 8;—1/2,

(5.18)
di+1 = Tit1 — Sit1/2-
The slope for 7 is then calculated as
. di+1 — T T — qi—1
4= d .
c? = minmo ( Ao A >
Analogously we get the modified slope for ("), This results into Tivij2 = 7ri+_1 o = p; and
1[)1.(&72 = 1&1@1’72 = p’ when being in a hydrostatic equilibrium and the Riemann Solver is at
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rest. We will summarize the well-balanced and positivity preserving property of the second order
scheme. The proofs are analogous to the ones shown in [15, 16].

Theorem 10 (Well-balanced property 2) Let the initial condition w™ be given in hydrostatic
equilibrium (5.3). Let the function k be defined as in (5.4). Then, using the transformation (5.18),
the second order scheme is well-balanced.

Theorem 11 (Positivity property 2) Let the initial state be given as w]' € Q satisfying the
boundary conditions (4.15) and the limiting procedure given in [15] is used. Then for a sufiiciently
large relazation parameter a, under the Mach number independent CFL condition

1

3 + n
7m?X|/\ (wi)] < 5 o’

where d denotes the dimension, the second order scheme preserves the domain Qpp,.

6 Numerical results

In this section, we give numerical test cases to validate the theoretical properties of the first and
second order scheme. For all test cases we assume an ideal gas law p = (v — 1)pe. The implicit
non-symmetric linear system given by (5.2) is solved with the GMRES algorithm combined with
a preconditioner based on an incomplete LU decomposition. To choose the relaxation parameter
a, we follow the procedure given in [22] to obtain a local estimate for a. We calculate a global
estimate by taking the maximum of the local values of a and multiply by a constant ¢, independent
of M to ensure the stability property given in Lemma 1.

6.1 Well-balanced test case

To numerically verify the well-balanced property of the scheme, we compute an isothermal equi-
librium with a linear potential in two dimensions as given in (2.7) where u = (uj,u2), x =1 and
v = 1.4. In Table 1 we give the error at the finall time T} = 1 for different Mach and Froude
numbers on the domain D = [0,1]2. The results are computed with the first order scheme, since
it allows for a larger CFL number and the accuracy is not important since the error is of order
of machine precision as can be seen in Table 1.

M Fr p pul pu E
1071 107! 2.459E-017 3.605E-016 3.605E-016 2.419E-017
1072 1072 5.606E-017 9.999E-017 9.999E-017 5.507E-017
1072 1072 2.506E-017 9.811E-016 9.811E-016 2.457E-017
107% 107* 2.539E-017 5.304E-017 5.304E-017 2.495E-017

Table 1: L'-error of isothermal equilibrium at 7' = 1 (non-dimensional).
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6.2 Accuracy

To numerically validate the second order accuracy of the proposed scheme, we compare the
numerical solution to an exact solution of the Euler equations with gravity as given in [27]. It is
given in 2 dimensions with x = (z1, z2) and u = (u1,u2) as

k
p(x,t) =14 0.2sin (7(xy + z2 — t(u1, + ug,))) m—gs

m
ui(x,t) = uy, "

m
ug(x,t) = uzo?

k
p(x, 1) = po + t(ug, +uz,) — (21 + 22) + 0.2cos (m(@1 + z2 — t(uy, + us,))) /wm—i.

For the parameters we set u;, = 20, ug, = 20 and pg = 4.5. The gravitational potential is linear
and given as ®(x) = z1 + x2. For u = 0, (6.1) is in hydrostatic equilibrium and we set « and
5 as the density and pressure of the stationary state respectively. We want to remark that this
equilibrium is neither isothermal nor polytropic. The computational domain is D = [0,1]? and
the final time 7" = 0.01s.

To transform the initial data (6.1) into non-dimensional quantities, we define the following
reference values

kg 1 kg 1 m?
p’f’_ m37 p’l’_ M2m827 T FT‘Q 82.

m
Tz, =1m, u, =1—,
S

We use different values for M and Fr to show that our scheme is second order accurate indepen-
dently of the chosen regime. In the computations we use exact boundary conditions and v = 5/3.
As can be seen from Table 2 the error and the convergence rates are of the same magnitude for
all displayed Mach numbers and we achieve the expected second order accuracy. To emphasize
that the convergence rates are independent of the Mach number we have plotted in Figure 1 the
convergence rates. Due to the limiting procedure that we apply on the slopes in the reconstruc-
tion step to ensure the positivity property, we are not recovering a full second order convergence.
Using unlimited slopes in the reconstruction step however will lead to the full second order.

6.3 A stationary vortex in a gravitational field

With this test-case, we want to demonstrate the low Mach properties of our scheme. For the
derivation of a vortex in a gravitational field, we follow the derivation of the Gresho vortex test
case for the homogeneous Euler equations [28]. Tt fulfils the divergence free property V-u =0
and the orthogonality property u- V® = 0 of the well-prepared data .

To derive the vortex, we consider the non-dimensional Euler equations (2.4) in radial coor-
dinates (r, ). The vortex is constructed such that it is axisymmetric, stationary and has zero
radial velocity. A solution has to satisfy

1 pug o0, P

—0p = — — ,
2P r P2
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Figure 1: Convergence rates in dependence of Mach and Froude number.

where ug is the angular velocity. The pressure is split into a hydrostatic pressure pg and a pressure
p2 associated with the centrifugal forces and in total is given by p = pg + M?psy and has to satisfy

M? uZ(r
Orpo = —ﬁp&‘pa Orp2 = P£~
T r

We choose an isothermal hydrostatic pressure pg = RTp and the density is given according to
(2.7) by
M? @
=exp|——=———=].
P=SP\"FrRT
The pressure ps is then given as

po [ o (-2 010 sl o

The velocity profile ug is defined piecewise as in the Gresho vortex test case as

1 or if r<0.2
ug(r) = o 2—-5r if 02<7r<04,
"o it 7> 04
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To fully determine po a continuously differentiable gravitational potential has to be given. We
define it piecewise as

12.5r2 if <02

B(r) = 0.5 —1n(0.2) + In(r) if 02<7<04
In(2) = 05257 4+ 2.5 L57r — 1.25. 2=r?  if 04 <r<r,
In(2) — 0.5, %5 +1.25 "4 it o>

This choice of ® ensures the use of periodic boundary conditions since ® is constant at the
boundary and thus we can simulate a closed system. Then we can compute the pressure po
according to (6.2) and it is piecewise defined as

Fr2RT p21(r) if r<0.2
pa(r) = SER%) p21(0.2) + paa(r) if 02<r<04
" p21(0.2) + pa(0.4) i r>04
with
M? 9
po1(r) = <1 — exp <_12'5F7‘2RTT >>
) 1 . (—0.5 + In(0.2)) M?
= X
P2 =2 RT — M2) (Fr2RT — 0.5M2) ©F Fr2RT

— M2 4 _ oy 4.2 2072 _ .
r~ PR (M*(r(10 — 12.57) — 2) — 4Fr'x? + FreM*(r(12.5r — 20) 4+ 6)RT)

2
+exp <1;£'}2%)TM> (4Fr*RT? — 2.5Fr* M*RT + 0.5M4)>

kg 1 m?

m3? M2 2
The computations are carried out with v = 5/3 and M = Fr on the domain D = [0,1]2. In
Figure 2 the initial Mach number distribution for the vortex for M = 0.1 is given. In Figure 3,
the Mach number distribution for different maximum Mach numbers are compared for N = 40
at t = 1 which corresponds to one turn of the vortex. We see that the accuracy of the vortices
are comparable independently of the chosen Mach number and they show the same amount of
diffusiveness despite of the coarse grid that is used. The usage of periodic boundary condition
allows us to model a closed system and we can monitor the loss of kinetic energy during the
simulation which is depicted in Figure 4. The graphs for the Mach numbers M = 1072 and
M = 1073 are superposed which shows that the loss of kinetic energy is independent of the Mach
number. This is in agreement with the theoretical results and demonstrates the low Mach number
properties of the scheme.

The reference values are defined as x, = 1m, p, =1 kg up = 202772 ¢, = 11% and RT =

6.4 Rising bubble test case

This test case is taken from [29] and models a rising bubble which has a higher temperature than
the background atmosphere on the domain D = [0km, 10km| x [0km, 15km]. The gravitation
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Figure 2: Initial Mach number distribution for M = 1071,

acts along the y-direction and is given by

m2

®(zy) =9y 7

where g = 9.8173 is the gravitational acceleration. The stratification of the atmosphere is given
in terms of the potential temperature 6 defined by

R
9—T<m>p,
p
where ¢, is the specific heat at constant pressure and pg = 10° %, denotes a reference pressure

taken at sea level. Pressure, potential temperature and density are connected by the following
relation

OR\"
p=m<) p’=xp", (6.3)
Po
where ¢, is the specific heat at constant volume and R = ¢, — ¢,. Comparing (6.3) to (2.6), the
atmosphere is isentropic with the polytropic coefficient I' = y. We set p(x,0) = pp and 6 = 300K.

Therefore we have
pla,0) = 2
OR
and the hydrostatic equilibrium is given by (2.8). To transform the data into non-dimensional
quantities, we define the following reference values

kg
m3’

2, = 10000 m, t, = 10000 s, u, = 12, p, =1
S
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M M
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Figure 3: Mach number distribution for different maximal Mach numbers. Top left: M = 1071,
Top right: M = 1072, bottom left: M = 1072, bottom right: M =10"% at t = 1.

The scaling of the remaining variables is given in Table 3.
The bubble is modelled as a disturbance in the potential temperature centred at (z¢,y.) =
(5km, 2.75km) as

Af — {A900082 (%T) ifr<i1

else

r—x 2 Yy —y 2
- () (5)
To To

with the factor rg = 2.0km. The resulting perturbation in the pressure can be calculated from
equation (6.3).

In the simulation, we choose v = 1.4 as it is modelled air as a diatomic gas with the corre-
sponding specific gas constant Ry = 287.0588%2(. This setting results in a reference Mach number
of M = 1072 and we chose Fr = M. In Figure 5, we show the density perturbation at different
times ¢. It is computed with a grid of 120 cells in x-direction and 180 cells in y-direction which
results into a uniform space discretization. At the boundaries, we have imposed the background
atmosphere.

where A6y = 6.6K and
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Figure 4: Loss of kinetic energy for different grids and Mach numbers after one full turn of the
vortex (non-dimensional).

7 Conclusion

We have extended the second ordare all-speed IMEX scheme given in [16] to a gravitational
source term in such a way that the new scheme inherits the positivity preserving property of the
density and internal energy and the scale independent diffusion. In addition it is well-balanced
for arbitrary hydrostatic equilibria. To show the AP property of the new IMEX scheme, we have
defined a set of well-prepared data that consists at leading order of the hydrostatic equilibria and
the velocity is divergence free and orthogonal to the direction of the gravitational potential. The
resulting limit equations are the incompressible Euler equations with a gravitational source term.
To numerically verify the low Mach properties of our scheme, we have developed a stationary
vortex in a gravitational field based on the Gresho vortex test case which is well-prepared. With
the help of this new test case we can demonstrate the scale independent diffusion of our scheme
as it is already standard for the homogeneous case. The numerical results are concluded with a
rising bubble test case to illustrate the applicability of our scheme.
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Figure 5: Density perturbation from the rising bubble test case from top right to bottom left at
times t = 0.07,0.09,0.13,0.18.

References

1]

2]

Rupert Klein. Scale-dependent models for atmospheric flows. Annual Review of Fluid Me-
chanics, 42(1):249-274, 2010.

Sergiu Klainerman and Andrew Majda. Compressible and incompressible fluids. Communi-
cations on Pure and Applied Mathematics, 35(5):629-651, 1982.

Stéphane Dellacherie. Analysis of Godunov type schemes applied to the compressible Euler
system at low Mach number. Journal of Computational Physics, 229(4):978-1016, 2010.

Steven Schochet. The mathematical theory of low Mach number flows. ESAIM: Mathematical
Modelling and Numerical Analysis, 39(3):441458, 2005.

Floraine Cordier, Pierre Degond, and Anela Kumbaro. An asymptotic-preserving all-speed
scheme for the Euler and Navier—Stokes equations. Journal of Computational Physics,
231(17):5685-5704, 2012.

26



[6]

[17]

[18]

S Boscarino, G Russo, and L. Scandurra. All Mach number second order semi-implicit scheme
for the Euler equations of gas dynamics. Journal of Scientific Computing, 77(2):850-884,
2018.

Christophe Berthon, Christian Klingenberg, and Markus Zenk. An all Mach number relax-
ation upwind scheme. accepted for publication, SMAI Journal of Computational Mathemat-
ics, 2019.

Emanuela Abbate, Angelo Iollo, and Gabriella Puppo. An all-speed relaxation scheme for
gases and compressible materials. Journal of Computational Physics, 351:1-24, 2017.

Giacomo Dimarco, Raphaél Loubere, Victor Michel-Dansac, and Marie-Hélene Vignal.
Second-order implicit-explicit total variation diminishing schemes for the Euler system in
the low Mach regime. Journal of Computational Physics, 372:178-201, 2018.

Vivien Desveaux, Markus Zenk, Christophe Berthon, and Christian Klingenberg. A well-
balanced scheme to capture nonexplicit steady states in the Fuler equations with gravity.
International Journal for Numerical Methods in Fluids, 81(2):104-127, 2016.

Yulong Xing and Chi-Wang Shu. High order well-balanced weno scheme for the gas dynamics
equations under gravitational fields. Journal of Scientific Computing, 54(2):645-662, Feb
2013.

C. Klingenberg, G. Puppo, and M. Semplice. Arbitrary order finite volume well-balanced
schemes for the euler equations with gravity. SIAM Journal on Scientific Computing,
41(2):A695-A721, 2019.

L. Grosheintz-Laval and R. Kppeli. High-order well-balanced finite volume schemes for the
euler equations with gravitation. Journal of Computational Physics, 378:324 — 343, 2019.

Debojyoti Ghosh and Emil M. Constantinescu. Well-Balanced Formulation of Gravitational
Source Terms for Conservative Finite-Difference Atmospheric Flow Solvers. ATAA Aviation.
American Institute of Aeronautics and Astronautics, jun 2015. doi:10.2514/6.2015-2889.

Andrea Thomann, Markus Zenk, and Christian Klingenberg. A second-order positivity-
preserving well-balanced finite volume scheme for Euler equations with gravity for arbitrary
hydrostatic equilibria. International Journal for Numerical Methods in Fluids, 89(11):465—
482, 2019.

Gabriella Puppo Christian Klingenberg Andrea Thomann, Markus Zenk. An all speed second
order imex relaxation scheme for the euler equations. under revision in CiCP, 2019.

I Suliciu. On modelling phase transitions by means of rate-type constitutive equations. Shock
wave structure. International Journal of Engineering Science, 28(8):829-841, 1990.

R. Klein. Semi-implicit extension of a Godunov-type scheme based on low Mach number
asymptotics I: One-dimensional flow. Journal of Computational Physics, 121(2):213 — 237,
1995.

27



[19]

[20]

[21]

[26]

[27]

Eduard Feireisl, Christian Klingenberg, Ondfej Kreml, and Simon Markfelder. On oscillatory
solutions to the complete euler system. 2017.

E. Feireisl, C. Klingenberg, and S. Markfelder. On the low Mach number limit for the
compressible Euler system. SIAM Journal on Mathematical Analysis, 51(2):1496-1513, 2019.

Georgij Bispen, Maria Lukacova-Medvid'ovd, and Leonid Yelash. Asymptotic preserving
imex finite volume schemes for low mach number euler equations with gravitation. Journal
of Computational Physics, 335:222-248, 2017.

Frangois Bouchut. Nonlinear stability of finite volume methods for hyperbolic conservation
laws and well-balanced schemes for sources. Frontiers in Mathematics. Birkhduser Verlag,
Basel, 2004.

F. Coquel and B. Perthame. Relaxation of energy and approximate Riemann solvers for
general pressure laws in fluid dynamics. SIAM Journal on Numerical Analysis, 35(6):2223—
2249, 1998.

Rupert Klein, Nicola Botta, Thomas Schneider, Claus-Dieter Munz, Sabine Roller, Andreas
Meister, L. Hoffmann, and Thomas Sonar. Asymptotic adaptive methods for multi-scale
problems in fluid mechanics. Journal of Engineering Mathematics, 39(1):261-343, 2001.

Gui-Qiang Chen, C David Levermore, and Tai-Ping Liu. Hyperbolic conservation laws with
stiff relaxation terms and entropy. Communications on Pure and Applied Mathematics,
47(6):787-830, 1994.

Amiram Harten, Peter D. Lax, and Bram Van Leer. On upstream differencing and Godunov-
type schemes for hyperbolic conservation laws. SIAM Review, 25:35-61, 1983.

Praveen Chandrashekar and Christian Klingenberg. A second order well-balanced finite

volume scheme for euler equations with gravity. SIAM Journal on Scientific Computing,
37(3):B382-B402, 2015.

Fabian Miczek, Friedrich K Ropke, and Philip VF Edelmann. New numerical solver for flows
at various Mach numbers. Astronomy & Astrophysics, 576:A50, 2015.

Luis R Mendez-Nunez and John J Carroll. Application of the maccormack scheme to atmo-
spheric nonhydrostatic models. Monthly weather review, 122(5):984-1000, 1994.

28



Fr

N

o[

pul “Afzgsl

pu2 LSQQJ

B ||

1071

107!

25
50
100
200

1.139E-003
3.142E-004
8.427E-005
2.232E-005

1.858
1.898
1.916

2.278E-002
6.276E-003
1.680E-003
4.438E-004

1.859
1.901
1.920

2.278E-002
6.276E-003
1.680E-003
4.438E-004

1.859
1.901
1.920

4.562E-001
1.257E-003
3.366E-004
8.894E-005

1.859
1.901
1.920

102

102

25
50
100
200

1.140E-003
3.144E-004
8.430E-005
2.233E-005

1.859
1.899
1.916

2.280E-002
6.280E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

2.280E-002
6.280E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

4.567E-001
1.258E-001
3.367E-002
8.901E-003

1.859
1.901
1.919

1073

1073

25
50
100
200

1.141E-003
3.144E-004
8.431E-005
2.233E-005

1.859
1.898
1.916

2.281E-002
6.280E-003
1.680E-003
4.441E-004

1.861
1.901
1.919

2.281E-002
6.280E-003
1.680E-003
4.441E-004

1.861
1.901
1.919

4.569E-001
1.258E-001
3.368E-002
8.901E-003

1.860
1.901
1.919

10~4

104

25
50
100
200

1.141E-003
3.143E-004
8.430E-005
2.233E-005

1.860
1.898
1.916

2.280E-002
6.277E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

2.280E-002
6.277E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

4.582E-001
1.257E-001
3.367E-002
8.900E-003

1.864
1.901
1.919

10~4

107!

25
50
100
200

1.141E-003
3.143E-004
8.430E-005
2.233E-005

1.860
1.898
1.916

2.280E-002
6.277E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

2.280E-002
6.277E-003
1.680E-003
4.441E-004

1.860
1.901
1.919

4.581E-001
1.257E-001
3.367E-002
8.900E-003

1.864
1.901
1.919

107!

1074

25
50
100
200

1.139E-003
3.142E-004
8.427E-005
2.232E-005

1.858
1.898
1.916

2.278E-002
6.276E-003
1.680E-003
4.438E-004

1.859
1.901
1.920

2.278E-002
6.276E-003
1.680E-003
4.438E-004

1.859
1.901
1.920

4.562E-001
1.257E-001
3.366E-002
8.894E-003

1.859
1.901
1.920

Table 2: L'-error and convergence rates for different Mach and Froude numbers.
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quantity  SI unit scaling

x [m] Ly

t [s] iy

p Ed pr
U, C [%] up =9, M=%

p {mkiz] Pr = Roprbr, ppr = prc?
v -
T, K] b= 5t

Table 3: Overview over units and scaling relations of the physical quantities used in the test cases
in Section 6.
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