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Abstract— In high-brightness electron linear accelerators
(LINACs), the particle bunch length is measured by a radio fre-
quency deflector (RFD). The electron bunch is deflected vertically
toward a screen and its length can be obtained using vertical spot
size measurements after a proper calibration, e.g., measuring
the vertical bunch centroid while varying the deflecting voltage
phase. The energy parameters of the bunch (the energy chirp
and the energy spread) and the correlation between particle
positions, divergences, and energies contribute to the bunch
vertical dimension at the screen position after the RFD and so
far were considered as a source of systematic errors in a bunch
length measurement. The measurement theory and production
model for bunch length, energy spread and chirp, as well as
correlations are described. As usual in particle accelerators
physics, the method is validated using numerical simulations of
state-of-the-art LINACs with a reference simulation code showing
a typical accuracy in the few percent levels.

Index Terms— Electron accelerators, high energy physics
instrumentation computing, instruments, linear particle acceler-
ator, particle beam measurements.

I. INTRODUCTION

IN HIGH-BRIGHTNESS electron linear accelerators
(LINACs), the bunch length is measured very often by

means of an indirect and disruptive method based on a radio
frequency deflector (RFD) [1]. RFD provides a transverse
kick to the electron bunch, introducing a relationship between
the bunch length and the transverse footprint (spot size) at
a screen placed after the RFD [2]. Spot size measurements
are quite common (and easily doable) in LINACs, but one
of the reasons of the enormous spread of this technique is
the possibility of a self-calibration by measuring the deviation
of the bunch centroid induced by varying the beam arrival
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time at the RFD (i.e., the deflecting voltage phase) [3]. This
method allows to measure the length of ultrashort electron
beams down to a few femtoseconds [4], and the combination of
an RFD with a dispersive element (e.g., dipole magnet) allows
the measurement of the longitudinal beam phase space [5].

Most of the high brightness of LINACs that are nowadays
undergoing a worldwide research and development effort can
be roughly divided into three classes. The first kind concerns
gamma ray source based on the Compton effect, where a
high-brightness electron beam collides with high intensity
photon beam [6]. The short (ps-scale) electron bunches must
have a tight pointing stability as well as small energy spread
and chirp. Transverse wakefields, responsible of jitters in the
beam transverse position at the collision point, directly affect
the correlations between particle positions and divergences.
The second class concerns modern free electron laser (FEL)
injector where the beam is hundreds of femtosecond long
(to achieve tens of kiloampere peak currents) and the energy
spread must be extremely small, at the few ‰ level. Another
kind of high-brightness LINACs are plasma based acceler-
ators [7] where the extremely high accelerating field could
allow orders of magnitude reduction in accelerator dimensions.
In the actual prototypes of those machines, ultrashort (tens of
femtoseconds) bunches are affected by huge energy spread
and chirps, nowadays limiting their performances, and they
need to be carefully measured. Since RFDs are very com-
mon in high-brightness LINACs [8]–[10] due to their very
high resolutions, as state-of-the-art methods [11], however,
an extended metrological theory behind this measurement
method, capable of highlighting all the terms affecting the
bunch length measurement, is still missing. The standard
technique is based on the assumptions of negligible energy
spread and/or correlation between particle longitudinal posi-
tions and energies (namely, energy chirp) and/or correlations
between particle positions, divergence, and energies at the
RFD location. These parameters affect the vertical spot size
at the measurement screen [12].

In this article, it is proposed an original RFD-based mea-
surement method of the energy chirp and spread, as well as
of the correlations among vertical and longitudinal positions,
vertical positions and energies, vertical divergences and lon-
gitudinal positions, and vertical divergences and energies of
the particles within the electron bunch. The main advantage
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Fig. 1. Overview of the measurement technique with (a) RFD OFF and
(b) RFD ON for a bunch traveling from left to right: σy0 is the vertical
dimension of the bunch at the RFD center, L is the distance between the
RFD center and the screen, Vt is the deflecting voltage amplitude, σt0 is the
bunch length, and σys ,OFF and σys are the vertical spot sizes at the screen
when the RFD is OFF and ON, respectively [22].

of the results is to measure the energy spread, energy chirp,
and the bunch length using only the RFD without the need
of a subsequent dispersive section. Such idea can have a
highly beneficial effect in the design of novel, compact,
high gradient accelerators where the diagnostics for measur-
ing single bunch and bunch train should also be squeezed
[13]–[15], maintaining the high performance to achieve suit-
able brightness beams [16], [17]. The case studies cover para-
meter range relevant for the state-of-the-art LINACs discussed
earlier. The Compton source case study is the gamma beam
source (GBS) being built in the context of extreme light
infrastructure to study nuclear physics (ELI-NP) [18]. The
GBS at ELI-NP is meant to be an advanced source of up
to 20-MeV gamma rays (tunable between 1 and 20 MeV) to
cover a broad range of science: frontier fundamental physics,
new nuclear physics and astrophysics as well as applications
in nuclear materials, radioactive waste management, material
science, and life sciences [19]. For the other two classes,
namely FELs and plasma accelerators, the parameters chosen
for the four case studies (two cases for each kind of machine)
are typical in most of the designs [20].

In Section II, the theory behind this measurement technique
is treated and the vertical spot size at the screen placed after
the RFD is assessed analytically, without assumptions on the
bunch parameters at the RFD entrance. In Section III, the pro-
posed measurement technique is stated formally, by defin-
ing the underlying theory and the measurement production
model for each measurand. In Section IV, results are vali-
dated according to standards used in accelerator engineering,
i.e., with reference tracking codes certified against measure-
ments in several operating LINACs; the electron generation
and tracking (ELEGANT) code [21] is used.

II. THEORETICAL ANALYSIS

Fig. 1 shows an overview of the measurement technique; the
beam with a spot size σy0 and length σt0 is sent through the
RFD. When the RFD is switched OFF (RFD-OFF), the three
slices remain centered on the beam axis, and the beam size
at the measurement screen σys ,OFF depends on the beam
divergence and on the length L [see Fig. 1(a)]. When the
deflecting voltage is applied (RFD-ON), the colored slices
receive a vertical kick (because of the deflecting field) with
opposite sign, whereas the white one travels unperturbed since

it is at the field zero crossing. Therefore, the spot size at the
screen σys depends not only on the beam divergence at the
entrance of the RFD but also on the bunch length σt0 as well
as on the deflecting voltage [see Fig. 1(b)] [22].

A vertically deflecting RFD is assumed in this article;
it is the most common situation since it is practically always
used in combination with a horizontal dipole magnet to allow
conventional longitudinal phase space measurements.

In this section, the model of the RFD is presented and the
particle vertical divergence change due to the RFD is eval-
uated [see Section (II-A)]. Then, in Sections II-B and II-C,
the vertical bunch centroid and spot size at the screen are
assessed, respectively.

A. Particle Vertical Divergence Change and RFD Coefficient

An RFD of length LRFD is modeled as an LRFD/2-long
drift space, a point-like vertical kick, and another LRFD/2-long
drift space [4]. The model neglects the energy chirp and
energy spread induced to the bunch by the RFD. Actually,
the transverse magnetic TM-like deflecting mode of the cavity
has a nonzero derivative of the longitudinal electric field on
axis [23]. The vertical kick produces a sudden variation in
the particle vertical divergence �y �

0 (the bunch parameters at
the RFD center are indicated with the subscript 0). Therefore,
a particle, while going through the active RFD, experiences
a vertical deflecting voltage due to the electric field of the
cavity, changing the particle directions. The vertical divergence
change depends on the deflecting voltage

V (z0) = Vt sin(kz0 + ϕ), (1)

where z0 is the position of the particle along the beam axis
assuming the origin in the RFD center, k = 2π fRF/c is the
angular wavenumber, fRF, Vt , and ϕ are the deflecting voltage
frequency, amplitude, and phase, respectively, and c is the
speed of light. The bunch length is usually much smaller than
the RF wavelength (i.e., kz0 � 1) and, therefore, the variation
of the particle vertical divergence can be written as

�y �
0(z0) = q

p0c
V (z0) ≈ CRFD0[kz0 cos(ϕ) + sin(ϕ)] (2)

where CRFD0 = qVt/(p0c) is the RFD coefficient, q is the
electron charge, and p0 is the particle momentum at the
RFD center [24]. In the ultrarelativistic regime, the RFD
coefficient is

CRFD0 ≈ qVt/E0 (3)

where E0 is the particle energy at the RFD center. In this
article, �. . . � stands for averaging a quantity over all the
particles in the bunch. CRFD0 can be approximated at the first
order around the bunch average energy �E0�, thus

CRFD0 ≈ qVt

�E0� (1 − δ0) = CRFD0a(1 − δ0) (4)

where δ = (E − �E�)/�E� and CRFD0a = qVt/�E0�. The
average of CRFD0 can be calculated using (4)

�CRFD0� ≈
〈

Vt

�E0� (1 − δ0)

〉
= Vt

�E0� = CRFD0a. (5)

Authorized licensed use limited to: Universita degli Studi di Roma La Sapienza. Downloaded on December 05,2020 at 07:09:18 UTC from IEEE Xplore.  Restrictions apply. 



SABATO et al.: MEASUREMENT METHOD BASED ON RF DEFLECTOR FOR PARTICLE BUNCH LONGITUDINAL PARAMETERS 8000109

B. Vertical Bunch Centroid

A particle traveling through the RFD is subject to the
deflecting voltage, modeled as a vertical kicker at the RFD
center [see (2)]. For this reason, the particle vertical divergence
becomes y �

0 + �y �
0 and the equations of the particle vertical

motion from the RFD center to the screen are{
ys = y0 + L

(
y �

0 + �y �
0

)
y �

s = y �
0 + �y �

0

(6)

where L is the distance between the RFD center and the
screen, and ys and y �

s are the particle vertical position and
divergence at the screen, respectively, with the RFD active.

The vertical bunch centroid at the screen, Cys = �ys�, can be
assessed from (2), (5), and (6), assuming the incoming electron
bunch travels on axis (Cy0 = �y0� = 0 m) and parallel to the
accelerator axis (Cy�

0
= �y �

0� = 0 rad) itself

Cys (ϕ) = LCRFD0a sin(ϕ) − LCRFD0a2π fRFσt0δ0 cos(ϕ) (7)

where σt0δ0 is the energy chirp. For ϕ ≈ 0 and ϕ ≈ π , the ver-
tical bunch centroid varies linearly with the deflecting voltage
phase and the energy chirp gives a constant contribution
[22], [25], that is

Cys (ϕ ≈ 0) ≈ LCRFD0aϕ − LCRFD0a2π fRFσt0δ0

Cys (ϕ ≈ π) ≈ LCRFD0a(π − ϕ) + LCRFD0a2π fRFσt0δ0 . (8)

C. Vertical Spot Size

Keeping only the first-order approximation and considering
high-energy electron bunches with low energy spread, the ver-
tical spot size at the screen can be assessed as [25]

σ 2
ys

(ϕ) = σ 2
ys ,OFF + K 2

cal(ϕ)σ 2
t0 − K 2

cal(ϕ)

π fRF
tan(ϕ)σt0δ0

+ K 2
cal(ϕ)

(2π fRF)2 tan2(ϕ)σ 2
δ0

+2Kcal(ϕ)
(
σy0t0 +Lσy�

0t0

)+
− 2

Kcal(ϕ)

2π fRF
tan(ϕ)

(
σy0δ0 + Lσy�

0δ0

)
, (9)

where σys ,OFF is the vertical spot size at the screen with the
RFD switched OFF [26], σt0 the bunch length expressed in
seconds, σy0t0 and σy�

0t0 are the covariances between particle
vertical positions and longitudinal positions and between par-
ticle vertical divergences and longitudinal positions, respec-
tively, σy0δ0 and σy�

0δ0
are the covariances between particle

vertical positions and energies and between particle vertical
divergences and energies (the elements (3, 6) and (4, 6) of the
bunch matrix [27]), respectively, and Kcal(ϕ) is the calibration
factor, which is defined as

Kcal(ϕ) = 2π fRF LCRFD0a cos(ϕ) = Kcal cos(ϕ). (10)

Sometimes, it can be useful to write the covariance in terms
of correlation coefficients (i.e., σi j = ri j σiσ j ) to quantify
how two quantities are correlated (i.e., |ri j | = 0 implies no
correlation at all, while if |ri j | = 1, the variables i and j are
strongly correlated).

Comparing (8) with (10), under the same assumption used
in (8), the relationship between the vertical bunch centroid and
the calibration factor is [3]

Kcal = 2π fRF
dCys

dϕ
. (11)

Measuring the vertical bunch centroid while varying the
deflecting voltage phase in a small range around the voltage
zero crossing (i.e., ϕ = 0 rad and ϕ = πrad), the derivative
dCys /dϕ can be calculated as the slope p of the bunch
centroid versus the RFD phase ϕ. Therefore, the calibration
factor can be directly calculated by measuring the bunch
centroid positions at the measurement screen for different
values of the deflecting phase, knowing only the deflecting
voltage frequency. Namely, the measurements can be self-
calibrated [3], without measuring directly CRFD0a from (4).
In the typical RF system used in LINACs (dealing with tens
of megawatt power), the direct measurement of Vt is affected
by poor accuracy (mainly due to directional couplers used in
practice), and thus, (4) is never exploited to compute CRFD0a.
As pointed out in Section I, such a self-calibration is a key
feature of this technique.

III. NEW MEASUREMENT METHODS

In this section, two measurement methods for energy chirp and
spread (see Section III-A) and correlations between particle
positions, divergences, and energies (see Section III-B) are
stated.

A. Energy Chirp and Spread

In the following, the theory behind the measurement
method is introduced (see Section III-A1). Then, the steps
of the model of measurement production are detailed (see
Section III-A2) [28].

1) Theory: The fifth and the sixth terms of (9) can be
canceled by averaging between σ 2

ys
(ϕ) and σ 2

ys
(ϕ + π).

Furthermore, considering a small range of the deflecting
voltage phase around the voltage zero crossing, it is possible
to write

A2(ϕi ) = σ 2
ys

(ϕi ) + σ 2
ys

(ϕi + π)

2

= σ 2
ys ,OFF + K 2

cal

[
σ 2

t0 − σt0δ0

π fRF
ϕi + σ 2

δ0

(2π fRF)2 ϕ2
i

]

= p3 + p2ϕi + p1ϕ
2 (12)

for each i -measurement. The third and the fourth terms of (12)
are the contributions of the energy chirp and spread to the
vertical spot size at the measurement screen with the RFD
active. They are sources of deterministic errors in the bunch
length measurements [22] and are typically calibrated away
with independent measurements of σδ0 and σt0δ0 . On the other
hand, these contributions can be used to measure the energy
chirp and spread from vertical spot size measurements versus
the deflecting voltage phase. In particular, (12) is a quadratic
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Fig. 2. Model of measurement production for energy spread, energy chirp,
and bunch length [28].

polynomial of the variable ϕi . The energy spread, the energy
chirp, and the bunch length can be calculated as

σδ0,m = √
p1

2π fRF

Kcal
(13)

σt0δ0,m = −p2
2π fRF

2K 2
cal

, and σt0,m =
√

p3 − σ 2
ys ,OFF

Kcal
(14)

where p1, p2, and p3 are the coefficients of the polynomial
fits defined in (13) and (14). Some further considerations
from (12) can be made. First, in the vertical spot size,
the first term should be non-dominant with respect to the
other terms, because the other terms contain information about
the measurands: the bunch length (i.e., σt0,m), energy chirp
(i.e., σt0δ0,m ), and energy spread (i.e., σδ0.m). With this aim,
Kcal can be increased (namely, the distance between the
RFD and the screen and/or the deflecting voltage amplitude)
and σys ,OFF can be decreased, by means of vertical focusing
quadrupoles placed before the RFD. Moreover, the second,
the third, and the fourth term of (12) should have individually
a non-negligible impact on vertical spot size. These contribu-
tions include the same coefficient K 2

cal; therefore, for a fixed
deflecting voltage frequency, the variations of the distance
between the RFD and the screen, and/or the deflecting voltage
amplitude, do not alter the contribution of each term to the
vertical spot size. The proposed measurement method can be
applied only when the measurands give a non-negligible con-
tribution to the vertical spot size, i.e., for bunch with suitable
properties in terms of length, energy chirp, and energy spread.
When the energy spread contribution is negligible [fourth
terms in (12)], A2(ϕ) becomes a straight line in function of
the deflecting voltage phase (examples given in Section IV).

2) Model of Measurement Production: The previous theory
suggests a measurement method based on the RFD not only for
the bunch length (standard approach) but also for the energy
chirp and spread. The bunch length measurement model,
shown in Fig. 2, is first based on the measurements of the
spot size at the screen when the RFD is off-line (i.e., obtain-
ing σys,OFF ). Later, by switching ON the RFD, the vertical
bunch centroid and spot size at the screen can be measured
for different values of the RFD phase ϕi [i.e., obtaining
Cys (ϕi ), σys (ϕi ), and σys (ϕi + π)]. As a second step (data

processing), the calibration factor Kcal is computed with (11);
thus applying (12), also, the coefficients p1, p2, and p3
are computed by means of a polynomial fit. As a last step,
using (13) and (14), the measured energy spread (σδ0,m ),
energy chirp (σt0δ0,m ), and bunch length (σt0,m) are obtained.

The presented model requires new steps of data acquisition
and elaboration with respect to the standard method of the
bunch length measurement [22]. First, different vertical spot
size measurements are needed, in order to cancel the contri-
butions due to the correlations among positions, divergences,
and energies at the RFD entrance. Second, a polynomial fit
of the squared values of the vertical spot size at the screen
varying the RFD phase is required.

B. Correlations Between Particle Positions,
Divergences, and Energies

In this section, the measurement method for the correla-
tions between particle positions, divergences, and energies
is exposed [29]. First, the underlying theory is explained
(Section III-B1). Later, the model of measurement production
is described (Section III-B2).

1) Theory: As reported in [12], the contributions given by
the correlations between particle positions, divergences, and
energies at RFD entrance [through an average between σ 2

ys
(ϕ)

and σ 2
ys

(ϕ+π) as shown in (12)] can be corrected. On the other
hand, the variations of the squared value of vertical spot size
due to these correlations can be used to measure them. The
idea relies on the following property; for the deflecting voltage
phases ϕ and ϕ + π , all the terms of σ 2

ys
(9) do not change

their signs and values, but the correlation contributions change
their sign. Therefore, the correlation terms can be isolated by
taking the differences of the squared values of the vertical spot
size at the screen around the two zero-crossing phases (using
the approximation of a small phase ϕ around 0 rad)

corl0v0(ϕ) = σ 2
ys

(ϕ) − σ 2
ys

(ϕ + π)

2

= 2Kcalcort0v0 − 2
Kcal

2π fRF
corδ0v0ϕ

= qcor + pcorϕ (15)

where

cort0v0 = σy0t0 + Lσy�
0t0 and corδ0v0 = σy0δ0 + Lσy�

0δ0
. (16)

The information about the correlations can be found with a
linear fit of corl0v0(ϕ); thus, the measured values are

corδ0v0,m = −π fRF

Kcal
pcor and cort0v0,m = qcor

2Kcal
. (17)

2) Model of Measurement Production: The model of mea-
surement production for the correlation terms is shown
in Fig. 3. The model relies on measurement and data process-
ing. The first stage consists of the measurements of the vertical
bunch centroid position and spot size at the screen for different
values of the deflecting voltage phase ϕi (close to the zero
crossing), obtaining Cys (ϕi ), σys (ϕi ), and σys (ϕi + π). After-
ward, one can compute the calibration factor Kcal from (11),
the coefficients pcor and qcor as well as evaluate the correlation
terms corδ0v0,m and cort0v0,m from (17).
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TABLE I

VIRTUAL MEASUREMENT PARAMETERS AND RESULTS

Fig. 3. Model of measurement production for correlation terms between the
longitudinal and vertical planes [29].

IV. NUMERICAL RESULTS

The case studies concern different kinds of high-brightness
electron LINACs for radiation sources, very relevant in
the worldwide research and development effort on novel
particle accelerators. Some peculiar examples of Compton
sources in Section IV-A, FEL injectors in Section IV-B, and
plasma based accelerators in Section IV-C are discussed. These
three machines use electron bunches with different values of
σt0 , σδ0 , and σt0δ0 . In Section IV-D, the proposed measurement
model production of the correlation terms is applied to a case
study. The Compton source case study is the GBS LINAC,
and the parameters used in the numerical studies are obtained
from the start-to-end simulations used in the design of the
machine [18]. For the other two cases (i.e., FELs and plasma
accelerators), two different sets of bunch properties meaningful
for a large number of machines are presented.

The bunch longitudinal parameters (i.e., σt0 , σδ0 , and σt0δ0 )
are reported in Table I as well as the foreseen measurement
results (i.e., σt0,m , σδ0,m , and σt0δ0,m). For reader convenience,
a column with the relative percentage deterministic error for
each quantity X with measured value Xm has been added
(i.e., EXm = 100 · |X − Xm |/X); the values have been
truncated to improve readability.

The RFD deflector parameters used in the simulations
(Vt = 1 MV and fRF = 2.856 GHz) are extremely con-
ventional and they can be achieved by most of the high-
brightness LINACs nowadays in operation. The distance of
the measurement screen from the RFD is L = 1.138 m, and
the beam energy is �E0� = 118 MeV; those values are the ones
used in GBS and they have been kept constant also in the other
examples because they are quite common and reasonable.

It is worth noting that the variation of the rms vertical spot
size needed in all the case studies is in the order of few
tens of micrometers and it may require advanced diagnostic
tools. The beam vertical dimension on the measurement screen

can be increased: 1) in percentage, using a better magnetic
optics when the RFD is switched OFF (to decrease σys,OFF ) and
2) in absolute terms, increasing the deflecting voltage ampli-
tude and/or the distance between the RFD and the measure-
ment screen (to increase Kcal).

A bunch composed of 50,000 macroparticles (with a total
charge of 250 pC for the GBS case, 100 pC in the FEL cases,
and 10 pC for the plasma cases) was tracked by ELEGANT
through the RFD up to the measurement screen. The bunch is
traveling on axis (Cy0 = 0 m and Cy�

0
= 0 rad).

The use of state-of-the-art tracking codes as metrological
reference is a standard procedure in particle accelerator design
and engineering, both in a single system (as done in this
article) and as the particle accelerator layout as a whole.
ELEGANT code is well established and it has been, through
years, validated against a huge number of different practical
cases; nowadays, it is exploited in the LINACs design as
well as commissioning. Moreover, ELEGANT simulations are
considered so reliable that are also used to detect measure-
ment artifacts, especially in the accelerator commissioning
or development. Such approach is mandatory in complex
particle accelerator systems where particularly challenging
beam conditions can be accessed only when the accelerator
is built (e.g., GBS).

A. Compton Sources—Gamma Beam Source

In the GBS injector, a 250 pC beam of a nominal bunch
length of 1 ps with few ‰ energy spread is delivered to the
interaction chamber (a laser beam circulator [30]) to collide
with the laser photons. In the case study, the used beam
parameter values (first row of Table I) are results of start-
to-end simulations of the whole LINAC before the RFD,
according to [18] and, therefore, they are representative of
a real beam. Fig. 4 shows the longitudinal phase space, while
the bunch length, energy chirp, and energy spread are given
in Table I.

In this case study, the energy chirp contribution to the verti-
cal spot size is significant, while the energy spread contribution
is negligible. Thus, only the energy chirp can be measured by
means of the proposed measurement method, i.e., through a
linear fit of the vertical spot size versus the deflecting voltage
phase, as shown in Table I.

The vertical bunch centroid and spot size measurements,
while varying the deflecting voltage phase, are shown
in Fig. 5(a) and (b), respectively. The centroid variation with
respect to the RFD phase can be used to compute Kcal
from (11). The uncertainty on Kcal as well as the measured
energy chirp and bunch length is only due to the linear fit.
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Fig. 4. Longitudinal trace space at RFD entrance (σt0 = 0.9118 ps,
σδ0 = 6.054 · 10−3, and σt0δ0 = 5.329 fs). The beam transverse parameters
at the RFD entrance are: σy0 = 346.4 μm, σy�

0
= 57.57 μrad, and σy0 y�

0
=

−19.86 nm. All those values are obtained by start-to-end simulations for the
GBS machine.

Fig. 5. (a) Vertical bunch centroids and (b) spot sizes at the screen versus ϕi .
Simulated data reported as stars and linear fit as solid line. The centroids are
taken around the two RFD voltage zero crossings (ϕi around 0 and π ); from
the linear fit, one could measure the calibration constant, getting |Kcal| =
(172.95 ± 0.15) μm/ps. The second line shows σys and σ 2

ys around the first
RFD voltage zero crossing (ϕi between −10◦ and 10◦). The rms spot size
when the RFD is switched OFF is σys,OFF = 281 μm.

The approximation of a constant calibration factor in the RFD
phase range leads to a relative error less than 1.5% and thus
negligible with respect to the theoretical calibration factor (10).

Since the energy spread contribution is negligible, the
squared value of the vertical spot size is linear (12) over
the deflecting voltage phase range [see the left of Fig. 5(b)].
The averages of the squared values of vertical spot size at the
screen are not affected by significant inaccuracy because the
correlations between the vertical and longitudinal planes are
weak [see the right of Fig. 5(b)].

B. Free Electron Laser Sources

The second case study concerns two extreme cases of
LINAC used as injector for FELs. Case I is a 250 fs long
bunch with a moderate energy spread and a strong energy chirp
(correlation factor rt0δ0 = −0.8). Similar, i.e., energy-chirped,
high-brightness electron beams have been used for single-spike

Fig. 6. Longitudinal trace space at RFD entrance. The first row concerns
the FEL injector (a) case I and (b) case II. The second row concerns plasma
accelerator (c) case I and (d) case II. The beam longitudinal beam parameters
are given in Table I.

FEL radiation [31], [32]. The longitudinal phase space at the
RFD entrance is given in Fig. 6(a), where the negative value of
the energy chirp is clear. Case II deals with novel ideas being
discussed in the scientific community on future FEL injectors,
aiming to a much higher beam current (in the few kiloampere
range) than conventional FELs. If those currents are reached
while keeping a small energy spread (e.g., half of the one
considered in case I), ultrahigh brightness can be reached.
This implies a strong reduction in the length using undulator
magnets, which are nowadays limiting the compactness of
FELs. A positive strong chirps, with a high correlation factor
rt0δ0 = 0.9, is considered [longitudinal phase space at the RFD
entrance is given in Fig. 6(b)]. The spot size variation at the
measurement screen when the RFD is switched ON is quite
relevant (50% for case I). In Table I, the second and third
rows report the estimations of the longitudinal parameters and
the relative errors. In the second example, the error of the
measured energy spread is larger than the first case, because
the contribution of the bunch length term to the vertical spot
size is larger, but the contribution of the energy spread term
does not increase (9).

C. Plasma Based Particle Accelerators

Plasma based particle accelerators are undergoing an intense
development. The huge accelerating fields (three orders
of magnitude larger than conventional RF field used in
accelerators) require a high degree of control of the beam
parameters to reach the same stability and reliability of con-
ventional accelerators. At the moment, several solutions are
being investigated [33], ranging from laser- to particle-driven
accelerators. The two case studies reported in this section
are representative of two typical cases. Case I concerns with
about 100 fs beam and 1% energy spread, compatible with
particle driven solutions, whereas Case II investigates ultra-
short bunches (10 fs), with big energy spreads (4%) similar to
laser-driven experiments. Both the cases exhibit quite strong
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Fig. 7. (a) Particle vertical positions versus longitudinal positions with
ry0t0 = 0.12 (left) and particle energies with ry0δ0 = 0.11 (right). (b) Particle
vertical divergences versus longitudinal positions with ry�

0t0
= 0.29 (left)

and particle energies with ry�
0δ0

= 0.28 (right). All the data are virtually
measured at the RFD entrance, being σy0 = 348.8 μm, σy�

0
= 60.15 μrad,

and σy0 y�
0

= −19.15 nm.

energy chirps (correlation coefficient almost 1), a so typical
situation in plasma accelerator that specific solutions are being
addressed [34]. Longitudinal phase spaces of the beam at the
RFD entrance are shown in Fig. 6(c) and (d) for cases I and II,
respectively. Table I reports the specific numerical values.
Applying the proposed technique, the percentage variation of
the rms vertical spot size at the screen is again about 50%
when the RFD is switched ON. Table I reports the expected
measured values, as well as the relative measurement error.

D. Measurements of the Correlation Among Particle
Positions, Divergences, and Energies

As abovementioned, the proposed measurement method can
be applied only if the correlation terms give a not negligible
contribution to the vertical spot size measurements [see (9)].
Therefore, this points out a threshold for carrying out the
measurement method with acceptable accuracy. The contri-
bution of the correlation terms on the vertical spot size at
the measurement screen can become negligible in the case
of longer bunches. In this respect, the analysis is restricted
to the most challenging case study with the longest bunches,
namely the GBS. In the following, the simulation conditions
(Section IV-D1) and the measurements of the correlation terms
(Section IV-D2) are illustrated.

1) Simulation Conditions: The correlations between particle
positions, divergences, and energies are unwanted effects,
possibly caused by misalignments, position jitters, field imper-
fections, and so on. The considered correlations could be
caused by a 2 mm misalignment of the first accelerating
section and the focusing (quadrupole) magnet upstream of
the RFD; such a misalignment is within the design tolerance
of the machine. Fig. 7 reports the relevant trace spaces
obtained by a start-to-end simulation of the whole machine

TABLE II

VIRTUAL MEASUREMENT AND DATA PROCESSING
RESULTS FROM (11) AND (17)

Fig. 8. Vertical spot size at the screen over the deflecting voltage range
of (a) −10◦ to 10◦ and (b) 170◦–190◦. Simulated data in blue stars and
theoretical values (9) in solid line.

(i.e., upstream the RFD) considering the misalignments; the
proposed measurement technique aims to estimate the corre-
lations by measuring spot sizes of RFD deflected beam at the
measurement screen.

2) Measurements of the Correlation Terms: Applying the
model of the measurement production to the case study,
the virtual measurement and the data processing results are
reported in Table II. The approximation of a constant calibra-
tion factor (calculated from vertical centroid measurements) in
the RFD phase range leads to a negligible relative error com-
pared with the theoretical calibration factor. The uncertainty
on the correlations terms is only due to the linear fits.

The vertical bunch centroid measured while varying the
deflecting voltage phase shows the same slope of the case with-
out misalignment. The differences between Fig. 8(a) and (b)
are caused by the significant correlation contributions to the
vertical spot size at the screen.

From these results and Fig. 5, the requirements on the
resolution of the optical system using to image the beam foot-
print on an acquisition camera can be assessed and compared
with the optical issues for the diagnostic stations [35], [36].
Weaker correlations imply smaller correlation terms (i.e., small
variations of the vertical spot size at the screen) and, therefore,
they require better resolution.

V. CONCLUSION

In this article, a method for measuring the longitudinal
bunch parameters, as well as the correlations between particle
positions, divergences, and energies, is proposed. The theory
of the RFD-based measurement was extended to quantify
the effect of energy chirp and correlation terms, by opening
the way to define two models of measurement production of
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those quantities. The possibility of measuring energy spread
and chirps by means of only the RFD is particularly interesting
for novel high-brightness LINACs. To assess the validity and
accuracy of the method, the result of a virtual measurement
campaign carried out by a tracking code used in the design and
commissioning of modern particle accelerators (ELEGANT)
is reported. The case studies covered all the kinds of LINACs
being designed or operated as radiation sources (i.e., Compton
sources and FELs), as well as LINACs designed to exploit the
plasma acceleration. In all those cases, the relative error of the
measured energy chirp, obtained using the proposed technique,
is around 5%. In the case of GBS, when strong correlations
due to machine misalignment may be present, relative errors
of the correlation term measurements are below 1%.
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