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Abstract

This is the third paper of a group of three where we prove the
following result. Let A be an alphabet of ¢ letters and let ¢ : A* — N¢
be the corresponding Parikh morphism. Given two languages L1, Ly C
A*, we say that L; is commutatively equivalent to Lo if there exists
a bijection f : L1 — Lo from Lj onto Lo such that, for every u €
L1, ¥(u) = ¢¥(f(u)). Then every bounded context-free language is
commutatively equivalent to a regular language.
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1 Introduction

Let A = {a1,...,a;} be an alphabet of ¢ letters and let ¢ : A* — N’ be
the corresponding Parikh morphism. Given two languages L; and Lo over
the alphabet A, we say that L; is commutatively equivalent to Lo if there
exists a bijection f : L1 — Lo from L; onto Ly such that, for every u € Ly,
¥(u) = ¥(f(u)). This is the third paper of a cycle of three (cf [6, 7]) where
the proof of the following theorem is provided.

Theorem 1 FEvery bounded semi-linear language Ly is commutatively equiv-
alent to a reqular language Lo. Moreover the language Lo can be effectively
constructed starting from an effective presentation of L.

As an immediate consequence of Theorem 1, we obtain the following result.

Theorem 2 Fvery bounded context-free language Ly is commutatively equiv-
alent to a reqular language Lo. Moreover the language Lo can be effectively
constructed starting from an effective presentation of L.

It is worth noticing that Theorem 2 does not hold for an arbitrary context-
free language. Indeed, if such a language would be commutatively equivalent
to a regular one, then its generating function would be rational. On the
other hand, there exist context-free languages whose generating functions
are algebraic not rational, as for instance in the case of the Dyck languages,
and, even, transcendental, as proven by Flajolet [9]. Theorem 2 naturally
fits in the algebraic theory of bounded context-free languages developed by
Ginsburg and Spanier. We refer to [6] for a more exhaustive description of
the relationships between Theorem 2 and the above mentioned theory.

We would like to give a short description of some key aspects of the proof
of Theorem 1 as well as of the relations of the present paper with the other
cited ones [6, 7]. Let L C uj ---uj be a bounded semi-linear language where,
for every i = 1,...,k, u; is a non-empty word over a given alphabet A. Let
us consider the Ginsburg map

. k * *
o NF— ul - uy

which associates with every tuple (¢1,...,¢;) of non-negative integers, the
word p(£y, ..., £) = uf' - --ut*. By a result of [11], there exists a semi-simple
set B of N* such that ¢(B) = L and ¢ is injective on B. We recall that B



admits a partition into a finite family of sets:
n
B=|JB;, n>1,
=0

where By is a finite set of vectors and, for every ¢ = 1,...,n, B; is a simple
set of dimension k; > 0:

B;=by + b ... b}, (1)
where bgi), bgi), e ,b;fi), are the vectors of the unambiguous representation

of B;. The proof of Theorem 1 is essentially based upon two main tools. The
first one is a refinement of a technique developed in [6], while the second
tool has been developed in [7]. The first tool has been conceived to prove
the theorem under the assumption that, for every ¢ = 1,...,n and for every
j=1,...,k;, the word gp(bgz)), that represents via ¢ the vector bgz) of (1),
contains at least two distinct letters.

The second tool provides the solution of Theorem 1 in the opposite case,
that is, under the assumption that there exists a letter a € A such that,
for every i = 1,...,n, all the words go(bgz)), . ,gp(b,(ji)) are powers of a.
We treat such last case by reducing the study of commutative equivalence
for languages to that of the commutative equivalence for semi-linear sets of
vectors. More precisely, given two subsets S;, 9, of N¥ we say that S; is
commutatively equivalent to S, if there exists a bijection f : S — S from
S1 onto Sy such that, for every v € Sy, |v| = |f(v)|, where |v| denotes the
sum of the components of v. In [7] we prove that every semi-linear set of N*
is commutatively equivalent to a subset which is recognizable in N* in the
classical sense of Elgot and Mezei. As a straightforward consequence of the
latter result, we derive the corresponding one for languages. By eventually
combining the two techniques, we then provide the proof of Theorem 1.

We give the proof of Theorem 1 by considering the case of a binary
alphabet A of two letters a and c. This special case allows us to simplify the
exposition of the proof and, at the same time, shows all the essential aspects
of the argument. In the Appendix, we will show how to adapt such proof to
the case of a finite arbitrary alphabet.

The paper is structured as follows. In Section 2, some basic results about
bounded semi-linear languages are introduced. In Section 3 we describe the
geometrical decomposition of simple sets. In Section 4, the proof of Theorem



1 is presented. An Appendix reports some technical proofs and some exam-
ples.

Finally, we mention an open problem pointed out in [12]. Also in the theory
of formal series there is a notion of commutative equivalence (see [1], Ch.
14). Given a N-series 0 € N((A)) over an alphabet A of non-commutative
variables, the commutative image of o is the N-series ¢)(c) € N[[A]] over the
commutative variables ¢(A) defined as: for every u € ¥(A*), (Y(0),u) =
> p(w)=u (0, w). Given two series 01,02 € N((A)), we say that o1 is commu-
tatively equivalent to oo if they have the same commutative image. In this
context, as a possible extension of Theorem 2, one can ask whether every
N-algebraic series with bounded support is commutatively equivalent to a
rational one. Theorem 2 seems to be a first step of the study of this problem.

2 Preliminaries

The aim of this section is to introduce some results concerning bounded
semi-linear languages. We assume that the reader is familiar with the basic
notions of this theory. The reader is referred to [10].

2.1 Basic notation

We find useful to recall the attention of the reader to some notation adopted
in this paper.

The letter k is always used to denote the dimension of the underlying
working monoid N*. A vector of N* is denoted in bold as, for instance,

for v which represents the vector (vi,...,vg), or v; = (v?),véj), . ,v,(j)).
Moreover if the vector is indexed, as for instance for v;, its components are
also denoted (vj1, vjo, ..., V).

A set of vectors of N* is always denoted by using capital letters like,
for instance, X,Y, L, etc. Given a set S, a family of n pairwise disjoint sets
Si,...,8,,such that S = U?:l S;, is called a decomposition of S. The number
n will be denoted by #(5).

2.2 Semi-linear sets of N*

The free abelian monoid on k generators is identified with N* with the usual
additive structure. Let B = {by,...,b,,} be a finite subset of N*. Then we



denote by B® the submonoid of N* generated by B, that is
BY = by +---+bl = {mbi+-+nyb, | €N, i=1,....,m}.
In the sequel, in the formula above we will assume B = () whenever m = 0.

Definition 1 Let X be a subset of N*. Then

1. X islinear in N* if X = by + {by,..., b, }®, where by, by, ..., b, are
vectors of N¥,

2. X is simple in N* if by, by, ..., b, are linearly independent in QF,
3. X is semi-linear in N* if X is a finite union of linear sets in N¥,
4. X is semi-simple in N¥ if X is a finite disjoint union of simple sets.

In the sequel, we will adopt the following terminology.

Convention If X = by + {by,...,b,,}? is a simple set, then the vectors
bg, by, ..., by, will be called the (unambiguous) representation of X. More-
over, by will be called the constant vector and by, ..., b,, will be called the
generators of the representation, respectively.

It is worth noticing that the uniqueness of the representation of a simple set
is folklore. With every simple set B whose representation is given by the
vectors by, bq,...,b,,, we can associate the number m called the dimension
of B. One obviously has that m < k and the dimension of a singleton is 0.
By convention, the dimension of the empty set is —1. The following theorem
by Eilenberg and Schiitzenberger [8] provides an important characterization
of semi-linear sets.

Theorem 3 Let X be a subset of N¥. Then X is semi-linear in N* if and
only if X is semi-simple in N¥.

Theorem 3 is effective. Indeed, one can effectively represent a semi-linear
set X as a semi-simple set. More precisely, one can effectively construct a
finite family {V;} of finite sets of vectors such that the vectors in V; form a
representation of a simple set X; and X is the disjoint union of the sets Xj.

The following proposition states a well-known result proved by Ginsburg
and Spanier (see [10]).

Proposition 1 The family of semi-linear sets of N* is closed under the
Boolean set operations.



2.3 Bounded languages

Along all this paper, we let A = {ay,...,a;} be an alphabet of ¢ letters and
we let A* be the free monoid generated by A. The empty word of A* is
denoted by 14+. The length of every word u is denoted |u|. For every a € A,
the number of occurrences of a in u will be denoted |ul,.

We let ¢ : A* — N* be the Parikh map over A. Moreover, if uy,..., uz
are k words of AT, we let

o NF — ul o, (2)
be the Ginsburg map which associates with every tuple (¢y,..., ) of non-
negative integers, the word ¢(£y, ..., 0,) = ul' - - uik.

The following proposition provides a faithful description of a bounded
semi-linear language ([11], see also [2, 3] for a proof).

Proposition 2 Let L C uj---uj be a bounded semi-linear language. Then
there exists a semi-simple set B of N* such that p(B) = L and ¢ is injective
on B. Moreover, B can be effectively constructed.

2.4 Some results of combinatorics on words

The content of this section has been already presented in [6]. To help the
reader, we report it here verbatim. We recall some notions and elementary
results of Combinatorics on words that are needed in this setting.

Definition 2 Let Ly, Ly be two languages over A. We say that Ly is com-
mutatively equivalent to Lo if there exists a bijection f : Ly — Lo such
that, for every w € Ly, one has y(u) = ¥ (f(u)).

In the sequel, if L, is commutatively equivalent to Lo, we simply write
Ly ~ Ly. The following lemmas are easily proved.

Lemma 1 Let Ly, Lo, L} and L} be languages over A. Suppose that L; ~ L,

Lemma 2 Let Ly, Ly be languages over A such that Ly ~ Lo and Lo is
reqular. Let w € A* such that w ¢ Ly. Then there exists a regqular language
L} such that {w} U Ly ~ L.



Proof. Set [w] = {u € A* : Y(u) = ¥(w)}. Obviously, [w] € Li. Since
Ly ~ Ly, the latter implies [w] € Lo, so that there exists a word w’ such that
Y(w) =Y(w') and w’ ¢ Ly. Hence Ly U{w} ~ L}, with L), = Ly U{w'}. O

In the sequel,
Uy, .- Uk,

will be a list of k£ non-empty words over the alphabet A, fixed once for all for
the rest of the paper.

Lemma 3 ([6/, Lemma 3) There exists a constant v € N such that the
following condition holds: let a,b € A, with a # b, and assume that w is a
word having a factor of the form

a’ba’b...a"ba’ (3)

-~

(k4+1)—times

where a¥ occurs (k+ 1) times in the word (3). Then w is not a factor of any

*

y *
word in uj - - - uj.

In the sequel, v will denote the minimum constant specified by Lemma 3.
Let v = (vy,...,v;) € N* be a vector. We denote by |v| the non-negative
integer |v| =wv; 4+ -+ v;. Let

Wi,..., Wy, (4)

be a list of (not necessarily pairwise distinct) m vectors of N*. We associate
with it its corresponding multiset:

{(a1,v1),..., (a, Vo) }, (5)

where a1 4+ -+ -+ ay = m and, for every 1 = 1,..., ¢, v; is a vector of the list
(4) and «; is the number of vectors of (4) equals to v;.

Lemma 4 ([6/, Lemma 4) Let us consider the list of vectors (4) together
with its multiset (5). Suppose that:

i) for every j =1,...,m, w; has, at least, two non null components;
ii) for every j =1,...,¢, |vj| = B, where B is a constant not depending
on j.



Let N; be the greatest integer such that v; has the form v; = N;v; with
v; € N, for every j =1,...,0. If, for every j =1,...,¢,

N; >m(y+1)(k+1),

there exists a uniform code W of m (distinct) words of length  over the
alphabet A such that

Vi=1,...,¢, Card{w e W | Y(w)=v;}) = a. (6)

Moreover every w € W has a prefix of length v(k + 1) + k that cannot be a
factor of any word in uj - - - ui. In particular every w € W is not a factor of
any word in uj - - - uy.

Remark 1 Roughly speaking, Lemma 4 states the following fact. We are
given a distribution of Parikh vectors of words, where all of the words have the
same length and contain at least two distinct letters. Under the assumption
that all the components of every Parikh vector are sufficiently large, one
can construct a uniform length code with the same distribution of Parikh
vectors. Moreover, every word of the code is not a factor of any word of
the set uj---wj. This result will be used for the construction of a regular
language which is commutatively equivalent to an arbitrarily given bounded
semi-linear language contained in uj - - - uj.

3 A geometrical decomposition of a simple
set of N¥

In this section, we introduce a slight refinement of a technique introduced in
[6]. This technique of geometrical nature (inspired to our work [5]) provides
a suitable decomposition of a simple set into the sets of integer points lying
in the interiors of parallelepipeds of dimension lower than or equal to k. Let
B be a simple set of N¥ of dimension m > 0:

B=by+bf+ - +b% ={by+xby+ - +2,b, |2, €N, i=1,...,n},
where the vectors by, by, ..., b,, form the representation of B. Let

(N1 4+ X15 s Now + Xom) (7)



be a tuple where, for every ¢ = 1,...,m, N; and y; are given non-negative
integers. Let {4+, —} be an alphabet of two symbols and let £ be the set

E={(er,....em) |6 €{+,—},i=1,...,m},

of all sequences of length m with elements in the set {+, —}. With every

sequence (€1,...,€6,) € €, we associate the set

B(El,‘..,em) (8)
given by all the vectors bg+x1by+- - -+x,,b,,, where, for every ¢ =1,...,m,
one has:

x; > Ni+x; if ¢ =+,

Observe that, for every (e, ..., en) € £, Blem) is a semi-simple set.
In order to simplify the notation, if, for every ¢ = 1,...,m, ¢, = —, then
the corresponding set B(“»+¢m) will be simply denoted B~. Observe that
B~ is the unique finite set of the family (8). From the fact that the vectors
bg, b1, ..., b,, form the representation of the simple set B, we have:

Lemma 5 The family {B(El"“’em)}(617“,,%)65 gives a partition of B.

Let (€1,...,6n) € E\{(—,—,...,—)}, that is, there exists i, with 1 < i <
m, where ¢; = +. Then there exists a non-negative integer p, depending on
(€1,...,€m), such that the set of indices ¢, with ¢ = 1,...,m is partitioned in
two sets:
ID o =Hi, iy, I = {1, im)y 9)
where
g, =—{=1,....p, €=+, {=p+1,... ,m.

It’s worth to remak that:

o If foreveryi=1,...,m, ¢, =+, then one has I = ;

€1 €Em

e the integer p depends upon the sequence (€1, . . ., €,); in the sequel, if no
ambiguity arises, we will drop the dependency of p from the sequence

(€15 s €m)-



Let us now associate with every index 4, of the set I~ of (9) a remainder

r;, modulo N;,, where all the constants V;, are defined in (7).
Similarly, let us associate with every mdex i¢ of the set I . of (9) a

non-negative integer ¢;, < N;, + x;,, with respect to the constants defined in

(7). We thus obtain a sequence of m constants

(Cil,...,Cip,Tip+1,...,T‘i7rL), (10)
Denote by C,,....,, the set of all sequences (10).
For every sequence (i, ..., Ciy,,Tipp1s---»Tim) € Cepoen, define the simple
set of vectors B(eq, ..., €m, Cirye vy CipsTipiys- -3 Tip) aS:

{bO + Z Clzbu + Z T, +XZ£ i T Z ajiebiz | Liy > 1}' (11)

{=p+1 {=p+1
In the sequel, to shorten the notation, we denote a set of the family (11) as
B(El, ce ,Em,dl, N ,dm),

where it is understood that the sequence of numbers (dy, ..., d,,) is defined
as:

dl - Ci17"'7dp = Cip7 dp+1 == Tip+1 +Xip+17"'7 dm = Tl'm +le

Proposition 3 The sets (11), together with the set B~, give a partition of
B into a finite union of pairwise disjoint semi-simple sets.

Proof. The claim follows immediately from (11) and from the fact that the
vectors by, by, ..., b,, form the representation of B. O

An application of Proposition 3 is shown in Example 1 of the Appendix.
Let us associate with every set B(ey, ..., €n,d1,. .., dy) of (11) the lan-
guage of A*:

L(er, ..., €m,di,....dy) =@(Bler, ... em,di, ..., dn)), (12)

and let L= = ¢(B~). The following result follows immediately from Propo-
sition 2 and Proposition 3.

Proposition 4 The family (12), together with L™, gives a partition of L.

10



4 The construction of the regular language

In this section, we prove Theorem 1. Let L C uj---uj, be a bounded semi-
linear language and let ¢ : N* — u}---u} be the map defined in (2). By
Proposition 2 there exists a semi-simple set B of N* such that ¢(B) = L and
@ is injective on B. In the sequel, we will assume that B is infinite since,
otherwise, Theorem 1 is trivially proved. We give the proof of Theorem 1
by considering the case of a binary alphabet A of two letters a and c¢. This
assumption allows us to strongly simplify the exposition of the proof and, at
same time, shows all the essential aspects of the arguments. In the Appendix,
we will show how to adapt such proof to the case of a finite arbitrary alphabet.

From now on, we will suppose that L is a bounded semi-linear language
such that L = ¢(B) and B is partitioned into a finite family of pairwise
disjoint sets

B=ByUB,U---UB,,

where By is finite and, for every i = 1,...,n, B; is a simple set of dimension
B =by +{b’,.... b}, (13)
where bg), bﬁ”, e ,bgfi) is the representation of B;. The combinatorial struc-

ture of the words that represent, via ¢, the generators of the simple sets B;
of (13) plays a crucial role in our solution. For this reason, we find useful to
adopt the formalism described in the next section.

4.1 An enumeration of the generators of the set B;

Let B;, with ¢ = 1,...,n, be a simple set of the decomposition (13) of B. Let

b(()i), bgi), e ,b,(fi) be the vectors of the representation of B;, where k; > 0 is
the dimension of B;.

From now on, we will fix, once for all, an enumeration of the generators

of B; such that three integers néi), ngi), n(f) € N, are determined according

to the following property:
1. Vﬁzl,...,ng), w(bg)) €at,
2.V 0=1,...,n", go(bgi)) €ct,

3.Vi=1,... ,ngf), gp(béi)) contains at least two distinct letters.

11



If no ambiguity arises, in the sequel, we will denote ng), ng), nSf) by ng, ne, Ny
respectively, dropping the dependency of such numbers from the index 1.

Therefore, we can display the generators of B; as:

.,b@ pl bl

) )
a,ng’ s C,Me

N SCARN (14)

by
where it is understood that:

L.YL=1,...,n, gp(bs)@) €at,

2.V0=1,...,n,, gp(bgé) €ct,

3.Vi=1,...,ng4, go(bgz?z) contains at least two distinct letters.

4.2 Determining the constants N]@

The aim of this section is the following. For every simple set B; of (13), we
want to compute the geometrical decomposition defined in Section 3. For
this purpose, we need to determine a suitable sequence of constants of type
(7). Let ¢ be a non-negative integer and let (c) be the positive integer
defined as A

Ble) =TI, T8, [p(b{)]e,

where, for every ¢ = 1,...,n, and for every 7 = 1,... k;, bgi) is the j-th
generators of the simple set B; of (13). For every i = 1,...,n, and for every
j=1,...,k; let N]@(c) be the number defined as:

¥ = (o) )

The following lemma is immediate.

Lemma 6 Let N;i)(c) be the numbers defined in (15). For everyi=1,...,n,
and for every j = 1,...,k;, one has lap(N](i)(c)b(i))] = 5(c).

J

From now on, in all the rest of the paper, we will assume that c is the
minimum positive integer such that, for every ¢ = 1,...,n, and for every
jzl,...,kii @

N;7(e) > m(y+1)(k+1), (16)

12



where m = ky + - - - + k,, is the sum of the dimensions of the simple sets B;
and + is the fixed constant of Lemma 3. By the sake of simplicity, from now
on, for every i = 1,...,n, the above defined numbers N ;Z)(c) will be denoted

N NP, NS, (17)

and the corresponding number (c) will be denoted 5. Moreover, for every
1=1,...,n, and for every j = 1,...,k;, we set

XY) — Nf)(ki +1)8. (18)

4.3 A coding

Let us describe first the aim of this section. For every simple set B;, with
i =1,...,n, of the decomposition (13), consider the generators whose image,
via the map ¢, are words that contain at least two distinct letters. We want
to codify such vectors with words of a uniform length code.

For this purpose, let B;, with ¢ = 1,...,n, be a simple set of the de-
composition (13) where b(()i)7 bgi), e ,b,(:i) is the representation of B;. Let us
consider the (possibly empty) set of vectors

N$7)1b$?1’ . ,NJ(:,)MbSQM, (19)
where, according to the enumeration (14), for every £ = 1,...,n,, go(bgi?z)

contains at least two distinct letters, and NJ(:)Z denotes the coefficient (17)

associated with bgf?é. Then, if the list above is not empty, we associate with
B; the list of (not necessarily pairwise distinct) words

@(NJ(:,)lb(i?l)ﬂ MR SO(N-E-Z,)n+b$?n+)7
and the list of the corresponding Parikh vectors
GV, o eV, b)), (20)
By performing the latter operation with every simple set B; withi=1,...,n

we construct a list of (not necessarily pairwise distinct) A Parikh vectors with
h<m=k +- - +k,:
Wi, ..., Wp. (21)
Now by (16), the list of Parikh vectors (21) satisfies the hypotheses of
Lemma 4 and thus, by applying this lemma, one gets the following result.

13



Lemma 7 There exists a code W = {wy,...,w,} of h distinct words of
length [ such that, for every j = 1,...,h, ¥(w;) = w;, that is, the Parikh
vector of w; is the vector w; of the list (21). Moreover every w € W has a
prefix of length v(k + 1) + k that cannot be a factor of any word in uj - - - uj.
In particular every w € W is not a factor of any word in uj - - - uj,.

Remark 2 Let w; be a word of the code W.

(i) w; has a prefix of length y(k + 1) + k that cannot be a factor of any word
in uj ---uy. In particular every w; is not a factor of any word in uj - - - uj.

(ii) |w;| = 8.
By the previous lemma, there exists a uniform length code of h distinct

words
Wi, ..., Wh, (22)

where, for every j = 1,...,h, ¥(w;) = w;. Finally we define our desired
coding as the one-to-one correspondence:

NODY, — w.y (23)

that, given a simple set B;, with 1 <1 < n, of the decomposition (13), maps
S:?z of the list (19) into exactly one code word w4 of the

list (22) in such a way that w(go(Nf,)ebg?e)) = (w4 ).

every vector Nf}eb

4.4 Normalization

The aim of this section is the following. By applying the technique of Section
3, we want to decompose the set B according to the combinatorial structure
of the words that represent, via the Ginsburg map ¢, the generators of the
simple sets B; of the decomposition (13).
Let B;, with 1 <i < n, be a simple set of the decomposition (13) and let
us consider the sequence of integers (17):
NO N® . NO

k3

together with the sequence (18):

= N+ 1)8, ¥ = NP (ki + 18, ., X = N (ks +1)8.

14



By Proposition 3, starting from the two sequences above, there exists a finite
family of simple sets B(i, €1, . .., €, d1, ..., dy,) defined by Eq. (11) such that

B B U U 61,...,€ki,d1,...,dki),

ki)

where B, = B; (1+5%) i the set associated with the sequence (—, —,...,—).

Remark 3 The bold number i that appears in B(i, €1, ..., €k, dy, ..., dg,) is
used to emphasize the fact that such set belongs to the partition (11) of B;.

Hence we have:
B=By, u ) (| Bl.e,....e.di,....dy,)).
i=1

Now we simply re-arrange the sets of the partition above of B as:
B=B. UB,UB,.UB,UB,, (24)
where the semi-simple sets B_, B, By ¢, Ba, B, are defined as follows:
1. B =By, U J., B/

2. B, is the union of all the sets B(i, €1, ..., €, dq,. .., dy,) satisfying the
followm% property: there exists ¢ with 1 < ¢ < k; where ¢, = 4+ and
N (@ ) contains at least two distinct letters;

3. B, is the union of all the sets B(i, €y, ..., €k, d1, ..., dy,) satisfying the
following properties:

3.1. there exist two 1ndlces lq and £, with 1 < £,, €. < k; such that
e, = €, = + and p(N;' b(’)) cat, p(N'bY) € ¢t
3.2. no index ¢ exists such that ¢, = + and o(N'b{") contains at

least two distinct letters;

4. B, is the union of all the sets B(i, €1, ..., €, d1,. .., dy,) satisfying the
following property: for every £ = 1,...,k;, such that ¢, = +, then
(b)) € at.

5. B, is the union of all the sets B(i,€q,. .., €k, d1, ..., dy,) satisfying the
following property: for every ¢ = 1,...,k;, such that ¢, = +, then
(b)) € ¢t

15



Let us set

L™= @(Bi)a L+ = @(BJr)a La,c = @(Ba,c)v L, = @(Ba)a L.= SO(BC) (25>
The following result is an immediate corollary of Proposition 2.

Corollary 1 The languages of the family (25) gives a partition of L.

Let
N =max{N" + " : 1<i<n 1<j<k},

be the maximum of the integers defined, for every ¢ = 1,...,n, by (17)
together with (18). If 0 € A and u € A*, denote by |u|, the number of
occurrences of the symbol ¢ in u. Let Max,. be the number defined as

Max, = (1 +kN)max{jp(b{))[.: 1 <i<n, 0<j <k} (26)
From the definition of B,, it follows that
Vue L, |ul. < Max, . (27)
Similarly, if we let Max, be the number defined as
Max, = (1+kN)max{|o(b{)|,: 1 <i <n,0<j <k},  (28)
from the definition of B,, it follows that
Vué€ L, |ul, < Max, . (29)

We finally show that, up to a slight refinement of the decomposition (24) of
the semi-simple B, we can assume that the following property holds

Vuée L., Max. < |ul. (30)

For this purpose, we describe an algorithm that provides the desired decom-
position of B. Let M = Max.. Let B(i,€1,. .., €k, d1, ..., d,) be an arbitrary
simple set of the decomposition of B, and denote it by B. According to (11)
and (18), B can be written as

B:{bo—l-ﬂflbl—i-"'—'—l’mbmle,...,l’mz2ﬂ}, (31)

where by, ...,b,, are vectors of N*_ with m > 1, such that by,...,b,, are
linearly independent and, for every £ =1,...,m, p(by) € ¢*.
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In order to prove (30), it is sufficient to show that, for every set B of
type (31), one has |p(bg)|l. > M. Suppose that, for some of such set B,
lo(bg)|e < M. We can write B as B = By U By, with

,Bl = {b0+bm+$1b1+...—|—xmbm:xl,...,xm Z 26}7

o BQ - {bO + 2ﬁbm + xlbl + -+ Im—lbm—l 0 T S 2ﬁ}

Observe now that, for every u € o(B1)Up(Bs), [¢(bo)|c+]¢(bm)|e < |ul.. By
iterating finitely many times the latter argument, one yields a decomposition

of Bas B= (B)>y U (B)<u, where:

— (B)>u is a finite union of pairwise disjoint simple sets, every one of which
is still in the form (31) and, for every u € ¢((B)>n), M < |ul;
— (B) < is a finite set of vectors.

Replace B with (B)sy and add (set-theoretically) (B)<ys to the set B_ of
the decomposition (24). By applying the argument above to every set B of
the decomposition of B, one yields two new sets (B.)"*") and (B_)M™w),
where o((B.)"")) satisfies (30) and (B_)™") is finite. The required new
decomposition of B is finally obtained by replacing, in the decomposition
(24) of B, B, with (B.)™") and B_ with (B_)"w),

An immediate consequence of Eq. (27) and Eq. (30) is the following result.

Corollary 2 Let L and L} be languages such that L} ~ L, and Ly ~ L..
Then the languages L and LY are disjoint.

4.5 The clusterization of L.

In this section, we will construct a regular language L. such that L/, is
commutatively equivalent to L,. We call such construction clusterization.
We will essentially use a refinement of the technique used in [6].

4.5.1 The definition of L’+

We recall that, according to point (2) of (24), L = ¢(B; ), where By is the
union of all the simple sets B(i, €y, ..., €,,di, ..., dy,) satisfying the following
property: there exists £ with 1 < ¢ < k; where ¢, = + and ¢(V, Z(i)béi)) contains
at least two distinct letters.

Let B(i,€1,. .., €, d1,...,dy,) be asimple set that appears in the decom-
position of B,. For the sake of simplicity, denote it by B. We want now
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to associate with B a regular language L'(i, €1, ..., €, dy,. .., dy,). For this
purpose, it is useful to remind the definition of B. By (11), (17), and (18),
the set B has the form:

ki s
B={by + > dbl’ + > z,N"bP | x;,>1}, (32)
/=1 /=1

where:

e the vectors béi), e >b§c? that appear in (32) form the representation of
B; and k; is the dimension of B;; moreover s > 1;

e there exists at least an index ¢ = 1, ..., k;, such that d;, > Ni(z)(kﬁ—l)ﬁ.

For the sake of simplicity, from now on, we will suppose that i, = ;.
According to the enumeration (14) of the generators of B; defined in

Section 4.1, we can display the generators bgi), e ,b,(c?of B; as:

b,..., b | (33)
b, ... b, 3
b, .. by, (35)

where n,, n.,n, € N and

eV i=1,... ,ny, gp(bgr)z) contains at least two distinct letters;
o VIi=1,...,n, cp(b())ecfr
eVi=1 ... n., go(bgz) € ct.

Thus, by (33), (34), and (35), the formal sum of vectors Y ;_, x;, Ny z)b
that appears in the expression (32) can be rewritten as:

Z ajalé alggbglzzl + Z yClZNC(Z’Lgbiz’Lg + Z z+7l£ +1/)Zzb+ ig? (36)

where we have:

~0<ps<ng 0<p.<ng, 1<py <nyg,
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- N ézg (resp., Nc(ie), N (i)) denotes the coefficient (17) associated with b((j)g

(resp., bg%, bi)é) in the expression (32),

~ Tayys Yei, and zy;, are free variables over Ny . In the sequel, to simplify
the notation, such variables will be denoted by z;,, v;, and z;,, respectively.

Remark 4 Since we are dealing with the set B, one has ny, p; > 1.
Moreover, it is understood that, if p, = 0 or p. = 0, the corresponding sum
in the expression (36) vanishes.

By (36), the set B can be rewritten as:

Pa
{b(l)_‘_ Z xllNa’Lebt(z’Lze_FZ ylé Cig CZZ+Z Z’LEN+ ] +ze7 | Ligy Yigy Ziy Z 1}
=1

(37)
with b(®) = b(()l) + zlzzl dgbé’). By using the coding (23) of Section 4.3, we
associate bijectively with every vector N 0 Zebgf ;, of the list

N+11b+z1?N+12b+12’ T N+7/p+bip+7
a unique code word of the list
Wiy, Wigy -+ vy wim y (38)

where such words are defined in (22). Now let us define the language L as
LY = w;, Lyyws, Laow;, - wi, Lap,,
where:
e 1, is the length of the list (33);

e w;, is the first codeword of (38) and it occurs n, times in L{";

e Forevery j =1,...,n,, weset L,; = (a’)* if the vector b(i). of the list
(33) appears in the sum (36); otherwise it is equal to 14-.

Similarly, let us define the language Lg’) as
Lg) - wilLC,lwi1 LC,Qwil T wil Lc,nc7

where:

19



e 1. is the length of the list (34);
e w;, is the first codeword of (38) and it occurs n, times in L

e For every j =1,...,n,., we set L.; = (c?)* if the vector bg of the list
(34) appears in the sum (36); otherwise it is equal to 14«.
Remark 5 Tt is understood that if n, = 0 (resp. n. = 0), L (resp. L)

vanishes. The interest of the language L((li) relies on the following argument:

every vector NN, ézzibff)” of B is represented univocally by the presence into L

of the factor L,; = (@®)* in the corresponding slot i;. The same remark
holds for L.

Finally we associate with B the regular language L'(i, €y, ..., €, dy, ..., dy,)
defined as: o o
p(bD)w T T ILOL D wf e - (39)

where b® is the vector
b =b{) + (d, — NVk)bY + > dby).
(=1, (i

Example 2 of the Appendix clarifies the construction above.

4.5.2 L'/ is commutatively equivalent to L,

The following lemmas are intermediate steps to prove that L/ is commuta-
tively equivalent to L. Their proofs are very similar to the one presented
in [6]. For the sake of completeness, we report them in the Appendix.

Let B(i,€1,. .., €, d1,...,dy,) be asimple set that appears in the decom-
position of B, and let

L(l, €1,... ,Gk“dl, ce 7dkl) = gO(B(i,Gl, .. -;Ek”db .. 7dk2))

be the image under ¢ of the set B(i, €1, ..., €k, dy, ..., dy,).
Moreover, let L'(i, €1, ..., €k, d1,...,dy,) be the regular language associ-
ated with B(i,€1,...,€,,dy,. .., dy,) defined by the Equation (39).

Lemma 8 L(i,€1,...,€,d1,...,dy,) and L'(i, e, . .. €, dy, ..., dg) are com-
mutatively equivalent.
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Lemma 9 All the languages L' (i, €1, . .., €k, dy, ..., dy,) are pairwise disjoint.

Let L', be the language over A:

L= LGe,... en.di,. .. dy,), (40)
given by the union of all the regular languages defined by the Equation (39).

Theorem 4 The language L', is reqular and it is commutatively equivalent
to Ly. Moreover every word of L' has a suffix of length B that cannot be a
factor of any word of uj - - - uj.
Proof. By definition the language L/, is regular. By Proposition 4, the
languages L(i, €1, ..., €, d1,...,dy,) gives a partition of L. By Lemma 9,
the languages L'(i, €1, ..., €k, dy, ..., dy,) give a partition of L/,. By Lemma
8, every language L'(i,€1,..., €, dy,. .., dy,) is commutatively equivalent to
L(i,ei,... €, dy, ..., dy). Then L', ~ L, follows by Lemma 1.

By definition, every word of L'(i,€1,. .., €k, d1, ..., dy,) ends with a code
word of (38). Such code word has length 5 and cannot be factor of any word
of uj ---uj. (see also Remark 2). O

4.6 The clusterization of L,

In this section, we construct a regular language L;, . which is commutatively
equivalent to L, .. We use a technique very similar to that of Section 4.5.
4.6.1 The definition of L,

We recall that, according to point (3) of (24), Lo = ¢(Ba.), where B,
is the union of all the simple sets B(i, €, ..., €k, d1, ..., dy,) satisfying the
following property:

3.1. there exist two indi'ces'ﬁa and £, With 1 < ly,l. < k; such that €, =
€, =+ and go(NZ)b((g?) cat, @(Né(;)bé?) € cth;

3.2. no index ¢ exists such that ¢, = 4+ and (N, éi)béi)) contains at least two
distinct letters;
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Let B(i,ey,..., €k, dy,...,d,) be a simple set that appears in the decom-
position of B,.. For the sake of simplicity, denote it by B. We want now
to associate with B a regular language L'(i,€1,..., €, dq,. .., dy,). For this
purpose, it is useful to remind the definition of B. By (11), (17), and (18),
the simple set B has the form:

ki s
B={by + > dbl’ + > z,N"bP | z,>1}, (41)
=1 =1
where:
e the vectors b((f), o ,b,(fi) that appear in (41) form the representation of

B; and k; is the dimension of B;; moreover s > 1;

e there exist two indices iy, and 4, with 1 < 4,,,7,, < k; such that

diza = Ni(gla) (kz + 1)6 and dizc > Ni(glj(ki + 1)6

c

For the sake of simplicity, we denote 7,, and i, by 71 and 19, respectively.
According to the enumeration (14) of the generators of B; defined in

Section 4.1, we can display the generators bgi), e ,bl(:i)of B; as:

AT N (42)
bi1 bl (43)
b, b (44)
where n,, n.,n, € N and
e V/i=1,...,n4, go(bﬁ?g) contains at least two distinct letters;

eV /i=1,... ng gp(b[(;)e) €ar,
e V/i=1,...,n, cp(bg) €ct.

Thus, by (42), (43), the formal sum of vectors > ,_, xizNiZ)bgz), that appears
in the expression (41) can be rewritten as:

Pa Pc
Z $a7i£ N(](,:L’?g bg,)u + Z yc,ig N(S,Z’L)g bg2£7 (45>
/=1 /=1
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where we have:
71§pagna7 1§pcgnca

- N 52 and N C(Zg denote the coefficients (17) of bﬁé and of bfjé, respectively,
and z,;, and y.;, are free variables over N.

This implies that the set B can be rewritten as:
] Pa ] Pc )
{b(l) + Z xa,ieNa,iebz(zl,)i[ + Z yc,izNaiebgzg | Tajips Yeip = 1}' (46>
=1 =1

with b® = b(()i) + 3 dgblgi). By using the same argument of the proof of
Lemma 4, we can construct a word w of the following type.

Property 1 The word w fulfills the following properties:
~P(a’c?) = Y (w),

—w = wv, where u and v are words of length B, with u # v, both containing
2 distinct letters,
—u cannot be factor of any word of uj - - - uj.

Now let us define the language Lgi) as:
LY = wlhy wloow - -wlap,, (47)
where:
e n, is the length of the list (42);

e w is the word defined above and it occurs n, times in L

e Forevery j =1,...,n,, weset L, ; = (a”)* if the vector bg)] of the list
(42) appears in the sum (45); otherwise it is equal to 14-.

Similarly, let us define the language Lgi) as:
LY = wLe wLeow---whe,,, (48)
where:
e 1, is the length of the list (43);

e w is the word defined above and it occurs n, times in LY:

23



e For every j =1,...,n,., we set L.; = (¢?)" if the vector bgz of the list
(43) appears in the sum (45); otherwise it is equal to 14-.

Remark 6 Every vector ]\fl-(;‘)bgfv)iZ of B is univocally represented by the pres-

ence into the language LY of the factor Lgq, = (a®)* in the corresponding
slot iy. The same remark holds for L.

Finally we associate with B the regular language L'(i, €1, ..., €k, d1, ..., dg,)
defined as: o -
(b)) kimna=n) O] (D (49)

where b is the vector

ki
b =b{) + (d;,— N\ (ki+1))bY) + (diy— N3 (ki+1))bY) + Y~ deby”.
(=1, (i iz

Example 3 of the Appendix clarifies the construction above.

4.6.2 L, . is commutatively equivalent to L,

The following lemmata are intermediate steps to prove that Lj . is commu-
tatively equivalent to L, .. Their proofs are very similar to those of Lemma
8 and Lemma 9 respectively and therefore they are omitted.

Let B(i,€1,...,€,d1,...,dy,) be a simple set of the decomposition of
B,. and let L(i,€1,... €, dy,...,dy,) = @(B(@,e€1,... €k, di,...,dy,)) be
the image under ¢ of B(i,€1,..., €k, d1, ..., dg,).

Moreover, let L'(i, €1, ..., €k, dy,...,dy,) be the regular language associ-
ated with B(i,€1,..., €, dq,. .., dy,) defined by (49).

Lemma 10 L(i,e€y,...,€,,d1,...,dy,) and L'(i,€q1,... €, dy, ..., dg,) are
commutatively equivalent.

Lemma 11 All the languages L'(i, €y, ... €, d1, ..., dy,) are pairwise dis-
joint.
Let L} . be the language over A:

L'=JLGe,. .. e.di,....dy), (50)

given by the union of all the regular languages defined by the Equation (49).
The proof of the following theorem is based upon Lemma 10 and Lemma 11
and follows the very same scheme of that of Theorem 4; thus it is omitted.
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Theorem 5 The language Ly, . is reqular and it is commutatively equivalent

to Lq.. Moreover every word of Ly, . has a suffix of length 23 that cannot be
a factor of any word of uj - - - uj.

4.7 The clusterization of L, and of L.

Let L, = ¢(B,) and L. = ¢(B.) be the languages defined in Section 4.4.
The aim of this section is to prove the following theorems.

Theorem 6 There exists a reqular language L', which is commutatively equiv-
alent to L,. Every word of L!, ends with a word u of length 23, where (3 is the
constant defined in Section 4.2, and w is a factor of some word of uj - - - uj.

Theorem 7 There exists a reqular language L., which is commutatively equiv-
alent to L.. Every word of L, ends with a word u of length 23, where [3 is the
constant defined in Section 4.2, and w s a factor of some word of uj - - - uy.

We present only the proof of Theorem 6, since the proof of Theorem 7 is
exactly the same. As a general remark, we point out to the reader that the
proof of Theorem 6 will be essentially based upon the main result of [7].

Now, it is useful to remind the definition of L, as well as some of its prop-
erties. According to point (4) of (24), the semi-simple set B, has been defined
as the union of the pairwise disjoint simple sets B(i, €1, ..., €, dy, ..., dy,) of
dimension > 1

{b0+x1bl+"'+xmbm:xlu"'7xm22ﬁ}7 (51>

where by, ...,b,, are vectors of N¥ such that by,...,b,, are linearly inde-
pendent and, for every £ = 1,...,m, ¢(b,) € at. For the sake of simplicity
we still call them (with a minor abuse of terminology) the vectors of the
representation of B(i, ey, ..., €, dy, ..., dg,). It is also useful to remark that,
by (18), the coefficients z1, ..., x,, in (51), are larger than 2.

In particular, by (27), one has:

Vu€ Ly, |ule <Max,, (52)

where Max,. is defined in (26). For the sake of simplicity, we fix once for all
an enumeration of the simple sets B(i, €1, ..., €k, dy,. .., dg,) of the decom-
position of B,. Thus we can denote an arbitrary set of such family as B}
and B, can be written as:

B,=BU---UB% s>1. (53)
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The following fact is easily proved.

Lemma 12 Let B and B be two simple sets of the decomposition (53), and
let by, by,...,b,, and by, by, ..., b,,, be the representations of B and B re-
spectively. Assume that |<,0(b0)|C # |p(bg)|e. Let L and L be two languages
commutatively equivalent to p(B) and to ¢(B), respectively. Then L and L
are disjoint.

Proof. By (51), for every b € B, [p(b)|. = [p(bo)|. and, for every b € B,
lo(b)|c = |@(bg)le. This implies ¢(B) N @(B) = @. Then the claim now
follows from L ~ p(B) and L ~ p(B). O

Remark 7 The reader can easily see that, in the general case of an alphabet
with an arbitrary number of letters, the general version of Lemma 12 consists
in separating the languages not only w.r.t. the number of occurrences of the
letter ¢ but also w.r.t. the numbers of occurrences of all the letters different
from a as well as their relative positions in the word ¢(by).

Let us consider, for every ¢ = 1,...,s, the simple set By of (53) and denote
by t, the number of occurrences of the letter ¢ in the word gp(b(()a)), where
b(()a) is the constant vector of the representation of Bf. From (51) and (52),
it follows that, for every u € ¢(B}), |u|. = t; < Max.. For a given ¢ =
0,...,Max.—1, let B},..., Bf,, be the subsequence of all simple sets By in
the decomp081t10n (53) such that ¢, = t. Define the semi-simple set C} as:

C,=BYU---UB’ (54)

tst7

and let L = o(Cy).

Lemma 13 Assume that, for everyt =0, ..., Maz.—1, there exists a reqular
language Ly* which is commutatively equivalent to LY. Then there exists a
reqular language L which is commutatively equivalent to L.

Proof. By (53) and (54), one has B, = [J;"¢" " C} so that L, = ¢(B,) =

iw o ! L{. Moreover, by Proposition 2, the sets L{ are pairwise dlsjoint.
Let us consider the regular language L/ = iVI 'ézc_l L. Observe now that

the languages L;*, with 0 < ¢ < Max,, are pairwise disjoint. Indeed, this
follows by applying Lemma 12, and taking into account that, for every ¢t =
0,...,Max. — 1, L}* ~ Lf. The claim follows by applying Lemma 1. O

For Lemma 13, to prove Theorem 6, it is enough to show the following.
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Theorem 8 Lett be a fixed integer with 0 < t < Maz, — 1. There exists a
reqular language L such that the following two conditions hold:

(i) L'® is commutatively equivalent to L};

(ii) Every word of L'® ends with a word of length 23, where [3 is the constant
defined in Section 4.2, which is a factor of some word of uj - - - uj.

In the sequel, we will assume that ¢ > 1. Indeed, if ¢ = 0, the language L is
obviously regular and nothing has to be proved.
In order to prove Theorem 8, let us show some preliminary results on the

structure of the language L{. By (54), one has that L = [Ji, L{;, where

ijl,...,st, L;]:w(Bg])' (55)
The following lemma holds.

Lemma 14 Let Lj;, with j = 1,...,s;, be a language of (55). There exist

a word v; and a non-negative integer m; such that:

Ly, C a*ca*cajrc- - ca’ v, (56)
m;—times

where

—v; 18 a word of length 23, where B is the constant defined in Section 4.2,
and it is a factor of some word of uy - - uy;

— the number m; of occurrences of the symbol c in the right-side bounded
expression of (56) is such that t =m; + |v;..

Proof. Let Bf; be the simple set such that L ; = ¢(Bf;) and let b, by, ..., by,
be the representation of Bf;. For every i = 1,...,m, let b; = (b, ..., bi)
and let r; be the largest index ¢, with 1 < ¢ < k, such that b, > 0. Let

R = maxj<;<m, ;. Then, for every b € B{;, we get

b = (bo1 + > 5y Zubn1, -, bor + Y51 Zrbrr, bort1, Dort2, - - -, Dok),

so that

_boit+>opq Thbpt bor+>_n—1 Thbrr  bor+1 bomr+2 bok
¢(b) = u, T Up Upyr Upyo « - Up -

Since Bf; has the form (51), we have rp > 28 and up € a™, which implies
that the word v; = a25u%’fflul§’f§2 --ul is a suffix of ¢(b). The proof is
complete. 0
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Let U be the set obtained by collecting all the words v;, with j =1,..., s;.
Let u € U and denote by m, the corresponding number of occurrences of ¢
that appears in the rightside expression of (56). Let

LY urs s L, (57)
be the subsequence of all the languages Ly ;, with j = 1,...,s; such that the
corresponding word v; is u. Moreover, set Ly, = L, U---UL{, o .

Lemma 15 Assume that, for every u € U, there exists a regular language

Li, such that L%, is commutatively equivalent to L, and

L%, Ca*ca*ca’c---ca’u.
’ ~"~
my, —times

Then there exists a regular language L)* which is commutatively equivalent
to LY. Moreover, every word of Li* ends with a word of length 25, which is
a factor of some word of uj - - uj.

Proof. Let us consider the regular language Ly = J, o, Lf%,. Observe now
that, since all the words of & have the same length 273, if uq, us are distinct
words of U, L%, N Ly, = . Since L is partitioned as Ly = J, oy Liw,
Ly ~ L¢ follows from the latter and the hypothesis, by applying Lemma 1.
Moreover, by construction, every word of L)* ends with some word u of U,

which is a factor of some word of uj - - - uj. O

By Lemma 15, it is enough to prove Theorem 8 with respect to the family
of languages (57). Thus, let us fix, once for all, a word u in U/ and let

Blyis... BE (58)

) tu,Sy?

be the subsequence of the simple sets Bf, , of (54) such that, for every lan-
guage L?, , of (57), p(Bf,,) = L{, , Let us consider the map

¢ : N — a*ca*ca*ca* - - - a*ca”,
TV
t—times

from N'*! into the language a*ca*ca*ca® - --a*ca*, where the symbol ¢ oc-
curs t times in the bounded expression above, defined as: for every v =
(1, ve41) € N G(v) = D(v1, ... v041) = a”ca®?c- - - ca’*+'. By defini-
tion, the map @ is injective on its domain N**!. Given a vector v of Ni*!,
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the weight of v is the number |v| = vy + - -+ + v441. Given two vectors b and
b’ of N**1 then one immediately checks

bl = [b'| = ¥(&(b)) = ¥(&(b)). (59)
The proof of the following result is postponed in the Appendix.

Proposition 5 For every simple set Btug, with 1 < ¢ < s,, there exists
a szmple set Bt,u,é of N1 such that o( uu,g) = @(Bf,.,) and @ is injective
on Btue Moreover, there exists a vector b, € N1 such that, for every
(=1,...,s,, the set Efw has the form

a t—my,
tuﬁ_DtuEXO +bu7
where D“ we 18 a simple set of Nmetl

Proposition 6 There exists a semi-simple set @“u of N1 where {5(6{‘“) =
L¢, and @ is injective on @“u Moreover, there exists a vector b, € N1 such
that 6,% has the form @au = Eﬁu X 0~ + b, where Efu is a semi-simple
set of N1,

Proof. By applying Proposition 5, for every ¢ = 1,...,s;, there exists a
simple set BY .0 of N1 such that gp(BfM) gp(BfM) Let C7, = UsLy Bfys
Observe now that the sets B“ g, for 1 < ¢ < s, are pairwise dlSJOlnt This
immediately comes from the latter and the fact that the languages (B ,.0)s
with 1 < £ < s, are pairwise disjoint. Finally, one checks that @ is injective
on C’“ Indeed, let by, by € C’t’u, with @(b;) = @(by). If by,by € B,
with 1 < ¢ < s, then the claim follows from Proposition 5. If by € Bt 0
and by € Bf,, ,, with £ # ¢, then the claim follows from the fact that the
languages @(Bfu g) with 1 < ¢ < s, are pairwise disjoint. The second part
of the claim follows from the second part of the claim of Proposition 5. O

By Proposition 6, there exists a semi-simple set @“u of N**! such that
{5(@“”) = L{, and égu has the form @“u = Eﬁu x 0'~™ + b, where Ef}u is
a semi-simple set of N™uT1, R

By Theorem 1 of [7] applied to the semi-simple set Ef, of N™* there

exists a recognizable semi-simple set £/ of N™*1 which is commutatively

equivalent to Eﬁu This is equivalent to say that:
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1) Et’au is a finite union of pairwise disjoint simple sets of N™«*1 of the form
vo + {vi,...,v,}¥ where r > 0! and, for every ¢ = 1,...,r, exactly one
component of v, is not null and different vectors v,, with 1 < ¢ < r, have a

different non-null component;
2) there exists a bijection f : Eﬁu — E;au between Efu and E;au such that,

for every v € Et“u, lf (V)] = |v].

Let us now consider the subset of N'*! @'au = Eg“u x 0™ 4+ b,. One

easily checks that 6{“ is a recognizable set of N**1 and 6{“ is commutatively

U U

equivalent to ét“u Let us set Ly, = {5(6{“”) The following result holds.

Lemma 16 L°

t% 1s a regular language and every word of Ly, ends with the
word u.

t,u

Proof. We have L{’, = @(égau), where @“u = E{“u x 0t~ + b,. Since E{“u
is a semi-simple recognizable set of N™u*1 @’au is a finite union of pairwise
disjoint simple sets of the form B’ x 0'~™x 4 b,, where B’ is a simple recog-
nizable subset of N™«!, Therefore it is enough to prove the claim for every
one of such set B’ x 0~™« + b,,.

Let B' = vg + {vy,...,v,}®, where vg,vy,..., v, are the vectors of the
representation of B’. Assume first that » > 1. Denote v;; the j-th-component
of the vector v;, with 0 <7 <rand 1 <7 <m,+ 1. Remind that, for every
1=1,...,r, exactly one component of v; is not null. We can assume that the
unique non null component of v; is the i-th component v;;, withi=1,...,r,
the other cases being completely similar. By the latter, the arbitrary vector
of B" x 0t=™« 4+ b,, is written as

v = (vo1 + V11, -« -, Vop + Tp0, 0,0,...,0) + by, x1,...,2. > 0.

My +1—7
Since, by Eq. (71), one has b, = (0,0,...,0,0q,...,a,41), with n = |u.,

n
and the numbers «; are such that v = a* ca*c---ca® ca®+', the image
D i« 5 — V01 HTIVIL L g VOr T Urr .
under the map @ of v is ¢(v) = a c---ca cc - Cu.
Mmy+1—7

Hence the image under the map @ of the set B’ x 0°~™« + b, is the regular
language a*(a"*)*c---ca” (a’")* cc- - - cu.

——

My+1—7

it is understood that if » = 0, the corresponding set of generators is empty
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The case r = 0 is similarly treated. This completes the proof. O

Now we show that the regular language L{’, = (ﬁ(@“u) allows us to com-
plete the proof of Theorem 8.

Proof of Theorem 8: Let L}, = @(@“u) be the language defined above. By
Lemma 16, L)%, is regular and every word of L}*, ends with the word u. Thus,

U t,u
in order to complete the proof, we need to show that L, is commutatively

equivalent to Lf,. Since @“u and @“u are commutatively equivalent, there

exists a bijection f : Cf, — C}4, from Cf, onto Cf%, such that, for every v

€ 6fu, |f(¥)] = [v]. Let v € L{,,. By Proposition 6, there exists exactly one
vector b € @“u with v = @(b). If we consider the image of b under the map
f we have |b| = |f(b)|, and, by (59), one gets

(@(b)) = ¥(v) = »(@(f(b))). (60)

By Proposition 6, o~ : L, — @“u is a bijection from L{ , onto éfu Taking
into account that f is a bijection from @“u onto Cf%,, and ¢ : Cf%, — L, is
a bijection from C% onto L%, one has that the map ¢~'fo : L{, — L{,

is a bijection from L{, onto Li’,. Moreover, by (60), such maps preserve the
Parikh vectors. This concludes the proof. O

4.8 Proof of Theorem 1

Let us consider the regular languages L', L;, ., L, and L; defined by Theo-
rem 4, Theorem 5, Theorem 6, and Theorem 7, respectively. The following
lemma is instrumental for the proof of Theorem 1. Its proof is a technical
consequence of the results proved in the previous sections and is postponed
in the Appendix.

!
a,c’

Lemma 17 The languages L', L. ., L, and L, are pairwise disjoint.

We are now able to prove our main result.

Proof of Theorem 1: Let L = ¢(B) be a bounded semi-linear language
contained in uj---u; and described, via the map ¢, by a semi-simple set
B. If B is finite the claim is trivial. Assume that B is not finite and apply
to B the algorithm described in the previous sections. By Corollary 1, one
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gets the decomposition (25) L = L_U Ly UL,.U L, U L. of L into semi-
linear languages. By Theorem 4, Theorem 5, Theorem 6, and Theorem
7, respectively, there exist regular languages L', L, ., Ly, and L; such that

L' ~Ly, L, .~ Lqc, L,~ Ly, and L, ~ L.. By Lemma 17, the languages

L', L., L, and L, are pairwise disjoint, so that, by Lemma 1, we have
LyUL, UL, UL, ~ L', UL, UL, UL By Lemma 2, there exists a finite
set of words L’ such that the languages L = L_ UL, UL, UL, U L. and
L ul, UL, UL,U L, are commutatively equivalent. Finally, we observe

that every step of the construction of L’ is effective. O
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Appendix

Proof of lemma 8: Denote B(i, €y, ..., €,,d,...,dy,) by B. Moreover de-
note the language L(i, €y, ..., €,,dy,...,dx,) by £ and the regular language
L'(i,er,... €, dy,...,dg,) by L. Let w € L. By Proposition 2 there ex-
ists exactly one vector v . € B such that u = ¢(v). Obviously one has
v € B. Hence, by (37), there exists exactly one tuple of positive integers
Tigy oy Tiggs Yirr s Yiper Zivr s Zip, > such that

V_b+ Z l‘lﬁ aw alg_’_z yli C’L[ cze_’_z Z’L/N—f—l[bS_ZZ) (6]->
/=1

with b = b(()i + Z’;;l dgbg . Let us consider the map f: L — L' such
that, for every u € L,

fu) = gp(g)w(fifnrncuaucwzlwf; P

21 Zp+7

where

e b=by + (& — N k)bl + S5, ., dby

7»1

o u, = w;byw;by---w; by, is the word of Lai defined by the sequence
Tiy, ..., T4, , in the proper way: for every j =1,...,ng:

ij{ 1 ifj:i.é’

14« otherwise.
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o u. = w; byw; by ---w; b, is the word of Lgi) defined by the sequence
Yiy» - - -+ Yip, in the proper way: for every j =1,...,n.:

b — cPYi if § =1y,
| 14+ otherwise.

It is easily checked that f is well defined as a map from £ to £. Our

main task is to prove that f is a bijection from £ to £’ that preserves the

Parikh vectors of words of £. Let us prove that f is a bijection from L to

L'. From the definition of f, it is easily checked that f is a surjective map.

Let us prove that f is injective. Consider another word u' € £ and assume

f(u) = f(u'). As before, there exists exactly one tuple of positive integers
/

/ / / ! / .
Tisee s @y s Yies Vi s “,...,zi“,such that v’ = (v') where:

11?

V _b+ Z mu a,ty az£+z yu c,ip C”L£+Z Z,L[NJFZ[bS_)ZZ
(=1

/
~ .
Then f(u') = @(b)w; "~ ”"uaucw“ w wip:, where 1/, and u/, are deter-
, , . o
mined by the sequences z;,, ... . and Yirs- - - Yi respectively, similarly

to u, and u.. From the equality f(u ) f(u'), one has

!

/ z,
21,22 g _ 2 P+
UgUcW; Wiy -+ wip+ - uaucwzl Wiy = wz‘er )
which immediately implies
R o o o o ) o
Tiy = xila te 7xlpa - xipa’ Yiy = yi17 tee 7yzpc - yipc’ Rip = zilv to 7le+ - zip+'

Hence v .= v’ and thus v = «’. Thus f is injective on L. Finally, from

the definition of £ and L', one easily verifies that, for every u € L, ¢(u) =
¥(f(u)). This concludes the proof. O

Proof of Lemma 9: By contradiction, assume that there exist two languages
Li=L'(i,er,... €,dr,...,dy;) and L = L'(j,61,...,0;,€1,...,¢ex;) such
that £; N L, # (. Let us denote by B; the set B(i,ei,... e, d1, ..., dx,)
associated with the language £.. By (37), B; is the set:

Pa
{b(l)_'_z xzzNazebgzz+Z yu (N clz+z ZzeN+ iy +u ‘ Ligs Yigs =i 2 1}'

(=1
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Similarly, denote B; the set B(j,61,...,0k;,€1,...,€x;) associated with the
language L. By (37), B; is the set:

Py A 8
{b(])_’_ Z xieNavjebEz],j)j—f_Z yjeNC,jebg])'[f_Z ZjeN'i‘vjebgi,)je | Tjos Yier Zje = 1}'
(=1 (=1 (=1

By hypothesis, there exists u € £; N L}. We want to prove that B; = B;,
which is a contradiction. Since u € L}, by (39), we have:

_ (@)Y, ,,(ki—ne—nc) Ziy ) Rig Zip,y
U = Sp(b )wil uaucwil wig wip+ ) (62)

where

o b =by + (dy — N k)b + S, ., deby,

11

e, €LY u, L
® ZiyseoosZiy,, 058 tuple of integers > 1.

Similarly, since u € L, by (39), we have:

— B(j) (kj—nl—nl) 1 1 %5 Zjy v, 63
u = (b7, HaletWyy Wyp™ =W, (63)

where

- . ‘ , . ,
o b = b(()]) + (e _N](f)kj)b(‘]) + Z/:L (45 efbéj)?

J1

° u; c L(J) u/ c L(J)7

a C C
® Zi,... ,zl’»p/ , is a tuple of integers > 1.
+
Let
_ . (ki—na—nc) Ziy , Fig Fipy
Ui = wy; UaUewy W) * - - w;
and /
(kj—ng—nL) 1 Z;‘l ;'2 Zip-»-
J— a c . . .
Uj = wy, U, W, W, W,

Let us first show that |U;] = |U;|. Indeed, assume |U;| < |U;| (the other
case is treated similarly). Since all the words appearing in U; and U; have
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the same length [, the latter implies that w;, is a suffix of ¢(b;). Since
o(b;) € u}---u} and since (cf Remark 2) w;, cannot be a factor of any word
of uj---uj, one gets a contradiction. Hence |U;| = |U;|. The latter implies
that N _

Ui =Uj, @(b:) =¢(by).
From ¢(b;) = @(Bj), since by, Ej € B and ¢ is injective on B, one has

This implies that B; and B; come from the same simple set B; of the partition
of B, and hence we get

/

/
kl = k]) na = na,? nC = nc)

so yielding wgﬂ'*n“*nc) = wj(-fj ~"a7") From the latter, since all the words
appearing in U; and U; have the same length 8 and all the words of wj;,

contain at least two distinct letters, one has

/
u, =, (65)
/
U = u,, (66)
and
!
iy, Fi2 ipy %y, %o Zipg-
i Wiy Wy = Wt (67)

From (67), since we are dealing with code words, one has p; = p/, and, for
every £ =1,...,py, wy, = wj, and 2;, = 2} . Hence, by using the coding (23)
of Section 4.3, one has:

_ D@ A
Ve=1,....p. NOb@ —NIBY (68)
From (65) and n, = n/, one has p, = p/, and, by Remark 5, one has:
_ D@ _ arG)O)
Vi=1,...,p. NOb¥ = NI (69)
Similarly, from (66) and n. = n’,, one has p. = p.. and,
_ (QINO . (1, &)
Ve=1,....pc i, N;'bg;, =v;,N;'bli. (70)

Finally, from (64), (68), (69), and (70), it follows that B; = B;, a contradic-
tion. The proof of the lemma is complete. O
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Proof of Lemma 17: Let us prove that L', N L)  # (. By contradiction,
assume that there exists a word w with v € L N L;,.. Since u € L', by
the definition of L’ , there exists a language £; = L'(i, €1, ..., €, d1, ..., d,)
defined by (39) such that u € £]. Hence, u is written in the form:

Zi

1.(; ki—ng—mn Z; 2
u = gp(b(ﬂ)w( @ a C)uaucwil’bl wi;Q e W

P+ .
i ip, where:

T i i i k; i
- bl = bé) + (di1 - Ni(l)ki>b§1) + 25:1, 041 dfbg)v
~u, € LY, v, e LY,

~ Zigy s iy, s 18 A tuple of integers > 1.

Similarly, since u € L., by the definition of L!_, there exists a language

L= 1L'(j,61,...,0k,€1,...,ex) defined by (49) such that u € L. Hence, u
is written in the form:

u = (b@)wki—ma=mey! u' 1, where:

b0 = b7 (e, = NG (kD)) (e, = N (hy+1)B) + 302 g, erby’.
~u, e LY, v, e LY,

— w satisfies Property 1 of Section 4.6.1.

By comparing the latter two factorizations of u, and by using the very same
argument of the proof of Lemma 9, one gets o(b(®) = p(bW), k; = k;,n, =
mg, and n. = m.. Thus one obtains the equation

(ki_na _nc)
11

Zip,
ipy

w Wouew, w2 - w, T = wkiTna eyl y/a,

Since |w| = 2/ and |w;,| = 3, either w = w? or w = w;a”. By Property 1

of Section 4.6.1, the latter two factorizations are not possible for w. Hence
L.nL, =0.

Let us prove that L, N L, = (). By Theorem 6 and Theorem 7, the regular
languages L/ and L! are commutatively equivalent to L, and L., respectively.
The claim follows by applying Corollary 2.

Now let us prove that, for every o € A, L, N L', = 0. By contradiction,
assume that there exists a word v € L/, N L, with o0 € A. Since v € L'_, by
Theorem 4, v has a suffix of length 5 that cannot be a factor of any word of
uj -+ - up. On the opposite, since v € L’ | by Theorem 6 or Theorem 7, v has
a suffix of length 23 which is a factor of a word of uj - - - u;. This implies the
result. The same argument shows that, for every o € A, L. N L, = 0. O
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4.9 The proof of Proposition 5

Recall that, by (57) and (58), for every £ = 1,...,s,, L¢,, = @(B,,)
Consider any word w in L, ,. With every occurrence of the letter a in the
word w we assign a positive integer £ < t + 1, called a-index ¢ in w, defined
as follows:

e if there exists an r, with 1 <r <t — 1, such that the position in w of
the occurrence of a is on the right of the r-th occurrence of ¢ and on
the left of the of r + 1-th occurrence of ¢, then we set £ = r + 1;

e if the position of the occurrence of a is on the right of the ¢-th occurrence
of ¢, then we set £ =t +1;

e if the position of the occurrence of a is on the left of the first occurrence
of ¢, then we set £ = 1.

Since the proof of Proposition 5 is rather technical, Example 4 of the Ap-
pendix will clarify all the steps of the proof. For the sake of simplicity,
denote by B a set Bf,, of the decomposition (58). Assume that B =
{bo+z1b1+ -+ zuby 2, >1, 1 <l <m}. Nowlet zy,...,2, > 1 be
given, and let the word w defined by w = ¢(bg + z1b; + - - - + x,,b,,,), where
¢ : N¥ — 3 - -} is the Ginsburg map defined in (2). Observe that by the
definition of the Ginsburg map:

_boit+d g zpbay boj+> 1 Thbnj bor+>_ ey Thbnk
prng ul s U o uk; .

w J

boj+> ne1 Thbrj bOjuﬂﬁlbu . Tmbmj

Now for every j = 1,...,k, we have u; ; ;
Given a vector b;, with 1 < i < m, of the representation of B, we say that

uj"b” is the factor of w corresponding to the j-th component of x;b;.

Lemma 18 Let b; = (bi1,...,by) with 1 < i < m. For every non-zero
component b;; of b;, with 1 < 5 < k, there exists an r, with 1 <r <t+1
such that, for every x1,...,x, > 1, if w = @(bg + z1by + - - - + x,,by,), then
the a-index in w of every occurrence of a in the factor of w corresponding to
the j-th component of the vector x;b; has always the value r.

Proof. Let b; = (b1, ..., bi), with 1 <1i < m, and a non-zero component b;;

of b;, with 1 < 5 < k be fixed. Then either there exists a greatest index j,
with 1 < jp < k such that:
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— |ujo|c > 0, and bOjo 7& 0,
7]- > j07

or no such index exists.
Then we claim that:

— in the first case the required value 7 is 327° | |upe bon + 1,
— in the second case the required value r is 1.

Let w = ¢(bg + z1by + + -+ + ,,by,), with xq1,..., 2, > 1. Then, in case
the index jy exists, the last ¢ occurring in w before any occurrence of a in
u;”b” is the last occurrence of ¢ in u?gjo and one immediately checks that such
occurrence is the (r — 1)-th occurrence of ¢. In the second case there are no
occurrences of ¢ on the left of ufibij in w as no component of by generates
it. O

As shown by the previous lemma, for every vector b;, with 1 < i < m,
for every component b;; of b;, with 1 < j < k, and for every x; € N, with
x; > 0, the a-index in w of every occurrence of a in ujibij has a value which
depends only on the component b;;. Therefore, by a minor terminological
abuse, we call this value the a-index of the component b;;.

Proof of Proposition 5: Let ¢ € N be fixed. For every vector b;, with
1 <i<m, we let T;, be the set of all indexes h, with 1 < h < k, such that
the component b;, has a-index ¢. Now we define the vector b; as follows:

A~ ~

Bi = (bi17 R bit+1)7

where, for £=1,...,t+ 1, by = > ner., binlun|. We define the vector by as:

B0 = (/b\Oly s 7/b\0t+1)7

where, for £ = 1,...,t+ 1, by is the number of the occurrences of a in ¢(bg)
with a-index ¢ in ¢(by).

Finally we define B as B = {bg + x1by + -+ + &by 1 21, ..., 2 > 1},
Now we want to prove the following claim:
Claim. {5(60 + xlgl + -t xmgm) = @(bg + x1b; + - - - + z,,b,,), for every
T1yeooy Ty > 1.

Let us denote by w the word ¢(bg+z1b1+- - -+x,,b,,). To prove the claim,
consider any vector x;b;, with 1 < i <m, with z;b; = (x;b;1, ..., z;bi). Let
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the a-index ¢ be fixed, with 1 < ¢ < t+1. By Lemma 18, for every component
by, with a-index ¢, the word u;” i%h contributes a string of a of length x;b;p |up|
to its a-index. Therefore the contribution of vector z;b; to the a-index £ in w
is given by Zhg—g x;bin|un|. On the other hand, by is by definition equal to

ZheT[ bin|up| and therefore SEwa contributes ZheTZ x;bin|up| to the a-index
¢. The claim follows. o

From the claim it is immediate that 3(B) = ¢(B), and since ¢ is injective
on B then { is injective on B. Tt is moreover clear that B is a simple set.

Let us prove the second part of the statement of the proposition. We first
do the following remarks on the vectors b; defined above:

1) for every ¢ = 1,...,m, and for every j = m, + 2,...,t + 1, the j-th-
component of the vector b; is null. This immediately follows from that fact
that ¢(B{, ) is a subset of the product g*ca’ca’c- - - ca’ u, where m, is the

Vv
My —times

number occurrences of the letter ¢ in the left side part of such product and

t = |ul. + m,. For every i = 1,...,m, let us define the vectors of N1
as b; = (b1, .., bim,11). Observe that b; = (b;,0,0,...,0), and that the
————
t—my,

vectors lA)i, with ¢ = 1,...,m, are obviously linearly independent in N™u«*+1,
2) let u = a“ca®c---ca® ca®+' be the factorization of u, with n = |u|. and
a1,...,any1 > 0. Since Lf, , = $(B) and the previous point (1), one has
that in the vector bo, bOm 11 > Q11 and, for every j =my, +2,...,t + 1,
boj = Oé]

Let bo be the vector of N™*! defined as bo (601, . ,/l;()mu,/b\()muﬂ —aq),
and define the vector b,, of N‘*! as

b, = (0,0,...,0,a1,..., Q1) (71)
Observe that the definition of the vector b, depends only from u and not
from the simple set B. Moreover, observe that BO = (Bo, 0,0,...,0) + b,.
tf
Set ﬁ = {Bo + ZL’lgl —f-

b ..., T, > 1}. By construction, D is
a simple set of N™«*! and D

+
E X Ot "mu +b,. The proof is complete. O
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Remark 8 The reader may wonder how Proposition 5 can be proved with-
out showing that the number m of the generators of B is no greater than
t 4+ 1. Indeed the bound m < ¢t + 1 is implicit in the hypothesis that ¢ is
injective on B. However, such bound can be proved in a direct way.

Extension of Theorem 1

We now sketch the proof of the extension of Theorem 1 to a general alphabet
A = {ay,...,as} with s > 3 letters. Let L be a bounded language of A*
such that L = ¢(B), where B is a semi-simple set. By using the algorithm
of Section 4.4, we construct a partition of semi-simple sets of B:

B=B_UB,UCU |J;_, Ba,: (1)
where the sets of (1) are defined as follows:
1. B_ is a finite set of vectors;

2. B, is a finite union of pairwise disjoint simple sets of dimension > 1,
every one of each satisfies the following property: if by, by, ..., b,, form the
representation of the simple set, there exists ¢ with 1 < ¢ < m where ¢(by)
contains at least two distinct letters;

3. (' is a finite union of pairwise disjoint simple sets of dimension > 1, every
one of each satisfies the following property. Let a;,, ..., a;, be distincts letters
with ¢ > 2. If by, by, ..., b, form the representation of the simple set, for
every £ = 1,...,m, ¢(bg) is a non-trivial power of some a;;; moreover, no
index ¢ exists such that 1 < ¢ < m and ¢(b,) contains at least two distinct
letters;

4. Let a; be a letter of A. Then B, is a finite union of pairwise disjoint simple
sets of dimension > 1, every one of each satisfies the following property:
if bg,by,...,b,, form the representation of the simple set, for every ¢ =
1,....,m, o(by) € al.

Finally, let L_, L, Lc and, for every i = 1,...,s, L,, be the image under
the map ¢ of the sets of the decomposition (1). Then one has:

L=L_ ULy U Lc U ;| Lg,. (2)

Moreover, up to a slight refinement of the decomposition (2), we may suppose
that, for every i, 7 with 1 <i # j <'s, one has:

Vu€ Ly, V€ Ly, ula, <[v]a- (3)
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Now we describe the construction of the regular languages which are com-
mutatively equivalent to the languages of the decomposition (2). By using
the technique of Section 4.5, we construct a regular language L/ such that
L' ~ Ly. Similarly, by using the technique of Section 4.7, for every letter
a;, with 1 <7 <'s, we construct a regular language L/, such that L, ~ L,.

Let us describe the construction of the regular language Li commuta-
tively equivalent to Lo. For this purpose, let B be an arbitrary simple
set of the decomposition of C' and let by, by,...,b,, be the vectors of its
representation. By hypothesis, we may suppose that ¢(by),...,¢(b,,) €
of,...,0b;),...,p(b,,) € o, where o1,...,0, are distinct letters of A,
with £ > 2. In the case of two letters oy, 09, we associate with B the regular
language

w(g(i))w(ki_”al _nag)Lgil) Lg;)w7 (4)

of the Eq. (49) where ngl) and LSIQ are defined by the Eq. (47). In the case
of three or more letters, the regular language associated with B is defined
similarly as:

@(B(i))w(ki—(nal+n02+"'+n04))L‘(Ti1)L(i)L(i) . Lffﬁw, (5)

o2 o3

where, for every 57 = 1,...,¢, the language ijj) is defined as in (47) and
it codifies the vectors of the representation of B whose images, under the
map ¢, are powers of the letter o;. By following the very same argument of
Lemma 11, one can prove that the languages (4) and (5) are pairwise disjoint.
Finally the regular language L is defined as the union of all the languages
(4) and (5) associated with the simple sets B of the decomposition of C. Let
us define the regular language L' as

LI'=L, UL, ulU_L,. (6)

The languages of the decomposition (6) of L' are pairwise disjoint. Indeed,
by (3) and by Corollary 2, the languages L;, , with 1 < i < s, are pairwise
disjoint. Moreover, since the definitions of the languages of the decomposition
(6) of L are exactly the same given in Section 4, the same argument of Lemma
17 allows to prove the claim.

Hence, by Lemma 1, L' is commutatively equivalent to Ly U Le U J;_; L.
By Lemma 2, there exists a finite set of words L’ such that the languages L

and L’ U L' are commutatively equivalent. This completes the proof.

Examples
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Example 1 Let B = {z1b; +23b, : 21, 25 € N} be a simple set of N*¥ & > 2,
where by = 0, b; and by, form the representation of B. Let Ny =2, Ny =3
and x; = y2 = 0. One has B = B~ U B(H U BH-) U B where:

B~ :{Clb1+02b220§C1 <2, 0<c <3},

B(i’Jr) = {Clbl + z9bg 1 0 < ¢ < 2, x9 > 3}7

B(Jr’i) = {l’lbl + by 0 <y < 3, x1 > 2},

B(+’+) = {xlbl + x2b2 - 2 2,1’2 Z 3}

For (e1,€) = (+,+), B is partitioned into the family of 6 simple sets
of the form B(+,+,71,79) = {(r1b1 + m2bs) + 2x1by + 3x5by @ z1, 29 > 1},
where 0 <r; <2, 0<ry < 3.

For (e1,6) = (—,+), B™F) is partitioned into the family given by 3
simple sets of the form B(—,+,0,73) = {roby + 323bs : 25 > 1}, together
with 3 sets of the form B(—, +,1,79) = {by + rsbs + 3z2bs : 29 > 1}, where
0 S o < 3.

Example 2 Let us consider the simple set B; of dimension k; = 8 whose
representation is given by the vectors: by, by, by, bs, by, bs, bg, br, bs.
We suppose that:
Vi=1,...,4, go(bg) ECL+;
V=56, o(by) € c*;
V¢ =17,8, ¢(by) contains at least two distinct letters.
Thus the list above is written as: by, by 1,ba2, ba3, bas,be1,be2, by, by,
so that n, =4, n. =2, ny =2.

Let B = B(i, +,+,+,+,—, =, +,+, dl, dg, d3, d4, d5, dﬁ, d7, dg) be the simple
set of the decomposition of By defined in (37) and given by all the vectors:

b+ 21Ny 1ba1 + 22Ng2ba2 + 23Nu3b 3 + 24Ny abga + 21N 1by 1 +22N4 2by o,
where 24,2, > 1 and b = by + 23:1 d;by. We can rewrite b as:
bo+da,1ba,1 +da2ba2+da3be3+deabaa+de1be+deobeo+dy 1by 1 +dy 2by .

Observe that, by the definition of B, d;; > 9N, 1/5. The regular language
associated with B is ¢(b)w?LOLPwiw] (cf Eq. (39)) where:

— w; and wy are the words of W associated with N, 1b, 1, Ny ob, o respec-
tively:

- LY = wi(@?)Fwn(@?) Fwn (@) Fun (o)

- LY = w;

~ b is the vector obtained from b by replacing dyy with (dy; — 8N4 ).
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Example 3 Let B; be the simple set of Example 2. Consider the simple set
B=DB(i,—-,+,—+,+,+,—,—, €1, €2, €3, €4, €5, €, €7, eg) of the decomposition of
B, . defined as in (46):

{b+ 22Ng2ba2 + 24Ny abaa + y1 Neiben + y2Neabeo | 2o, ye > 1},
where b = b, + 22:1 e/by. We can rewrite b as:
b +e€4,1bq,1 +€4,2ba2+€4,3be3+€q.4bga+e€c1be1 +ecobea+eq 1by 1 +eq 2by o,

Observe that, by the definition of B, e, 2 > 9N, 20 and e.; > 9N, ;8. Then
the regular language associated with B is gp(g)wQLg)Lg)w, where:

—w is a word of A* satisfying Property 1 of Section 4.6;

~ LY = ww(a®) fww(a’)t;

_ Lgi) = w(c?)tw(c?)T;

— b is the vector obtained from b by replacing e, with (e,2 — 9N, 2) and
ec1 with (e.; — 9N, 1), respectively.

Example 4 Assume k = 7 and let u; = a?, us = acaa, us = a, us = C,
us = a’, ug = ¢, and uy = a®. We find useful to emphasize in bold the
occurrences of the symbol ¢ in the factorizations of words. In the word
uuduzugusuguy = aaacaaacaaaca’ca?, for instance, the first 3 occurrences
of a have a-index 1, the subsequent 3 occurrences of a have a-index 2, while
the last 2 occurrences of a have a-index 5. Let us consider the simple set of
N7 B = by + {by, by }¥ where by = (0,2,0,1,7,1,2), by = (2,0,0,0,0,0,0),
and by = (2,0,1,0,0,0,0). Then, for every z,y € N, by + xby + yby =
(2x 4+ 2y,2,y,1,7,1,2), so that p(by + zb; + yby) = u?w+2yu§u3u4ugu6u7

a4£+4yacaaacaaayca ca®. Observe that, with respect to the vector by, the
a-index of every occurrence of a in uyb21 = a" (resp., ul’® = ay) is always
1 (resp., 3). Observe that ¢(B) C a’ca”ca’u, where u = ca ca?. Let B be
the simple set of N° given by B =by+ {bl,bg} . with by = (1 3,2,7,2),
b, = (4,0,0,0,0), and by = (4,0,1,0,0). The reader can check that @(E) =
©(B) with respect to the map @ : N> — a*ca*ca*ca*ca*. Finally observe
that B can be written as B = D x 02 + b., vy\helf b, = (0, 0,0,7, 2) and D

is the simple set of N3 given by D = /BO + {Bl,BQ}@, where /BO = (1,3,2),
b; = (4,0,0), by = (4,0, 1).
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