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Abstract

This paper develops the notion and properties of the generalized principal
eigenvalue for an elliptic system coupling an equation in a plane with one on
a line in this plane, together with boundary conditions that express exchanges
taking place between the plane and the line. This study is motivated by the
reaction-diffusion model introduced by H. Berestycki, J.-M. Roquejoffre and
L. Rossi [§] to describe the effect on biological invasions of networks with fast
diffusion imbedded in a field. Here we study the eigenvalue associated with
heterogeneous generalizations of this model. In a forthcoming work [5] we show
that persistence or extinction of the associated nonlinear evolution equation is
fully accounted for by this generalized eigenvalue. A key element in the proofs
is a new Harnack inequality that we establish for these systems and which is
of independent interest.

1 Introduction

1.1 A model problem

To illustrate the type of problems we investigate in this paper, let us describe the
particular case of a half-plane Q := {(z,y) € R? y > 0} whose boundary we identify
with R. Let a(z,y), u(x),v(x) be given, say bounded, functions defined in © and R
respectively and d, D > 0 be given. We consider the eigenvalue problem of the type:



—D¢" —v(x)lymo + u(x)e =Xp, xE€R,
—dAY + a(z, Y)Y = M, (x,y) € Q:=R x R*, (1.1)
—dOy|y—0 — p(x)p +v(2)Y|y=0 =0, r € R =00Q.

This systems involves two difficulties. First, it is set in an unbounded domain. Then
it couples two equations set in domains of different dimensions.

In this paper, our first task is to give a definition of the generalized principal
eigenvalue for such a problem. This is done in the spirit of [7, 14]. We then establish
a Harnack inequality for this type of systems. Such an inequality is at the core of
the various following proofs. It first allows us to show the existence of a generalized
principal eigenfunction in the unbounded domain, that is, a pair of positive solu-
tions (p, 1) of . Using this fact, we can identify this principal eigenvalue as the
limit of eigenvalues in bounded domain approximations. Lastly we derive a Rayleigh-
Ritz type formula that yields this eigenvalue. Thanks to these results we also derive
various qualitative properties of the generalized eigenvalue and eigenfunction.

The system is a particular case of the more general class of problems that
we consider here. We state precise and general results in Section [2| below.

This class of eigenvalue problems is at the core of the understanding of models in
ecology that we refer to as “road-field” models. In the next section we describe this
motivation.

1.2 The road-field model

Reaction-diffusion equations and systems arise in a wide range of applications, in ecol-
ogy (dynamics of populations, spreading of invasive species,...), physics (combustion
theory), and, more recently, in social sciences (riot propagations). The iconic example
is the Fisher-Kolmogorov-Petrovski-Piskunov equation (see the original papers [20]
for the biological motivations and [26] for a mathematical study):

ou —dAu = f(u), t>0, z€R. (1.2)

The function f is supposed to satisfy f(0) = f(1) = 0, together with f > 0 on (0, 1),
and s — @ is non-increasing (hence, f is differentiable at 0" with f'(07) > 0). More
generally, we assume the KPP condition, that is: f'(0)s > f(s) > 0, for s € (0,1]. A
typical example is the logistic nonlinearity f(s) = s(1—s). In this setting, the solution
u(t, z) of can be viewed as being the density of a population distributed on RV
subject to diffusion as arising from random motion of individuals, and to reproduction
and mortality, as accounted by the reaction term f.

Basic results [1l 26] state that any solution u(¢,z) of arising from a non-
negative, non-trivial, compactly supported initial datum, satisfies the invasion prop-
erty:

u(t, ) e 1 locally uniformly in .

Moreover, one can define the speed of invasion as a quantity cxpp > 0, such that

Ve > cxgpp, supu(t,z) — 0
|z|>ct t——+o00

2



Vee [0,ckpp), inf u(t,z) — 1.
|z|<ct t—+o0

A classical result of [I] is that the speed of invasion can be explicitly computed in

this case: cxpp = 2\/df’ (0F).

Building on the Fisher-KPP model, H. Berestycki, J.-M. Roquejoffre and
L. Rossi [8] introduced a system devised to describe the influence of a line with
fast diffusion on biological invasions, that we call the road in the sequel. The idea
is to divide the population into two groups, considering two densities: u denotes the
density of population on the road, while v stands for the density of population outside
of the road (referred to as the field). The model of [§] in a half-plane reads as follows:

Ou — DO*u = vuly—g — pu, t>0,x€eR,
O —dAv = f(v), t>0, (z,y) € R xR, (1.3)
—doyv|y—p = pu—vv|y—y, t>0,z€R.

The second equation reflects the fact that, in the field R x R*, the evolution of the
population is given by the usual Fisher-KPP equation (1.2)) with diffusivity d > 0.
On the road R x {0}, the population is subject to a diffusion equation with diffusivity
D > 0, which is a priori different from d. The third equation translates the exchanges
between the road and the field: the parameter ;o > 0 represents the rate of individuals
on the road leaving it to reach the field, while the parameter v > 0 represents the
rate of individuals in the field to enter the road.

It is proven in [8] that the road enhances the speed of invasion in the field if the
diffusion on the road D is large enough, compared to d. More precisely, first, for
any compactly supported non-negative, non-trivial initial datum (ug,vg), spreading
in the x-direction occurs with some speed cgrr > cxpp, depending on the parameters
d, D, p,v. This speed satisfies cgrr > cxpp if and only if D > 2d.

In this paper, we introduce some tools necessary for the analysis of generalizations
of the field-road system ([1.3]). We present such generalizations in the two next sections
before getting to the more general case studied in this paper.

1.3 Effect of a road on an ecological niche

The system is homogeneous: every place in the field is equally suitable for the
survival of the population. In many applications, this homogeneity hypothesis is not
verified, and it is of the essence to take into account heterogeneities of the medium.
The simplest way to do this is to consider coefficients that depend on the space
variables. In the paper [5], we study a model designed to account for the effect of
a road on a species that can reproduce efficiently only in a bounded portion of the
field (we say that the species has a bounded ecological niche). In its simplest form,
the model of [5] reads

Ou — DO*u = vuly—g — pu, t>0,x€eR,
O —dAv = f(x,y,v), t>0, (z,y) € R xR, (1.4)
—doyv|y—op = pu—vv|y—g, t>0,x€R,

where f is a KPP-type nonlinearity such that lim sup;., ,y_4e0 fo(%,¥,0) <0,
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The study of the heterogeneous model differs greatly from that of the ho-
mogeneous model . It is based on the notion of generalized principal eigenvalue
for the linearization near (u,v) = (0,0) of the stationary system associated to (1.4),
that is (where f,(z,y,0) denotes the derivative of v — f(z,y,v) evaluated at v = 0):

—Du" —vv|y—o + pu = Au, z € R,
—dAv — f,(x,y,0)v = v, (x,y) € R x R, (1.5)
—doyv|y—o = pu —vv|y—y, x€R.

Observe that this system is the one above with a(x,y) = —f,(z,y,0)v. It is set
on an unbounded domain. When working with elliptic operators on smooth bounded
domains, the Krein-Rutman theorem (see, e.g., [27]) gives the existence of a principal
eigenvalue. It is the smallest eigenvalue, and it is characterized by the existence of a
positive eigenfunction. In our context, this notion is more delicate since the domain
is unbounded and the system couples equations set in different dimensions. The
definition of a notion of generalized principal eigenvalue for systems such as and
the study of its properties are precisely the subject of the present work.
The generalized principal eigenvalue \; for is defined as follows:

A1 = sup {)\ €R : 3(u,v) > (0,0), (u,v)# (0,0) such that
Du" + voly—g — pu+ Au <0, dAv + f,(x,y,0)v + Av <0,
and dO,v|y—o + pu — vv|y—o < 0}.

The usefulness of \; is that it completely characterizes the long-time behavior
of . More precisely, we prove in our forthcoming paper [5] that invasion occurs
(that is, the solutions converge to a positive stationary solution) if A\; < 0 while
extinction occurs (i.e., every solution goes to zero) if A\; > 0.

Then, using some of the properties of A; derived in the present paper, we deduce
that the presence of a road can never have a positive effect on the survival of the
population, but on the contrary it might have a deleterious effect leading to the
extinction of the population.

Two crucial properties of the generalized principal eigenvalue are:

(1) The existence of a positive eigenfunction (u,v) associated with A;.

(2) The generalized principal eigenvalue \; is approximated by the principal eigen-
value for the same problem on truncated domains, with Dirichlet boundary con-
ditions on the truncation.

Both properties are well-known for the standard principal eigenvalue of an elliptic
operator, but their validity in the context of the road-field systems such as (1.4)
was not known up to now. They are two of the main results of the present paper,
see Theorems and below. The key ingredient to derive them is a Harnack
inequality for road-field systems: for any compact sets K; C R and Ky C R x [0, +00),
there is a constant C' > 0 such that any positive solution (u,v) of satisfies

max {Supu,supfu} < C'min {infu,infv} .

K K> K1 K2
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Let us mention that a notion of generalized principal eigenvalue for road-field
models has been recently introduced by T. Giletti, L. Monsaingeon and M. Zhou
in [23]. They prove that the properties (1) and (2) mentioned above hold for the
specific case of road-field models with periodic exchanges coefficients.

1.4 Extension to the case of a road through a field

In the models and , the field is a half-plane and the road is its boundary.
It is natural to consider a field that is the whole plane, with the road being, say, the
line R x {0}, dividing the plane into an upper field and a lower field. In symmetric
situations such as , this is tantamount to considering the system in the half-
plane. However, for general non-symmetric dependence with respect to the vertical
variable, the description of the model requires 3 equations: one for each side of the
field, one for the road, with two boundary conditions that are exchanges conditions,
one for each of the two connections road-field. The densities of population in the
upper and lower field are denoted by vy, vy respectively. We do not assume that the
exchanges between the road and the field are the same for each side of the field. The
system reads

Ou — DO?u = vyv1|y—o + vovaly—o — (1 + p2)u, t >0,z €R,
@U,-—diAvi :fi(ﬂ?,y,’(}i), t>0, (I,y) GRXR+,
—dﬁyvi|y:0 = WiU; — Vivi|y:07 t> O, r e R.
(1.6)
In the case where the exchanges and the nonlinearity are symmetric, i.e., p; = o,

vi = vy and fi = fo, then (1.6)) reduces (L.4).

The long-time behavior of system is also characterized by the sign of the
generalized principal eigenvalue of its linearization near (u,vy,vy) = (0,0,0). This
eigenvalue is defined by the following formula, that generalizes the previous one:

A1 :=sup {)\ eR : J(u,v1,v9) >(0,0,0), (u,v1,v2) #Z (0,0,0) such that

Du” + 11| y—o + vavaly—0 — (k1 + p2)u + Au <0,
diAUi + f,‘ﬂ)(l', O)UZ + AU S 0, diﬁyvi|y:0 + iy — ViUi|y:0 S 0 for ¢ = 1, 2}

1.5 Model with climate change

In the paper [5], where we study the effect of a road on an ecological niche, we also
take consider the possibility for the niche to move as time goes by. This reflects the
effect of a climate change (see [4]). This leads us to consider the system

Ou — DO?u = vyv1|y—o + vovaly—o — (p1 + p2)u, t>0,z €R,
atvi_diAvi :fi(x_0t7yuvi)7 t>07 (.T,y) GRXR+7
—d;Oyvily—0 = pilli — ViVi|y—o, t>0,reR,

which is again a generalization of (1.3]), (1.4) and (1.6)), which is recovered in the
particular case ¢ = 0 of this system. There, the heterogeneities move with constant
speed ¢ in the direction of the road. That is, ¢ represents the speed of a climate change.
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Rewriting this system in the frame that keeps pace with the shifting environment,
we obtain

Ou — DO?u — cOpu = 1101|y—0 + Vov2|y—0 — (p1 + p2)u, t>0,r€eR,
Oyv; — diAv; — cOpv; = fi(x,y,v;), t>0, (z,y) € R xR,
—dﬁyvi\yzg = UiU; — I/Z"Ui‘y:o, t> O, r e R.
(1.7)
We denote by a;(z,y) the derivative of v — fi(z,y,v) evaluated at v = 0. The
linearization near (u, vy, v9) = (0,0,0) of reads

—Du" — et/ = vvr|y—o + vava|y—o — (11 + p2)u, T ER,
—d;Av — cOv; = a;(z,y)v;, (x,y) e Rx Rt (1.8)
—diayvi|y:0 = ;U — l/ﬂ)z‘|y:0, r € R.

As before, the generalized principal eigenvalue of this system is defined by

A1 i=sup {)\ eR : I(u,v1,v9) > (0,0,0), (u,v1,v2) Z (0,0,0) such that
Du" + cu' + 1101 |y—o + vava|y—0 — (1 + p2)u + Au <0,
d;Av; 4 c0,v; + ai(x, y)v + Av; <0, d;0yvi|y=0 + pitti — vvily—0 < 0 for i =1, 2}.

Even in this general setting, we derive the existence of a generalized principal eigen-
function (Theorem and the approximation of the generalized principal eigenvalue
by the principal eigenvalues of the same system restricted to truncated domains (The-
orem . Moreover, we prove in [5] that the sign of the generalized principal eigen-
value characterizes the long-time behavior of . Therefore, understanding the
impact of a climate change on a population, combined with the presence of a road, is
tantamount to study how A\; depends on the coefficients of the system. We prove in [5]
that there are two critical speeds 0 < ¢, < ¢* such that persistence occurs if |c| < ¢,
i.e., if the climate change is not too fast, and extinction occurs if |c¢| > ¢*, that is, if
the climate change is too fast. We also prove that adding a line with fast diffusion
can decrease \;. As a consequence, we exhibit situations where adding a road allows
a population to persist in face of a faster climate change than it would without the
road. The keystone to derive these results is a Rayleigh-Ritz characterization of Aq,
see Proposition below.

1.6 Related works and perspectives

The model has been extended in several ways. The article [9] studies the influ-
ence of drift terms and mortality on the road. In a further paper [10], H. Berestycki,
J.-M. Roquejoffre and L. Rossi [10] computes the spreading speed in all directions of
the field. The paper [23] treats the case where the exchanges coefficients yu, v are not
constant but periodic in z, [31] [30] studieds non-local exchanges and [16] considers a
combustion nonlinearity instead of the KPP one. The articles |2 3] study the effect
of non-local diffusion. Different geometric situations are considered in [32, [I8]. The
first one treats the case where the field is a cylinder with its boundary playing the
role of the road, and the second one studies the case where the road is curved.



The system ([L.4)), describing the interaction between a line with fast diffusion and
climate change is inspired by the climate change model of [4] (see also [13]).

The notion of generalized principal eigenvalue was introduced by H. Berestycki,
L. Nirenberg and S. Varadhan in [7] to study elliptic operators on non-smooth do-
mains, with Dirichlet boundary conditions. It was later used by two of the authors
of the present article [12] [14] to study elliptic operators in unbounded domains, also
with Dirichlet boundary conditions. Using this notion in [0], H. Berestycki, F. Hamel
and L. Rossi show that the generalized principal eigenvalue plays a crucial role in the
study of reaction-diffusion equations, to characterize the validity of the maximum
principle, the existence of stationary solutions, as well as the existence of speeds of
invasions and of traveling fronts.

Let us mention some perspective and natural extensions for this work. First, the
results presented here could be used to study KPP reaction-diffusion equations on
domains with junctions. In their simplest setting, these are domains consisting of
metric graphs, that is, vertices in RY connected by straight segment of lines. On the
edges, we consider reaction-diffusion equations, at the vertices, exchanges equations
(such as the Kirchoff laws), serve as boundary conditions. Such models are widely
studied in the context of Hamilton-Jacobi equations and Schrédinger equations. Note
that, in system , the junction is a straight line, and we have two domains con-
nected through this junctions. Of interest is also the study of more realistic road-field
models, with several roads.

Another extension would be to consider “volume-surface” reaction-diffusion sys-
tems. These systems appear in crystallography, to describe the growth of crystals
[24], and in cell-biology, to describe the dynamic of proteins within the cell-body and
on the cell cortex, or to describe asymmetric stem cell divisions [19, 29]. These mod-
els are similar to the road-field models presented here, the main difference being that
they involve bounded domains (representing the bulk of a cristal or the cell-body),
whose boundaries play the role of our road.

An open problem is to construct a more general formulation of elliptic operators
defined on manifold with boundaries. It would be interesting to have a general
framework for the Harnack inequalities and existence of eigenfunctions of which all
these results are particular cases.

2 Hypotheses and statement of the results

2.1 Hypotheses and definitions

We consider in this paper the following linear system:

—Du" —cu' = v1v1ly=0 + ov2|y=0 — (1 + p2)u, T ER,
_dzAU - Ciaxvi = ai(‘ra y>vi7 (SL’, y) S R x R+7
—diﬁyvib:o = W;u — Vﬂ)i|y:0, T € R.

(2.9)
The parameters D, dy,ds, v, s, j11, 42 are positive constants, while ¢, ¢1, ¢y are real
numbers, possibly equal to zero, and the a; are locally Lipschitz continuous functions



globally bounded on R x [0, +00). Observe that this system is more general than
because the drift terms need not be the same.

For notational simplicity, we introduce the following five linear operators (the
index i takes the values 1 and 2):

Lo(u,v1,v2) = Du" 4 cu' + V1U1|y:o + V2U2|y:0 — (p1 + p2)u,
Li(v) = d; Av + ¢;0,v + a;(z,y)v,
Bi(u,v) = d;0yv]y=0 + ptiu — v;v]y=o.

These operators are understood to act on functions (u,vy,vy) € VVlif(R) X

(W2P(R x [0,+00)))%. For technical reasons, we restrict to p > 2: first, in order to
apply the LP theory for elliptic equations (see [22, Chapter 9]) on a domain Q C R?,
one should work in W?2P(Q) for p > 2. Moreover, by taking p > 2, the Morrey in-
equality (see [22, Theorem 7.17]) ensures that, if Q C R? is smooth and bounded,

then W?2?(Q) C C'(Q), and this inclusion is compact.
Here is our definition of the generalized principal eigenvalue of ([2.9)):

A1 i=sup {)\ eR : I(u,v1,v9) >0, (u,v1,v2) Z (0,0,0) such that

Lo(u,vy,v9) + Au < 0, L;(v;) + Mv; <0, Bi(u,v;) <0 for i =1, 2}. (2.10)

The functions (u,v;,v2) in the above and subsequent definitions always belong to
W2P(R) x (W2P(R x [0,400)))?, for some p > 2. Throughout the paper, unless
otherwise specified, differential equalities and inequalities are understood to hold

almost everywhere.

2.2 Statement of the results

We now state our results in the general context of system ((2.9)).
The first one is the existence of a generalized principal eigenfunction.

Theorem 2.1. There exists a triplet (u,vy,vs) of positive functions satisfying, for
i=1,2,

—Du" — cu' — vy |y—0 — Vavaly—o + (p1 + p2)u = A\u, z € R,
—d;Av; — ¢;0,v; — a;v; = A\, (z,y) € R x RT,
—diﬁyvib:o — Uiu + I/Z"Ui|y:0 =0, r € R.

We call (u,v1,vs) a generalized principal eigenfunctions triplet associated with A;.

The strategy for proving Theorem consists in deriving a constructive charac-
terization of A; as the limit of “standard” principal eigenvalues, in the spirit of [7, [14].
For this, we approximate the half-plane and its boundary by the sequence of truncated
domains (2g)g=0, (Ir)r>0 defined by

QR = BRQ(RXRJ’_), ]R = (—R,R),



where By denotes the (open) ball of radius R and of center (0,0) in R%. Then, we
consider the eigenproblem in such domains imposing a Dirichlet condition on the new
portion of the boundary introduced by the truncation, that is,

—Lo(u ’01,1)2) in IR,
(Uz) in QR,
Bi(u, v;) in Ig, (2.11)

0
vi =0 on (9Qr)\(Ir x {0}),
u(—R) = u(R) =0.

The boundedness of the domain allows us to apply the Krein-Rutman theory which
provides the existence of a generalized principal eigenvalue, that is, a unique \ =
A such that admits a solution with u, v, vy positive inside their domains of
definition. Moreover, such solution is unique (up to a scalar multiple); we call it the
principal eigenfunctions triplet for and we denote it by (ug,vi g, vsr). The
Krein-Rutman theorem requires a strong positivity property for the system, that
we derive in the Appendix. Let us point out that the domain ) is non-smooth.
From one hand, this introduces some technical difficulties, that we overcome using a
reflection argument. From the other hand, the lack of regularity of 2y is precisely
what entails that the eigenfunctions are smooth up to the boundary. Note indeed
that, if the domain (2 were smooth, then at the junction between its boundary and
the line R x {0}, a C! solution should satisfy both the Dirichlet and the Robin-type
condition, whence v; = —0,v; = 0. The Hopf Lemma would then yield that v; = 0,
for i = 1,2, and then u = 0.

Once the principal eigenvalues in the truncated domains are at hand, we derive
the convergence result.

Theorem 2.2. The generalized principal eigenvalues (A\)rso of ([2.11)) satisfy

AN, AL
R 7400

Theorems are proved simultaneously. The key tool that allows us to pass
to the limit is a Harnack inequality especially devised for road-field models. Here is
the precise statement.

Theorem 2.3. Let f € L™(R) and g1, g2 € L(R x R"). For any R > 0, there is a
positive constant C' such that, for any non-negative solution (u,v1,ve) € VVlif(R) X
(WEP(R x [0, +00)))? of
—Du" — e — f(x)u =3 vivil, g — (n + p2)u, T €R,
—d;Av; — ¢;0,v; — gi(z, y)v; =0, (z,y) € R x RT,
—dz‘ay’(]z"y:o = W;u — Vivi|y:07 T € R,
(2.12)
there holds:

max < sup u, sup vy, sup ve ¢ < C'min < inf u, inf vy, inf vy » .
I Qr Qr Ir Qg Qr



Observe that, though our system is, in some sense, “cooperative”, the non-
standard coupling through the boundary conditions makes the Harnack inequalities
for cooperative systems inapplicable here.

The Harnack inequality also allows us to derive some properties of the general-
ized principal eigenvalue that will be fundamental in some applications, concerning
the continuity and monotonicity with respect to the coefficients. As we already
mentioned, the sign of A\; characterizes the long-time behavior of solutions of the
associated semilinear evolution problem. Therefore, knowing the behavior of \; as
a function of the parameters yields qualitative results and allows for a discussion of
persistence/extinction in terms of the various parameters, see [5].

We start by a result on the dependence of the generalized principal eigenvalue
with respect to the parameters.

Proposition 2.4. The generalized principal eigenvalue Ay for system (2.9)) is a locally
Lipschitz-continuous function of the parameters c,c; € R, D,d; € RT and of the
functions a; € WH®(R x RY) endowed with the L*(R x R*) norm.

We mention that, in the setting we consider, even if the heterogeneous coefficients
were smooth, the Kato regularity theory for eigenvalues, c.f. [25], does not apply
because the domains we consider are unbounded and because of the unusual coupling.

Next, we derive some monotonicity properties for the generalized principal eigen-
value in the case ¢ = ¢; = 0, which are strict if A\; satisfies the following conditions:

lim ( sup ai(ac,y)> < =X and X\ <0. (2.13)
R=400 \ (2,y)e RxRT\Qp
1€{1,2}

Proposition 2.5. Assume that ¢ = ¢; = 0. Then the generalized principal eigen-
value \i for the system 1s a non-decreasing function of the parameters d; and
D and a non-increasing function of the couple (a1, as) € (WH(R x RT))?, endowed
with the standard product order.

Moreover, these monotonicities are strict if condition holds.

The above monotonicity properties in the large sense will be readily derived from a
variational formula for A, of the Rayleigh-Ritz type which we state in Proposition
below. The proof of the strict monotonicity is much more involved. This property is
useful in some applications, see [3], and, as far as we are aware, it is new even for a
single equation.

We point out that the generalized principal eigenvalue is not, in general, strictly
monotonous with respect to the coefficients, even in the case of a single equation, due
to the unboundedness of the domain. As an example, consider the operator

Lu := Au+a(z)u in RY.

If @ = 0 then the generalized principal eigenvalue of —L is 0. However, if a < 0
is such that a(z) — 0 as x goes to +00, it can be easily seen that the generalized
principal eigenvalue of —L is still 0. Observe that condition (2.13]) is not fulfilled

in this example. The validity of the last statement of Proposition [2.5| relies indeed
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on the fact that entails the exponential decay of the generalized principal
eigenfunctions triple. Owing to the Rayleigh-Ritz type formula, this allows us to
derive the strict monotonicity.

Lastly, it is necessary to assume that ¢ = ¢; = 0, otherwise it might happen
that the principal eigenvalue is not monotonous with respect to the parameters, as
exhibited in [5].

The paper is organized as follows. In Section [3] we prove the Harnack inequality
for system , Theorem It will be the keystone for the next Section , where
we study properties of the generalized principal eigenvalue \;. We start with showing
that the definition of A\; does provide a real number, satisfying some explicit
bounds. Next, in Section 4.1 we focus on the case of the bounded domains .
In particular, we provide a variational characterization of A, similar to the classical
Rayleigh-Ritz formula. Then, we devote Section[4.2]to proving Theorems 2.1 and
We will follow a standard strategy consisting in constructing a triplet (u, vy, vq) that
achieves the maximum in the formula (2.10). This triplet will be obtained as the
limit of a subsequence of the principal eigenfunctions ((ug, vi,r, V2,r))r>0 of ([2-11),
suitably normalized. We then prove Propositions [2.4] and 2.5 in Section [4.3]

3 The Harnack inequality

This section is dedicated to proving the Harnack inequality, Theorem [2.3] We start
with a weaker version.

Proposition 3.1. For any R > 0, there is a positive constant C' such that, for any
non-negative solution (u,vy,vy) of (2.12)), there holds

max {sup u, sSup vy, sup Ug} < C'max {inf u, infoq, inf vz} :
Ir Qr Qr Ir Qgr Qg
To prove this result, we follow a standard approach (see [22, Theorem 8.20] for
instance) consisting in deriving separately a weak Harnack inequality for supersolu-
tions and a local maximum principle for subsolutions. We will make use of the Moser
iteration method, see [28]. We say that a triples (u, vy, v9) is a supersolution (respec-
tively a subsolution) of if it satisfies the system with the signs = replaced by >
(respectively <).

Lemma 3.2. For any R > 0 and p > 1, there is a positive constant C' such that, for
any non-negative supersolution (u,vy,vs) of (2.12)), there holds

|| Lo (17,0) < C’i}lfu and ||vi||Lr(p.s
R

y < Cinfo;, 1=1,2.
Qr

Lemma 3.3. For any R > 0 and p > 1, there is a positive constant C' such that, for
any non-negative subsolution (u,vy,vs) of (2.12)), there holds

max {supu, sup vy, supvg} < Cmax{||ullr(ay1), 11ller@nen)s V2l r@n,n)}-

11



We start by proving Lemma (3.2l The main observation is that the functions w,
vy and vy are supersolutions of some elliptic equations that do not depend on the
other functions. This allows us to apply the usual weak Harnack inequality, which is
valid for supersolutions. This works directly with u, whereas for vy, v, we will need
to extend vy, vy to the whole space by oblique reflection.

Proof of Lemmal[3.9 Let R > 0 and p > 1 be given, and let (u,v;,v2) be a non-
negative supersolution of (2.12)).

First, observe that the function u is a supersolution of an elliptic equation:
—Du" —cu' — (f(x) — 1 — po)u > 0.

Hence, we can apply to u the usual weak Harnack inequality (see [22, Theorem 8.18])
to get
|| Lo (14,0) < Clinfu,
Ir

where C' depends on p and R.

Let us focus on vy (the situation for vy is analogous). In order to apply the
(interior) weak Harnack inequality to vy, we want to extend it to a supersolution of
an elliptic elliptic equation on the whole plane. To do so, we start by defining

w(z,y) := v (x, y)e_%y.

The boundary condition yields that —d;0,w|,—o > pyu > 0, and therefore

—di Aw — 21 0yw — 10, w — (;—f +g)w >0 on R x R,
—d10ywly—9 >0 on R.

We extend w to R? by symmetry, by setting w(x,y) := w(z,|y|), for (z,y) € R*.
Consider now the operator L defined by

2
“

dy

where H(y) = 1if y > 0 and H(y) = —1 if y < 0. Because J,w|,—9 < 0, it is
readily seen that w satisfies — L > 0 in Qp, in the weak (i.e., W'?) sense. Then 1
is supersolution of an elliptic equation on R%2. We can therefore apply the weak
Harnack inequality to w to get

E = dlA + 21/1H(y)3y + Cla:c + + g1,

|0 Lr (. 1) < Cinfw,
Qg

for some positive constant C' depending on R, p. Recalling the definition of w, we get
the weak Harnack inequality for vy. O

We now turn to the proof of Lemma [3.3] We will apply the same strategy as
for the proof of the usual local maximum principle for a single equation (see [22]
Theorem 8.17]): the idea is to write the system in a weak form and apply it to a
suitable pair of test functions. Because we are dealing with a system and not with a
single equation, a coupling term will appear.

12



Proof of Lemma[3.3 Let R > 0 and p > 1 be given, and let (u, v1,v,) be a nonnegat-
ice subsolution of (2.12)). We define

M1+ MQ)
Vivy,

@:= (1 + po)u and ov; := ( m

These are subsolutions of

i —Du" —cu — f(a)u =3, (il g—u), T ER,
—d;Av; — ;0,0 — gi(x, y)vi =0, (z,y) € R x RY,
—d;0,v;] = L (u—vif,_), z € R,

y=0 H1+p2

for some coefficients D, d;, ¢ ¢ > 0 and functions f , gi- In the rest of the proof, we
omit the tilde on the above terms as well as on the subsolutions @, vy, v,. We start
by writing the system in a weak form. In order to do so, we take (¢, 11, 9) regular
(C') non-negative test functions such that ¢ has compact support in Iz,; x {0} and
Y1 and v, have compact supports in Qp,; and we multiply the first equation, i.e.,
the equation on the road, by ¢ and the i-th equation (the one in the i-th side of the
field) by v; (i = 1,2) and integrate by parts. Using the boundaries equations, we get:

S (D“W —cu'p — f(iﬂ)w?) <Yt S <Ui\y=0 - u) ¢,

and

i
d;Vv; - Vb, — ¢;0,v; (2, y) v, / u—v;| _ ilu=0-
/QR( (2 U — gi(z,y) %D) P IR+1( Iy,o>@/)|y 0

Summing all the inequalities leads to

fIR+1 <DU/¢, —cu'¢p — f(iU)U) + Zz fQ (diVUi -V — Ciaxviwi — gi(z, y)”i%’)

_Zz M1+H2 fIR+1 < )(¢z|y 0_ )

(3.14)

Now, we consider Ry, Ry € R to be specified later such that R < Ry < Ry < R+ 1.
For 8 > 0 set

Yila,y) =0l (@, y)n*(,y) and é(x) = o’ (2)i (,0),

where . : R x [0,+00) — R is a non-negative smooth truncation function such
that n = 1 on Qg,, n = 0 on R x [0, +00)\{2g, and n < 1. Moreover, we choose it
such that |Vn| < RQERI. Note that ¢,; might not be C! if 8 < 1. To avoid this
diffuculty we assume that wu, v; are strictly positive (this is automatically verified if
we are dealing with non-zero solutions). In the general case, it is sufficient to consider
(W, v1,702) := (u+ k,v; + %k,vg + l’f—jk:), with k£ > 0, and to let k go to zero, see [22]
Theorem 8.17] for the details.
The crucial observation is that, since § > 0, we have

/ (u — vl y=0) (Yily—0 — @) = / (= vily—o) (vily_o — u)nl2_y < 0

IRt Iri1

13



Implementing these “test functions” ¢, 1, 1o in (3.14]), we get

Z Bdi/ \Vvﬂ%fflng + 2d; (V; - Vn)vfn - / ci&vvivan — / givfﬂng
. Qri1 Qr41 Qpr41 Qri1

7

+ 68D \u’]zuﬁflf +2D u'n'uPn — / cu'uPn? — fuPt? <o.
IR+1 IR+1

Irt1 Iry1

Now, for any £ > 0, we estimate two of the above terms as follows:

1
2/ (Vv . Vn)vﬁn < / <€772|VU|2U[371 + —|V7)|2v5+1>,
QR+1 QR+1 €

1
2/ uln/uﬁn S/ (5772|u’|2u5_1—|——|n’|2u6+1>.
Tpi1 I €

R+1
Two other terms are estimated by integration by part:

/ dpun*v” S/ (|Vn|2+n2>v5“,
QR+1 QR-Q—l

/ u'n*uP S/ <W|2+772>Uﬁ+1-
Iri1 Tr41

Using these inequalities together with ‘fQR+1 gvﬁﬂnz‘ < gz fQR+1 v#*+1n? and

[y PR < iy, 0P, viclds:

> (di(ﬁ_f)/ \Vvi\zﬂf_l772> +D(5—5)/ /a1
i QRr41 Tri1
< di \V A D "2, B+1 ‘ B+1, 2
<> [Vt ) + P S gl [ o0
% € QRr41 € Ip41 i QRr41
sl [t el [ (o) e ()

Ipy1 QRr41

Ipi1

We now define
B+1 B+1

w;:=v;> and z:=u 2,

and let ¢ < min{d;,dy, D}. Then, there is a constant C' > 0 depending only on
llgill oo, || fllz<, |ci| and |c|, such that the above inequality yields:

B—e 2 2 B—e N2 2
Ad, -2 Vuw; 4D —°
Z( TEE /r w|n>+ G /IRH|z|n
1 D /
< Czi: (g /QRH(IVM2 +n2)w3> - ;/IRH(W 2+ n?)2?
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Here and in the sequel, C stands for a generic constant which only depends on the
coefficients of the equation. If we let ¢ = min{g, D, dy,ds}, we get

i oy [V PP <
COLE (52, (VP + )t + [, (WP +77):2)

Now, we apply the Sobolev inequalities (see [22], Theorem 7.26]) for, say, the space
L* (remember that we are in space dimension 1 on the road and 2 in the field and
that n € HY (Qry1 U (Iry1 x {0})), we thus get

(3.15)

Inwill 4@p) < CIVOWll2@pa) < Clin(Vwillz@pan) + ClVR)will 2@p.0)

and
1n2Latrsn) < ClM2) lz2(1010) < ClnZ'llL2(rrsn) + Cll 2l 22(140)-
Combining this with (3.15)) we get

(B+1) /
D e el < C7=5= (Z (o et)ut e [ (e w)x) ,

Where C' is a positive constant depending now on R (but not on /). Because n =1

on Qp, and [V < =5 R , we derive

(B+1)
Z ||wi||%4(QRl) + ||7~U2||%4(1R1) < Cﬁ(R—Rl Z || ||L2 (Qr,) + || ||L2 (Iry) | -

X
2

X
Writing for short v := g + 1, and remembering that w; = v? and z = u?z, this

(2
inequality rewrites as

ZHUZHL% Qr,) + [} QR)SO(,}/_l (ZHUZHM Qr,) + lu ”m (Iry) )

(3.16)

Then, for g, > 0, define

M(CIﬂ“) = maX{HUHLQ(L)a ||U1||Lq(ﬂ,-)7 ’|U2||Lq(ﬂr)}'

Keeping in mind that v > 1 and R < Ry < Ry < R+ 1, (3.16)) yields

2

(M2 F))" <30 (v — 1)&%2 —R,)? (M. 7))’

We recursively apply this inequality, starting from an arbitrary v =p > 1, Ry = R,
Ry = R+ 1/2 and taking, at the m-th step,

m+1

y=2"p, Ri=R+>» 27", Ry=R+>» 27"
n=1 n=1

15



Going to the limit we finally get

_1

2Mp
) M(p, R+ 1),

M(+00, R) < (30

m=

22mp2
_ 1)272m72

where

M (+o0,7) = qggnm max{||w| gacr,y, |v1lla@.), |v2l o) }
= max{ ||ul|zo(1,), V1]l Lo ()5 [Vl Lo (@) }-

Observing that the infinite product in the above inequality converges, our result
follows. O

Lemmas [3.2] and yield Proposition 3.1} In order to prove Theorem we
derive the following.

Proposition 3.4. For any R > 0, there is a constant C' > 0 such that, for any
non-negative solution (u,vy,ve) of (2.12)), there holds, for i =1,2,

1 ) .
—supu < infv; < supwv; < Cinf u.
Ir Qpr Qr Ir

Proof. Let R > 0 be fixed. We only prove the result for :+ = 1. We argue by
contradiction and we assume that there is a sequence of non-negative solutions

((Uny V110, V2.0) Jnen Of (2.12)) and two sequences ((zn,Yn))nen and (2, )nen of points
in Qg and I respectively such that

Ul,n(l"myn) — 400
un(zn) n—-+oo ’

Normalize (tp, V14, V2,) S0 that

'Ul,n(xnu yn> + U2,n<xn> yn) + un(zn> = 1.

Hence, u,(z,) — 0 as n goes to +00. Up to extraction, we now assume that there
are (Too,Yoo) € Qg and 2o, € I such that (2,,yn) — (Too, Yoo) and 2, — 2o as n
goes to +00.

Then, for any R’ > R, using Proposition [3.1]we find that there is a constant C' > 0
independent of n such that

max {slup Up, sﬂup (I sQup ’U27n} < Cmax {uy(2n); V10(Tn, Yn)s Van(Tn, yn)} < C.
R/ R/ R/

Because of this, by the elliptic estimates, ((tn,V1n,V2n))neny converges (up to
some subsequence) locally uniformly in R, R X [0, +00),R x [0,400) to a solution

(Uoos V1,005 V2.00) Of (2.12)), such that ue(2e0) = 0 and v1 o0 (Too, Yoo ) +02.00 (Too, Yoo) = 1.
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The strong maximum principle yields (oo, V1,00, V2.00) = (0,0, 0), which is the contra-
diction we sought. We have then shown that

supv; < Cinf u,
QR IR

for some constant C' > 0 independent of u, vy, vs. We can use the same arguments to
show that

supu < C'inf v;.
Ip Qr

U
Finally, combining Proposition [3.4] with Proposition [3.1] we derive Theorem [2.3]

4 The generalized principal eigenvalue

In this section, we prove some properties of the generalized principal eigenvalue \;
defined by (2.10). As a preliminary we show that such quantity is a well-defined real

number.

Proposition 4.1. The generalized principal eigenvalue Ay defined by (2.10)) is a real
number and satisfies

2
min{0, —sup a;, —supaz} < A; < min {ZLC_D + pq + po, )\D(—Li)} ,

where Ap(—L;) denotes the generalized principal eigenvalue of the operator —L; de-
fined on R x R with Dirichlet boundary condition.

For the theory of the generalized principal eigenvalue for elliptic operators in
unbounded domains under Dirichlet boundary conditions we refer to [12], 14]. There,
it is proved in particular that Ap(—L;) € R.

Proof. To show the lower bound, we use
(u7 U1, UQ) - (17 ,ulv MQ)
14 %)

as a “test function” in (2.10]) with A = min{0, — sup a;, —sup as }. The upper estimate
that ensures that A\; € R is readily derived by observing that, if A € R and (u, vy, v9)
satisfy the conditions in (2.10]), then

Du" + cu' — (1 + po)u + Au < 0.

By definition of the generalized principal eigenvalue for the scalar operators — Ly,
which is equal to % + p1 + po (see [12, [14]), this implies that A < % + pq + po.
Likewise, since
diA’Ui + Ciaﬂ)i “+ a;v; + /\Ui S 0.

It follows from the definition of Ap(—L;) that A\; < Ap(—L;), for i =1, 2. O

17



4.1 Principal eigenvalue on truncated domains

We now turn to the eigenproblem in the truncated domain. The existence of the
principal eigenvalue is contained in the following.

Proposition 4.2. For R > 0, there is a unique A € R and a triplet of non-
negative, not identically equal to zero functions (ug,v1 g, v2.r) satisfying (2.11). This
eigenfunctions triplet is unique (up to multiplication by a positive scalar). Moreover,

any other eigenvalue \ of ([2.11)) satisfies R(\) > \E.

This proposition follows from the Krein-Rutman theorem. Because its application
is not standard in the present framework, due to the coupling condition through the
boundary and the lack of regularity of {2z, we provide the details it in the Appendix.

We will apply the Krein-Rutman theorem in the following space:

Cr = {(u,v1,v5) € C'(Ig) x (C*(QR))* : u=0o0n dlg
and vy =0, vo =0 on ONR\(Ig x {0})}. (4.17)

A key step in applying the Krein-Rutman theorem, that will also be useful in the
sequel, is the following strong positivity property for the system (2.11)).

Lemma 4.3. Let R > 0, A € R and (u,v1,v2) > 0, (u,v1,v2) #Z (0,0,0) be a
supersolution of (2.11)). Then, for every (¢,vn,15) € Cr, there exists € > 0 such that

(w,v1,02) > €(@, 11, 12).

This lemma is proved in the Appendix. It provides the strong maximum prin-
ciple for our systems. Namely, a non-negative supersolution of or of is
either (0,0,0) or it is positive in R and R x [0, 4+00), or in Ig and Qr U (Ig x {0})
respectively. In particular, the eigenfunctions (ug, v1 g, v2,r) given by Proposition
are strictly positive in Ir and Qg \ Bp respectively.

Let us show that the definition of the generalized principal eigenvalue coin-
cides with the principal eigenvalue A\ when restricting the equations to Ir and Qp.

Proposition 4.4. Let R > 0. Then, A\F coincides with the right-hand side of (2.10))
restricted to (u,vy,ve) in W2P(Ig) x (W?2P(Qg))?.

Proof. Let A denote the right hand side of ([2.10)) restricted to (u, vy, vs) in W2P(Ig) x
(W%P(QR))?. Then, using the principal eigenfunctions (ug, vy g, v2z) of (2.11]) pro-
vided by Proposition as “test functions” in (2.10f), we readily get

A >\
To prove the equality, assume by contradiction that A > M and choose A € (AE,\)
so that we can find (u, v, vy) > (0,0,0), (u,vy,v2) Z (0,0,0) such that Lo(u, vy, vs)+

A <0, Li(v;) + Av; <0 and B;(u,v;) <0, for i = 1,2. In other words, (u, vy, vs) is
a supersolution of (2.11). Then Lemma implies that there is € > 0 such that

(U, U1, UQ) Z 6(UR7 UI,R7 U?,R)‘
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We let €* denote the largest € > 0 such that this inequality holds true. We define
(ﬂ,ﬁl,’f)g) (U—€UR,’U1—€ U1,R, V2 — € UQR) (0 O O)

Observe that (@, 9;,92) # (0,0,0) because A > M. Then, (a,d,0y) is still a su-
persolution of (2.11). Owing to Lemma [.3| we find & > 0 so that (@, 0y,0) >
£(ug, v1 g, v2.r), but this would contradict the definition of ¢*. ]

Ifc=¢; =01in (2.9) (i.e., there are no drift-terms in the system), we can derive
the following alternative formula for A%

Proposition 4.5. Assume that ¢ = ¢; = 0. Then the principal eigenvalue N

for (2.11)) satisfies

A\ . fIR Dlu'|* + Zi:1,2 <ﬁ fQR (di| Vi — av?) + i f]RwiU - Vivi|y:0)2>
L= min

i 2
(u,v1,02)EHR w2y, LG V2
(u,v1,v2)%£(0,0,0) fIR 1=1,2 p; fQR i

(4.18)
where [1

M = Hy(Ix) x (H}(Q U (I x {0}))>2.

This result is an adaptation to our model of the classical Rayleigh-Ritz formula,
see [22, Theorem 8.37] for instance. The usual way of proving the Rayleigh-Ritz
formula is to use the spectral theorem, which provides an orthogonal basis. Here, it
is more convenient to use a direct approach.

Proof of Proposition[{.5. We set 5; := tand v; := .. Consider the following func-
tional:
E(u,vy,v9) := D|u 2+ Z @Z/ (d; |Vu|? — a;v? Z %/ ittt — Vivily=0)?,

1=1,2 Qr i=1,2

acting over the space Hr. We look for minimizers of £ over the set

S::{(u,vl,UQ)GHR:/quZﬁZ/ v.:1}.

i=1,2

Step 1. Existence of minimizers.

Consider a minimizing sequence ((tn, V1, V2n))neny of € over S. Observe that the
L? norm of functions in S are uniformly bounded. One then readily checks that
the H' norm of u,, and vy ,,,v2, are bounded independently of n. Therefore, up to
extraction, the sequences (u,)nen and (v1,)nen, (Van)nen converge weakly in H' and
strongly in L? (because H! is compactly imbedded in L?) to some limits uy, and
V100, U200 Tespectively, with (e, V100, V2.00) € S. Moreover, because the H' norm is
lower-semicontinuous for the weak H! convergence, we have

!The space H} (g U (Ig x {0})) is the completion in H'(Qg) of functions in C°°(R?) with
support in Qr U (Ig x {0}). In particular, they do not need to vanish on Ip x {0}.

19



Dluoo|2 + Z ,32/ d |vao|2 100) <
i=1,2 “/Or
. . 2 2
lim inf (/ Dlu, |* + ZB/ (i Voinl* - m)>-

i=1,2

Now, it remains to observe that, for i =1, 2,

(pittn — ViVip|y=0)? — / (Hitlos — ViVisoly=0)?,
/IR, Y n—-+o0o I Y

Indeed, by a classical result of Gagliardo [21], the trace operator is continuous from
HY(QR) to H2 (0Qg), and the space H? is compactly imbedded in L? by the fractional
Rellich-Kondrachov theorem, see, e.g, [I5, Theorem 9.16]. Therefore, (too, V1,005 V2,00)
is a minimizer of £ over S.

Step 2. FEquation satisfied by the minimizers.
Now, it remains to prove that the minimizers of £ over § are eigenvectors associated
with the principal eigenvalue. To do so, we set «; = m‘jriw and we compute the

derivative of £ in the direction of a triplet (¢, 11, 15) of smooth test functions:

I E(u+ep, vy + ey, v9 + €hg) — E(u, vy, va)
50 2e

= Z —Qy Du"¢ — ﬁz‘/ (d; Av; + a;v;) ; — @‘/ dit;0yvi]y=o
i Ir Qgr

Ir

+ %’/ (piv — v3vily=0) (i@ — vitbily=0)

Ir

= Z/ (—auDu" + i (v — vivily=o))$ + /62‘/ (—diAv; — a;v;) ¥

Ir Qr

+ / (BidiOyvily=0 — vivi(pivs + vivi]y—0) ) Yily—o

Ir

= /1 (=Du" + Z(MU — ViVily=0))® + Z ﬁz‘/ﬂ (—diAv; — a;v;) ¥

+ Z Bi / (diauvi|y:0 - (Hiu + Vi“z‘|y:0))¢i|y:0'
i Ir

— [ Blwn) Z@/ 2@/ {00l

We used the specific form of oy, 3;,v; to get the last equality.

Now, if (u,v;,v9) is a minimizer of €& over S, whose existence is guaranteed by
the first step, the derivative of £ needs to be collinear to the exterior normal to S at
(u,v1,v9), that is, there is A € R such that

_L0<U>U17U2) = \u, Bz‘(U;Ui) =0, _ﬁiLi<Ui) = ABw;, fori=1,2.

Therefore, the minimizer (u,vq,v2) is an eigenfunction associated with the eigen-
value A. Plotting the principal eigenfunction (ug, v g, ver) in the right-hand side
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of (A.18) we find that A < M. It then follows from the last part of Proposition
that A = AE, whence the result. O

Remark 1. In the case where the two sides of the field are symmetric, that is,
dy =dy=d, g = pe = p, v1 = o = v and a; = as = a, then formula (4.18) can be

written under the simpler form

[ DI 4 v fo (V02— av?) + [, (= o], o)

uw)eH W, u?+v 02
kibntys i Jo

AR =

where

Hp = HL(IR) x HY{(Qr U (I x {0})).

4.2 Convergence of \f to )\

The existence of a generalized principal eigenfunctions triplet (Theorem associ-
ated with \; and the convergence of A\F to \; (Theorem are proved simultane-
ously. We recall that the generalized principal eigenvalue \; is defined by . We
will make use of the Harnack inequality, Theorem [2.3] whose proof is postponed to
the next section.

Proofs of Theorems|[2.1] and[2.3. The proofs are divided into several steps.

Step 1. Ay < limp_, o0 A
Proposition implies that A\ is non-increasing with respect to R: if R' > R,
we can use the principal eigenfunctions (ug/, vi g, vo r/) associated with MY as “test
functions” in restricted to Qp and I to get A > A Likewise, we see that
A > A, for every R > 0. Thanks to Proposition we see that the sequence
(M) gso converges as R goes to 400 to some limit A € R, that satisfies

>\

To prove the reverse inequality, we actually show that there is a triplet of posi-
tive functions (u,vy,vs), with u € W2P(R) and vy, v, € W2P(R x RF), such that
—Lo(u,v1,v3) = Au, —L;i(v;) = Av; and B;(u,v;) = 0, for i = 1,2. To do so, the idea
is to consider the family of eigenfunctions ((ur,v1,r,V2,R)) g, Provided by Propo-
sition [£.2] and to extract a converging subsequence as R goes to +oo, using the L?
elliptic estimates. To start with, let us normalize this sequence so that

UR(O) + UI,R<07 O) + U27R(0, 0) = 1. (419)
The core of the proof consists in deriving the following estimates, for all M > 0:
|urllw2rry) < C  for R> M + 2, (4.20)

and
|vigllwer@y) < C  for R>M+2, i=1,2. (4.21)

In the whole proof, C' denotes a generic constant independent of R (but depending
of M).
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Step 2. Bound on ||ug|lw2rr,)-
Let M > 0 be given. From to our Harnack estimate, Theorem [2.3] we know that
there is a constant C', independent of R, such that, for any R > M + 2,

max{sup UR, SUpP V1,R, Sup 0273} < C’min{ inf ug, inf vy g, inf U27R} <C.

IM+1 QA4+1 QM+1 I]WJrl QJ\4+1 Q1\/I+1
(4.22)
We can apply the interior W?2P estimates to ug on Iy C Ipsyq, to get

lurllw2rey) < Cllvrly=ollr () + |v2,rly=0llLe(rasn) + JurllLeaag))-

In view of the Harnack inequality (4.22)), we derive ({4.20]).

Step 3. Bound on ||v; r|lw2r@,)-
Because of the non-classical boundary conditions, we cannot apply directly the 1W/?2?
estimates to vy g, v2, g on 2. We will make the boundary condition “disappear” us-
ing a change of function and a reflexion across the road, as in the proof of Lemma|3.2]
We derive the estimate for v; p, the case of vy being similar. First, denoting
L = L; + M we have

—Lvyg =0 on Qy1,
—dlayU1,R|y:0 + V1U1’R|y:0 = LUR on Ipry1.

We define

_ﬂy
UR = vy re 17,

and the conjugated operator

Fo_ —2y Ay
Lw:=e @’ L(wen?”),

so that ~
{ —Lvgp =0 on Qariq,
—d18y6R|y:0 = U1UR on IM+1.
Define "
- 1
wr(r,y) = Or(T,y) — d—luR(x)y
We have _ _
{ —Lwgr = G L(ur(z)y) on Qi
—8wa|y:0 =0 on ]M-‘rl'

We now have a Neumann-boundary problem. We extend wg and g := Z—llf/(uR(x)y)
by reflexion across the road, that is we set:

@R(l',y) = wR(x7|y|) and g(l‘,y) = g(l‘, |y|) for (:E,y) € BM—I—l‘
Then, wg is a weak solution to

.~ -
—L*wr =g on By,
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where

2
"

dy
with H(y) = 1if y > 0 and H(y) = —1 if y < 0. The operator L* is elliptic with
constant coefficients of the second order and bounded coefficients of the first and
zeroth order. The W?2P regularity estimates applied to wg on By, then yield

L* := di A+ 20 H(y)0, + c0p + ay + == + AT,

[0rllw2r sy < CUOR] L= (Brr40) + [19]Lp(Brr 1))

Recalling the definition of wg and g, and observing that the LP(Bjys,1) norm of g is
controlled by the norm of ugr, we have, for some C' independent of R,

|@rllw2rsy) < CUurllze ) + 1Lzl 2o @) + 1urllw2e@y,, )

From the second step and the Harnack inequality (4.22)), we have

||wR||W2’p(BM) <C.

Now, recalling the definition of wgr and using the triangular inequality, this reduces
to

[orrllw2r @) < Cllwrllwzr@u) + lurllwze) < C

and then (4.21)) holds.

Step 4. Passing to the limit.
Owing to and , the W?2? norms of upr and V1R, V2. g are bounded inde-
pendently of R on 23;. Up to a diagonal extraction, the sequences ug and vy g, v2 g
converge to some Uy, € VVlif(R) and 1 00, V2,00 € VVlif(]R x R*) respectively, weakly

in W2P(R) and W;2*(R x RF). Moreover, by Morrey’s inequality, these convergences

loc -
also hold in C} (R) and C}_(R x R*). It follows that

loc
—L()('LLOO, Ul,ooa U2,oo) = XU, _Li<vi,oo> = X’Ui, Bz(uoo, Ui,oo) = 0, fOI' 7 = 1, 2.

We further know that (tee, V1,00, V2.00) > (0,0,0) and that (U, V1,00s V2,00) Z (0,0,0)
thanks to the normalization . USing (Ueo, V1,00, V2.00) as “test functions”
in (2.10), we derive Ay > X. Hence, A\ = \.

This proves Theorem [2.2  Furthermore, the strong positivity property of
Lemma implies that U, V1 00, V2,00 are positive. This means that (tueo, V1 00s V2,00)
is a generalized principal eigenfunctions triplet associated with A; in the sense of
Theorem 2.11 O

We mention that some properties of the usual principal eigenfunctions do not hold
true for the generalized principal eigenfunctions. For instance, it is a very striking
fact that, for every A < A;, one can find positive functions (u,wvi,v) such that
—Lo(u,v1,v9) = Mu, —L;(v;) = Av; and B;(u,v;) = 0 for ¢ = 1,2 (this fact is proved
in [12] 14] for equations, but the proof adapts easily to our framework), which is not
possible when the domain is bounded: the principal eigenvalue is characterized as the
smallest eigenvalue, and it is the only one associated with a positive eigenfunction.
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4.3 Continuity and monotonicity of the generalized principal
eigenvalue

In this section, we use the Harnack inequality, Theorem to show that A, is a
continuous and monotonous function of the parameters of the system. We prove

Propositions [2.4] and [2.5]

Proof of Proposition[2.4). Let us show that \; is a locally Lipschitz-continuous func-
tion of the parameter d; € (0,+00). To do so, we fix 0 < d < d and we consider
two diffusion coefficients for the upper side of the field, d;, d| € (d,d). Let A\; and X,
denote the corresponding generalized principal eigenvalues, all the other parameters
being fixed and equal.

Let (u,v1,v9) denote a (positive) generalized principal eigenfunctions triplet as-
sociated with \q, in the sense of Theorem Let (z,y) € RT x R. If y > 1, we can
apply the Schauder estimates and the usual Harnack estimate to v; on Bj(z,y) to
get

|Avy (z,y)] < C sup vy < Coy(z,y),
Bi(z,y)
where, here and in the sequel, C' denotes a constant independent of (z,y) and of dy, d}
(but that may depend on d, c_l). If y < 1, we can still apply the Schauder estimates
to v(- + x,-) on ; and deduce

|Avi(z, y)| < C(supvr +supu).
2 I

Therefore, owing to Theorem [2.3] it holds true that
|Avy (2, y)] < Coi(z,y).
Hence, by the definition of (u, v, vy), we find that
d1Avy + c10,v1 + a1vy + A\uy = (d) — dp)Avy < Cldy — dy|vy.
Similar arguments yield that
d10yv1]y=0 — 11V1]y=0 + pu < Cldy — d}|u.

. —C|dy—d :
Now, we denote @ := M—lll‘)u Up to decreasing |d] — dy|, we can assume that

0 < @ < u. Therefore, denoting d}, := dy, the triplet (u, vy, vs) satisfies

Du" +cu' + 3, Vii(m_cgl_d“)vﬂyzo — (p1 + p2)+ Ma <0, z € R,
d;AvZ- + ¢;0:0; + a;v; + (/\1 — C|d’1 — d1|)vz~ <0, (a;, y) e R x R+,
d}0yvi|y=0 + pith — vvily—o < 0, r € R.

Using again Theorem , we have (up to taking a larger constant C')
D" + ct' + 3, vivily—o — (u1 + p2)i + (A = Cldy —dq|)a <0,  z€R,

de»A'UZ' + cz-@mvi —+ a;v; + (/\1 — C‘dll — dl\)vi < O, (.T},y) cR x RJr,
d;ayvﬂy:o + it — I/ﬂ}i|y:0 <0, z € R.
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Now, taking (@, vy, v9) as a “test function” in formula (2.10)) for A}, we have, for some
C >0,
N2> A= |dy = di|C

Exchanging the roles of d} and d;, we get
A = M| < Cldy = duf,

this proves that \; is a locally Lipschitz-continuous function of the parameter d;. The
same argument works for the other parameters (using the L> norm for a,as). [

Before turning to the proof of Proposition [2.5] we derive the exponential decay of
the generalized principal eigenfunctions triplet under the assumption ([2.13|).

Lemma 4.6. Assume that ¢ = ¢ = 0 and that (2.13) holds. Then, there
are o, B,7v,p > 0 such that, for any R > p, the principal eigenfunctions triplet

(ugr, V1R, Va,r) Of the eigenproblem (2.11)) satisfies
(uRa V1,R, UQ,R) S

max < sup ug,Supvj g, Sup vs g e2atBlp(gmalel yo—alel=By ye—alel=By),
(=p:p) Qp Qp

Proof. Step 1. Constructing a supersolution.
For «, 8,7 > 0, we define

(U7 ‘/17 ‘/2> = (eaxa W/leaxiﬁy) 7260@7’81/)'
The idea is to use this triplet as a supersolution of (2.11)). We consider the system

—Lo(u,v1,v2) = Mu, @ €R\(=p,p),
—Li(v;) =M,  (z,y) e Rx RT\Q,, (4.23)
Bi(u,v;) =0, z € R\(=p, p).

An easy computation shows that, for (U, V},V3) to be a supersolution of this system
it is sufficient to have, for 1 = 1, 2,

—Da? > wvim +vaye — (pn + p2) + N,
—di + %) = (suPpugerg, ailz.y)) + A, (4:24)
difvi 2 Wi — Vi

Take

Yi 1= B and o := \/<dwl + da2) 6
YodiB 2D
With these values, the third inequality in is verified. We can choose f small
and p large enough in such a way that the second one is also verified, because the
left-hand side tends to 0 as § goes to 0, while, recalling that A — A\; as p goes to
+00 due to Theorem [2.2] the right-hand-side is negative for p sufficiently large due
to (2.13).
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The first inequality reduces to

div1 + daye >

— 5 2
This inequality is fulfilled up to increasing p, because A\; < 0 by ([2.13]). This concludes
this step.

A

Step 2. FEstimates on the eigenfunctions.
Let p, (U, V1, V2) be as in the Step 1. Take R > p. Because (ugr, v1 g, U2 g) is compactly
supported and because (U, V;,V5) is strictly positive, we can define

M*:=inf{M >0 : M(U,V;,Va2) > (ur,v1,r,V2.r)}-

By continuity, there is a contact point between M*(U,Vi,Vs) and (ug,v1r, v2.r)-
Observe that M*(U, Vi, V;) is a supersolution of whereas (ug,v1 g, Vo) Is a
subsolution of in its domain of definition, because A < M/, Thus, if the contact
point occurs in the domain where these functions are respectively a supersolution
and a subsolution of the same system, then the same arguments as in the proof of
Lemma , based on the strong maximum principle, would imply that M*(U, V;, V;)
and (ug,v1,r, v2 ) coincide there. This is impossible because ug(£R) = 0.

this means that the contact point is reached either in ﬁp or in [—p, p]. It follows
that

M* < max{ sup ug, supvi g, sup v2,R}e(a+B)2p,
(=psp) Qp Qp

and then

VR >p, (ur,vir,v2r) <

max § Sup Ugr, SUPpVy R, SUp V2R €(a+ﬂ)2p(€a$a71(3&:6_@7726%_6?!)-
(=p:p) Qp Qp

Repeating the argument with
(UJ ‘/17 ‘/2) = (e_ama ,yle_ar_ﬂya 726—04‘%—,32;)
yields the result. O]

We are now in a position to prove Proposition We only prove that the
eigenvalue is non-increasing with respect to the functions aq, as, the result for dy, do
and D is proved similarly.

Proof of Proposition[2.5. We let \; and \; denote the generalized principal eigen-
value associated with the functions (aj,as) and (@i, as) respectively, all the other
parameters being identical. We assume that (a1, as) > (a1, aq) and (aq, as) # (a1, as).
Consistently with our notations, for R > 0, we let A and AF denote the principal
eigenvalues for the same problems restricted to the bounded domains Iy, Q2g.

We make use of the Rayleigh formula for \?, ([4.18). For R,e > 0, considering
the principal eigenfunctions triplet (ug, vi g, v2.r) associated with A, we find that
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Ji, DIl + 3700 (Z_ Jop ([dilVvipl? — av?p) + - [ (niug — ViUi,R|y:0)2>

A = v
fIR Uh+ D i o fQR ViR
> M Z_ll R<d1 B al)viR + % fQR<C~L2 - aQ)Ug,R
= N "
fIR uf + Dic1p ;VTZ fQR UZ'Q,R
> A

From Theorem , we infer that A\ > 5\1. To show the strict inequality, we argue
by contradiction and assume that A\; = A\;. Then, the above computation yields, for

k=1,2,
fQR(bk - ak)vi,R 0
2 | 23 2 :
f[R U+ D 1o i fQR Ui g fimtoo

We now normalize (ug,v1 g, v r) so that

min{ugr(0),v1,£(0,0),v9£(0,0)} = 1. (4.25)

In view to Lemma[4.6) and to Theorem [2.3] we can find C' > 0 independent of R such

that
v v
/u%—i——l/ viR-I——Q/ vS,R<C’.
In 1 Jag K2 Jag

Hence, for k = 1,2, there holds that

/ (bk—ak)viﬂ — 0.
Qr

R—+o00

Then, for any given R > 0, using again Theorem and condition (4.25)), we can
find C'z > 0 such that, for k =1, 2,

i |
Q

This is impossible because either b; > a; or by > as in a set of positive measure. We
have reached a contradiction, and the result is thereby complete. O

(bk — ak) S /Q (bk — ak)v,iR R—>_+>oo 0.

R R

Appendix

We show here how Proposition 4.2]is derived from the Krein-Rutman theorem, stated
below as Theorem [A1l In the whole section, we assume that R > 0 is fixed. We
recall that we consider functions in the Sobolev spaces W2P(Ig) and W%P(Q2p). We
will use several times the strong elliptic maximum principle for strong solutions in
this section, see [22, Theorem 9.6].

Let us recall that we consider the eigenproblem over functions (u, vy, vs) €
W2P(Ir) x (W%P(Q2r))%. We start with proving the positivity Lemma
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Proof of Lemma[].3. Let (u,vi,va) € W?2P(Ig) x (W*P(Qr))?, (u,v1,v2) > 0,
(u,v1,v9) #Z (0,0,0) be a supersolution of (2.11)), for some A € R. We consider
O representative for u and vy, v5 in the sequel.

Observe first that u,vy,v9 # 0. Indeed, u = 0 would imply v; = vy = 0 on
Ir x {0} and then 0,v; = Jyv, = 0 on I x {0}. Therefore, because each v; is a non-
negative solution of an elliptic equation, the strong maximum principle would yield
v1 = v9 = 0, which is impossible. Conversely, v; = 0 for some i € {1,2} immediately
yields u = 0 due to B;(u,v;) = 0, whence vy = 0. This shows that u, vy, vy Z 0.

Step 1. Strong positivity of u.
Because vy, v, > 0, we have

—Du" — cu' + (g + p2 — N)u > 0,

i.e, u is a non-negative supersolution of an elliptic equation. The strong elliptic
maximum principle yields
u>0 on Ij.

Moreover, assume that u(R) = 0. Then, the Hopf Lemma yields that
u'(R) <0,

and if u(—R) = 0, we would similarly have u'(—R) > 0.

Step 2. Strong positivity of v;.
We only deal with vy, the situation for vy being symmetric. Because v; > 0 is a
solution of an elliptic equation, the strong maximum principle yields that v; > 0 on
Qg. Let us check that v; > 0 on Iz x {0}. If there were x € (—R, R) such that
v1(z,0) = 0, then we would have —d,v;(z,0) = pyu(zr) > 0 thanks to the first step,
but this would yield that v; < 0 for some points close to (z,0), which is impossible.

Now, assume that vy (z,y) = 0 for some (z,y) € 02r\Igr x {0}. The Hopf lemma
applies there, and then (z,y) - Vui(z,y) < 0. Now, let us show that we also have
(R,0) - Vui(R,0) < 0. To do so, we turn v; into a function defined on the whole
ball Br and supersolution of an elliptic equation. This can be done using the same
arguments as in the proof of Lemma [3.2l We start with calling

w(z,y) := v (x, y)e_%y.

It follows that —d;0ywl|,—¢ > pyu > 0 and therefore

—di Aw — 211 0,w — 10w — (% +a;+Nw >0 on Qp,
—dlayw‘y:() > 0 on IR-

Now, we extend w to Bp by symmetry, by defining w(x,y) = w(x,y|), for
(r,y) € Bgr. Consider now the operator L defined by
2

[~/ = dlA -+ 2V1H(y)ay + Clam + Z_l +a + /\7
1
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where H(y) =1if y > 0 and H(y) = —1 if y < 0. Because d,w|,—o < 0, it is readily
seen that w satisfies —La@ > 0 in Qp, in the weak (i.e., W'?) sense. Then w is
supersolution of an elliptic equation on Bg. On this domain, we can apply the Hopf
Lemma at (R,0) to get that the exterior normal derivative of w is strictly negative,
which boils down here to (R,0) - Vu;(R,0) < 0.

We can prove similarly that (—R,0) - Vo (—=R,0) <0

Step 3.Conclusion.
To conclude the proof, consider (¢, 1, 19) € Cg, and let us show that there is e > 0
such that

(uv U1, UQ) > €(¢a @Z)l, ¢2)
We start to show that there is € > 0 such that

v > ey (A.2)

The situation for vy, 95 is similar. We argue by contradiction: assume that, for every
n € N, we can find (z,,y,) € (2g so that

1
Ul(l'nv yn) < ﬁwl (xna yn) (A3)
We can find (7,%) € Qg such that, up to extraction,

(Tn,Yn) —> (T,7).

n—+oo

It is impossible to have (Z,7) € Qr U (Ig x {0}) because (A.3) would yield
U1 (57 y) = 07

which is impossible thanks to the second step. Then, we are left to discard the case
(7,7)| = R. But, dividing (A3) by R — |(2a, yn)| vields

R— |(xn7 yn)| n
The left-hand side goes to (Z,7) - Vu(Z, ) as n goes to +o0o, while the right-hand side
goes to zero, because v; and v, are C' up to the boundary and v, (Z,y) = 0. This
would yield that (Z,7) - Vui(Z,7) = 0, but this is in contradiction with the second
step, and then holds true for € sufficiently small. The similar result for u is
derived similarly (this is actually easier as it is in dimension 1), and then the result
follows. o

Let us now state the Krein-Rutman theorem, on which relies the proof of Propo-
sition (4.2l

Theorem A.l. Let E be a real Banach space ordered by a salient cone K (i.e.,
K N (=K) = {0}) with non-empty interior. Let T be a linear compact operator.
Assume that T is strongly positive (i.e., T(K\{0}) C int K). Then, there exists a
unique eigenvalue Ny associated with some w; € K\{0}. Moreover, for any other
eigenvalue X\, there holds

)\1 > §R(/\)
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See [27] for a proof of this result. Now, let us take (go, g1,92) € Cr, where Cg is
defined by (4.17). Then, for M > 0, consider the following problem:

—LO(U,Ul,UQ) + Mu = 90 in IR,
—L;(v;) + Mv; =g; in Qpg, (A.4)
BZ‘(U,UZ‘) =0 in ]R.

We define the cone of non-negative functions in Cg:
CE = {(U7U17U2) ECR : (U7U17U2) Z (07070)}
We have the following technical result:

Proposition A.2. There is M € R large enough so that the system (A.4) satisfies
the following:

1. For any (go,g1,92) € Cg, there is a unique solution (u,vi,ve) € W?P(Ig) X

(W2P(Qr))? of (A.4).
2. There is C > 0 such that

lellwes i Hierlwas@u Hlvalwser < € (lolorg) + lotlles @ + l2llor@m) -

3. If (9o, g1, 92) € CE\{(0,0,0)}, then (u,v1,vq) € int Cjp.

Let us explain how Proposition is derived. The first statement can be proved
as in [11, Proposition A.1]. The second statement can be obtained exactly as in
Lemma [3.2] by extending v to a solution of an elliptic equation on the whole ball Bg.
The third statement is a consequence of Lemma

Owing to the first statement in Proposition we can take M large enough so
that we can define the following linear operator:

T : CR — CR
(90791792) = (U,Ul,U2>,

where (u,vq,v7) is the solution of (A.4). The second statement yields that T is
compact: indeed, W?2? is compactly embedded in C'. The third statement yields
that T is strictly positive with respect to the salient cone C;. We can then apply the
Krein-Rutman Theorem to the operator T' to derive Proposition [4.2}
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