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Abstract

This paper presents three beam Finite Element (FE) formulations developed for the analysis of thin-walled structures.
These account for out-of-plane cross-section warping by removing the classical rigid body cross-section hypothesis
and capture the interaction of axial/bending stress components with shear and torsion.

The beam FE models rely on different kinematic assumptions to describe out-of-plane cross-section deformations.
Indeed, warping displacement field is interpolated in the element volume according to different approaches, with
increasing level of accuracy and detail. First two models adopt a coarse warping description, where warping displace-
ment field is defined as the linear combination of assumed warping profiles and unknown kinematic parameters. In
the first model, these are considered as equal to the generalized cross-section torsional curvature and shear strains
and a classical displacement-based formulation is adopted to derive the element governing equations. In the second
model, warping parameters are assumed as independent kinematic quantities and a mixed approach is considered to
derive the FE formulation. Third model, also relying on a mixed formulation, independently interpolates warping
introducing additional degrees of freedom on the cross-section plane, thus, resulting in a richer description of the out-
of-plane deformations. This latter is also adopted to propose a numerical procedure for the warping profile evaluation
of thin-walled beams subjected to torsional and shear forces, for general cross-section geometry.

The efficiency and accuracy of the proposed FE formulations are validated by simulating the response of thin-
walled structures under torsion and coupled torsion/shear actions and the influence of the kinematic assumptions
characterizing each formulation is discussed.

Keywords: Thin-walled beam, Warping, Finite Element, Displacement-based formulation, Mixed formulation

1. Introduction

Thin-walled beams are largely used in civil and mechanical engineering applications, because of their high strength
against shear/bending actions compared to significant slenderness and low weight. Indeed, thin-walled elements are

often adopted in construction of tall buildings, large structures and bridges, as these permit more flexibility for the
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definition of the structure geometry and guaranty higher strength and safety levels. However, in spite of the constant
improvement in analysis software technology, simulation of the mechanical response of thin-walled beams is still a
challenging task, as complex deformation phenomena are usually involved, even under simple static loadings.

A standard approach to analyze these structures is the adoption of beam models, which are often preferred to more
demanding two-dimensional (2D) plate/shell or three-dimensional (3D) approaches, because of their efficiency and
low computational cost. However, classical assumption of rigid plane cross-sections is often not suitable for thin-
walled elements, as cross-sections warp in and out of their plane, when subjected to shear and torsional forces. Thus,
complex stress/strain distributions arise in the structure, which are not accounted for by classical Euler-Bernoulli
and Timoshenko beam theories. Moreover, coupling between axial/bending and shear/torsional stress components
strongly affects the structural behavior [1, 2, 3].

Over past years, many works focused on the analysis of thin-walled beams and studied the influence of cross-
section warping effects on structural response [4, 5, 6, 7, 8]. Starting from the first proposals by Vlasov [9] and
Benscoter [10], several enhanced beam theories and numerical models were presented, often relying on Finite Element
(FE) procedures [11, 12, 13, 14]. Vlasov’s theory includes cross-section warping due to torsion and is based on the
assumption that in-plane cross-section distorsions are negligible. Due to the small thickness of the membratures, this
considers out-of-plane warping as uniform across web and flanges of the element and, thus, assumes out-of-plane
axial displacements as proportional to the element torsional curvature. These conditions usually hold true for doubly-
symmetric open cross sections, where shear strains vanish at cross-section mid-surface, but are not met for closed
and/or non-symmetric profiles [15]. More general assumptions are made in Benscoter’s theory, where, keeping all the
other hypotheses valid, out-of-plane displacements are assumed as proportional to an independent kinematic warping
parameter, which is found to be function of the cross-section torsional rotation.

First proposals were devoted to the analysis of slender thin-walled elements [16]. Hence, by neglecting beam shear
flexibility, warping theories were combined with Euler-Bernoulli beam formulation, to account for coupling between
axial stresses due to bending and torsion. A comprehensive review of beam models accounting for cross-section
warping proposed in the last decades of previous century and mainly based on aforementioned theories is reported in
[17]. Among them, it is worth mentioning those in [18, 19], which combine Timoshenko’s and Vlasov’s theories to
account for both torsional warping and shear flexibility, and works by Shakourzadeh et al. [20] and by Saade et al.
[21], which present Benscoter-based models and provide detailed discussions on the applicability of Vlasov’s theory.
In the last decades, enriched models were proposed to include also cross-section warping due to shear forces, e.g.
[22, 23, 24, 25, 26], proving that formulations able to account for these deformation modes provide significantly more
reliable and accurate results in the analysis of non-symmetric cross-section elements and/or buckling phenomena
[27, 28].

More sophisticated formulations were recently presented in [29, 30, 31, 32], where cross-section out-of-plane dis-
placements are described through the composition of independent warping modes, evaluated by imposing equilibrium
conditions and used as interpolation shape functions. Genoese et al. [33, 34] defined a mixed Hellinger-Reissner
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beam model based on a stress field description that results as the sum of the exact de Saint Venant contribution and
some further terms due to variable warping.

This paper presents three 3D beam FE formulations developed for the analysis of thin-walled structures. Starting
from Timoshenko beam theory and assuming small displacements and strains, enriched kinematic descriptions are
introduced, so that beam cross-sections can undergo out-of-plane deformations, yet remaining rigid in their plane.
Warping effects are assumed as related to both torsion and shear and linked to specific kinematic quantities that vary
along the element axis, so that the influence of warping restraints at the element boundaries and resulting shear-lag
phenomena are properly account for.

First model is based on Vlasov’s theory, which is here enriched to also include shear warping. Thus, the out-of-
plane warping displacement field is introduced in addition to those resulting from the cross-section rigid motions. This
is defined as the linear combination of three warping functions, a priori defined over the element cross-section, and
unknown generalized cross-section kinematic parameters. These are assumed as equal to the generalized cross-section
torsional curvature and shear strains. A displacement-based approach is adopted to derive the element governing equa-
tions, that is generalized cross-section displacements are interpolated along the element axis by means of shape func-
tions. To this end, additional degrees of freedom (DOFs) are introduced at the two element end nodes, corresponding
to torsional curvature and shear strains attained at the element end cross-sections. These are used for two purposes. On
the one hand, the additional DOFs are used to obtain parabolic and linear interpolation along the element axis of the
cross-section torsional curvature and shear strains, respectively, and, thus, to have similar interpolation order for the
corresponding warping modes. On the other hand, shear strain DOFs are used to perform an enhanced interpolation of
bending/shear quantities [35] that prevent shear-locking issues occurring in the standard two-node displacement-based
models with linear interpolation of the cross-section transversal displacements and rotations [36, 37, 38, 39].

Second model is based on Benscoter’s warping theory, also enriched to include shear warping. Hence, similarly
to the first model, cross-section out-of-plane displacement field is described by the linear combination of three a
priori defined warping functions and corresponding generalized cross-section parameters for torsion and shear, but
these latter are assumed as independent kinematic quantities. Hence, better warping description than first model is
considered. Warping displacement interpolation is performed by introducing three DOFs at the element end nodes and
at a variable number of internal nodes located along the axis. Moreover, as force-based and mixed formulations are
free from shear-locking and have higher performances than displacement-based FEs [40, 41], as opposed to the first
model, a mixed approach is used in this case. Together with the additional warping field, generalized cross-section
stresses are interpolated along the element axis according to equilibrium conditions. The governing equations are,
thus, derived by imposing the stationarity of an extended four-field Hu-Washizu variational functional.

Third model is the general extension of second formulation. This was proposed by the authors in previous works
and applied to the analysis of damaging structures subjected to shear and torsional forces [42, 43, 44] and thin-
walled structures under dynamic loadings [45, 46, 47]. A mixed FE approach is used to derive the element governing
equations, but a more general and accurate warping description is considered. Indeed, a variable number of additional
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DOFs is introduced at each controlling node and the additional warping displacement field is interpolated at two
levels: along the beam axis and over the cross-section plane. Hence, higher order descriptions are allowed for the
out-of-plane deformations and complete coupling of all stress components is ensured.

To evaluate the warping functions required in the first two formulations a numerical procedure is proposed. By
adopting the third mixed FE formulation and enforcing uniform warping conditions, linear elastic solutions are deter-
mined for a beam subjected to uniform torsional curvature and shear strains. The corresponding cross-section warping
profiles are, thus, computed and assumed as warping functions.

Numerical simulations are, finally, conducted to test and compare the performances of the three proposed FE
models. The response of four thin-walled specimens subjected to torsional and shear loads is studied, considering
various cross-section shapes to investigate the applicability of Vlasov’s and Benscoter’s assumptions. Convergence
studies are performed to highlight the influence on the structural response of the assumed warping interpolation order

along the element axis and over the cross-section.

2. General assumptions

An enriched 3D beam formulation is considered including out-of-plane deformations for the cross-section to
describe warping phenomena, while this remains rigid in its plane. Small displacement and strain hypothesis is
assumed. The beam domain is composed by the 1D locus of cross-section centroids, {x € [0, L]}, and the 2D domain
of the cross-section A(x). The local intrinsic reference system (x, y, z) is formed by axis x and the two axes y and z

lying on the cross-section plane and constituting an orthogonal triad (Fig. 1(a)).

u 0,\‘ ’ Um

(a) (b)
Figure 1: Cross-section (a) generalized displacement components and (b) out-of-plane warping displacement
Displacements of the beam material point m are defined as the sum of two contributions (Fig. 1(b)), as:
W, (X, ,2) = w(x,,2) + W(X,y,2), ey
T
where u,(x,y,2) = {u,(x, v.2) v(6y,2) wixy, z)} defines the cross-section rigid body motions, and u,,(x, y, z) =

T
{uw(x, v,z) 0 0} , the out-of-plane displacement due to warping. Rigid displacements are expressed in terms of
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generalized cross-section displacements as u,(x,y,z) = oy, z) uy(x), where u(x) is the vector collecting the cross-

section translations, u(x), v(x), w(x), and rotations, 6.(x), 8,(x), 6.(x), (Fig. 1(a)), i.e.:
T
u(x) = {u(x) 0,(x) v(x) O.(x) 6y(x) w(x)} , @)
and matrix ol(y, z) is the compatibility operator, defining the rigid motions as:

I -y 0 0 z O
ay.2)={0 0 1 -z 0 0. 3)

0 0 0 y 01
As the cross-section in-plane deformations are neglected, displacement field u,,(x, y, z) is the only non-zero component
of vector u,,(x,y, z), representing the out-of-plane warping displacement of point m. This is written as the product of
warping functions defined over the cross-section area, collected in the row vector M, (y, z), and independent general-
ized cross-section kinematic quantities, defined along the element axis and collected in the column vector n,(x). The
latter provides the amplitudes of the warping displacements associated to each warping function in M,,(y, z). Hence,

it results:

iy (X, y,2) = My(y, 2) M () - “

As displacements u,(x, y, z) and u,,(x, y, z) are assumed to be orthogonal, the warping functions M,,(y, z) have to satisfy

the following conditions [21, 24]:

M, (y,2)dA =0, f yM;(y,2)dA =0, f M, (y,2)dA = 0. Q)]
A(x) A(x) A(x)

These are ensured by a proper definition of the warping functions M,,(y, z), as described in the following sections.
According to the classical de Saint-Venant’s beam theory, three non-zero strain components are considered at point
m, that is the axial elongation €,,(x, y, z) and the two transverse shear strains between material fibers parallel to x and

those lying in the cross-section plane, y.,(x,y, z) and y,.(x, y, z). These are collected in vector €,(x, y, z) and expressed

Oy (x,y,2)  Oug(x,,2)  u(x,y,2)\"
ox Ay 0z ’

as the sum of rigid, €,(x, y, 7) = (Y, z) e(x), and warping strains, €,,(x,y, ) = {

as:

€n(X,y,2) = £:(X,¥,2) +€,(x,y,2), (6)

where vector e(x) contains the generalized cross-section strains, i.e. axial strain, £g(x), flexural curvatures, y,(x) and

Xy(x), torsional curvature, x,(x), and shear strains, yy(x) and y.(x), and results as:

o) [ W
X0 ()
e = |7 =[N pgu. ™
n@| | 6w
vl | s
Y:(0))  \Ww'(x) +6,(x)
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The apex denotes the derivative with respect to x of the variable and matrix D(x) is the compatibility differential
operator.

The stress components work-conjugate to €,,(x,y, z) are collected in the stress vector G,,(x,y, z), containing the
axial stress, 0 ,(x, Y, z), and the shear stresses in the plane of the cross-section, 7,,(x, y, z) and 7.;(x,y, z). By applying
the virtual work principle, the standard beam internal forces, s(x), namely axial stress, N(x), bending moments, M,(x)

and M,(x), torsional moment, M,(x), and shear stresses, Ty (x) and T,(x), are derived as:

() = f o (7.2) G5, y,2) dA. ®)
A

Strains, €,,(x, y, z), and stresses, G,,(x, y, z) at material point m, are related by the material constitutive law. This is

expressed in the general total form as [48, 43]:
On(%,¥,2) = G (En(X,,2)) )
or, in incremental form, as:
AG(x,y,2) = Ku(x,y,2) A&u(x, y, 2) (10)

where A indicates the increment of the quantity and k,,(x, y, z) is the material tangent stiffness matrix, defined as:

00,(x,y,2)

9 (i

K, (x,y,2) =

3. Enhanced beam FE formulations with cross-section warping

In the following, three different beam finite element (FE) formulations for straight beams with cross-section warp-
ing are presented. Each assumes a different representation of the warping displacement field u,,(x,y, z), i.e. Eq. (4)
is differently specified on the basis of specific kinematic assumptions. Hence, different kinematic and static quan-
tities associated to warping are considered, as described. The three formulations are called hereafter as Enriched
Vlasov Displacement Element (EVDE), Simplified Warping Mixed Element (SWME) and Enriched Warping Mixed
Element (EWME), respectively. These are described referring to the element local reference system and considering
the following common assumptions.

A two-node 3D beam FE is formulated and, without loss of generality, the local reference system is assumed to
coincide with the beam intrinsic orthogonal system (x, y, z), where axis x connects the element end nodes i and j. Six
standard DOFs are considered at each end node, that is three translations, collected in vectors u; and u;, and three
rotations contained in vectors 0; and 6, at node i and j respectively. The element nodal displacement vector is, thus,
written as:

T
uz{u.T 8] ul e}f} : (12)

! J
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Figure 2: Basic deformation displacement DOFs in the local system (i; x, y, z) assumed as standard reference configuration

According to force-based equlibrated formulations for beams [40, 41], a reference basic configuration is defined

to remove rigid body motions and derive the element governing equations, as depicted in Fig. 2. Then, the basic

deformation displacement vector v is introduced, resulting as:

where a, is the kinematic operator removing the element rigid body motions, i.e.:

(1

a, =

0
0
0
0
0

T
v= {ul ezi GZ] 9x1 eyi 0>]} =au,

0 0
/L 0
/L 0
0 0
0 -1/L
0 -1/L

0 0 O
0 0 1
0 0 0
-1 0 0
0 1 0
0 0 0

1

0
0
0
0
0

0
-1/L
-1/L

0

0

0

S O o O

1/L
1/L

0
0
0
1

0
0

o © o o O

- O

0
0
0

13)

, (14)

and L is the element undeformed length. The basic nodal force vector ¢, work-conjugate to v, results as:

T
q:{pxj Mzi Mgzj Myj My myj} :

s)

Moreover, all proposed FE formulations include additional DOFs properly introduced to describe cross-section

warping, as detailed in the following.

3.1. Enriched Vlasov Displacement Element (EVDE) formulation

The EVDE formulation introduces three additional DOFs at each element end node, namely y,;, v,; and vy;, for

node 7, and y j, ¥y j and . j, for node j (Fig. 3). DOF y,;/; is the torsional curvature at the element end cross-section

and is used to describe cross-section warping due to torsion, while y,;/;, v.;; are the cross-section shear strains used

to describe warping due to shear. Hence, the nodal displacement vector results as:

T
a= {uT nT} ,

(16)
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Figure 3: Standard (black) and warping (blue) nodal DOFs for the EVDE model

10 Where:

n=fur w} a7

T T
andni:{)(xi Vyi Yzi} ’n.i:{)(xj Yyi sz} :

Vi
0,; / $

0,; $
Xxi ).J xj

yzi

X j Uj (9)‘]'
i B
z ' 02] _&_
/ezi /V yj

yi
Figure 4: EVDE reference configuration in the local system (i; x, y, z) with basic displacement (black) and warping (blue) DOFs

192
193 Considering the reference configuration where the element rigid body motions are eliminated, the deformation

194 displacement and warping DOFs are collected in the extended deformation displacement vector ¥, which results as

195 (Flg 4):

T
- V= {VT nT} — 4,0, (18)
197 where matrix 4, is defined as:

198 ﬁv = . (19)

199 Matrix I extracts the warping displacements from @ and reorders them according to V. 0 denotes null matrix with

200 proper dimensions. The internal force vector §, work-conjugate to ¥, results as:

a-for o) . o0
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where B collects the bi-moments attained at the end beam cross-sections, i.e.:
T
B: {bxi bxj byi byj b, sz} : 2y
Vectors q and ¥ are related by the element constitutive law derived in Section 3.1.3.

3.1.1. Warping description and cross-section behavior
The EVDE model relies on Vlasov’s description of warping displacement field u,,(x, y, z) under torsion [9], en-

riched to include cross-section warping due to shear [21, 24, 25]. Hence, Eq. (4) is written in the form:
Mw(x, ys Z) = Mﬂx(y7 Z) Ux(x) + Mny(y’ Z) Uy(x) + an(% Z) T]Z(-x) ’ (22)

so that M (y,z) = {M,,x(y, 2 My, My, z)} with My «(y, 2), M;(y,z) and M,,.(y, z), being the three warping

T
functions associated to torsion and shear along y- and z-directions, respectively, while 1, (x) = {nx(y, 2 (2 70, Z)} ’

with 7,(x), n,(x) and 7,(x) being the associated warping parameters. According to Vlasov’s theory, these latter are
assumed as equal to the cross-section torsional curvature, y(x), and shear strains, y,(x) and y.(x), respectively, that

is:
() = xx(0),  7y(x) = yy(x), 7 (x) = y:(x). (23)

This assumption derives from observing that, for very thin elements, uniform warping displacements can be con-
sidered across the thickness of the cross-section membratures and, thus, transverse shear strains in this direction can
be neglected [21, 20]. This is usually adequate for open cross-sections, but can lead to incorrect solutions for closed
profiles. In the proposed formulation, Vlasov’s theory is enriched by assuming functions M, «(y,z), M,,(y,z) and
M, (y, z) that allow non-uniform warping distribution across the member thickness, while Eq. (23) is adopted [25].
Indeed, warping functions M, «(y, z), M, (y,z) and M, .(y, z) are determined according to the numerical procedure de-
scribed in Section 4.1, which leads to a more general formulation suitable for both open and closed cross-sections, as
well as symmetric and non-symmetric, thin- and thick-walled cross-sections, and ensures the orthogonality conditions
between rigid and warping displacements, as required by Eq. (5). Some examples of warping functions are depicted
in Fig. 5 for rectangular, I-shaped, C-shaped and boxed cross-section.

The EVDE formulation is based on the independent interpolation of the two strain fields y,(x) and y,(x) instead

of the rotation fields 6,(x) and 6,(x). Thus, the modified cross-section kinematic vector fi;(x) is introduced as:

T
0,(x) = {u(x) v(x)  Oc(x) w(x) yy(x) 71(x)} ) (24)
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Figure 5: Warping function shape for typical cross-sections related to torsion, M, ,, and shear, M, and M, ., states.

Vector u,(x) can be deduced from #i,(x) by means of the following operator:

Moreover, an extended generalized cross-section strain vector is introduced, defined as:

1

a,(x) =

o o o o o

T A
e ={'w 0 40 L) =P,

~ & o

0
0
0

0
0
0
1

0
0

0
0
0
0

10

0
-1

0
0
0
0

o o o o

(25)

(26)
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where {(x) = x (), {y(x) = yy(x), {(x) = y/(x) and D(x) is the extended kinematic differential operator, resulting

as:
4 5 o0 o 0 0]
! &2 d
— 0 0 -— 0
dx? dx
0 0 0 0 1 0
0 0 i 0 0 0
dx
ﬁ(x) =10 0 0 _d_2 0 i 227)
dx? dx
0 0 0 0 0 1
2
0 0 d— 0 0 0
dx? 4
0 0 0 0 — 0
dx d
0 0 0 0 0 —
L dx_
According to (6), the material strains are determined as:
En(X,Y,2) = €(x,Y,2) + &,(x,y,2) = &y, 2) &(x), (28)

where Q(y, z) is the cross-section compatibility operator that accounts for both rigid and warping strains, resulting as:

1y 0 0 z 0 My (3.2 Myy(0.2) M,-(3.2)
AM, (v.2)  dM, (. AM, (.
ar.9=[0 0 1+ ’”y(y & ";y(y 20 —Zy(y & 0 0 0 |. 9
AM, (. dM, (v, dM,, (0,
0 0 02 09 g gy SMac0nD) 0 0 0
dz dz dz

The application of the virtual work principle, considering a virtual rigid strain as d€,,(x, y, z7) = &(y, z) 6&(x), leads

to the definition of the extended beam internal forces §(x), as:
S(x) = f 6" (v,2) Gu(x,y,2)dA, (30)
AX)
with:
T
0= {Nw M) T/ MW M) TIW B B B(v) (31)

where quantities By(x), By(x) and B,(x), are the additional generalized stresses work-conjugate to the generalized

strains {x(x), {y(x), {-(x) and known as bi-moments [24, 9, 33]. These are defined as:

Bu(x) = f My (3, 2) 0er( v, ) dA (32)
AG)

B = fA M09y A, (33)

B.(x) = f M, (y,2) 0xi(x,y,2) dA, (34)
A(x)
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while quantities M?(x), Typ (x) and T?(x) are usually referred to as primary torsional moment and shear stresses.
These result as the sum of two contributions: the standard torsional moment and shear stresses, M.(x), Ty(x) and
T.(x), associated to the generalized strains for the rigid cross-section, and additional quantities, M3(x), T;(x) and

T;(x), associated to the warping strains, that is:

MY(x) = My(x)+ M%), (35)
TV(x) = Tyx)+T;x), (36)
T'(x) = T.(x)+T%), (37)
where:
M (x) = fA ()[yrxz(x,y,z)—zrxy<x,y,z>]dA, (38)
Ty(x) = L()Txy(x,y,z)dA, 39)
T.(x) = f Te(x,y,2)dA, (40)
A(x)
and:
wiw = [P g P o aa, @n
Ax) L y dz ]
Ty(x) = f WTW()@ .2+ Mrﬂ(x, v, 2)|dA, (42)
A y dz ]
TS = f —dM”C;(y LU y,z)+—dM”;(y D o eyoo)|da. 43)
A(x) y < |

The latter are usually known as bi-shears or secondary torsional moment and shear stresses.
By differentiating §(x) with respect to €(x) and considering Egs. (30), (28) and (11), the cross-section generalized
tangent stiffness matrix is obtained, resulting as:

08(x)
o

k,(x) = f 6" (v, 2) K(x, y,2) 6y, 2) dA . (44)
A(x)

This governs the generalized cross-section constitutive relationship in incremental form, that is:

A8(x) = K,(x) Aé(x). (45)

3.1.2. Cross-section displacement interpolation

According to the displacement-based approach, the generalized cross-section displacements, @i (x), are interpo-
lated along the element axis by means of shape functions, using Lagrange and Hermite polynomials. The axial
displacement field, u(x), and the shear strains, y,(x) and y.(x) are assumed as linear functions, while the transverse
displacements, v(x) and w(x), and the torsional rotation, 6,(x), are assumed as cubic. Thus, the relationship between

vector i;(x) and the basic displacements V is expressed in compact form as:

i,(x) = Nx) ¥, (46)
12
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with:

(Ny() 0 0 0 0 0 0 0 0 0 0 0
0  Nax) Ns(x) 0 0 0 0 MN(x) 0 0 Nsx) 0
A 0 0 0 N 0 0 N. 0 0 N 0 0
() = 3(x) 4(x) 5(x) @)
0 0 0 0 —Nyx) =Ns(x) O 0 MNx 0 0  Ns(x)
0 0 0 0 0 0 0 Nx 0 0 Mx 0
0 0 0 0 0 0 0 0 N 0 0 Ny
where:
Ni(x) = 1-x/L, (48)
Ny(x) = x/L, 49)
N3(x) = 3x2/L*-2xX1°, (50)
Nyx) = x-2x/L+x[L*, (51)
Ns(x) = -x*/L+x°/L%. (52)

To be noted is that the interpolation of the transverse displacements, bending rotations and shear strains, whose
definition makes use of the additional shear strain DOFs, y,;/; and ./, coincides with that proposed in [35] for a
2D Timoshenko beam to avoid shear locking pathological problems [37]. Here, the interpolation is extended to the
3D formulation and referred to the basic element reference configuration. Moreover, fields y,(x) and y(x) are used to
describe cross-section warping, together with field y,(x). The latter results from the derivative with respect to x of the
torsional rotation 6,(x), which is defined by exploiting the additional torsional strain DOFs, y ./, [49].

By introducing Eq. (46) into Eq. (26), the generalized cross-section strains is related to the nodal basic displace-

ment vector, and results as:
e =DWNx) ¥ =a(x) ¥, (53)

where 4(x) is the cross-section strain compatibility matrix, resulting from the application of the differential operator

D(x) to the shape function matrix N(x).

3.1.3. Variational formulation and element governing equations
The element governing equations are derived by invoking the stationarity of the total potential energy, which is
written as:
I (8(x)) = f €,(2,,2) Bn(x,y,2)dV = 1§ — f 0 (x) §,(x) dx, (54)
14 L
where V is the element volume and {,(x) contains the loads distributed along the element axis. Parentheses (round
brackets) indicate variable dependency. Vector {(x) consists of four non-zero components: the axial load g,(x)
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parallel to x, the transverse loads ¢,(x) and ¢,,(x) parallel to directions y and z, respectively, and the torque #,(x):

T
000 = {00 @@ o g 0 o) . (55)

By introducing Egs. (28), (46) and (53) into Eq. (54), the total potential energy is expressed in terms of Vv as

follows:
) = 97 f a’(x) [ f &' (v,2) G(x, y, z)dA} dx -7 -7 f N7 (x) q,(x) dx, (56)
L A(x) L

Moreover, by considering Eq. (30) and imposing the stationarity of IT with respect to ¥, the element equilibrium

equation is derived, which reads:

4= f a7 (x)8(x) dx - f N7 (x) §,(x) dx, (57)

L L

where second term on the right-hand side defines the element nodal forces due to the element loads, §, = fL NT(x) Gs(x) dx.

By applying the virtual work principle, considering the virtual nodal basic displacements ¥ = &, @, the definition

of the element force vector p is obtained in the form:
q+Prg, (58)

This collects the standard forces and couples, p;;; and m;; ;, work-conjugate to u;;; and 8;,;, and the additional gener-

alized forces, B, work-conjugate to the warping DOFs, 1, that is:
T
p={p" p'} . (59)
with:

T
p={p m’ o' m'} (60)

i i J

T
Vector p,, = {PrTq 0O 0 0 0 O 0} is the extended version of vector p,,, containing the basic reaction forces

due to the distributed loads, q(x). For uniform loads, this results as:

L L L L r
prq = —{quL qu qu th 0 0 0 qu qwz 0 0 0} . (61)

The incremental form of Eq. (58) is written as:
Ap = a7 Aq = aT k, AV = aT k, 4, Al = k Ad, (62)
where k = ﬁVT Kk, 4, is the element tangent stiffness matrix, with:

&=@=f§m%@%@m=f¥m&mwwm 63)
6V L 68 aV L

This governs the incremental form of the element constitutive relationship expressed in the reference basic system and

used in Eq. (62), that is:

A4 =k, AV. (64)



s 3.2. Simplified Warping Mixed Element (SWME) formulation

a4 The SWME formulation is defined by introducing additional internal nodes, located along the element axis (Fig. 6),

as  where supplementary warping DOFs are defined. In this work, without loss of generality, internal nodes are assumed

[}
Y]

s as equally spaced along x, but any distribution can be considered. Hence, at the general node n, three DOFs are added,

3.

]

; indicated as 7)., 17, and 17;,, and collected in vector 1,,. DOFs 7, are used to describe cross-section warping due to

3

R

s torsion, while 1, , and 7., are used to describe warping due to shear. The nodal displacement vector is again expressed

3

]

s by Eq. (16), where now vector M lists the warping DOFs of all the n,, warping nodes, that is:

n={n,T U n,fw}T- (65)

Internal nodes
u oy . / g_/
L IR

n; i n: LE J M.

Figure 6: Standard (black) and warping (blue) nodal DOFs for the SWME model

’721

0

n 2 ]723
l/lxl ):7 n 2 ]/Ix,? nxn” j uj exj

L N ¥
/ z ) %7);2 %7}6 ezj/_;_
0

zi I/Iyn

Nzn,
yi

w

£

Figure 7: SWME reference configuration in the local system (i; x, y, z) with basic displacement (black) and warping (blue) DOFs

vl

3 With reference to the element basic configuration, the basic deformation displacement and warping DOFs are
s collected in the basic displacement vector ¥, resulting as in Eq. (19) (Fig. 7), with I and 0 having proper dimensions.
333 The internal force vector §, work-conjugate to ¥, results as in Eq. (20). However, in this case, vector P lists the

sas  warping internal forces, B, defined at all the warping element nodes, that is:

wn’

B={8l, B, .. Bl (66)

xs  The element constitutive law relating ¢ and ¥ is derived in Section 3.2.3.
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3.2.1. Warping description and cross-section behavior

Similar to the EVDE model, the warping displacement field u,,(x,y, z) is assumed as defined in Eq. (22). How-
ever, differently from the Vlasov’s assumption in Eq. (23), here n(x) = {Tlx( x) ny(x) n( x)}T are considered as
independent generalized cross-section fields, as proposed in Benscoter’s theory [10, 21].

According to Eq. (6), the material strains €,,(x, y, z) are determined as:

En(X,3,2) = (5,7, 2) + E(X, 1, 2) + EN(X, 3, 2) = Oy, 2) €(x) + 0Ly, ) L, () + Oy (3, )M, (1), (67)

where two contributions are distinguished for the warping material strains, €,,(x, y, z), that is sfv(x, ¥,2) = 0 (y,2) g, (x)

and €/(x,y,2) = o, (v, 2) Ny(x). Vector { (x) contains the derivatives of the warping displacements with respect to x,
0

g,(x) = gix), i.e. the generalized strain quantities, £,(x), £,(x) and £;(x), introduced for the EVDE in Eq. (26), are

here defined as the derivatives of the independent warping fields in 1 (x). The matrices o(y,z) and o,(y, z) are two

warping compatibility operators with size 3 X 3 and defined as:

0
M
ry(yv 2) (9M,,(y, 2
o (y,2) = 0 , o, (y,2) = a—y . (68)
oM, (y,2)
0 i/ ddnd
0z

In addition to the standard beam internal forces s(x) (Eq. (8)), the virtual work equivalence, enforced alternatively
with the virtual warping strains (58’fv(x, ¥,2) = 0y, 2) 68, (x) and ol (x,y,2) = o, (v, 2) 0N (x), leads to the definition

of beam internal forces, b,,(x) and t,,(x), associated to warping and resulting as:

bw(x) = f 0‘{(}’, Z)T O.m(xv Yy, Z) dA7 tw(x) = f ar](ya Z)T Gm(xa Y, Z) dA. (69)
A(x) A(x)

These are work-conjugate to € (x) and 1(x), respectively, and correspond to the quantities introduced for the EVDE
model and called bi-moments and bi-shears.

Warping parameters 1,(x) are interpolated along the element axis by exploiting warping DOFs collected in 1 and
by means of shape functions N,(x), that is 1,(x) = 2221 N,(x)M,. Thus, Eq. (22) is now written as:

My

10,(,3,2) = ) Na(x) My (3,27, (70)
n=1

In the simplest version of the model, the additional warping nodes coincide with end nodes i and j (n,, = 2) and
functions N,(x) result as 2-node linear Lagrange polynomials. By contrast, when internal nodes are considered (n,, >
2), functions N,(x) result as n,,-node higher order Lagrange polynomials. By introducing Eq. (70) into Eq. (67), it

results:

Ty,

en(x,,2) = Oy, 2) e(x) + )
n=1

ON,,
= @) 0 5.2) + No() 0 (0 2)| 1, - (71)

X
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By differentiating s(x), b,,(x) and t,,(x) with respect to e(x), { (x) and n,(x) and considering Egs. (8), (69), (67)

and (11), the cross-section generalized tangent stiffness matrices are obtained, resulting as:

k@ = fA o0 ke a2 dA, (72)
K0 = 3;8) - fA @Dk n 9 a0 dA 3)
KL = ‘9;(1? - fA @0 Dku50. 98,0044, (74)
Koo = P9 fA 0 Dku(x0. @0, dA. 75)
K, () = 3‘;‘2(;) = fA . ol (7, 2) (X, v, 2) O (7, 2) dA, (76)
K (x) = 63‘1”1(5” = fA B0 k(3. @3, ) dA, a7
ki = - [ 0Dk (.9 00,94, 78)
ki, (x) = agc(x) = fA . 0 (v, 2) K (X, 3,2) 0 (1, D) A, (79)
Kl () = 8;](” - fA 0Dk, 90,01 4. (80)

These govern the generalized cross-section constitutive relationships in incremental form that are derived by consid-

ering the incremental form Eq. (70), resulting as:

As(x) = (x)Ae(x)+Z aN X )kiw X) + Ny K. (x)] An,, @81)
Ab = N ( ) o

W) = Ki(x) Ae(x) + Z ww(X) + N (X) Ky (X) | AT, s (82)
Aty (x) = ki (x) Ae(x) + Z Q(X) + Na() klw(x)] An, . (83)

3.2.2. Cross-section stress interpolation

As opposed to the EVDE formulation, where only standard and warping displacements are interpolated along the
element axis, according to the mixed formulation [40, 41, 50], the SWME adopts independent interpolations for the
generalized cross-section stresses along x, together with fields 1n,(x) (Eq. (70)). Hence, in line with the equilibrated
beam formulation, the generalized cross-section stress vector s(x), i.e. the beam internal force vector, is related to the

element basic forces q by the equilibrium conditions enforced in strong form, and results as:

s(x) = b(x) q + 54(x), (84)

17



386

387

388

389

390

391

392

393

394

395

396

397

398

399

400

401

402

403

404

405

406

407

where b(x) is the equilibrium matrix [45], defined as:

i o o 0o o o]
0 % -1 % 0 0 0
0 o d 0 0 0
b(x) = L L : (85)
0 0 0 1 0 0
0 0 0 0 % ~1 %
0 0 0 1 —
L L L]
and s,(x) contains the generalized section stresses due to distributed loads q,(x), arranged as:
T
qs(x) = {qu(x) 0 gv(x) t(x) O qw(x)} : (86)
In case of uniformly distributed loadings, s,(x) results as:
X L X L r
s ={IL-xla Sl-Llaw |5-2a L-xt SiL-xlan |5-4]a) - (37)

Eq. (84) is obtained as solution of the standard differential equilibrium equations of a straight Timoshenko beam

[51] written in compact form as:
D*(x) s(x) + q5(x) = 0, (83)

being D*(x) the equilibrium operator, self-adjoint to D(x) (Eq. (7)). Generalization to curved beams were proposed

resulting in very efficient formulations [43] with respect to the classical displacement-based approach.

3.2.3. Variational formulation and element governing equations
The element governing equations are derived by invoking the stationarity of a modified four-field Hu—Washizu
variational functional [52, 53]. This is defined by assuming u,(x, y, z), €,(x, y, 2), Gn(x, ¥, z) and u,,(x, y, z) as indepen-
dent fields and is written as:
&Gt = [ e300 802V + [ L0532 60 (132D = 8032 2) 4V
1% 1%
(39)
—u'p-n'B- fusT(x) qs(x)dx.
L
Parentheses (round brackets) indicate variable dependency.
The introduction of u,(x,y,z) = oy, z)us(x) and Egs. (8), (70) and (71) into Eq. (89), permits to express the
functional in terms of fields u,(x), e(x), s(x) and m, that is:
et = [ e 0. 5.2 Snlentn ) dV + [ 570 le(w,(0) - eto] d
v L
(90)
~u'p-n'B- f u! (x) q,(x) dx,
L
By enforcing the stationarity of IT with respect to the four independent fields u,(x), e(x), s(x), N, the element
governing equations are derived as follows:
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o Considering Egs. (8) and (67), it results as [52, 45]:

Oll (uy,e,s,Mm) ﬁ
oe "~ de

= f(x‘T(y’ Z) [6m(em(xv yv Z)) - Gm(-x’ y’ Z)] dV = 0 .
Vv

{ f el (x) ol (y,2) &(Em(x,v,2))dV — f el (x) [ f OLT(y,z)Gm(x,y,z)dA}dx}
\%4 L A(x) (91)

This is satisfied if the material constitutive law in Eq. (9) holds, as the term in braces vanish in this case.

e Considering the equilibrium condition expressed by Eq. (84), it results as:

ol (us,e5m) 9

{qT f b (x) [e(uy(x)) — e(x)] dx} = f b’ (x) e(u,(x)) - f b’ (x)e(x)dx=0. (92)
0s oq L L L

After introducing Eq. (7), the first integral is integrated by parts and only boundary quantities result as non-zero
terms. These correspond to the element deformation displacements v. Hence, the standard element compatibil-

ity condition, enforced in the weak form, is obtained, i.e:

v = f b’ (x)e(x) dx. (93)
L

Oll (uy,e,s,m) 9

T T T 3
ou, u {jL‘e (uy(x)) s(x)dx—u'p - fLux (x) q5(x) dx} =0. (94)

As for Eq. (92), after introducing Eq. (7), the first integral is integrated by parts and, by introducing Eq. (88)
to manipulate the resulting derivatives of internal forces s(x), the integrals are eliminated. The stationarity
condition enforced for the remaining boundary terms is re-written as:

61_[ (us,e’ S7 n) _ 6

au, 0. {[uf(x) s(x)]é - qu} - 9 {uT [afq _ prp] _ qu} —0 95)

ou

and gives the element equilibrium conditions expressed in weak form, i.e.:

P =a\7;q+prp- (96)

T
W _ fv g, (e(x), uawén), X,¥,2) & (En(x,y,2)dV -B=0. ©7)

Considering Eq. (9) and introducing Eqgs. (69) and (71), the integral is expressed in terms of warping beam

internal forces and the cross-section equilibrium conditions related to the warping are obtained, i.e.:

ON,(x)
ox Nl ()C)
B= oo | bp(x)dx + f Lty dx. (98)
L L
aan ('x) an (x)
0x
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3.3. Enriched Warping Mixed Element (EWME) formulation

The EWME formulation presented in [43, 45] can be seen as the generalized version of the SWME, enriched by
introducing additional warping DOFs at the element warping nodes located both at the ends and along the element axis.
In this case, an arbitrary number, m,,, of DOFs are considered at each node and collected in vector 1, (Fig. 6). These
are located at uniformly distributed points over the cross-section (Fig. 8) and represent their out-of-plane warping
displacement, namely u,,,,. Hence, the nodal displacement vector result as in Eq. (16), with 1 arranged according to

Eq. (65).

[X_X_ X
, %
;1‘ y ’Wm‘ping j‘ ’
z / DOFs N
X X
£ x_x
Rectangular L-shaped S-shaped

Figure 8: Examples of EWME warping DOFs for typical cross-sections

Warping DOFs are used to interpolate warping displacement field u,,(x, y, z) in the element volume. As opposed
to the SWME, where cross-section warping profiles M, (y, z) are assigned and only the interpolation along the element
axis is performed, in this case, the interpolation considers both the variation along x and that over the cross-section.
Hence, Eq. (4) is written as:

0, (5,3,2) = Y Na®) | > Min(3,2) um} = > N (OME, )M, , (99)
n=1 m=1 n=1

where M(y, z) is a row vector containing 2D Lagrange polynomials M,,(y,z) used to interpolate u,,(x,y,z) over the
cross-section plane. In a proposed modified version of the model [54], the adoption of Hermite polynomials is also
explored for shape functions M,,(y, z), defined by introducing the derivatives of u,,(x, y, z) along y and z as supplemen-
tary warping DOFs. Although this approach significantly reduces the number of DOFs involved in the interpolation,
it is not applicable to very thin-walled geometries [53] and, thus, only the case of Lagrange polynomials is considered
in this work.

The material strains, &,(x,y, z), are derived according to Eq. (71) where matrices 0,(y, z) and a,,(y, z) have, here,

size 3 X m,, and are defined as:

M(y, 2) 0
0M(y, 2)
o(y,2=| 0 |, o,(y,2) = |- (100)
OM(y, 2)
0 it A4
0z

Hence, by manipulating the cross-section and material quantities, as done for the SWME (Section 3.2.2), the general-
ized cross-section stresses, b,,(x) and t,,(x), associated to warping are derived as in Eq. (69). These play the same role
as the bi-moments and bi-shears introduced for the SWME and EVDE.
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The other fundamental relationships and the element governing equations are obtained through similar derivations
performed for the SWME and are not reported here for brevity. The element governing equations coincide with those
standard for a force-based variational formulation, i.e. the element nodal equilibrium (Eq. (96)), the constitutive
material law ( Eq. (9)) and the element compatibility relation in weak form (Eq. (93)). In addition, the fourth equation
enforcing the cross-section equilibrium for the warping forces is obtained, which reads as Eq. (98). However, in this
case, B (Eq. (66)) collects all the warping forces, p,, n,, work-conjugate to the warping DOFs, u,, ,,,. Complete details

of the element formulation are described in [43, 45, 53].

4. Numerical applications

To test the performances of the proposed models, the mechanical response of thin-walled beams with open and
closed, as well as symmetric and non-symmetric, cross-sections is numerically reproduced, under the assumption
of linear elastic constitutive behavior and small displacements and strains. After presenting the method used to
evaluate warping functions M, (v, z), My,(y, z) and M,,.(y,z) (Eq. (22)), numerical tests of three cantilever beams and
a L frame are presented under pure torsional or coupled torsional and shear/bending actions. Results are compared
with analytical solutions obtained with simplified and higher order models and the influence of the different warping
descriptions adopted in the proposed beam formulations is discussed.

A fiber discretization is adopted to evaluate the cross-section response [43, 55], that is to solve all integrals defined
over the cross-section plane. As linear elastic material response is assumed, cross-section fibers are defined according
to the Gauss-Legendre 2D quadrature rule, so that exact solution of the integral is obtained [53]. Similarly, Gauss-
Lobatto 1D quadrature rule is used to solve the integrals defined along the element axis, so that two of the quadrature

points are located at the element end nodes permitting to directly control the response of the end cross-sections.

4.1. Numerical evaluation of the warping functions

A numerical procedure is adopted to evaluate functions M, (y,z), M,,(y,z) and M,,.(y, z) describing the warping
displacement variation over the beam cross-section (Eq. (22)) for EVDE and SWME models. This relies on the linear
elastic solution obtained by means of the EWME model for a unit length beam, adopting same cross-section geometry
and constitutive behavior of the element to be analyzed. The beam is modeled adopting one FE, under the assumption
of uniform warping along the element axis, i.e. by placing additional warping DOFs only at one element node, i.e.
n,, = 1, where warping displacements are assumed as free. Then, unit torsional curvature, y, and unit shear strains, y,
and vy, are alternatively imposed along the beam. To do so, unit torsional rotation, 6, ;, and transverse displacements,
v; and w}, are alternatively imposed at node j, while assuming all other rigid cross-section displacements and rotations
as prevented at both element ends (Fig. 9). The corresponding warping DOFs, 1, are computed and, by applying
Eq. (99), warping profiles of displacement u,,(x,y, z) are determined over the beam cross-section and expressed by

means of selected analytical shape functions. These warping profiles correspond to functions M, ,(y,z), M, (y,z)
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s and M, (y,z), respectively. Their derivatives and integrals required in EVDE and SWME governing equations are

computed by differentiation and integration of the 2D Lagrange polynomials M,,(y, z) used in Eq. (99).

I
X I ex.jil
W_/Zl/j

Figure 9: Numerical modeling scheme to evaluate warping functions My, (v, z), Myy(y, z) and M, ;(y, z)

L=1

485

486 Examples of warping functions determined for typical cross-section geometries are shown in Fig. 5. These are
7 obtained by assuming the warping DOF scheme over the cross-section (Fig. 9) such that the interpolation of u,,(x, y, z)
ss  results as cubic along both in-plane directions for the rectangular cross-section and cubic along webs and flanges for
a0 other geometries. For the latter, quadratic interpolation is assumed across the membrature thickness.

490 These interpolation schemes are adopted to determine the warping functions in all numerical tests performed in
01 this work. However, lower or higher order interpolations can be, in general, used according to desired accuracy of the

42 numerical results [43, 53].

sa  4.2. Twist of a long I-shape cantilever

404 The first test analyzes the response of the I-shaped cantilever depicted in Fig. 10, which was studied in the works
w5 by Tralli [12], Kim & Kim [15] and Back & Will [19]. Warping is assumed as fully restrained at the fixed end and
w6 a torsional couple, M, = 25kNm, is applied at the free end. Young’s modulus £ = 200000 MPa and Poisson ratio

v = 0.3 are assumed for the material elastic constitutive law.

£r .
0.3125 E(,JSC

0.025 T

«j ' 0.275
z

0.025

L 1!
0.150

(a) (®)
Figure 10: I-shaped cantilever: (a) static scheme with FE element mesh description and (b) cross-section geometry (all dimensions in meters)
497
498 As usual for doubly-symmetric cross-sections, torsional and shear/bending behavior are uncoupled and, thus, null
ss  shear forces are expected along the beam.
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The specimen is first modeled by discretizing the beam with equal length FEs (uniform mesh), based on the
proposed enhanced formulations. As the thickness of the membrature is significant compared to the cross-section
size, for the EWME the warping interpolation scheme over the cross-section assumes quadratic variation across web
and flange thickness, while cubic interpolation is assumed in the other directions. Hence, the interpolation scheme
coincides with that adopted to compute the warping function My, (y, z), M,,(y, z) and M, .(y, z) to be introduced in the
EVDE and SWME. The total number of warping DOFs used at each cross-section is m,, = 60. For both the SWME
and EWME, two schemes are considered for the warping interpolation along the element axis, i.e. n,, = 3 and n,, = 4,
corresponding to quadratic and cubic variation, respectively. To be noted is that the EVDE considers cubic variation
of the torsional rotation along the FE axis and, thus, according to Egs. (22) and (23), quadratic variation of the warping
displacement in this direction.

Fig. 11 shows the convergence of the solution in terms of torsional rotation at the free end, 8,(L), as the number

of FEs along the beam axis is increased, and compares the results with those reported in [12, 15, 19]. Green curve
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Figure 11: I-shaped cantilever: convergence of the solution for the uniform mesh in terms of torsional rotation at the free end, 6,(L)

with circles represents the solution obtained with EVDE, red curves with squares and triangles correspond to the
solutions obtained with SWME, for n,, = 3 and n,, = 4, respectively, and blue curves with circles and crosses denote
the solutions obtained with EWME, for n,, = 3 and n,, = 4, respectively. As expected, all these converge to similar
results. Indeed, for doubly-symmetric open cross-sections, warping interpolation provided by Egs. (22) and (23)
suffices to describe the cross-section out-of-plane deformations and enhanced theories are not required. However,
models assuming cubic warping variation along the element axis (SWME and EWME with n,, = 4) exhibit higher
performances than those considering quadratic interpolation of u,,(x,y,z) (SWME and EWME with n,, = 3 and
EVDE).
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Similar trends are observed for models in [12, 15, 19]. Their solutions are in good agreement with those obtained
with the proposed models. Black curve with crosses represents the solution reported in [12], while blue curves with
triangles and squares correspond to the solutions reported in [15] and obtained with an exact analytical and a numerical
approach, respectively. The latter relies on a 2-node isoparametric beam formulation, with linear warping variation
along the element axis. Magenta curves with circles and asterisks represent the solutions reported in [19] and obtained
with a beam formulation that assumes quadratic and cubic warping variation along the element axis, respectively.

For comparison, Fig. 11 also shows the result obtained with a shell FE model (dashed black horizontal line), which
provides a solution almost coinciding with those obtained with the proposed models. The shell model adopts 4-nodes
Mindlin shell FEs [56], properly formulated to avoid shear-locking problems. These have size equal to 0.00625 m
along the cross-section mid-line and 0.025 m along the cantilever axis direction. Moreover, to satisfy the in-plane
rigid cross-section assumption, also adopted for the beam models, the rigid diaphragm constraint is used in the cross-
section plane. Couple M, is introduced by applying two opposite forces at the end cross-section, acting in the plane
of the flanges, and the cross-section rotation is determined as the average value obtained by dividing the transverse
displacements of the web nodes by their distance from the cross-section centroid [57].

To show the influence of the warping interpolation assumed over the beam cross-section, the solution obtained
with the EWME for n,, = 3 but assuming linear warping interpolation across the membrature thickness is plotted
(blu stars). Cubic variation is still considered along web and flanges. As cross-section thickness is almost 1/3 of
cross-section width, warping variation across the thickness is important for this specimen and the linear interpolation
assumption leads to stiffer solutions than those obtained with quadratic shape functions. To be noted is also that, if
linear interpolation were used to evaluate warping functions M, «(y, z), M,,(y,z) and M, .(y, z) for EVDE and SWME,
these would give similar results as those obtained with this latter EWME model, that is the curves for the free end
rotation would converge to the same value, as occurs for the plotted quadratic interpolation cases.

Following the studies reported in [12], similar analyses are conducted, yet adopting a non-uniform FE mesh
discretization for the cantilever, as depicted in Fig. 10(a). This considers short, regular and long FEs, with length
equal to 0.3125m, 0.625 m and 1.250 m, respectively, to better capture variation of the warping displacement near

the fixed end and that of the axial stress due to shear-lag effect. Figs. 12(a) and 12(b) show the variation along the

max
xx

cantilever axis of the torsional rotation, 6., and maximum axial stress, o obtained with the proposed models (solid
curves with symbols) and compares these with the solution obtained in [12] adopting the same mesh (black crosses)
and the shell model (dashed black curves). As indicated in Fig. 12(b), o-/i** occurs at the flange tips, where higher
values of axial strain are induced due to the warping restraints placed at the fixed end, and vanishes moving toward
the free end of the cantilever. These variation clearly describes the influence of warping restraints placed at the fixed
end. These strongly affect the element response, by increasing the torsional stiffness of the cantilever. This behavior

is perfectly described by the proposed beam formulations that highly agree with the shell model.
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Figure 12: I-shaped cantilever (non-uniform mesh): axial variation of (a) torsional rotation, 6,, and (b) maximum axial stress, o***, evaluated at

the tip of the flanges due to shear-lag effect

4.3. Twist of a short C-shape cantilever

The second test analyzes the behavior of a cantilever beam with C-shaped cross-section subjected to a concentrated
torsional couple at the free end, equal to M, = 1000 kNm, and with warping restrained at the fixed end. Specimen
geometry is depicted in Fig. 13 and material behavior is defined by assuming Young’s modulus £ = 30 MPa and
Poisson ratio v = 0.154. In this test, torsional and bending/shear effects are coupled [12, 15, 19, 33] and secondary

shear stresses are expected to play an important role in the beam response.

Figure 13: C-shaped cantilever: static scheme and specimen geometry (all dimensions in meters)

The beam is modeled by adopting a uniform mesh made of six FEs based on the proposed formulations. For
the SWME and EWME models, parabolic warping interpolation is assumed along the element axis, i.e. n, = 3.
To be noted is that same order of interpolation is considered by the EVDE model for torsional warping, but linear
interpolation is considered for shear warping (see Egs. (22), (23) and (46)). For the EWME, warping interpolation is
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assumed as cubic along web and flanges and parabolic across the membrature thickness for a total number of warping
DOFs at each cross-section equal to m,, = 42.

Fig. 14(a) shows the variations along the element axis of the torsional rotation, 6,, (green curve with circles for
the EVDE, red curve with squares for the SWME and blue curve with dots for the EWME) and compares these with
the analytical solution reported in [15] (black crosses) that includes the effects of the secondary shear stresses. A
very small difference is observed between the proposed model results, that is the EVDE and SWME provide slightly
stiffer solutions than the EMWE. However, this latter perfectly agrees with the reference analytical approach, as the
EWME is based on a richer description of the warping displacements over the element cross-section than the other
two formulations. Same behavior is shown in Fig. 14(b), where the convergence of the solution is plotted in terms
of free end torsional rotation, 8,(L), for increasing number of FEs. As expected, EVDE (green curve with circles),
considering lower order interpolation for shear warping, exhibits worse performances than SWME (red curve with
squares) and EWME (blue curve with dots). For this latter, one FE suffices to model beam. Moreover, as expected,
due the coarser warping description, EVDE results converge to a value that is close to Vlasov’s analytical solution,

indicated by the black solid line, while higher free end rotation is provided by SWME and EWME at convergence.
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Figure 14: C-shaped cantilever: (a) axial variation of torsional rotation, 6, and (b) convergence of the solution in terms of free end torsional

rotation, 6,(L), for the proposed models

Figs. 15(a) and 15(b) plot the distributions of the axial and tangential stresses, o, and 7,;, respectively, evaluated
with the three proposed models at 4.5 m from the fixed end, being z the direction parallel to the cross-sections web. As
shown, all formulations well reproduce the distribution of the axial stress oy, with no remarkable difference in values
among the models. This is due only to shear-lag effect, that is to the warping restraints applied at the fixed end that
produce relevant strains in the axial direction. Only EWME correctly describes the trend of the tangential stress 7,
and, thus, the influence of secondary shear stresses, as can be observed by comparing the results with those reported

in [33]. Due to warping variation across the membrature thickness, 7,, attains maximum values at the external edges
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Figure 15: C-shaped cantilever: distribution of (a) axial and (b) tangential stresses, oy, and 7, over the cross-section at 4.5 m from the fixed end,

obtained with the EWME, SWME and EVDE (units MPa)
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4.4. Short boxed cantilever under distributed torsional load

The third test concerns the numerical study of the closed boxed thin-walled cantilever depicted in Fig. 16. Warping
is assumed as fully restrained at the fixed end and uniformly distributed torsional couples ¢, = 1000 kNm/m are applied

along the beam axis. The elastic material properties are defined by assuming Young’s modulus, £ = 200000 MPa,

and Poisson ratio, v = 0.3.

I‘ Ii

I EVDE l i

0.203

Figure 16: Boxed cantilever: static scheme and specimen geometry (all dimensions in meters)
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The beam is modeled by adopting a uniform mesh made of twelve FEs based on the proposed formulations. Test
results are compared with those reported in [20], obtained by using two different FE approaches based on Vlasov’s
and Benscoter’s theory [9, 10], respectively. For the SWME and EWME models, parabolic warping interpolation is
assumed along the element axis, i.e. n,, = 3. For the EWME, warping interpolation is assumed as cubic along web
and flanges and quadratic across the membrature thickness, for a total number of warping DOFs at each cross-section
equal to m,, = 62.

Fig. 17 shows the variations along the element axis of the torsional rotation, 6,. As expected, EVDE (green curve
with circles) and EWME (blue curve with dots) results perfectly agree with Vlasov’s (dashed curve with crosses) and
Benscoter’s (dashed curve with square) solution, while intermediate results are given by the SWME model (red line

with squares).
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Figure 17: Boxed cantilever: axial variation of torsional rotation 6,

Similar trend is observed in Fig. 18, where the variation along the beam axis of (a) the warping parameter 77, and
(b) bimoment B, is reported (same curve styles of Fig. 17 are adopted). 7, is null at the fixed end, where warping is
restrained, and rapidly increases moving toward the free end. Opposite trend is observed for B,, as warping restraints
at the fixed end induce shear-lag effect that increases axial stresses, o xy, in this zone (see Eq. (32)). For the EWME,
generalized warping quantities at the cross-section level are not available as well, as a detailed description of the
warping is employed in this model at each integration point of the cross-section, according to the m,, warping DOF
scheme.

Finally, Figs. 19(a) and 19(b) plot the distributions of the axial and tangential stresses, oy, and 7., respectively,
evaluated with the three proposed models at 0.1 m from the fixed end, being z the direction parallel to the flanges. As
shown, EVDE provides distribution of the axial stress o, due to shear-lag effect that attains considerably lower values
than those given by the EWME and SWME. However, no remarkable differences are observed for the 7, distribution.

Indeed, as usual for closed profiles [21], shear stress exhibits a constant positive or negative flow through the thickness
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Figure 18: Boxed cantilever: axial variation of (a) warping parameter, 7., and (b) bimoment, By
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Figure 19: Boxed cantilever: distribution of (a) axial and (b) tangential stresses, oy, and Ty;, over the cross-section at 0.1 m from the fixed end,

obtained with the EWME, SWME and EVDE (units MPa)

of the membratures, that is shear stresses assume a regular variation in this direction that is well captured by all the

proposed formulations, regardless of the assumed cross-section warping description.

4.5. L frame with I-shaped members

The fourth test is conducted to investigate the performances of the proposed formulations in analyzing a more
complex structure composed by multiple members and study the interaction of warping deformation at the connection
between beams and columns of a frame. Specimen geometry is depicted in Fig. 20(a). Rigid cross-section and
warping displacements at the end of the beam (point A) and at the base of the column (point D) are prevented, as
well as the transverse displacement along z direction of the beam-column connection joint (point B). A concentrated
torsional couple is applied at the column mid-height (point C), equal to M, = 1.0kNm. Two stiffener configurations
are considered for the joint. These are depicted in Fig. 20(b) and indicated as diagonal and box/diagonal stiffened
joint. Material behavior is defined by assuming Young’s modulus, £ = 205000 MPa and Poisson ratio v = 0.3.
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Figure 20: L frame: (a) static scheme and specimen geometry (all dimensions in meters) and (b) stiffener configurations at the joint

The frame is modeled by using the proposed beam formulations and adopting a uniform mesh made of eight
FEs, for both beam and column. For the SWME and EWME models, parabolic warping interpolation is assumed
along the element axis, i.e. n, = 3. For EWME model, parabolic and cubic warping interpolation is considered
along web and flanges, respectively, and linear interpolation across the membrature thickness. The total number of
warping DOFs over each cross-section is m,, = 28. Warping boundary conditions at the joint are ensured by adopting
the same modeling strategies adopted in [45], where similar frame is tested under dynamic loading conditions. For
the box/diagonal stiffened joint, it is assumed that vertical and horizontal cross-sections, where the stiffeners are
located, can not warp [6, 58]. Hence, warping DOFs placed at these positions are restrained. For the EVDE, this
is accomplished by restraining x,, ¥, and y,. Joint is modeled through rigid links that connect the beam to the
column (blue lines in Fig. 20(b)), with a node of the mesh located at the link intersection, corresponding to point
B. By contrast, for the diagonal stiffened joint, it is assumed that the end cross-sections of the members undergo
equal warping profile. Hence, rigid links are not used and element axes meet at node B. In this case, for all models,
mesh connectivity ensures that warping profile of the two cross-sections be the same, as both beam and column FEs
connected at the joint share the same warping DOFs located at node B.

Fig. 21 shows the solution obtained for both diagonal and box/diagonal joint configurations in terms of torsional
rotation 6, of (a) beam and (b) column, referred to the element local axes x. The green circles, red squares and blue dots
represent the results obtained with the EVDE, SWME and EWME models, respectively. These are compared with
those obtained with the enhanced beam (solid black curves) and the shell (black triangles) model reported in [33].
Shell model is also used in [59] to test same specimen, providing similar results. Values of the rotation are reported
assuming as positive direction for the element local axes that going from A to B for the beam and from D to B for the
column. Torsion of the column mainly produces bending of the beam. However, for the diagonal stiffened joint, as
warping of the column due to torsion induces warping in the beam, both elements undergo torsional deformations. By

contrast, as warping transmission is prevented for the box/diagonal stiffened joint, in this case, cross-section torsional
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rotations are zero in the beam. As observed for the I-shaped cantilever in Section 4.2, all the proposed formulations
give the same response that perfectly matches the beam solution in [33], for both joint configurations. As expected,

the richer shell model provides slightly more flexible rotations, mostly at the member mid-spans.
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Figure 21: L frame: axial variation of torsional rotation, 6,, along local x-axis for (a) beam and (b) column

Fig. 22 shows the variation along the element local axis of the axial stress at the tip of the flanges for (a) beam
and (b) column. The exact position of the monitored point P is indicated by the sketches in the figure and the stresses
is referred to as o-© . All proposed models provide same solution, reported with blue solid curves for the EWME, red
dashed curves with stars for the SWME and green dashed curves for the EVDE. Comparison with shell model or other
beam formulation is not reported in this case, as these data are not available in the reference papers.

In the column, axial stresses are mainly produced by shear-lag effect due to torsion and warping restraints at
boundaries. By contrast, bending actions prevail in the beam. When the box/diagonal joint is considered, as torsional
strains are zero in the beam, o linearly varies along this element, while significant additional contribution associated

to torsion arises in case of diagonal joint.

5. Conclusions

Three beam FE formulations for thin-walled structures were presented, based on the enrichment of the element
kinematics description to include cross-section warping and correctly describe coupling between axial/bending and
shear/torsional stress components. As opposed to the EWME model which introduces a detailed description of the
warping displacement field at each point of the beam cross-section and was considered as the most sophisticated
reference model, the EVDE and SWME formulations adopted a coarser approach based on a priori defined warping
profiles. To be noted is that all the presented models were enriched to properly account for both the torsional and
shear warping effects. In this perspective, the EVDE model can be considered as an enhancement of the classical

Vlasov’s formulation. At the same time, the SWME represents a simplified version of the more accurate EWME. The
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Figure 22: L frame: axial variation of axial stress, 0%, arising at the tip of the flanges for (a) beam and (b) column
investigation conducted on simple thin-walled structural elements showed that, as expected, EWME approach gives
the most detailed results, in perfect agreement with the reference analytical/numerical solutions. However, this is
the most computationally demanding, as it usually involves more additional warping DOFs than other formulations.
On the other hand, the numerical examples proved that the other two EVDE and SWME models can be satisfactorily
employed in various cases, mainly when the structural response does not involve complex warping deformation mech-
anisms. Indeed, the adoption of warping functions a priori defined over the element cross-sections limits the warping
description provided by EVDE and SWME models, that, in some cases, result less accurate than EWME.

By adopting the EWME model, a numerical procedure was proposed to evaluate the warping profiles over the
cross-sections, required for the EVDE and SWME. This is easily applicable to any cross-section geometry and proved
to be a very efficient and extremely flexible technique, as it permits to choose the desired level of accuracy for the
warping interpolation, similarly to the more sophisticated EWME model.

The response of four thin-walled specimens subjected to torsional loads was numerically reproduced, i.e. three
cantilevers, with I-shaped, C-shaped and boxed cross-section, and a L frame with I-shaped members. The tests
performed on the cantilever beams highlighted the performances of each proposed model in reproducing the response
of symmetric, non-symmetric, opened and closed thin-walled profiles. These show that all formulations equally
capture the behavior of thin-walled elements with opened doubly symmetric cross-sections. In fact, the influence of
secondary shear stresses is negligible in this case and, thus, the coarser warping description adopted for the EVDE
suffices to represent the element behavior. However, richer approaches are required for non-symmetric and/or closed
profiles. The analyses on the C-shaped and boxed cantilever showed that, although the global response of the beam
was obtained by all the proposed models with sufficient accuracy, local variation of strains and stresses over the beam

cross-sections and along the element axis was correctly capture only by more general formulations with independent
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warping parameters, as for SWME and EWME, which permit better estimation of the structural response. SWME
model resulted a good compromise between the more complex and computational demanding EWME and the simpler,
but less onerous, EVDE.

Convergence studies were also presented for the I-shaped and C-shaped cantilevers, to investigate the perfor-
mances of the proposed formulations when different warping interpolation schemes are assumed along the element
axis and over the cross-sections. As expected, the solution sensitivity to warping interpolation over the cross-section
was observed only for thicker beams. By contrast, the shape function order assumed to describe warping variation
along the element axis resulted crucial to improve the convergence speed and reduce the computational burden of the
model.

The test performed on the L frame showed that the proposed beam formulations are also applicable for the analysis
of full structures composed by multiple elements. Particular attention must be paid in the definition of the boundary
conditions at the connection between beams and column. However, simple modeling strategies can be used to correctly
reproduce the warping interaction occurring at element joints.

Lastly, from a computaional point of view, SWME and EWME approaches resulted both more performing than the
EVDE, as these rely on more efficient FE mixed formulations, while the latter is based on the classical displacement
approach. In fact, SWME and EWME models, based on mixed formulations, always showed faster convergence than
EVDE. Hence, in spite of the lower computational cost requested by the single EVDE FE, finer mesh discretizations

are usually required when this formulation is adopted.
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