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ABSTRACT. It has been shown that in characteristic zero the generators
of the minimal supervarieties of finite basic rank belong to the class of
minimal superalgebras introduced by Giambruno and Zaicev in 2003.
In the present paper the complete list of minimal supervarieties gener-
ated by minimal superalgebras whose maximal semisimple homogeneous
subalgebra is the sum of three graded simple algebras is provided. As a
consequence, we negatively answer the question of whether any minimal

superalgebra generates a minimal supervariety.
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1. INTRODUCTION

Let F' be a field of characteristic zero. A quantitative measure of the
polynomial identities satisfied by an associative F-algebra A is given by the
sequence of its codimensions {¢,,(A)}n>1, whose n-th term is the dimension
of the space of multilinear polynomials in n variables in the corresponding
relatively free algebra of countable rank. It was introduced by Regev in
the seminal paper [11], where it was proved that when A satisfies a non-
zero polynomial identity (in the sequel we shall refer to these algebras as
PI algebras) {c,(A)}n>1 is exponentially bounded. Later a fundamental
contribution of Giambruno and Zaicev ([6] and [7]) showed that

exp(A) := ml_igloo Vem(A)

exists and is a non-negative integer, which is called the exponent of A.
This provides an integral scale allowing us to measure the growth of
any variety and in a natural manner has addressed the research towards
a classification of varieties according to the asymptotic behaviour of their
codimensions. In this direction, among varieties of some fixed exponent
a prominent role is played by the minimal ones, namely those varieties of
exponent d such that every proper subvariety has exponent strictly less than
d. In [8] it was proved that a variety of exponential growth is minimal if,
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and only if, it is generated by the Grassmann envelope of a so called minimal
superalgebra.

More generally, superalgebras are a key ingredient in the structure theory
of PI algebras, as shown by Kemer in the solution of the Specht Problem
([10]). From his work also the relevance of their graded polynomial iden-
tities appears clear and this has deeply motivated their study. The point
of view we are going to explore here involves seeking information about the
set of graded identities of a F-algebra A endowed with a Zs-grading, which
we denote by 17,(A). From an algebraic point of view, it is a T%,-ideal of
the free F-superalgebra F'(Y U Z), namely a two-sided ideal of F(Y U Z) in-
variant under every graded endomorphism, which is completely determined
by multilinear polynomials it contains (as we are working in characteristic
zero). In particular, extending into this setting the approach of Regev, we
are interested in the graded codimensions {cZ2(A)},>; of A, whose n-th
term is defined as the dimension of the space of multilinear Zy-graded poly-
nomials in n variables in the corresponding relatively free Zs-graded algebra
of countable rank.

In [5] it was proved that this sequence is exponentially bounded if, and
only if, A is a PI algebra. Under the extra assumption that A is also finitely
generated, in [1] the authors stated that

expy, (A) == ml_lffoo N/ ck2(A)

exists and is a non-negative integer, which is called the Zs-graded exponent
or superexponent of A.

By virtue of this result, as in the ordinary case, it becomes natural and
interesting to investigate minimal varieties of PI associative superalgebras
(or supervarieties) of finite basic rank (that is, generated by a finitely gener-
ated superalgebra satisfying an ordinary polynomial identity) of fixed graded
exponent. The starting point for the problem we are going to focus in the
present paper on is the following statement in which minimal superalgebras
come again into the picture.

Theorem 1.1 (Proposition 3.2 of [4]). Let V5“P be a supervariety of finite
basic rank. If V3P is minimal of superexponent d > 2, then VP is generated
by a suitable minimal superalgebra.

According to this theorem, the problem of characterizing the minimal
supervarieties of finite basic rank of exponential growth is reduced to de-
ciding whether any minimal superalgebra generates a minimal supervariety.
This problem is still open and its possible solution seems to be more in-
volved than that of the ungraded case. In more detail, a minimal super-
algebra A is finite-dimensional and defined on an algebraically closed field.
Hence, by the generalization of the Wedderburn-Malcev Theorem we can
write A = Ags + J(A), where Ay, is a maximal semisimple subalgebra of A
homogeneous in the Zs-grading and J(A) is its Jacobson radical (which is
homogeneous as well). Also A can be written as the direct sum of graded
simple algebras which can be of two types: either simple or non-simple as
algebras. It has been proved that in the case in which the sequence of the
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graded simple components of Ags has in some sense a regular distribution,
the supervariety generated by A is minimal (Theorems 4.7 and 5.4 of [4] and
3.6 of [3]).

In spite of this positive result, in the present article we provide a fam-
ily of minimal superalgebras not generating minimal supervarieties. This is
done by characterizing all minimal supervarieties generated by minimal su-
peralgebras whose maximal semisimple homogeneous subalgebra has three
graded simple summands.

2. PRELIMINARIES AND ANNOUNCEMENT OF THE MAIN RESULTS

Throughout the rest of the paper, unless otherwise stated, F' is a field
of characteristic zero and all the algebras are assumed to be associative
and to have the same ground field F'. For any pair of positive integers s
and t the symbol Ms.; means the space of all matrices with s rows and ¢

columns over F' and set Mg := M,y ; whereas, if m1,..., m, is a sequence of
positive integers, let UT(my,...,m,) be the upper block triangular matrix
algebra of size mq,...,m,. Finally, if F(X) is the free associative algebra

on a countable set X := {z1,z2,...} over F, for any positive integer ¢ the
Standard polynomial in q variables Sty(z1,...,2z4) is the element of F(X)
defined as

D> s80(0)To(1)%0(2) Tl
o€Sy

An algebra A is a Zo-graded algebra or a superalgebra if it has a vec-
tor space decomposition A = A® & AD such that A® AU C A+, The
elements of A©) are called homogeneous of degree 0 and those of A1) homo-
geneous of degree 1. An element w of A is homogeneous if it is homogeneous
of degree 0 or 1 (and denote its degree by |w|), whereas a subalgebra or an
ideal V' C A is homogeneous if V = (VNA©)(VNAD). The superalgebra
A is called simple (or Zsy-simple) if the multiplication is non-trivial and it
has no non-trivial homogeneous ideals. In this case, we shall also refer to A
as a graded simple algebra.

Let F(Y U Z) be the free associative algebra on the disjoint countable
sets of variables Y := {y1,¥2,...} and Z := {z1,29,...}. It has a natural
superalgebra structure if we require that the variables from Y have degree 0
and those from Z have degree 1. The superalgebra F (Y UZ) is said to be the
free superalgebra over F. An element f(y1,...,Ym,21,...,2n) of F(Y U Z)
is a Zo-graded polynomial identity for a superalgebra A = A©) @ AWM if
far,...,am,b1,...,b,) = 04 for every ai,...,am € A® and by,....b, €
AWM. Given a Ty,-ideal I of F(Y U Z), the variety of superalgebras or su-
pervariety V3UP associated to I is the class of all F-superalgebras whose
T7,-ideals of graded polynomial identities contain I. The T%,-ideal I is
denoted by T7z,(V*“P). The supervariety V*"P is generated by the superal-
gebra A if Ty, (V*"P) = Ty,(A), and in this case we write VP = supvar(A).

Furthermore, set expy,(V*"?) := expy,(A) = lim;, 400 1/ ck2(A), the su-

perexponent of the supervariety VP (we recall that the m-th Zs-graded
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sup
where Py, is the space of multilinear polynomials of degree m of F(Y U Z)
in the variables y1,...,Ym, 21, -+, 2Zm)-

Assume that A is a finite-dimensional superalgebra and let A = Az +
J(A) be its Wedderburn-Malcev decomposition. Furthermore the maximal
semisimple homogeneous subalgebra Az of A can be written as the direct
sum of graded simple algebras whose structures are well known, at least
when the ground field is algebraically closed. In fact, they must be among
the following types:

(a) Mkf,l::(é g>,Wherek‘2l20,k¢7§0,AEMk,DEMl,BE

codimension ¢Z2(A) of A is the dimension of the vector space

My and C' € My, endowed with the grading Mlg?l) = < 61 10) )

1 0 B
and Mk(:,l) = < C o >;
(b) My, (F @tF), where t*> = 1p, with grading (M, tM,,).
Giambruno and Zaicev in [8] introduced the definition of minimal super-
algebra.
Definition 2.1. Let F' be an algebraically closed field. A superalgebra A is
called minimal if it is finite-dimensional and A = Ags + J(A) where

(i) Ass = A1®--- ® Ay, with Ay, ..., A, graded simple algebras;

(ii) there exist homogeneous elements wig, ..., wn—1, € J(A) and min-
imal homogeneous idempotents e; € Ay, ... ey, € Ay such that
€ Wi i4+1 = Wi 41641 = Wi5+1 1<:<n-1
and

W12W23  ** Wp—1,n 7 04;

(iii) wig,..., wp—1,n generate J(A) as a two-sided ideal of A.

In Lemma 3.5 of [8] it was shown that the minimal superalgebra A =
Agss + J(A) has the following vector space decomposition

(1) A= P 4y

1<i<j<n
where A11 := A1, ..., App := A, and, for all 7 < 7,
Ajj = Ajwi i1 A - Ajqwj jA;

Moreover J(A) = ®;<jA;; and A;j Ay = 0,5 Ay, where 65, is the Kronecker
delta. Finally, as stressed in Chapter 8 of [9], the order of the components
Ay, ..., A, of Ass is important. For this reason, in the sequel we shall
tacitly agree that if Ags = A1 @@ A, then A1 J(A)AsJ(A)--- A, #04.
According to the main result of [1], expy, (A) = dimp(Ass).

The aim of the paper is to contribute to the classification of minimal
supervarieties of fixed graded exponent. We recall the definition.
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Definition 2.2. A variety VP of PI superalgebras is said to be minimal of
superexponent d if expz,(V*"?) = d and expy, (U*'P) < d for every proper
subvariety USYP of V3P,

As observed in the Introduction, in the case of finite basic rank the prob-
lem that still remains open is to characterize those minimal superalgebras
generating minimal supervarieties. In this direction the main contribution
can be summarized in the following

Theorem 2.3 (3.6 of [3]). Let A = Ass+ J(A) be a minimal superalgebra.
If Ass = A1 @ --- @ A, and there exists 1 < h < n such that Ay,..., Ay
are non-simple graded simple and Api1,...,An are simple graded simple
algebras (or vice versa), then the supervariety generated by A is minimal of
superexponent dimp(A; @ --- B Ay).

According to the preceding theorem, the smallest possible number of
graded simple summands of the maximal semisimple homogeneous subalge-
bra of a minimal superalgebra A such that supvar(A) is not minimal isn = 3
(for the sake of completeness, we recall that the cases n =1 and n = 2 were
originally settled in Corollary 3.5 and Theorem 5.4 of [4], respectively).
For this reason it becomes interesting to investigate what happens when
Ass = A1 @ As ® As. By virtue of Theorem 2.3 the situations which remain
to be considered are when:

e Ay and As are non-simple graded simple and As is simple graded
simple;

e A, and Ajz are simple graded simple and A, is non-simple graded
simple.

In the former case, as a consequence of the fact that the 77,-ideals of
graded identities of non-isomorphic minimal superalgebras having the same
maximal semisimple homogeneous subalgebra coincide, we prove the follow-
ing

Theorem 2.4. Let A = Ags + J(A) be a minimal superalgebra such that
Ay = A1 D Ay @ Az with

Ay = M, (F ®tF), Ay =My, and M. (F @ sF).

Then A generates a minimal supervariety of superexponent dimp(A; @ Ag @

A3).

The latter case is more interesting and involved and it heavily depends on
the structure of the subspace A3 appearing in the decomposition (1), which
is a non-zero (A, Asz)-bimodule. A basic ingredient is the classification of
minimal superalgebras of such a type summarized in the following

Theorem 2.5. For a minimal superalgebra A = Ags+ J(A) such that Ass =
A1 & Ay & A3 with
A = MkJ, Ay = Mm(F D tF) and Az = Mr,s
(a) there exist two isomorphism-types (depending upon the parity of |wi2|+
lwas|) if k > 1 and v > s and Aj3 is irreducible as an (Ap, As)-

bimodule;
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(b) there exists a unique isomorphism-type if Ays is irreducible as an
(Aq, Ag)-bimodule and either k =1 orr = s;
(c) there exists a unique isomorphism-type if Ais is not irreducible as

an (Ay, As)-bimodule.

More precisely, in Section 4 we shall construct three concrete examples of
minimal superalgebras, A, B and A. We shall show that all the minimal
superalgebras as in (a) are isomorphic either to A or to B, those satisfying
the conditions in (b) are again isomorphic to A (which is, in such an event,
isomorphic to B’) and, finally, those as in (c) are isomorphic to A.

Our main result is the following.

Theorem 2.6. Let A = Ags + J(A) be a minimal superalgebra such that
Ags = A1 © Ay © Az with

A = Mk,l; Ay = Mm(F D tF) and Az = Mr,s'

(a) If Ais is irreducible as an (Ay, As)-bimodule, then A generates a
minimal supervariety of superexponent dimp(Ay ® Ay O As);

(b) if Ay3 is not irreducible as an (A, Ag)-bimodule, then A generates a
minimal supervariety of superexponent dimp(A; @ As @ As) if, and
only if, either k =1 or r = s.

3. THE CASE IN WHICH A; AND A3 ARE NON-SIMPLE GRADED SIMPLE

Assume throughout this section that A; = M, (F & tF'), Ay = M}, and
A3 = M,(F @ sF) (where t? = s> = 1r). We aim to show that any minimal
superalgebra whose maximal semisimple homogeneous subalgebra coincides
with A1 @ Ao @ As generates a minimal supervariety. To this end we need
to investigate in more detail the structure of such a superalgebra: this is
done via the language of actions of automorphisms. In fact, it is well known
that any superalgebra A can be viewed as an algebra with action of an
automorphism ¢ of A of order at most 2. Indeed, the homomorphism ¢ of
A=A @AM defined by ¢(ag) := ag and $(a1) := —ay for any ag € A
and a; € AWM is an automorphism of A of order at most 2. Conversely, if
A is an algebra with an automorphism ¢ of order at most 2, then, setting
AV = {a|la € A, ¢(a) = a} and AY) = {a|a € A, ¢(a) = —a}, Ais a
superalgebra with grading (A(®, A1),

Let A = Ags+J(A) be a minimal superalgebra such that Ags = A1 B A2 ®
As. By regarding A as a ¢-algebra, for i € {1,3} we can write A; as A; =
I;®¢(I;), where I; is a minimal two-sided ideal of A;, and the corresponding
homogeneous idempotents (of degree zero) e; appearing in Definition 2.1 as
ei = pi + ¢(p;) with p; a non-homogeneous minimal idempotent of I;. For
simplicity, set p; := ¢(p;) and I; := ¢(I;).

Let us consider the element wq3 := wiswe3 and the subspace Aqz of the
decomposition (1). As for the homogeneous radical elements w; ;41 defining
A the equality

€jW5,+1€5+1 = €jWj5+1 = Wjj+1€5+1 = Wyj+1
6



is satisfied, one has that

wiz = (p1 + p1)wigwas(ps + p3)
= prwi2w2zp3 + P1wi2w23p3 + P1wi2w3p3 + P1wi12wW23P3

and
A1z = ArwipAswaz Az = Arwinea Aseawaz Az = Ajwiawaz As.
Thus

Az =L prwiawaspsls & I prwigwaespsl3®
I prwiawaspsls & I prwiswagps 1.

As by the definition of minimal superalgebra w3 # 04, we deduce that
at least one of the homogeneous summands pjwiswasps + prwiswesps and
p1wi2wasps + prwiswesgps of wis is non-zero. If just one of those is non-
zero, then we shall say in the sequel that Ay3 is a direct sum of two terms,
otherwise we shall refer to A13 as a direct sum of four terms.

Let us suppose that A3 is a direct sum of two terms. In particular, if

p1wi2wa3p3 + prwiawazps # 04, then

(2) Avg = Liprwiswaspsls & I prwrswaspsls,
otherwise
(3) Avg = Liprwiswaspsls & I prwrswaspsls.

Set 71 := 11 and €1 := p; and

| Iz if (2) occurs; | ps if (2) occurs;
Iy = { I3 if (3) occurs and 7 ps if (3) occurs.
As before, let € := ¢(¢;) and Z; := ¢(Z;) for i € {1,3}. In any event we can
write

A1z = Tieqwiawozesly @ L€ wigwoz€sls.
Furthermore let us define

B + Gwyp  if |wig| = 0;
) €1W12 — €iwie otherwise

and
| woazes +wazes if |was| = 0;
V93 1= _ .
wo3€3 — Woz€3 otherwise.

It is straightforward to check that the subalgebra of A generated by Ay, Az, As
and the homogeneous elements v12 and vog is a minimal superalgebra co-
inciding with A. Hence we can always assume that the radical elements
generating J(A) are of degree 0.

Proposition 3.1. There exists one isomorphism-type for a minimal super-
algebra A = (A1 ® As @ As) + J(A) such that Az is a direct sum of two
terms.
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Proof. Using the same terminology previously introduced for the super-
algebra A, take another minimal superalgebra B = Bgs + J(B) such that
Bss = B1 @ By @ B3 with Bj = A; for every 1 < j < 3 and B3 is a direct
sum of two terms. Let us call z12 and zo3 the homogeneous radical elements
defining B (which we can assume to be of degree zero) and let f; € B; be
the minimal idempotents appearing in Definition 2.1. Using the same above
arguments one has that

Big = Jiv12122031303 ® J1121222303.73,
where, for i € {1,3}, B; = J; ® J;, with J; a minimal two-sided ideal
of B;, and v; is the non-homogeneous minimal idempotent of 7; such that
fi = vi + ; (here we are regarding B as an algebra with action of an
automorphism of order 2, which we call ¢ to distinguish it from that of A,
and set J; := ¢p(J;) and 7; 1= ¢p(v;)).
For 1 < 75 < 3, let us consider the superalgebra isomorphisms
\I’jj : Aj — B]’
such that ¥;;(e;) = v; (and hence W;;(€;) = ;) if j # 2 and Waa(e2) = fo.
Since Z1€1 ® ez Ag is irreducible as an (Z;, As)-bimodule, the map
n:ZLie; ® eaAs — Tiegvi2e24a, aj€; @ e2a3 — a1€1012€202

is a bimodule isomorphism. In an analogous manner we define an isomor-
phism from Jiv1 ® foBs into Jiv1212foB2. On the other hand the action of
the maps V11 and W99 on Zje1 and ex A respectively induces an isomorphism
from 7161 ® es As into Jiv1 ® foBs. The final outcome of these deductions
is that there exists a vector space isomorphism

P12 : Thervigeg Ay — JiviziafaBa,  ai€eivizesas — Wiy (ar)viz12 faWar(ba).

Now, as

A2 = Tierviges Ag ® T1Ev12e2 A2
and

Bis = Jiviz12f2Bo @ Jiviz12 foBa,
the map

Wig: Ao — Bio, h+k+— 11)12(h) + 11112@)
(where, obviously, h € Tye1vi2e242, k € Ii&1v12e242 and Y12(k) := ¢p(v12(d(k))))

is a vector space isomorphism preserving the Zo-gradings.
The same argument yields that the map

o3+ Agegvazesls — B fozossJ3,  ageavazezas — Yoo (ag) fozasvzWsas(as)

induces a vector space isomorphism Wo3, preserving the Zs-gradings, from
Aoz = Ageavazesls @ Ageavazesls into Boz = Ba fo2031303 @ Ba foz031373.
Finally, the same conclusion holds for

Vi3 : A1z — Bis,

/- _ I\ ~ /
a1€1v12v23€3a3+0a7 €1v12V23€3a3 — Vi1 (a1)v1212203v3¥33(a3)+ V11 (a]) P 21222373 W33(as).
But A = @1§i§j§3Aij and B = @1§i§j§3Bi]’, hence, gluing the maps
V;;, we have actually constructed a vector space isomorphism from A into
8



B preserving the Zs-gradings, which is easily seen to be a superalgebra
isomorphism. O

If we drop the assumption on the decomposition of A;3 we are able to
show that non-isomorphic minimal superalgebras with the same semisimple
part satisfy the same Zo-graded polynomial identities.

Theorem 3.2. Let Ay = M,,(F ®tF), Ay = My, and A3 = M, (F @ sF)
(where t? = s* = 1 ). Any minimal superalgebra whose mazimal semisimple
homogeneous subalgebra coincides with Ay @& As ® As has the same Ty, -ideal
of graded polynomial identities.

Proof. By virtue of Proposition 3.1, if A and B are minimal superalgebras
such that Ay = A1 @ As ® A3 = Bss and both A3 and Biz are direct sums
of two terms, then A and B are isomorphic and, consequently, satisfy the
same graded polynomial identities. The rest of the proof involves producing
a situation of this kind.

To this end, let A = Ass + J(A) be a minimal superalgebra such that
Ass = A1 ® Ay @ A3 and Aj3 is a direct sum of four terms, namely (using
the above notations)

Az =L prwiawazpsls & I prwigwaespsl3®
I prwiawaspsls & I prwiswagpsIs.

Set H := I1pywiawaspzls ® I prwiswsezpsls, which is a two-sided ho-
mogeneous ideal of A. Let us consider the superalgebra A’ := A/H. We
observe that its maximal semisimple subalgebra A’ coincides with A, and,
as H C J(A), its Jacobson radical J(A') is equal to J(A)/H. As a con-
sequence, the homogeneous elements wis + H and wo3 + H of A’ generate
J(A"). Furthermore

(wig + H) - (weg + H) = wigweg + H # 04/

otherwise also I p1wiowaspsls ® I prwiowaspsls should be in H, which con-
tradicts the original assumption on Aj3. Therefore we conclude that A’ is a
minimal superalgebra such that A}; = A13/H is a direct sum of two terms.

Now, take the homogeneous two-sided ideal K := Ijpjwiswszpzls @
I prwiowaspsls of A. Proceeding in the same way, we obtain that A” :=
A/K is a minimal superalgebra such that A”, = Ay, and AY; is a direct sum
of two terms. Thus, by virtue of Proposition 3.1, A’ is isomorphic to A”.

Looking at the identities satisfied by these superalgebras, it is easily seen
that

(4) Tz, (A) C Tz, (A') = Tz, (A").

On the other hand, let f € F(Y UZ) be a graded polynomial identity for
A'. Since Ty, (A") = Tz, (A"), for any graded evaluation p: F(Y UZ) — A
one has that

M(f) e HNK =04.

Therefore f is a graded polynomial identity for A. Hence T7,(A") C Ty, (A)
and, by virtue of (4), the equality holds. O
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As an easy consequence one has the first of the results announced in
Section 2, namely Theorem 2.4.

Proof of Theorem 2.4. Set VP := supvar(A4) and let us consider a
subvariety U*"P C V*"P such that expg, (V*"P) = expy, (U*"P). Since V=P
satisfies some Capelli identities, U*“P has finite basic rank (see Theorem
11.4.3 of [9]). Hence, by a result of Kemer, U*“P is generated by a finite-
dimensional superalgebra B. According to Lemma 8.1.4 of [9], there exists
a minimal superalgebra B such that Ty,(B) C Ty,(B) and epoQ(B) =
expz, (B). Therefore T7,(A) C T7,(B) and expg,(A) = expg,(B) as well.
Furthermore from Lemma 3.3 of [4] we know that Bss = A1 @ Ay @ As.

At this point, Theorem 3.2 yields that 77,(A) = T7,(B), and this con-
cludes the proof. O

4. THE CASE IN WHICH A; AND A3 ARE SIMPLE GRADED SIMPLE

Throughout this section let Ay = My, Ay = M,,(F®tF) and A3 = M, ,
and consider a minimal superalgebra A such that Ass = A; @ A @ Az (for
the elements defining A we use the notation of Definition 2.1). As before,
regarding A as a ¢-algebra, write Ay = Io®¢(I2), where I is a minimal two-
sided ideal of A9, and its corresponding homogeneous idempotents (of degree
zero) ey as p2 + ¢(p2) with pa a non-homogeneous minimal idempotent of I5.
For simplicity, set pa := ¢(p2) and I := ¢(I). Using the usual arguments,
one has that

A1z = Arwizpowaz Az + Ajwizpawasz Az
is an (Aj, Az)-bimodule such that each of its summands is an irreducible
(Al, A3)—bimodule.
We make a preliminary observation.

Remark. If the elements wiopowos and wispowss are linearly dependent,
then they coincide.

Proof. Assume that there exist a, 8 € F'\ {Or} such that
awiz2pawaz + Pwizprwes = 04.
Consequently
(—1)lerzitesl (quy g powss + Bwizpawas) = 04
as well. The combination of the above equalities yields

awizpawa3 + Bwizpowaz = 04;
Buwiapawasg + qwizpawasz = 04.

Now, if a? — 32 # Op then wiapowas = wiapawss = 04, and hence

Wi2Wa3 = WigeaWa3 = Wi2(p2 + p2)waz = 04,

which is not allowed since, according to Definition 2.1, that element is non-
zero. Thus suppose that o® = 2. If a = 3 one has again that wiswa3 = 04,
which is not allowed. Therefore it must be @ = —f, and this implies that

W1202W23 = W12P2W23. O
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Assume now that Ajs is irreducible as an (Aj, As)-bimodule. Then
Az = Ajwigpowez Az = Ajwiapowaz Az,

This means that there exist an integer k and, for every 1 < i < k, elements
a; € Ay and b; € As such that wiopowes = Zle a;wigpowash;. It follows
that

k k
W12P2W23 = €1W1202W23€3 = g e1a;wiz2pawazbies = E era;e1wizpawazezb;es
i=1 =1
k
= E ajerwizpawazfBiez = ywizpawas,
i=1

since eja;e; = aze; and esb;es = fB;e3 for suitable «;,5; € F and v :=
Zle a;f; is in F'\ {Op}. By the above remark, we conclude that

(5) Wi2p2Wa3 = Wi2P2W23
and it is a homogeneous element of degree |wia| + |was].

Before proceeding, we construct two examples of minimal superalgebras
belonging to the class we are considering. To this end, we recall that a
Zo-grading on the complete matrix algebra M, is called elementary if there
exists a n-tuple (g1,...,9n) € Zj such that the matrix units F;; of M,, are
homogeneous and FE;; € MT(LT) if, and only if, 7 = g; — g;. In an equivalent
manner, we can define a map | | : {1,...,n} — Zg inducing a grading on
M, by setting the degree of E;; equal to |j| — |i]. Obviously the algebra of
upper block triangular matrices also admits elementary gradings. In fact, the
embedding of such an algebra into a full matrix algebra with an elementary
grading makes it a homogeneous subalgebra.

Now, let us consider the subalgebra of UT(k + [,2m,r + s) consisting of
matrices of the form

¢ J1 J2 J3
0 D E Ju
0O F D Js |’
0 0 0 H

where C' € Mk:-i—l; D,E € M,,, H € My,s, J1,J2 € M(k+l)><m7 J3 €
Mg10yx(rts)s Ja,J5 € Mps(rys)- We endow it with two gradings induced
by the (k + 1+ 2m + r + s)-tuples
,...,0,1,...,1,0,...,0,1,...,1,0,...,0,1,...,1)
' ———— ———— ———— —— V— —
k times [ times mtimes mtimes rtimes s times
and
0,...,0,1,...,1,0,...,0,1,...,1,1,...,1,0,...,0).
—— —— ——— —— —— V——
k times [ times mtimes mtimes  rtimes stimes

Let us denote these superalgebras by (A4, | | 4) and (B, | |5) (and their matrix

units by EZ-(;‘) and El(JB )) respectively. To make more transparent the graded
11



structure of these algebras, it is easier to represent each element of A as

k Il m m r s

Co Co Jo I T I
G Co L Jy
0 Do Ey Jo J!
0 Ey Dy Ji J}
0 0 0 Hy H
0 0 0 H H

» 3 3 I ~x

0
0
0
0

where the subscripted indices 0 and 1 denote the homogeneous degree of the
elements and the integers k,[, m,r, s the sizes of the blocks in the matrix.
Similarly, we can write the elements of (B, | |3) as

kIl m m r s
k Cy jo J{ jl jé
LG Co ATy do T
m 0 0 Dy Ei J J}
m 0 0 Ei Dy jo j{
T 0O 0 0O 0 Hy H
s 0 0 0 0 H H

It is easily seen that the maximal semisimple homogeneous subalgebra of
A is equal to A1 ® Ay & Az where

Ay = (ESV 1<, <k +1) 2 My,

Ay= BV + B o BV 4w Bk lv1<igp<k+i+m,

ktl+m+1<q<k+l+2m) M, (FotF),

A~

Ag = <E§f>|k+l+2m+1§z',j§k+l+2m+r+s>%Mr,s

and its Jacobson radical is generated as a two-sided ideal by the homoge-
neous elements of degree zero wg) = Eﬁc)JrlH and wé’;) = E,(g‘j:)lﬂ Rl 2ma -

(4)

Finally, since for wy,

(4)

and wys° and the homogeneous (minimal) idempo-

(A) _ A i A A (4) A

and e:(aA) = Elii)l+2m+1,k+l+2m+
2.1 are satisfied, we have that A is a minimal superalgebra. Moreover the
subspace A1z is irreducible as an (A;, A3)-bimodule.

The same conclusion holds for the superalgebra B, which has semisimple
part Bss = Bl @Bg @Bg coinciding with that of A (for the elements defining
B it is sufficient to replace the supscpript (A) with (B) and observe that, in
this case, wgg) is homogeneous of degree 1).

12
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Lemma 4.1. If k > | and r > s, for the minimal superalgebras (A, | | 1)
and (B, | 3) one has that Tz, (A) € Ty, (B) and Ty, (A) € Ty, (B). Conse-
quently, A and B are not isomorphic as graded algebras.

Proof. As a first step, we prove that Ty, (A) € Ty,(B). To this end, let
us consider the element of F(Y U Z)

(6)

f= St2(m+k)71(y17 Sy y2(m+k)71)z1 St2(m+7‘)71(y2(m+k)a e 7y2(2m+k+r71)>

and observe that any non-zero graded evaluation of the Standard polynomi-
als Sto(mik)—1(Y1, - -+ Yo(mtk)—1) a0d Stogm )1 (Y2(mak)+15 - - - > Y2(2m+ktr)—1)
in A is in J(A) ® A3 and A; @ J(A), respectively. Therefore any non-
zero graded evaluation of f in Aisin J (121)2 In particular, it has to be

a linear combination of the matrix units Ei(j‘-A) with either 1 < ¢ < k£ and
kE+l+2m+r+1<j<k+l+2m+r+sork+1<i<k+1 and
kE+l+2m+1<j<k+1+2m—+r. Now, take the polynomial

(7) g = Story1(91, -+ s Jou1) f Stas1(Garr2s - - -5 Po(sr141));

where g1, . . ., Ya(s4141) are pairwise different variables of degree zero of F'(YU

Z) not involved in f. Let p : F(Y U Z) — A be a non-zero graded
evaluation of g in A. Since ¢ is multilinear, for our aims we can assume
that such an evaluation is made at a homogeneous basis of A including

the matrix units EZ(jA ) of A; and Aj. According to the above discussion,
p(Stary1 (g1, - -+ Yarr1)) must be in Ay and p(Stasi1(gaires - - - Po(si41))

must be in As. Taking into account the homogeneous degree of these fac-
tors and the original assumption that & > [ and r > s, the Amitsur-Levitzki

Theorem yields that p(Storr1(91,-..,92+1)) is a linear combination of the
matrices Ec(fé) and fu(Stas+1(Y21+2; - - - Yo(s+141))) of the matrices Elgf), where

1<a,<kand k+1+2m+1<p,q < k-+I1+2m+r. This fact combined
with the previous observations on the graded evaluations of the polynomial

f allows us to conclude that g is an element of 7%,(A).

Finally, as (B1®Bi2 EBBQ)(O) contains a subalgebra isomorphic to UT (k, m),
for every ¢ and j such that 1 <i¢ < kand k+1+1 < j < k+1+m there ex-
ists a graded evaluation of Sto(y,11)—1(¥1, - - - s Yo(m+k)—1) In B equal to 5P

i
Analogously, for every p and g such that k+l4+m+1<p < k+4+1+2m

and k+1+2m+1 < q < k+ 1+ 2m + r there is an evaluation of

B .
Sto(m4r)—1(Y2(mtk)s - - s Y2(2m+kr—1)) €qual to E}(,q). Thus, fixing integers
J and p as above and ¢ := [+ 1 and ¢ :=k + 1+ 2m + r — s, evaluating the
variable z1 at E](-f) + E]('on,pim we have found a graded evaluation of the
polynomial f in B equal to El(fl) kbl 2mr—s*

N N B N N
of Stor41(91, - - -, Y2u+1) equal to Eil-)i-l and one of Stosy1(ar42, - - s Ja(s+141))
(B)
k+l+2m—~+r—s,k+l+2m—+r?

Since we can find an evaluation

we have exhibited a graded evaluation of
13
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the polynomial ¢ in B equal to 5B and the desired conclusion

1,k+I+2m~+r>
holds.

On the other hand, the same arguments used above allow us to conclude
that the polynomial

L= Sto1(J1,- -+ J2u41)0 Stass1(Yorr2, - - -5 Po(s+141))5

where
6 1= Sto(mak)—1(Y1s - - s Y2(mtk)—1)Y2(mtk) St2(mtr)—1 (Y2(mtk)£15 - - - Y2(2mtktr)—1)
and 1, ..., Ya(s4i+1) are pairwise different elements of degree zero of F'(Y U

Z) not involved in 6, is in Ty, (B)\ Tz, (A), and this completes the proof. [

We prove now that the graded algebras A and B are, up to isomorphism,
the unique elements of the class of minimal superalgebras that we have
considered until now. Furthermore we provide the classification of all the
minimal superalgebras whose maximal semisimple homogeneous subalgebra
coincides with (A; @ As @ As), as claimed in Theorem 2.5.

Proof of Theorem 2.5. (a) Continuing to use the notation introduced
at the beginning of the section, let us consider the elements

U1 1= Wiz2pP2 — W12P2 and Ug3 1= PaWa3 — P2W23

of the minimal superalgebra A. When |wj2| = |was| = 1, both of them
are of degree 0 and, from the fact that ujouss = wiowag # 04, it is easily
seen that the subalgebra of A generated by Ai, A and As and wj2 and
u93 is a minimal superalgebra coinciding with A. In the same manner, if
|wiz] = 1 and |waz| = 0, u12 has degree 0, whereas ug3 has degree 1. In this
case if we replace the elements wis and w3 with uio and us3 respectively,
we also obtain the superalgebra A. Therefore we conclude that it is always
possible to assume that |wi2| = 0, and hence we are left with two possibilities
(depending upon |was]).

At this point, take a minimal superalgebra B with maximal semisim-
ple homogeneous subalgebra Bss = By & By @ Bs coinciding with Ags and
homogeneous radical elements z12 (which, as with wi2, we can assume of
degree zero) and zo3 such that |z93] = |wes| and B is irreducible as a
(B1, B3)-bimodule. We aim to show that A and B are isomorphic as graded
algebras. Now, for every 1 < j < 3, call f; the minimal idempotents (of
degree zero) of B; and write fy as fo = vo + 2, where v is the the non-
homogeneous minimal idempotent of the minimal two-sided ideal J2 of Bs
such that By = Jo ® Jo (we are regarding B as an algebra with action of an
automorphism ¢p of order 2 and setting Jo := ¢p(Jo) and s := ¢p(12)).
Let us consider the superalgebra isomorphisms

\I/jj:Aj — Bj

such that ‘Iijj(ej) = fj if j #2 and \1122([)2) =1 (and hence \I’QQ(ﬁg) = 172).

Applying the same arguments as in Section 3, for every 1 < i < j < 3

one constructs a vector space isomorphism W¥;; from the subspace A;; of A
14



into the subspace B;; of B, which clearly preserves the Zs-grading when
(i,7) # (1,3). If (4,7) = (1,3) for the map

U3 0 Ajwigpowaz Az — Biziavaze3Bs, ajwizpawasaz — Vii(ar)z12v2223W33(as)

invoking (5) one has that
W13(p(wizpawaz)) = Wi3((—1) "= lwiaprwag) = Wis((—1)"2hwi2pawss)
= (—1)F=l1000205 = (—1)1728] 21570 205
= ¢p(z12v2223) = ¢p(V13(wi2p2was)),

from which it follows that the Zs-grading is still preserved.

Since A = D1<i<j<3dij and B = ®i1<i<j<3B;j, these maps induce a
vector space isomorphism from A into B, which is easily verified (the details
are left to the reader) to actually be a superalgebra isomorphism.

Therefore we are left with at most two isomorphism-types for the super-
algebras we are considering. From the fact that the previously constructed
minimal non-isomorphic superalgebras, A and B, satisfy all the assumptions
of the theorem, the desired conclusion follows.

(b) Assume that A;s is still irreducible but k& = [ (the case when r = s
can be analogously treated, and for this reason we omit it). As the first
part of the proof of (a) does not depend on the assumption on the pairs of
integers (k,l) and (r,s), we conclude that A must be isomorphic either to
A or to B. Now, set n := 2k 4+ 2m + r + s and equip the complete matrix
algebra M,, with the gradings induced by the same n-tuples defining the
gradings | |4 on A and | |5 on B. Let us denote these superalgebras by
(My,||4) and (M,,| |), respectively. Consider the bijection o on the set
{1,...,n} defined by

itk if1<i<k
i—k ifk+1<i<2k

o(i):=4 i+m f2k+1<i<2k+m;
i—m if2k4+m+1<i<2k+2m;
7 if2k+2m+1<i<n.

and the endomorphism v : M,, — M, defined on the matrix units of M,
as

V(Eij) = Eo(i),0()-
It is easily seen that 1) is a superalgebra isomorphism from (My, | |;) into
M,, endowed with the grading induced by the n-tuple

(1,...,1,0,...,0,1,...,1,0,...,0,0,...,0,1,...,1),
—_——— —— —— —— Y — ——
k times ktimes mtimes mtimes rtimes stimes

which is actually (M,, | |g). In particular, the image ¥(A) of the homoge-
neous subalgebra A of (M, | | i) coincides with (B,]| 3), and we are done.

(c) Using the arguments presented in the proof of part (a), replacing
the element w12 with Ui ‘= Wi2p2 — w12,62 if |w12] = 1 and w23 with
Ug3 1= poweg — Paws3 again if |wys| = 1, we can always assume that the
radical elements of A appearing in Definition 2.1 have degree zero (we notice

15



that, since A13 is not irreducible, we also have ujowss # 04 and wiouss #
04). At this stage, the same line of reasoning applied in the proof of (a)
allows us to conclude that there exists one isomorphism-type for the minimal
superalgebra A (the easy details are left to the reader). O

As we did above with the superalgebras A and B , we want to construct a
concrete example of superalgebra isomorphic to every minimal superalgebra
A with maximal semisimple part equal to A1 @ Ay & A3 such that A;3 is
not irreducible. To this end, let us consider the subalgebra of UT(2(k +
1),2m,2(r + s)) consisting of matrices of the form

K 0 L b Iz L4
0 K I I Iy I3
0 0 L P Is Is
0 0 P L Isy Irs |’
0 0 0 0 Q@ O
0 0 0 0 0 @

where K € Mgy, L,P € M, Q € Myys, I, 15 € M(k+l)><m7 13,1, €
Me10yx(r4s) 155 L6 € My (r1s)- We endow it with the grading induced by
the 2(k +1+m+r + s)-tuple

(0,...,0,1,...,1,1,...,1,0,...,00,...,0,1,...,1,0,...,0,1,...,1,1,...,1,0,...,0).
—— —— —— Y Y Y Y N N——
k times [ times k times [times mtimes mtimes rtimes s times rtimes s times

Let us denote this Zy-graded algebra by A. It is more convenient to represent
each element of A as

OO oo O O

0
0

0 0 0 @ Q 0 0
0 0 0 0 0 Qo
0 0 0 0 0 0 0 Q1 Qo

where the subscripted indices 0 and 1 denote the homogeneous degrees of
the elements.
If El(]A) are the matrix units of A, it is easily seen that the maximal

k
l
k
l
m
m
r
s
r
s

OOOOOODON‘N
=]

semisimple homogeneous subalgebra of A is equal to A; & Ay @ A3 where

A= (B + ESY)

ikl | 1S 60 S k1) = Myy,

b A A i A ..
Ay =BG + BL o B+ B 206+ 1) + 1<, g.p < 2(k+1) +m,

2+ 0)4+m+1<qg<2(k+1+m)) = M, (F&tF),
16



Ag = (BB s | 206 H4Am)+1 < d,§ < 2(k-HAm)+r+5) 2 My
and its Jacobson radical is generated as a two-sided ideal by the homoge-
neous elements of degree zero wg‘;) = E§é)(k+l)+1 + E,(:L)Hl (k)41
(4) A) 1

Woq 1= E(

and

(A) . .
20+ 1,20kHbm) 41 T Lty 1 20k +itm)4rpsir- T inally, since

and wé’;) and the homogeneous (minimal) idempotents egA) =
(4) i _ A (4)
L € A ey = E2(k+l)+1,2(vk+l)+1+E2(k+l)+m+1,2(k+l)+m+1
A ._ p)

(4)

for wy,
B4 E

(A4) .
X (4)
{12 and e3 2(k-Hl4m)+1,2(k+1+m)+1 T EQ(k+l+m)+T+s+1,2(k+l+m)+r+s+} €
As the relations appearing in Definition 2.1 are satisfied, we have that A is
a minimal superalgebra. Furthermore A;3 is not irreducible as an (Aj, As)-
bimodule, and we are done.

We are now in a position to state the main result of this paper which was
claimed in Theorem 2.6.

Proof of Theorem 2.6. (a) After applying the same arguments as in the
proof of Theorem 2.4, it remains only to consider a minimal superalgebra
B = Bss+J(B) such that Bss = B1@®Ba® Bs with B; = A; and homogeneous
minimal idempotents f; € B; for every 1 < ¢ < 3, its Jacobson radical
is generated by homogeneous elements z12 and 293 with 212203 # Op and
T7,(A) C Tz,(B). It is sufficient to show that Tz,(A) = Tz,(B).

To this end, we observe that we can assume that Bpz is irreducible as
well. In fact, suppose that this is not the case. Hence, writing as usual fo
as Iy + o, one has that

B13 = B1z12v2223B3 ® B121212293 B3,

as both the summands are irreducible (Bj, B3)-bimodules. Let I be the ideal
of B generated by z1919293— 21272223, which is obviously homogeneous. Since
I = Bj(z1212293—2122293) B3 is irreducible as a ( By, Bs)-bimodule, I # Bjs.
Now, for the superalgebra B’ := B/I it is easily seen that its maximal
semisimple homogeneous subalgebra coincides with By, and, since I C Bys,
its Jacobson radical is equal to J(B)/I. Furthermore (z12+1)-(223+1) # Op/,
since z12293 is not in I. Therefore B’ is a minimal superalgebra such that
B4 is irreducible and

Tz,(B) € Tz,(B').

As Ty,(A) C Ty,(B), for our aims it is sufficient to replace the superalgebra
B with B'.

If £k > and r > s Lemma 4.1 and Theorem 2.5 (a) yield that A and B
are isomorphic either to Aorto B. In particular, from Lemma 4.1 it follows
that the containment 77,(A) C T7,(B) implies that A is isomorphic to B
as a graded algebra and, consequently, 17,(A) = Tz,(B).

Finally, assume that either k = [ or r = s. According to Theorem 2.5
(b), A must be isomorphic to B as a superalgebra, and hence they satisfy

the same polynomial identities.
17



(b) Assume that the (A, Az)-bimodule Aj3 is not irreducible and, first,
that either k = [ or r = s. We aim to show that supvar(A) is minimal. For
this purpose, as in the proof of part (a) and Theorem 2.4, take a minimal
superalgebra B = Bgs + J(B) such that T7,(A) C Tz,(B) and Bss = A1 &
Ay ® Az. We have to prove that A and B satisfy the same graded polynomial
identities.

If By3 is not irreducible as an (Aj;, A3)-bimodule, Theorem 2.5 (c) forces
A to be isomorphic to B as a graded algebra, and we are done.

Therefore assume that B3 is irreducible and k = [ (analogous arguments
can be used when r = s). By invoking again Theorem 2.5 (b) and its proof
one has that B is isomorphic to A. This superalgebra can be written as

(b w)

where V' = M1, U = M q1)x @myrts) a0d W C Mo, 145 is the subalgebra

of A generated by Ay, A5 and wé?). Since k = I, from Proposition 5.3 of

[2] we deduce that V is Zg-regular and Theorem 4.5 of [2] yields that the
ideal of graded polynomial identities satisfied by this algebra is equal to
T7,(V) - Tz, (W) = Tz, (A1) - Tz,(W). But, according to the discussion of
Section 2 of [3], in any event W is a minimal superalgebra with maximal
semisimple homogeneous subalgebra coinciding with As @ A3. At this stage,
from Theorem 5.3 of [4] one has that Ty, (W) = T%,(A2)-Tz,(As), and hence

1z, (B) =1z, (Al) 17z, (AQ) 17z, (A3)

As the second term of the above equality is contained in 77, (A), the desired
conclusion holds.

Conversely, assume that k > [ and r > s. The final target is to construct
a minimal superalgebra A’ such that T7,(A) & T7,(A’) and expg,(A) =
expy, (A’). To this end, let I be the ideal of A generated by the element
wWiap2Wwas — Wiz2Pawss, which is clearly homogeneous, and set A’ := A/I.
Obviously,

1z, (A) € 1z, (A/)

As seen in the proof of part (a) (in that case for the algebra B), A’ is
a minimal superalgebra with maximal semisimple homogeneous subalgebra
equal to A1 @ Ay @ As. Furthermore, if ¢’ is the action induced by ¢ on A,
one has that

@' (w12p2was + I) = wiapawas + I = wiapawaeg + I

(we have supposed that |wig| = |wes] = 0). This means that Al is irre-
ducible. Therefore, A’ is isomorphic to the superalgebra A.

At this stage, take the polynomials f and g defined in (6) and (7), re-
spectively. We have shown there that g € Ty, (A) = Ty, (A’). We claim
that it is not a graded polynomial identity for the superalgebra A described
after the proof of Theorem 2.5, and hence for A as they are isomorphic.
In fact, for every ¢ and j such that 1 < i < kand 2(k+1)4+1 < j <
2(k+1)+m there exists a graded evaluation of Sty 1)1 (Y15 - - -, Y2(mtk)—1)

18



in A equal to EZ-(f) + Z(f,)c Hljtm Analogously, for every p and ¢ such that

2+ +1 <p<2k+l)+mand 20(k+1+m)+1 < ¢qg < 2k +

[ +m) + 7 there is an evaluation of Sto(m,4r)—1(Yo(m+k): - - > Y22mtktr—1))
equal to Eégl) + Eﬁrzn?q tr+s Thus, fixing integers j and p as above and

i:=1+1and q := 2(k +1 4+ m) + r — s, evaluating the variable z
at BD 4 g

o Fptms We have found a graded evaluation of the polyno-

. . x (A) (A)
mial fin A equal to By 1 oy By ariem)trs:
. N N A A
find an evaluation of Sto;11(91,...,¥J2+1) equal to E§,l3—1 + E,(H)HLHQZH
A A A
and one of Stogy1 (P22, --- 7y2(s+l+1)) equal to Eé(le)+l+m)+r—s,2(k+l+m)+7“ +

A . ..
E;(l€)+l+m+r),2(k+l+m+r)+s’ the claim is confirmed. Therefore g is in Ty, (A’)\

T7,(A), and this completes the proof. O

Since we can
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