REACTION-DIFFUSION EQUATIONS FOR POPULATION
DYNAMICS WITH FORCED SPEED
IT - CYLINDRICAL-TYPE DOMAINS

HENRI BERESTYCKI AND LucA RossI

EHESS, CAMS
54 Boulevard Raspail, F-75006, Paris, France

ABSTRACT. This work is the continuation of our previous paper [6]. There, we
dealt with the reaction-diffusion equation

Oru = Au+ f(z — cte, u), t>0, zeRV,

where ¢ € SN~1 and ¢ > 0 are given and f(z,s) satisfies some usual as-
sumptions in population dynamics, together with fs(z,0) < 0 for |z| large.
The interest for such equation comes from an ecological model introduced in
[1] describing the effects of global warming on biological species. In [6], we
proved that existence and uniqueness of travelling wave solutions of the type
u(z,t) = U(z — cte) and the large time behaviour of solutions with arbitrary
nonnegative bounded initial datum depend on the sign of the generalized prin-
cipal eigenvalue in RV of an associated linear operator. Here, we establish
analogous results for the Neumann problem in domains which are asymptoti-
cally cylindrical, as well as for the problem in the whole space with f periodic
in some space variables, orthogonal to the direction of the shift e.

The L' convergence of solution u(t, ) as t — oo is established next. In this
paper, we also show that a bifurcation from the zero solution takes place as the
principal eigenvalue crosses 0. We are able to describe the shape of solutions
close to extinction thus answering a question raised by M. Mimura. These two
results are new even in the framework considered in [6].

Another type of problem is obtained by adding to the previous one a term
g(x — c'te, u) periodic in z in the direction e. Such a model arises when con-
sidering environmental change on two different scales. Lastly, we also solve the
case of an equation

Oru = Au+ f(t,x — cte,u),
when f(t,z,s) is periodic in ¢. This for instance represents the seasonal de-
pendence of f. In both cases, we obtain a necessary and sufficient condition
for the existence, uniqueness and stability of pulsating travelling waves, which
are solutions with a profile which is periodic in time.

1. INTRODUCTION

In a recent paper [1], a model to study the impact of climate change (global
warming) on the survival and dynamics of species was proposed. This model involves
a reaction-diffusion equation on the real line

Ou = Ogzu+ f(x — ct,u), t>0, xzekR
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In our previous paper [6], we extended the results of [1] to arbitrary dimension N:
(1) Ou = Au+ f(x — cte,u), t>0, xcRN,

with ¢ > 0 and e € SN¥~! given. The function f(z,s) : RY x R — R considered in
[6] (which is slightly more general than in [1]) satisfies some usual assumptions in
population dynamics, together with
(2) limsup fs(x,0) < 0.
|| —o00
In the ecological model, this assumption describes the fact that the favourable
habitat is bounded. We proved in [6] that (1) admits a unique travelling wave
solution, that is, a positive bounded solution of the form U(z — cte), if and only
if the generalized principal eigenvalue A; of an associated linear elliptic operator
in the whole space is negative. Then, we were able to characterize the large time
behaviour of any solution u of (1) with nonnegative bounded and not identically
equal to zero initial datum. We showed that
(i) if Ay > 0 then u(t,x) — 0 as t — oo, uniformly in z € RY;
(ii) if Ay < 0 then (u(t,x) — U(x — cte)) — 0 as t — oo, uniformly in x € RY.
We further considered the “two-speeds problem”, obtained by adding a term
g(x —c'te,u) to the “pure shift problem” (1), with  — g(z, s) periodic in the direc-
tion e. We derived analogous results to the previous ones, by replacing travelling
waves with pulsating travelling waves.

Here, we deal with the same reaction-diffusion equation as in [6], but in different
geometries.
We first consider the pure shift problem in a straight infinite cylinder

Q={(z1,y) ERxRY"! : 21 €R, y € w},
where w is a bounded smooth domain in RV ~!, with Neumann boundary conditions:
(3) Oou=Au+ f(x; —ct,y,u), t>0, 21 €R, yew

dyu(t,z1,y) =0, t>0, r1 €R, y € dw,

Henceforth, ¢ is a given positive constant, v denotes the exterior unit normal vector
field to 2 and 0, := v - V. Next, we deal with the same problem in a straight
semi-infinite cylinder

QF = {(z1,y) ERxRY"! 1 2, >0, y €wl,
under Dirichlet boundary condition on the “base” {0} x @:

Oou=Au+ f(x; —ct,y,u), t>0, 21 >0, y€cw
(4) oyu(t,z1,y) =0, t>0, 21 >0, y € 0w
u(t,0,y) = o(t,y) t>0, y€cw.

More generally, we consider an asymptotically cylindrical domain €2’ approach-
ing Q for z7 large (in a sense we will make precise in Section 2.2):

5) Ou = Au+ f(xq —ct,y,u), t>0, (v1,y) €
Opru(t,x1,y) =0, t>0, (r1,y) € 0,
where v/ is the exterior unit normal vector field to ' and 0, :=v' - V.

We further study problem (1) when f is lateral-periodic, that is, x — f(z,s)
is periodic in some directions, orthogonal to e.
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We also investigate here the behaviour of travelling wave solutions near the crit-
ical threshold. This topic was not discussed in [6]. We prove that, when ¢ crosses
a critical value cg, a bifurcation takes place: stable travelling wave solutions U dis-
appear and the trivial solution © = 0 becomes stable. We characterize the shape
of U near ¢y. Another type of results we derive here concerns the behaviour of the
solution u(t,x) as t — oo in terms of the L' norm. This is done for problem (3) in
the straight infinite cylinder as well as for problem (1) in the whole space treated
in [6].

Finally, we consider the following problem:

Ou=Au—+ f(t,z1 — ct,y,u), t>0, 21 €ER, yew
Opu(t,x1,y) =0, t>0, z1 €R, y € dw,

(6)

with f periodic in the first variable ¢t. This equation serves as a model for instance
to describe the situation in which the climate conditions in the “normal regime”
(that is, in the absence of global warming) are affected by seasonal changes. The
methods used to solve (6) also apply to the two-speeds problem

) Ou = Au+ f(xg —ct,y,u) + glay — t,y,u), t>0, 21 €ER, yew
Opu(t,x1,y) =0, t>0, z1 €R, y € dw,

with ¢/ # ¢ and g periodic in the z; variable. The term g enables one to describe
situations in which some characteristics of the habitat - such as the availability of
nutrient - are affected by the climate change on a time scale different from that of the
overall change. One may also consider the case in which they are not affected at all:
¢ =0 (mized periodic/shift problem). However, the case of two or more cohabiting
species is not treated here. One then has to consider systems of evolution equations
(see e. g. [9], [16] and [11], where segregation phenomena are also described). This
extension is still open.

2. STATEMENT OF THE MAIN RESULTS

2.1. Straight infinite cylinder. Let us list the assumptions on the function f(z, )
in the case of problem (3). We will sometimes denote the generic point = € by

(z1,y) € R x w and we set 0; = ai' We will always assume that f(x,s) :
31

2 x [0,400) — R is a Carathéodory function such that

(8) s — f(z,s) is locally Lipschitz continuous, uniformly for a. e. z € ),
36 > 0 such that s — f(z,s) € C1([0,4]), uniformly for a. e. x € Q.

Moreover, we will require the following assumptions which are typical in population
dynamics:

(9) f(z,0)=0 fora.e ze€Q,
(10) 35 >0 suchthat f(z,s) <0 fors>S and fora.e. z €,
(11) { s M is nonincreasing for a. e. x €
s
and it is strictly decreasing for a. e. z € D C Q, with |D| > 0.

The condition asserting that the favourable zone is bounded (as in [1], [6]) is written
in the form
(12) ¢:=—lim sup fs(z1,y,0) > 0.

T— 00 |z |>r
YyEw



22 HENRI BERESTYCKI AND LUCA ROSSI

A travelling wave solution for problem (3) is a positive bounded solution of the
form wu(t,x1,y) = U(xy — ct,y). The problem for U reads

AU + corU + f(z,U) =0 fora.e. x €
U =0 on 0f)

U>0 inQ

U is bounded.

(13)

In the literature, such kind of solutions are also called pulses. If f satisfies (9), then
the linearized operator about 0 associated with the elliptic equation in (13) is

Lw = Aw + chhw + fs(x,0)w.

Our main results in the pure shift case depend on the stability of the solution w = 0
for the Neumann problem Lw = 0 in Q, d,w = 0 on 012, that is, on the sign of the
generalized Neumann principal eigenvalue A\ n(—L,€2). For a given operator L in
the form L = A + fB(x) - V + v(z), with 8 and « bounded, we define the quantity
)\I,N(_La Q) by

(14)
MN(=L, Q) :=sup{A€R : 3¢6>0, (L+Np<0 a.e.inQ, d,¢ >0 on dN}.

This definition of the generalized principal eigenvalue for the Neumann problem is
in the same spirit as the one in [4] for the Dirichlet boundary condition case. In
(14), the function ¢ is understood to belong to WP ((—r,r) x w) for some p > N
and every r > 0. Thus, d,¢ has the classical meaning. We will set for brief
)\1)]\] = )\1)N(—£, Q)

Theorem 2.1. Assume that (9)-(12) hold. Then, the travelling wave problem (13)
admits a solution if and only if \i v < 0. Moreover, when it exists, the solution is
unique and satisfies

lim U(z1,y) =0,

|z1|—00

uniformly with respect to y € w.

Theorem 2.2. Let u(t,z) be the solution of (3) with an initial condition u(0,x) =
up(x) € L°°(Q) which is nonnegative and not identically equal to zero. Under
assumptions (9)-(12) the following properties hold:
(1) lf )\17]\[ Z 0 then
lim u(t,z) =0,

t—o0
uniformly with respect to x € €;
(11) lf )\17]\[ < 0 then

thm (u(ta Iy, y) - U(xl - Cta y)) = Oa

uniformly with respect to (x1,y) € Q, where U is the unique solution of
(13).

2.2. General cylindrical-type domains. The large time behaviour of solutions
to the pure shift problem either in the semi-infinite cylinder Q7, as well as in the
asymptotically cylindrical domain €', is characterized by the sign of the generalized
Neumann principal eigenvalue A1 v = A n(—L, Q) in the straight infinite cylinder,
as defined in (14).

In the first case, in order to give sense to problem (4), the function f(-,s) has
to be defined in the whole straight infinite cylinder 2. We will always require that



REACTION-DIFFUSION EQUATIONS WITH FORCED SPEED 23

f satisfies (8). In (4), the function o, which defines the Dirichlet condition at the
“bottom” of the cylinder, is assumed to be of class W2 (R* x w) and to satisfy

(15) 0 >0 in R x w, 0,0 =0 on R" x dw, Vyeuw, tlim o(t,y) = 0.
Here is the result for the half cylinder.

Theorem 2.3. Let u(t, ) be the solution of (4) with an initial condition u(0,x) =
up(z) € L™(QT) which is nonnegative and not identically equal to zero. Under
assumptions (9)-(12), (15) the following properties hold:
(1) lf )\17]\[ Z 0 then
tlim u(t,z) =0,

uniformly with respect to x € QF;
(11) lf )\17]\[ < 0 then

lim (u(t, z1,y) — U(z1 — ct,y)) =0,

t—oo
uniformly with respect to (x1,y) € QF, where U is the unique solution of
(13).

For the next result, let us now make precise what we mean by €’ being an
asymptotically cylindrical domain. We assume that € is uniformly smooth and
that there exists a C? diffeomorphism ¥ : RY — R¥ such that

Ih>0, U([h,+o0) x @) =Q N ([h, +00) x RN~1),
hm H\IJ_IHW2’°°((I1,+OO)><M) = 0;

1 —-+0o0

(16)

where I denotes the identity map from RY into itself. We define the family of sets
(@' (21))a,er in RY™! by the equality

U {21} x W'(21) = Q.
r1ER
Note that by (16) the w’(x1) are (uniformly) smooth, bounded and connected for
21 large enough. In order to make sense of (5), the function f(-, s) has to be defined
in the set
Q:= U (—o0, 1] X W' (21).

x1ER
Clearly, one has that 2 C Q. Besides the regularity assumptions (8) on f, where {2

is replaced by ?2, we further require that f and f(x,0) are Holder continuous' in
x:

(17) Jae(0,1), Vs>0, f(-s),fs(0)eC*Q).

In this setting, hypotheses (9)-(12) are understood to hold with € replaced by Q,
except for the condition D C § in (11) which is unchanged.

Theorem 2.4. Let u(t, ) be the solution of (5) with an initial condition u(0,z) =
uo(x) € L®(QY) which is nonnegative and not identically equal to zero. Under
assumptions (9)-(12), (17) the following properties hold:

L Wwhich is also understood to imply that they are bounded. Precisely, for k € N and « € (0, 1),
Ck+2(0) denotes the space of functions ¢ € C*(0O) whose derivatives up to order k are bounded
and uniformly Hoélder continuous with exponent o in O.
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(1) lf )\17]\[ Z 0 then
lim u(t,z) =0,

t—o0
uniformly with respect to x € §V';
(ii) if M,n <O then

tlim (u(t,z1,y) = U(z1 — ct,y)) =0,

uniformly with respect to (x1,y) € Q' NQ, where U is the unique solution
of (13). In addition,
lim u(t,z1,y) =0,

t—o0

uniformly with respect to x1 < vt, y € w'(x1), for any v < c.

Remark 1. Since by Theorem 2.1 lim|,,| o U(21,y) = 0 uniformly in y € w, the
two limits in the statement (ii) of Theorem 2.4 are not contradictory. More generally,
the second one (lim;_,o u(t,z1,y) = 0) actually holds uniformly with respect to
x1 <v(t), y € w'(x1), for any function ~ such that lim; o (y(t) — ct) = —o0.

Remark 2. Another way to state Theorem 2.4 part (ii) is by extending the unique
solution U of (13) to a function U € W (R¥) satisfying

Ve €R, U@, )ree@y-1) = 1U(21,) | Lo ()

Then, since lim|,,| o U(x1,y) = 0 uniformly in y € w and u and U are uniformly
continuous, applying Theorem 2.4 part (ii) with, for instance, v = ¢/2 we see that

Jim (u(t, 21, y) = Uz = ct,y)) =0,
uniformly with respect to (z1,y) € .

Actually, the results of Theorem 2.4 hold under more general boundary conditions
than those considered in (5). In fact, it is only needed that they coincide with
Neumann boundary conditions for z; large (and that they imply the existence of a
unique solution of the evolution problem for any given initial datum, as well as the
validity of the comparison principle). Since Q7 is a particular case of asymptotically
cylindrical domain (with ¥ = 1 and h = 0), Theorem 2.3 is actually contained in
Theorem 2.4. However, we treat it separately because the proof is much simpler.

2.3. Lateral-periodic conditions. In the last case considered for the pure shift
problem, we deal with problem (1) with ¢ > 0 and e € SV~! given and with f
periodic in the last P variables, 1 < P < N — 1. That is, there exist P positive
constants l1,--- ,lp such that

(18) Vie{l,---,P}, seR, f(z+lien_pri,s)= f(zx,s) fora.e xcRY,

where {e1,---, ey} denotes the canonical basis of RY. We assume that the shift
direction e € SV~ is orthogonal to the directions in which f is periodic: e-e; = 0
fori=N—-P+1,--- ,N. Weset M := N — P and we will sometimes denote the
generic point # € RY by 2 = (2,y) € RM™ x RP | in order to distinguish the periodic
directions y from the others. Henceforth, we say that a function ¢ : RY — R is
lateral-periodic (with period (I1,---,lp)) if ¢(z + Liepr4i) = ¢(x) fori=1,--- | P
and a. e. z € RV,

Besides the regularity assumptions (8) (with Q now replaced by RY) we require
that f satisfies

(19) f(2,0)=0 fora. e zecRY,
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(20) 38 >0 such that f(z,s) <0 for s> S and for a. e. z € RY,

(21) 5= M is nonincreasing for a. e. z € RY
s
and it is strictly decreasing for a. e. z € D C RY, with |D| > 0,
(22) ¢ = _rh—>nolo sup fs(z,y,0) > 0.
e

The problem for travelling wave solutions u(t,z) = U(z — cte) reads

AU +ce-VU + f(z,U) =0 a.e. in RY
(23) U>0 inRN
U is bounded.

The associated linearized operator £ about 0 is the same as before but in RY. We
consider the generalized principal eigenvalue of a linear elliptic operator —L in a
domain O C RY, as defined in [4]:

(24)

M(=L,0) :==sup{AeR: T W2N(0), ¢ >0and (L+A)¢p <0 a.e. in O}

loc

In the sequel, we will set A\; := A\;(—L,RY). We now state our main results for the
lateral periodic (pure shift) problem.

Theorem 2.5. Assume that (18)-(22) hold. Then, problem (23) admits a solution if
and only if A1 < 0. Moreover, when it exists, the solution is unique, lateral-periodic
and satisfies

lim U(z,y) =0,

|z| =00
uniformly with respect to y € RY.

Theorem 2.6. Let u(t, ) be the solution of (1) with an initial condition u(0,x) =
up(x) € L¥(RN) which is nonnegative and not identically equal to zero. Under
assumptions (18)-(22) the following properties hold:

(i) if A1 >0 then

tlim u(t,z) =0,

uniformly with respect to x € RV ;
(ii) if M <O then
thm (’U/(t7 Zay) - U((Zvy) - Cte)) = 07
globally uniformly with respect to z € RM and locally uniformly with respect
toy € RY, where U is the unique solution of (23). If, in addition, ug is
either lateral-periodic or satisfies
(25) Vor >0, inf up(z,y) >0,

|z|<r
yeRP

then the previous limit holds globally uniformly also with respect to y € RY.

It is easy to see that, in general, the convergence of u(t,z,y) to U((z,y) — cte)
is not uniform globally with respect to y. For instance, if the initial datum uo has
compact support, then, for all fixed ¢t > 0, u(t,z) — 0 as |z| — oo.
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2.4. Behaviour near critical value. The next result is to answer a question that
was raised by Professor Mimura to one of the authors regarding the behaviour of the
solutions near the extinction limit. We show here that a simple bifurcation takes
place when the generalized principal eigenvalue becomes nonnegative (or, in other
terms, when the speed ¢ crosses a critical value ¢g). For simplicity, we only state
the result in the case of pure shift problem (3) in the straight infinite cylinder, but
it also holds in the whole space case (1), either under the hypotheses of the lateral
periodic framework, as well as under condition (2) considered in [6].

We assume that f and  in (3) are such that ¢g > 0, where ¢g is the critical speed
defined in Section 3.2, i. e. that A; xy < 0 when ¢ = 0. Below, for any 0 < ¢ < ¢,
U*¢ denotes the unique (stable) solution of (13) given by Theorem 2.1.

Theorem 2.7. Assume that (9)-(12) hold. Then, the following properties hold:
(1)
lim U¢(z) =0,
c—cy
uniformly with respect to x € €;
(i)
: Ue(x)
lim = (),
c—cy HUC”LOO(Q)
uniformly with respect to x € ), where ¢ is the unique positive solution of

Ap+coorp+ fs(z,0)p =0 a. e in S
(26) Oy =10 on 02
el Lo = 1.

It should be noted that the uniqueness of the solution to (26) is a remarkable
property which does not hold in general for positive solutions of linear equations in
unbounded domains.

2.5. L' convergence. We still consider the case of straight infinite cylinder. Start-
ing from the pointwise convergence of the solution u(t,z) of (3) as t — oo, we are
able to show that the convergence also holds in L!(Q). This is interesting from the
point of view of biological models, as [[u(t,-)||11(q) represents the total population
at time ¢.

Theorem 2.8. Consider problem (3) in the straight infinite cylinder Q. The con-
vergences in Theorem 2.2 also hold in the L' sense, provided the initial datum ug
belongs to L1(€2).

An analogous result holds true for the pure shift problem in the whole space
considered in [6] which we now state.

Theorem 2.9. Let u(t,x) be the solution of (1) in all of space with an initial condi-
tion u(0,x) = ug(z) € L>®(RN) N LY(RYN) which is nonnegative and not identically
equal to zero. Under assumptions (19)-(21) and (2) the following properties hold:
(i) if A1 >0 then
Jin ffu(t, )l Ly = 0;
(ii) of M <O then
Jim [Ju(t, )~ U~ ete)]| s am, = 0,

where U is the unique solution of (23).
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2.6. Seasonal dependence. We consider problem (6) with f(¢,z,s) : R x Q x
[0, +00) — R periodic in ¢, with period T > 0:

(27) VteR, 2€Q, s>0, f(t+T,x,s)=[f(tx,s).

As in the case of asymptotically cylindrical domains, besides conditions (8), which
are now required uniformly in ¢ € R, we need some Holder continuity assumptions
on f for some a € (0,1):

V>0, f(8) fs(40) € CEYR x Q),

where Ct(i’a(I x 0), with Z C R and O C R¥, denotes the space of functions ¢(t, )

such that ¢(-,z) € C%(Z) and ¢(t,-) € C*(O) uniformly with respect to x € O and
t € T respectively. The other assumptions on f are:

(28) f(t,z,0)=0 forteR, ze€Q,
(29) 35 >0 suchthat VteR, z€Q, s>5, f[f(t,z,s) <0,
t
(30) S M is nonincreasing for t e R, =z € Q
s
and it is strictly decreasing for some t € R, x € Q.
The analogue of condition (12) is required uniformly in ¢, that is,
(31) lim sup fs(t,21,9,0) <O0.
r—00  tcR
\zylzir

The notion of travelling wave is replaced in this framework by that of pulsating
travelling wave, that is, a solution u to (6) such that U(¢,21,y) := u(t, 1 +ct,y) is
periodic in ¢ with period T'. Thus, U satisfies

U = AU + cohU + f(t,z,U), teR, €

o,U(t,z) =0, teR, x €N
(32) U>0 inRxQ

U is bounded

U is T-periodic in ¢,

where U is extended by periodicity for ¢ < 0. We denote by P the linearized
operator about the steady state w = 0 associated with the parabolic equation in
(32):

Pw = dw — Aw — dyw — fs(t, x,0)w.
By analogy to (24), we define the generalized T-periodic Neumann principal eigen-
value of the parabolic operator P in R x € in the following way:

(33)
iy =sup{p e R : o€ Ctl)’f(R X (=r,r) xw), Vr >0, ¢is T-periodic in ¢,
¢>0and (P—p)p>0 inRxQ, d,¢0 >0 on R x IN}.

Theorem 2.10. Assume that (27)-(31) hold. Then problem (32) admits a solution
if and only if ;11 v < 0. Moreover, when it exists, the solution is unique and satisfies

lim U(t,x1,y) =0,

|z1|—00

uniformly with respect tot € R and y € w.
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Theorem 2.11. Let u(t,x) be the solution of (6) with an initial condition u(0,x) =
up(x) € L*°(Q) which is nonnegative and not identically equal to zero. Under
assumptions (28)-(31) the following properties hold:

(i) if p1,n >0 then
lim u(t,z) =0,

t—o0
uniformly with respect to x € €;
(i) if p1,.n <O then
lim (U(t,.’[]l, y) - U(t7x1 - Ctu y)) = 07

t—o0

uniformly with respect to (x1,y) € Q, where U is the unique solution of
(32).

One is also led to (32) by considering the two speeds problem (7), with ¢ and ¢/
given, ¢ # ¢’ and g(x1,y, s) periodic in 21, with period [ > 0:

V(z,y) €9, 520, gler+1y,s)=g(@1,9,5).
Indeed, if u is a solution of (7) then u(t,x1,y) := u(t, 1 + ct,y) satisfies
Ot = AU+ cOrt+ h(t,z,a), teR, x€Q,
where the function

h(f,!El,y, 8) = f(xluyvs) +g($1 + (C - C/)t,y, 8)

is I/(c — ¢')-periodic in t. As a consequence, the problem of pulsating travelling
wave solutions u to (7) such that U(t,z1,y) := u(t,x1 + ct,y) is I /(c — ¢')-periodic
in ¢ is given by (32) with f replaced by h and T' = [/(¢ — ). Furthermore, as the
transformation @(t, z1,y) := u(t, z1 + ct,y) reduces (6) and (7) to the same kind of
problem, Theorem 2.11 holds with (6) replaced by (7), f by h and T =1/(c — ¢).

3. THE PURE SHIFT PROBLEM: STRAIGHT INFINITE CYLINDER
Let us recall the notation used in this framework:
Q=R X w,
Lw = Aw+ chw + fs(x1,y,0)w,
(=—lim sup fi(z1,y,0),

T—00 |z |>r
YyEw

)\17]\[ = )\1)N(—£, Q)
We further denote
Vr>0, Q :=(-rr)Xuw.

To prove the existence and uniqueness of travelling wave solutions to (3), Theo-
rem 2.1, we use the same method as in [6]. The only difference is that here we take
into account the Neumann boundary conditions in the definition of the generalized
principal eigenvalue A; ny. This leads us to consider eigenvalue problems in the fi-
nite cylinders (—r,7) X w, with mixed Dirichlet-Neumann boundary conditions, for
which we need some regularity results up to the corners {4r} x dw presented in
the appendix. Properties of this eigenvalue are described in Section 3.1. Next, we
reduce the elliptic equation in (13) to an equation with self-adjoint linear term via
a Liouville transformation. This will allow us to define the critical speed ¢y as well
as to derive the exponential decay of solutions to (13). Using this result we prove a
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comparison principle for (13) which yields the uniqueness and the necessary condi-
tion for the existence of travelling wave solutions. The sufficient condition will be
seen to follow from the properties of A\; y and a sub and supersolution argument.
Thanks to Theorem 2.1, we will derive a result about entire solutions to (3) which
is useful in completing the proof of Theorem 2.2.

3.1. Properties of A\; y. We derive some results concerning the generalized Neu-
mann principal eigenvalue Ay y(—L, ) that will be needed in the sequel. Here, L
is an operator of the type

Lw := Aw + B(x) - Vw + y(x)w,

with 8= (01, --,8n) and v bounded.

We first introduce the principal eigenvalues in the finite cylinders €2,., with Neu-
mann boundary conditions on the “sides” (—r,r) x dw and Dirichlet boundary con-
ditions on the “bases” {£r} x w. The existence of such eigenvalues follows from the
Krein-Rutman theory, as for the principal eigenvalues in bounded smooth domains
with either Dirichlet or Neumann boundary conditions. Some technical difficulties
arise due to the non-smoothness of €2, on the “corners” {£r} x dw. This problem
can be handled by extending the solutions outside €2, by reflection. Since such an
argument is quite classical and technical, we postpone the proof of the next result
to Appendix A.

Theorem 3.1. For any r > 0 there exists a unique real number X(r) such that the
etgenvalue problem

—Lo. = XNr)e,  a. e in €,
dypr =10 on (—r,r) X dw
or =0 on {xr} xw

admits a positive solution o, € W2P(Q,), for any p > 1. Moreover, o, is unique
up to a multiplicative constant.

The quantity A(r) and the function ¢, in the previous theorem are respectively
called principal eigenvalue and eigenfunction of —L in €, (with mixed Dirich-
let/Neumann boundary conditions).

Proposition 1. The function \(r) : RT — R of principal eigenvalues of —L in €,
is decreasing and satisfies

lim )\(T) = )\1)N(—L, Q)

r—00
Furthermore, there exists a generalized Neumann principal eigenfunction of —L in
Q, that is, a positive function o € WP(Q,.), for any p > 1 and r > 0, such that

{ —Lo=MnN(—L,Q¢ a e inQ

(34) 8,0 =0 on Q.

Proof. Let 0 < r1 < 7o and assume, by way of contradiction, that A\ n(r1) <
A1,n(r2). Consider the associated principal eigenfunctions ¢,, and ¢, of —L in £,
and €, respectively. Note that the Hopf lemma yields ¢, > 0 on (—r2,r2) X dw.
Set

Pry
Qry 907'2.

k := max
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Clearly, & > 0 and the function w := k¢,, — ¢,, is nonnegative, vanishes at some
point xg € €2, and satisfies

(L+ X n(r2))w <0 a. e in Q.

Since ¢, = 0 on {£r1} x @, the point xo must belong to (—ry1,r1) x w. If 2o €
Q,, then the strong maximum principle yields w = 0, which is impossible. As a
consequence, it is necessarily the case that xg € (—r1,71) X Ow. But this leads to
another contradiction in view of Hopf’s lemma:

0> dyw(xo) = kOur, (x0) — Ovor, (z0) = 0.

Hence, the function A(r) : RT™ — R is decreasing. Let us show that the quantity
M. N(—L,Q) is well defined and satisfies

(35) Vr>0, Mn(=L,Q) <Ar).

Taking ¢ = 1 in (14) shows that A\; n(—L,Q) > —supgy. If (35) does not hold
then there exists R > 0 such that A(R) < A\ n(—L, ). By definition (14), we can
find a constant A > A(R) and a positive function ¢ € W2N+1(Q,), for any r > 0,
such that

0,9 >0 on 0f).

A contradiction follows by arguing as before, with ¢,, and ¢,, replaced by ¢r and
¢ respectively. Consequently,

{ (L+XN)p<0 a.e in

A= lim A\(r) > M\.n(—L, Q).
T—00
To prove equality, consider the sequence of generalized principal eigenfunctions
(¢n)nen, normalized by ¢, (x0) = 1, where z is fixed, say in ;. Extending by
reflection the functions ,, to larger cylinders, as done in Appendix A, and using the
Harnack inequality, we see that, for m € N, the (¢, )n>m are uniformly bounded in
Q.. Hence, by standard elliptic estimates and embedding theorems, there exists a
subsequence (@, )rxen converging in C1(Q,) and weakly in W2P(Q,,), for any p > 0
and p > 1, to some nonnegative function ¢ satisfying

—Lo=Xp a.e in
O =0 on 0f.

Since p(xg) = 1, the strong maximum principle yields ¢ > 0 in Q. Thus, taking
¢ = in (14) we get A\ n(—L,§) > A, which concludes the proof. O

In what follows, A(r) and ¢, will always denote respectively the principal eigen-
value and eigenfunction of —£ in €,.. We will further denote by ¢ a generalized
Neumann principal eigenfunction of —£ in €2, given by Proposition 1.

3.2. Definition of the critical speed cy. Through the Liouville transformation
V(z1,y) := U(z1,y)e2"1, problem (13) reduces to
2
AV + f(x1,y, V(z1,y)e 2%1)e2® — CZV =0 fora.e. (z1,9) €
(36) 0,V =0 on 02
V>0 inQ
V(21,y)e” 2" bounded.

The associated linearized operator about V =0 is

Lw:= Aw + (fo(z,0) — ¢ /4)w.
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Since L¢ = (L(pe~571))e3®t for any function ¢, an immediate consequence of
definition (14) is that Ay ny(—L£,2) = A N
In order to define the critical speed ¢y, we introduce the linear operator
Lou = Au+ fs(z,0)u
and we set Ao := A1 n(—Lo, ).

Proposition 2. Define the critical speed as
o e 2v/— Ao lf A <0
710 otherwise.

Then A\ v <0 iff 0<c<cp.
Proof. This simply follows from the fact that
My = NN (=L,Q) =\ n(—Lo+2/4,Q) = N\ + /4.
O

3.3. Exponential decay of travelling waves. Owing to the results of Section
3.1, the exponential decay of solutions to (13) follows essentially as in [6]. However,
for the sake of completeness, we include the proofs here.

Lemma 3.2. Let V.€ W2P(Q,.), for some p > N and every r > 0, be a positive
function such that 0,V < 0 on 092. Assume that for some v > 0, V satisfies

A
sup V(xl,y)efﬁ‘zl‘ < 00, lim inf M
(21,4)EQ z1]—o0 V(21,Y)
uniformly in y € w. Then,

lim  V(zy,y)eV™l =0,

|z1|—00
uniformly in y € w.
Proof. By the hypotheses on V, there exist ¢, R > 0 such that AV > (y+¢)V a.e. in

Q\Qg. Set & 1= sup,, ,ycq V(x1,y)e V7=l For a > 0 let 9, : [R, R+ a] — R be
the solution to

V= (y+e) in (R,R+a)

I(R) = keVTE

IR+ a) = keVV(Fta),
Hence, 94(p) = AgeV1Her 4 BoeViter with

evie _ efma )
)

— e(VTTHVATFER _
Ao = re <1 oVATea _ o—vatea

R eVia — g=Vrtea
RV — =
The function 0, (z1,y) := Y4 (|z1|) satisfies
Abo(z1,y) = (v +€)ba(r1,y) for R<|m[<R+a, ycw
0,04 (21,y) =0 for R < |z1] < R+a, y € Ow.

Since V' is a subsolution of the above problem and V < 6, on {+R,+(R+a)} X w,
the comparison principle yields V < 6, in Qg 4\Qr, for any a > 0. Therefore, for
|z1] > R and y € w we get

V(zy,y) < lim O4(z1,y) = keWVIHVIFIR=VAFE 2]

B, = keWVT—V7Fe)
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which concludes the proof. 0

Proposition 3. Let U be a solution of (13) and assume that (9), (11), (12) hold.
Then, there exist two constants h, 3 > 0 such that

YV (z1,y) €Q, U(zx1,y) < he Bzl
Proof. The function V(z1,y) := U(wl,y)egwl is a solution of (36). Hence,

AV(Ilay) _ ?

C
—— — .e. Q
Virn,y) §(xr,y) + g fora.e (r1,y) € Q,

where

é—(xl’y) — f(xllvjy(ax[f(;)lvy)),

which belongs to L*°(€) because f(z,-) vanishes at 0 and is locally Lipschitz

continuous. Moreover, &(x1,y) < fs(z1,y,0) due to (11). Consider a constant

v € (c?/4,( + ¢%/4), where ( is the positive constant in (12). We see that
2

2

AV (x1,y) c ¢
lim inf —2 > | (21,5,0)+ — =+ — > 7.
A V) © 7 SR Slen )+ g =g >y
YEw YyEw

On the other hand, V(z1,y)e V7#1l < V(zy,y)e” 2 which is bounded on €.
Therefore, by Lemma 3.2 there exists a positive constant C' such that

V (Ilay) c Q7 U(x17y) —_ V(xlhy)ei%ml S Oefﬁ‘zl‘fgfﬂl S Ce*(ﬁ*%)lxﬂ_
0

3.4. Comparison principle. The following is a comparison principle which con-
tains, as a particular case, the uniqueness of solutions to (13) vanishing at infinity.

Theorem 3.3. Assume that (9), (11), (12) hold. Let U,U € W?2P(S,.), for some
p > N and every r > 0, be two nonnegative functions satisfying

—AU — chU < f(z,U) for a. e. x € Q

0,U <0 on 01,

~AU — 0 U > f(z,U) fora. e x €
8,U >0 on 012,

U>0 inQ, lim U(z1,y) =0 wuniformly iny € w.

|21 |—o00
Then U < U in Q.
Proof. For any & > 0 define the set
Ke:={k>0: kU>U—¢in Q}.
Since by hypothesis there exists R(¢) > 0 such that
(37) Vx| > R(e), y ew, Ulx1,y)—e <0,

and U > 0 in Q by Hopf’s lemma, the set K. is nonempty. For ¢ > 0 set k(e) :=
inf K.. Clearly, the function k : RT™ — R is nonincreasing. Let us assume, by way
of contradiction, that

E*:= lim k(e) >1

e—0*t
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(with, possibly, k* = c0). For any 0 < ¢ < supy U we see that k(e) > 0, k(e)U —
U+¢e>0inQ and there exists a sequence ((x7 ,,,¥;,))nen in Q such that

1\ —
(K0 — 1) et < Lot o) =

From (37) it follows that, for fixed € > 0, (25 ,,,9;,) € Qr(e) for n large enough and
then, up to subsequences, (25 ,,,95) converges to some (z1(€),y()) € Qg as n

goes to infinity. Hence, k(e)U(z1(¢),y(e)) < U(x1(e),y(e)) — e. Consequently, for
any € > 0 we have the following:

(38) k(e)U -U+¢e>0 in Q, (k(e)U —U +¢)(x1(g),y(e)) = 0.

We consider separately two different situations.
Case 1: limir+1f |z1(g)| < o0.
e—0

Then, there exists a sequence (g, )nen in R* such that

lim €, =0, &= lim z1(e,) €R, n:= lim y(e,) € W.

From (38) it follows that k* < oo and that the function W := k*U —U is nonnegative
and vanishes at (£,7). Also, since k* > 1, condition (11) yields

AW — oW > k*f(2,U) — f(x,U) > f(z,k*U) — f(z,U) a.e.in(,

with strict inequality a. e. in D. Therefore, thanks to the Lipschitz continuity of f
in the second variable, W is a supersolution of a linear elliptic equation in 2. Since
W is nonnegative in {2, vanishes at (£,7) and 9,W = 0 on 012, the strong maximum
principle and the Hopf lemma yield W = 0. This is a contradiction because W is a
strict supersolution in D.
Case 2: lim |z1(e)| = .
e—0+t

For ¢ > 0 set W¢ = k(e)U — U + e. By (38) we have that W¢ > 0 and
We(z1(e),y(e)) = 0. Furthermore, for ¢ > 0 small enough k() > 1 and then,
for a. e. z € Q,
(30) —~ AW — cOWe > k(e)f(z,U) — f(x,U)

> f(@,k()U) - f(2,U).

Since |x1(g)] — oo, by (12) we can take £,0 > 0 small enough in such a way that
fs(z,0) < 0for x € O := BsNQ, where By is the ball of radius 6 about (z1(¢), y(¢)).
Moreover, up to chosing a smaller § if need be, we can assume that U > k(¢)U in
0. Using (9) and (11) we derive, for z € O,

P, k(E@T) — f(@,0) > o, k(D) — LD

Thus, in view of (39), (x1(¢),y(¢)) cannot be an interior minimum for We. Then,
(z1(g),y(e)) € 992 and by Hopt’s lemma in O one has 9, W¢((x1(g),y(e)) < 0, which
contradicts the assumption.
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We have shown that k* := lim, o+ k() < 1. Consequently, from (38) we finally
get

3.5. Existence and uniqueness of travelling waves.

Proof of Theorem 2.1. Case 1: A\ ny < 0.
We proceed exactly as in [2]. By Proposition 1 there exists R > 0 such that
A(R) < 0. Define the function

| ker(z) ze€Qg
Ulx) = { 0 otherwise,

where £ > 0 will be chosen appropriately small later. We see that 9,U = 0 on 02
and that

—A(kpr) — coi(kpr) = (fs(x,0) + A(R))kpr a. e.in Qp.

Hence, since f(z,0) = 0 by (9) and s — f(x,s) € C*([0,d]), for x small enough
U satisfies —AU — cohU < f(z,U) a. e. in Qi. One can then readily check that
U e Wh*(Q) is a (weak) subsolution of

{ AU 4+ coU + f(x,U) =0 a.e. in

(40) o,U=0 on 0N.

On the other hand, the function U(z) = S - where S is the constant in (10) - is a
supersolution to (40). Also, we can chose k small enough in such a way that U < U.
Consequently, using a classical iterative scheme (see e. g. [3]) we can find a function
U € W2P(Q,), for any p > 1 and r > 0, satisfying (40) and U < U < U in Q. The
strong maximum principle implies that U is strictly positive and then it solves (13).
Case 2: A\, n > 0.
Assume by contradiction that (13) admits a solution U. Let ¢ be a generalized
Neumann principal eigenfunction of —£ in Q (cf. Proposition 1), normalized in
such a way that 0 < ¢(z9) < U(zg), for some z¢ € Q. Then, ¢ satisfies 9, = 0 on
oY and, by (9), (11),

—Ap —corp = (fs(z1,4,0) + Ain)e > f(z1,y,¢) a.e in Q.

Therefore, since by Proposition 3 lim|,, | .o U(21,y) = 0 uniformly in y € w, we can
apply Theorem 3.3 with U = U and U = ¢ and infer that U < ¢: contradiction.

The uniqueness result immediately follows from Proposition 3 and Theorem 3.3.
O

3.6. Large time behaviour. We will make use of a result concerning entire so-
lutions (that is, solutions for all ¢ € R) of the evolution problem associated with
(13):

(41)

du* = Au* + cou* + f(z,u*), tER, z€Q
dyu* =0, teR, zcdN.

Lemma 3.4. Let u* be a nonnegative bounded solution of (41). Under assumptions
(9)-(12) the following properties hold:

(1) if iy >0 then u* =0;
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(ii) if M v < 0 and there exist a sequence (tn)nen in R and a point xo € Q such
that
(42) lim ¢, = —o0, lim inf w* (¢,,, zo) > 0,

n—oo n—oo

then u*(t,x) = U(x), where U is the unique solution of (13).

Proof. Let S be the positive constant in (10). Set
S* = maX{S, ||U*HL°°(R><Q)}

and let w be the solution to (41) for ¢ > 0, with initial condition w(0,z) = S*.
Since the constant function S* is a stationary supersolution to (41), the parabolic
comparison principle implies that w is nonincreasing in ¢ (and it is nonnegative).
Consequently, as t — +00, w(t, x) converges pointwise in = € ) to a function W (x).
Using standard parabolic estimates up to the boundary, together with compact
injection results, one sees that this convergence is actually uniform in €,, for any
p > 0, and that W solves (40). For any h € R the function wy,(¢,z) := w(t + h, )
is a solution to (41) in (—h,4o00) x Q satisfying wp(—h,z) = S* > u*(—h,z).
Thus, again the parabolic comparison principle yields wy, > u* in (—h, 400) x Q.
Therefore,

(43) VteR, z€Q, u'(t,x) < hliIJIrl wp(t,x) = W(x).

Let us consider separately the two different cases.
(i) Ay v > 0.
Due to Theorem 2.1, the function W cannot be strictly positive in . Thus, W
vanishes somewhere in 2 and then the elliptic strong maximum principle yields
W = 0. The statement then follows from (43).
(ii) A1,x < 0 and (42) holds for some (t,)ney in R and xq € Q.
We claim that condition (42) yields
(44) Vr >0, liminfu*(t,,z) > 0.
TEQ,
Let us postpone for a moment the proof of (44). By Proposition 1, there exists
R > 0 such that A(R) < 0. Consider the same function U as in the proof of
Theorem 2.1: @) N
) rpr(z) xecllp
Uw) = { 0 otherwise,
We know that, for £ small enough, U is a subsolution to (40). Moreover, owing to
(44), k can be chosen in such a way that U(z) < u*(t,,z) for n large enough and
x € Q. Let v be the solution to (41) for ¢ > 0, with initial condition v(0,z) = U(z).
By comparison, we know that the function v is nondecreasing in ¢ and it is bounded
from above by S*. Then, as t goes to infinity, v(¢, x) converges locally uniformly to
the unique solution U to (13) (the strict positivity follows from the elliptic strong
maximum principle). For n large enough the function v, (¢, x) := v(t—t,, x) satisfies

VI e, vnltn )= U) < u(tn, o).
Hence, the parabolic comparison principle yields
VteR, x€Q, u*(t,x) > lim v,(t,z) =U(x).
Combining the above inequality with (43) we obtain
VteR, z€Q, U(x)<u'(t,z) <W(z).
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This shows that W is positive and then it is a solution to (13). The uniqueness
result of Theorem 2.1 then yields u* = U.

To conclude the proof, it only remains to show (44). Assume by contradiction
that there exists r > 0 such that the inequality does not hold. Then, there exists a
sequence ((27,4"))nen in Q, such that (up to subsequences)

lim u*(t,, 27, y") = 0.

n—oo
It is not restrictive to assume that (z7,y") converges to some (&,7) € Q, as n goes
to infinity. Parabolic estimates and embedding theorems imply that the sequence of
functions u* (t, z1,y) := u*(t+t,, 21, y) converges (up to subsequences) in (—p, p) X
Q,, for any p > 0, to a nonnegative solution u’, of (41) satisfying u} (0,&,n) = 0.
If w’, was smooth then the parabolic strong maximum principle and Hopf’s lemma
would imply u’ (t,x) = 0, for t < 0 and € Q, which is impossible because
uko(0,20) > 0 by (42). To handle the case where u}, is only a weak solution of (41),
one can extend u), to a nonnegative solution of a parabolic equation in R x R x @,
with w CC w, as done in the appendix. Hence, one gets a contradiction by applying
the strong maximum principle. O

Proof of Theorem 2.2. Set S’ := max{S5, ||[uol| L (q)}, where S is the positive con-
stant in (10). Since the constant functions 0 and S are a sub and a supersolution
of (3), with initial datum respectively below and above ug, standard theory of semi-
linear parabolic equations yields the existence of a unique (weak) solution u to (1)
with initial condition u(0,2) = ug(z) (see e. g. [14], [15]). Moreover, u satisfies
0<u<S8 in R x Q. By extending u(t,-) to a larger cylinder (R x &) D> Q by
reflection (see Appendix A) and applying the parabolic strong maximum principle,
we find that u(t,x) > 0 for t > 0 and = € Q. Define a(t,z1,y) = u(t, 21 + ct,y).
Then, 4 satisfies 0 < % < S" in RT x Q and solves

{ Ot = At + et + f(x,a), t>0, €

(45) dyiilt, ) = 0, £> 0z d,

with initial condition @(0,2) = wug(xz). The rest of the proof is divided into two
parts.
Step 1: the function u satisfies

(46) tlim (t,z) =U(x) wuniformly in z € Q,, Vr >0,

where U = 0 if A\; y > 0, while U is the unique solution to (13) if A\; y < 0.

Let (tx)ren be a sequence in R satisfying limyg_,o tx, = +00. Then, parabolic
estimates and embedding theorems imply that (up to subsequences) the functions
a(t + tg, x) converge as k — oo, uniformly in (—p, p) x §,,, for any p > 0, to some
function u*(¢, z) which is a nonnegative bounded solution to (41). If Ay > 0 then
u* = 0 by Lemma 3.4. Therefore, owing to the arbitrariness of the sequence (tx)xen,
(46) holds in this case. Consider now the case Ay y < 0. Set xo := (0,y0), where
Yo is an arbitrary point in w. Let us show that hypothesis (42) in Lemma 3.4 holds
for any sequence (t,)nen tending to —oo. By Proposition 1, there exists R > 0
such that A(R) < 0. Arguing as in the proof of Theorem 2.1, we can choose £ > 0
small enough in such a way that the function U := kpp satisfies U(x) < a(1,z)
and is a subsolution to the elliptic equation of (13) in Qg. Hence, (¢,z) — U(x)
is a subsolution to (45) in R x Qg and satisfies U(+R,y) = 0 < a(t,£R,y) for
t >0, y € w. The parabolic comparison principle yields U(z) < a(t+1,z) for t > 0
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and z € Qg. As a consequence,

ggngu*(t,xo) > U(zg) >0,

We can then apply Lemma 3.4 and derive «* = U. Thus, (46) holds.
Step 2: conclusion of the proof.
Assume, by way of contradiction, that lim; . @(t,z) = U(z) does not hold uni-
formly in x € €, either in the case (i) with U = 0, or in the case (ii) with U unique
solution to (13) (given by Theorem 2.1). Hence, there exist € > 0, (t"),en in RT
and ((z7,y"))nen in £ such that
nlLII;Ot”:oo, VneN, |a(" 2z, y")—Ual,y")| >e.
It is not restrictive to assume that y™ converges to some 1 € @w. We know from step
1 that lim, . |27| = co. Then, lim, . U(z},y™) = 0 in both cases (i) and (ii).
We then get
liminf a(t", 27, y") > €.

n—oo

Using standard parabolic estimates and compact injection theorems, we find that,
as n goes to infinity and up to subsequences, @(t + t",z1 + 27, y) converges to a
function e (t, 1, y) uniformly in (—p, p) x Q,, for any p > 0. The function
satisfies @ (0,0,m) > ¢ and, by (9), (11) and (12),

Ol < Allgo + €01l — Clioe, tER, x €Q
{6,,1100=0, teR, z €N
For any h > 0 define the function 6 (¢, z) := S'e=Cth) Tt satisfies 9460, = —(COy,
in RxQ, 9,0, =0o0n R x9N and Oy(—h,z) = 5" > @eo(—h,z). Therefore, for
any h > 0, the parabolic maximum principle yields @i, < 65, in (—h,+00) x €.
Consequently,

(47)

Uso(0,0,7) < hligl 0,(0,0,m) =0,

which is a contradiction. Since u(t,z1,y) = a(t,z1 — ct,y), the proof is concluded.
O

Remark 3. The results of Theorems 2.1 and 2.2 also hold if one considers Dirich-
let boundary condition u(t,z) = 0 on Rt x 9Q in (3). In this case, the existence,
uniqueness and stability of travelling waves depend on the sign of the generalized
principal eigenvalue A;(—L, ) defined by (24). The proofs are easier than in the
Neumann case considered here. In particular, one can consider an increasing se-
quence of bounded smooth domains converging to €2 instead of the §2,.. This avoids
any difficulty due to the lack of smoothness of the boundary in the definition of the
principal eigenvalues. Robin boundary conditions are also allowed.

4. LARGE TIME BEHAVIOUR IN GENERAL CYLINDRICAL-TYPE DOMAINS
In this section, we use the same notation as in Section 3:
Q=R X w,
Lw = Aw + corw + fo(x1,y,0)w,
¢=—lim sup fi(z1,y,0),

T— 00 [z |>r
YyEw

A1,N = )\I,N(_La Q)v
Vr>0, Q =(-rr)xw.
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The basic idea to prove Theorems 2.3 and 2.4 is to show that, as 7 — oo, the
function a(t + 7, z) (where u(t, z1,y) := u(t, z1 + ct, y)) converges locally uniformly
(up to subsequences) to an entire solution v* (¢, z) in the straight infinite cylinder €.
Thus, owing to Lemma 3.4, the convergence results of statements (i) and (ii) hold
locally uniformly provided u* satisfies (42). In the case of semi-infinite cylinder,
condition (42) is derived by comparing @ with the principal eigenfunction ¢ of —L
in Qp, as done in the proof of Theorem 2.2. The case of asymptotically cylindrical
domain is actually much more delicate, because 4 and ¢ do not satisfy the same
boundary conditions and therefore cannot be compared. We overcome this difficulty
by replacing ¢pr with a suitable “generalized” strict subsolution which is compactly
supported. Then, we can conclude using the fact that, essentially, the problem
satisfied by u “approaches” locally uniformly the Neumann problem in the straight
cylinder as t — oo.

4.1. Straight semi-infinite cylinder. We start by considering here problem (4)
which is set in a straight semi-infinite cylinder QT = RT x w.

Proof of Theorem 2.3. Set

S" := max{S, [|uol| Lo 0+ 1o Lo R+ xw) }
where S is the constant in (10). Since 0 and S’ are respectively a sub and a
supersolution of (4), the same arguments as in the proof of Theorem 2.2 show
that the unique solution u to (4) with initial condition «(0,2) = ug(z) satisfies

0<u<S in Rt x Rt x w. The function defined by (¢, z1,y) := u(t, 1 + ct,y)
satisfies the following equation and boundary conditions:

Ot = At + coru + f(x1,y,a), t>0, x1 > —ct, y Ew
(48) ou(t,z1,y) =0, t>0, 21> —ct, y € Ow
ﬁ’(t’ —ct, y) = U(tvy)a t>0, y€w,

with initial condition 4(0,z) = ug(z) for z € Q. For the rest of the proof, U
denotes the unique solution to (13) if A\ xy < 0, while U = 0 if Ay xy > 0. We first
derive the local convergence of @ to U.

Step 1: the function @ satisfies (46).
Let (tx)ren be a sequence such that limy_,o tpy = +00. By standard arguments
we see that, as k — oo and up to subsequences, the functions @(t + t,x) converge
locally uniformly in R x Q to a solution u* of (41). Owing to Lemma 3.4, we only
need to show that if A\; < 0, then (42) holds. By Proposition 1, there exists R > 0
such that A(R) < 0. As we have seen in the proof of Theorem 2.1, for £ > 0 small
enough the function

U(z) := rpr(z)

is a subsolution to (40) in Qp. Set tg := R/c+ 1. The function @ is well defined
and strictly positive in [tg, +00) x Qg. Hence, up to decreasing x if need be, we
can assume that U(x) < @(tg,z) for x € Qp. Since (t,x) — U(x) is a subsolution
to (48) in R x Qg and

Vit>tgr, y€w, U(ER,y)=0<ua(t,£R,y),

the comparison principle yields U(x) < a(t,z) for t > tr, x € Qr. Therefore, for
any zo € Qg,

. % >
%Ielﬂgu (t,xo) = Q(IO) > 07

that is, (42) holds for any sequence (¢, )nen tending to —oo.
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Step 2: conclusion of the proof.
Argue by contradiction and assume that there exist ¢ > 0 and some sequences
(t")nen in RT and ((z7,4™))nen in Q7 such that
lim t" = oo, VneN, |u(t™ 2, y") Ul —ct™,y")| > e.

n—oo
We may assume that y" converges to some 1 € w. By step 1 we know that the
sequence (z] — ct™)pen cannot be bounded. Since U(-,y) vanishes at infinity, we
get in particular that
(49) liminf u(t", «}, y") > €,

n—oo

whatever the sign of A n is. Suppose for a moment that (z7),en is unbounded.
Then, by parabolic estimates and embedding theorems, the functions w, (¢, z1,y) :=
u(t + t", 1 + «f,y) converge, as n — oo and up to subsequences, uniformly in
(—p, p) x Q,, for any p > 0, to a nonnegative function u., satisfying

(50) Opthoe < Aligo — Clow, tER, 11 €R, yEw
OyUoo = 0, teR, 1 €R, y € 0w,

and, by (49), u(0,0,1) > . We then get a contradiction by comparing us, with
O (t,x) := e <+P) in (—h, +00) x Q and letting h go to infinity, as done at the
end of the proof of Theorem 2.2.

It remains to consider the case when (27 )nen is bounded. For n € N define
Un(t, 21,y) := u(t+t", 21,y). Using LP estimates up to the boundary for u, dyu, Au
(which hold good here owing to the compatibility condition d,0 = 0 on RT X dw,
see e. g. [14], [15]) we infer that (a subsequence of) (un)nen converges uniformly
in (—p,p) x (0,p) X w, for any p > 0, to a function u, satisfying (50) for z; > 0,
together with us(¢,0,y) =0for t € R, y € w. Moreover, (49) yields u~(0,£,7) > ¢,
where ¢ is the limit of a subsequence of (2]),en. A contradiction follows exactly as
before, by comparison with the functions 6y, (t, x) := §’e~¢(t+h), O

Remark 4. If 0 does not converge to zero as t — oo then in Theorem 2.3 the
convergences only hold “far away” from the base {0} x w, that is, uniformly in
(v(t), +00) X w, for any function v such that v — 400 as ¢ — oco. Let us also
point out that the results in Theorem 2.3 hold under different boundary conditions
on {0} X w, such as Neumann condition d;u = 0 or Robin condition By (¢, y)u —
61 (f, y)@lu = 0, with

Bo, B1 = 0, Bo + 1 > 0.

4.2. Asymptotically cylindrical domain. As in the case of the straight cylinder
that we considered in the previous section, the large time behaviour of u rests on
proving that a(t,x) := u(t,x; + ct,y) does not converge to 0 as ¢ — oo when
A1,nv < 0. With respects to the straight cylinder, the difficulty here is that the
condition Ay n allows one to construct a compactly supported stationary subsolution
of the Neumann problem in the straight cylinder, but not in the time-dependent
domain where u is defined. Thus, the proof becomes technically more involved.
Let us sketch our strategy to prove this result. Through the mapping ¥ we can
transform @ into a function o solution of an oblique derivative problem with a
modified operator but in the straight cylinder. The transformed problem converges,
in some sense, to the Neumann problem (45) as ¢ — oo. Thus, for ¢ large enough, it
is possible to derive a positive lower bound for © by the same comparison argument
as in the previous sections, provided that (45) admits some kind of compactly
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supported stationary strict subsolution. Actually, we construct a generalized strict
subsolution V in the sense of [3]: V is the supremum of two strict subsolutions. The
precise properties of V' are stated in the next lemma, which is proved at the end of
the section.

In the sequel, we will make use of the following fact, which is a consequence of
(16):
(51) Jim V' (U(z1 + ct,y)) = v(z1,y),

—00

locally uniformly with respect to (z1,y) € 99Q. Note that the right hand side does
not depend on x7.

Lemma 4.1. If \; v < 0, there exist a bounded piecewise smooth domain O C 2,
a constant k > 0, two functions V1, Vo € W1(0O) and two open sets O1, Oy such
that Oy U Oy = O,
VeeO, V(z):=max(Vi(x),Va(z)) >0, V=0 on 00NQ,
and, for o € {1,2}, V, € C*(0,) N C*(O,),
ze O, Vo(z)=V(z) = z€O,,

N N

eV, < =i 3 105Vl + 3 10Val +Vs) i O,

ij=1 i=1
0,V, <0 on 00, N ON.

Proof of Theorem 2.4. As usual, the existence of a unique solution to (5) with initial

datum ug follows from standard parabolic theory. Moreover, 0 < u < 8" in RT x ),

where S” := max{5, ||ug|| L~ (o) }. The function a(t,z1,y) := u(t, 1 +ct, y) satisfies

(52) Ot = Atu+ coru+ f(z1,y,a), t>0, 21 €R, y€w'(x1+ct)
Va(t,z1,y) -V (z1 +ct,y) =0, t>0, 21 €R, y € ' (x1 + ct),

together with the initial condition @(0,z) = ug(z).
Step 1: the function u satisfies

(53) tlim u(t,z) = U(z), locally uniformly in z € ,

where U = 0 if A\; y > 0, while U is the unique solution of (13) if A\; y < 0.

Let (tx)ken be a sequence in R such that limy_.. tx = +o0o. From parabolic
estimates it follows that the functions @(t + tx, x) converge as k — oo (up to subse-
quences) locally uniformly in R x € to some function u*(¢, ) which is a nonnegative
bounded solution of the parabolic equation in (41). Moreover, using (51) and esti-
mates up to the boundary of Q'; one can check that u* satisfies also the boundary
condition of (41). Hence, if A1 y > 0, Lemma 3.4 yields v* = 0, that is, (53) holds.
In the case A1, ny < 0, we want to show that (42) holds. To do this, we consider the
domains O1, Os, O, the constant k and the functions Vi, V5, V given by Lemma
4.1. We set e1 := (1,0,---,0) € RY. By (16) there exists to > 0 such that

Vi>ty, PO+ {cter})CQ, T(0ONN)+ {cte1}) C .
We introduce the function o(¢,z) : [tg, +00) x O — R defined by
(t,z) = a(t, U(x + cter) — ctey).
One can check that v solves a problem of the type

0,0 = tr(A(t,x)HO) + b(t,x) - VO + f(¥(x + cter) — ctey, D), t>ty, €O
B(t,z) - Vo =0, t > ty, x € 00N,
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(H? denoting the Hessian matrix of ¢ in the x variables) where the matrix field A
and the vector fields b, # depend on the Jacobian matrix and the vector Laplacian
of U1 at the point ¥(z + cter). Moreover, the following limits hold

tlg})lo |A(t, ) = I||z0) = 0, tlggo l|b(t, ) — cerll (o) = 0,

and, thanks to (51),
Hm (|5, ) = vl e (ponaq) = 0.
Take t1 > to large enough in such a way that, for o € {1, 2}, the following inequal-
ities hold in (¢, 4+00) x O
N N
—te(AHVy) —b-VVy < —LVy + fo(z,0)Vy + ﬁ( CAAESY |az-v,,|)
ij=1 i=1

< (fS(fEaO)_’f)Vd
< (fs(\lf(x + ctey) — cteq,0) — g) V.

Here, the last inequality is a consequence of (16) and the uniform continuity of
fs(x,0). Moreover, up to increasing ¢1, it is seen that

(54) Vi>t, ©€00,N0Q, P[t,x) VV, <O.

Therefore, as f(z,0) = 0 and s — fs(z,s) € C'([0,4]), uniformly in x, there exists
ks > 0 such that for any k € (0, k,] the function £V is a strict subsolution of the
problem solved by ¢ in (¢1,4+00) X O,. Let 7 > t; be such that the matrix field
A(t, x) is uniformly elliptic for ¢t > 7 and = € O and the vector field (¢, z) points
outside 2 for ¢ > 7 and x € 00N ON. Let k < min(ky, k2) be such that the function
U := kV satisfies
VeeO, Ux)<i(rz).

Assume by contradiction that 0(¢,z) < U(x) for some ¢ > 7 and x € O. Thus,
there exists a first contact point (¢, z) € (7, +00) x O between U and 9, i. e

Vtelrt), 2€0, Ulx)<itaz), Ulz) =itz

Therefore, there exists o € {1,2} such that (£, x) is the first contact point between
kV, and 0 in (1,4+00) x (O, U (00, N 00O)). If € O, then we get a contradiction
by the parabolic strong maximum principle. Hence, since kV, < U = 0 < v on
00 N Q, it follows that z € 00, N IN. Moreover, as ¢ 9O NS, we can find a
neighbourhood of z where O coincides with 2. In particular, the vector —j(t, z)
points inside O and then —3(¢, z)-(Vo(t, z) —kVV,(x)) > 0 because z is a minimum
point of @(t,-) — kV,, in O. This contradicts (54).
Step 2: for any sequences (t")nen in RT and ((z7, y™))nen in 2N Q" we have:

lim t" = lim 2] =400 = lim (u(t",2t,y") — U(a} —ct™,y™)) = 0.

n—oo n—oo n—oo
Assume by contradiction that the above property does not hold for some (t"),en
and ((z7,y"))nen. Hence, setting & := a2} — ct™ we get
limsup |a(t", &, y") = U(E",y")[ > 0.
n—oo

Suppose for a moment that (§),en is bounded. Then, using the uniform continuity
of 4 and U one can find another sequence (7™),ey in w such that

((€",n"))neny C K CC Q, limsup |a(t", &",n™) = UE",n™)| > 0.

n—oo
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This contradicts (53). The case of ({™),en unbounded can be handled exactly as
in the second step of the proof of Theorem 2.3.
Step 3: for any p > 0 the following property holds:

(55) tlim u(t,z1,y) =0 uniformly in 21 < p, y € W'(z1).
For 7 > 0 define
c
m(r):= sup wu(t,=7,y).
t>T1 2
yew (§7)

The uniform continuity of u and step 2 imply:

. . c . c
lim m(7r) = lim sup  u(t,=7,y) = lim sup  U(=7 —ct,y) =0,
T—+00 T—+00 t>T 2 T—+00 > 2
yew! (§1)Nw yew! (§7)Nw

where the last equality holds true because U(-, y) vanishes at infinity. Consider the
functions
0r(t7) = [Jull e xanet .
By the hypotheses on f, for 7 large enough the 6, are supersolutions of (5) in the
set t > 7, 1 < §7 and y € w'(x1). Moreover, 0.(7,2) > u(r,z) for x € Q' and,
setting
(1) 2 Il xory

T):=—=1In ,
¢ ()
vtenT o)l yew (5 Or(t5ry) = m(n) > ult 5ry).

Therefore, the comparison principle yields
c
Vie [TaT + §(7’)], 1 < 57—5 Yy € wl(xl)v u(t7$17y> < eT(tvxlay)'

Since ¢(7) goes to +00 as T — 400, for any h € N we can find 75, > 2p/c such that
¢(r) > h for 7 > 75,. Consequently, for t > 7, + h, taking 7 = t — h we see that
t € [r,7+¢(7)] and p < ¢7/2, which implies:

¢
Vo, <p, yew (), ult,z1,y) <0-(t,21,y) < |Jullpoo@exane 2"

Property (55) then follows from the arbitrary charachter of h.

Step 4: conclusion of the proof.
Note that if \; x > 0 then condition (16) and the uniform continuity of v imply that
the result of step 2 holds even if we drop the assumption (z,y"™) € 2. Therefore,
Theorem 2.4 part (i) follows from steps 2 and 3. Assume by contradiction that
statement (ii) does not hold. Then, there exist € > 0, (t")pey in RY, ((27,y™))nen
in € such that lim, .~ t" = oo and either

VneN, y'"cw, |ult"2l,y")—U(z} —ct" y")| >,

or
vy <e, VneN, af <~+t", wu(t", 2z, y") >e.
The first case is ruled out because the sequence (z7)nen is not bounded from above
- by step 3 and the last statement of Theorem 2.1 - nor unbounded from above -
by step 2. In the second case, step 3 implies that x7" — +o0o as n — oo. Hence,
owing to the uniform continuity of u, we can assume without loss of generality that
(xh,y™) € Q' NQ for n large enough. As a consequence, since z}" — ¢t — —o0 as
n — oo, we derive
lim inf (u(t", 27, y") — U(2z}] — ct™, y™)) = iminf u(t", 27, y") > &,

n—oo n—oo
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which is in contradiction with step 2. O

We now turn to the proof of Lemma 4.1. Let is first describe the ideas before
giving the technical details of the construction. We first define the function V; as the
principal eigenfunction of —£ in some bounded smooth domain O under boundary
condition of Robin type. The advantage of taking Robin boundary conditions is that
we obtain a function with negative normal derivative, which is useful for comparison
purposes. Using the fact that A\; y < 0, we are able to choose O and the boundary
condition in such a way that the associated principal eigenvalue A is strictly negative.
Hence, in the set where V; is bounded away from zero, we can take x small enough
such that

N N
—LVl = )\Vl S —H( Z |81JV1| + Z |81V1| + Vl)
i,j=1 i=1
The above inequality may fail when V; approaches 0, and this is why we introduce
the function V5. We want V5 to be positive in a bounded domain O O O, to vanish
on 00NN and to satisfy the above inequality together with 9, V2 < 0 at least in the
set where it is small. The differential inequality is obviously fulfilled by taking a
function of exponential type. The boundary condition is less easy to obtain because
it implies that at the “corners” O N QN O the vector field —v has to point inside
O (hence, we cannot take O = €, for some r > 0). This is achieved by taking O
to be the straight cylinder truncated by two “caps” - see Figure 1 - obtained as the
graph of a function £ satisfying £ = 0 and 9,,_¢ < 0 on dw (9,,, denoting the exterior
normal derivative to w). A simple way to find such a function ¢ is by solving the
Dirichlet problem —A¢ =1 in w, £ = 0 on dw. The functions that will be used to
define V7 and V5 are constructed in Lemma 4.2 and Lemma 4.3 respectively.

R R+~ R+2y T

FIGURE 1. construction of O

Lemma 4.2. If A\ y <0 then for any v > 0 there exist two constants R,h > 0, a
smooth domain O and a function ¢ € 02(5) such that Qr C O C QRr4~y, 0> 0in
Oou Qr and

—Ld=—h¢ inO

dyp <0 on 80 N AN

$p=0 on 0O\ 9N.



44 HENRI BERESTYCKI AND LUCA ROSSI

Proof. Fix~y > 0. By Proposition 1 there exists R > 0 such that A(R) < 0. Let O be

a smooth domain satisfying Qp /2 C Oc QpR4~. Consider a function ¥ € C*°(R)
such that

0<9<1 in R, Hx1) =0 for |z1| <R, Haxy) =1 for |a1| > R+ /2.

For any constant € > 0 let \* and ¢° be respectively the principal eigenvalue and
cigenfunction of —£ in O under the Robin boundary condition (1 — 9(z1))d,¢° +
(9(21) +€)¢* = 0 on O and normalized by [|¢7]| () = 1. That is, ¢* > 0 in O
and

—Lof = N¢° in O

(1 = 9(21))d,¢° + (9(z1) +€)¢° =0 on JO.

Note that the above boundary condition is well defined and is of Robin type be-
cause, if ¥(x1) < 1 for some (z1,y) € OO, then |z;| < R+ /2 and consequently
(x1,y) € 00 and v(z1,y) coincides with the outer normal to O. The existence
of such eigenvalues and eigenfunctions follow in a standard way from the Krein-
Rutman theory (because £ and O are smooth). We claim that A* < 0 for ¢ small
enough. To prove this, we show that A\* — \? as ¢ — 0" with A\g < A(R). Assume
by contradiction that there exists € > 0 such that A*> < A(R+2v). By Hopf’s lemma

the eigenfunction ¢ g9, associated with A(R + 27) is strictly positive in O. Define

£
k = max ¢ .
o PR+2y
The function w := kpgryoy — ¢° vanishes at some point z* = (z},y*) € O and

satisfies w > 0 and (£ + A)w < 0 in O. Moreover, for any (x1,y) € 9O such that
J(xz1) =1 we see that

w(ry,y) = koryay(z1,y) > 0.

Hence, the strong maximum principle implies that z* € 00 and dz}) < 1. Asa
consequence,

Haxf) +e

ajw(‘rs{vy*) = - V¢€(x1<7y*) = 1— 19(3:*)
1

¢°(a1,y") 20,

which is in contradiction with the Hopf lemma. Therefore, the A are bounded from
below by A(R + 2v). A direct application of the strong maximum principle shows
that they are bounded from above by the Dirichlet principal eigenvalue of —L in
any domain A CC O. Hence, from any positive sequence (&, )nen converging to
0 one can extract a subsequence (e, )reny such that (A°7r)ren converges to some
A* € R. Using Schauder’s estimates up to the boundary and the Arzela Ascoli

theorem we see that (up to subsequences) the ¢°"+ converge as k — oo in C?(0)
to a non-negative nontrivial solution ¢* of

—Lo* = N\ ¢* in O
(1 —9(x1))0,0* +¥(z1)p* =0 on 00.

Thus, ¢* > 0 in o by the strong maximum principle and then the uniqueness of the
principal eigenvalue of —£ in O under Robin boundary condition yields A\* = \°.
This shows that the A° converge to \° as e — 0. To check that A’ < A(R) one
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uses the same contradictory argument as before: suppose that A\ > A(R) and set
w = k¢’ — g, with

PR
k := max —.
ar ¢°

Note that 9,¢° = 0 on [~ R, R] x Ow and then ¢ > 0 in Qg by Hopf’s lemma. The
points where w vanishes do not lie neither on {+R} x @, because pr = 0 there, nor
in Qg due to the strong maximum principle. Neither do they lie on (—R, R) X dw
due to Hopf’s lemma. This yields a contradiction and the claim is then proved.
Thus, we can chose ¢ > 0 small enough in such a way that the function ¢ := ¢*
satisfies —L¢ = —h¢ in 5, where h := —X® > 0. The Hopf lemma implies that
¢ > 0in Qp. Hence, it only remains to check that ¢ satisfies the desired boundary
conditions. The negativity of 9, ¢(x1,y) for (x1,y) € 0ONIN follows from the Hopf
lemma, if ¢(x1,y) = 0, and from equality

(1 =9(21))00¢ + (9(z1) + )¢ = 0,
if ¢(z1,y) > 0. If (21,y) € DO\ then, necessarily, |z1| > R+ /2. Consequently,
Y(z1) =1 and then ¢(x1,y) = 0. O

Lemma 4.3. There exist two functions ¢ € C?*@), x € C%*(Q) and a positive
constant € satisfying

E>0 nw, E=0 and 0,,£ <0 on Jw,
xE&W),y) =0 foryecw, x(w1,y) >0 for x1 <&(y), y €W,

N N
—Ax + c|Orx| + [ £5( 0) | e o) x < —5( Z |03 x|+ Z |0ix| + X) in
ij=1 =1

9y x(0,y) <0 fory € dw.
Proof. Consider the solution ¢ € C?(@) of the Dirichlet problem
—Af=1 inw
£E=0 on Jw.

The weak and strong maximum principle imply that & > 0 in w and the Hopf
lemma that 0,,6 < 0 on Ow. Consider a constant § > 1 large enough to have
—B2+ B+ cf+ || fs(-,0)|[L=(2) < 0. Then, define the function xy : @ — R by
x(z1,y) = efEW=21) _ 1. By computation,

—AX + c|oix| + £, 0) [ o)X < (=87 + B+ B+ [ £5(-, 0) ]| L () EW =70

Since there exists a positive constant C' such that

N N
Vi(eny) €9 D 10ux]+ Y 10ix] + x < €2l EW ),

ij=1 i=1

we can choose € > 0 in such a way that

N N
—Ax +cloix| + [ fs(, 0)[ @)X < —5( > 10X+ loix] + X) in Q.

ij=1 i=1
Furthermore,

Vyedw, d,x(0,y)=p80,5~E»y) <o.
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Proof of Lemma 4.1. Consider the functions &, x and the constant e given by
Lemma 4.3. There exists v > 0 such that d,x < 0 on [-2v,0] x Ow. Let R, h, O
and ¢ be the constants, the domain and the function given by Lemma 4.2 associated
with «v. We define O in the following way:

O:={(r1,9) €Q : 11| <R+2y+&(y)}-
Take k& > 0 small enough in such a way that

kmax x(—27,y) < min¢.
yew Qr

Then, we define V; := ¢ in (5, extended by 0 outside (5,

Va(a1,y) = kx(—2v,y) if (x1,y) € QR_
s kx(lz1] — R —2v,y) if (21,y) € O\Qp.

O1:={z€0 : Vi(z) > %‘/Q(I)}, Oy == 0\Qpg.

Note that V5 > 0in O and 9,V5 < 0 on 8(9%0 0. Moreover, since O C O and Vy
is bounded from below away from zero in O C Qr,, it follows that infp, V1 > 0.
Thus, it holds true in O, that

LV < —-hVp < —h i(;)lf V1 <O.
1

It is then possible to find a positive constant k < € such that

N N
—LVi < —h( Y 105Val + D10 Vil+ Vi) in O,
i,j=1 i=1
The proof is thereby complete. O

5. THE LATERAL-PERIODIC CASE

Henceforth, for every @ € N and r > 0, B stands for the ball in R¥ centred at
the origin with radius r, and B, := BY. Other notations used in this section are:

Lw = Aw+ ce-Vw+ fs(z,0)w,
A =M (—L,RY),
C = — lim sup fs(27y70)7

700 |z|>r
yeRP

Vr>0, O,:=BMxR",

In Section 5.1, we introduce the lateral-periodic principal eigenvalues Ay i(r) of
an elliptic operator —L in the domains O,, under Dirichlet boundary condition on
00,. and periodicity condition in the last P variables. Then, we show that as r — oo
the A1 (r) converge to a quantity that we call Ay ;(—L,RY).

Let us explain why we need to consider both Ay and A1 ; := Ay ;(—£,RY). The
negativity of A\, yields the existence of a lateral-periodic subsolution V to (23)
which is as small as we want. This function allows one to prove the existence
of a travelling wave, but not to derive the large time behaviour of solutions u to
(1), because we cannot put V. below u(1,z). Instead, the subsolution U one can
construct when \; < 0 is compactly supported and then we can put it below u(1, z)
and derive Theorem 2.6 part (ii). For similar reasons, we use A\; instead of A1 ; to
prove the uniqueness of travelling wave solutions. On the other hand, we make use
of the lateral periodic principal eigenfunction x associated with A;; to derive the
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nonexistence result for travelling waves when A ; > 0, because it satisfies the needed
property infp, x > 0 for any r > 0, while the principal eigenfunction associated with
A1 does not. Thus, a crucial point to prove our main results consists in showing
that A; and A; ; have the same sign. Actually, using a general result for self-adjoint
operators quoted from [7], we will show that they coincide.

5.1. The lateral-periodic principal eigenvalue. Here, L denotes an elliptic op-
erator of the form

Lw := 0;(a;j(x)0;w) + Bi(x) 0w + vy(x)w,

where (a;5);; is an elliptic and symmetric matrix field with Lipschitz continuous
entries and f3;,y are bounded. We further require that a;;, 3;,y are lateral-periodic,
that is, they are periodic in the last P variables, with the same period (I1,--- ,lp).
We remark that, through a regularizing argument, one can prove that the results
of this section hold for more general elliptic operators in non-divergence form.

First of all, we reclaim some properties of A;. A basic result of [4] is that if
O is bounded and smooth then A\ (—L, Q) coincides with the Dirichlet principal
eigenvalue of —L in O, that is, the unique real number A\ such that the problem

—Lp=Xp a.e.in O
{ ¢o=0 on 00

admits a positive solution ¢ (called Dirichlet principal eigenfunction, which is unique
up to a multiplicative constant). Another result we will use is

Proposition 4 ([4] and Proposition 4.2 in [2]). Let O be a general domain in RN
and (O™)nen be a sequence of domains such that

orcortt,  |Jor=o.
neN
Then, A\i(—L,0™) \, A\i(—L,0) as n — oo.

Next, we consider the eigenvalue problem with mixed Dirichlet/periodic condi-
tions.

Theorem 5.1. For any r > 0 there exists a unique number Ay ;(r) such that the
eigenvalue problem

—Lxr = A1(r)xr a. e. in O,
Xr=0 on 00,
Xr 18 lateral-periodic

admits a positive solution. We call M1 ;(r) and x, (which is unique up to a multi-
plicative constant) respectively the lateral-periodic principal eigenvalue and eigen-
function of —L in O,..

Proof. Define the Banach space
X, ={peCY0,) : ¢=00n00,, ¢ is lateral-periodic},

equipped with the W°°(0,.) norm. Set M := L —d, with d large enough such that
the associated bilinear form is coercive on the space of lateral-periodic functions ¢ €
HY(BM x (0,11) x - x (0,1p)) satisfying ¢ = 0 in H'/2(OBM x (0,11) x - --x (0,1p)).
Then, the result follows from the Krein-Rutman theorem (as in the proof of Theorem
3.1 in the appendix, but now we do not have the problem of non-smoothness of the
boundary). O
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Proposition 5. The map r — A1 (1) is decreasing and, asr goes to infinity, A (r)
converges to a quantity that we call Ay ;(—L,RY).

Furthermore, there exists a lateral-periodic principal eigenfunction associated
with \11(—L,RY), that is, a lateral-periodic positive function x such that

—Lx = Mu(—L,RY)x a. e inRY.

Proof. We follow the same arguments as in the proof of Proposition 5 in [2]. Let
0 < 71 < re. Owing to the lateral-periodicity of the principal eigenfunctions x,,
and x,,, there exists £ > 0 such that kyx,, touches from above x,, at some point in
Ory. I A1 (1) < Aqi(re) then the function w := kx,, — x», satisfies

—Lw > A (r)w  a.e. in O

Thus, the strong maximum principle yields w = 0, which is impossible. Again by
the strong maximum principle, we immediately see that Ay ;(r) > —supy v, for
any r > 0. Hence, the quantity

AM(—L,RY) == lim Ap(r)

T—00

is a well defined real number.

Let us show the existence of a lateral-periodic principal eigenfunction associated
with A1;(—L,RY). By Harnack’s inequality, the family (x,)->0, normalized by
x(0) = 1, is uniformly bounded in any compact subset of R™. Then, interior elliptic
estimates and embedding theorems imply that, up to subsequences, the x, converge
as r — 00, locally uniformly in RY, to a function x satisfying —Lx = Ay ;(—L, RY)x
a. e. in RY. Moreover, y is lateral-periodic, satisfies x(0) = 1 and it is strictly
positive by the strong maximum principle. O

As for the Neumann principal eigenfunction in Proposition 1, the function y is
not unique a priori.

In order to compare A; and Aq;, we consider another notion of generalized prin-
cipal eigenvalue of —L in a domain O:

(56)
N (~=L,0) :==if{\ : 3¢ W2N(O)NL®(O), ¢ >0and — (L+\)¢ <0in O,
peWH*(ONB,), Vr>0, and ¢ =0 on 9O if IO # 0}

We quote from [7] the following result about self-adjoint operators:

Theorem 5.2 ([7]). If O is smooth and L is self-adjoint (i. e. b; = 0) then
)‘Il(_Lvo) = Al(_Lvo)'

Proposition 6. If L is self-adjoint then Ay (—L,RY) = A\ (—L,RY).
Proof. Let r > 0. Taking ¢ = x, in (24) and (56) we see that
M(=L,0,) < Ai(r) < \(=L,0,).

Hence, Theorem 5.2 yields A (r) = A1(—L, O,). The statement then follows from
Propositions 4 and 5. 0

Remark 5. If L is not self-adjoint equality need not hold between Ay ;(—L,RY)
and A\ (—L,RY). Indeed, consider the lateral-periodic (with P = 1) operator

Lu(z,y) = Au(z,y) +20yu(z,y),  (z,y) ERxR.
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For any r > 0, the function x,(z,y) := cos(g-2) is the lateral-periodic princi-
2

pal eigenfunction of both —L and —A in O,, with eigenvalue 7. Therefore,

Mi(=L,R?) = A\ (~A,R?). On the other hand, for any ¢ € W2 (R?), it

holds true that A(¢e¥) = (L¢ + ¢)e¥. Hence, by the definition (24) we see that
A (—L,R?) = X\ (—A,R?) + 1. Proposition 6 then yields
Mi(—L,R?) = A (—A,R?) = A\ (—=A,R?) = A\ (—L,R?) — 1.

From now on, A1 ;(r) and x, will always denote the lateral-periodic principal
eigenvalue and eigenfunction of —£ in O,. We further set A; ; := Ay (=L, RY) and
we denote by y an associated lateral-periodic principal eigenfunctions (cf. Proposi-
tion 5). In order to show that A\; ; = A;, we make the usual Liouville transformation

which reduces (23) to a problem whose linearized operator is self-adjoint. Then, we
apply Proposition 6.

Proposition 7. If f satisfies (18) then A\ = A1.
Proof. For any ¢ € WliCN (RY) the following property holds:
(L(ge™ i) = Lo,
where Lw := Aw + (fs(z,0) — ¢2/4)w. It follows that the operators £ and £ have
the same lateral-periodic principal eigenvalues Ay ;(r) in €, for » > 0, and, by
definition (24), that A;(—£,RY) = \;. Propositions 5 and 6 then yield
M= M (=L,RY) = X\ (—L,RY) = lim Ay y(r) = Ay
O

5.2. Travelling wave solutions. Arguing as in Section 3.3, one can show that so-
lutions U(z, y) to (1) decay exponentially in z. Now, the Liouville transformation re-
ducing (61) to a problem with self-adjoint linearized operator is V() := U(x)e3®"¢.
We omit the proofs of the next two results because they are essentially the same as
those of Lemma 3.2 and Proposition 3 respectively.

Lemma 5.3. LetV € Wﬁ)cN (RN) be a positive function satisfying, for some~y > 0,
AV
sup  V(z,y)e V1 < o0, lim inf AV(zy)
(2,9)€RN 2[—o0 V(2,9)
uniformly in y € RY. Then,
lim V(zy)eV7? =0,

|z| =00
uniformly in y € R,

Proposition 8. Let U be a solution of (23) and assume that (18), (19), (21), (22)
hold. Then, there exist two constants h, 3 > 0 such that

V(z,y) e RN, U(z,y) < he Pl
We can now derive the comparison principle.

Theorem 5.4. Assume that (18), (19), (21), (22) hold. Let U, U € W2N(RN) be
two nonnegative functions satisfying
—AU —ce-VU < f(z,U), ~AU —ce-VU > f(x,U), for a. e. x € RN,
Vr >0, i(IQlfU >0, lim U(z,y) = 0 uniformly in y € RY

|z|—o0 ™
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and for any p > 0 there exists C, > 0 such that
(57) Vyo € RY, [[Ullw2~ (8,050 + 1T lw2v (8,0,40) < Cps
Then U < U in RV,

Proof. First note that, by the embedding theorem, condition (57) yields U,U €
CO(RN)N L>=(0,), for any r > 0. For £ > 0 define

k() :=inf{k >0 : kU > U —¢ in RV}

(the above set is nonempty by the hypotheses on U and U). Clearly, & +— k(¢) is
nonincreasing. Furthermore, for ¢ € (0,sup U), the function W¢ := k(e)U — U + ¢
is nonnegative and there exist a bounded sequence (z%)nen in R and a sequence
(Y )nen in RY such that
Jim W (25, 9,) = 0.

We use the lateral periodicity of f and condition (57) to reduce to the case where
the minimizing sequence is bounded: let (¢Z),en be the sequence in Zl; x - -+ X Zlp
such that 7% := y5 — 5 belongs to [0,1;) x - - - x [0,1p). For n € N define U,,(z,y) :=
U(z,y+qn) and U, (2,y) :== U(z,y + @,). As f is lateral-periodic, these functions
satisfy the same differential inequalities as U and U respectively. By (57), as n — 0o
and up to subsequences, U, — U_ and U,, — U locally uniformly in RY | where
U, and U, satisfy the same hypotheses as U and U respectively. Therefore,
denoting (z(g),y(g)) the limit of (a subsequence of) ((z,7n5))nen, we find that the
function W, := k(e)U s — U + ¢ is nonnegative and vanishes at (z(¢),y(¢)). Note
that y(e) are bounded with respect to €. The result then follows exactly as in the
proof of Theorem 3.3. O

Proof of Theorem 2.5.

Step 1: existence.
If Ay < 0 then by Proposition 4 there exists R > 0 large enough such that
A (=L, Br) < 0. We recall that, as Bg is bounded and smooth, A\ (—L, Br) coin-
cides with the Dirichlet principal eigenvalue of —£ in Br. That is, there exists a
function ¢ which is positive in Br and satisfies

—L¢r = M (—L,Br)¢r a.e.in Bp
¢R =0 on 8BR

For k € R and for a. e. x € Bg we see that

—A(kopr) —ce-V(kdr) — f(x,kpr) = (fs(x,0) + \Mi (=L, Br))kdr — f(z,kdR).

Then, owing to the C* regularity of f(z,-), there exists xo > 0 such that for any
0 < k < Ko the function k¢g is a subsolution to

(58) AU +ce- VU + f(z,U) =0 a. e. in Bpg.

Hence, the function U equal to ko¢r in Br and extended by 0 outside By is a
generalized subsolution of the elliptic equation in (23). Since by (20) the function

U := max{5, rol|¢rll>(Br)}
is a supersolution of the same equation, a standard iterative method implies the
existence of a solution U < U < U. The function U is strictly positive by the strong
maximum principle and then it solves (23). Assume by contradiction that A\ > 0
and (23) admits a solution U. Let x be a lateral-periodic principal eigenfunction
associated with Ay ; (cf. Proposition 5) normalized in such a way that x(0) < U(0).
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If we show that the hypotheses of Theorem 5.4 are satisfied by U := U and U := y;,
we would get the following contradiction: U < x. Proposition 8 yields
lim U(z,y) =0 uniformly in y € R,

|z| =00
while A; ; > 0 and condition (21) imply that x is a supersolution of (23). The other
hypotheses are immediate to check.
Step 2: uniqueness.

It follows from the comparison principle, Theorem 5.4, provided that we show that
any solution U to (23) satisfies the hypotheses on both U and U there. All conditions
are immediate to check (the decay of U(z, y) with respect to z is given by Proposition
8), except the following one:

(59) vr >0, iélfU>0

(note indeed that we do not assume a priory that U is lateral-periodic). The exis-
tence result implies that if (23) admits a solution U then A\; < 0. In order to prove
that U satisfies (59), fix > 0 and consider the same constants R, k¢ and function ¢
as in the first step. It is not restrictive to assume that B D Eiw x[0,11]x---x[0,1p].
For any q € ZI; x --- X Zlp define

. Uz,y+q)
K = 1nf —_—.
(@) (zw)eBr  Or(2,Y)

Hence, k(q)or(z,y) < U(z,y + q) for (z,y) € Br and, as ¢r = 0 on OBg, there
exists (zq4,yq) € Br such that k(q)dr(z¢.yq) = Ulzq,yq + q). If k(q) < ko for
some q € Zly X -+- x Zlp, then U(z,y + q) and k(q¢)pr(z,y) would be respectively
a solution and a subsolution of (58) and then they would coincide in Bpr by the
strong maximum principle. This is impossible because ¢r = 0 on 0Bgr. Therefore,

VqeZly x---xZp, (2,y) € Br, U(z,y+q) > k(q)or(z,y) > kodr(z,v).

Since ¢ has a positive minimum on Ei\/[ x [0,11] x -+ x [0,lp] C Bg, (59) follows.
The lateral-periodicity of the solution to (23) follows from the uniqueness result. [

5.3. Large time behaviour. Once we have proved Theorem 2.5, Theorem 2.6
follows essentially from the same ideas as Theorem 2.2. Thus, we will skip some
details.

Proof of Theorem 2.6. The function a(t,z) := u(t,x + cte) satisfies
0<@<S :=max{S,|lug|p~(n} inR" xRV,

where S is the positive constant in (20), and solves

(60) Oyt = Al + ce - Vi + f(x, ), t>0, zeRY,

with initial condition @(0,z) = wug(x). Let w be the solution to (60) with initial
condition w(0,x) = S’. The comparison principle implies that w satisfies @ < w <
S’, is nonincreasing in ¢ and, as t — oo, converges locally uniformly in RV to a
nonnegative bounded solution W of

(61) AU 4ce-VU + f(z,U)=0  a.e. in R,

Since w(t,x) is lateral-periodic in x by uniqueness, it follows that W is lateral-
periodic too and that

(62) Vr>0, lim sup (a(t,z) — W(z)) < lim sup (w(t,z) — W(z)) =0.

—0 2€0, =0 20,
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Step 1: the function u satisfies

lim a(t,z,y) =0 uniformly in y € RY.
min(t,|z|)—o0

As @ < w, it is sufficient to show that the above property is satisfied by w. The
advantage is that w is lateral-periodic. Suppose that there exist € > 0, (¢, )nen in
Rt and ((2n, yn))nen in RY such that

lim ¢, = lim |z,| = oo, VneN, wty,zn, Yn) > €.

n—oo n—oo
It is not restrictive to assume that (yy,)nen is bounded. Thus, we get a contradiction
by arguing as in the step 2 of the proof of Theorem 2.2.

Step 2: conclusion of the proof.

In the case A; > 0, the function W can not be strictly positive by Theorem 2.5.
Hence, the strong maximum principle yields W = 0 and then statement (i) follows
from (62) and step 1. Consider the case A; < 0. We know that, for R large enough
and £ small enough, the function k¢p is a subsolution to (58) (see the proof of
Theorem 2.5 above). Hence, for £ small the function

(2) = { kor(z) x € Bgr

1=

0 otherwise.

is a subsolution of (61) and satisfies U(z) < @(1,z) in RY. Let v be the solution
to (60) with initial condition v(0,z) = U(z). Then, 0 < v(t,z) < a(t + 1,z),
v(t,x) is nondecreasing in t and, as t — oo, converges locally uniformly in RV to
a nonnegative bounded solution V' of (61) satisfying U < V' < W. Therefore, the
strong maximum principle yields 0 < V' < W and then both V and W coincide
with the unique solution U to (23). By (62) we then infer that, as t — oo, a(t, )
converges to U locally uniformly in z € RY. Assume by contradiction that there
exist € > 0, (tp)nen in RY and (2, Yn)nen in RY such that (y,)nen is bounded,
lim ¢, = oo, VneN, |utn,2znYn) — Ulzn,yn)| > €.

n—oo

Owing to the local uniform convergence of 4, we necessarily have that the sequence
(zn)nen diverges. Hence, step 1 and Proposition 8 yield a contradiction. It only
remains to show that if ug is either lateral-periodic or it satisfies (25) then

(63) tlim a(t,z) = U(z) uniformly in z € RY.

By Propositions 5 and 7 there exists p > 0 such that A\ ;(p) < 0 (we recall that
A1,1(p) denotes the lateral-periodic principal eigenvalue of —£ in O, and x, the
associated eigenfunction). With usual arguments, one sees that the function

~ | Exp(z) z€0,
U(z) := { 0 otherwise.

is a subsolution to (61) for k£ small enough. Moreover, if (25) holds then we can
chose £ in such a way that U < ug. On the other hand, if ug is lateral-periodic then
a(t, x) is lateral-periodic in = and then, as it is positive for t > 0, U(z) < a(1, )
for k small enough. In the first case we define ¥ as the solution to (60) satisfying
#(0,2) = U(x), while in the second as the solution to (60) for ¢t > 1 satisfying
#(1,x) = U(z). In both cases, the maximum principle implies that (¢, z) < (¢, x)
for t > 1, € RY and that ¥ is nondecreasing in ¢ and lateral-periodic in 2. Then,
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as t — oo it converges to the unique solution U = W to (23) uniformly in O,., for
any r > 0. Therefore, (62) yields
U(z) = tlim o(t,x) < tlim a(t,z) < tlim w(t,z) = Ulx),

— 00

uniformly in 2 € O,, for any r > 0. Step 1 and the decay of U then imply (63). O

6. BEHAVIOUR NEAR CRITICAL VALUE

Bifurcation results of the type of Theorem 2.7 have been proved by Crandall
and Rabinowitz [8] in very general frameworks. However, we will not make use of
the abstract result of [8], but rather give a direct proof. Indeed, to check that its
hypotheses are satisfied in our case requires essentially the same work as the direct
derivation of Theorem 2.7 which we give here.

In order to prove statement (ii) of Theorem 2.7 we make use of the fact that the
generalized Neumann principal eigenvalue A1y is simple when ¢ = ¢y (i. e. when
A1,y = 0). This type of property, which follows directly from the Krein-Rutman
theory in the case of the principal eigenvalue of an operator in a bounded smooth
domain, is not true in general for unbounded domains. Thus, this part is rather
delicate. It holds here because of the additional property that the zero order term of
L is negative at infinity, cf. condition (12). We prove this result in [7] by first showing
that there exists a generalized principal eigenvalue which vanishes at infinity and
then using a comparison result of the same type as Theorem 3.3 here.

Theorem 6.1 ([7]). Let L be the operator defined by Lw = Aw+ G(x)-Vw+v(z)w,
with B,y € L>(Q). If
A N(=L, ) < — lim sup ~(z1,y),
r—00 ‘myle‘zT
then the generalized Neumann principal eigenfunction of —L in Q (i. e. positive
solution of (34)) is unique up to a positive multiplicative constant.

The reader is referred to [7] for the details of the proof.

Proof of Theorem 2.7. (1) Assume by contradiction that there exist € > 0 and two
sequences (¢ )nen in (0,¢) and ((27,4™))nen in Q such that

lim ¢, = ¢y, U (z7,y") > €.

n—oo
We know that 0 < U < S, where the second inequality - with S given by (10)
- follows from Theorem 3.3. By elliptic estimates and embedding theorems (a
subsequence of) the sequence (U°"),en converges uniformly in €., for any r > 0,
to a nonnegative bounded solution U* of

AU* 4+ cg01U* + f(z,U*) =0 a.e.in
0,U*=0 on 02

Since U* is not strictly positive by Proposition 2 and Theorem 2.1, the strong
maximum principle yields U* = 0. Hence, the sequence (z7),¢cn has to be divergent.
It is not restrictive to assume that

C n n C 1
VneN, U™(z7,y") > ”URHLOO(Q)_E'
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Define U, (x1,y) := U (x1 + 27,y). By (9), (11) and (12), the U,, converge (up to
subsequences) uniformly in Q,, for any r > 0, to a nonnegative bounded function
U satisfying
AUy + 001 Us > (Uy  a. e.in Q
{ 0,Uso =0 on 0f)

Moreover, if 7 € @ is the limit of (a subsequence of) (y")nen, we see that

Uso(0,7) > e, Uso(0,n) = limsup |Un|| 1<) = 1Usoll L (02)

that is, Us has a positive maximum at (0,7). This is impossible due to the strong
maximum principle and the Hopf lemma.

(i)
The proof is divided into three sub-statements. Let 0 < ¢ < ¢y be such that
> ¢ — ¢ For ce (¢ ) set We:=U°/||U|| -

Step 1:

lim W€¢x1,y) =0 uniformly with respect to y € w and ¢ € (¢, ¢p).

|z1[—00
The function V¢(zy,y) := W¢(z1, y)es®! satisfies
fla,y, Uz, y))ez™ ¢

AVE 4+ a ——V¢=0 fora.e. (r1,y) €Q
U] Lo () 4

oV =0 on OS2

0<V(zy,y) <ez™ in §2.

We want to apply Lemma 3.2 showing that the V¢ decay exponentially uniformly
2
with respect to ¢ € (¢,cp). Set 7y := Gf% and € 1= % and let & > 0 be such that
fs(z,0) < =3 for a. e. z € Q\Qp. By (9) and (11) we get
AVe(x) c?

for a. e. z € Q\Qg, Vew) Z_fS(x7O)+Z > %C_;_

=<
4

=7v+e.

Moreover, Vc(xl,y)e_\ﬁ‘”“‘ < 1 in Q. Hence, as we have seen in the proof of
Lemma 3.2, it follows that V¢(z1,y) < eVt Re=vatelzil for || > R. As a
consequence,

Vee (), (z1,y) €Q, W (x1,y) < CeE VDIl < 0T =Vl

Step 2: For any sequence (¢, )nen in (0, ¢g) converging to ¢o there exists a subse-
quence (¢, )gen such that (W ),cn converges uniformly in €2 to a positive solution
of (26).

Let (¢n)nen be a sequence in (0, ¢p) converging to ¢o. Owing to step 1, there exists
a bounded sequence (2, )nen in € such that W (z,) = 1. Let (2, )ren be a sub-
sequence converging to some & € Q. We set for brief Wy := W, By (i), we see

that AW, W, Ue
. +c . T, U™k
klggo k W:k 17k klingo @, U) o ) = fs(=,0),
uniformly in z € Q. Thus, usual arguments imply that as k — oo the W}, converge
(up to subsequences) uniformly in €,, for any > 0, to a positive solution ¢ of
(26). Again by step 1, ¢(z1,y) converges to 0 as |x1| — oo uniformly in y € w and
then the Wy converge to ¢ uniformly in Q.
Step 3: The eigenvalue problem (26) admits a unique positive solution.

In the previous step, we have explicitly exhibited the existence of a positive solution
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0 (26). Let L = A+ cgd1 + fs(x,0). By the definition of ¢y (see Section 3.2) we
know that Ay y(—L,Q) = 0. Thus,

0=XMnN(—L,Q) <—lim sup fs(z1,9,0),

r—00 ‘21‘>7,
and then Theorem 6.1 implies the uniqueness of the positive solution of (26). O

7. L' CONVERGENCE
We first derive the following result for linear parabolic problems.

Lemma 7.1. Let £ € (Rt x Q) satisfy
lim sup &(¢,x1,y) <O0.

r—00 >0
|zq|>r
YyEw
Let w(t, z) be a nonnegative bounded solution of
ow = Aw + corw + E(t,x)w, t>0, z€N
d,w(t,x) =0, t>0, z e,

such that w(0,-) = wo € L (Q) and
Ve, tlim w(t,z) = 0.

(64)

Then,
J flw(t, )L e) =0
Proof of Lemma 7.1. By hypothesis, there exist R, > 0 such that
Vi>0, 2€ NQg, &t,z) <—p.
We set
P:=0;—A—co + 7, g(t,x) := (&(t, z) + B)w(t, ).
From the superposition principle it follows that w = wy 4+ w2, where wy, wsy satisfy
Pw; =0, t>0, x€0 Pwy =g(t,z), t>0, 2€Q
dywy =0, t>0, z €09, O,wy =0, t>0, z €0,
and wi (0,2) = wo(x), w2(0,2) = 0. The function vy (t,z) := wy(t,2)e’* satisfies
O = Avy + cdyvr in RT x Q. Hence, it is easily seen that
Vt>0, [vi(t, )= < llwollze), lvilt, )z < llwollzia)
(a way to prove the second inequality is by applying the maximum principle to the
functions v (¢, p) == [ [ vi(t,z1+ p,y) dy dxy, which satisfy 9,0} = 0,0} + 0,0}
for t € R, p € R and which are less than |Jwo|lp1(q) at time t = 0). As a
consequence,
Qi flws (¢, )| Lo @) = Jim [Jwr ()] 2y @) = 0.
Define the function

llgll 00 -+ —etVe2+ap .
> @t x9) o 2 (x1+R)  if r1 < —R

G
v(z) = ”g”mow if —R<zi <R
lgll oo ot sy —e=N/FEIB ()
Sl === (B if gy > R,

By computation, one sees that the constant function ||g|| e+ x)//3 is a supersolu-
tion of the problem satisfied by wq and that (¢,21,y) — v(z1) satisfies Pv =0 > g
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in Rt x (Q\Qgr). Thus, the comparison principle implies that we < v in R* x Q.
Since (z1,y) — v(z1) € LY(Q) and
Ve, hm wy (t,7) = lim (w —wy)*(¢t,z) =0,

t—o0 t—o0

the Lebesgue theorem implies that wy (t,-) converges to 0 in L'(2) as t — oo. The
proof is thereby complete, because 0 < w = wy + wo < wy + w;. 0

The L' convergence of u to 0 as t — oo when A1,n > 0 immediately follows by
applying Lemma 7.1 to the function (¢, z1,y) := u(t,z1 + ct,y). When A\ y < 0,
it would be natural to apply the same argument to the function @ — U. This is
not possible because w — U is not nonnegative in general. For this reason, we
will introduce two functions u, @ converging to U as t — oo and satisfying u <
min(a,U), u > max(u,U) and then we will apply Lemma 7.1 to U — u and u — U.

Proof of Theorem 2.8. Let u be the solution of (3) with u(0,2) = ug(z). The
function a(t, z1,y) := u(t,x1 + ct,y) solves (45), with initial datum wg. If Ay vy >0
then, owing to Theorem 2.2 part (i), we can apply Lemma 7.1 with w = @ and
€ = f(x,a)/u (£ fs(x,0) by (9) and (11)) and infer that a(¢,-) — 0 in L1(2) as
t — oco. Assume that A\ v < 0. Let @ be the solution of (45) with initial datum
(0, 2) = max(ug(z),U(x)). Applying Theorem 2.2 to the function u(t,x; — ct,y)
we find that w(t, ) — U(z) as t — oo, uniformly with respect to z € 2. Moreover,
the parabolic maximum principle yields

Vit>0, €, u(tx)>max(u(t,z),U(x)).
Hence, the function w(t, z) := u(t,z) — U(z) is a nonnegative bounded solution to
(64), with

g0 = LD T2 D),

and w(0,z) < ug(x) € L'(Q2). By (9) and (11) we infer that

f(‘rvU)ﬂ/U_f(va) _ f(va)
u—U U

Vi>0,2€Q, &tz <

< fs(@,0).
Therefore, Lemma 7.1 implies
Jm [a(t,) = Ullr ) = 0.
Let u be the solution of (45) satisfying u(0, ) = min(ug(z),U(x)). Then,
V>0, x€Q, u(t,x)<min(u(t,x), U(z)).
Applying Lemma 7.1 with w =U —w and £ = (f(z,U) — f(z,u))/(U — u) we get
(| = u(t, )@y = 0

(note that w(0,z) < U(z), which belongs to L'(2) by Proposition 3). This con-
cludes the proof, because u < u < w. OJ

Remark 6. If the initial datum ug does not belong to L'(2) then the convergences
in Theorem 2.2 do not hold in general in the L' sense. As an example, the function

1
t =
u(t,) = g
is a solution of (3) with f(z,s) = —s — s? and initial datum up = 1. As t — oo,
u(t,-) converges to 0 in L>°(€) but not in L'(Q).
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Proof of Theorem 2.9. The result follows from the same ideas as before, with some
minor changes that we briefly outline here. Indeed, owing to the uniform conver-
gence of u(t, x) to 0 as ¢ — oo given by Theorem 1.3 in [6], one can prove Theorem
2.9 by establishing an analogous result to Lemma 7.1.

In the whole space, the analogue of Lemma 7.1 is obtained by replacing by RY
and assuming that £ satisfies

To prove it, one uses again the superposition principle, writing w = w; + wa, but
then considers a different function v than that one introduced in the proof of Lemma
7.1

H!]HLDO(R+ xRN )

if x € Bp

B
HgHLm(ﬁR+XRN)65(R*‘zD if{EGRN\BR,

v(x) ==

where ¢ is chosen in such a way that Pv > g in RV\Bg (recall that g(t,z) < 0
for |z| > R). Hence, by comparison, wy < v and then the Lebesgue theorem yields
limy o0 wy (t,-) = 0 in LY(RY). O

Let us mention that the arguments in the proofs of Theorems 2.8 and 2.9 allow

one to prove that, in the lateral periodic case, the convergences of u given by
Theorem 2.6 also hold in L}(RM x K), for any K cC R”.

8. SEASONAL DEPENDENCE

We only outline the proofs of Theorems 2.10 and 2.11. Essentially, these results
are obtained by using the same ideas as in Section 3 and Appendix A and following
the strategy of [6] Section 3, where the two-speeds problem in the whole space is
treated.

First, one shows the existence of the time periodic principal eigenvalue of P in
the finite cylinders 2,., with mixed Dirichlet/Neumann boundary conditions, that
is, the unique real number wu(r) such that the eigenvalue problem

Py = u(r)p in R x ),
d(t,x) =0 on R X (—r,7) X dw
=0 on R x {+r} xw

1 is T-periodic in ¢

admits a positive solution . The arguments of Appendix A, which enable one
to apply the Krein-Rutman theory and find the u(r), also work in this framework
thanks to the Holder continuity of f,(¢,x,0). Then, proceeding as in the proof of
Proposition 4, one shows that lim, o () = p1 N

Next, one considers problem (6) in the coordinate system which follows the shift:
(65) Ot = Au+ coru+ f(t,z,a), t>0, z€Q
oyu(t,z) =0, t>0, z €.

The following result is proved in [6] in the case = R¥ but it also holds for general
domains.

Theorem 8.1. Assume that [ satisfies (27)-(29). Let v € L>®(R x Q) be a nonneg-
ative T-periodic in t generalized subsolution (resp. supersolution) of (65) and let
be the solution of (65) with initial datum u(0,x) = v(0,2). Then,

Vt>0, 2€Q, alt+T,z)—u(t,x)>0 (resp. <0).
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Moreover,
Vr>0, [l flalt,) U, )llL=@,) =0,

where U is a bounded T -periodic in t solution of (65) satisfying U > v (resp. U < v)
in R x Q.

If 11,8 < 0 then one can find R > 0 large enough such that p(R) < 0. Hence, the
principal eigenfunction ¢ associated with u(R) - suitably normalized and extended
by 0 in Q\Qg - is a T-periodic in ¢ subsolution to (65). Applying Theorem 8.1 with
v = 9 we then find a T-periodic in ¢ solution U > 1 to (65). Consequently, as
U > 0 by the strong maximum principle, the sufficient condition of Theorem 2.10
for the existence of pulsating travelling waves is proved. To derive the necessary
condition and the uniqueness result one proceeds as in Section 3, by establishing the
exponential decay of solutions and a comparison principle analogous to Theorem
3.3 (see Proposition 9 and Theorem 3.3 in [6]).

Theorem 8.1 also allows one to prove that the convergences in Theorem 2.11
hold locally uniformly in 2. We recall that to prove Theorem 2.2 we used the
property that any solution of (45) coinciding with a subsolution or a supersolution
of the stationary problem at the initial time is monotone in ¢. This is no longer
true for (65) because the terms in the equation depend on time. However, owing to
Theorem 8.1, one can derive the locally uniform convergence as in the case of (45)
by considering solutions of (65) coinciding with a subsolution and a supersolution
which is T-periodic in ¢. The uniform convergence then follows by arguing exactly
as in the step 2 of the proof of Theorem 2.2.

APPENDIX A. PRINCIPAL EIGENVALUE WITH MIXED BOUNDARY CONDITIONS

Proof of Theorem 5.1. We introduce the Banach space
X, ={pcC'() : $=0o0n{£r} xw, d,¢ =0on (—r,r) x dw},
equipped with the W°°(€,.) norm. Define the operator
Mu = Lu — du,

with d > ||7|| (g, constant such that the bilinear form B : H*(Q,) x H*(€,) — R
defined by

B(u,v) := /g Vu-Vv—(6(z) Vu)v — (y(z) — d)uv

is coercive. From the elliptic theory of generalized solutions and the embedding
theorems, it follows that for every ¢ € X,. the problem

—Mu=¢ a.e. inQ,
(66) u=0 on {£r} X w

Oyu=0 on (—r,r) x dw

admits a unique solution u € H(€2,.) N C*(Q,\{£r} x dw). We claim that u € X,..
In order to prove this, we only need to control the behaviour of u near the corners
{£r} x Ow. We first show that u € C°(€),.). Then, we extend u by reflection to a
larger cylinder and we apply elliptic estimates up to the (smooth) boundary.

Step 1: u € CO(%,.).
Define the function v(x1,y) := r*® — 23", where n € N will be chosen later. The
function v satisfies:

UZOiDﬁT, ’UZOOD{ZET}XW, 8,/():0011 (—T,T)Xaw
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and, for a. e. (z1,y) € Q,,

Mo(a1,y) = 23" 72(=2n(2n — 1) = 2061 (1, y)21) + (v(21,y) — d)v
<2222 (=20 + 1+ |81l oor)-
Therefore, it is possible to chose n large enough in order to have —Muv > ||¢[| L~ (q,)

in €2, and then the maximum principle yields —v < w < v. This means in particular
that u can be extended by continuity to zero on {£r} X dw.
Step 2: u € CH(Q,.).

Thanks to the (uniform) regularity of w, there exists € > 0 such that the domain

= {y e RN"! . dist(y,w) < e}
is smooth and every y € @\w has a unique projection on o, denoted by w(y). We
set (NZT = (=r,7) x © and call R : SNQT\QT — Q, the reflection with respect to
[—7, 7] x Ow, that is,

R(z1,y) = (w1,27(y) — y).

Define the function @ : [—r,7] x © — R by

. u(x) if v € Q,

u(x) == i = _

u(R(x)) if z € Q\Qy

and the matrix field A : (—r,7) x @ — SV by
~ 1 ifz € Q)
A(x) = =T
() { (J(2)J(x))"" ifz e Q\D,,
where J(z) denotes the Jacobian matrix of R at z. By approximating the boundary
of ) with its tangent hyperplanes, one can check that
Ve (-rr)xow, J@)J'(z)=1I.

Hence, up to considering a smaller @ (i. e. decrease ), we can assume that A
is uniformly Lipschitz continuous and elliptic in €2,. The function @ belongs to

HY(9,) N C°(€,) and vanishes on {#r} x &. Using the equation for u, one can
check that @ is a weak solution to

—div(A(z)Va) — B(z) - Vi — (§(z) —d)i = ¢ in Q,,

with B
B L 6 in QT
Tl (Y BoR —div((J Y] in 2,\Q,,
- | in Q, o in Q,
T { vyoR in (NZT\QT, 9= { ¢poR in ﬁr\ﬁr.

Therefore, elliptic estimates up to the boundary and coercivity yield

(67) Vp>1, |illw2r) < CléllL=@),

for some positive constant C independent of ¢. Thus, u € C'(f,) by compact
injection theorem.

We have shown that v € X,.. The map T : X,, — X, associating to ¢ the unique
solution u of (66) is compact by (67). Using the strong maximum principle and the
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Hopf lemma, one can check that it is also strictly positive, that is, T'(C\{0}) is con-
tained in the interior of C, where C denotes the closed positive cone of nonnegative
functions of X,.. It is at this stage that the W1 norm is required for the space X,..
Then, from the Krein-Rutman theory (see [13] and [12]) it follows that T admits a
unique eigenvalue A (> 0) with associated positive eigenfunction ¢, € X, (unique
up to a multiplicative constant). Therefore, the constant

A(r) = % —d

satisfies the desired property. 0
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