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ABSTRACT. Given a minimal superalgebra A = Ay, & J(A), any subse-
quence of the graded simple summands of A,s determines a homogeneous
subalgebra of A which is still a minimal superalgebra. In the present
paper we provide a sufficient condition so that the 77,-ideal of graded
polynomial identities satisfied by A factorizes as the product of the T7,-
ideals associated to its suitable homogeneous subalgebras of such a type.
We use this fact to show that in this event A generates a minimal su-

pervariety of fixed superexponent.
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1. INTRODUCTION

A topic of increasing interest in PI theory is the study of group graded
algebras. Apart from their own interesting features, they may provide sig-
nificative information on quite general questions. For instance, this is the
case for the solution of the Specht problem provided by Kemer (see [13])
in which Zs-gradings play a key role. Here we aim to explore the structure
and the ideal of graded polynomial identities of a special class of superal-
gebras, namely that of minimal superalgebras, in order to contribute to the
classification of minimal supervarieties of fixed graded exponent.

Let F be a field of characteristic zero. An associative F-algebra A is a
Zo-graded algebra or a superalgebra if it has a vector space decomposition
A=A0g AWM guch that A® AU C A=) (where, obviously, the indices are
intendeed modulo 2). The elements of A©) are called homogeneous of degree
0 and those of A1) homogeneous of degree 1. Let F(Y U Z) be the free asso-
ciative F-algebra on the disjoint countable sets of variables Y := {y1, y2,...}
and Z := {z1, 29,...}. It has a natural superalgebra structure if we require
that the variables from Y have degree 0 and those from Z have degree 1.
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The superalgebra F(Y U Z) is said to be the free superalgebra over F. An
element f(y1,...,Ym,21,.-.,2n) of F(YUZ) is a Zy-graded polynomial iden-
tity for an F-superalgebra A = A©) g AD) if flar,...,am,b1,...,b,) =04
for every ai,...,am € A and by,....b, € AV, Let T7,(A) be the set of
all the Zy-graded polynomial identities satisfied by A, which is easily seen
to be a T7,-ideal of F(Y U Z), namely a two-sided ideal of the free super-
algebra invariant under every endomorphism of F(Y U Z) preserving the
grading. Given a Ty,-ideal I of F(Y U Z), the variety of superalgebras or
supervariety VP associated to I is the class of all F-superalgebras whose
T7,-ideals of graded polynomial identities contain I. The T7,-ideal I is de-
noted by 77z, (V“P). The supervariety V*"P is generated by the superalgebra
A if Ty, (V*¥P) = Ty,(A), and in this case we write V*“P = supvar(A).
Extending into the setting of Zy-graded algebras the approach introduced
by Regev in [15], one considers a numerical sequence that can be attached to
the graded polynomial identities of a supervariety VP (or of a superalgebra
A), that of Zo-graded codimensions of VS“P. In details, for every n > 1, let us
define the n-th Zo-graded codimension cZ2(V5UP) of VP as the dimension of

the vector space n where P;"? is the space of multilinear poly-

nomials of degree n of F/(Y U Z) in the variables y1,...,yn, 21, .., 2n. Since
F has characteristic zero, Tz, (V*"P) is completely determined by multilinear
polynomials it contains and hence {c¢Z2(V*“P)},~; in some sense measures
the rate of growth of the graded polynomial identities of the variety V5“P.
In [7] it was proved that this sequence is exponentially bounded if, and only
if, VS“P is generated by a superalgebra A satisfying an ordinary polynomial
identity. Under the extra assumption that A is also finitely generated, in [3]
the authors stated that

expz, (V") = lim %/ chz (Vsup)

exists and is a non-negative integer, which is called the Zy-graded exponent
or superexponent of V*'P. In this case set expy,(A) := expy, (V*"P), the
superexponent of the superalgebra A. This result was already established
for varieties of PI algebras by Giambruno and Zaicev ([8] and [9]), whereas
more recently it has been extended by Aljadeff, Giambruno and La Mattina
to varieties of G-graded PI associative algebras. Namely, in a series of
papers ([2], [6] and [1]) they have captured the exponential growth of the
corresponding codimension sequence for varieties generated by a G-graded
algebra A when G is a finite group and A satisfies a polynomial identity.

The existence of the exponent provides an integral scale allowing to mea-
sure the growth of any variety of such a type and in a natural manner
addresses the research towards a classification of varieties according to the
asymptotic behaviour of their corresponding codimensions. In this frame-
work, among varieties of some fixed exponent a prominent role is played
by the minimal ones, namely those varieties of exponent d such that every
proper subvariety has exponent strictly less than d.

In [11] it has been proved that in the ungraded case a variety of expo-
nential growth is minimal if, and only if, it is generated by the Grassmann
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envelope, G(A), of a so-called minimal superalgebra A. More recently, mo-
tivated by the result of [3], in [5] varieties of PI associative superalgebras
of finite basic rank (that is, generated by a finitely generated superalge-
bra satisfying an ordinary polynomial identity) which are minimal of fixed
superexponent d > 2 have been investigated. In particular, it has been
stated that any such a supervariety is generated by one of the above men-
tioned minimal superalgebras introduced by Giambruno and Zaicev in [11].
But the question of which minimal superalgebras generate a minimal super-
variety of fixed graded exponent is still open. Unfortunately, its possible
solution seems to be more involved than that of the ungraded case. In
fact, in [10] Giambruno and Zaicev proved that a variety V of PI algebras
of finite basic rank is minimal if, and only if, it is generated by an upper
block triangular matrix algebra UT(my,...,m,). Moreover, as an appli-
cation of Lewin’s Theorem [14], it was shown that its ideal of polynomial
identities, Id(V), has the nice property to be factored as the product of the
T-ideals of polynomial identities of the blocks along the main diagonal, that
is Id(Mp, (F)) - - - 1d(Mp,,, (F)).

In the superalgebras setting, one replaces upper block triangular ma-
trix algebras with minimal superalgebras but the factorability property
for their T7,-ideals fails. In more details, if A is a minimal superalgebra
and Ay, ..., A, are the graded simple algebras appearing in the semisimple
component of its Wedderburn-Malcev decomposition, in general it is un-
true that the 77,-ideal of graded polynomial identities of A factorizes as
T7,(A1) - Tz,(Ay) (see Section 4 of [5]). But this naturally leads to in-
vestigate the question of when such a factorization holds. We provide here
a positive answer in the case in which all the algebras Ay, ..., A, are non-
simple graded simple except for at most one between A; and A,. Further-
more we show that if there exists an integer h ¢ {1,n} such that Ay,..., Ay
are non-simple graded simple and A1, ..., A, are simple graded simple (or
conversely), then 77, (A) factorizes in a weaker sense. We use these results
to prove that in any of these cases the minimal superalgebra A generates a
minimal supervariety of fixed superexponent.

2. MINIMAL SUPERALGEBRAS WITH (WEAKLY) FACTORABLE IDEAL OF
GRADED POLYNOMIAL IDENTITIES AND Zy-REGULAR ALGEBRAS

Throughout the rest of the paper, unless otherwise stated, F is a field of
characteristic zero and all the algebras are assumed to be associative and to
have the same ground field F'. For any pair of positive integers s and ¢ the
symbol M,y; means the space of all rectangular matrices with s rows and ¢

columns over F' and set M := Mxs; whereas, if m1,...,m, is a sequence of
integers, let UT'(myq,...,my) be the upper block triangular matrix algebra
of size my,...,m

n-
Let A = A® @AM be a superalgebra. An element w of A is homogeneous
if it is homogeneous of degree 0 or 1, whereas a subalgebra or an ideal V' C A

is homogeneous if V.= (VN A®)® (VN AD). The superalgebra A is called
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simple (or Zg-simple) if the multiplication is non-trivial and it has no non-
trivial homogeneous ideals. In this case, we shall also refer to A as a graded
simple algebra.

Assume that A is a finite-dimensional superalgebra and J = J(A) is its
Jacobson radical. Then J is homogeneous and set J® := JNA® fori = 0, 1.
Moreover, by the generalization of the Wedderburn-Malcev Theorem we can
write A = Ags + J, where Ay is a maximal semisimple subalgebra of A
having an induced Zs-grading. Also Ass can be written as the direct sum
of graded simple algebras whose structure is well-known, at least when the
ground field is algebraically closed. In fact, they are one of the following

types:
A B
(a)Mk,l:: C D ,where k >1>0,k#0, Ae My, D e M;, Be

Mpy; and C € My, endowed with the grading M,iol) = ( 61 ]_0) )

m._ (0 B,
and Mk,l = < C 0 >,
(b) M,(F @ tF), where t?> = 1, with grading (M, tM,,).
Giambruno and Zaicev in [11] introduced the definition of minimal su-
peralgebra in the following manner.

Definition 2.1. Let F' be an algebraically closed field. A superalgebra A is
called minimal if it is finite-dimensional and A = Ass + J where

(i) Ass = A1 ®--- ® A, with Ay, ..., A, graded simple algebras;

(ii) there exist homogeneous elements wia, ..., Wnp—1,n € JO U IO gnd
minimal homogeneous idempotents ey € A1,...,e, € A, such that
€W i1 = Wii41€i41 = Wil I1<i<n-1
and

W12W23 * +* Wp—1,n 7 043
(ili) wig,..., wn—1, generate J as a two-sided ideal of A.

We observe that, when n = 1, A is nothing but a graded simple algebra.
Since we are interested to the case in which the Jacobson radical of A is
non-zero we assume throughout (unless explicitly mentioned) that n > 1.

In Lemma 3.5 of [11] it was shown that the minimal superalgebra A has
the following vector space decomposition

(1) A= P Ay,
1<i<j<n
where A1 := Ay, ..., Ann := A, and, for all i < 7,
Aij = Ajwigp1Aigr - Ajoawjoa 45

Moreover J = @;<jA;; and A;j A = 0j,A;, where dj; is the Kronecker
delta.

As stressed in Chapter 8 of [12], the order of the components Ay, ..., A,
of the semisimple part Ags of a minimal superalgebra A is important. For

this reason in the sequel we shall tacitly agree that if A = A, + J is a
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minimal superalgebra with semisimple part Ag;s = A1 & --- & A,, then
A1 JAsJ - JA, # 04. According to the main result of [3], expy, (A) =
dimp(Ass). Furthermore, if (4;,,...,4;,) is a subsequence of (A41,...,A4,)
set, for every 1 < j < ¢ — 1, wj; i, = Wij 41" Wi;—14;,,, the sub-
algebra of A generated by A;,...,A;, and the homogeneous radical ele-
ments ;, 4, - - -, Ui,_, 4, 15 a minimal superalgebra as well (of superexponent
dimp(A;, & ... 8 A;,)). In particular, for every 1 < k <1 <n let us denote
by A% the homogeneous subalgebra of A corresponding to the sequence

(Akv Ak—l—la s )Al)) na‘mely
A(k’l) = @ AZJ

k<i<j<l

We premise now an easy (but crucial for our aims) result explaining the
relation among the 77,-ideal of graded polynomial identities of A and that
of its subalgebras A®4)_ We recall that a finite subset I of N is said to be
an interval if there exist 1 < i < j such that I = {i,i+1,...,5}.

Lemma 2.2. Let A = Az + J be a minimal superalgebra with Ags = A1 &
<@ Ap, t > 1 be an integer and, for every 1 < i <t, S; = {ki,...,l;} be
(non-necessarily disjoint) intervals of N such that k1 < ko < ... < k; and
{1,...,n} = Ut_,S;. Then Tz, (Akvl)) ... Ty (Akel)) C Ty, (A).

Proof. Assume that ¢ > 1 (otherwise the statement is trivial) and take
fi € Ty, (AWl fy € Ty, (A%6l)), For any 1 < i < t and graded
evaluation o; of the polynomial f; in A one has that o;(f;) = Z1§pg 4<n bz(fq)
where b}(qu) are elements of A,, such that bgq) = 04 for every k; <p < q < ;.
By recalling the multiplication roles among the subspaces Ay, of A, it follows
that any graded evaluation of the polynomial fi--- f; in A must be zero,

and this concludes the proof. O

By virtue of the above lemma, it has sense to introduce the following

Definition 2.3. The 17,-ideal of graded polynomial identities of a minimal
superalgebra A = Ags + J with Ags = A1 ® -+ ® A, is said to be weakly
factorable if there exist 1 <11 <ly < ... <ly <n such that

Ty, (A) = Ty, (ABR)) Ty, (AL FLR)) oy (AlltLn)),
It is called factorable if
Ty, (A) =Tz, (A1) - Tz, (A).

In the next section we shall provide sufficient conditions on the sequence
(Ai,...,Ay) of the summands of Ags so that T7,(A) is weakly factorable
in the product of the T7,-ideals of graded polynomial identities of some
“nice” homogeneous subalgebras of A. At this aim, another important tool
we shall use is the concept of Zy-reqular algebra introduced in [4]. Let us
consider the complete matrix algebra M,,. A Zs-grading on M,, is called
elementary if there exists an m-tuple (g1, ..., gm) € Z5" such that the matrix
units F;; of M, are homogeneous and FE;; € M,(f ) if, and only if, k =
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g; — gi- In an equivalent manner, we can say that it is defined a map
| | : {1,...,m} — Zy inducing a grading on M,, by setting the degree
of Ej; equal to [j| — |i|. Obviously the algebra of upper block triangular
matrices also admits an elementary grading. In fact, the embedding of such
an algebra into a full matrix algebra with an elementary grading makes it a
homogeneous subalgebra.

Let A be any homogeneous subalgebra of (M,,,| |). Denote by P(A)
the polynomial ring associated to A, namely P(A) := F[tl(h) |11 < i <
dimp A, h > 1] is the polynomial ring in the countable set of commut-
ing variables tl(-h). It is well known that there exists a standard method to
realize the superalgebra F(Y U Z)/Ty,(A) as a subalgebra of M, @ P(A).
For every g € Zs we consider the F-linear map

g : My @ P(A) — M, ® P(A), Z aijBij — Z a;j Fij,
1<ij<m 1<i,j<m,
lil=g

and the restrictions 7, of m, to F(Y U Z)/T7,(A).

Definition 2.4 (4.3 of [4]). A homogeneous subalgebra A of (M, | |) is said
to be Zo-regular if, for every g € Za, the maps 7ty are injective.

As proved in [4], the simple superalgebra M}, is Zg-regular if, and only
if, k = [ and, for any integer m, M,,(F @ tF) is a homogeneous Zs-regular
subalgebra of May,.

A key result that we need to borrow from [4] is the following.

Lemma 2.5 (Theorem 4.5 of [4]). Let (M, | |m) and (M,,| |») be matriz
algebras endowed with an elementary Zs-grading, A C M,, and B C M,
their homogeneous subalgebras, respectively, and U := Mpyxn. Define the
map | | :{1,...,m+n} — Zy setting |i| = |i|m if i < m and |i| = |i —m|,
otherwise. If one of A and B is Zga-regqular, then the Ty,-ideal of graded
polynomial identities of the homogeneous subalgebra of (M 4n, | |)

AU
f= ( 0 B )
factorizes as Tz, (R) = Ty,(A) - Tz,(B).

3. FACTORIZATION OF THE TZQ—IDEAL OF GRADED POLYNOMIAL
IDENTITIES OF A MINIMAL SUPERALGEBRA AND MINIMAL
SUPERVARIETIES

We aim to prove the results announced in the Introduction on the de-
composition of the T7,-ideal of graded polynomial identities of a minimal
superalgebra upon certain constraints on the sequence of the graded simple
summands of its maximal semisimple homogeneous subalgebra. Namely, we
shall state the following

Theorem 3.1. Let A = Ass + J be a minimal superalgebra. If Ags =

AL @ --- D A, and there exists 1 < h < n such that Aq,..., A} are non-

simple graded simple and Apiq,...,An are simple graded simple algebras,
6



then
Ty, (A) = Ty, (A1) - Tr,y (Ap) - Toy (AP = 13 (AT - 1 (APHL)Y,

On the other hand, if h < n and Ay,..., A} are simple graded simple and
Apia, ..., Ay are non-simple graded simple algebras, then

Ty, (A) = Ty, (AYM) - Ty, (Apgr) -+ Ty (An) = Ty (AT - Ty, (APFLM),

2

An immediate consequence of the above theorem is the following

Corollary 3.2. Let A = Az + J be a minimal superalgebra. If Ags =
A1®---® A, and at most one between Ay and A, is a simple graded simple
algebra whereas A; is a non-simple graded simple algebra for the remaining
indices i, then Ty, (A) is factorable.

As in the ordinary case, we shall see in the last part of the paper that the
factorization property has an important role in the classification of minimal
supervarieties of fixed superexponent.

The strategy of the proof of Theorem 3.1 consists in constructing a ho-
mogeneous subalgebra A’ of A such that T7,(A) = Ty,(A’) and proving that
it is isomorphic to a suitable homogeneous subalgebra C(A’) of an upper
block triangular matrix algebra with action of an automorphism of order
2. Finally we shall show that C(A’) is isomorphic to a homogeneous sub-
algebra R(A’) of the same upper block triangular matrix algebra endowed
with an elementary grading. Hence we shall study the graded identities
of R(A’) (and hence of A’) to get information on those of the original su-
peralgebra A. In order to do this, as mentioned above, we shall often use
the language of actions of automorphisms. In fact, it is well-known that
any superalgebra A can be viewed as an algebra with action of an auto-
morphism ¢ of A of order at most 2. Indeed, the homomorphism ¢ of
A=A ¢ AD defined by ¢(ag) := ap and ¢(a1) := —ay for any ag € A©)
and a; € AW is an automorphism of A of order at most 2. Conversely, if
A is an algebra with an automorphism ¢ of order at most 2, then, setting
A = {a|la € A, ¢(a) = a} and AY) = {a|a € A, ¢(a) = —a}, Ais a
superalgebra with grading (A®, A1),

STEP I: Construction of A’. Let A = A,s + J be a minimal su-
peralgebra as in Theorem 3.1 and suppose that, for every 1 < ¢ < h,
A; = My, (F @ t;F) whereas A; = My, ;, when h+ 1 <i < n. By regarding
A as a ¢-algebra, we can write the non-simple graded simple algebras A;
as A; = I; ® ¢(I;), where I; is a minimal two-sided ideal of A;, and the
corresponding homogeneous idempotents (of degree zero) e; appearing in
the Definition 2.1 as e; = p; + ¢(p;) with p; a non-homogeneous minimal
idempotent of I;. For simplicity, set p; := ¢(p;) and I; := ¢(I;).

Let us consider the element wi, := wi2- - Wp—1,. As for the homoge-
neous radical elements w; ;41 defining A the equality

CiW;4+1€i+1 = €iWji+1 = Wii+1€i+1 = Wi i+1
7



is satisfied, one has that

win = (p1+ p1)wiz(pz + p2) - -+ (Ph—1 + Ph—1)Wh—1,u(Pn + Pr)-
*Wh,h+1€h+1 " * " En—1Wn—1,nEn
= ) Qwiser- - €h 1Wh 1 AERWAAL1CA1 " Cn1Wn 1 mCn.
e €{pi,pi}
According to the definition of minimal superalgebra, wi, # 04. This im-
plies that at least one of the 2"~ homogeneous elements appearing in the

above sum is non-zero. Let us pick a sequence (ey,...,€p) such that the
corresponding term occurring in wi, is non-zero, i.e. we are assuming that

€E1WI12€2 * * * € 1Wh—1 hELWh h+1€h+1 " * " En—1Wn—1 n€n+
+ ¢(er)wiag(e2) - - - Plen—1)Wh—1,,P(€R)Wh ht1€h41 " * - €n—1Wn—1,n€n 7 04.
Call Z; the minimal two-sided ideal of A; such that ¢; belongs to (namely,
T; = I; if ¢; € I; and Z; = I; otherwise) and, as before, set & := ¢(¢;) and
For every 1 <1 < mn, let us define
€Wi i+1€i+1 T €W5 ;41€+1 1<¢<h-—1and deg(wi7i+1) = 0;
€Wii+1€6i41 — Wi ir1641 1 <1< h—1and deg(w;;t1) = 1;

Viit1 = ERWh 41 + ERWh 41 i = h and deg(wpn+1) = 0;
ERWh,h41 — ERLWh iyl i = h and deg(wp p+1) = 1;
Wi 541 h+1SZSTL

and observe that v; ;41 is a homogeneous element of J(A) (of degree zero if
1 < < h) such that
€iViji+1 = Vijit+l = Viit1€i41-
Moreover, using the fact that for any 1 <¢ < h—1
€iVii+1€i+1 = 04 = €V 41641,

— — deg(w; ; — —
€iVii+1€i+1 = €Wiit1€it1, Eiviir1Eipr = (—1) 9B g, 06
and

deg(wh,ht1) 2

ERVhh4+1 = ERWh ht1, €nvnht1 = (—1) ERWh b1

we get that

VUlp = V12" Unp—1,n = €1V12€2 " " En—-1Un—1n€n
= (e1 + €1)vi2(€2 + €) - - - (€n + €R)Vh ht1€h4+1 " " En—1Vn—1,n€n

= €1V12€2 " €U h+1€h+1 * * * En—1Un—1nent

+ €1V12€2 * - ERUR h+1€h+1 " En—1Un—1nbn

= €1W12€2 * * * ERWh h+1€h+1 " * * En—1Wn—1nent
+ (=1)"€wi2€2 - - - EWh h 18041 - €n—1Wn—1,nCn,

where m is the number of indices 1 < i < h so that deg(w;i+1) = 1. If
v1n, = 04, also €1v1, must be zero. This implies that the first summand in

the last term of the above equality is zero, which is in contradiction with
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the choice of the sequence (e1,...,€,). Actually we notice that both the
summands appearing in vy, are non-zero.

Therefore the subalgebra A’ of A generated by Aq,..., A, and the ho-
mogeneous elements v12,...,v,—1, is @ minimal superalgebra as well.

Our goal now is to describe the subspaces A;j appearing in the decomposi-
tion (1) of the superalgebra A’. To this end, assume first that 1 <i < j < h.
Since for every 1 <k <j—1

Uk ket 1Ak 104 1042 = Vk k1 (Tt © Lpg1) Vg1 k42
= Uk 1 (€1 + €kt1) (Zig1 ® L) (€ht1 + €h1) Vi1 k42
= SPaN g (Vk k+1€k,k+1Vk+ 1,k+25 Vk k1 €k, k+1Vk+1,512)

we obtain

/
Ajj = Aivii1 Aig1Vig1iv2 - 01,545
= A€V i 116 11Vi41,i42€i42 - €-1Vj—1,j€;A;D
@ Aj€0; i1 1641041542642 - - §_1Uj—1 ;6 A;
=Ti€Vi 41611 €5-1051,;6;L; D Li€v; 41611 - - €j_10j1;€L;.
In particular, Z;€;v; j+1€41 - - - €j—10j—1 j€;Z; is a non-zero irreducible (Z;, Z;)-
bimodule isomorphic to Z;¢; ® €;7;, whereas the other subspace appearing
as a direct summand of A;j is a non-zero irreducible (Z;,Z;)-bimodule iso-
morphic to Z;& ® €;Z;.
When h+1<i<j<n,
/
Ay = Aij = Aieviit1€i1Aip1€i410i41 426012 - ej_1 A 16101 jejA;
= Aieiviit1 - vj-15ej A,
which is a non-zero irreducible (A4;, A;)-bimodule isomorphic to A;e; ®e; A;.
Finally, if ¢ < h < j proceeding in the same way we conclude that

Al = Ti€viig1€i41 - - €101, h€RVRA41CH41 -~ - €j—10j—1,5€5 AjD
@Z’E‘ivi,iﬂéﬂ € 1Vh—1,h€RVhh1Ch41 " - €—1Vj—1,j€5 A,
In this case the first summand of the above equality is a non-zero irreducible
(Z;, Aj)—bimo_dule isomorphic to Z;e; ® e; A; and the second one is a non-zero
irreducible (Z;, A;)-bimodule isomorphic to Z;& ® e; A;.
STEP II: Construction of C(A4’). Set m; := k;+1; when h+1<i<n
and dy := 0, for every 1 < i < n let us define

n { Z%ZIQmj 1<i<h

21 2mi+ 3 pamy h+1<i<n,
Bl := {di1 +1,...,d;} if i > h+ 1 and Bl := BI"Y UBI®® with BI" :=
{di-1+1,...,di—1 +m;} and B1§2) :={di—1+m;+1,...,d;} in the case in
which ¢ < h. Furthermore let I' := U}'_; Bl; and, when h + 1 <i <mn,

0 T € {di_1+1,...,di_1—|—ki};
1 xe€{di1+ki+1,...,d;}
9
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and

1 xE{dFl—l—l,...,difl—Fki};

a’ : Bly — Za, x>—>{0 ve{di1+ki+1,...,d;}.

We claim that the minimal superalgebra A’ is isomorphic (as a superalgebra)
to a homogeneous subalgebra of R := UT'(2my,...,2mp, mp41,...,My) €n-
dowed with the grading induced by the automorphism ¢ of order 2 defined
on the matrix units F;; of R by

I(Ey) = (=)D E ) s

where

x +m; lgighandxeBlgl);

o:I' —T, T4 z—my lgighandxeBIZ@);
T h+1<i<nandzxzeB]

is a bijection so that 02 =idp and o : I' — Zs is the map such that
a(r):=0 z e Ul B,

h+1
O[|B1h+1 = Oég + )
and, inductively, for every h+2 <i<n

A - -
S agl') Bl = oagZ ) and deg(vi—1;) =0 or Bl = oz,(;z ) and deg(vi—14) = 1;
| Bl: a?’) otherwise.
In order to prove the claim, for convenience put
EPD .= B,

if » € Bl, and s € Bl, and consider the subspace C(A’) generated by the
matrix units E,(];’Q) of R such that, when 1 < p < ¢ < h, r € Blg)l) and
s € Bl((ll) orr € Bl](f) and s € BL(IQ). By taking in account that, for any
1 < i < n,o(Bl;) = BJ; and in particular, when 1 < i < h, J(Blgj)) — plvtH

i
(where obviously the indices j and j + 1 are intendeed modulo 2), it is
straightforward to check that this is actually a homogeneous subalgebra of
R. A homogeneous basis for C(A’) is given by the elements

Eﬁg";’) + E((fz;q))a(s) 1<p<qg<handre Blz()l), s € Blgl),

EL9Y h4+1<p<qg<nandreBl,scBl
and
Eﬁ%@ + P9 g <p<h<g<nandr EBll(?l),s € Bl,.

o(r).s
We want to construct now an isomorphism ¥ : C(A’) — A’ of algebras
with actions (of automorphisms of order 2). At this regard, we observe that
for every h4+1<p <g<mnandr e Bl, and s € Bl,

: . ( , ) ( s ) ( ’ )
(2) Er(‘g 9= Erf)df—1+1EdiiJrquflJrlEdzfql*l:S’

10



)

whereas, in the case in which 1 < p < ¢ < h, E,(}s)’q is exactly as in (2) if

r € BIYY and s € BI{" and

(pa) — p(P:p) (p.q) (2,9)
ETS - Er,dp,1+mp+1Edp,1+mp+1,dq,1+mq+1Edq,1+mq+1,s

ifre Blj(f) and s € BL(12) and finally, when 1 <p < h < g < n, it is again as
in (2)ifre Bl,gl) and s € Bl, and

(p,q) — m(P.p) (p,9) (9,9)
E’/‘s - Er,dp_lererlEdp_1+mp+l,dq_1+1 dg—1+1,s

if r € BléQ) and s € Bl,. Hence in order to define V it is sufficient to define

the images of the elements of the diagonal blocks Ay, ..., A, of C(A’) with

the induced grading and those of the form E(E{i _qi 1d

(p,9) (p,9)
Edp_1+mp+1,dq_1+1 and Edp_1+mp+1,dq_1+mq+1 for p < q. But, by the

definition of C(A’) C R, for every 1 < i < n there exists an isomorphism of
algebras with action

141 and (when they

exist)

i . Al — Al
Furthermore we can assume that these isomorphisms are such that

ni(EElif)1+1,di,1+1) = &, ni(Eéif)1+m,-+1,di,1+mi+1) =€ l<i<h
and

i(Ezglif)1+1,di_1+1) =6

At this stage, standard computations show that if we set

V(L) =m(ELY)  1<i<n,

h+1<i<n.

() EpUp,p+1€p+1 """ €g-1Vq-1,4€ l<p<q<h
12 — ;
\I'(Edp_1+1,dq_1+1) =y EpUp,p+1€pt1 - €g—1Vg—1,¢€q h+1<p<qg<n;
€pUp,p+1€p+1 " €RVRh+1€h+1 " " €q—1Ug—14€g 1 <p < h <g,
(p,q) - _ _ _
W(Edp_1+mp+17dq_1+mq+1) = EpUp,p+1€p+1 - - €g—1Vg—1,q€q I<p<gs<h
and

(p.9) = _ _
\I'(Edp_1+mp+1,dq_1+1) = EpUpp+1€p+1 "t €AVRR+1Ch+1 """ €q—1Vq—1,qCq
for all 1 < p < h < ¢, then ¥ is actually an isomorphism of algebras with
action.

STEP III: Construction of R(A’). The last step which completes
our preliminary work consists into proving that C(A’) is isomorphic (as a
superalgebra) to a homogeneous subalgebra R(A’) of R endowed with the
elementary grading induced by the map §: I' — Zs such that

B(x) = a(x) r € Uiy, 1 Bl

and



for every 1 < i < h. To this end, take the linear map 7 : C(A’) — R which
is defined on the homogeneous basis of C(A’) presented at Step II in the
following manner:

n(E®9 4 EPa) )= E®9) 4 EPa)

o(r).o(s) o(r),o(s)’
(r,q) _ P9 _ ) (p,q)
MESY = Epty o) = Erots) T Eory.s

when 1 <p<g<handre Blj(gl) and s € Bl((ll),
n(EPD) .= E®9) h+1<p<g<nandreBl,seBl
and
n(B2D + EXD )= BR0, p(BR) - BB ) = g0

o(r),s 7),8 (;),s
fl<p<h<qg<nandre Blz(,l) and s € Bl,. It is straightforward to
verify that 7 actually defines an embedding of C(A’) into (R, f3).

Before attacking the proof of Theorem 3.1, we need to explore in more
details the properties of the superalgebra R(A’). To this end, let us de-

note by R(A’)1") the homogeneous subalgebra of R(A’) consisting of the
elements of R(A’) which are linear combination of the matrices EP? with
1 < p < g < h endowed with the grading induced by the restriction of
the map S to the set BlyU... U Bl,. Obviously R(A’)(l’h) is isomorphic
as a superalgebra to A’ (Lh) 1 analogous manner let us define the homo-
geneous subalgebras R(A")("+17) of R(A’) (which is clearly isomorphic to

APFL) — A(hHLn)y and €(A") R of C(A').
Lemma 3.3. The superalgebra R(A/)(l’h) is a Zo-regular subalgebra of My, .

Proof. Using the notations introduced before of Definition 2.4, it is clear
that F(Y U Z)/Tz,(R(A)1M) is the subalgebra of My, @ P(R(A)1M)
generated by the matrices
b bl k
U = Z (Ez(jp D4 Eilzi??a(j))ugj)
ieBlY jeBlY

and .
w5l s
ieBISY jeBI{V
where ugl-g) and vg?) are variables of P(R(A’)(M") and k € N.

At this stage, it is immediate to see that

mo(ug) = Z Eff’q)uz(?) and 7o(vg) = Z ng;?;)vgf),
ieBIY jeBl) ieBIY jeBI)
whereas
71 (ug) = Z Ealz;g?g(j)ugc) and 71 (vg) = Z Ealzg?jvz(f)
ieBISY jemifM ieBISY jemifM
and, consequently, that 7y and 71 are injective. ([l

12



Lemma 3.4. Ty, (R(A)IM) = Ty, (A1) - Tz, (Ap).

Proof. It is easily seen that C(A’)") (and hence R(A")(LM) is isomor-
phich as an algebra with action (of an automorphism of order 2) to
S:=UT(my,...,mp) ®UT(Mmq,...,mp)
with action given by
¢(a,b) = (b,a).
For this graded algebra one clearly has that
S(O) = {(CL, CL) ’CL S UT(mla ) mh)}
and
SW = {(a,—a)|a € UT(my,...,mp)}.

Now, consider a polynomial f(y1,..., ¥, 21, ..,2s) € Tz, (C(A)LM) =
T7,(S) and the element f(z1,..., Ty, Try1,...,Tr4s) of the free associative
F-algebra F(X) freely generated by the countable set X := {x1,z9,...}
(roughly speaking, we are replacing graded variables with ungraded ones).
Let o : F(X) — UT(mq,...,mp) be an evaluation of the polynomial
f(x1,...,2p45). In particular, say o(x;) := t; for every integer i. Then the
graded evaluation ¢ : F(Y U Z) — S defined by

o(yi) == (i, ti),  0(z5) = (tryj, —trsy)
for every 1 <i <7 and 1 < j < s is such that

6(f) = (f(tla"')tTvtTJrla"'>t7’+3)>f(t15"'atra_tTlea"'7_t7“+8))'
But a(f(y1,---Yr,21,-..,25)) = 0g since f(yi,...,Yr,21,-..,2s) € T7,(S5).
This implies that f(t1,...,t,tr41,-..,tr+s) is zero. Hence f(x1,...,ZTr4s)

is a polynomial identity for UT(myq,...,my). According to Theorem 2 of
[10], f(z1,...,&r4s) € Id(My,) - - -1d(Mpy, ) and, by invoking Remark 5.2 of
[5], we get
f(yl, R 1 ,Zs) S TZQ(A].) s TZQ(Ah) = TZ2(A1) .- 'TZQ(Ah)'
Hence Ty,(R(A)IW) = Ty, (C(ANIM) C Ty, (A1) -+ Tz,(A). But by
Lemma 2.2 one has that
Tz (A1) -+ T, (An) € Ty (A") = Ty (R(AN),
and, consequently, that Ty, (R(A) M) =Ty, (Ay) - - - Ty, (Ap). O

We are now in a position to prove the first of our main results.

Proof of Theorem 3.1. Suppose that Aj,..., A, are non-simple graded
simple. From the above discussion (and using exactly the same notations)
it follows that there exists a homogeneous subalgebra A’ of A isomorphic
to a homogeneous subalgebra R(A’) of (R, ). In particular, R(A’) can be

written as
vV U
0o w

where V = R(A)WM | W = R(A)+1m) and U = My, «(d,—dy)- According
to Lemma 3.3, V' is Zy-regular. Hence we can apply Lemma 2.5 and conclude
13



that Ty, (R(A")) is factored as Ty, (V') - Tz, (W). As A’ C A, the combination
of Lemmas 3.4 and 2.2 with the fact that A’"F1 = A(h+1Ln) yields

Ty, (A) C Ty, (A) = Ty, (R(A)) = Ty (R(A) M) - Ty (R(A') L)
= Ty (A1) - Tz, (Ap) - Toy (A7)
=Ty, (A1) -~ Tgy (Ap) - Tp, (AP
C TZQ (A(l,h)) . TZQ (A(h+1,n)).

The reverse containment is a direct consequence of Lemma 2.2. In particular,
1z, (A) =Tz, (A/)

The case in which Ap,..., A, are simple graded simple uses the same
above arguments and its discussion is left to the reader. ([l

We want to apply Theorem 3.1 to the classification of minimal superva-
rieties of fixed superexponent. We recall the definition.

Definition 3.5. A wariety VP of PI associative superalgebras is said to
be minimal of superexponent d if expy, (V*"P) = d and expy, (U*"P) < d for
every proper subvariety US"P of V3P

In the case in which V*“P is a minimal supervariety of finite basic rank
(that is, generated by a finitely generated PI superalgebra), it has been
proved in Proposition 3.2 of [5] that V*“? = supvar(A) for a suitable min-
imal superalgebra A. The question which remains still open is to decide
which minimal superalgebras generate minimal supervarieties of fixed su-
perexponent. In this direction it has been proved that supvar(A) is minimal
when either all the summands of the maximal semisimple homogeneous sub-
algebra Ags of A are simple graded simple (Theorem 4.7 of [5]) or Ags has
exactly two graded simple components (Theorem 5.4 of [5]). Here we show
that the same occurs when A satisfies the conditions of Theorem 3.1.

Theorem 3.6. Let A = Ags + J be a minimal superalgebra. If Ags =
A1 ® - D A, and there exists 1 < h < n such that A4,...,A are non-
simple graded simple and Apy1,...,An are simple graded simple algebras
(or conversely), then the supervariety generated by A is minimal of super-
exponent dimp (A1 & --- B Ay).

Proof. Set V*"P := supvar(A) and let us consider a subvariety U*“P C V%P
such that expy, (V*P) = expy, (U*"P). Since VP satisfies some Capelli
identities, U*“P has finite basic rank (see Theorem 11.4.3 of [12]). Hence, by
a result of Kemer, U"P is generated by a finite-dimensional superalgebra B.
According to Lemma 8.1.4 of [12], there exists a minimal superalgebra B
such that Ty, (B) C Ty, (B) and expyz, (B) = expy, (B). Therefore T7,(A) C
T7,(B) and expy, (A) = expy, (B) as well. Furthermore from Lemma 3.3 of
[5] we know that Bss = A1 @ -+ @ A,.

Assume that Aq,..., Ay are non-simple graded simple and take the ho-
mogeneous subalgebra B’ of B constructed in the same way we did in order
to prove Theorem 3.1. Using the same notations adopted there, B’ is the

14



subalgebra generated by Aq,..., A, and the homogeneous radical elements
V12, ...,Un—1,,- For this minimal superalgebra one has that

TZQ (B) = TZQ(B,) and ASS = B;S.
Therefore T7,(A) C T7,(B’) and expg, (A) = expg, (B’).

We claim that Ty, (A®HLm)) C 7y (B'* ™) Assume, if possible, that
the inclusion does not hold and take a graded polynomial f € Ty, (A+17))\
Ty, (B’(hH’")). Hence, for every h+1 < i < j < n, there exist elements b;; €
Bj; and a graded evaluation o of f in B'" 1) quch that o(f)=22,bij #
0p/(h+1.m)- Let us pick a pair of indices ¢ < j such that b;; # OBZ’-J-‘ Then
1Ai O'(f) . lAj = bij and bij S Aieiv@Hl ce 1)]‘_17]‘6]'14]‘. By multiplying bij for
suitable homogeneous elements cl(ij ) and dl(ij ) (with (cl(ij ), dl(ij )) € (4;,4)),
we get

(3) Z C(Z] b d(w = €iVji+1 """ vj_Ljej.

Let us consider the graded polynomial

g::Z (@) /f ”tz]

l

where 2’ := 3y’ + 2’ and 2” = y” + 2" are sum of a homogeneous variable of

degree 0 and one of degree 1 not appearing in f and vl( 7 and t( 7 are dlstlnct
graded variables pairwise different from those appearing in f, z' and z” and
of the same degree of cl(” ) and dl(” ), respectively. Then ¢ is an element of
Ty, (ALY (because f € Ty, (A1) which has a graded evaluation in
B coinciding with (3).

Now, the set Ty, (ALM\ Ty, (B is non-empty (otherwise dim (A1

@ Ap) = expy, (ALN) > expy (B = dimp(4; @ - @ Ay @
Apt1), which is clearly false). Hence there exists a graded polynomial
p € Tz,(AWM) which has a non-zero graded evaluation in p/(Lh+) (and
whose variables are pairwise different from those involved in g). By us-
ing similar arguments to the above, we can assume that such a non-zero
graded evaluation coincides with €, v, 11 - Vs_1 5€5 OF €Vppp1 -+ - Vg1 5€5 OF
€rVrrt1 """ Uh ht1€h41 OF € Ur g1 -+ Up pt1€p41 OF With epq (1 <7 < s < h).

At this stage, let us consider the graded polynomial ¢ := pxg where
x =y + z is sum of a variable of degree 0 and one of degree 1 appearing
neither in ¢ nor in p. According to Lemma 2.2,

q € Ty, (AT Ty, (AT C Ty, (A),

but it is not a graded polynomial identity for B’, which contradicts the
original assumption. Therefore Ty, (AP+1m)) C Ty, (B’(h+1’n)).

On the other hand, the minimal superalgebras Ah+1n) and BB Bave
the same superexponent, namely dimg(Ap4+1®---®A,). Since Apiq,..., A,
are simple graded simple, we can directly apply Theorem 4.7 of [5] to con-
clude that Ty, (A®+Lm)) = 1, (B'"HE) (actually AB+LM) and p/+bm)
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are isomorphic). Therefore it follows from Theorem 3.1 that

Ty, (A) = Tz, (A1) -+ Ty (Ap) - Try (APTEM) = Ty, (B') = Ty, (B).

The case in which Aj,..., A are simple graded simple can be proved
using the same arguments. O
REFERENCES
[1] E. Aljadeff, A. Giambruno, Multialternating graded polynomials and growth of poly-

2l
8l
(4]
[5]
(6]
(7]
(8]
(9]
(10]
(1]
[12]
(13]
(14]

(15]

nomial identities, Proc. Amer. Math. Soc. 141 (2013), 3055-3065.

E. Aljadeff, A. Giambruno, D. La Mattina, Graded polynomial identities and expo-
nential growth, J. Reine Angew. Math. 650 (2011), 83-100.

F. Benanti, A. Giambruno, M. Pipitone, Polynomial identities on superalgebras and
exponential growth, J. Algebra 269 (2003), 422-438.

O.M. Di Vincenzo, R. La Scala, Block-triangular matriz algebras and factorable ideals
of graded polynomial identities, J. Algebra 279 (2004), 260—-279.

O.M. Di Vincenzo, E. Spinelli, On some minimal supervarieties of exponential growth,
J. Algebra 368 (2012), 182-198.

A. Giambruno, D. La Mattina, Graded polynomial identities and codimensions: Com-
puting the exponential growth, Adv. Math. 225 (2010), 859-881.

A. Giambruno, A. Regev, Wreath products and P.I. algebras, J. Pure Appl. Algebra
35 (1985), 133-149.

A. Giambruno, M. Zaicev, On codimension growth of finitely generated associative
algebras, Adv. Math. 140 (1998), 145-155.

A. Giambruno, M. Zaicev, FExponential codimension growth of PI algebras: an exact
estimate, Adv. Math. 142 (1999), 221-243.

A. Giambruno, M. Zaicev, Minimal varieties of algebras of exponential growth, Adv.
Math. 174 (2003), 310-323.

A. Giambruno, M. Zaicev, Codimension growth and minimal superalgebras, Trans.
Amer. Math. Soc. 355 (2003), 293-308.

A. Giambruno, M. Zaicev, Polynomial identities and asymptotic methods, Mathemat-
ical Surveys and Monographs, Vol. 122, Amer. Math. Soc., Providence, RI, 2005.
A.R. Kemer, Ideals of identities of associative algebras, Translation of Math Mono-
graphs, Vol. 87, Amer. Math. Soc., Providence, RI, 1991.

J. Lewin, A matriz representation for associative algebras I, Trans. Amer. Math. Soc.
188 (1974) 293-308.

A. Regev, Ezistence of identities in A ® B, Israel J. Math. 11 (1972), 131-152.

ONOFRIO MARIO DI VINCENZO

Dipartimento di Matematica, Informatica ed Economia
Universita degli Studi della Basilicata

Via dell’Ateneo Lucano, 10

85100-POTENZA (Italy)

e-mail: onofrio.divincenzo@unibas.it

VIVIANE RIBEIRO TOMAZ DA SILVA
Departamento de Matematica, Instituto de Ciéncias Exatas

Un

iversidade Federal de Minas Gerais

30161-970 BELO HORIZONTE (Brazil)

e-mail: viviane@mat.ufmg.br

16



ERNESTO SPINELLI

Dipartimento di Matematica “G. Castelnuovo”
Universita degli Studi di Roma “La Sapienza”
Piazzale Aldo Moro 5

00185-ROMA (Italy)

e-mail: spinelli@mat.uniromal.it

17



