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COMPUTATION OF COHOMOLOGY OF VERTEX ALGEBRAS

BOJKO BAKALOV, ALBERTO DE SOLE, AND VICTOR G. KAC

ABsTrRACT. We review cohomology theories corresponding to the chiral and
classical operads. The first one is the cohomology theory of vertex algebras,
while the second one is the classical cohomology of Poisson vertex algebras
(PVA), and we construct a spectral sequence relating them. Since in “good”
cases the classical PVA cohomology coincides with the variational PVA co-
homology and there are well-developed methods to compute the latter, this
enables us to compute the cohomology of vertex algebras in many interesting
cases. Finally, we describe a unified approach to integrability through vanish-
ing of the first cohomology, which is applicable to both classical and quantum
systems of Hamiltonian PDEs.
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1. INTRODUCTION

In the series of papers [BDSHK18, BDSHK19, BDSK19, BDSKV19, BDSHKV20]
we developed, with our collaborators, the foundations of cohomology theory of
vertex algebras.

This theory is the last in the series of cohomology theories beyond the Lie (su-
per)algebra cohomology, which are intimately related to each other. All these the-
ories are based on a Z-graded Lie superalgebra
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associated to a linear symmetric operad P, governing the corresponding cohomology
theory. Recall that W;;_l = P(k)°* and the Lie superalgebra bracket in Wp is
defined in terms of the o;-products of the operad P, see [Tam02] or [BDSHKI1S]
for details. An odd element X € W} satisfying [X, X| = 0 defines a cohomology
complex (Wp,ad X), which is a differential graded Lie superalgebra.

The most known example of this construction is the Lie (super)algebra coho-
mology. In this case one takes the well-known operad Hom(V') (also often denoted
End(V)) for which Hom(V)(n) = Hom(V®™, V), where V is a fixed vector super-
space, and the action of S,, is by permutation of the factors of V®". Then Watom(v)
is the Lie superalgebra of polynomial vector fields on V with the Z-grading defined
by letting deg V' = —1. Furthermore, odd elements X € W’;&[om(HV) (where IT stands
for parity reversal) such that [X, X] = 0, correspond bijectively to Lie superalgebra
structures on V' by letting

[a,b] = (~1)P @YX (a®b), abeV. (1.2)

The complex (Wiom vy, ad X) is the Chevalley-Eilenberg cohomology complex of
the Lie superalgebra V' with Lie bracket (1.2), with coefficients in the adjoint mod-
ule. Moreover, given a V-module M, we extend the Lie (super)algebra structure
of V to V@ M by taking M to be an abelian ideal, and let X € WJ{om(HVeaHM)
be the element corresponding to this Lie (super)algebra structure. Then a natural
reduction of the complex (Wyom mmvgmar), ad X ) produces the Chevalley—Eilenberg
cohomology complex of V' with coefficients in M. Note that, while the cohomology
of V' with coeflicients in the adjoint module inherits the Lie superalgebra structure
from Wy (v, this is not the case for the reduction.

Returning to vertex algebras, recall that they were defined in [B86] as algebras
with bilinear products labeled by n € Z satisfying the rather complicated Borcherds
identity. According to an equivalent, Poisson-like definition given in [BKO03|, a
vertex algebra is a module V over the algebra of polynomials F[J], where O is an
even endomorphism, endowed with the following two structures: a structure of a
Lie conformal (super)algebra (LCA), defined by a A-bracket

VeV = V[, a®bw [axb], (1.3)
satisfying axioms L1-L3 from Definition 2.1 in Section 2.1, and a bilinear product
VoV -V, a®b— :ab:,

called the normally ordered product, which defines a commutative and associative,
up to “quantum corrections,” differential (super)algebra structure on V. These
two operations are related by the Leibniz rule up to a “quantum correction”. See
(2.11)—(2.13) in Section 2.3 for the precise identities.

Since the LCA structure is an important part of a vertex algebra structure, the
first step towards vertex algebra cohomology is the LCA cohomology theory. The
latter was constructed in [BKV99] and in the more general setting of Lie pseudoal-
gebras in [BDAKO1]; see also [DSK09] for a correction of [BKV99]. In [DSK13] the
Z-graded Lie superalgebra “governing” the LCA cohomology was introduced, and
in [BDSHK18, Sec. 5.2] the corresponding operad P = Chom(V) was explicitly
constructed for an F[0]-module V. The construction goes as follows.

Introduce the vector superspaces

Vo=V, A/ 0+ M+ + ), (1.4)
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where all A; have even parity and (®) stands for the image of the endomorphism
®. Then

Chom(V)(n) C Hom(V®" V,,) (1.5)
consists of all maps Yy, ., : V®" — V, satisfying the sesquilinearity property
(1<i<n):

Y, m® @000 @u,) ==NYy . 20010 Qu,). (1.6)

The action of S, on Chom(V)(n) is given by the simultaneous permutation of the
factors of V®™ and the \;’s. The construction of the products o; can be found in
[BDSHK18].

Then odd elements X € Wclhom(HV) bijectively correspond to skewsymmetric
A-brackets on V, i.e., maps |- » -]: V®2 — V[)] satisfying the sesquilinearity L1 and
skewsymmetry L2 from Definition 2.1. Explicitly, this bijection is given by

[axb] = (—1)PD Xy s _s(a®b). (1.7)

Finally, the condition [X, X] = 0 is equivalent to the Jacobi identity L3.

Thus, taking for X € WClhom(HV) the map corresponding to the LCA structure
on V defined by (1.7), we obtain the cohomology complex (Wepom vy, ad X), with
the structure of a differential graded Lie superalgebra. The cohomology of this
complex is the LCA cohomology complex with coefficients in the adjoint module.
By a reduction, mentioned above, one defines the LCA cohomology complex of V'
with coefficients in an arbitrary V-module.

Yet another important to us example is the wvariational Poisson vertexr (su-
per)algebra (PVA) cohomology [DSK13]|. Recall that a PVA V is an F[9d]-module
equipped with a structure of a unital commutative associative differential superal-
gebra with derivation 0, and a structure of an LCA, such that the Leibniz rule L4
from Definition 2.6 holds. In other words, a PVA is an “approximation” of a vertex
algebra for which all quantum corrections disappear. The variational PVA cohomol-
ogy complex is constructed for a commutative associative differential superalgebra
V by considering the subalgebra

Wey (V) = @ Wiy (V) (1.8)
k=—1

of the Lie superalgebra Wejommy) consisting of all maps Y satisfying, besides
the sesquilinearity property (1.6) and the Si-invariance, the Leibniz rule (4.20) in
Section 4.4. Then odd elements X € W, (IIV) correspond bijectively via (1.7)
to skewsymmetric A-brackets on V' satisfying the Leibniz rule L4. The condition
[X, X] = 0 is again equivalent to the Jacobi identity L3; hence such X correspond
bijectively to PVA structures on the differential algebra V. The resulting complex
(Wpy(ITV), ad X) is called the variational cohomology complex of the PVA V with
coefficients in the adjoint module. As mentioned above, given a V-module M one
defines the corresponding cohomology complex with coefficients in M by a simple

reduction procedure. The corresponding variational PVA cohomology is denoted
by

Hpy(V, M) = @5 Hpy (V. M). (1.9)
n=0
Here and for all other cohomology theories, we shift the indices by 1 as compared
with (1.8) in order to keep the traditional notation.
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The goal of the present paper is to develop methods of computation of the
vertex algebra cohomology introduced in [BDSHK18]. This cohomology is defined
by considering the operad P°"(V'), which is a local version of the chiral operad
of Beilinson and Drinfeld [BD04] associated to a D-module on a smooth algebraic
curve X, by considering X = F and the D-module translation equivariant. We
showed that in this case the operad P"(V') admits a simple description, which is
an enhancement of the operad Chom(V') described above.

In order to describe this construction, let O%T = Flz; — 25, (2 — 2j) " Hi<icj<n-
For an F[0]-module V, the superspace P2(V)(n) is defined as the set of all linear
maps

Y: Voot 5V, M@ QU @f =Yy 0@ -®u,®f), (1.10)

where V,, is defined by (1.4), satisfying the following two sesquilinearity properties
(1<i<mn):

0
Vi (18 @04 )00 @008 1) = Viy,oa, (0@ @ L) | (L1)
and
Vi 0180008z 2)f) = (50— 2o ) ¥, (018 -@0a8 ). (112)
an on

(Note that (1.11) turns into (1.6) if f = 1.) In [BDSHKI18] we also defined the
action of S, on PH(V)(n) and the o;-products, making P*(V) an operad.
As a result, we obtain the Lie superalgebra

Wen(V) 1= Wpen(yy = @

k=—1
see (1.1). We show in [BDSHK18| that odd elements X € W} (IIV) such that
[X, X] = 0 correspond bijectively to vertex algebra structures on the F[9]-module
V such that 0 is the translation operator. As before, this leads to the vertex algebra

cohomology
Ha(V, M) EB

for any V-module M.

Now suppose that the F[9]-module V is equipped with an increasing Z. -filtration
by F[0]-submodules. Taking the increasing filtration of 057 by the number of
divisors, we obtain an increasing filtration of V®" @ O%T. This filtration induces
a decreasing filtration of the superspace P®(V)(n). The associated graded spaces
gr PE(V)(n) form a graded operad.

On the other hand, in [BDSHKI18] we introduced the closely related operad
PY(V), which “governs” the Poisson vertex algebra structures on the F[9]-module
V. The vector superspace P/(V')(n) is the space of linear maps (cf. (1.10))

Y: VO ®G(n) = V,, vl - Y (v), (1.13)

where G(n) is the space spanned by oriented graphs with n vertices, subject to
certain conditions. The corresponding Z-graded Lie superalgebra

Wa(IIV) QB

k=-1
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is such that odd elements X € W2(IIV) with [X, X] = 0 parametrize the PVA
structures on the F[0]-module V by (cf. (1.7)):

ab= (-1)PX*7*(a®b), [axb] = (—1)PIX3°, _sa®b). (1.14)
This leads to the classical PVA cohomology

Ha(V, M) = EB

Assuming that V is endowed with an increasing Z -filtration by F[9]-submodules,
we have a canonical linear map of graded operads

gr PU(V) = P gr V). (1.15)

We proved in [BDSHK18| that the map (1.15) is injective. The main result of
[BDSHK19] is that this map is an isomorphism provided that the filtration of V' is
induced by a grading by F[0]-modules. If, in addition, this filtration of V is such
that gr V inherits from the vertex algebra structure of V' a PVA structure, and gr M
inherits a structure of a PVA module over gr V' (see [Li04, DSK05]), then as a result,
the vertex algebra cohomology is majorized by the classical PVA cohomology (see
Corollary 6.3):
dim Hy, (V, M) < dim H3(V, M) , n>0. (1.16)

Unfortunately, we had to replace in (1.16) the space Hj, (V, M) by H, (V, M).
It is because we were unable to prove that the decreasing filtration on P*(V),
induced by the increasing filtration of V', is exhaustive. However, see Section 5 for
the first step in this direction. Therefore, we have to replace P"(V) by Pb(V),
which is the union of all members of the filtatrion of P°"(V), and introduce the
“bounded” VA cohomology Hep 1 (V, M) of the complex (Wpenb vy, ad X).

Fortunately, it is easy to show that

Hg,(V, M) = Hg, (V. M) , (1.17)

if V' is a finitely strongly generated vertex algebra (see Proposition 5.3).

Finally, the obvious inclusion of Lie superalgebras Wpy (IIV) < W (ITIV) induces
an injective map in cohomology, and we prove in [BDSHKV20] that this map is an
isomorphism, provided that as a differential algebra, V is an algebra of differential
polynomials. Hence, we obtain from (1.16) the following inequality:

dim Hj, ,(V, M) < dim Hpy (grV,gr M), (1.18)

provided that as a differential algebra, gr V' is an algebra of differential polynomials.

The inequality (1.18) is used to obtain upper bounds for the dimension of vertex
algebra cohomology, using the results of [BDSK19] on computation of the varia-
tional PVA cohomology. A more powerful tool is a spectral sequence from classical
PVA cohomology to vertex algebra cohomology, constructed in Section 6. It allows
us to obtain in many interesting cases an equality in (1.16), hence in (1.18). Some
of the resulting computations are given by Theorems 6.5, 7.1-7.4, and are stated
in the following theorem.

Theorem 1.1. (a) Let V be a commutative associative superalgebra and M be a
V-module. We can view V as a vertex algebra with 0 = 0, zero A-bracket, and
:ab: = ab. Then we have

Hch(vv M) = HHar(Vv M) )
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where the subscript Har stands for the Harrison cohomology [Har62].

(b) Let V' be a vertex algebra freely generated by elements Wy = L, W1q,..., W,,
where L is a Virasoro element and the W;’s have positive conformal weights.
Then dim chhﬁb(V) < oo for all n > 0. In particular, this holds for all universal
W -algebras V = W¥(g, f) where k # —h".

(¢) The bounded n-th cohomology of the universal Virasoro vertex algebra Vir® with
any central charge c is 1-dimensional for n = 0,2,3, and 0 otherwise.

(d) The bounded n-th cohomology of the VA of free superfermions is 0 if n > 1 and
it is 1-dimensional for n = 0.

(e) For the VA of free superbosons By on a superspace §), one has

H3 o, (By) ~ (S™(Ih))" & (S™TH(TTh)) ", n>0.

In the conclusion of the paper we explain how to use vanishing of the first PVA
(respectively, VA) cohomology in order to prove integrability of classical (respec-
tively, quantum) Hamiltonian PDEs.

Throughout the paper, the base field F is a field of characteristic 0 and, unless
otherwise specified, all vector spaces, their tensor products and Homs are over F,
and the parity of a vector superspace is denoted by p.
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in part by a Simons Foundation grant 584741. The second author was partially
supported by the national PRIN fund n. 2015ZWST2C 001 and the University
funds n. RM116154CB35DFD3 and RM11715C7FB74D63. All three authors were
supported in part by the Bert and Ann Kostant fund.

2. BASIC DEFINITIONS

In this section, we review the definition of a vertex algebra and some related
constructions. We start by a short discussion of Lie conformal (super)algebras,
which are an important part of the vertex algebra structure. We also review Poisson
vertex algebras, which naturally appear as the associated graded of filtered vertex
algebras.

2.1. Lie conformal algebras.

Definition 2.1. Let R be a vector superspace with parity p, endowed with an even
endomorphism 9. A Lie conformal superalgebra (LCA) structure on R is a bilinear,
parity preserving A-bracket R ® R — R[A], a ® b — [axb], satisfying (a,b,c € R):
L1 [Qaxb] = —Alaxb], [ax0b] = (A + 9)[axrb] (sesquilinearity);

L2 [axb] = —(—1)P@P®)[h_y_5a] (skewsymmetry);

L3 [ax[buc]] — (=1)P@P®)[b [axc]] = [[anb]atuc] (Jacobi identity).

A module over the LCA R is a vector superspace M with an even endomorphism 0,
endowed with a bilinear, parity preserving A-action R®@ M — M[)\], a®m — axm,
satisfying (a,b € R, m € M):

M1 (9a)ym = —Adaym, ax(Om) = (A + 9)(axm);

M2 ay(b,m) — (=1)P@P®)p, (axm) = [arb]rsm.

Example 2.2 (Free superboson LCA). Let h be a finite-dimensional superspace,

with parity p, and a supersymmetric nondegenerate bilinear form (-|-). By su-

persymmetry of the form we mean that (a|b) = (—1)P(@?(®)(b|a) for a,b € h and
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(alb) = 0 whenever p(a) # p(b). The free superboson LCA corresponding to b is
the F[0]-module

R} =F[0lh&FK,  where 0K =0, p(K)=0,
endowed with the A-bracket
[axb] = A(a]b)K for a,be b, K central (2.1)
(uniquely extended to Rg ® Rg by the sesquilinearity axioms). In the case when b
is purely even, i.e., p(a) = 0 for all a € b, the LCA Rg is called the free boson LCA.

Example 2.3 (Free superfermion LCA). Let b be a finite-dimensional superspace,
with parity p, and a super-skewsymmetric nondegenerate bilinear form (-|-). Now
we have (a|b) = —(—1)P(@P®)(p|a) for a,b € h and (a|b) = 0 whenever p(a) # p(b).
The free superfermion LCA corresponding to b is the F[0]-module
Rl =FOlh&FK,  where 9K =0, p(K)=0,
endowed with the A-bracket
[axb] = (a|b)K , K central (2.2)
(uniquely extended to Rg ® Rg by the sesquilinearity axioms). In the case when
p(a) =1 for all a € b, the LCA Rg is called the free fermion LCA.

Example 2.4 (Affine LCA). Let g be a Lie algebra with a nondegenerate invariant
symmetric bilinear form (-|-). The corresponding affine LCA is the purely even
F[0]-module
Curg=F[0l]gdFK, where 0K =0,
endowed with the A\-bracket given on the generators by
[axD] = [a,b] + (a|b)AK, a,beg, K central (2.3)

Note that, in the special case of an abelian Lie algebra g, we recover the definition
of the free boson: Curg = Rg.

Example 2.5 (Virasoro LCA). The Virasoro LCA is the purely even F[0]-module
RV =F[9|L ® FC, where 0C =0,
endowed with the A-bracket
[LAL] = (0 +2)\)L + 1—12)\30, C central. (2.4)

__The importance of the last two examples stems from the fact that the LCA’s
Curg = Curg/FK for g simple and RV' = RV'/FC exhaust all simple LCA’s,
which are finitely generated as F[0]-modules [DAK9S].

2.2. Poisson vertex algebras.

Definition 2.6. Let V be a commutative associative unital differential superalgebra
with parity p, with an even derivation 0. A Poisson vertex superalgebra (PVA)
structure on V is an LCA A-bracket V ® ¥V — V][], a ® b — [arb], such that the
following left Leibniz rule holds (a,b,c € R):
L4 [axbc] = [axb]c 4 (—1)POP©)[ayc]b.

By the skewsymmetry L2, this axiom is equivalent to the right Leibniz rule
L4 [abxc] = (€292 a)[bac] + (—1)P@PO) (£997p)[ayd].
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A module M over the PVA V is a vector superspace endowed with a structure
of a module over the differential algebra V, denoted by a ® m + am, and with a
structure of a module over the LCA V), denoted by a ® m — aym, satisfying

M3 ay(bm) = [axblm + (=1)P@PO)p(aym);
M3’ (ab)xm = (e9%2a)(bym) + (—1)P(@P®) (997p)(aym).

A PVA V is called graded if there is a grading by F[0]-submodules

V= Va,

n
such that (m,n € Z,)
ViV C Vindn » VimaVn] C Vinan—1[A]. (2.5)
If V is a graded PVA, a V-module M is graded if there is a grading by F[0]-

submodules
V= @,

neZy

such that (m,n € Z4)
VmMn C Mern, Vm)\Mn C Mernfl[)\] . (26)
Note that every PVA is a module over itself, called the adjoint module.

Definition 2.7. A PVA V is called conformal if it has a Virasoro element, namely,
an even element L € V such that the following properties hold:

[LAL] = (0 +2N)L + %/\3 , for some ¢ € F (the central charge of L),

Loy := [L '”A:O =9,

and

d
Ly = E[L)‘ -H)\:O € EndV is diagonalizable.
One says that a € V has conformal weight A(a) € F if it is an eigenvector of L(y)
of eigenvalue A(a).

Given an LCA R, there is the canonical universal PVA V(R) over R, constructed
as follows. As a commutative associative superalgebra it is V(R) = S(R), the
symmetric superalgebra over R, viewed as a vector superspace. The endomorphism
0 € End R uniquely extends to an even derivation of the superalgebra V(R). The
A-bracket on R uniquely extends to a PVA A-bracket on V(R) by the Leibniz rules
L4 and L4’. Note that the universal PVA V(R) over the LCA R is automatically
graded, by the usual symmetric superalgebra degree.

If C € R is such that 9C = 0, then C is central in R, ie., [CAR] = 0. In
fact, C' acts as zero on any R-module. Then for any ¢ € F, we have a PVA ideal
V(R)(C —¢) C V(R), and we can consider the quotient PVA

VE(R) == V(R)/V(R)(C —c). (2.7)

This PVA is not graded unless ¢ = 0. As a differential superalgebra, V¢(R) is
isomorphic to the symmetric algebra S(R), where R := R/FC.
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2.3. Vertex algebras.

Definition 2.8. A vertex (super)algebra (VA) is a vector superspace V endowed
with an even endomorphism 9, an even element |0) and an integral of A-bracket,
namely a linear map

VeV V[, u®v»—>/)\d0[ugv], (2.8)

such that the following axioms hold (u,v,w € V):

V1 [*do]|0),0] = [ dofvs|0)] = v,

V2 f)‘da [Qusv] = — f)‘da olusv], fAda [usOv] = fAdO' (0 4+ 0)[usv],
V3 [Mdo [vou] = (—=1)P@PO) [0 [u,0],

V4 f)\daf“dr([ug [o,w]] — (—1)PPO) [y [upw]] — [[ugv]c,ﬂw]) =0.

If we do not assume the existence of the unit element |0) € V' and drop axiom V1,
we call V' a non-unital vertex algebra.

See [DSK06, BDSHK18]| for a discussion on the meaning of these axioms and
their equivalence to other definitions of vertex algebras.

The A-bracket of u,v € V is defined as the derivative by A of their integral of
A-bracket:

fuxe] = dii / do [ugv] (2.9)

while their normally ordered product is defined as the constant term:

v = / 4o [usn] . (2.10)

Note that by differentiating axioms V2-V4 of a VA we recover the axioms L1-L3 of
an LCA. Hence, the A-bracket of a VA V defines a structure of an LCA on V.

Remark 2.9. One defines n-th products on a VA V for any integer n by the formulas:
d’ﬂ

1 U3
U(n)V = W[UAUH)\:O » Uen-V = (0", n>0.

Then the definition of a VA can be given equivalently in terms of the identities
satisfied by these products (see [B86, K96, BK03, DSKO06]).

The notions of a conformal vertex algebra and conformal weight are defined in
exactly the same way as for PVA; see Definition 2.7.

An equivalent definition of a vertex algebra, which we will also use, is as follows
[BKO03]. A non-unital VA is a quadruple (V,9,[x],::), where (V,9,[]) is an LCA,
(V,0,::) is a (noncommutative and nonassociative) differential algebra, such that
the following identities hold:

0
:ab: — (—1)P@P®)pg: = / do [asb], (2.11)
—0

(ab)e: — a(the:): = :(/0(9 do a) [boc]: + (_1)P(a)p(b):(/08 do b) [agc]:,  (2.12)

A
[ax:be:] = :[axb]e: + (—1)P@DPO) play]: +/ do [ax[bsc]] - (2.13)
0
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Equations (2.11), (2.12) and (2.13) are known as the quasicommutativity, quasias-
sociativity and non-commutative Wick formula, respectively. To get the definition
of a VA, one requires, in addition, the existence of an even vector |0) such that
:al0): = a for every a.

Our convention will be that the normally ordered product of more than two
elements is defined inductively from right to left; for example,

:abe: = :a(:be:): :abed: = :a(:b(:ed:):):, etc.
One says that a (non-unital) VA V is strongly generated by an F[0]-submodule
R C V if V is the span over F of all elements of the form
:aiasg - ag:, k>1,a;, €R

(together with |0) when it exists). A VA V is called finitely generated, if it is
strongly generated by a finitely-generated F[0]-submodule R of V. We say that V/
is freely generated by R, if V has a PBW-type basis, i.e., for some ordered F-basis
{a;}ier of R, compatible with parity, the ordered monomials

{:ailai2 Ceeag, ‘ io <idgy1 VO, and iy < igyq if plag,) = i} (2.14)

form an F-basis of V. Then any other ordered F-basis of R, compatible with parity,
gives a PBW-type basis of V.

Definition 2.10. A left module M over a vertex algebra V is a Z/2Z-graded F[0]-
module endowed with an integral of A-action,

A
VeM-— M, v®ml—>/da(vgm), (2.15)

preserving the Z/2Z-grading, such that the following axioms hold (u,v € V, m €
M):

VML [*do [0)gm = m,

VM2 f)‘da (Ovem) = — f’\da o(vem), f’\da (v,0m) = f’\da (0 + 0)(vem),

VM3 ﬁdaj“dT(u,,(va) (1RO (g m) — [0l +Tm) —0

If V' is a non-unital vertex algebra, then axiom VM1 is dropped from the definition

of a V-module. In analogy with the notation used for vertex algebras, we call the
normally ordered action :vm: the constant term of the integral of A-action (2.15):

A A
/ do (vem) = wwm: +/ do (vem), (2.16)
0
and the A-action vym the derivative of (2.16).

2.4. Filtrations. Recall that an increasing (resp. decreasing) Z-filtration of a vec-
tor superspace V' by subspaces

- CFPVCFPV RV C (resp. - DFPTIV O FPV O FPH YV 5 000
(2.17)
is called exhaustive if
Urv=v, (2.18)
mEZ
and is called separated if
() F™V ={0}. (2.19)

meZ
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An increasing Z-filtration is called a Z -filtration if F* V' = {0} for p < 0.

Remark 2.11. All constructions and arguments of the present paper apply if we
replace Z-filtrations by %Z—ﬁltrations, where N is a positive integer. For simplicity
of the exposition, we will assume N = 1.

Definition 2.12 ([Li04]). Let V be a (non-unital) VA. An increasing Z -filtration
(2.17) of V is called good if it is exhaustive, all F™ V are F[0]-submodules of V,
and

(FPVYE"V): CF™TV, [(FTVIAE" V) C (F™T V) (2.20)
for all m,n € Z,. By a filtered VA, we mean a VA with a given good Z-filtration.

If V is a filtered VA, a V-module M is called filtered if there is an increasing
exhaustive Z -filtration by F[0]-submodules

{0}=F'McFPMcF'McF*Mc---CcM, (2.21)
such that (m,n € Z4)
(F™V)(F" M): CcF™" M, (F™V)A(F" M) c (F™ M)A, (2.22)

Proposition 2.13 ([Li04, DSKO05|). Let V be a filtered VA. Then the associated
graded

gV=@@ "V, a"V=F'V/F"'V,

neZ.
has a natural structure of a graded PVA. Namely,
v = ww: + FTT Y e ety
[@x0] = [usv] + ("2 V)] € (gr™ V),
for u e F"V, v e F"V such that
i=u+F"'VegmV, T=v4+F"'Veg"V.
Proof. Follows immediately from formulas (2.11)—(2.13). O

A similar result holds for modules: if V is a filtered VA and M is a filtered
V-module as in (2.21), then the associated graded

ot M= P F"M/F" ' M

n€Zy

has a natural structure of a graded module over the graded PVA grV.
We will impose an additional assumption on a good filtration, which will allow
us later to apply the main result of [BDSHK19].

Definition 2.14. A good filtration of a VA V is called very good if V ~ grV as
F[0]-modules. Likewise, a filtration (2.21)-(2.22) is called very good if M ~ gr M
as F[0]-module.

We present here two examples of very good filtrations, which, although trivial,
are still useful.
11



Example 2.15. For a VA V| let
FlV=FV={0cFV=FV=...=V.

This is obviously a very good filtration and grV = gr' V = V. The A-bracket
in grV, defined by Proposition 2.13, coincides with the A-bracket in V', while the
commutative associative product in grV is zero.

Example 2.16. Consider a VA V with the filtration
F'V={0}cF'V=F'Vv=...=V.

This filtration is good if and only if the A-bracket in V is zero, i.e., V is a com-
mutative vertex algebra. Then the A-bracket in grV is also zero. Moreover, the
normally ordered product in V' is commutative and associative, and it coincides
with the product in grV =gr®V = V.

Proposition 2.17. Let V be a (non-unital) vertex algebra generated by an F[9]-
submodule R. Suppose that R is decomposed in a direct sum of F[0]-submodules

R= P Ra. (2.23)

For s € Z, let
F°V = spanF{:a1~-~ak: ’ a; € Ra, ) A+ -+ A < s}, (2.24)

where the empty product is included and set equal to |0) when |0) exists. Assume
that

[Ra,\Ra,] C (F2 2271Vl forall Ay, A, (2.25)

Then the filtration (2.24) of V is good, and it is very good if V is freely generated
by R.

Proof. Tt is straightforward to show that {F*V'} is a good filtration, using (2.11)—
(2.13); see [Li04, DSKO05]. The filtration is very good if V' is freely generated by R,
because the ordered monomials :aq - --ag: with Ay + -+ + A = s span over F a
complementary F[d]-submodule to F*~*V in F* V. O

2.5. Universal enveloping VA of an LCA. In analogy to Lie superalgebras,
given an LCA R, one constructs the corresponding universal enveloping (unital)
VA V(R), containing R as an LCA subalgebra. The VA V(R) is defined by the
following universal property: for every LCA homomorphism ¢: R — V from the
LCA R to a VA V, there is a unique VA homomorphism ¢: V(R) — V extending
the map ¢.

It is known that V(R) is freely generated by R (see [K96, BK03, DSKO05]). If
we let R = R; in (2.23), then (2.25) holds and Proposition 2.17 defines a very
good filtration of V(R), which is called the canonical filtration. The corresponding
associated graded PVA, given by Proposition 2.13, is isomorphic to the (graded)
universal PVA over the LCA R:

grV(R) ~V(R). (2.26)

If C € R is such that 0C = 0, then C is central in R. Hence, for any ¢ € F, we
have a VA ideal :V(R)(C — ¢|0)): C V(R), and we can consider the quotient VA

VE(R) := V(R)/:V(R)(C — c|0)):. (2.27)
12



The canonical filtration of V' (R) descends to a filtration of V¢(R), which will also
be called canonical.

Lemma 2.18. Let R be an LCA, C' € R be such that 0C =0, and ¢ € F. Then:

(a) The canonical filtration of the VA V¢(R) is very good.
(b) The associated graded PVA of V¢(R) is

grV¢(R) ~V'(R) ~V(R),
where R = R/FC is the quotient LCA.

Proof. Straightforward from the above discussion. O

3. THE CHIRAL AND CLASSICAL OPERADS

In this section, we recall the definitions of the chiral operad P"(V') and classical
operad P (V) from [BDSHK18]. The only new material is in Section 3.8.

3.1. The spaces O:T. Here and further, we will consider rational functions in
the variables 21, 2z2,... and use the shorthand notation z;; = 2z; — z;. For a fixed
positive integer n, we denote by

Oy =Flzilicici<n
the algebra of translation invariant polynomials in n variables. Let
O3 =Flz55 1<icj<n

be the localization of O with respect to the diagonals z; = z; for i # j. We set
OF = 0§ =F, and note that OF = 0T =F
We introduce an increasing Z -filtration of O given by the number of divisors:
FLom ={0} cFO =0f cF o =) Of[;
i<j (3.1)
CCF O =Y 08z 1 c o cFP O = 0

’ lT;]T

In other words, the elements of F” 0T are sums of rational functions with at most
r poles each, not counting multiplicities. The fact that F"~* O = 0T follows
from [BDSHK18, Lemma 8.4].

3.2. The operad P (V). Let V = V5 @ Vi be a vector superspace endowed with
an even endomorphism 9. For every ¢ = 1,...,n, we will denote by 9; the action
of @ on the i-th factor of the tensor power V™

ov=1Q® QO Q - Qu, for v=v1Q---Quv, € VO (3.2)

Recall the superspace V;, given by (1.4). The corresponding to V operad P"(V) =
{Pt(n)|n € Z>o} is defined as follows. The space of n-ary chiral operations P"(n)
is the set of all linear maps [BDSHK18, (6.11)]

X: Vo — V,,
..... A (V1@ @ v, ® f) (3.3)

:Xiii :i?l(vl®"'®vn®f(zl7---7zn))7
13
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satisfying the following two sesquilinearity conditions:

X (@05, f) =Xy, ((0i + X))o @ f), (3.4)
Xt (V@ zig f) = (On; = Ox)Xoi,on, (0@ ) (3.5)
For example, we have:
P (0) = Homg(F, V/(9)) = V/V, (3.6)
P(1) = Homgpo) (V, V[Xo] /(0 + Xo)) = Endgpa) (V). (3.7)

The 7Z/2Z-grading of the superspace P"(n) is induced by that of the vector super-
space V', where O*T and all variables \; are considered even.

The symmetric group S, acts on the right on P*(n) by permuting simultane-
ously the inputs v1,...,v, of X, the variables A1,...,\,, and the corresponding
variables z1, ..., 2, in f. Explicitly, for X € P*(n) and o € S,,, we have

(XN (0@ @up ® f(21,- .0, 2))
= eu(0) X3 (i @ @i, @ fl2irs -5 21,)),s

.....

(3.8)

where iy = 0~ !(s) and the sign €,(o) is given by
(o) = H (—1)Pip(vs) (3.9)
i<j|o(i)>o(5)

One can also define compositions of chiral operations, turning P°"(V) into an op-
erad (see [BDSHK18, (6.25)]).

3.3. Filtration of P°"(V). Now suppose that V is equipped with an increasing
Z 4 -filtration of F[9]-submodules

F'Vv={0} cF'VCcF'VCFVc - -cCV. (3.10)
Since 0T is also filtered by (3.1), we obtain an increasing Z, -filtration on the
tensor products
FPVeeo) = Y F'Ve - -@F"VeFroy ifs>0,
s1+-Fsn+p<s
and F* (Vo @ O1) = {0} if s < 0.

This induces a decreasing Z-filtration of P%(n), where F" P%(n) for r € Z is
defined as the set of all elements X such that

X(F(VE" @ OT)) € (B V)AL Al @+ A+ 4 A, sE€Z. (3.11)

The composition maps in P*(V) and the actions of the symmetric groups are com-
patible with the filtration (3.11) (see [BDSHK 18, Proposition 8.9]); hence, P (V)
is a filtered operad as in [BDSHK18, Section 3.1]. Then, as usual, the associated
graded spaces are defined by

gr” PN (n) = FT Ph(n)/ FrH Ph(n), rez, (3.12)
and we obtain that gr P"(V) is a graded operad (see [BDSHK18, Section 3.1]).

Lemma 3.1. If the filtration (3.10) of V is exhaustive (see (2.18)), then the fil-
tration of P(n) is separated, see (2.19).
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Proof. Note that FS™"~1(V®" @ 0T) > F5(Ve") @ O:T, because F* 1 O =
OrT. Since F~'V = {0}, we see from (3.11) that X (F*(V®") @ OxT) = 0 for all
X € F¥1"Ph(n). If the filtration of V' is exhaustive, then the induced filtration of
V@ is exhaustive. Hence, X = 0 for every X € (), o, F" P (n). O
3.4. n-graphs. For a positive integer n, we define an n-graph as a graph I' with
n vertices labeled by 1,...,n and an arbitrary collection E(T") of oriented edges.
We denote by G(n) the collection of all n-graphs without tadpoles, and by Gy(n)
the collection of all acyclic n-graphs, i.e., n-graphs that have no cycles (including
tadpoles and multiple edges). For example, Gy(1) consists of the graph with a single
vertex labeled 1 and no edges, and Gy(2) consists of three graphs:

O O , o——0 s O0<———O
12 12 1 2 (3.13)
ET) =0 |, EM)={1-2}, EM)={2-1}

By convention, we also let Go(0) = G(0) = {0} be the set consisting of a single
element (the empty graph with 0 vertices).

A graph L will be called a line if its set of edges is of the form {i; — s, io —
3y« n—1 — in} where {i1,...,i,} is a permutation of {1,...,n}:

L= 0—=0—---—0 )
i 2 in (3.14)

An oriented cycle C in a graph I is, by definition, a collection of edges of I" forming
a closed sequence (possibly with self intersections):

C = {’Ll —> 12,00 — 13, ..., lg—1 —> lg, Lg —> Zl} C E(F) . (315)

There is a natural (left) action of the symmetric group S, on the set G(n) of
n-graphs, which preserves the subset Go(n) of acyclic graphs. Given I € G(n) and
o € Sp, we let o(T") be the same graph as I', but with the vertex that was labeled
1 relabeled as o(1), the vertex 2 relabeled as ¢(2), and so on up to the vertex
n now relabeled as o(n). For example, if Ly is the line with edges {1 — 2,2 —
3,...,n—1—mn}and o € S,, then 0(Lg) = L is the line (3.14) where i, = o(k).

Let £(n) C G(n) be the set of graphs that are disjoint unions of lines. Consider
the vector space FG(n) with the set G(n) as a basis over F. The subspace R(n) C
FG(n) of cycle relations is spanned by the following elements:

(i) all graphs I" € G(n) containing a cycle;
(ii) all linear combinations of the form } .~ T'\e, for all ' € G(n) and all oriented

cycles C C E(T'), where I'\e € G(n) is the graph obtained from I" by removing
the edge e and keeping the same set of vertices.

Note that if we reverse an arrow in a graph I' € G(n), we obtain, modulo cycle
relations, the element —T" € FG(n).

Lemma 3.2 (|[BDSHK19]). The set L(n) spans the space FG(n) modulo the cycle
relations.

In [BDSHK19], we also give an explicit basis of the space FG(n)/R(n), but it
will not be needed here.
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3.5. The operad P (V). Now we will recall the definition of the classical operad
PYV) = {PY(n) |n € Zso} from [BDSHK18, Section 10].

As before, let V. = V5 @ V7 be a vector superspace endowed with an even en-
domorphism 9. Set P!(0) = V/9V, and for n > 1, define P°(n) as the vector
superspace (with the pointwise addition and scalar multiplication) of all maps

Y:Gn) x Ve =5V, , (3.16)
T,v0) =Yy 5 (v), (3.17)

.....

which depend linearly on v € V®" and satisfy the cycle relations and sesquilinearity
conditions described below. The Z/2Z-grading of the superspace P°!(n) is induced
by that of the vector superspace V, by letting G(n) and the variables \; be even.

The cycle relations in P (n) state that if an n-graph ' € G(n) contains an
oriented cycle C C E(T'), then:

yi=o0, Y yhe=o. (3.18)
ecC

In particular, applying the second cycle relation (3.18) for an oriented cycle of
length 2, we see that changing the orientation of a single edge of I' € G(n) amounts
to a change of sign of Y.

To write the sesquilinearity conditions, let us first introduce some notation. For
a graph G with a set of vertices labeled by a subset I C {1,...,n}, we let

Aa=> X, o= 0, (3.19)
i€l iel
where as before 9; denotes the action of d on the i-th factor in V®" (see (3.2)).

Then for every connected component G of I' € G(n) with a set of vertices I, we
have two sesquilinearity conditions:

(Ox, —OA)YR, A, (v) =0 forall ijel, (3.20)
Yo o (0c+Ae)) =0, veVe. (3.21)

The first condition (3.20) means that the polynomial Y\ (v) is a function of
the variables Ar_, where the I'y’s are the connected components of I', and not of
the variables A1, ..., A\, separately.
We have a natural right action of the symmetric group S,, on P (n) by (parity
preserving) linear maps:
O, o (018 @) = el

e, Wi ® @), (3.22)
where iy = 0~ 1(s), the sign €,(0) is given by (3.9), and o (T") is defined in Section 3.4.
In [BDSHK18, (10.11)], we also defined compositions of maps in P!(V), turning it

into an operad.

Remark 3.3. Due to (3.18) and Lemma 3.2, any classical operation Y € P(n) is
uniquely determined by YT for graphs I' € £(n) that are disjoint unions of lines.

Suppose now that V' = @, , gr' V is graded by F[d]-submodules, and consider
the induced grading of the tensor powers V&m:

grt Ve = Z g V@ - @gnV.
b1ty =t
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Then P°(V) has a grading defined as follows: Y € gr” P¢(n) if
Y (et VE) C (gt TV AL A0 A+ ) (3.23)
for every graph I' € G(n) with s edges (see [BDSHK18, Remark 10.2]).

3.6. The isomorphism from gr P"(V) to P (gr V). For a graph I' € G(n) with
a set of edges F(T'), we introduce the function

pr=pr(2z1,...,2n) = H zi;l, Zij = % — %j . (3.24)
(i—j)eE(T)
Note that pr € F* OxT if T has s edges.

Lemma 3.4 ([BDSHK18, Lemma 8.3]). The space F* OxT is generated as an O -
module by all partial derivatives of the products pr, where I' runs over the set of
acyclic graphs with n vertices and at most s edges.

Corollary 3.5. A chiral operation Y € P (n) is uniquely determined by its values
Y (v®pr), where v € V™ and T runs over the set of connected lines with n vertices.

Proof. This follows from Remark 3.3, Lemma 3.4, and the sesquilinearity conditions
(3.4), (3.5). O

Let V be filtered by F[0]-submodules as in (3.10). Then we have the filtered
operad PP(V) associated to V and the graded operad P (grV) associated to
the graded superspace gr V. These two operads are related as follows [BDSHK1S,
Section 8].

Let X € F"P"(V)(n) and T € G(n) be a graph with s edges. Then for every
v € F' VO we have v ® pr € F¥(V®" @ O*T) and, by (3.11),

_____ A (W @pr) € (BT V)AL A/ O+ A+ M) (3.25)
We define Y € gr” P (gr V)(n) by:
Vi o (+F7VE) =Xy, (0@ pr)
+ (FEFTTIV) A A0+ A ) (3.26)
€ (gr¥ T V)AL A0+ A A

Clearly, the right-hand side depends only on the image 7 = v+F!~! V&7 ¢ gyt @
and not on the choice of representative v € F* V®". We write (3.26) simply as

YAFI ..... A (D) =X, (V@ Dpr). (3.27)

The fact that Y € gr™ P! (gr V))(n) was proved in [BDSHK18, Corollary 8.8].
If X € F"*Ph(V)(n), then the right-hand side of (3.26) (or (3.27)) vanishes.
Thus, (3.26) defines a map

gt PV)(n) = gr" PgrV)(n), X=X+F" Y. (3.28)

Theorem 3.6 ([BDSHKI18, BDSHK19]). The map (3.28) is an injective homo-
morphism of graded operads. If V =~ grV as F[9]-modules, then (3.28) is an
isomorphism.
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3.7. The case of trivial filtration and the operad Chom(V). In this subsec-
tion, V' will be an F[0]-module with the trivial filtration and grading:

F'V={0cFVv=Vv, grV=g'V=V. (3.29)
By (3.11), a chiral operation Y € P1(n) lies in F” P"(n) if and only if [BDSHK18,
8.4)|:

0l YV eF o) =0. (3.30)
In this case, the filtration of each P"(n) is finite:

Ph(n) =FOPh(n) D FPE(n) D - D F" L PN(n) D F P (n) = {0}. (3.31)

Similarly, by (3.23), a classical operation Y € P¢(n) is in gr” P°(n) if and only if

YT = 0 for every graph I' with n vertices and number of edges # r (see [BDSHKI18,

(10.9)]). By Remark 3.3, we can restrict to graphs I' that are disjoint unions of
lines; such graphs have < n — 1 edges. Hence, the grading of P°(n) has the form

Pl(n) = @ gr” P (n). (3.32)
r=0

By Theorem 3.6, we have an isomorphism of graded operads gr P(V) o~ PI(V).

Notice that gr’ P (V) is a suboperad of P°(V), which is also denoted Chom(V))
and is described explicitly in [BDSHK18, Section 5|. We have a surjective morphism
of operads (with kernel F* P"(V/)) given by evaluation at the function 1:

PEYV) = Chom(V), Y=Y, Yw)=Yw®l) forYePN(n), veVer.
(3.33)

Let us review the definition of the operad Chom(V') = {Chom(n)|n € Z>o}. Ele-

ments of Chom(n) are called n-ary conformal operations. These are linear maps

Y:Ver 5,

(3.34)

V1@ ®@Up = Vg2, (1@ @ o),

satisfying the sesquilinearity conditions:
Ya, oo (0 +X)v) =0, 1<i<n, veV®, (3.35)

where, as before, V,, is defined by (1.4) and 9; denotes the action of d on the i-th

factor in V®". The symmetric group S,, acts on the right on Chom(n) by permuting

simultaneously the inputs vi,...,v, and the variables A1,...,\,. Explicitly, for
Y € Chom(n) and o € S,,, we have

(YU))Q ..... An (vl - ® ’Un) = Gv(0'> Y)\il Aip (vil & vin) ) (336)

.....

where i; = 0~ !(s) and the sign ¢,(0) is given by (3.9). The compositions in the
operad Chom(V') are given by [BDSHK18, (5.6)]. Note that Chom(0) = V/9V'.

3.8. The case 9 = 0. Finally, let us consider the case when the action of F[J] on
V is trivial. We take the trivial increasing filtration of V' given by (3.29).

Theorem 3.7. Let V be a vector superspace equipped with the trivial F[9]-action
and filtration. Then, for every n > 1, the filtration of P*(n) has the form

Ph(n) = F* 1 Ph(n) 5 F" PN (n) = {0}.
Hence,

PCh(n) _ gI‘n—l PCh(n) =gr PCh(n) ~ PCl(n) — gI‘n—l PCl(n).
18



Proof. To prove the first claim, we need to check that X (v ® f) = 0 for every
X € PP(n), v € VO and f € F" 20T, By the sesquilinearity (3.4), (3.5) and
Lemma 3.4, we can assume that f = pr where I is an acyclic graph with n vertices
and < n — 2 edges. Let G be a connected component of I'. Then the set I of
vertices of G is a proper subset of {1,...,n}. Since, by translation invariance,
> icr 0z,pr = 0, the sesquilinearity (3.4) implies

AR ) =0V, .., ]/ A+ + ).

.....

Hence, X(v® f) = 0.

A similar argument, using (3.21), proves that P (n) = gr” ! P°(n). The second
claim of the theorem then follows immediately from the first and from Theorem
3.6. O

In the case when V = F is a 1-dimensional even vector space with a trivial
action of 9, the operad P"(V) is isomorphic to the operad Lie (see [BD04, 3.1.5]
and [BDSHK19, Theorem 5.2]). In order to state the general result, let us recall
the operad Hom(V), defined by

Hom(V)(n) = Hom(VE" V), n>0. (3.37)
Also recall that the tensor product of two operads P; and Ps is given by

(P1 ® P2)(n) = Pi(n) @ Pa(n), n>0,
with component-wise compositions and actions of the symmetric groups.

Theorem 3.8. Let V be a vector superspace equipped with the trivial action of
F[0]. Then

PUWV) =~ PYV) ~ Hom(V) ® Lie.

Proof. We saw in the proof of Theorem 3.7 that for Y € P (V)(n) we have YT =0
unless the graph I' is connected. For a connected graph T, the sesquilinearity (3.20)
implies that

Yi) e VI + o+ M/ 4+ 4+ ) =V, ve Ve,

Hence, we can view Y as a collection of linear maps YT : V®" — V satisfying the
cycle relations (3.18). In the case V = F, this is a collection of scalars y' € F.
Thus, we have a morphism of operads

Hom(V) @ PNF) — PLV), (3.38)

which sends ¢ ® y to Y given by YT'(v) = y¢(v) for v € V™. Let us check that
the map (3.38) is an isomorphism. By definition we have

Hom(V)(n) = Hom(V®", V),
P(F)(n) = Hom((FG(n)/R(n)) @ F*",F) ,
P (V)(n) = Hom((FG(n)/R(n)) @ VE", V).
The fact that (3.38) is an isomorphism follows from the linear algebra isomorphisms

HOIII(Al,Bl) & HOIH(AQ, Bg) ~ HOIII(Al ® Az, B ® Bg) , FA~A.
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4. LCA, VA AND PVA COHOMOLOGY

In this section, we review the definitions of the cohomology of Lie conformal
algebras, vertex algebras, and Poisson vertex algebras, following [BDSHK18].

4.1. Lie superalgebra associated to an operad. We start by reviewing a gen-
eral construction, which goes back to [Tam02] (see also [BDSHK18]). For a linear
superoperad P, we define

(o]
Wom @ WE Wh Pk 15
k=—1
where P(k+1)5++1 denotes the subspace of P(k+1) consisting of elements invariant
under the action of the symmetric group. One defines a Lie superalgebra bracket on
Wp only in terms of the compositions and symmetric group actions in the operad P
(see [BDSHK18, Theorem 3.4]). We thus get a functor P — Wp from the category
of linear superoperads to the category of Z-graded Lie superalgebras.

Remark 4.1. (a) If P is filtered operad with a filtration {F" P},cz, then Wp is a
filtered Lie superalgebra with a filtration F” Wk := (F" P(k + 1))%+1, so that

[F"WE, F*Wp] C FrHs wEtt rsel, kl>—1.

(b) If P is graded operad with a grading {gr" P},cz, then Wp is a graded Lie
superalgebra with a grading gr” Wk = (gr" P(k + 1))+, so that

[ngWﬁ,grst;] CngJrSW;;H, rseZ, k,t>—1.

If X € W} is an odd element such that [X, X] = 0, then d = adx is a differential
on Wp, ie., d> = 0 and d is an odd endomorphism of degree 1. We obtain a cochain
complex

Cp=EPCp, Cp=Wi'=Pn)>, d:Cp—Cpt.
n=0

There are several examples of operads P that give rise to interesting algebraic
structures and corresponding cohomology theories (see [BDSHK18]).

First, consider the operad Hom/(V') given by (3.37), for a fixed vector superspace
V. Then odd elements X € W’;&[om(\/) such that [X, X] = 0 correspond bijectively to
Lie superalgebra structures on IV, the superspace V with opposite parity p = 1—p,
where p denotes the parity of V. Consequently, an odd element X € W’i{om(HV)

with [X, X] = 0 is the same as a Lie superalgebra bracket on V', given explicitly by
[a,b] = (-1’ X (a®D), abeV.

Indeed, one checks that the symmetry of X with respect to p corresponds to the
skewsymmetry of [-, -] with respect to p, and the Jacobi identity for [-, -] corresponds
to the identity [X, X] = 0 (see [NR67, DSK13]). Taking the complex Cyop(mivy, We
get the Chevalley—Eilenberg cohomology complex of the Lie superalgebra V with
coeflicients in the adjoint representation.

The cohomology with coefficients in a module can be obtained by a reduction
procedure as follows. If M is a module over the Lie superalgebra V', then V & M
is a Lie superalgebra such that V' is a subalgebra, [M, M] = 0 and [a, m] = am for
a€V,mée M. For each n > 0, consider the subspaces

U™ := Hom(II(V & M)®", IIM) C Cjyppmvamia
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and
K":={Y eU"|Y(IIV)®") =0} c U".
Using the restriction map, we get a short exact sequence
0— K" — U" — Hom((ITV)®" TIM) — 0.

It is easy to check that dU™ C U"*! and dK™ C K"*!. Then the cohomology
complex of V' with coefficients in M is defined as the subquotient of the complex
Crom(mvernn), Which in degree n is U™ /K™.

4.2. LCA cohomology. Now let V be a vector superspace (with parity p), which
is equipped with an F[9]-module structure, where 9 is an even endomorphism of V.
Consider the operad Chom(IIV) introduced in [BDSHK18] and briefly discussed in
Section 3.7. Consider the corresponding Lie superalgebra

Wenommv) = @ Wehom(mv) WCkh_olm(HV) = (Chom(IV')) (k)" .
k=—1

Then structures of a Lie conformal algebra on V are in bijection with odd elements
X € W2, ,..(IIV) such that [X, X] = 0, so that

[axb] = (=1)PD Xy s s(a®b), abeV (4.1)

(see [DSK13, Section 4.3]). As a result, we get the cohomology complex of the LCA
V', defined by X, with coefficients in the adjoint module:
Cenon(V) = @D Cliom(TV),  Clipm (V) i= WL 11y = (Chom(IV))(n) |
n=0
with the differential d = adx (cf. [BKV99, DSK13]). Given a module M over the
LCA V, the cohomology complex Cepom (V, M) of V with coefficients in M can be
obtained by a reduction procedure as in Section 4.1 above. An explicit expression
for the differential d can be found in [DSK13, Eq. (4.19)].

4.3. Vertex algebra cohomology. Let again V be a vector superspace (with
parity p), equipped with an F[]-module structure. Consider the operad P"(IIV)
and the corresponding Lie superalgebra

Wen(ITV) = é wk 1v), Wh V) = (PEMV))(k + 1)+,
k=-—1

Then structures of a non-unital vertex algebra on V are in bijection with odd
elements X € W} (IIV) such that [X, X] = 0 (see [BDSHK18, Theorem 6.12]).
Explicitly, for a,b € V,

1 A A
(1@ xee (a Rb® —) - / dofagb) = :ab: + / dofagh].  (4.2)
' w—z 0
We obtain the cohomology complex of a non-unital VA V' with coeflicients in V:
Can(V) =D C&V),  CL(V) = W5 (V) = PEAV)(n)* . (43)
n=0
with the differential d = adx. Given a module M over V, the cohomology complex

Cen(V, M) of V with coefficients in M is given by a reduction procedure as in Section
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4.1. Namely, we consider the non-unital VA V & M such that V is a subalgebra
and

A A A
/ dolaym] = / do(agsm), / dolmem/] =0, a€V,m,m €M.

Then C%4 (V,M) =U"/K™, where U™ and K™ are defined as in Section 4.1.
Now we will give a more explicit description of this complex. Elements of
" (V, M) are linear maps

Y:VE QO = MM, .., M)/ O+ X+ -+ M), (4.4)

satisfying the sesquilinearity conditions (v1,...,v, €V, f € OT i=1,...,n):
of

Y, a@W®@ - @0+Nv@- @u, @ f) =Yy, A"(v1®'”®vn®82»)’
o 0 '
Y. An(vl®"'®vn®zijf):(8_/\j_8_/\i>YA1 ..... A (V1@ QU ® f),

(4.5)

Yo o higt,. A1 @ QU QU1 @ - QU ® f(21,..., 2, Zitl, -+ 2n))
— (_1)ﬁ(vi)ﬁ(vi+1)y)\l VVVVV Nt A (Ul R RV QU D - -

'"®Un®f(217"'7Zi+luzi7-'-7zn))'
(4.6)

In (4.6), as before, p = 1 — p is the opposite parity to the parity p of V. (Note that
when V is purely even, p = 1 and (4.6) becomes a skewsymmetry condition on Y'.)
We can describe explicitly the spaces C% (V, M) for n = 0,1,2. We have

Can(V,M) = M/OM,  Cg,(V, M) = Homgpo)(V, M).

For n = 2 we can identify M [\, X2]/(0+ A1 + A2) >~ M[A1]. Moreover, a map Y as
in (4.4) is uniquely determined by its value on the function z;;'. Indeed, its values
on the negative powers of z9; are determined by the first sesquilinearity condition
(4.5), while its values on the non-negative powers of zo; are determined by the
second sesquilinearity condition (4.5). Hence, as in (4.2), C% (V, M) can then be
identified with the superspace of integrals of A-brackets

A
VeV — M, u®vl—>/ dofugv]” ,

satisfying axiom V2 of sesquilinearity under integration, and axiom V3 of symmetry
under integration with respect to the opposite parity p =1 — p.

Next, we write explicitly the differential d of the cohomology complex Cq, (V, M)
(see [BDSHK18, Eq. (7.6)]). In order to do so, we need to introduce some notation.
For every n € Z, we define the map V ® V' — V[}], that sends v ® v to

qntl /)\
— dousv] forn >0,
n n+1
Vilure] = D
—'/ do[(0+ XN)"ugv] forn=-m—-1<-1
m!
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In particular, for n = —1 we recover the integral of A-bracket (2.8) defining the
vertex algebra V. The reason for this notation is that, as it can be easily checked,

d mn n
P\ (Vi[uav]) = Vi upv] forall n e Z. (4.8)

Likewise, for u € V, v € M and n € Z, we let
qnt+l A

. FrvEsY / do(usv) forn>0,
V)\ (’U,)\'U) = 1 A (49)

—'/ do((0+N)"ugv) forn=-m—-1<-1
m!

In particular, for n = —1 we recover the integral of A-action (2.15) defining the V-

module M. We also extend the notations (4.7)—(4.9) by linearity, thus making sense
of P(Vy)[uav] and P(Vy)(vam), where P(z) € F[z,27!] is an arbitrary Laurent
polynomial in z.

Next, let h(zo,...,2x) € OEJTA. For every i =0, ..., k, we decompose h as

%

h(zo,- ... 2k) = fi(20, -7 2)9i (20, - - -, 2k) (4.10)
where f; € O3, g; € OZJTA, and g; may have poles only at z; = z; for j # i. Here

K3
and further, the notation .. means that the i-th term is omitted. Moreover, for
every 0 <1 < j <k, we also decompose h as

h(ZQ,...,Zk) zfij(zij)gij(zo,...,zk), (411)

where f;; € Flzij, 2;1] =037, gi; € O;L |, and g;; has no poles at z; = z;.
Using the notations (4.7)—(4.9) and the decompositions (4.10)—(4.11), we can
write the cohomology differential of Y € Ck (V, M), as follows:

(dY)i?)i’“k (Vo ® - vk @ h(z0,.--,2k))

.....

k 4 i i

= (“1)9i(=Vags- s =V ) 0in Y0 (00@ T @y @ filz0, -5 25))
= A0yt Ak

+ (_1)'yiij>20>~%~~]g~y7fk‘ (e_azia’\i(
0<i<j<k A Ao A

i g
fij(_v)\i)[viAivj] RUeR 7. QU ®gij(ZOa .. ,Z]g))

Zi:Zj:’w) ’

(4.12)
where 7;,7; ; € Z/2Z are given by
vi =p(vi)(P(Y) + p(vo) + -+ p(vi-1) + 1) + 1,

Yij = P(Y) 4+ p(vi)(p(vo) + - -+ + p(vi—1) + 1) + p(v;) (P(vo)+ - +p(vj-1)).
(4.13)

A few words of explanation are needed to clarify the meaning of formula (4.12).
By construction, the rational function g;(zo, ..., 2x) has no poles at z; = z; for j
and ¢ # ¢. If it has a pole at z; = z; for some j # i, we expand the operator

gi(_von RS _v)\k)
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by geometric expansion in the domain |z;| > |z;|. We then get non-negative powers
Vf\‘j = % which, when applied to the polynomial

i 7
Y (0@ T @ug @ fil20,- 7 2k))

vanish for n large enough. As a result, we are left with a Laurent polynomial of
V., which can be “applied” to

’U’L')\iY(' o )
according to the notation (4.9).

As for the second summand in (4.12), when we expand the exponential e =%
and apply it to the polynomial

(23N

k3

fij (=V ) [via, v

(defined by notation (4.7)), only finitely many (non-negative) powers of —d,,0x,
survive. We can then apply the resulting operator to the rational function

gij(ZO, .. .,Zk) .

Evaluating, as instructed, at z; = z; = w, we get a function in O;T in the variables
i
w, 20, - - .- - -, 2k (on which we evaluate the map Y').
It is straightforward to check that the differential d defined by formula (4.12)

coincides with the differential given by [BDSHK18, Eq. (7.6)].

Definition 4.2. Given a module M over the VA V| the cohomology of the complex
(Cen(V, M), d) is called the VA cohomology of V with coefficients in M:

Ha(V, M) = @@ H(V.M). (4.14)
n=0

The following lemma will be useful for computing the cohomology of a vertex
algebra.

Lemma 4.3. Let V be a VA, M be a V-module, and R be an LCA, which is a
subalgebra of the LCA (V,[x]). Then the restriction map

Ye (?h(vu M) = Y|R®"®l € Cghom(Ru M) (415)
is a morphism of complexes, i.e., it commutes with the differentials.

Proof. The special case R = V follows from (3.33). In general, the claim can be
deduced directly from the definitions. Indeed, formula (4.12) for the differential in
C% (V, M), evaluated at the function h(zo, ..., z,) = 1, reduces to formula [DSK13,
Eq. (4.19)] for the differential in C3,,,,,,(R, M). O

Now we review the description of the low degree cohomology HZ (V, M) (n =
0,1,2) in terms of Casimirs, derivations, and extensions [BDSHK18]. We denote by
J: M — M/OM the canonical projection, and say that ['m € M/OM is a Casimir
element if V_gm = 0. Let Cas(V, M) C M/OM be the space of Casimir elements.
Note that

Cas(V,V) = {[a e V/OV |a@)V =0}.
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A derivation from V to M is an F[0]-module homomorphism D: V — M such
that
A

D(/Ado[ugv]) = (—1)p(D)p(“)/ do(ueD(v))

L (4.16)
+ (= 1) D +p()p(0) / do (vy D(u)).

Note that D € C}, (V, M) is closed if and only if D is a derivation V' — M, and it
is exact if and only if this derivation is inner, i.e. it has the form

Dfm(a) = (=1)HPmP@g_5m  for some  [m e M/OM . (4.17)

In the special case when V = M, we have the usual definition of a derivation and
an inner derivation of the vertex algebra V' (an inner derivation is of the form v(g,
for some v € V). Denote by Der(V, M) the space of derivations from V' to M, and
by Inder(V, M) the subspace of inner derivations.

Proposition 4.4 ([BDSHKI18|). Let V be a (non-unital) VA and let M be a V-

module. Then:

(a) HY (V, M) = Cas(V,M).

(b) HL (V,M) = Der(V, M)/ Inder(V, M).

(c) H3 (V,M) is the space of isomorphism classes of F[0]-split extensions of the
vertex algebra V by the V-module M, where M is viewed as a non-unital vertex

algebra with zero integral of A-bracket.

4.4. Classical and variational PVA cohomology. Let V be a vector super-
space (with parity p) equipped with an F[0]-module structure. Consider the operad
P(IIV) and the corresponding Lie superalgebra

Wa(lV) = € WAITY),  WATIY) i= Wha ) = PIIV)(k 4 1)%+1.
k=—1

The structures of Poisson vertex algebra on V are in bijection with odd elements
X € WA(IIV) such that [X,X] = 0 (see [BDSHK18, Theorem 10.7]). Explicitly,
for a,b € V, we have

ab=(—1)PIX(a®b), [anb]=(-1)P DXL, _sla®@b). (4.18)

As before, we get a complex
CaV)=@PCiv),  CaY):=wi @), (4.19)
n=0

with the differential d = ady. The cohomology of this complex will be called the
classical PVA cohomology of the PVA V with coefficients in V, and will be denoted
by

Ha(V) = @ HH(V).
n=0

For the rest of this subsection, we consider V with its trivial grading: V = gr' V.
Then, by (3.23), Y € P(n) is in gr? P(n) if and only if YT = 0 for every graph
T' with n vertices and number of edges # p (see [BDSHK18, (10.9)]). Since the
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symmetric group S,, preserves this grading, the Lie superalgebra W, (ITV) and the
complex C¢ (V) are graded by:

k n—1
WhHIY) = @@ e Wh(1IIY) V) = Per’ crv)
p=0 p=0

(see (3.32)). We can write our element X € WL(IIV) as X = X, + X; with
X, € gr" WA(MV) (r =0,1), so that
(Xo)™ =0, (X" =X, (X)) =X"" (X)"*=0.
Comparing terms of different degrees in the equation [X, X] = 0, we obtain
[Xo, Xo] = [Xo, X1] = [X1, X1] = 0.
Hence, d = adx is a sum of two anticommuting differentials d, = adx, (r =0, 1),
such that d,: gr? C%(V) — grP*" CIT (V).

Note that gr® PY(I1V) = Chom(ITV) and the Lie superalgebra Weponm (ITV) from
Section 4.2 coincides with the subalgebra gr® We (ITV) of W (ITV). The odd element
Xo € Wi, ,..(IIV) corresponds to the A\-bracket in V considered as an LCA (see
(4.1)). Then dy gives the differential in the LCA cohomology complex Cepom (V) =
gro Ocl(V).

Since d; is a derivation of the Lie superalgebra W (IIV), its kernel is a subalge-
bra. Hence, the subspace

Wpv (HV) = gI‘O Wcl(HV) N Ker d;

is a subalgebra of Wepom (IIV). As Xo € Wiy (IIV), the differential dy restricts to
Wpy (ITIV) and gives a complex

Cov(V) =D CEv(V),  Cy(V):= Wi (1Y),
n=0

called the wvariational PVA complex of V (see [DSK13]). The cohomology of this
complex is called the variational PVA cohomology of the PVA V with coeflicients
in V, and is denoted by

Hev(V) = P Hiv(V) .
n=0
Explicitly, by [BDSHK18, Lemma 11.3(c)|, Cgy, (V) can be described as the sub-
space of CJ;, ... (V) consisting of cochains Y™ that satisfy the following Leibniz rules:
Y, (@ ® - ®bic; ®---®ap)

— (_1)P(bi)(:5(y)+:5(al)+“'+:5(ai—1))(eaaxi b)Ya (01 ®@ - ®¢®---Qay)

(4.20)
+ (_1)P(Cz’)(P(bi)+;5(Y)+:5(al)+'"Jrﬁ(ai—l))(eaaxi )Y (a1 @ Qb @ @ay),

foralli=1,...,n and a;,b;,c; € V.

.....

Remark 4.5. As a consequence of the Leibniz rules (4.20) and the sesquilinearity
(3.35), any cochain Y € CBy,(V) vanishes whenever one of its arguments is the unit
1 €V (see [BDSK19, Lemma 3.7(b)]).

The relationship between the classical and variational PVA cohomology is clari-
fied in the next theorem.
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Theorem 4.6. Let V be a Poisson vertex algebra.
(a) The embedding of complexes (Cpy(V),dy) — (Ca(V),d) induces an injective
homomorphism of cohomology

Hpy (V) = Ha(V). (4.21)

(b) Suppose that V, as a differential superalgebra, is isomorphic to an algebra of
differential polynomials in finitely many even or odd variables. Then the map
(4.21) is an isomorphism.

Proof. Part (a) is [BDSHK18, Theorem 11.4], while part (b) is in [BDSHKV20]. O

In the case of a universal PVA over an LCA, the variational PVA cohomology is
related to the LCA cohomology as follows (see [BDSK19, Theorem 3.13]).
Proposition 4.7. Let R be an LCA and V = V(R) be its universal PVA.

(a) If M is a V-module, then M is also an R-module by restriction, and the
restriction of cochains

Y € Cpy(V, M) = Y| gon € C2yor (R, M) (4.22)

gives an isomorphism of complexes va_(V, M) ~ Cepom (R, M).
(b) Let C € R be such that 0C = 0, let R = R/FC be the quotient LCA, and
Ve = V¢(R) = V(R)/V(R)(C — ¢) be the corresponding quotient PVA. Then

every V°¢-module M is an R-module by restriction, we have natural embeddings
of complexes

Cc;wm(R,M) C Cc}wm(R, M) R va(Vc,M) C va(V,M) R (4.23)
and the isomorphism (4.22) restricts to an isomorphism of complexes
Cehom (R, M) ~ Cpy(V*,M). (4.24)

Proof. This is, in a different notation, the same as [BDSK19, Theorem 3.13]. O

5. WICK-TYPE FORMULA FOR VA COCYCLES AND BOUNDED VA COHOMOLOGY

5.1. Wick-type formula. The main result of this section is a Wick-type formula
for cocycles in Cep, (V, M). This formula should help in proving that a good filtration
on V induces an exhaustive filtration in cohomology.

Proposition 5.1. Let V' be a vertex algebra, M be a V-module, and Y € C%}, (V, M)
be a closed element of the VA cohomology complex: dY = 0. Then, the following
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Wick-type formula holds, for every £ =1,...,n

Yo, A1+ AeAn (Uo Q- Q100 Q- QUp ® 1)
Pe—1P—1,6—1 90y Ztl
= (-1 Lo (7100 1) Y A A A (V0@ T @, @ 1):

_ 4
+ (_1)pe(1+p71,z):(eaaxeW)Y/\DW,\FIJM\EM,\” (V® .7. U, ® 1):

B A1 —1
4 (_1)Pef1p71,e71 / dove—1,Y7,. 2o 14Xe—0i A (U0® QU ® 1)
0

_ Ae ‘
+ (=1)Pe(1HP-10) / Ao Ve Y, . Ae 14— a (V0D .7 Uy @ 1)
0

Ae—1
- / do Yo, \_1tre.An (Uo R Q1,0 @ @V ® 1)
0

n 0—1

pe—1(14+Pie—1)1 205 -7 12n £-1 1
— E (-1) -1y - (v0®---[umvg_1] QU ® )
A0, AitAe—1 T A Zi — 2y

=0
i#£0—1,0
n . ‘ , )
+ Z pzplzy 0,-72 , (U0®'-'[Uz‘)\ivé] .f.®vn®7>
=0 DYTVND VE S VIR W Z20—1 — %4
i#L—1,4
20,02 j 1
+ D (S (v0®...[vmivj]...®vn®7),
o<i<j<n D TIRD.VE D VI ¥ Z0—1 — 2y
i,j¢{¢—1,¢}
(5.1)
where we let p; = p(v;), p; = p(v;), and
p(Y) +p(vo) +---+p(v;) if i=—1and j >0,
Pij = P(vit1) + -+ p(v)) if 0<i<j, (5.2)
P(vjt1) + -+ p(vi) if 0<j<i.

Proof. The function h = (zy—1 — 2,) ! decomposes as in (4.10) with

fi=h, gi=1 for i#0—1/
fizl, gz:h for Z.E{K—l,g},

and as in (4.11) with

fij=1, gij="h for (i,j) # (L - 1,0),
focre=h, ge10=1.
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Hence, if we evaluate equation (4.12) at h, we get

(@) (vo ®- QUL ®

Z0—1 — Zg)

£—1
= (_1)’Ye71(v)\e _ VAZ,1)710671A271Y>\ 01 \ (v0® QU ® 1)
05 ++» sAAn

Y4
+ (=1)"(Vy, — VAH)_IUWYk ¢ (V0® . 7. ®u, ®@1)

05+,
i i
b ey (e e, 0 —)
’L';éefl Vi )‘07:-;)\71 Z—1 = 2
—1,0
_ -1 -
+ (=1)7e-10Yy 1. (—VA _ Vp_1 v U ... QU ®1)
=1) rer ey 2o, (VA=) e, v "
i
+ Z (_1)7”-}/11),20 ........ Zn (e—é)zié)xi(
i g
0<i<j<n Ait+A,20,- A

(i,5)#(£—1,0)

i g 1
[ViA, V5] @ V® . 7.7 Qu, ® 7)

)
Zi=2zj :u})

where 7;,7;; € Z/2Z are as in (4.13). According to the explanation of equation
(4.12), in the first term in the right-hand side of (5.3) we need to expand (Vy, —
Vi,_,) "} by geometric series in non-negative powers of V, and use the notation
(4.9). Recalling (2.16), we get as a result

(5.3)

P 1 At o -1
_ (_1)'7%71 E E / do ((6 + )\g_l)nvé_l)g(WyA -1 (’UQ® L Qu, ® 1))
neo v 0y «oe

sAn

—1
= _(_1)’7/[71:(688A£71/Ué—l)Y>\0,~~~)\E—1+>\E~~~7)‘n(UO® L Qu, ®1):

Ar—1 -1
- (—1)W’1/ dove—1,Yxg,.. A1+ Ae—0.hn (V0B T QU ® 1)
0
(5.4)

Similarly, the second term in the right-hand side of (5.3) is

¢
(—=1)7:(99% ) Yy aprtre.hn (V0@ 1. @vy, @ 1):

Ae . (5.5)
+ (—1)’” / do /UZG-Y)\OV”)\271+)\[70-___1)\,” (v0® QU ® 1) .
0

The fourth term is, by the notation (4.9) and the symmetry conditions (4.6),

_ (_1)ﬁ(Y>+ﬁ(vo)+~-+ﬁ(ve71)YAO)”N?IHL_”A" (vo ® U1Vt R Uy ® 1)

B B B Ae—1
_ (_1)p(Y)+p(’UO)+“'+p(’Ue—1‘)/ do Yag... Aprireohn (Uo ® - [ve—1,ve] @y ® 1) .

0
(5.6)
Let us consider now the last, fifth term of the right-hand side of (5.3). We sum

over all pairs of indices 4,5 such that 1 < ¢ < j < n and (i,5) # ({ — 1,£). The
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terms with ¢ < j = —1 give

-2
Z(_1):5(Y)+:5(vo)+'"+ﬁ(vi)+ﬁ(vlz—1)(ﬁ(vi+1)+~~~+ﬁ(vuz))
=0 (5.7)
. etlz —1 1
X YFo A Vo ® - -+ [Vin,Ve—1] 7. Uy ® )
Aoy XitAe—1 oA R — &
The terms with ¢ < ¢ —1, j = ¢ give
£—2
Z(_1)ﬁ(y)"’ﬁ(”ﬂ)+"'+ﬁ(vi)+ﬁ(”l)(ﬁ(”i+1)+"'+ﬁ(vl—l))
=0 (5.8)

¢ ¢ 1
% YZ07~~~>Zn . (UO & - ['UiAiUZ] . ®Un [ 7> .
DYTVND VE S VIRSUD W Z20—1 — %4
The terms with ¢ = £ —1, j > £ give, by the first sesquilinearity condition (4.5) and
the skewsymmetry of the A-bracket,

n

3 (1) PO B0+ 2 45048001 (B0 - 47(0))
J=0+1 (59)
) [.7.1 Zn 271 1
x Y=, V® .7 [V, Ve—1] - @ Up ® )
PYNAD VIS Y ¥ ! Zj — Ze
Similarly, the terms with ¢ = ¢ < j give
3 (= 1)P+B(00) -0y 4500 (001 - +5(07))
J=t+1 (5.10)
X YZ(),.?,Z" ( ® g [ ] ® ® 1 )
v Uiy v QU  ——— ).
Ao,.?.)\lJr)\j...,)\n 0 Ix Zp—1 — 2§

i i g 1
— 1)y R . (vi i @ ®.T.f.®vn®7),
0<;<n = AiAA A0y e A loiavs] @ vo 21— 2/ (5.11)
i,jE{0=1,0}
Combining all equations (5.3)—(5.11), and using the assumption that dY = 0, we
obtain (5.1). O

We can compute more explicitly formula (5.1) for n = 1 and 2. First, if Y is a
closed element in CJ, (V, M) = Homgg (V, M), we get:

Y (:ab:) = (_1)p(a)ﬁ(Y);ay(b); + (_1)p(a)p(b)+p(b)ﬁ(Y):by(a);

— M M
+ (_1)1’(‘1)1)()/?/ do‘ agy(b) — / dO' Y([a/o-b])
0 0
—pu—0
N (_1)p(a)p(b)+P(b)ﬁ(Y)/ do b, Y (a).
0

The above equation holds for every g, hence it gives
Y (:ab:) = (_1):0(0)15(3’):@)/(1,): + (_1)p(a)p(b)+p(b)ﬁ(Y):by(a):
0
_ (—1)p@n® by / do by Y (a)

—0
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and

Y ([axb]) = (_1)p(a)ﬁ(Y)a/\y(b) — (_1)p(a)p(b)+p(b)ﬁ(Y)b_/\_ay(a) .

If we take the adjoint representation M = V and use the skewsymmetry of the
M-bracket and the quasicommutativity of the normally ordered product, the above
equations become

Y (:ab:) = Y (a)b: + (=1)P P 0y (b):
Y (faxb]) = (—1P@PO) [0, ¥ (B)] + [V (@)1

which means that Y is a derivation (of parity p(Y")) of the vertex algebra V.

Next, we discuss the special case of formula (5.1) for n = 2. For simplicity, we
consider the case of the adjoint module M = V. Recall that an element Y € C2 (V)
is a map

Yy =Y VO F((2 — w)®] = VA p]/(0+ A+ ) ~ V.

Let us denote, according to (4.2), the normally ordered product and the A-bracket
corresponding to Y by

ab? = () (a0be ——).

w—z
[axb]’ = (-1)P DYy (a®@b® 1),

(5.12)

so that
1 Y A Y
(—1)p(a)Y)\1 (CL RO m) = b’ + /0 dg[adb] . (5'13)

Then we have the following corollary.

Corollary 5.2. Let V be a vertex algebra and Y € C2 (V) be a closed element of
the VA cohomology complex: dY = 0. Then with the notation (5.12), we have:
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Y + (—1)P@DCO) D [gy:be:Y] = c[ard]e:Y + :[anb] e

—1)P@P®) pgyc]:Y + (—1)POP@+PO)+D g Y (5.14)

[ax:be:] + (
+ (

_|_

/Ok drllaxt]” c] + /Ok doflarblodY

[ax[buc]” + (—1)”(“)(’3(}/)“)[a)\[buc]y]
— (_1)p(a)p(b) [b#[aAc]]Y + (_1)p(b)(p(a)+ﬁ(Y)+1)[b#[aAC]Y] (5.15)
+ [[axd]" .+ [[axb]agpd]

[:ab:re]Y — [:ab:¥ \(]
= :(e22a)[bac]:Y + (=1)P@DEOIHFD) (6993 g)[py )Y : (5.16)
+ (_1)p(a)p(b):(688x b)[axd:Y + (_1)p(b)(p(a)+ﬁ(Y)+1):(eaax b)[axd":

A A
_1)p(@n®) ar_ocll’ + (1)POE@+ [0t iy YT
() /O[bgh ) /Od[bn )
laubad” + [la,h)”

= [au[bk—uc]]y + (_1)p(a)(ﬁ(y)+1)[au[bk—uc]y] (5.17)
_ (_1)p(a)p(b) [b/\w[@ucﬂy _ (_1)p(b)(p(a)+ﬁ(Y)+1)[bAw[a#C]Y] )

The above equations explain the name “Wick-type formulas” for (5.1). Indeed,
for Y = X, (5.14) and (5.16) become the left and right Wick formula for the
vertex algebra V', while (5.15) and (5.16) become two equivalent forms of the Jacobi
identity for V.

Proof of Corollary 5.2. Equation (5.1) gives for £ = 2

Y\ (a ® :be: ® 1)
— (_1)p(b)(p(a)+ﬁ(Y)+1):byA(a ®c®1):+ (_1)p(0)(p(a)+p(b)+ﬁ(Y)+l):Cy/\(a @b®1):

B I
+ (=1)P®Pa)+p(Y)+1) / do [b,Yx(a®c®1)]
0
—A—p—0
 (—1)PF@-+p(B)+5(Y)+D) / do e, Ya(a®b® 1)]
0

i 1 n
+ (1O [, vz (b e ——)] - / do V3 (a® [bed ® 1)
0

zZ—w

zZ,w 1 c c zZ,w 1
_ (—1)p(b)Y/\J’rM([a>\b] Qec® m) — (=1)Plertp®)p( )Y_M_a([aw] ®b® P w) ,
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while for £ =1 it gives
Yy(tab: @ c® 1)
- (_1)p(a)ﬁ(Y):(688x A)YrA(b@c®1): + (_1)p(a)p(b)+p(b)ﬁ(Y):(eaax b)Ya(a®c®1):

Iz M
+(—1)P<“>ﬁ<y>/ do [asYa—s(b® c®1)] —/ do Yy ([asb] ® c® 1)
0 0

_ A=p
+ (—1)P@P®+p®PY) / do [bsYr—o(a®c®1)]
0
_ 1
_ (—1\p(e)(p(a)+p(b)+p(Y))+p(b)+p(c) z,w -
(=1) {C_X_SY“ (a®b®z—w)}

zZ,w 1
_ (_1)p(a)(1+p(b))Y>\;M((eaé)xb) ® [a)\C] ® —)

zZ—w

1
(1 p(b)Yz,w( BEN b ) '
(PO (€ 0) @ ba © ——
The above equations hold for every u. Hence, by the sesquilinearity and symmetry
conditions on Y and the vertex algebra axioms, we obtain:
Yi(a®:be:® 1)

= (=1)POE@FPI)FD py (4@ c@1): +:Ya(a @b 1)e:
—A—0
+ (=1)PP@)+pG)+p()+1) / do [coYa(a®b® 1)] (5.18)

oco )]

(= 1)P@PY)p0) [myoz)w (b ®Rc®

1
_1\p(d)yzw
+ (PO (b @ ew —)

1
_ (_1\(p(a)+1)(p(b)+1)y 2z,w
(—1) Yy (b@[a,\c]@@w_z),

Ya(a @ [buc] @ 1) + (=1)P@PE+PO 0, Y, (b@ c @ 1)]

= (—1)PO)p(@)F+P(Y)+1) b Yr(a ®c®1)]

+ (_1)p(a)p(b)+p(a)+p(b)yﬂ (b® [axd ® 1) (5.19)
+M@ebal),,,d+ (1P (el @cal),

Yy (:ab: Xc® 1)
— (_1)13(11)13(3’):(686% A)YA(b®c®1): + (_1)p(b)(p(a)+ﬁ(Y)):(eafhb)yA(a ®c®1):
A
(= 1)P @@+ / do [beYr_o(a®c@1)] (5.20)
0
1
w — Z)AC:|

1
_1\p(a)(1+p(b))y 2w ( (00
+(=1) Vi ((€0) © fare © ——)

— (0 [y (aebe

1
) yEw ([ 00,
(PO ((€9a) @ bre) @ —— ).
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and

Va(labl @ c® 1) + (=1)PP[Y,(a®@b® 1),

= (C1POY (0 @ [br ] © 1) + (~1)POP 0,5, (b c@ 1) (5.21)
— (_1)p(a)(1+p(b))y/\_u(b @ [a,d ®1) — (_1)p(b)(p(a)+z3(Y))[b/\_uyu(a ®c®1).
Rewriting (5.18)—(5.21) using (5.12), we get (5.14)—(5.17). O

5.2. Bounded VA cohomology. Let V be a filtered VA and M be a filtered
V-module. Recall that we have the induced decreasing Z-filtration F¥ C% (V, M) of
the superspace C} (V, M), defined in Section 3.3.

Proposition 5.3. (a) The filtration on C% (V,M) = M/OM is ezhaustive.

(b) If V is finitely strongly generated and Y € C%, (V, M) is such that dY = 0, then
Y € FPCL (V, M) for some p € Z. Consequently, the decreasing Z-filtration
on the space of closed elements of CL (V, M) is exhaustive.

Proof. Part (a) is obvious: if m € F" M, then the corresponding map Y: C —
M/OM given by Y (1) = m lies in F~"CY (V,M). For part (b), recall that an
element of C}, (V, M) is an F[9]-module homomorphism Y: V — M. Suppose that
such Y is closed, i.e., dY = 0. This, in particular, means that Y is a derivation of
the normally ordered products:

Y (cuv:) = (=1)P@PY)qy (v): + Y (u)o: (5.22)
(which is Wick formula (5.1) in the special case n = 1). Hence, such Y is uniquely
determined by its values on the finite set of (strong) generators vy, ..., vs. Further-

more, since the filtration on V' is exhaustive, each generator v; lies in some member
of the filtration of V', and since the filtration on M is exhaustive, the image Y (v;)
lies in some member of the filtration of M. The claim follows. (I

We define the space of bounded n-cochains as

Chp(V,M) = |JFP CL(V. M), neZy. (5.23)
pEZL
Note that the differential d on C7 (V, M) shifts the filtration by 1:
d(F" C5(V,M)) Cc FrHtentl (v, M) . (5.24)

To see this for the adjoint module, just observe that the element X defining the VA
structure lies in F* C2 (V), hence, by Remark 4.1(a), d = ad X shifts the filtration
by 1. For an arbitrary V-module M, we obtain the same result by considering the
VA V @ M and taking the subquotient defining C7% (V, M). Alternatively, (5.24)
can be checked directly from the explicit formula (4.12) of the differential d. As a
consequence of (5.24),

chb VM @ hb VM (525)
n€Zy
is invariant with respect to the action of the differential d.
Definition 5.4. Let V be a filtered VA and let M be a filtered V-module. The
bounded cohomology of V' with coefficients in M, denoted by Hey 1(V, M), is defined

as the cohomology of the complex (Cep b (V, M), d).
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By Proposition 5.3, we have

Hy(V,M) = HY, ,(V, M), (5.26)
and, provided that V' is finitely strongly generated,
Hg, (V. M) = Hg, »(V. M) (5.27)

Remark 5.5. Note that the decreasing Z-filtration of Ce,(V, M) induces a decreas-
ing Z-filtration F¥ H'} (V, M) in n-th cohomology. Clearly, we have a canonical
surjective map e, F¥ H3,(V,M) — HE, ,(V, M); this does not need to be an
isomorphism, since (dC"~') N FP C% might be larger than (ng;bl) NEP C7.

Remark 5.6. By Lemma 3.1, the decreasing Z-filtration of C} (V, M) is separated.
By Proposition 5.3, it is also exhaustive for n = 0 and 1 under natural assumptions
on V and M. We were unable to prove that it is also exhaustive for n > 1 under the

same assumptions. This is the reason for considering the bounded VA cohomology
Hen (V, M) in place of the VA cohomology Hen(V, M).

6. A SPECTRAL SEQUENCE FOR VA COHOMOLOGY

Throughout this section, V' will be a vertex algebra with a very good filtration
(2.17) (cf. Definition 2.14). For simplicity, we consider vertex algebra cohomology
with coeflicients in the adjoint module M = V; the same results for an arbitrary
V-module M can be derived by the standard reduction procedure.

6.1. Spectral sequence from the classical PVA cohomology to the VA
cohomology. As in Sections 3.3 and 5.2, an exhaustive increasing Z -filtration of
V induces a separated decreasing Z-filtration on the cohomology complex Ce,(V),
{F? Cen(V) }pez, and the differential d = adx satisfies (cf. (5.24))

d: F*Ch (V) » PP enti vy, peZ,n>0. (6.1)

This implies, in particular, that d F? C% (V) C F? C"1 (V). Moreover, we have a
separated, exhaustive, decreasing Z-filtration on the bounded cohomology subcom-
plex Cen p(V), with the differential d given by restriction.

Consider the spectral sequence {(E,,d,)}r>o associated to the filtered complex
(Cen(V),d) or to the bounded subcomplex (Cenb(V),d). Its definition is reviewed
in Appendix A. By Remark A.3, we have dy = 0 and

: ., +
EV? = EPY = gr? CHTY p,qEL.

The differential
di: ED — EPTa (6.2)
is induced by the restriction of d to F* C5(V).

Recall the definitions (4.3) and (4.19) of the complexes Ce, (V) and Cq(V) in
terms of the operads P*(IIV') and P (IIV), respectively. Since, by assumption, the
filtration of V is very good, by Theorem 3.6, the operads gr P°"(IT1V) and P¢(ITV)
are isomorphic, where V = grV. Therefore, the Lie superalgebras gr W, (IIV)
and W (ITV) are isomorphic. Note that V inherits a PVA structure from the VA
structure of V (see Proposition 2.13). Let us denote by X € WJ(IIV) the odd
element with [X, X] = 0 that corresponds to the PVA structure via (4.18) (with X
replaced by X). Then X is the image of X + F> W} (ITV) € gr! W, (IIV) under
the isomorphism gr We, (IIV) ~ W (ITV) (see [BDSHK18, Theorem 10.13]). The
differential in the classical complex C¢(V) is given by d = adg (see Section 4.4).
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Recall that each C%(V) = PY(IIV)(n)°" inherits a grading gr? C(V) from the

grading (3.23) of P(ITV).

Lemma 6.1. The bigraded complexes (E1,d1) and (Ca(V),d) are isomorphic, i.e.,
EP = gi? CRH(V) = gi? CHT(V),  pq€Z, (6.3)

and the isomorphisms (6.3) are compatible with the actions of dy and d.

Proof. We already know (6.3) from the above discussion. For Y € FP CHF(V),
consider the element
Y + FPHLORH(V) € gi? CHFI(V) = gr? WHFITHTIV) = EDY
and its image
Ve g CEHI(V) =g WETH (1Y)
under the isomorphism (6.3). By definition,
di (Y + FPH CPH(V)) = [X, Y] + FPP2 COF P (V) € ge? P WEHI(TIV) = BT,

(6.4)

and
dY) = [X,Y] € grP PP WEH(TIY) . (6.5)
Then (6.4) is mapped to (6.5), since gr We, (IIV)) ~ W (ITV) is an isomorphism of
Lie superalgebras, by Theorem 3.6. O

Recall that the cohomology of every filtered complex has an induced filtration,
given explicitly by (A.6). In our case, F¥ H} (V) is the image of F¥ C} (V) NKerd
under the canonical projection C% (V) NKerd — H (V'), namely

FP HE (V) = (F? C,(V) NKer d)/(dCE (V) NFP C(V)) -
Similarly, the filtration F* H(j 1,(V) on bounded n-th cohomology is the image of

the same space F* Cgj, (V') NKer d under the canonical projection Cj,  (V)NKerd —
H} (V), namely

FPHG (V) = (FP C4,(V) N Ker d)/(dC?h])l(V) NEPCH(V)).

Since thfbl (V) € C%Y(V), we have, in particular, a canonical surjective map
FPHG (V) = FPHE (V).
From Appendix A and Lemma 6.1, we obtain the following theorem.

Theorem 6.2. Let V be a vertex algebra with a very good filtration, and V = grV
be its associated graded Poisson vertex algebra. Then there exists a spectral sequence
{(E,,d,)}r>1, whose first term is the classical PVA cohomology complex (Ce(V), d)
and whose limit is E29 ~ gr? HRNU(V). Furthermore, gr? HL (V) is a quotient
space of ED:A. 7

Proof. The isomorphism E?:? ~ gr? H. f]j £(V) follows from (A.20), while the surjec-
tion EL? — gr? HAF(V) follows from (A.22). O

We can therefore apply Lemma A.6(b) to the complex (Cehn(V),d) to obtain
upper bounds on the bounded cohomology of V.

Corollary 6.3. Let V be a vertex algebra with a very good filtration, and V = grV’
be its associated graded Poisson vertex algebra. Then

dim Hg, (V) < dim H3(V), n>0.
36



Under additional assumptions, we derive that the bounded cohomology of V is
finite-dimensional and bounded by the variational PVA cohomology of V.

Theorem 6.4. Let V be a freely finitely generated vertex algebra with a very good
filtration. Assume that the associated graded Poisson vertex algebra V = gr'V is
conformal and generated by elements of positive conformal weight. Then

dim Hg, ,(V) < dim Hpy (V) < o0, n>0. (6.6)

Proof. Since V is freely finitely generated and its increasing Z. -filtration is very
good, V = grV is isomorphic, as a differential algebra, to an algebra of differential
polynomials in finitely many (even or odd) variables. By Theorem 4.6, Hpy (V) ~
H(V). Then the claim follows from Corollary 6.3 and [BDSK19, Theorem 3.29].

O

Theorem 6.5. Let V be a vertex algebra freely generated by its F[0]-submodule
R = @j_, FlOIW;, where L := Wy is a Virasoro element in V and each W; has
positive conformal weight A; with respect to L (where Aj € Q or R). Then

dim Hg, ,(V) < o0, n>0.
Proof. Recall that the conformal weights have the property
Alagyb) = Aa) + A(b) —n—1, a,beV, nelk
(see Remark 2.9 and [K96]). Moreover, by Definition 2.7,

[Lya] = ((9 + )\A(a))a + Z %L(n)au

n>2

for every a € V of conformal weight A(a). Then it is easy to check that, if we let

Ra=6a1FOIL® €  FlOW,
1<j<s: A=A
the condition (2.25) holds. Hence, by Proposition 2.17, the filtration (2.24) of V is
very good. In the associated graded PVA V = gr V', we have:

[LAL] = (0 +20N)L,  [LaW] = (0 +A,0)W;, 1<j<s,

where L = L+ F2Y € grt vV and W; = W; + F&TV € gr® V. Since V is
generated by L = Wy, Wy ..., W, as a differential algebra, it follows that V is a
conformal PVA. Hence, we can apply Theorem 6.4. O

Recall that, for any simple finite-dimensional Lie algebra (or more generally, a
basic Lie superalgebra) g, any nonzero nilpotent element f € g, and any non-critical
level k € F (i.e., k # —h", where h" is the dual Coxeter number of g), we have the
universal W -algebra W*(g, f), which satisfies the conditions of Theorem 6.5 (see
[KW04, DSKO06]).

Corollary 6.6. For the universal W-algebra V. = WF(g, f) with k # —h", we
have

dim Hj, (V) < o0, n>0.

In the next two subsections, we will consider special cases, in which the spectral
sequence from Theorem 6.2 collapses.
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6.2. The case of commutative VA. In this subsection, V' will be a commutative
vertex algebra, i.e., such that [VAV] = 0. Then, by (2.11), (2.12), V is a com-
mutative associative algebra with respect to the normally ordered product with
a derivation 9. We consider V with the trivial filtration (3.29), as in Example
2.16 and Section 3.7. Then V = grV =V with the same commutative associative
product as V.

The filtration of PU(IIV)(n) is given by (3.31). Hence, the filtration of C" (V)
has the form

H(V)=F CL(V)DF' CL(V) D --- DF" 1 CA(V) D F" C (V) = {0}
Since this filtration is finite for every n, it follows that the spectral sequence from
Theorem 6.2 converges: for every p,q € Z, there exists s > 1 such that EP? =
Ent = gr? HEYY(V) for all r > s.

Here is a similar example, in which we have convergence.
Example 6.7. Consider an arbitrary VA V' with the filtration
F'V=FV={0}cFV=FV=...=V,
as in Example 2.15. Then V = grV = V with the same A-bracket as V', but with
the zero product. The filtration of PH(ITV)(n) has the form (cf. (3.31)):

P (n) = F" 1PN (n) DF PV (n) D - D F 2PN (n) D FI PN (n) = {0}
Hence, the filtration of C} (V') is finite for every n, and the spectral sequence
converges to EL? = gr? HL (V).

Let us go back to the case when the VA V is commutative. If we assume, in
addition, that V is an algebra of differential polynomials, then the spectral sequence
collapses and we can completely determine Hey, (V).

Theorem 6.8. Let V be a superalgebra of differential polynomials in finitely many
even or odd variables,

V=FuP|1<i<N kez], u =0k,
considered as a vertex algebra with the zero A-bracket. Then
a(V) = Hpy(V) ~Cpy(V),  n=0.

Explicitly, this is the space of all collections of polynomials

Pﬁ:jj&"ﬂ EV[AL ..., ]/ O+ M+ +\n), 1<is <N,
satisfying the symmetry conditions
D1yeeylsylstlyeenyln P(wig )P(Uiyy ) Pilse-lstlylbssemnin
ALy As s Ast 1y An (_1) o P>\1,...,)\S+1,)\S,,,,7)\n ) 1<s<n-1.

Such a collection determines a unique (up to coboundary) cocycle Y € C% (V) by

Vagon (W, ® - @y, @ 1) = P

.....

Proof. Notice that ¥V = grV =V is both a VA and a PVA with the same product
and with the zero A\-bracket. We have

B = et HE(V) = gr? HE(V) = gi? CRY(V)

The second isomorphism holds by Theorem 4.6, and the third because the A-bracket

in V is zero, which implies that the differential in Cpy (V) is zero. Recall from

Section 4.4 that the grading of C.; (V) is given by the number of edges of the graph,
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and Cpy (V) = gi° Co(V). Hence, EY? = 0 for p # 0 and Ey? ~ Cf,, (V). This
implies the collapse of the spectral sequence: d,. = 0 for all » > 2 and
gr? HOF(V) = BB

Therefore, H% (V) ~ Cfy, (V). The explicit description of all cochains in the varia-
tional complex of V follows from [BDSK19, Remark 3.16 and Lemma 3.17(b)]. O

6.3. Relation between VA cohomology and LCA cohomology. Let R be a
Lie conformal algebra such that R = R @ FC as an F[0]-module, where 0C = 0
and R is a free finitely-generated F[0]-module. Note that C' is central in R and it

acts trivially on any R-module. Hence, R ~ R/FC is an LCA, and any R-module
is naturally an R-module.
Fix ¢ € F, and consider V' = V°(R) with its canonical filtration (see Section 2.5):

F'V={0}cF'V=F0CF'V=R+F0)CcF*VC- . (6.7)
Then F'V is an LCA subalgebra of (V,[]), which is isomorphic to R. From now
on, we will identify R = F'V as an LCA. All F?V are R-modules; hence also

R-modules. The filtration (6.7) is very good and the associated graded Poisson
vertex algebra V = grV is isomorphic to the universal PVA V(R) over the LCA

R (see Lemma 2.18 and Section 2.2). As an R-module, V is isomorphic to the
symmetric algebra S(R) over the adjoint representation, which is a direct sum of
the R-modules gr?V = SR (¢ > 0). Therefore, by Proposition 4.7(a), we have
isomorphisms of complexes

Cpv(V) =~ Cenom(R,V) ~ @ Cenom(R, SIR).
q=0

Recall that the complex Cpv (V) is graded, so that Y € CBy (V) has degree p if
and only if, for all t € Z,

Y (gr' (VE™) C (gr" P V) [ A1, A /O + A+ + )
(cf. (3.23)). Restricting Y to R®" C gr"(V®") and using Remark 4.5, we see that
g’ CE(V) = g’ Cyg,, (R V) = CEp (R STR)
We also have the corresponding grading of the cohomology:
g HE(V) = g Hey (R V) = HE 3 (R STR).
Proposition 6.9. With the above notation, suppose that Hpy (V) ~ Hepom (R, F),
where the isomorphism is induced from the restriction (4.22) and the inclusion

F ~ Fl < V. Then Hehom(R,V) =~ Hepom(R,F), where the isomorphism is
induced from the inclusion F ~ F|0) — V.

Proof. The canonical ﬁlEration of V induces a filtration of the complex Cepom (R, V),
so that Y e F* C%, . (R,V) if and only if, for all s € Z,

Y (F*(R®™)) C (F* P V) A1, s M)/ O+ A+ + M)
(cf. (3.11), (3.33) and Lemma 4.3). Here R is equipped with the trivial filtration
F°R={0}cF'R=R,
hence, R®" = F™ R®". Therefore,

FPCEfe (RV)=CEL (RFIV), pq€l.
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This filtration is separated and exhaustive, because so is the filtration of V.

Since each F?V is an R-submodule of V, the differential in Ccpom (R, V) sends
FPCEM (R, V) to FPTCEF (R, V). As in Appendix A, we obtain a spectral
sequence {(E,,d,)}r>1, whose first term is

BV =giP CLF (R, V) ~ CEM (R, gr?V) = CE4 (R, SR).
Hence
EY9~HEM (R, SIR).
But, by assumption, H:'? (R,S9R) = 0 for ¢ > 0. Therefore, EY? = 0 for
g > 0 and Eg’o ~ HEpoo (R,F). By Remark A.7, the spectral sequence collapses

at the second term: all d, = 0 for » > 2. Since the filtration of Cepom (R, V) is
separated and exhaustive, we get

gt? Hyoo (R, V) = ERT = EPY . pqel.
This implies that
Hehom (R, V) = gt" Hepop (R, V) = Hejom (R, F) n=>0,
completing the proof. O

Next, we compare the cohomology of the LCA R to that of its central extension
R.

Lemma 6.10. Suppose that the LCA R = R+ FC is a nontrivial central exten-
sion of an LCA R by an element C such that OC = 0. Let M be an R-module
such that dimKerd|y; = 1. Then we have an injective morphism of complexes
Cehom(R, M) < Cenom(R, M), induced by the projection R — R, which is an

isomorphism on Cghom(R, M) for n# 1. It induces surjective linear maps

thom(R7 M) - thom(R7 M) ’ n > 07 (68)

which are isomorphisms for all n # 2. For n = 2, the kernel of the map (6.8) is 1-
dimensional and is spanned by the image of the 2-cocycle a € thom(R, F), giving
the central extension R, under the map induced by the inclusion F ~ Ker 9|y < M.

Proof. This follows from Proposition 2.11 and the proof of Proposition 3.15 from
[BDSK19|. The reason why HZ, . (R,F) and H3,, . (R,F) differ is that there is a
l-cochain 3 € H}, . (R,F), defined by

Br(C) =1+ (0+ N, Ba(a) = (0 + ), a€R,

such that the image of a in HZ,,,,(R,F) is d3. On the other hand, for n > 2, any
n-cochain vanishes when one of its arguments is C, by the sesquilinearity (3.35). O

Remark 6.11. Suppose that the assumptions of Lemma 6.10 hold, except that the
central extension R = R & FC is trivial. Then HY,  (R,M) ~ Hp, (R, M) for
all n # 1, and we have an inclusion H}, (R, M) < H}, (R, M) whose image
has codimension 1.

Under the above assumptions on the LCA, we can determine the VA cohomol-
ogy of its universal enveloping vertex algebra V. This result will be applied, in
particular, to the universal Virasoro VA (see Section 7.2 below).
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Theorem 6.12. Suppose that the Lie conformal algebra R = R+TFC is a nontrivial
central extension of a Lie conformal algebra R by an element C such that 0C = 0,
where R is a free finitely-generated F[0]-module. For ¢ € F, consider the vertex
algebra V¢(R) and its LCA subalgebra R + F|0) ~ R. Assume that

Hov(V(R)) ~ Henom (R, F) | (6.9)

where the isomorphism is induced from the restriction (4.22) and the inclusion

F ~F1 < V(R). Then
HCh;b(VC(R)) = HChom(Ru F) ) (610)

where the isomorphism is induced from the restriction (4.15) and the inclusion
F ~ F|0) — V°(R).

Proof. As above, we consider V := V¢(R) with its canonical filtration (6.7), which
is very good and satisfies V := grV ~ V(R). Then we have the spectral sequence
{(E,,d;)}>1 from Theorem 6.2. Recall that, as a differential algebra, V ~ S(R) is
isomorphic to an algebra of differential polynomials in finitely many (even or odd)
variables. Hence, by Theorem 4.6,

EDT ~ gr? HYPU(V) ~ gr? HELI(V). (6.11)

As in the proof of Proposition 6.9, we have, by assumption, gr? H{f,{L,q(V) =0 for
q > 0. Therefore, B2 = 0 for ¢ > 0 and E?° ~ HE, —(R,F). By Remark A.7,
the spectral sequence collapses at the second term: all d. = 0 for » > 2. Lemma
A8 then gives

7(FP C% (V)N Kerd) = gr” CH(V) NKerd, (6.12)

where 7 denotes the canonical projection F¥ C% (V) — gr? C% (V') =~ gr? C(V).

Recall that the LCA R is identified as the subalgebra F'V = R + F|0) of the
LCA (V,[x]). By Lemma 4.3, the restriction map (4.15) induces a morphism of
complexes Cen,b(V) — Cehom (R, V') and the corresponding linear maps Hg, (V) —
HE, (R, V). Due to Proposition 6.9 and Lemma 6.10, we have

thom(R7 V) = thom(R7 V) = thom(R7 F) = ng\/(v) ’ n 7& 2.

Thus, we obtain linear maps HY (V) = Hg,,,, (R,F) for all n # 2, which are
surjective by (6.11) and (6.12). On the other hand, by (A.20), we have isomorphisms

ERY = EPT ~ gr? HEGU(V) ~ gr? HEF(V) .
We conclude that
Cwil,b(v) = thom(RaF) ) n # 2.
To finish the proof, it remains to show that H3 (V) ~ HZ,,,,(R,F). Recall

from Lemma 6.10 that Hg,,,, (R,F) and HZ,, . (R,F) only differ by the 2-cocycle
a € CZ,,..(R,F), which gives the central extension R of R. We know from (6.12)
that a can be lifted to a 2-cocycle Y € F2C?2 (V) such that

Y/\foﬁ (v ® 1) = Qg (v) ) v e R®?.

We need to check that Y # dZ for any Z € C, (V) ~ Endgpg V. Indeed, note
that Z(|0)) € Kerd = F[0). If Z(|0)) = 0, then the image of Z under the the

restriction map (4.22) is in C},,,,,(R,F), but « is nontrivial in HZ, (R, F). Thus,
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Z(|0)) = a|0) for some nonzero a € F. By [BDSHKIS8, Eq. (7.6)], we find for
vi,v2 €V and h € 037 = F[z5):

()35 (01 © 12 @ h) = (~1)P 000D X323 (Z(0y) © v @ )
+ X505 (11 @ Z(v2) @ h) — (~1)P A Z(X75E (01 @ v2 @ 1))
Setting v; = v = |0) and h = z5,", we obtain from (4.2),
(42)372,(10) @ 10) @ 73) = —(—1)Dalo) £ 0.
On the other hand, since [0) € F°V, 25! € F* 037 and Y € F? C2 (V), we have
Y2 (10) ©10) @ 25 Y c (F’ VA1, A2] /{0 + A1+ A2) = 0.

This completes the proof of the theorem. (I

6.4. The case when the LCA R is abelian. Suppose that R is an abelian LCA
(i-e., with zero A-bracket), which is freely finitely-generated as an F[0]-module, and

let R R + FC be a nontrivial central extension of R by an element C' such that
0C = 0. Then the A-bracket in R has the form

[CAR] =0, [axb] = ax _xr_o(a®b)C,  a,bER,
for some nonzero 2-cocycle a € HZ, . (R,F) = C%,,..(R,F).

Fix ¢ € F, and consider V. = V¢(R) with its canonical filtration (6.7). As
before, we identify R with the LCA subalgebra F* V = R+ TF|0) of (V,[]). In this
subsection, we will derive analogs of the results of Section 6.3, with similar proofs.
Now the associated graded Poisson vertex algebra V = grV ~ V(R) ~ S(R) is a
superalgebra of differential polynomials in finitely many (even or odd) variables,
with the zero A-bracket. The PVA V¢ := V¢(R) is isomorphic to it as a differential

algebra, but its A-bracket is given by
[axb] = ax,—x—a(a®D)c, a,b€ R (6.13)

(which is then extended to the whole PVA by the Leibniz rules L4 and L4’). Recall
that, by Proposition 4.7(b), we have an isomorphism of complexes

Cpv (V% V°) =~ Cenom (R, V). (6.14)
As an R-module, V¢ is filtered by its R-submodules

P
FPVC::ZS‘]R, p>—1;

however, SR are not R—subnlodules of V¢. In particular, F* V¢ = R+ F1 ~ R is
the adjoint representation of R on R, given by (6.13) and by [ax1] = 0.

Proposition 6.13. Let the LCA R = R+ FC be a nontrivial central extension of
an abelian LCA R, where OC = 0 and R is freely finitely-generated as an F[0]-
module. Suppose that for some ¢ € F, we have Hpyv(V¢, V) ~ Henom(R, R),
where the isomorphism is induced from the restriction (4.22) and the inclusion
R~ Flye < Ve, Then Hehom (R, V) =~ Hepom (R, R), where V = V¢(R) and the
isomorphism is induced from the inclusion R ~F'V < V.
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Proof. As in the proof of Proposition 6.9, the canonical filtration (6.7) of V induces
a separated exhaustive filtration of the complex Cepom (R, V). This gives a spectral
sequence {(E,,d,)}r>1, whose first term is

EY! = gt” Clyor (R, V) = CE0 (R, g0 V) = Cy (R STR).
Since the A-bracket in R is zero, the differential d; = 0 and hence
BYY = B = CliA, (R.S'R).
By construction, the differential
dy: ESY — EBT2a71
is induced from the LCA differential
& OB, (RFIV) - GBI (R F1V).

Indeed, the image of ChH (R, F1V) under d lies in C5% (R, F9~! V), because
[R\R] = 0. i

Notice that F?V ~ F?V¢ as R-modules, again due to the vanishing of the A-
bracket in R. Therefore,

By =g HEp o (RFTV) g HEO (R, FTV0)

is the image of H%'? (R,F?V°) under the linear map induced by the projection
F9V¢ — SIR ~ F1V¢/FI1 Ve, By assumption, E5? = 0 for ¢ > 1. Hence, by
Remark A.7, the spectral sequence collapses at the third term: all d,. = 0 for r» > 3.
As a result,

gt HEp O (RV) ~ ERT=EY?,  pqel.
This implies, for every n > 0, that

HEom(RV) EB gr? HYo (RV) ~ B3 @ By~ V' ~ HY, (R, F'V),

p=n—1

which completes the proof. (I

Under the above assumptions, we can determine the bounded VA cohomology of
V. This result will be applied to the free superfermion and free superboson vertex
algebras (see Sections 7.3 and 7.4 below).

Theorem 6.14. Suppose that the Lie conformal algebra R = R+TFC is a nontrivial
central extension of an abelian Lie conformal algebra R by an element C such that
0C = 0, where R is a free finitely-generated F[0]-module. For ¢ € F, consider the
vertex algebra V¢(R) and its LCA subalgebra R+ F|0) ~ R. Assume that

HPV(VC(R)) = HChom(Ru R) s (615)
where the isomorphism is induced from the restriction (4.22) and the inclusion
R ~F'V¢(R) < V°(R). Then

Hch,b(VC(R)> = HChom(R; R) 5 (616)
where the isomorphism is induced from the restriction (4.15) and the inclusion

R~F'V¢R) — V°(R).
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Proof. The proof is similar to the proofs of Theorem 6.12 and Proposition 6.13, so
some details will be omitted. As before, we consider V := V¢(R) with its canonical
filtration (6.7), which is very good and satisfies V := grV ~ V(R) ~ S(R). Then
we have the spectral sequence {(E,, d,)},>1 from Theorem 6.2, and

EpT o~ gi* HYM(V) =~ gi” HE((V) = g Cpy (V).
We get
BY = gt HES(V°),
where V¢ := V¢(R). By assumption, Ef'? =0 for ¢ > 1 and
Ey’ @ By ~ HRy (Ve FY V) ~ HE, o0 (R, R).

By Remark A.7, the spectral sequence collapses at the third term: all d,. = 0 for
r > 3. The rest of the proof is as in the proof of Theorem 6.12. O

7. EXAMPLES OF COMPUTATIONS OF VA COHOMOLOGY

7.1. Vertex algebra with 0 = 0. Let V be a vertex algebra with @ = 0. Then, by
the sesquilinearity V2 (which implies L1), the A-bracket in V is zero. By the quasi-
commutativity and quasiassociativity (2.11), (2.12), the normally ordered product
is commutative and associative. We endow V' with the trivial increasing filtration
(3.29). Hence, grV = gr' V = V, which is a PVA with the same product as V and
zero A-bracket.

Theorem 7.1. Let V be a commutative associative superalgebra and M be a V-
module. Consider V' as a (non-unital) vertex algebra with 0 = 0 and M with
0 = 0 as a module over the VA V. Then the VA cohomology complex of V with
coefficients in M is isomorphic to the Harrison cohomology complex of V with
coefficients in M. Explicitly, a Harrison cochain v: V®" — M corresponds to a
VA cochain Y € C% (V, M) such that

1

*rZn—1,n

Yfll""’f" (U@ ) =)+ M+ + ), ve Ve,

""" " 212223
Consequently, H} (V,M) ~ Hy,,(V,M) for all n > 0, where the subscript Har
stands for the Harrison cohomology [Har62).

Proof. Note that, by considering the algebra V & M as in Sections 4.1, 4.3, it is
enough to prove the theorem for M = V. In this case, by Theorems 3.7 and 3.8,
we have an isomorphism of operads P! ~ P! and P°(n) = gr"~! P°(n) for all
n > 1. As a consequence, we get an isomorphism of complexes Ce, (V') =~ Cq (V).
Explicitly, Y € C% (V) corresponds to Z € C% (V') such that

ZEw) =Y ®pr),
where L is the line1 -2 -3 — - — n, and
Z'w)=Y(w®pr) =0, veVer,

for every graph I' with n vertices and < n — 2 edges. For graphs I with n — 1 edges,
Z" is determined by Remark 3.3 and the symmetry of Z.
Note that
1

2127223 " Zn—1,n
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and Y is uniquely determined by its values Y (v ® pr), by Corollary 3.5 and the
symmetry conditions (4.6). Since L is connected, ZX(v) € V is independent of
A, ..., Ap. Therefore,

(V) ~C%(V) ~ Hom(V®" V).

cl

Finally, the differential in C¢;(V) and the Harrison differential coincide, as proved
in [BDSKV19, Theorem 4.1]. O

7.2. Virasoro VA. The universal Virasoro VA of central charge ¢ € F is defined
as

Vir® = V(RV") /:V(RV")(C - ¢|0)):,
where RV is the Virasoro LCA from Example 2.5. It is freely generated by RVI" =
F[O]L, and in Vir® the A-bracket of L with itself is given by

[LAL] = (0 + 2\ L + 1—C2A3 .

The canonical filtration of Vir® is very good, and the associated graded is isomorphic
to the PVA V(RV") ~ V(RVI) (see Lemma 2.18).

By [BDSK19, Theorem 4.17], V = Vir® satisfies the conditions of Theorem 6.12.
Since Hepom (RVY,F) is known by [BKV99], as an immediate consequence we obtain
an explicit description of the bounded cohomology of Vir® with coefficients in its
adjoint representation.

Theorem 7.2. For every central charge ¢ € F, we have

T I

Eaplicitly, HY, ,,(Vir®, Vir®) for n =0,2,3 is spanned over F by, respectively, |0) +

OV € V/OV, and by unique (up to coboundary) cocycles Y, Z such that
VIP(L@L@L) = A + (04 M + X2)

and

Zii’,ii’,Ts(L RQLRL®R1)=(A1—X2)M —A3) (A2 — A3) + (0 + X1 + Ao + A3).

7.3. Free superfermion VA. Let h be a finite-dimensional superspace, with par-
ity p, and a super-skewsymmetric nondegenerate bilinear form (-|-), as in Example
2.3. The free superfermion VA is defined as

Fy ==V (R]) = V(R])/:V(R])(K —|0)):.
It is freely generated by F[0]h, where the A-bracket of a,b € h is as in (2.2) but
with K = 1. The canonical filtration of Fy is very good, and the associated graded
is isomorphic to the PVA VO(Rg ) (see Lemma 2.18). The latter is a superalgebra
of differential polynomials with the zero A-bracket. The free superfermion PVA is
(cf. (2.7)):
Fy == V(R =V(R])/V(R])(K —1).

We showed in [BDSK19, Theorem 4.7] that the cohomology of Fy, with coefficients
in itself is trivial. The same is true for Fy, due to Theorem 6.14.

Theorem 7.3. We have

Hy,(Fy) =F[|0), H,(Fy) =0, ehb(Fy) =0, n>2.
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Proof. Recall that, by (6.14),
Hpv (Fy, Fy) ~ Hehom (R, Fy)
where R = R} /FK = F[]h. Since, by [BDSK19, Theorem 4.7],
Hpy(Fo, Fo) =F[1,  Hpy(Fy, Fy) =0, n>1,

all cocycles are equivalent to cocycles that take values in F1 C R C Fy. Hence,
(6.15) holds, which implies (6.16) and completes the proof. O

7.4. Free superboson VA. Let § be a finite-dimensional superspace, with parity
p, and a supersymmetric nondegenerate bilinear form (-|-), as in Example 2.2. The
free superboson VA is defined as
By ==V (R)) = V(R})/:V(R})(K —0)):.
It is freely generated by F[d]h, where the A-bracket of a,b € b is as in (2.1) with
K = 1. The canonical filtration of F} is very good, and the associated graded is
isomorphic to the PVA VO(RZ) (see Lemma 2.18). The latter is a superalgebra of
differential polynomials with the zero A-bracket. The free superboson PVA is
By := V'(R) = V(R /V(RY)(K — 1)

(cf. (2.7)). Its cohomology was found in [BDSK19, Theorem 4.2]. As a consequence,
we determine the bounded cohomology of By. In order to state the result, fix a
basis {u1,...,un} for h homogeneous with respect to parity, and let {ut, .. uN}
be its dual basis, so that (u;|u’) = §7.
Theorem 7.4. For the free superboson VA By, we have

HE, 5(By) = Hpy (By) =~ (S™(I1h))* @ (S"F(Ih))*,  n>0.

Ezplicitly, an element o + 3 € (S™(I1h))* & (S"T1(IIh))* corresponds under this
isomorphism to the unique (up to coboundary) n-cocycle Y € C% (By) such that

N
Yo uel) =a(u) + Y Bu@ul)u; + @+ M+ 4+ M), uwehOn
j=1

Proof. By (6.14) and [BDSK19, Theorem 4.2], we have
Hpv (By) =~ Hepom (R, By) =~ Hepom (R, R)
where R = R} /FK = F[9]h and R is identified with R + F1 C By. Hence, we

can apply Theorem 6.14 to conclude that Hj 1,(By) =~ Hpy(By). The explicit
description of cocycles follows from [BDSK19, Theorem 4.2]. O

7.5. Universal affine VA. Let g be a simple finite-dimensional Lie algebra. The
universal affine VA at level k € F is defined as

ng = V*(Curg) = V(Curg)/:V(Cur g)(K — k|0)):,

where Curg is the affine LCA from Example 2.4. It is freely generated by F[0]g,
where the A-bracket of a,b € g is as in (2.3) with K = k. The canonical filtration of
ng is very good, and the associated graded is isomorphic to the PVA V°(Cur g) ~

V(Cur g) (see Lemma 2.18).
Conjecture 7.5. Let ng be the universal affine VA of g at level k # —h". Then

dim H3, (V) < dim(/\"g@/\"+1g) . n>0.
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8. APPLICATION TO INTEGRABILITY OF EVOLUTION PDE

8.1. Integrability via cohomology. In this subsection we introduce a general
cohomological framework which allows one to prove integrability of both classical
and quantum Hamiltonian systems of evolution equations. A cohomogical approach
to integrability of classical Hamiltonian PDEs was initiated in [Kra88] and [O187],
and further developed in [DSK13]. Let

W= wk

E>—1

be a Z-graded Lie superalgebra with parity p. The superspace IIW !, with the
opposite parity p = 1 — p, is called the space of Hamiltonian functionals, and the
space W is called the space of structures.

Definition 8.1. For an element K € W', we define the bilinear product {-, -} x
on IW~! given by

If K € W!is odd (i.e., p(K) = 1) such that [K,K] = 0, we call K a Poisson
structure, and the corresponding bilinear product (8.1) a Poisson bracket on TIW ~1.

Note that in the left-hand side of (8.1) we view f and g as elements of ITW 1,
while in the right-hand side we view them in W ~!, and make computations in the
Lie superalgebra W. Also observe that p({f,g}x) = p(f) + p(g), since p(K) = 0.
Given a Poisson structure K € W', the associated to f € IIW ™! evolutionary
vector field is defined as X; = [K, f] € W°.

Lemma 8.2. (a) For every K € W1, (8.1) defines a super skewsymmetric bracket
on IW 1.

(b) If K is a Poisson structure, (8.1) defines a Lie superalgebra bracket on TIW ~1.

(¢c) We have
(X7 Xol = X1.9) - (8.2)

Proof. For a,b € W~! we have, by the Jacobi identity in the Lie superalgebra W,
[[K,a],b] = (_1)(1+p(a))(1+p(b))[[K7 b, al,

which is the same as the skewsymmetry condition for the bracket (8.1). This
proves claim (a). Next, we prove claim (b). For a,b,c € W~ we get, after a
straightforward computation in the Lie superalgebra W, using only the assumption
that K € W' is odd,

{{CL, b}ch}K - {av {ba C}K}K + (_l)p(a)p(b){ba {av C}K}K

_ %(_1)17(17)[[[[[{7 K], al,b], ).

Hence, the Jacobi identity for the bracket (8.1) follows from the assumption that
[K, K] = 0. Finally, claim (c) is just a restatement of the Jacobi identity for the
bracket (8.1). O

By (8.2), the map f — X defines a Lie superalgebra homomorphism IITW =1 —
WY, whose image is the subalgebra of W of evolutionary vector fields.
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Proposition 8.3 (Lenard-Magri scheme). Let K, H € W' be odd and, for N > 1,
let ho,h1,...,hy be even elements of IIW ~1 such that

[H,hy] = [K, hpt1] forall n=0,...,N—1. (8.3)
Then
{hm, btk =0={hm,hn}tg forall mn=0,...,N, (8.4)
where {f,g}x and {f, g}y are defined by (8.1).

Proof. We prove equation (8.4) by induction on [n — m|. Obviously, {hn, hn}x =
{hn, hn )}z = 0, since, by Lemma 8.2(a), both brackets are skewsymmetric on ITTW !
and, by assumption, all elements h, are even in IIW~!. This proves the basis of
the induction m = n. For the inductive step, we may assume that m > n > 0. We
have

{hma hn}K = [[Ka hm]vhn] = [[Ha hmfl]a hn] = {hmflvhn}Hv
which vanishes by the inductive assumption. Similarly,
{hm, b = (=1) PP by gy = —[[H, i), T
= _[[Ku hn+l]7 hm] = _{hn+l7hm}K7

which again vanishes by inductive assumption. ([l

Theorem 8.4. Suppose that K and H are compatible Poisson structures, i.e., odd
elements of W1 such that [H,H] = [K, K| = [K, H] = 0. Assume, moreover, that

Ker(ad K |yo) C [K, W] (8.5)

(i.e., the even part of the first cohomology of the complex (W,ad K) vanishes).
Then, if ho,...,hn € IW =L N > 1, are even elements solving equations (8.3),
there exists an even element hyi1 € UW ™! such that (8.3) holds for N + 1.

Proof. Since H and K are compatible Poisson structures, we have by the Jacobi
identity

[Kv [Ha hN]] = _[H7 [Kv hN]] = [Hv [Ha thl]] = (adH)2hN*1 =0.
Hence, [H, hy] lies in the kernel of ad K. The claim follows by assumption (8.5). O

Corollary 8.5. If H, K are as in Theorem 8.4 and h is an even element of TIW ~1
such that [K,h] = 0, then there exists an infinite sequence of even elements

ho = h,h by, € IW !
such that equation (8.3) holds for every n € Z>.

Proof. Let h_1 = 0 and hg = h, and apply Theorem 8.4 recursively. O

Theorem 8.6 (cf. [BDSKO09]). Let H,K be as in Theorem 8.4. Consider two
infinite sequences, ho,hi,ha, ... and go, g1, go, ... of even elements of TIW 1 sat-
isfying (8.3), and assume that [K,hg] =0. Then

{hmy b} e i = {gms g} e =0, {hm,gn}rem =0 for all m,n >0,

where {-, -} ik denotes either of the two Poisson brackets.
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Proof. The first equation holds by Proposition 8.3. We prove the second equation
by induction on m. We have

{hO;gn}K = [[Ka hO]vgn] =0
since, by assumption, [K, hg] = 0. Moreover,
{ho,gn}r = —{gn- ho}u = —[[H, gn], ho] = —[[K, gn+1], ho] = [[K, ho], gnt1] =0,

proving the base case of induction m = 0. For the inductive step, we have, for
m > 1,

{hmvgn}K = [[Kv hm]vgn] = [[H, hm—l]ugn] = {hm—lagn}Ha

which vanishes by inductive assumption. Similarly, we have

{hmugn}H = _{gn7 hm}H - _[[Hu g’ﬂ]7 hm] = _[[Ku gn—i—l]u hm]
= [[K, hm]agn-i-l] = [[Hv hm—l]vgn-i-l] = {hm—lagn-i-l}Hv
which again vanishes by induction. (I

Remark 8.7. Note that a solution hy41 of equation (8.3) is unique up to adding
an element from the kernel of ad K. Consider the increasing sequence of subspaces
of Wi L
U CU CUyC---CU = U Un,
n>0
where Uy = Ker(ad K|y;-1) and, recursively, Up+1 = (ad K)~'[H,U,] for every
1

n > 0. Then, by Proposition 8.3, U is an abelian subalgebras with respect to both
H and K-Poisson brackets: o
{U, U}H,K =0.

Moreover, let go, 91,92, -+ € Wi_l be an infinite sequence satisfying (8.3) for all
n > 0, and let V = span{go, 91,92,...} C Wi_l. Then, by Theorem 8.6, we also
have that

(U+V,U+Vigr=0.
On the other hand, if g, g}, - € W{l is another infinite sequence satisfying (8.3),
and V' = span{g(, ¢, . .. }, we do not necessarily have that {V,V'}y x = 0.

8.2. Example 1: W = Wpy(IIV). Let V be a differential superalgebra, with
parity denoted by p, let 0 be an even derivation on V, and consider the Lie super-
algebra Wpy (ITV) introduced in Section 4.4. Recall from [DSK13, Section 5.1] that
Wy (V) = V/9V, W3, (ITV) = Dery(V) is the Lie superalgebra of all derivations
of ¥V commuting with 9, and odd elements K € W3 (IIV) such that [K,K] = 0
correspond bijectively to the PVA A-brackets on V, via the map K — {- -}k given
by (cf. (4.18))
{hatx = (=DPDE x—o(f,9).

Some of the commutators for the Lie superalgebra Wpy (ITV) in low degrees are as
follows. Let [ f, [g € V/OV (here and further [ : V — V/dV denotes the canonical
quotient map), let X,Y € Dery(V), and let K € Wi, (IIV) be such that [K, K] = 0.
We have

[ff,fh]:(), [X’ff]:fX(f>a [XaY] =XY-YX,
(K, [£)(9) = (=D)PD{frgt k], -
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By the second and fourth equations in (8.6), the Poisson bracket (8.1) on V/9V
associated to the Poisson structure K € Wik, (IIV); becomes

{1, [gye = [{frg}x|, g (8.7)

Furthermore, V is a left module over the Lie superalgebra V/9V with the well-
defined action

{ffug}K = {f)xg}K’Azoa (8-8)
which is a derivation of both the A-bracket and the product, commuting with
9. Given a Hamiltonian functional [h € V/OV and a Poisson structure K €
Wiy (I1V)1, the corresponding Hamiltonian equation is

d

d—?:{fh,u}K, uev. (8.9)
This equation is called integrable if [h is contained in an infinite-dimensional
abelian subalgebra of the Lie algebra V/0V (with the Poisson bracket (8.7)). Pick-
ing abasis [ho = [h, [h1, [ho,... of this abelian subalgebra, we obtain a hierarchy

of integrable equations

d
2L (Jhmudk , n >0, (8.10)
dt,,

which are compatible since the corresponding evolutionary vector fields X}, ’s com-

mute, by (8.2).

Example 8.8. Let V = F[u,u/,u”,...] be the algebra of differential polynomials
in one differential variable u, so that du(™ = u("*1). One has two compatible PVA
A-brackets on V, defined by

{uxulg = A, {usuly = (0 + 2 )u+ 1—02/\3 . (8.11)

Note that condition (8.5) holds by [DSK12|. Let [ho = [u. By the last equa-
tion in (8.5), it’s easy to check, using sesquilinearity and the Leibniz rule, that
[K, [ho] = 0. Hence we can apply Corollary (8.5) to construct an infinite sequence
Jho, [h1, [ha,... such that (8.3) holds. Hence, by Proposition 8.3

{[hm, [hn}a,x =0 for all m,n>0.
We can compute the first few integrals of motion using the recursive formula (8.3):
1 1 c
ho = hi==[u?, [ho==[(u®— —u?),....
fO fU”fl 2fu7f2 2f(u 12U )7
The corresponding integrable hierarchy of classical Hamiltonian equations is the
classical KdV hierarchy:

du du du c

20, 2o 23w+ —u

R R T UL
8.3. Example 2: W = W, (IIV). Let V be a vector superspace and let d be an
even endomorphism of V. Consider the Z-graded Lie superalgebra W, (IIV) =
D> Wk defined in Section 4.3. This Lie superalgebra is described in detail in

[BDSHK18]. We have W' = V/OV, WY is the Lie superalgebra of all endomor-
phisms of the F[0]-module V, and the odd elements K € W}, such that [K, K] =0

correspond bijectively to the VA structures on V', via the map K +— fAda[~ oK

given by (4.2). Some of the commutators for the Lie superalgebra Wy, (ITV) in low

degrees are given by formulas (8.6). It follows that the Poisson bracket (8.1) on
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V/OV associated to the Poisson structure K € W} (IIV) coincides with formula
(8.7).

Again, V is a left module over the Lie superalgebra V/9V with the well-defined
action (8.8). It is a derivation of both the A-bracket and the normally ordered
product, commuting with 9. Given a Hamiltonian functional [h € V/0V and a
Poisson structure K € W} (IIV)1, the corresponding quantum Hamiltonian equa-
tion is again (8.9). The notions of integrability, etc., in the quantum case are the
same as in the classical case.

In a similar fashion as in Example 8.8, one obtains Hamiltonian equations of the
quantum KdV hierarchy. The details of this and other examples will be discussed
in a subsequent publication.

APPENDIX A. THE SPECTRAL SEQUENCE OF A FILTERED COMPLEX

In this appendix, we recall the construction of a spectral sequence from a filtered
cohomology complex in a slightly more general setting than is usually discussed in
the literature (see e.g. [McLO01]).

Consider a cochain complex C' = @, , C", where each C™ is a vector superspace
over the field F, equipped with a differential d, an even linear operator on C such
that d> = 0 and dC™ C C"™*! for all n. We let C™ = 0 for n < —1. We suppose
that the complex (C,d) has a decreasing filtration {F¥ C'},cz, so that each space
C™ is filtered by subspaces:

- DFPICT O FPCT O FPTICM D >0, (A.1)
and the differential d is compatible with the filtration:
dFPC™ Cc FP O™ peZ, n>0. (A.2)
Furthermore, we will assume that the filtration is separated, i.e.,
(FPC"=0, n>0. (A.3)
PpEZ
We will denote by H = @, , H" the cohomology of the complex (C, d):
H":= H"(C,d) = (C" NKerd)/dC™™", n>0. (A.4)
The filtration of C' induces a decreasing filtration of its cohomology H:
- DFPTIHY S FPHY ORI Y S . n >0, (A.5)

where

FPC" NKerd) +dC™!  F’C"NKerd AG
dcr—1 - FPCrNndCrl (4.6)

is the image of FP C™ N Kerd C C™ N Kerd under the canonical projection C™ N

Kerd — H"™. In other words, F” H" is the image of H"(F? C,d) in H"(C, d) under

the linear map induced by the inclusion F? C' — C.

o

Remark A.1. If the filtration (A.1) of C™ is separated, then the induced filtration
(A.5) of the cohomology H™ is also separated.

Let
ng:@grpH:@grpH”, gr? H" = FP H"/FPTY H™

PEZL PEZL
n>0



be the associated graded space. Then by (A.6), we have
FPC" NnKerd
(FPH Cn N Kerd) + (FP Cn N dCn—1)
The spectral sequence {(Ey,d;)}r>0 associated to the filtered complex (C,d) is
constructed as follows. For p,q € Z and r > —1, let

ZP1 = {a € F? CcPta |da € Frtr Cp-i—q—i-l}

gr? H™ ~

(A7)

—FPortang? (Fp-i-r CP+‘1+1) , (A'S)
and
BP1={ac FPCP™|a =df for some € FP~"CPTaI—1}
=FPOPTang(Frcrtet) (A.9)
=dzpratrt,
Obviously, we have dB2? = 0 and
Brtc B9t c zP1 c Z1, —-1<r<s.
Note also that Z2T 7" = zpa q FPH 0pte, We define
EPO = 7P )(Z75 T+ B, pq€l, rELy. (A.10)
Since
dzprd = gptra—r+l C Zptrg—r+l
and

A(ZEHIT" 4 BRS) = BIFRNT ¢ gnt b g praea
the differential d induces linear maps
er Ef’q — EerT’qiTJrl (A].]_)

such that d2 = 0. One checks that the cohomology of (E,,d,) is isomorphic to
E’r+la Le.,

3

(EP*NKerd,)/d,EP~"9" "1 ~ EPA (A.12)

so indeed we have a spectral sequence (see e.g. [McLO1]).

Remark A.2. Due to (A.12), if dim E?? < oo for some p,q, s, then dim EP? <
dim EP?9 for all r > s. In particular, E?'¢ = 0 implies E?? =0 for all r > s.

Consider in more detail the r = 0 term. Observe that, by (A.1) and (A.2),
Zﬁ*{’ — Zgﬁq — FP Cp-i-q7 Bijil — de+l cprta-1 c qulLqul ]

Hence,

Eénq — FP Cp+q/ Fptl opta — grP? crta p,q€EZ. (A.13)
The differential do: E?? — EP™ is induced by the restriction d: FP CPt7 —
FP Optatl

Remark A.3. Suppose that the differential d of C satisfies the following stronger
property than (A.2):

dFPCn c PPt peZ, n>0. (A.14)
Then we have dy = 0 and
Zg,q _ Zf’q — FP Cp+q7 Bg,q = dFPCrta—l Zgﬂyqfl )
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Hence, EV'? = EP9 = grP CP9 and dy : EP? — EPT9 is induced by the restriction
d: FP Or+a — Fril optatl,
The limit of the spectral sequence is defined as

EDY = zP0)(Z0 el 4 BPay - p g€ Z, (A.15)

where
Brt = | Brt c znt = () 22
r>0 r>0

Lemma A.4. If dim E?? < oo for some p,q,s, then dim E®? < dim EP9. In

particular, EP? = 0 implies E2? = 0.

Proof. Note that, by construction, Z?'9 and BP'? are subspaces of F¥ CP*4 for all
r > —1. Let w: FP CP*4 — grP CPT4 be the canonical projection. Then we have a
tower of subspaces
0=BP{CcBy'cBMcC...cZyiczicZi?=egPCrHe,
where ZP4 := w(ZP'?) and BP9 := n(BP'?). We claim that
Ept o~ ZP9/BRY . r>0.

Indeed, the composition of the restriction of m to ZP'9 with the canonical projection
ZP4 — ZP1 /BP9 s clearly surjective, and its kernel is equal to Z?1 971 4 BP9

Similarly,
0 ~ 72/ B,

where - - - -
Bt :=m(BRY) = BP9,  ZR0=m(ZB0) =) ZP1.

r>0 >0

The lemma then follows from the inclusions Z2:9 C ZP*¢ and B2 D BYY,. O
Notice that

7P = FP CP+4 N Kerd, (A.16)

since the filtration of C' is separated (see (A.3)). On the other hand,
BPO = FP PN d( U ™ CP+‘1—1) ) (A.17)
meZ

If the filtration of C' is exhaustive, i.e., if

U Frer=cm, n>0, (A.18)
mez
then B2:? will be equal to
BPY .= FP CPHa doptat (A.19)
In this case, comparing (A.7) and (A.15), we obtain
grf HPY o~ ZPa /(P laml 4 pray — pra - 5 g c 7. (A.20)

Remark A.5. Assume that, for some fixed n > 0, the filtration of C™ N Kerd is
exhaustive, i.e.,
|J F™C" nKerd) = C" N Kerd. (A.21)
meZ
Then the induced filtration of H™ = H™(C, d) is exhaustive (see (A.5), (A.6)). This
condition is weaker than the filtration of C™ being exhaustive.
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In general, without assuming the filtration of C' is exhaustive, we have
BPA C BRA C zZB0
Then from (A.7) and (A.15), instead of the isomorphisms (A.20), we get surjective
linear maps

ERS — gr? HPY9 o 229 /(203971 4 BRA) . pg e L. (A.22)

As a consequence of (A.22), we obtain upper bounds on the dimension of the
cohomology H.

Lemma A.6. Let ro =0 or 1, and (C,d) be a cochain complex equipped with a de-
creasing separated filtration such that dFP C' C FPT"0 C for all p € Z. Consider the
associated graded complex gr C with the differential d: gr? C — grP™™ C induced
by d.

(a) Suppose that dim HP(gr C,d) < oo for some p,q € Z, where
HP%(gr C,d) := (gt C**9 N Kerd) /d(gr" "™ Cp+q_1) .

Then
dim gr? HPT(C,d) < dim H?(gr C, d) .
(b) Assume that, for some fixzed n > 0, the filtration of C™ NKerd is exhaustive.

Then dim H™(gr C, d) < oo implies that dim H"(C,d) < dim H"(gr C, d).

Proof. (a) By (A.13) and Remark A.3, we have that EP? = gr? CP*? and d
dy,: EP:? — EPfFro.a=rotl s the corresponding differential. Thus, H?%(gr C, d)
Epd ,, and claim (a) follows from (A.22) and Lemma A.4.

(b) As before, let us write H" = H"™(C, d) for short. We have

12

H™(grC,d) = @ HP" *(gr C,d),

PEZL

and part (a) implies that gr? H™ # 0 only for finitely many p € Z. Hence, the
filtration of H™ is finite, i.e., of the form

o =FFIH=FFHE SFM EY S O P H S PP HY = FT H =

for some integers k < £. Since, by Remarks A.1 and A.5, the filtration of H" is
separated and exhaustive, it follows that FF¥ H™ = H™ and F* H" = 0. Thus,

-1
dim H" = " dimgr” H" ,
p=k
which together with part (a) completes the proof of (b). O

A spectral sequence {(E,,d,)} is said to collapse (or degenerate) at the s-th
term if all differentials d, = 0 for r > s. We will use the following notation from
the proof of Lemma A.4. Let m: FP C' — gr? C' be the canonical projection and
7P .= (ZP9), BP9 := w(BP?). Then EPY ~ ZP4/BP% and we have short exact
sequences

0 — ZP% /BPY — ZP4 /BP9, 2oy Bra/Bra 0.
54



If d. = 0 for r > s, we obtain

B = BP9 = BV = ... = BnY, (A.23)
200 =2 = By == 2, en
EPt~ EPY ~ EPY o~ BB (A.25)

A common cause for collapse is given in the next remark.

Remark A.7. Fix s > 2 and suppose that, for all p € Z, we have EP*9 = 0 whenever

g < 0orq>s—1. Then the spectral sequence {(FE,,d,)} collapses at the s-th
term. This follows from (A.11) and Remark A.2.

The following lemma will be useful for us.

Lemma A.8. Let (C,d) be a cochain complex equipped with a decreasing separated
filtration such that dFP C C FPT1C for all p € Z. Consider the associated graded
complex gr C with the differential d: gr? C — grPt1 C induced by d, and denote by
7 the canonical projection FP C — grP C. If the spectral sequence (A.10) collapses
at the second term, then

7(FP C" NKerd) = gr’ C" N Kerd
for all p,n € Z.
Proof. This follows from (A.16) and (A.24), since Z5? = gr? CP*4 N Kerd. O
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