MOMENTUM POLYTOPES OF PROJECTIVE SPHERICAL VARIETIES
AND RELATED KÄHLER GEOMETRY
STÉPHANIE CUPIT-FOUTOU, GUIDO PEZZINI, AND BART VAN STEIRTEGHEM
Abstract. We apply the combinatorial theory of spherical varieties to characterize the
momentum polytopes of polarized projective spherical varieties. This enables us to derive a
classification of these varieties, without specifying the open orbit, as well as a classification
of all Fano spherical varieties. In the setting of multiplicity free compact and connected
Hamiltonian manifolds, we obtain a necessary and sufficient condition involving momentum
polytopes for such manifolds to be Kähler and classify the invariant compatible complex
structures of a given Kähler multiplicity free compact and connected Hamiltonian manifold.

1. Introduction
Let (M, ω, Φ) be a compact connected Hamiltonian K-manifold acted on by a compact
connected Lie group K. In [Kir84], F. Kirwan proved that the image of M through the
momentum map Φ intersects the positive Weyl chamber t∗+ in a convex polytope. This
polytope is called the Kirwan polytope of (M, ω, Φ) and we will denote it by P(M, ω, Φ).
The Hamiltonian K-manifold (M, ω, Φ) is called multiplicity free if its momentum map
induces a homeomorphism M/K → P(M, ω, Φ). Toric manifolds and coadjoint orbits are
well known examples of multiplicity free compact and connected manifolds.
Under the assumption that M is a toric manifold, T. Delzant constructively proved in
[Del88] that P(M, ω, Φ) uniquely determines (M, ω, Φ) and described which polytopes can
be realized this way. These polytopes are now known as Delzant polytopes. Delzant’s construction also shows that any toric manifold has an essentially unique K-invariant complex
structure compatible with its symplectic form (in other words, it is Kähler) and that the Kaction can be complexified to a holomorphic K C -action making the manifold into a smooth
projective toric variety.
In [Kno11], F. Knop proved Delzant’s conjecture asserting that any multiplicity free compact and connected Hamiltonian K-manifold (M, ω, Φ) is uniquely determined by the pair
(Ξ(M ), P(M, ω, Φ)), where Ξ(M ) is a certain sublattice of the weight lattice of K determined by the generic isotropy group of the K-action on M . F. Knop also determined which
pairs (Ξ, P), where Ξ is a sublattice of the weight lattice of K and P is a polytope in t∗+ , are
realized by a compact connected multiplicity free K-manifold.
Like toric manifolds, coadjoint orbits of compact groups are Kähler but in general, when
K is nonabelian, the existence of an invariant compatible complex structure no longer holds.
Indeed, C. Woodward showed in [Woo98a] that there exist multiplicity free manifolds that
are not Kählerizable. It is also known that there are multiplicity free manifolds that allow
more than one compatible complex structure (see e.g. [Woo98b, Remark 4.4]).
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As proved by A. Huckleberry and T. Wurzbacher in [HW90], Kähler multiplicity free Kmanifolds are spherical K C -varieties (i.e. contain a dense orbit of a Borel subgroup of K C ).
Using this fact and applying the Uniqueness Theorem on smooth affine spherical varieties
he obtained in [Los09a], I. Losev proved in loc.cit. a refined uniqueness result for invariant
Kähler structures on a given compact multiplicity free Hamiltonian K-manifold.
One of the results in this paper is a combinatorial answer to the Kählerizability question,
which was first studied in [Woo98b]. Considering Brion’s result [Bri87] asserting that a
smooth projective K C -variety is multiplicity free as a K-Hamiltonian manifold if and only
if it is spherical as a K C -variety, we approach this question by making use of the theory
of projective spherical varieties, just like Woodward did in [Woo98b]. In fact, most of the
current paper’s results are about these varieties. In particular, we obtain a combinatorial
classification of the (not necessarily smooth) polarized spherical varieties involving rational
convex polytopes. This classification parallels the well known classification of polarized
toric varieties in terms of integral convex polytopes. Moreover, it enables us to derive
a classification of Kähler multiplicity free compact and connected Hamiltonian manifolds,
which generalizes Delzant’s classification of toric manifolds. While Knop’s criterion for a pair
(Ξ, P) to be realized by a multiplicity free K-manifold M is purely local, our Kählerizability
result involves the global structure of the momentum polytope.
One important ingredient in this work is the momentum polytope Q(X, L) of a polarized
K C -variety (X, L) introduced by M. Brion in [Bri87]. This polytope turns out to be a purely
algebraic version of the Kirwan polytope. In Section 2, we recall Brion’s representationtheoretic definition of a momentum polytope and its main properties. In Section 3, we focus
on polarized spherical varieties; we collect some known facts on the combinatorial invariants
of these varieties and their intertwining relations with momentum polytopes.
Section 4 is the heart of this paper. Here we use the combinatorial theory of spherical varieties, including their recent complete combinatorial classification to characterize the
momentum polytopes of polarized spherical varieties. More specifically, we give two combinatorial characterizations of the pairs (Ξ, Q), where Ξ is a sublattice of the weight lattice
of K C and Q is a rational polytope in t∗+ , for which there exists a polarized spherical K C variety (X, L) whose weight lattice Ξ(X) equals Ξ (see Subsection 2.1 for the definition of
Ξ(X)) and momentum polytope is Q. In the first characterization, Corollary 4.16, we view
Q as a convex hull, while in the second one, Theorem 4.25, we view it as an intersection of
finitely many half-spaces. Both characterizations we obtain involve the set Σ(X) of spherical
roots of X, which is an important (finite) invariant of X that is absent in the toric setting
(see the precise definition in Subsection 3.2). In the case of so-called Q-polarized spherical
varieties, the second characterization simplifies considerably, and only involves Ξ and Q (see
Remark 4.26(a)).
In Section 5, we make use of our characterizations to deduce some classifications. We
classify in terms of the data (Ξ(X), Q(X, L), Σ(X)) all polarized spherical G-varieties (Theorem 5.5), and all Fano spherical varieties (Theorem 5.10). In particular, we recover results
of Pasquier [Pas08] and of Hofscheier and Gagliardi [GH15a] about the latter, but in contrast
to this earlier work, we do not specify the open orbit (see also Remark 5.11).
In Section 6, we adapt a combinatorial smoothness criterion for spherical varieties due to
R. Camus [Cam01] to our setting: it is a (significantly more involved) generalization of the
well-known combinatorial smoothness criterion for toric varieties to the nonabelian case, and
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it allows us to derive, in Corollary 6.9, a classification of smooth polarized spherical varieties
(X, L) in terms of the data (Ξ(X), Q(X, L), Σ(X)).
Finally, in Section 7, we consider multiplicity free compact and connected Hamiltonian
K-manifolds. In Theorem 7.16, we obtain our combinatorial criterion for the Kählerizability
of a multiplicity free compact and connected Hamiltonian K-manifold (M, ω, Φ) in terms of
so-called smooth R-momentum triples involving (Ξ(M ), P(M, ω, Φ)) (see Definitions 7.147.15). These triples are the real analogues of the algebraic triples mentioned above and
they can be seen as a generalization of Delzant polytopes. Furthermore, they enable us to
classify the K-invariant compatible complex structures of a Kähler multiplicity free compact
and connected Hamiltonian K-manifold (Corollary 7.17). We also explain how our criterion
generalizes earlier Kählerizability results due to Delzant and Woodward (Section 7.3). It
may be worth noticing that the proof of the Kählerizability criterion we provide does not
use any of the results obtained in Section 4 and even gives an alternative way of showing
Theorem 4.25 about the characterization of momentum polytopes as intersections of finitely
many half spaces.
Notation. All groups and varieties are defined over the field of complex numbers C and
varieties are irreducible by assumption. If H is a linear algebraic group, we denote by X (H)
its set of characters, and by H ◦ the identity connected component of H.
Throughout the paper, G is a connected reductive algebraic group. We fix a choice of a
Borel subgroup B ⊆ G and a maximal torus T ⊆ B. We denote by S the set of simple roots
of G, we use Λ for the weight lattice of G, that is Λ = X (T ). If α is a root of (G, T ), then we
write α∨ ∈ HomZ (Λ, Z) for the corresponding coroot. We denote by Λ+ the set of dominant
weights in Λ. If λ ∈ Λ+ , then the irreducible G-module of highest weight λ is denoted by
V (λ) and vλ denotes a highest weight vector of V (λ); the highest weight of the dual module
V (λ)∗ will be denoted λ∗ . If we need to specify the acting group, we will add a subscript and
write VG (λ). When V is a finite dimensional G-module, we will use P(V ) for the associated
projective space (of lines in V ).
If Ξ is a lattice (i.e. a finitely generated free abelian group) then Ξ∗ = HomZ (Ξ, Z) is the
dual lattice. Suppose F is the field Q or R. We put ΞF := Ξ ⊗Z F, and if Ω is a subset of ΞF ,
we denote by F≥0 Ω the convex cone generated by Ω in ΞF . We will use h·, ·i for the pairing
between ΞF and HomF (ΞF , F). When Ω is a subset of ΞF , we will use Ω∨ for the dual cone:
Ω∨ = {ξ ∈ HomF (ΞF , F) : hξ, vi ≥ 0 for all v ∈ Ω}. For Π ⊆ HomF (ΞF , F), Π⊥ stands for the
set of λ ∈ ΞF such that hλ, σi = 0 for all σ ∈ Π. Given a convex rational polyhedral cone
C ⊂ HomQ (ΞQ , Q) and an extremal ray R of C, the intersection R ∩ HomZ (Ξ, Z) is a monoid
generated by a unique element, that we call a ray generator of C. For any subset Ω of ΛR we
put S ⊥ (Ω) := {α ∈ S : hα∨ , xi = 0 for every x ∈ Ω}.
Acknowledgment. The authors thank the referee for several useful suggestions, which
improved the paper. S. C.-F. is supported by the SFB/TRR 191 “Symplectic Structures in
Geometry, Algebra and Dynamics.” B. V. S. received support from the (US) N.S.F. through
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2. Basic material on reductive group actions
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2.1. Polarized varieties. Let X be a G-variety, that is, a variety equipped with an action
of G. Then G acts on the function field of X as well as on the ring of regular functions on
X. The weight lattice Ξ(X) (resp. weight monoid Γ(X)) of X is the set of B-weights
of the rational (resp. regular) B-eigenfunctions on X. Note that if X is affine then Γ(X)
generates the group Ξ(X). By the rank of X we mean the rank of Ξ(X).
Let (X, L) be a polarized G-variety that is, a projective G-variety X equipped with an
ample G-linearized line bundle L. Note that once the G-linearization of L is fixed, the space
of global sections H 0 (X, L) carries a natural G-module structure.
Following Brion [Bri87], we define the momentum polytope of (X, L) as
nχ
o
(2.1)
Q(X, L) :=
∈ ΛQ : H 0 (X, Ln )(B)
=
6
{0}
,
χ
n
(B)

where H 0 (X, Ln )χ is the B-eigenspace of weight χ of H 0 (X, Ln ). Then Q(X, L) is indeed
the convex hull of finitely many points in ΛQ , cf. [Bri97a, Proposition 1.2.3].
As mentioned earlier, if X is smooth then Q(X, L) can be interpreted as the set of rational
points of a Kirwan polytope. Specifically, suppose first that L is very ample and fix a Kinvariant hermitian form h·, ·i on V = H 0 (X, L)∗ with K being a maximal compact subgroup
of G. We then consider the Fubini-Study symplectic form ωL on X ,→ P(V ) and the
momentum map ΦL of (X, ωL ) defined by
i
hξ x̃, x̃i for x ∈ X and ξ ∈ k
2π
where x̃ is a unit vector in V representing x. If L is only ample, we consider a positive m
such that Lm is very ample, the symplectic form m1 ωLm and the momentum map m1 ΦLm that
we denote by ΦL (since it does not depend on m). We thus have the following proposition,
which goes back to [Nes84, Appendix] and [GS82], see also [Bri87, Proposition 2.2].
ΦL (x)(ξ) =

Proposition 2.1. Let (X, L) be a smooth polarized G-variety. The polytope Q(X, L) is the
set of rational points of the intersection of ΦL (X) with the positive Weyl chamber determined
by the Borel subgroup B of G.
Observe that it follows from the definition of Q(X, L) that
(2.2)

Q(X, L) − p

is a spanning subset of

Ξ(X)Q

for every p ∈ Q(X, L).

Next, we denote the total section ring of (X, L) by R(X, L), that is,
M
R(X, L) :=
H 0 (X, Ln ).
n≥0

Recall that R(X, L) is a finitely generated graded algebra, with degree n part equal to
H 0 (X, Ln ). Moreover, R(X, L) is endowed with an action of
e := G × Gm .
G
Indeed, the group G acts naturally on each H 0 (X, Ln ) while Gm acts with weight n on
e The
H 0 (X, Ln ). We fix the Borel subgroup B × Gm and the maximal torus T × Gm of G.
+
e := Λ × Z (resp. Λ
e := Λ+ × Z).
associated weight lattice (resp. set of dominant weights) is Λ
e
The affine G-variety
e := Spec R(X, L)
X
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is called the affine cone over X. It is normal if and only if X is (see, e.g., [Har77, Ex.
e will also be denoted Ξ(X,
e
II.5.14(a)] for the “if” part). Its weight lattice Ξ(X)
L) and will
be called the extended weight lattice of (X, L). We have an exact sequence
(2.3)

e
0 → Ξ(X) → Ξ(X,
L) → Z → 0

e = Λ e → ΛGm . Note that the cone in
where the third map is induced by the projection Λ
G
e
ΛQ × Q over Q(X, L) × {1} coincides with the cone generated by the weight monoid Γ(X)
e
e Equivalently, we have
of the G-variety
X.
e ∩ (ΛQ × {1})
(2.4)
Q(X, L) × {1} = (Q≥0 Γ(X))
as subsets of ΛQ × Q (compare [AB06, Section 2.2]).
2.2. Polarized spherical varieties. We call a G-module multiplicity free if it is the
direct sum of pairwise non-isomorphic simple G-modules. An affine G-variety is multiplicity
free if its coordinate ring is a multiplicity free G-module. A polarized G-variety (X, L)
e is a
is multiplicity free if every G-module H 0 (X, Ln ) is multiplicity free; equivalently, X
e
multiplicity free G-variety.
Thanks to a result of [VK78], an affine G-variety is spherical if
and only if it is normal and multiplicity free. Likewise, a polarized G-variety is spherical
e over a
if and only if it is normal and multiplicity free. The normality of the affine cone X
polarized spherical G-variety (X, L) implies the following equality for its weight monoid (as
e
a G-variety):
(2.5)

e = Q≥0 (Q(X, L) × {1}) ∩ Ξ(X,
e
Γ(X)
L).

Equivalently, for every n ≥ 0 we have the following isomorphism of G-modules:
M
V (λ),
(2.6)
H 0 (X, Ln ) ∼
=
λ

e
where the direct sum is over those λ ∈ Λ+ such that (λ, n) ∈ Ξ(X,
L) ∩ n(Q × {1}).
In Proposition 2.2 we gather some well-known basic facts about polarized spherical varieties that we will need.
Proposition 2.2. Let (X, L) be a polarized spherical G-variety with extended weight lattice
e = Ξ(X,
e
Ξ
L) and momentum polytope Q = Q(X, L) and let Y be a closed G-subvariety of
X. Then
(a) (Y, L|Y ) is a polarized spherical G-variety;
(b) Q(Y, L|Y ) is a face of Q(X, L) and if Y 0 is another closed G-subvariety of X then
Q(Y, L|Y ) 6= Q(Y 0 , L|Y 0 );
(c) the restriction map H 0 (X, Ln ) → H 0 (Y, Ln |Y ) is surjective for all n ≥ 0;
(d) if Y is a closed G-orbit, then Q(Y, L|Y ) is a vertex of Q(X, L), and there exists
e
λY ∈ Λ+ such that Q(Y, L|Y ) = {λY } and (λY , 1) ∈ Ξ(X,
L).
Proof. A proof of assertions (a), (b), and (c) is given, for example, in [AB06, Prop. 2.9].
For completeness, we also give the short proof of (d). Since X is complete, it follows from
the Borel-Weil theorem that H 0 (Y, L|Y ) is a simple G-module. Let λY be its highest weight.
e
Then (λY , 1) ∈ Ξ(X,
L) by (c). Furthermore, H 0 (Y, Ln |Y ) = V (nλY ) for every n ≥ 0, and
so Q(Y, L|Y ) = {λY }. That λY is a vertex of Q(X, L) now follows from (b).
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Corollary 2.3. Let (X, L) be a polarized spherical G-variety, let Y be a closed G-orbit in
X, and let λY be the dominant weight such that Q(Y, L|Y ) = {λY }. Then
e
(2.7)
Ξ(X,
L) = (Ξ(X) × {0}) ⊕ Z(λY , 1).
Proof. The inclusion “⊇” follows from the exact sequence (2.3) and Proposition 2.2-(d).
e
To prove the reverse inclusion, take µ̃ = (µ, n) ∈ Ξ(X,
L). We then have µ̃ − n(λY , 1) ∈
Ξ(X) × {0}. The corollary follows.

3. Momentum polytopes and colored fans of polarized spherical varieties
In this section, we recall from [Bri87] and [Bri97a] how the momentum polytope of polarized spherical G-variety (X, L) is related to the colored fan of X.
3.1. The momentum polytope as an intersection of half-spaces. For a moment, let
X be any spherical G-variety and Ξ(X) be its weight lattice. Set
N (X) := HomZ (Ξ(X), Q).
Each discrete Q-valuation v on the field of rational functions C(X) determines an element
ρv of N (X) given as follows
ρv : Ξ(X) −→ Q,

χ 7−→ v(fχ )

(B)

with fχ ∈ C(X) of weight χ. Note that fχ is uniquely determined by χ up to a scalar in
C× since X is spherical.
Let divB (X) be the set of B-stable prime divisors of X. Note that divB (X) is a finite set
since it is the set of irreducible components of codimension 1 of some closed set, namely the
complement of the open B-orbit on X. Each D ∈ divB (X) defines a valuation vD on C(X)
given by the order of vanishing along D and, in turn, an element of N (X) defined as
ρX (D) := ρvD .
When there is no risk of confusion, we will also write ρ(D) instead of ρX (D).
Now, suppose once again that (X, L) is a polarized spherical G-variety. Consider any
nonzero section s ∈ H 0 (X, L)(B) . Let χ(s) denote its weight and vD (s) be its order of
vanishing along D ∈ divB (X). Recall that any element of H 0 (X, Ln )(B) can be written as
sn f , for some f ∈ C(X)(B) such that nvD (s) + vD (f ) ≥ 0 for all D ∈ divB (X). Together
with the finiteness of divB (X) this yields the following realization of Q(X, L) as a finite
intersection of closed half-spaces.
Proposition 3.1 ([Bri97a, Proposition 5.3.1]). Let (X, L) be a polarized spherical G-variety,
and s ∈ H 0 (X, L)(B) \ {0}. Then:
Q(X, L) = χ(s) + {ξ ∈ Ξ(X)Q : hρ(D), ξi + vD (s) ≥ 0 , ∀D ∈ divB (X)}.
3.2. Colored fans, G-invariant valuations and spherical roots. We recall the definition of some standard combinatorial invariants of a spherical G-variety X. The set of colors
of X is
∆(X) := {D ∈ divB (X) : D is not G-stable}.
As proved by Luna and Vust [LV83, Prop. 7.4], the restriction of the map v 7→ ρv to the set
of G-invariant valuations of C(X) is injective. Let V(X) denote the image of this restricted
map; by [Bri90, §3] it is a convex co-simplicial cone, the valuation cone of X. The set
6

Σ(X) (denoted also by ΣG (X) when we need to emphasize the acting group) of spherical
roots of X is the minimal set of primitive elements of Ξ(X) such that
V(X) = {ρ ∈ N (X) : hρ, σi ≤ 0, ∀σ ∈ Σ(X)} .
The Luna-Vust embedding theory in [LV83] (see also [Kno91]) combinatorially describes
X as an equivariant embedding of its open G-orbit by means of its colored fan F(X). To
define F(X), first let Y be a G-orbit in X, and set
DY := {D ∈ ∆(X) : Y ⊂ D};
CY := Q≥0 {ρ(D) ∈ N (X) : D ∈ divB (X) with Y ⊂ D}.
The couples (CY , DY ) are called colored cones, and the colored fan of X is
F(X) := {(CY , DY ) : Y is a G-orbit in X}.
The colored fan F(X) satisfies the following properties (see [Kno91, Section 3]):
(CC1) For all (C, D) ∈ F(X) we have that C is a convex cone generated by {ρ(D) | D ∈ D}
and finitely many elements of V(X);
(CC2) the relative interior of C intersects V(X);
(SCC) C is strictly convex, and ρ(D) 6= 0 for all D ∈ D;
(CF1) every face of (C, D) belongs to F(X), where (C 0 , D0 ) is a face of (C, D) if C 0 is a face
of C and D0 is the set of elements D ∈ D such that ρ(D) ∈ C 0 .
(CF2) For every v ∈ V(X) there is at most one (C, D) ∈ F(X) such that v is in the relative
interior of C.
Conversely, if a set F of couples (C, D) where C ⊆ N (X) and D ⊆ ∆(X) satisfies the
above properties (CC1)-(CF2), then there exists a unique spherical variety Z, birationally
G-isomorphic to X, such that F(Z) = F (see [Kno91, Theorem 3.3]).
For future reference, we recall the two following facts.
Proposition 3.2 ([Kno91, Lemma 3.2]). Let X be a spherical G-variety and Y a G-orbit of
X. There exists a bijection between the set of G-orbits of X whose closure contains Y and
the set of faces of (CY , DY ).
Proposition 3.3. Let X be an affine spherical G-variety with weight monoid Γ. Let C be
the largest face of the dual cone (Q≥0 Γ)∨ ⊆ N (X) of which the relative interior intersects
V(X) and put D = {D ∈ ∆(X) : ρ(D) ∈ C}. Then (C, D) is an element of the colored fan
F(X) of X, and for every other (C 0 , D0 ) ∈ F(X), the cone C 0 is a proper face of C.
Proof. See e.g. Proposition 5.14 in [ACF18a] and its proof.



We will say that a color D of the spherical variety X is moved by the simple root α ∈ S if
Pα ·D 6= D, where Pα is the minimal parabolic subgroup strictly containing B and associated
to the simple root α. We recall from [Lun01, §1.4 and Proposition 3.2] that if D is a color
moved by α ∈ S \ Σ(X), then:
(
α∨ |Ξ(X)
if 2α ∈
/ Σ(X);
(3.1) ρ(D) = 1 ∨
and
α |Ξ(X) if 2α ∈ Σ(X);
2
(3.2)

β ∈ S \ {α} also moves D if and only if α ⊥ β and α + β or
7

1
(α + β) is in Σ(X).
2

Table 1. Spherical roots
type of support
spherical root
An , n ≥ 1
α1 + . . . + αn
A1
2α1
A1 × A1
α1 + α10
1
(α1 + α10 )
A1 × A1
2
A3
α1 + 2α2 + α3
1
α + α2 + 12 α3
A3
2 1
Bn , n ≥ 2
α1 + . . . + αn
2(α1 + . . . + αn )
Bn , n ≥ 2
B3
α1 + 2α2 + 3α3
1
B3
(α1 + 2α2 + 3α3 )
2
Cn , n ≥ 3
α1 + 2(α2 + . . . + αn−1 ) + αn
Dn , n ≥ 4
2(α1 + α2 + . . . + αn−2 ) + αn−1 + αn
α1 + α2 + . . . + αn−2 + 21 (αn−1 + αn )
Dn , n ≥ 4
α1 + 2α2 + 3α3 + 2α4
F4
G2
α1 + α2
G2
2α1 + α2
4α1 + 2α2
G2
If we fix G, the union of the sets of spherical roots of all spherical G-varieties is finite, and
denoted by Σ(G). An element σ ∈ Σ(G) is always a linear combination of simple roots of G
with non-negative rational coefficients; the set of simple roots whose coefficient is non-zero is
called the support of σ. We list all possible σ, with their supports, in Table 1. In the table,
simple roots are denoted by α1 , α2 , . . ., numbered as in Bourbaki [Bou68]. In two cases the
support is of type A1 × A1 , in which case the two simple roots are α1 and α10 .
3.3. Momentum polytopes and colored fans. The next definition recalls a basic construction in convex geometry.
Definition 3.4. Let Ξ be a lattice and let Q be a full dimensional convex polytope in ΞQ .
The normal fan of Q is the set
F(Q) := {C(F ) : F is a face of Q},
where for every face F of Q, we define C(F ) to be the dual cone in N = HomQ (ΞQ , Q) of
Q≥0 (Q − p) where p is any point in the relative interior of F , that is
C(F ) := {η ∈ N : hη, vi ≥ 0 for all v ∈ (Q − p)}.
For later use, we introduce the following notion. This terminology is justified by assertion (a) in Theorem 3.6.
Definition 3.5. Retain the notation of Definition 3.4. Given a convex cone V in N , a face
F of Q is an orbit face for V if the relative interior of the cone C(F ) intersects V.
Theorem 3.6, which is essentially a restatement of [Bri97a, Proposition 5.3.2], gathers
some results of Brion’s from [Bri89] and Woodward’s from [Woo98b].
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Theorem 3.6 (Brion, Woodward). Let (X, L) be a spherical polarized G-variety with momentum polytope Q and valuation cone V. Let s ∈ H 0 (X, L)(B) \ {0}.
(a) The map Y 7→ Q(Y , L|Y ) is a bijection between the set of G-orbits in X and the set
of orbit faces of Q for V.
(b) The colored fan F(X) of X is the set of pairs (C(F ), D(F )) where F varies over the
orbit faces of Q for V and for each such face F
(3.3)

D(F ) := {D ∈ ∆(X) : hρ(D), p − χ(s)i + vD (s) = 0 for all p ∈ F }.

When (X, L), Q and V are as in Theorem 3.6, we will also simply say “orbit face of Q”
instead of “orbit face of Q for V.”
4. Two characterizations of the momentum polytope of a spherical variety
In this section, we give two purely combinatorial criteria to decide whether a couple (Ξ, Q)
consisting in a lattice Ξ ⊆ Λ and a rational convex polytope Q ⊂ Q≥0 Λ+ is geometrically
realizable by a polarized spherical G-variety; see Theorem 4.14 and Theorem 4.25 below.
4.1. A characterization as a convex hull. The characterization of momentum polytopes
of polarized spherical varieties as convex hulls is inspired by a result of Brion’s, namely
[Bri87, Proposition 4.2]. Before giving the characterization in Theorem 4.14, we give a
slightly stronger version of Brion’s result in Proposition 4.9.
e⊂Λ
e be a lattice and Q ⊂ Q≥0 Λ+ be a convex polytope. To these data, we associate
Let Ξ
e + defined by:
the submonoid Γ(Q) of Λ
(4.1)

e
Γ(Q) = Q≥0 (Q × {1}) ∩ Ξ.

Because it relies on realizing a polarized spherical G-variety as the quotient by {1}×Gm ⊆
e of an affine spherical G-variety,
e
G
the criterion given in this section involves the monoid
Γ(Q) and the combinatorial classification of affine spherical varieties with prescribed weight
monoid in terms of admissible sets of spherical roots given in [ACF18a, Theorem 6.9] and
in [PVS19, Proposition 2.24]. We briefly review this classification, following the terminology
used in [ACF18a].
We recall the definition of another invariant: if X is a spherical G-variety with open
B-orbit X0B , then
S ⊥ (X) := {α ∈ S : Pα · X0B = X0B },
where Pα is the minimal parabolic subgroup strictly containing B and associated to the
simple root α.
Definition 4.1. Let Ξ ⊂ Λ be a sublattice. A spherical root σ ∈ Σ(G) is said to be
compatible with Ξ if it satisfies the following properties:
(1) σ is a primitive element of Ξ;
(2) the pair (S ⊥ (Ξ), σ) satisfies Luna’s axiom (S): there exists a spherical G-variety Z
of rank one such that S ⊥ (Z) = S ⊥ (Ξ) and Σ(Z) = {σ}.
(3) if σ = α + β or σ = 21 (α + β) for some α, β ∈ S with α ⊥ β, then hα∨ , λi = hβ ∨ , λi
for all λ ∈ Ξ;
(4) if σ = 2α for some α ∈ S, then hα∨ , λi ∈ 2Z for all λ ∈ Ξ.
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Remark 4.2. As is well-known, Luna’s axiom (S) can be stated in a purely combinatorial
fashion, cf. [BL11, §1.1.6].
Until Theorem 4.7, Γ will denote a finitely generated submonoid of Λ+ which is saturated,
i.e. for which the following equality holds in ΛQ :
ZΓ ∩ Q≥0 Γ = Γ,
where ZΓ is the subgroup of Λ generated by Γ. As is well known, the weight monoid Γ(X)
of an affine spherical variety X is saturated because X is normal. Recall that the dual cone
of Γ in HomQ (QΓ, Q) is denoted by Γ∨ .
Definition 4.3. A spherical root σ ∈ Σ(G) is said to be compatible with Γ if σ is
compatible with ZΓ and satisfies the following conditions:
(1) if σ ∈
/ S then for every ray generator ρ ∈ Γ∨ such that hρ, σi > 0, there exists
δ ∈ S \ S ⊥ (Γ) such that δ ∨ |ZΓ is a positive multiple of ρ.
(2) if σ = α ∈ S then there exist ρ1 , ρ2 ∈ Γ∨ ∩HomZ (ZΓ, Z) with the following properties:
(a) hρ1 , αi = hρ2 , αi = 1;
(b) α∨ |ZΓ = ρ1 + ρ2 ;
(c) if ρ ∈ Γ∨ is a ray generator such that ρ(α) > 0 then ρ = ρ1 or ρ = ρ2 .
By Σ(Γ), we denote the set of all spherical roots σ ∈ Σ(G) that are compatible with Γ.
Remark 4.4. Observe that it follows from (2) of Definition 4.3 that at least one of ρ1 , ρ2 is
a ray generator of Γ∨ , and consequently the set {ρ1 , ρ2 } is uniquely determined by Γ.
To every α ∈ Σ(Γ) ∩ S, we associate a two-element set S(α) = {Dα+ , Dα− } equipped with
the map ρ : S(α) → Hom(ZΓ, Z) given by ρ(Dα+ ) = ρ1 and ρ(Dα− ) = ρ2 .
Proposition 4.5. For a spherical root σ ∈ Σ(G), the following conditions are equivalent.
(1) σ ∈ Σ(Γ).
(2) There exists an affine spherical G-variety X with Γ(X) = Γ and Σ(X) = {σ}.
Definition 4.6. A subset Σ ⊂ Σ(Γ) is said to be admissible for Γ if it satisfies the following
condition:
(1) for every α ∈ Σ ∩ S, D ∈ S(α), and σ ∈ Σ \ {α}, the inequality hρ(D), σi ≤ 1 holds,
and the equality is attained if and only if σ = β ∈ S and there is D0 ∈ S(β) with
ρ(D0 ) = ρ(D).
Theorem 4.7. For a subset Σ ⊆ Σ(Γ), the following conditions are equivalent.
(1) Σ is admissible for Γ.
(2) There exists an affine spherical G-variety X with Γ(X) = Γ and Σ(X) = Σ.
We also need to recall two basic facts about spherical roots. The first one is that if Y is
an affine spherical G-variety, then
(4.2)

Q≥0 Σ(Y ) = Q≥0 {λ + µ − ν : λ, µ, ν ∈ Γ(Y ) and C[Y ]ν ⊂ C[Y ]λ · C[Y ]µ }

where C[Y ]λ is the submodule of C[Y ] of highest weight λ and C[Y ]λ · C[Y ]µ is the subspace
of C[Y ] spanned by {f · g : f ∈ C[Y ]λ , g ∈ C[Y ]µ }. For a proof of (4.2), see e.g. [Kno91,
Lemma 5.1] or [Bri97a, Prop. 4.2].
The second one is the following lemma, which is well-known. We provide a proof for
completeness.
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Lemma 4.8. Let (X, L) be a polarized spherical G-variety with momentum polytope Q and
e be its affine cone. Then S ⊥ (X) = S ⊥ (X)
e = S ⊥ (Q) and ΣG (X) = Σ e (X),
e where Ξ(X)
let X
G
e under the map in (2.3).
is identified with its image in Ξ(X)
e
Proof. We view all varieties involved here as G-varieties,
by letting Gm act trivially on X.
e
e
e0 of X.
e
The open G-orbit
X0 of X is the quotient by the action of Gm of the open G-orbit
X
e
Denote this quotient by ϕ : X0 → X0 .
e and therefore in any of its Borel subgroups, the
Since Gm is contained in the center of G
e follows. Since X
e is affine, it is well-known that S ⊥ (Ξ(X))
e =
assertion S ⊥ (X) = S ⊥ (X)
⊥ e
⊥
⊥
e = S (Q), the equality
S (X) (see e.g. [ACF18a, Proposition 5.3]), and thanks to S (Ξ(X))
⊥ e
⊥
e0 ). First we claim
S (X) = S (Q) holds as well. We now prove that ΣGe (X0 ) = ΣGe (X
that this equality holds up to replacing some elements with positive rational multiples.
e0 ) induced by pulling back rational
Indeed, consider the natural linear map ϕ∗ : Ξ(X0 ) → Ξ(X
e0 ) → N (X0 ). Since Gm is in
functions (it is the map in (2.3)), and the dual map ϕ∗ : N (X
e it follows form the first part of the proof of [Kno91, Theorem 6.1] that the
the center of G,
e0 . Since by [Kno91,
kernel of ϕ∗ is contained in the linear part of the valuation cone of X
e0 )) = V(X0 ), this implies the claim.
Theorem 4.4] we have ϕ∗ (V(X
Now, notice that ϕ is either injective, or has fiber isomorphic to Gm . Therefore, by [Gan11,
e0 )/Ξ(X0 ) has no torsion, hence the elements of Σ e (X0 ) are
Lemma 2.4], the quotient Ξ(X
G
e0 ). This shows the desired equality.
primitive in Ξ(X

The following has been inspired by, and has essentially the same proof as Proposition 4.2
in [Bri87].
Proposition 4.9. Let V be a finite dimensional G-module and let X ⊆ P(V ) be a closed
e
and spherical G-subvariety with set of spherical roots Σ, and with extended weight lattice Ξ
and momentum polytope Q for the polarization given by the restriction L of OP(V ) (1) to X.
Let λ1 , λ2 , . . . , λs be those λ ∈ Λ+ for which {λ} = Q(Y, L|Y ) for some closed G-orbit Y in
X. Then s ≥ 1 and
(1) (λ1 , 1), (λ2 , 1), . . . , (λs , 1) ∈ Γ(Q);
(2) λ1 , λ2 , . . . , λs are vertices of Q as well as highest weights of the dual module V ∗ ;
(3) Q ⊆ Conv(λ1 , λ2 , . . . , λs ) − Q≥0 Σ; and
(4) Σ is an admissible set for the monoid Γ(Q).
Proof. That s ≥ 1, assertion (1) and the first part of assertion (2) follow from Proposition 2.2e ⊆ V be the affine cone given by the inclusion
(d) and the definition of Γ(Q). Let X
e
e is Γ(Q). Since the
X ⊆ P(V ). Recall from (2.5) that the weight monoid of the G-variety
X
e induced by the inclusion X
e ⊆ V respects the grading, it follows
surjective map C[V ] → C[X]
that every λi is the highest weight of an irreducible G-submodule of V ∗ , which completes
the proof of assertion (2).
e we will write V (γ̃) for the G-submodule
e
e of highest
In this proof, when γ̃ ∈ Γ(X),
of C[X]
+
e
e be
weight γ̃. Set F = {λ1 , λ2 , . . . , λs } and for every λ ∈ F set λ̃ = (λ, 1) ∈ Λ . Let R ⊆ C[X]
e
the subalgebra generated by the G-modules
V (λ̃) with λ ∈ F . Note that R is graded because
it is generated by homogeneous elements (of degree 1), and that it is a finitely generated Ge → Spec(R) induced by the inclusion
algebra. Moreover, we claim that the morphism f : X
11

e is finite. To prove this claim, one notices that f −1 (0) does not contain any cone
R ⊂ C[X]
Ye over a closed G-orbit Y of X since f is the identity on Ye . This implies that f −1 (0) = {0}
which allows to conclude the proof of the claim, since f is homogeneous of degree 1. As
e U → Spec(RU ) induced by f is also finite.
a consequence, the morphism f //U : Spec C[X]
Take ν ∈ Q = Q(X, L). Then, by the definition of Q(X, L), there exists n > 0 such that
e n contains the simple G-module
e
the homogeneous component C[X]
V ((nν, n)). This together
with the finiteness of f //U implies that V (p(nν, n)) ⊂ Rnp for some p > 0. Set ν̃ = (ν, 1).
By the definition of R, there thus exist λj1 , λj2 , . . . , λjnp ∈ F such that V (pnν̃) is contained
e By (4.2) and Lemma 4.8, it follows that
in the product V (λ̃j1 ) · V (λ̃j2 ) · . . . · V (λ̃jnp ) ⊆ C[X].
e = Q≥0 Σ. This proves assertion (3). Assertion (4) follows
λ̃j1 + ... + λ̃jnp − npν̃ ∈ Q≥0 Σ(X)
e is precisely Γ(Q).
from Theorem 4.7 and the fact that the weight monoid of X

Remark 4.10. In Brion’s Proposition 4.2 of [Bri87], the inclusion Q ⊆ Conv(λ1 , ..., λs ) −
Q≥0 S is obtained with S being the set of simple roots of G.
The main objective of this section consists in proving the converse of Proposition 4.9 in
the more general setting of G-varieties over P(V ), for some finite dimensional G-module
V , namely pairs (X, f ) with X being a projective G-variety and f : X → P(V ) being a finite
G-morphism. Let L = f ∗ (O(1)). By the momentum polytope (resp. the extended
weight lattice) of X over P(V ), we mean the momentum polytope (resp. the extended
weight lattice) of (X, L) .
Based on Proposition 4.9, we start by introducing the following notion.
e V, Q, Σ) where Ξ
e is a sublattice of Λ,
e V is a finite dimenDefinition 4.11. A quadruple (Ξ,
+
sional G-module, Q is a convex polytope in Q≥0 Λ and Σ ⊆ Σ(G) is called a momentum
quadruple of G if
(4.3)

e
ZΓ(Q) = Ξ

e say (λ1 , 1), (λ2 , 1), . . . , (λs , 1) such that the following
and there exist elements of degree 1 of Ξ,
properties are satisfied:
(1) λ1 , λ2 , . . . , λs are vertices of Q as well as highest weights of the dual V ∗ ;
(2) Q ⊆ Conv(λ1 , λ2 , . . . , λs ) − Q≥0 Σ; and
(3) Σ ⊆ Σ(G) is admissible for the weight monoid Γ(Q).
e V, Q, Σ) is a momentum quadruple then so is (Ξ,
e V, Q, Σ0 ) whenRemark 4.12.
(a) If (Ξ,
0
ever Σ is a set which contains Σ and which is admissible with respect to Γ(Q).
e It is also equivalent
(b) Condition (4.3) implies that the monoid Γ(Q) is saturated in Ξ.
e ∩ Λ)Q for some (equivalently,
to the condition that Q − p be a spanning subset of (Ξ
any) p ∈ Q (compare with (2.2)).
e V, Q, Σ) of G, let E denote a minimal set
Lemma 4.13. Given a momentum quadruple (Ξ,
of generators of the monoid Γ(Q) and let X(Σ) ⊂ W = ⊕ν̃∈E V (ν̃)∗ be an affine spherical
e
G-variety
with weight monoid Γ(Q) and set of spherical roots Σ.
e satisfy conditions (1) and (2) in Definition 4.11. If
Suppose (λ1 , 1), (λ2 , 1), . . . , (λs , 1) ∈ Ξ
ν̃ ∈ E and the highest weight vector vν̃ ∗ is an element of X(Σ), then ν̃ is equal to one of the
weights (λi , 1).
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Proof. Set Γ(Q)∨ := (Q≥0 Γ(Q))∨ , and notice that in our setting it is full-dimensional in
HomQ (QΓ, Q), because Q≥0 Γ(Q) doesn’t contain any line. Let C be the largest face of
Γ(Q)∨ whose relative interior intersects the valuation cone V of X(Σ). After Proposition 3.3
e
and [Kno91, Lemma 3.2], the cone C has a face C 0 corresponding to the G-orbit
closure Y
e
of vν̃ ∗ in X(Σ). Note that Ξ(G · vν̃ ∗ ) = Zν̃, hence by the proof of [Kno91, Theorem 6.3] it
follows that Zν̃ = ZΓ(Q) ∩ (C 0 )⊥ . This implies that C 0 equals the facet Γ(Q)∨ ∩ ν̃ ⊥ of Γ(Q)∨ .
Consequently, the ray Q≥0 ν̃ is an edge of Q≥0 Γ(Q). In particular, if we write ν̃ = (nν, n),
then ν is a vertex of Q.
We claim that C 0 meets the relative interior of V. To prove the claim, we observe that it
is obvious if C 0 = C, because in this case X(Σ) = Y and Σ = ∅. For dimension reasons, the
only other possibility is that C = Γ(Q)∨ . Then C and V are both full-dimensional convex
cones, each intersecting the relative interior of the other. Since C 0 is the facet of C having
inward-pointing normal ν̃, there are elements of V that are strictly positive on ν̃. On the
other hand, it is well known that V contains the image in N (X(Σ)) of the antidominant
chamber, hence there are elements of V that are strictly negative on ν̃. Since the relative
interior of C 0 intersects V, an elementary argument shows that C 0 also intersects the relative
interior of V.
Suppose now, to get a contradiction, that ν̃ 6= λ̃i for all i ∈ {1, 2, . . . , s}, where λ̃i = (λi , 1).
Let ρ̃ ∈ C 0 . Then hρ̃, ν̃i = 0 and hρ̃, λ̃i i ≥ 0, for all i. These inequalities together with
Definition 4.11-(2) imply that there exists σ ∈ Σ such that hρ̃, σi ≥ 0. Therefore the above
claim does not hold – a contradiction.

e be a sublattice of Λ,
e Q ⊂ Q≥0 Λ+
Theorem 4.14. Let V be a finite dimensional G-module, Ξ
be a convex polytope and Σ be a set of spherical roots of G.
The following assertions are equivalent.
e V, Q, Σ) is a momentum quadruple of G.
(1) The tuple (Ξ,
(2) There exists a spherical projective G-variety over P(V ) with extended weight lattice
e momentum polytope Q and set of spherical roots Σ.
Ξ,
Proof. (2) ⇒ (1) To prove this implication, we follow the proof of Proposition 4.9. Take a
e = Spec R(X, L) be the affine
finite morphism f : X → P(V ). Let L = f ∗ (O(1)) and X
e
cone of (X, L), which is a G-variety.
Consider the simple G-submodules V (λ∗i ) ⊆ V such
that there exists a closed G-orbit Yi of X with f (Yi ) ⊆ P(V (λ∗i )) ⊆ P(V ). We define R
e generated by the corresponding simple G-modules
e
to be the subalgebra of C[X]
V (λ̃i ) with
λ̃i = (λi , 1). We thus argue as for the proof of Proposition 4.9 while considering this algebra
R. Finally, note that λi are indeed vertices of Q(X, L); see Proposition 2.2-(d).
(1) ⇒ (2) Thanks to Definition 4.11-(3), there exists a spherical G̃-variety X(Σ) with
weight monoid Γ(Q) and set of spherical roots equal to Σ. Recall that X(Σ) can be regarded
as a G̃-subvariety of W = ⊕E V (ν̃)∗ where E denotes a minimal set of generators of the
monoid Γ(Q).
Let R be the subalgebra of the coordinate ring of X(Σ) generated by the modules V (λ̃i )
with λ̃i = (λi , 1) for i ∈ {1, . . . , s}. We then have a natural morphism ϕ : X(Σ) → Spec(R);
we shall prove that conditions (1) and (2) imply that ϕ is finite. Once this is proven, we
e
e acts by scalar
get a finite G-equivariant
morphism X(Σ) → V , where the factor Gm of G
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multiplication on V . In turn we obtain that the quotient Proj(C[X(Σ)]) is a projective
spherical G-variety over P(V ) which satisfies our requirements.
Let us thus prove that the morphism ϕ is finite. Since ϕ is homogeneous of degree 1, it
suffices to show that ϕ−1 (0) equals the singleton {0}. Note that the G̃-orbit closures of vλ̃∗
i
within W are obviously not contained in the fiber ϕ−1 (0) because ϕ restricted on such orbit
closures is the identity map. Lemma 4.13 shows that the G̃-orbit closures of vν̃ ∗ , for ν̃ 6= λ̃i
and ν̃ ∈ E, are not contained in this fiber either. This concludes the proof.

Example 4.15. Take G = SL2 × SL2 . Let λ1 = 2$1 , λ2 = 4$1 + 2$10 and V = V (λ1 ) ⊕
V (λ2 ). We consider the polytope Q defined as the convex hull of 0, 2λ1 and λ2 .
In [AB06, Example 3.20], Alexeev and Brion show that the polytope Q cannot be realized
as the momentum polytope of a projective spherical variety over P(V ). Let us recover this
result, by applying Theorem 4.14.
Assume there exists a projective spherical G-variety X over P(V ) with momentum polye be the
tope Q. Then λ2 is the only vertex of Q satisfying Definition 4.11-(1). Let Ξ
extended weight lattice of X. The properties (2) and (3) in Definition 4.11 imply that X
should have at least two spherical roots, which have to be admissible for the weight monoid
e Recall that Σ(G) = {α1 , α10 , 2α1 , 2α10 , α1 + α10 , 1 (α1 + α10 )}. It
Γ(Q) = Q≥0 (Q × {1}) ∩ Ξ.
2
follows from Definition 4.3-(1) and from Definition 4.1-(3) that 2α1 , α1 + α10 and 21 (α1 + α10 )
are not compatible with Γ(Q). This means that Σ(X) = {α1 , α10 } or Σ(X) = {α1 , 2α10 }. In
particular, α1 is compatible with Γ(Q). One of the ray generators of Γ(Q)∨ is a positive
multiple of ρ1 := 12 α1∨ |Ξe − α10∨ |Ξe . Since hρ1 , α1 i = 1, it follows from Definition 4.3-(1) that ρ1
is a ray generator of Γ(Q). Consequently, there exists D ∈ S(α1 ) such that ρ(D) = α1∨ |Ξe −ρ1 .
Since hρ(D), α10 i = 2, it follows that neither {α1 , α10 } nor {α1 , 2α10 } satisfies Definition 4.6.
This contradicts Theorem 4.14 hence shows that there is no projective G-spherical variety
over P(V ) with momentum polytope Q.
Corollary 4.16. Let V be a finite dimensional G-module, Ξ ⊂ Λ be a lattice and Q ⊂ Q≥0 Λ+
be a convex polytope. The following assertions are equivalent.
e V, Q, Σ) for some Ξ
e spanned by Ξ and some
(1) There exists a momentum quadruple (Ξ,
∗
(λ, 1)’s with λ being some highest weights of V .
(2) There exists a projective spherical G-variety over P(V ) with weight lattice Ξ and
momentum polytope Q.
Proof. This follows from Theorem 4.14 together with Corollary 2.3.



Example 4.17 (cf. [Fos98, Chapter 3]). Take G = SL3 along with λ1 = 4$1 + 4$2 ,
e be the lattice
λ2 = 5$1 + 2$2 and λ3 = 2$1 + 5$2 . Let V = V (λ1 )∗ ⊕ V (λ2 )∗ ⊕ V (λ3 )∗ , Ξ
generated by (λi , 1), i = 1, 2 or 3, and Q be the convex hull of the weights λ1 , λ2 and λ3 .
e V, Q, ∅) is obviously a momentum quadruple. One next
Since Q is a lattice polytope, (Ξ,
computes that the set {α1 , α2 } of simple roots of G forms an admissible set for Γ(Q). The
power set of {α1 , α2 } thus yields four non-isomorphic projective spherical G-varieties with
e V, Q).
given data (Ξ,
4.2. A characterization as an intersection of half-spaces. The criterion we establish in
this section (Theorem 4.25) is also derived from the classification of affine spherical varieties
with a given weight monoid recalled in the previous subsection. It has the advantage that it
can be stated without resorting to a monoid.
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Throughout this subsection, Ξ ⊆ Λ denotes a lattice and Q ⊂ Q≥0 Λ+ is a convex polytope
such that Q − ω is a full dimensional polytope in ΞQ for some (equivalently, any) ω ∈ Q.
The results given in this subsection are based on the notion of an admissible set of spherical
roots for the couple (Ξ, Q). Before defining it, we introduce some basic notations. Fix ω ∈ Q.
Let F be any facet of Q. In our setting, F generates an affine subspace of ΛQ of dimension
rk Ξ − 1, which we denote by HF . Analogously, the corresponding facet F − ω of Q − ω
generates an affine hyperplane HF −ω of ΞQ which we can write as
HF −ω = {ξ ∈ ΞQ : hρF , ξi + mF,ω = 0}
where mF,ω ∈ Q and ρF is a primitive element of HomZ (Ξ, Z). We choose ρF to be inwardpointing, i.e. such that it takes on Q − ω values that are greater than or equal to −mF,ω .
Notice that ρF does not depend on ω; it is uniquely determined by F and it uniquely
determines F among the facets of Q: we call it the primitive inward-pointing facet normal
of F .
We thus have
Q = ω + {ξ ∈ ΞQ : hρF , ξi + mF,ω ≥ 0 for all facets F of Q} .
In the following two definitions we introduce the projective analogs of Definitions 4.3
and 4.6. First, recall the notion of a spherical root compatible with a lattice given in
Definition 4.1.
Definition 4.18. A spherical root σ ∈ Σ(G) is Q-compatible with (Ξ, Q) if σ is compatible with Ξ, the couple (S ⊥ (Q), σ) satisfies Luna’s axiom (S), and σ satisfies the following
properties:
(1) if σ ∈
/ S and a facet F ⊂ Q satisfies hρF , σi > 0, then there exists α ∈ S r S ⊥ (Q)
such that hα∨ , F i = 0.
(2) if σ = α ∈ S then there exists a facet F ⊂ Q such that
(a) hρF , αi = 1;
(b) if F 0 ⊂ Q is a facet such that hρF 0 , αi > 0 then HF 0 = HF or HF 0 = sα (HF ).
(3) if σ = α + β or σ = 12 (α + β) for two orthogonal simple roots α and β, then
hα∨ , qi = hβ ∨ , qi for all q ∈ Q.
We denote by ΣQ (Ξ, Q) the set of spherical roots that are Q-compatible with (Ξ, Q).
For a simple root α ∈ ΣQ (Ξ, Q), we denote by A(α) a set with two elements Dα+ and Dα− ,
and we define a map ρ : A(α) → HomZ (Ξ, Z) by setting ρ(Dα+ ) = ρF and ρ(Dα− ) = α∨ |Ξ −ρF ,
where we choose 1 a facet F ⊂ Q as in (2).
Remark 4.19.
(a) In case (1) of the above definition, notice that α∨ is not constantly 0
on Q. This implies that F = Q ∩ {hα∨ , −i = 0}, and that ρF = α∨ |Ξ up to a positive
rational factor.
(b) The conditions on the facet F in parts (1) and (2) of Definition 4.18 had already been
observed by Woodward in [Woo98b, Theorem 2.5], under the additional assumption
that rk Ξ = rk Λ. In fact, it is straightforward to deduce from loc.cit. that if (X, L)
is a polarized spherical G-variety of maximal rank, then every σ ∈ Σ(X) satisfies (1)
and (2) in Definition 4.18 with respect to Q = Q(X, L) and Ξ = Ξ(X). We use a
similar argument to Woodward’s in the proof of Proposition 4.34 and of Theorem 7.30,
without the assumption on the rank of Ξ(X).
1From

now on we implicitly fix a choice of such a facet for all α ∈ ΣQ (Ξ, Q); see Lemma 4.20-(2).
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In the next lemma, we give some first consequences of Q-compatibility and Q-admissibility
on the configuration of the polytope Q. Part (2) of the lemma implies that, up to permuting
Dα+ and Dα− , the pair (A(α), ρ) of Definition 4.18 does not depend on the choice of the facet
F of Q as in part (2) of that definition.
Lemma 4.20. Let α ∈ ΣQ (Ξ, Q) ∩ S.
(1) For all q ∈ Q we have
hρ(Dα− ), q − ωi + hα∨ , ωi − mF,ω ≥ 0,
where F is the facet of Q such that ρ(Dα+ ) = ρF .
(2) Suppose that there exist two distinct facets F, F 0 ⊂ Q whose primitive inward-pointing
facet normals are positive on α. Then we have the following two equalities:
ρF + ρF 0 = α∨ |Ξ ;

(4.4)

mF,ω + mF 0 ,ω = hα∨ , ωi.

(4.5)
Proof. We prove part (1). Since

HF = {x ∈ ΞQ + ω : hρF , x − ωi + mF,ω = 0}
it is elementary to show that
sα (HF ) = {x ∈ ΞQ + ω : hρ(Dα− ), x − ωi + hα∨ , ωi − mF,ω = 0},
using the fact from Definition 4.18 that ρ(Dα− ) = α∨ |Ξ − ρF .
Suppose, for the sake of contradiction, that there exists q ∈ Q such that
hρ(Dα− ), q − ωi + hα∨ , ωi − mF,ω < 0.
Consider the maximum rational number a such that q − aα ∈ Q: we have a ≥ 0, and the
point q 0 = q − aα is on a facet E of Q such that hρE , αi > 0 (otherwise q − Q≥0 α would be
entirely contained in Q). Then
hρ(Dα− ), q 0 − ωi + hα∨ , ωi − mF,ω < 0,
in particular the left hand side is 6= 0. This excludes the possibility that HE = sα (HF ).
Then HE = HF , i.e. E = F . This yields hρF , q 0 − ωi + mF,ω = 0, and
hα∨ , q 0 i = hρF , q 0 − ωi + hρ(Dα− ), q 0 − ωi + hα∨ , ωi < 0,
which contradicts Q ⊆ Q≥0 Λ+ .
We now prove part (2). By Definition 4.18 we have HF 0 = sα (HF ), which implies ρF 0 =
±(α∨ |Ξ − ρF ). Since ρF and ρF 0 both take value 1 on α, we have ρF + ρF 0 = α∨ |Ξ .
Since F and F 0 are distinct subsets of Q≥0 Λ+ , the affine subspaces HF and HF 0 of ΛR are
not parallel. It follows that HF ∩ HF 0 is non-empty and stable under sα , hence there exists
p ∈ HF ∩ HF 0 such that sα (p) = p, in other words hα∨ , pi = 0. Then p − ω ∈ HF −ω ∩ HF 0 −ω ,
which yields
mF,ω + mF 0 ,ω = hρF , ω − pi + hρF 0 , ω − pi = hα∨ , ω − pi = hα∨ , ωi,
as desired.



The analog of Definition 4.6 while replacing S by A reads as follows.
Definition 4.21. A subset Σ ⊆ ΣQ (Ξ, Q) is Q-admissible (for (Ξ, Q)) if it satisfies the
following condition:
16

(1’) For every α ∈ Σ ∩ S, D ∈ A(α), and σ ∈ Σ \ {α}, the inequality hρ(D), σi ≤ 1 holds,
and the equality is attained if and only if σ = β ∈ S and there is D0 ∈ A(β) with
ρ(D0 ) = ρ(D).
Remark 4.22. Notice that the property of being Q-admissible for a subset of ΣQ (Ξ, Q)
is closed under taking subsets. Even a stronger property holds evidently: a subset Σ ⊂
ΣQ (Ξ, Q) is Q-admissible if and only if {σ, τ } is Q-admissible for all σ, τ ∈ Σ. We also
point out that Σ = {σ} is Q-admissible if and only if σ is Q-compatible with (Ξ, Q): Qadmissibility for singletons does not involve checking condition (1’) of Definition 4.21.
Before defining admissible sets of spherical roots, we need to introduce some additional
notation. Let Σ ⊆ ΣQ (Ξ, Q) be Q-admissible. Suppose α ∈ S ∩ 21 Σ. Recall from Remark 4.19
that whenever hρF , αi > 0 for a facet F of Q, then ρF equals a positive rational multiple of
α∨ |Ξ . In this case, it is useful to rescale ρF and mF,ω accordingly, as follows. We denote
(
1 ∨
α |Ξ if hρF , αi > 0 for some α ∈ S ∩ 12 Σ,
2
ρΣ
=
F
ρF
otherwise,
and we set
Σ
mΣ
F,ω = −hρF , F − ωi.

Let Σ ⊆ Σ(G). In accordance with Definition 3.5, we call a face of Q an orbit face with
respect to Σ if it is an orbit face of Q for the cone dual to −Σ. When Σ is clear from the
context, we will sometimes omit “with respect to Σ.”
Definition 4.23. A Q-admissible subset Σ ⊆ ΣQ (Ξ, Q) is admissible if the following conditions are satisfied:
(1) for all orbit vertices v, w of Q w.r.t. Σ, the difference v − w is in Ξ;
(2) there exists an orbit vertex v ∈ Q w.r.t. Σ such that
(a) v ∈ Λ and
1
(b) mΣ
F,v ∈ Z, for all facets F ⊂ Q such that hρF , αi > 0 with α ∈ S ∩ (Σ ∪ 2 Σ).
Remark 4.24.
(a) Observe that when condition (1) of Definition 4.23 is true, then condition (2) holds for all orbit vertices of Q, whenever it holds for one of them.
(b) It follows from Remark 4.19 that if Σ ⊆ ΣQ (Ξ, Q) is Q-admissible and F is a facet
of Q such that hρF , σi > 0 for some σ ∈ Σ \ S, then
(4.6)

∨
mΣ
F,ω = ahα , ωi,

∨
where a is the positive rational number such that ρΣ
F = aα |Ξ .
(c) It is straightforward to verify that a subset Σ of Σ(G) is Q-admissible for (Ξ, Q) if
and only if there exists a positive integer n such that Σ is admissible for (Ξ, nQ).
(d) In general, admissibility is not closed under taking subsets of Σ, because of the
integrality conditions involved in the definition (see Example 4.27).

Here is our second criterion for the geometric realizability of a pair (Ξ, Q). Its proof will
be given on page 22.
Theorem 4.25. For a subset Σ ⊆ Σ(G), the following assertions are equivalent.
(1) The set Σ is admissible (resp. Q-admissible) for the couple (Ξ, Q).
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(2) There exists a polarized spherical G-variety with weight lattice Ξ, set of spherical
roots Σ, and momentum polytope Q (resp. nQ for some positive integer n).
Remark 4.26.
(a) It follows from Theorem 4.25 and Remark 4.22 that a pair (Ξ, Q)
can be realized by a Q-polarized spherical G-variety if and only if Σ = ∅ is Qadmissible for (Ξ, Q). For completeness, we recall that a Q-polarized G-variety is a
pair (X, L) where X is a projective G-variety and L is an element of PicG (X)Q such
that nL ∈ PicG (X) is ample for some n ∈ N.
(b) Given G and a pair (Ξ, Q), deciding whether there exists a subset Σ of Σ(G) which is
admissible requires only finitely many verifications. In particular, one can, at least in
principle, decide algorithmically whether such a pair (Ξ, Q) is realized by a polarized
spherical G-variety. Indeed, the set Σ(G) is finite, and by Definitions 4.18 and 4.21
determining the subsets of Σ(G) that are Q-admissible with respect to (Ξ, Q) can
be done in finitely many steps. It is clear from Definition 4.23 that, determining
whether a given Q-admissible subset Σ of Σ(G) is admissible only requires finitely
many further verifications.
Example 4.27. The property of being admissible for a subset of ΣQ (Ξ, Q) is not closed
under taking subsets. We exhibit here a minimal admissible set of spherical roots having two
elements. The polytope Q is taken from [Bri87, Section 2.1, example c)]. Let G = Sp(6),
with simple roots αi and corresponding fundamental dominant weights $i (i ∈ {1, 2, 3})
numbered as in Bourbaki [Bou68]. Define Q as the convex hull of the points 12 $2 , $2 , and
1
($1 + $3 ). Take Ξ = spanZ {α1 + α3 , α2 }.
3
Then Q − q is contained and of full dimension in ΞQ for any q ∈ Q. One checks that
Σ = {α1 +α3 , α2 } is admissible for (Ξ, Q). Notice that v := $2 is the unique orbit vertex and
also the unique lattice point in Q. With respect to any proper subset Σ0 ( Σ, the polytope
Q has more than one orbit vertex; those different from v are not integral weights. Therefore
condition (1) of Definition 4.23 cannot be fulfilled for such Σ0 and Σ0 is not admissible.
We now begin the proof of Theorem 4.25, which we divide into several steps.
Lemma 4.28. Let α, β be two distinct simple roots in ΣQ (Ξ, Q) such that {α, β} is Qadmissible. If hρ(D), αi = hρ(D), βi = 1 for some D ∈ A(α) then ρ(D) is an inward-pointing
facet normal of Q.
Proof. Let Fα (resp. Fβ ) be the facet of Q such that ρFα = ρ(Dα+ ) (resp. ρFβ = ρ(Dβ+ ))
as in Definition 4.18. Since {α, β} is Q-admissible, ρ(D) = ρ(D0 ) for some D0 ∈ A(β). If
D = Dα+ or D0 = Dβ+ then we are done; so we assume that neither of these two equalities
hold. By the definitions of A(α) and A(β), it then follows that ρ(D) + ρ(Dα+ ) = α∨ |Ξ and
ρ(D) + ρ(Dβ+ ) = β ∨ |Ξ .
Let F be a facet of Q such that hρF , α + βi > 0 (which exists because α + β ∈ Ξ and
Q − ω is full dimensional in ΞQ ). We will prove that ρF = ρ(D). Since
hρ(Dα+ ), α + βi = hα∨ |Ξ − ρ(D), α + βi = hα∨ , βi ≤ 0
and similarly hρ(Dβ+ ), α + βi ≤ 0, we know that F 6= Fα and F 6= Fβ . But since hρF , α +
βi > 0, we have that hρF , αi > 0 or hρF , βi > 0. It follows from equation (4.4) that
ρF + ρ(Dα+ ) = α∨ |Ξ or ρF + ρ(Dβ+ ) = β ∨ |Ξ . Either way, ρ(D) = ρF , as desired.
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Let us now assume that Σ ⊆ Σ(G) is admissible for (Ξ, Q) and let v be an orbit vertex
e be the following sublattice of
of Q. Recall that v ∈ Λ by Definition 4.23-(2a) and let Ξ
e = Λ × Z:
Λ
(4.7)

e := (Ξ × {0}) ⊕ Z(v, 1).
Ξ

Observe that by Definition 4.23-(1), this lattice does not depend on the choice of v. We will
e using the map λ 7→ (λ, 0). As before, we set
often implicitly identify Ξ with Ξ × {0} ⊆ Ξ
(4.8)

e⊆Λ
e Q.
Γ(Q) := Q≥0 (Q × {1}) ∩ Ξ

Moreover, since Q − v is a full dimensional polytope in ΞQ , we have the equalities
(4.9)

e
ZΓ(Q) = Ξ

(4.10)

e
S ⊥ (Q) = S ⊥ (Ξ);

The next elementary lemma in convex geometry will be used frequently in what follows.
e and Γ(Q) by equation (4.7)
Lemma 4.29. Suppose v is any point in Λ ∩ Q and define Ξ
and equation (4.8) respectively. The assignment ρe 7→ ae
ρ|Ξ , where a ∈ Q>0 is such that ae
ρ|Ξ
is primitive in HomZ (Ξ, Z), defines a bijective correspondence between the ray generators of
Γ(Q)∨ and the primitive inward-pointing facet normals of Q. The inverse map is given, for
every facet F of Q, by ρF 7→ ρe where ρe denotes the ray generator of Γ(Q)∨ defining the facet
of Q≥0 Γ(Q) containing F × {1}.
e Z) = HomZ (Ξ, Z) ⊕ Z.
Proof. Elementary, using that dualizing (4.7) we have HomZ (Ξ,



e + (in
Our next aim is to establish that Σ is admissible for the weight monoid Γ(Q) ⊆ Λ
the sense of Definition 4.3.) We break the verifications up in a few lemmas.
Lemma 4.30. Suppose Σ ⊆ ΣQ (Ξ, Q) is admissible for (Ξ, Q). If σ ∈ Σ, then σ is compatible
e
with the lattice Ξ.
Proof. We check the conditions in Definition 4.1. Recall that, by assumption, σ is compatible
e follows from the fact that it is primitive in Ξ × {0} ⊆ Ξ.
e
with Ξ. That σ is primitive in Ξ
⊥
Condition (2) of Definition 4.1 follows from the equality (4.10) and the fact that (S (Q), σ)
satisfies Luna’s axiom (S). Condition (3) follows from the fact that σ is compatible with
Ξ and part (3) of Definition 4.18. Finally, condition (4) in Definition 4.1 follows from
Definition 4.18-(1), equation (4.6) and condition (2b) of Definition 4.23.

Lemma 4.31. Suppose Σ ⊆ ΣQ (Ξ, Q) is admissible for (Ξ, Q). If σ ∈ Σ, then σ is compatible
with the monoid Γ(Q).
Proof. By Lemma 4.30 and equation (4.9), what is left is to verify conditions (1) and (2) of
Definition 4.3. Suppose that σ ∈ Σ r S, and let ρe be a ray generator of Γ(Q)∨ such that
he
ρ, σi > 0. Let ρF be the inward-pointing facet normal of Q corresponding to ρe under the
correspondence in Lemma 4.29. Then hρF , σi > 0 and so, by Definition 4.18-(1), there exists
α ∈ S r S ⊥ (Γ(Q)) such that hα∨ , F i = 0. Therefore α∨ vanishes on the facet of Q≥0 Γ(Q)
that contains F × {1} but not on Γ(Q). Consequently, ρe is a positive rational multiple of
α∨ |Ξe , which proves condition (1) of Definition 4.3.
19

Suppose now that σ = α ∈ S, let F be a facet of Q as in part (2) of Definition 4.18 and
let ρe be the ray generator of Γ(Q)∨ corresponding to ρF as given by Lemma 4.29. We claim
that ρ1 := ρe and ρ2 := α∨ |Ξe − ρe satisfy the three properties required by Definition 4.3-(2).
To prove this claim, we first observe that ρe = (sρF , a) ∈ HomZ (ZΓ(Q), Z) = HomZ (Ξ, Z)⊕
Z for some s ∈ Q≥0 and some a ∈ Z. Since hρF , αi = 1, we have that v − mΣ
F,v α ∈ HF and
consequently that
Σ
0 = he
ρ, (v − mΣ
F,v α, 1)i = h(sρF , a), −mF,v (α, 0) + (v, 1)i = −smF,v + a,

that is, smΣ
ρ, (α, 0)i = shρF , αi = s, and
F,v = a. As s is a positive integer, since α ∈ Ξ and he
as ρe is primitive in HomZ (ZΓ(Q), Z), we know that gcd(s, a) = 1. Because mΣ
F,v ∈ Z by part
Σ
(2b) of Definition 4.23, it follows that a = mF,v and that
(4.11)

ρe = (ρF , mΣ
F,v ).

The equalities hρ1 , αi = hρ2 , αi = 1 follow, and α∨ |Ξe = ρ1 + ρ2 holds by construction. The
latter equality also yields
(4.12)

ρ2 = (α∨ |Ξ − ρF , hα∨ , vi − mΣ
F,v ),

so by Lemma 4.20, part (1), we have that ρ2 is non-negative on Q × {1}. This implies that
ρ2 ∈ Γ(Q)∨ . We have proved the first two required properties.
To prove the third required property, let ρ be a ray generator of Γ(Q)∨ for which hρ, αi > 0.
Let ρF 0 be the corresponding primitive inward-pointing facet normal of Q. If F 0 = F , then
ρ = ρe = ρ1 . If F 0 6= F , then it follows from equation (4.4) that ρ0F = α∨ |Ξ − ρF , and so
hρ0F , αi = 1. Using the same argument as above, we then find that ρ = (ρF 0 , mΣ
F 0 ,v ). Thanks
∨
∨
Σ
to equation (4.5), we then obtain ρe = (α |Ξ − ρF , hα , vi − mF,v ) = ρ2 . This proves the third
required property and concludes the proof.

Lemma 4.32. Suppose Σ ⊆ ΣQ (Ξ, Q) is admissible for (Ξ, Q). Then Σ is admissible for the
monoid Γ(Q).
Proof. Since we know by Lemma 4.31 that Σ ⊆ Σ(Γ(Q)), we only need to check that Σ
satisfies axiom (1) of Definition 4.6. For α ∈ Σ ∩ S, let ρ1 , ρ2 be as in Definition 4.3 and
ρ(Dα+ ), ρ(Dα− ) as in Definition 4.18. In the proof of Lemma 4.31 we showed that, after
permuting ρ1 and ρ2 if necessary, we have ρ(Dα+ ) = ρ1 |Ξ and ρ(Dα− ) = ρ2 |Ξ . To avoid
e Z) with ρe(D+ ) = ρ1 and ρe(D− ) =
confusion we denote here by ρe the map S(α) → HomZ (Ξ,
α
α
ρ2 , and by ρ the map A(α) → HomZ (Ξ, Z) of Definition 4.18.
By the discussion in the preceding paragraph we can, for every α ∈ Σ ∩ S, identify S(α)
and A(α) in such a way that ρe|Ξ = ρ. At this point axiom (1) of Definition 4.6 follows
from axiom (1’) of Definition 4.21, if we prove the following claim: for all α, β ∈ Σ ∩ S, if
ρ(D) = ρ(E) for some D ∈ S(α) and E ∈ S(β), then ρe(D) = ρe(E).
To prove the claim, we may suppose that α 6= β. It then follows from Lemma 4.28 that
ρ(D) = ρ(E) is a primitive inward-pointing facet normal of Q. Let ρ be the corresponding ray
generator of Γ(Q)∨ as in Lemma 4.29. In the proof of Lemma 4.31 we showed that ρe(S(α)) =
{ρ, α∨ |Ξe − ρ} and ρe(S(β)) = {ρ, β ∨ |Ξe − ρ}. It follows from the equalities hρ(D), βi = 1 and
hρ(E), αi = 1 that ρe(D) = ρ = ρe(E). This proves the claim and the lemma.

We can now establish one implication in Theorem 4.25.
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Proposition 4.33. If Σ ⊆ ΣQ (Ξ, Q) is admissible for (Ξ, Q) then there exists a polarized
spherical G-variety (X, L) such that Ξ(X) = Ξ, Σ(X) = Σ and Q(X, L) = Q.
e
e with
Proof. From Lemma 4.32 and Theorem 4.7, we obtain an affine spherical G-variety
X
e
e
Γ(X) = Γ(Q) and ΣGe (X) = Σ. It follows from equation (4.7) and the exact sequence (2.3)
e is Ξ, from equation (2.4) that
that the lattice of the polarized spherical G-variety Proj(C[X])
its momentum polytope is Q and from Lemma 4.8 that its set of spherical roots is Σ.

We now establish the converse of the previous proposition.
Proposition 4.34. If (X, L) is a polarized spherical G-variety with weight lattice Ξ, momentum polytope Q and set of spherical roots Σ, then Σ ⊆ ΣQ (Ξ, Q) and Σ is admissible for
(Ξ, Q).
Proof. It follows from Theorem 3.6 that the orbit vertices of Q (for the cone V(X) = (−Σ)∨ ⊆
N (X)) are exactly the momentum polytopes of the closed G-orbits of X. Conditions (1)
and (2a) of Definition 4.23 now follow from Proposition 2.2-(d) and Corollary 2.3.
e = Spec(R(X, L)) be the affine cone of (X, L). Recall that X
e is an affine
Next let X
e
spherical G-variety
with set of spherical roots Σ, by Lemma 4.8. Denote its weight lattice
e it is a sublattice of Λ
e = Λ × Z and fits into the exact sequence (2.3). In particular,
by Ξ;
e ∩ Λ = Ξ. From (2.5) we know that the weight monoid of X
e is Γ(Q) = Q≥0 (Q × {1}) ∩ Ξ.
e
Ξ
Theorem 4.7 tells us that Σ is admissible for Γ(Q).
We now show that Σ ⊆ ΣQ (Ξ, Q) by verifying the conditions in Definition 4.18. Let σ ∈ Σ.
e Moreover
Then it is compatible with Ξ, because it is compatible with the bigger lattice Ξ.
e hence (S ⊥ (Q), σ) satisfies Luna’s axiom (S).
S ⊥ (Q) = S ⊥ (Ξ),
Now, assume σ ∈
/ S, and let F ⊂ Q be a facet such that hρF , σi > 0. Denote by ρe the ray
∨
generator of Γ(Q) corresponding to ρF under the bijection of Lemma 4.29. Then ρe|Ξ = ρF
up to a positive rational factor. Since ρe = α∨ |Ξe up to a positive rational factor, for some
e we get ρF = α∨ |Ξ up to a positive rational factor, which proves condition (1)
α ∈ S r S ⊥ (Ξ)
of Definition 4.18.
Assume now σ = α ∈ S, and let ρ1 , ρ2 be as in Definition 4.3. We may assume that ρ1 is
a ray generator of Γ(Q)∨ , let F be the corresponding facet of Q. Then aρ1 |Ξ = ρF for some
rational number a between 0 and 1. Because ρF is primitive in HomZ (Ξ, Z) by definition
and hρ1 |Ξ , αi = 1, we obtain ρ1 |Ξ = ρF , which yields hρF , αi = 1. Suppose now hρF 0 , αi > 0
for some facet F 0 ⊂ Q, and let ρ0 be the ray generator of Γ(Q)∨ corresponding to F 0 . Notice
that ker(ρ0 ) ∩ (ΛQ × {1}) = HF 0 × {1}. By hypothesis we have ρ0 = ρ1 or ρ0 = ρ2 = α∨|Ξe − ρ1 .
In the former case HF = HF 0 and in the latter HF 0 = sα (HF ). We have proved condition (2)
of Definition 4.18 and therefore Σ ⊆ ΣQ (Ξ, Q).
We have also proved that for all α ∈ S ∩ Σ we can identify S(α) and A(α) in such a way
that ρe|Ξ (D) = ρ(D) for all D ∈ S(α), where to avoid confusion we denote by ρe the usual
e Z) and by ρ the usual map A(α) → HomZ (Ξ, Z). Condition (1’) of
map S(α) → HomZ (Ξ,
Definition 4.21 stems from condition (1) of Definition 4.6, assuring Q-admissibility of Σ.
To finish the proof that Σ is admissible for (Ξ, Q), all that remains is to check condition (2b)
of Definition 4.23. Let v be an orbit vertex of Q, α ∈ S and hρF , αi > 0 for a facet F of
1 ∨
∨
e
Q. If 2α ∈ Σ then ρΣ
F = 2 α |Ξ and, by Definition 4.1-(4), α takes even values on Ξ.
e
Equation (4.6) then gives mΣ = 1 hα∨ , vi = 1 hα∨ , (v, 1)i ∈ Z, since (v, 1) ∈ Ξ.
F,v

2

2
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Finally, if α ∈ Σ, let ρe be the ray generator of Γ(Q)∨ corresponding to ρF . Recall that
e Z) by definition and that he
ρe ∈ HomZ (Ξ,
ρ, αi = 1 by condition (2c) of Definition 4.3. As
above we have ρe|Ξ = ρF . Consequently, mΣ
e(v, 1) ∈ Z and the proof is
F,v = mF,v = ρ
complete.

Finally, we complete the proof of our second criterion.
Proof of Theorem 4.25. The assertion with Q-admissibility follows from the one with admissibility, since Σ is Q-admissible for (Ξ, Q) if and only if it is admissible for (Ξ, nQ) for some
positive integer n. The theorem follows now from Propositions 4.33 and 4.34.

5. Some classification results
5.1. A classification of polarized spherical varieties. A G-morphism between two given
polarized G-varieties (X1 , L1 ) and (X2 , L2 ) is a pair (f, ϕ) where f : X1 → X2 is a Gequivariant morphism and ϕ : L2 → f ∗ L1 is an isomorphism of G-linearized line bundles. As
is well-known, such G-morphisms (X1 , L1 ) → (X2 , L2 ) are in natural bijective correspondence
e
e1 → X
e2 between the affine cones.
with G-equivariant
morphisms X
We first deduce a uniqueness statement for polarized spherical varieties from the following
uniqueness theorem for affine spherical varieties, due to Losev (see also [ACF18b] for another
proof).
Theorem 5.1 ([Los09a, Theorem 1.2]). Two affine spherical G-varieties are G-equivariantly
isomorphic if and only if they have the same weight monoid and the same set of spherical
roots.
Corollary 5.2. Two polarized spherical G-varieties (X1 , L1 ) and (X2 , L2 ) are G-equivariantly isomorphic if and only if Ξ(X1 ) = Ξ(X2 ), Σ(X1 ) = Σ(X2 ) and Q(X1 , L1 ) = Q(X2 , L2 ).
Proof. We prove the “if” statement by applying Theorem 5.1 to show that the affine cones
e1 and X
e2 are G-equivariantly
e
X
isomorphic. First note that since X1 and X2 have the same
weight lattice Ξ as well as the same set of spherical roots, they have the same valuation
cone. Because these varieties (with the given polarizations) also have the same momentum
polytope Q, their closed G-orbits correspond to the same vertices of Q; see Theorem 3.6.
e1 and X
e2 have the same weight lattice Ξ
e and, in turn,
By Corollary 2.3, it follows that X
e Finally, since any polarized spherical G-variety
the same weight monoid Q≥0 (Q × {1}) ∩ Ξ.
has the same set of spherical roots as its affine cone (Lemma 4.8), Theorem 5.1 allows to
conclude.

Remark 5.3. In [Los09b], one can find a slightly different proof of the above corollary. See
Step 2 of the proof of Theorem 8.3 therein.
Corollary 5.4. There exist only finitely many G-isomorphism classes of spherical polarized
G-varieties X with prescribed weight lattice and momentum polytope.
Proof. The set of spherical roots of G being finite, the corollary follows from Corollary 5.2.

Recall the notion of admissibility (see Definition 4.23). Let Ξ ⊂ Λ be a sublattice, Q ⊂
Q≥0 Λ+ be a polytope such that Q − ω ⊂ ΞQ is full dimensional for some ω ∈ Q and Σ
be a subset of Σ(G). We call the triple (Ξ, Q, Σ) a Q-momentum triple of G (resp.
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momentum triple of G) if Σ ⊂ ΣQ (Ξ, Q) (resp. Σ is admissible for the couple (Ξ, Q)).
Combining Corollary 5.2 and Theorem 4.25, we obtain a classification of polarized spherical
G-varieties involving these triples.
Theorem 5.5. The map (X, L) 7→ (Ξ(X), Q(X, L), Σ(X)) is a bijection between the Gisomorphism classes of polarized spherical G-varieties and the momentum triples of G.
Remark 5.6. Pasquier classified the polarized horospherical G-varieties by means of some
quadruples that he calls moment quadruples; see [Pas17, Corollary 2.10]. Recall that a
horospherical G-variety is a (spherical) G-variety such that the stabilizer H of any point
of its open G-orbit contains a maximal unipotent subgroup of G. Moreover, horospherical
varieties do not have any spherical roots. For a polarized horospherical G-variety (X, D),
e
Pasquier’s moment quadruple is the quadruple (PX , MX , Q(X, D), Q(X,
D)) where PX is the
parabolic subgroup of G such that G/H → G/PX is a torus fibration; MX is the sublattice
of X (PX ) consisting of characters vanishing on H; Q(X, D) is the momentum polytope
e
of (X, D) and Q(X,
D) is the polytope Q(X, D) − q where q denotes the B-weight of the
e
canonical section of D. Note that Q(X,
D) is contained in (MX )Q . Furthermore, the datum
(PX , MX ) is equivalent to the datum Ξ(X). These observations yield the connection with
our momentum quadruples, more precisely with those such that Σ = ∅.
5.2. A classification of all Fano spherical varieties. Given a normal complex variety
X, we denote its anti-canonical sheaf by −KX . If X is projective and −KX is an ample
Cartier divisor then X is called a Fano variety. In case −KX is ample but only Q-Cartier,
X is called Q-Fano.
In this section, we establish a bijection between all Fano spherical G-varieties and peculiar
momentum triples. This result is derived from the classification obtained in Theorem 5.5
together with the description of the anti-canonical sheaf of a projective spherical variety.
We start with the recollection of this description which essentially follows from some results
of Brion’s ([Bri97b, Theorem 4.2]) and Luna’s ([Lun97, §3.6]); see [GH15a] for details.
We shall need the notation set up in Section 3.2 and introduce some further ones. In
particular, ∆(X) denotes the set of colors of X. Let P ⊂ G be the parabolic subgroup
containing B and stabilizing ∆(X) pointwise and S p be its corresponding set of simple roots.
Observe that S p = S ⊥ (X). By ρ resp. ρS p , we denote the half-sum of the positive roots of
G, resp. of the root system generated by S p . For α ∈ S, let Pα ⊂ G be the corresponding
minimal parabolic subgroup strictly containing B.
Proposition 5.7. Let X be a projective spherical G-variety and let X1 , X2 , . . . , Xn be the Gstable prime divisors of X. Then there exists s ∈ H 0 (X, −KX )(B) \{0} of B-weight 2ρ−2ρS p
with
X
X
(5.1)
div(s) =
Xi +
nD D
1≤i≤n

D∈∆(X)

where
(1) nD = 1 for D ∈ ∆(X) such that Pα D 6= D for some α ∈ S with α ∈ Σ(X) ∪ 21 Σ(X).
(2) nD = h2ρ − 2ρS p , α∨ i for D ∈ ∆(X) such that Pα D 6= D where α ∈ S with α ∈
/
Σ(X) ∪ 12 Σ(X).
A reflexive Q-momentum triple is a Q-momentum triple where the numbers mΣ
F,w are
prescribed. Here is the precise definition.
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Definition 5.8. A Q-momentum triple (Ξ, Q, Σ) is called Q-reflexive if w := 2ρ−2ρS ⊥ (Q) ∈
Q, and the following properties are satisfied:
(1) If F is a facet of Q such that hρF , σi > 0 for some σ ∈ S ∩ Σ, then mΣ
F,w = 1;
(2) If F is a facet of Q such that hρF , σi ≤ 0 for all σ ∈ Σ, and hα∨ , F i =
6 {0} for all
⊥
Σ
α ∈ S \ S (Q), then mF,w = 1.
A momentum triple (Ξ, Q, Σ) is called reflexive if it is Q-reflexive and it satisfies the following property:
(3) There is an orbit vertex v of Q such that v − w ∈ Ξ.
Remark 5.9.
(a) The integrality condition (3) in Definition 5.8 does not follow from the
integrality conditions on orbit vertices in Definition 4.23, as the following example
shows. Take G = Sp(4) with α its short simple root and β the long one. The weight w
as in Definition 5.8 is then w = 2ρ = 4α + 3β. Let Q be the convex hull of 0, 4(α + β)
and 8α + 4β and set Ξ := spanZ {α + β, 2α}. Then (Ξ, Q, ∅) is a momentum triple,
which is Q-reflexive, but not reflexive: the three vertices of Q, which are all orbit
vertices, belong to Ξ, while w does not.
(b) There is some redundancy in the definition of a reflexive momentum triple: a Qreflexive Q-momentum triple (Ξ, Q, Σ) is a reflexive momentum triple if and only if
v − w ∈ Ξ for all orbit vertices v of Q.
(c) If (Ξ, Q, Σ) is a Q-reflexive Q-momentum triple, which is not a reflexive momentum
triple, then there exists n ∈ Z>0 , such that (Ξ, nQ, Σ) is a momentum triple, but no
r ∈ Z>0 such that (Ξ, rQ, Σ) is a reflexive one.
Theorem 5.10. The map X 7→ (Ξ(X), Q(X, −KX ), Σ(X)) is a bijection between the Q-Fano
spherical G-varieties (resp. Fano spherical G-varieties) and the Q-reflexive Q-momentum
triples of G (resp. reflexive momentum triples of G).
Proof. First, note that if X is a spherical (Q-)Fano G-variety then (Ξ(X), Q(X, −KX ), Σ(X))
is indeed a (Q-)reflexive (Q-)momentum triple thanks to Proposition 5.7 and Theorem 5.5.
The injectivity of the given mapping is part of Theorem 5.5. To prove its surjectivity,
consider any (Q-)reflexive (Q-)momentum triple (Ξ, Q, Σ). Let (X, L) be the corresponding
polarized spherical G-variety given by Theorem 5.5. In particular, we have Q(X, L) = Q
(resp. Q(X, L) = nQ for some n ∈ N) and there exists r ∈ H 0 (X, L)(B) \{0} such that div(r)
(resp. n1 div(r)) is equal to div(s) as in (5.1). Consequently L ∼
= −KX (resp. L ∼
= −nKX )
as invertible sheaves on X, and −KX (resp. −nKX ) is an ample line bundle. Finally,
Q(X, −KX ) = Q thanks to Proposition 3.1 and Proposition 5.7.

Remark 5.11. In [GH15a], generalizing the work of Pasquier’s [Pas08], Gagliardi and Hofscheier classify the Fano spherical embeddings of a given spherical homogeneous space G/H,
in terms of so-called G/H-reflexive polytopes (see loc.cit. for the definition). The correspondence is given as follows. Let X be a such an embedding and X1 , . . . , Xn be the G-stable
prime divisors of X. Then X 7→ QX where QX is the convex hull of the ρ(D)/nD and the
ρXi , for D ∈ ∆(X) and 1 ≤ i ≤ n. In particular, QX ⊂ N (G/H)Q .
The polytopes QX were introduced by Alexeev and Brion [AB04]; for X a Fano spherical
G-variety, it turns out that the momentum polytope of (X, −KX ) is precisely Q∗X + w
where Q∗X denotes the dual of QX and w is the B-weight of the canonical section of −KX
(see Proposition 3.1). This yields the connection with the work of Pasquier, Gagliardi and
Hofscheier.
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6. Momentum polytopes of smooth polarized spherical varieties
In this section we will specialize the combinatorial smoothness criterion in [Cam01] to our
setting. It allows one to decide whether an admissible polytope is the momentum polytope
of a smooth polarized spherical variety. We will use the exposition of the criterion given in
[PVS19, Section 3].
To state Camus’ criterion we need a few definitions and notations. We start with spherically closed spherical roots, and the notion of socle. For the motivation behind the next
definition, we refer to [PVS19, Proposition 2.7].
Definition 6.1. Let X be a spherical G-variety. We define the set Σsc (X) of spherically
closed spherical roots of X, as the set obtained from Σ(X) by replacing σ ∈ Σ(X) with 2σ
exactly when it satisfies any one of the following conditions:
(1) σ = α1 + . . . + αn , where {α1 , . . . , αn } ⊆ S has type2 Bn , with n ≥ 2, and αi ∈ S ⊥ (X)
for all i ∈ {2, 3, . . . , n},
(2) σ = 2α1 + α2 , where {α1 , α2 } ⊆ S has type G2 ,
(3) σ is not in the root lattice of G.
We observe that Σ(X) ∩ S = Σsc (X) ∩ S and introduce the following notation:
A(X, α) := {D ∈ ∆(X) : D is moved by α} for every α ∈ Σ(X) ∩ S;
A(X) := ∪α∈S∩Σ(X) A(X, α).
Definition 6.2 ([Cam01]). Let X be a spherical G-variety with a unique closed G-orbit Y
and write VX for the set of G-stable prime divisors of X. The socle of X is
soc(X) := (S, S ⊥ (X), Σsc (X), A(X), DY , VX , ρ0X : (DY ∪ VX ) → (ZΣsc (X))∗ )
where ρ0X (D) := ρX (D)|ZΣsc (X) for all D ∈ DY ∪ VX .
Suppose that (X, L) is a polarized G-variety, and let Q = Q(X, L) be its momentum
polytope. Recall from Theorem 3.6 and Proposition 2.2-(d) that the closed G-orbits in X
correspond to the orbit vertices v of Q, and that these correspond to the maximal colored
cones (C(v), D(v)) in the colored fan of X (see [Kno91, Lemma 3.2]).
Definition 6.3. Let (X, L) be a polarized G-variety with momentum polytope Q, and let v
be an orbit vertex of Q. We define the following:
1. S(v) := {α ∈ S : if D ∈ ∆(X) and α moves D, then D ∈ D(v)}.
2. B(v) := the set of primitive elements in HomZ (Ξ(X), Z) that lie on extremal rays of
C(v) which do not contain any element of {ρX (D) : D ∈ D(v)}.
3. The localized socle of X at v is
soc(X(v)) := (S(v), S(v) ∩ S ⊥ (Q), Σsc (X) ∩ ZS(v), A(v), D(v), B(v) ∪ (D(v) r D(v)), ρ),
where
S
• A(v) = α∈S(v)∩Σsc (X) A(X, α);
• D(v) = {D ∈ D(v) : D is moved by some α in S(v)}; and
• ρ : (D(v) ∪ B(v)) → [Z(Σsc (X) ∩ ZS(v))]∗ is defined by the fact that ρ(D) is the
restriction of ρX (D) to Z(Σsc (X) ∩ ZS(v)) for every D ∈ D(v) ∪ B(v).
2Simple

roots are numbered here according to the usual Bourbaki notation [Bou68].
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Remark 6.4. Thanks to [Kno91, Lemma 2.4], the set B(v) is (the image in N (X) of) the
set of valuations of G-stable prime divisors on X that contain the orbit corresponding to v.
Since X is smooth if and only if it is smooth along each of its closed orbits, Camus’
smoothness criterion, adapted to our setting, reads as follows.
Proposition 6.5 ([Cam01]). Suppose (X, L) is a polarized G-variety, and let Q = Q(X, L)
be its momentum polytope. Then X is smooth if and only if for every orbit vertex v of Q we
have:
(a) the |D(v) ∪ B(v)|-tuple (ρX (D))D∈D(v)∪B(v) is a basis of Ξ(X)∗ ; and
(b) soc(X(v)) is the socle of a spherical module.
We recall that the socles of spherical modules are described in [PVS19, Theorem 3.22], by
re-interpreting the combinatorial data in [Kno98, Section 5].
Remark 6.6.
(a) For each orbit vertex v, the union of the G-orbits in X, which contain
the orbit corresponding to v in their closure, is a G-stable open subvariety X(v) of
X (see, e.g., [Kno91, Theorem 2.1]). Condition (a) in Proposition 6.5 expresses that
X(v) is locally factorial (i.e., that every Weil divisor on X(v) is Cartier). As is well
known (see, e.g. [Ful93, Section 2.1]), a toric variety is smooth if and only if it is
locally factorial. In other words, when G is a torus, condition (b) is superfluous in
Proposition 6.5 and (a) is just the well-known combinatorial smoothness criterion for
toric varieties. More generally, condition (b) is superfluous in Proposition 6.5 under
the assumption that X is a toroidal spherical variety, see for example [Tim11, 29.2].
(b) We recall that if X is a toric variety, then every vertex of Q(X, L) is an orbit vertex,
since Σ(G) = ∅ when G is abelian.
Remark 6.7. The conditions (a) and (b) of Proposition 6.5 can be viewed as purely combinatorial conditions on the triple (Ξ(X), Q(X, L), Σ(X)), because the data needed to apply
the proposition can be combinatorially computed from the triple using standard constructions in the theory of spherical varieties that are due to Luna. To make this more precise,
let (Ξ, Q, Σ) be a Q-momentum triple. The data needed to apply the smoothness criterion
are obtained as follows:
(1) From the sets A(α) and the maps ρ : A(α) → Ξ∗ of Definition 4.18, one defines a set
A = A(Ξ, Q, Σ) and a map ρ : A → Ξ∗ as follows:
!
a
(6.1)
A :=
A(α) / ∼,
α∈Σ∩S

where ∼ is the equivalence relation on the above union defined by D ∼ E if and
only if there exist α, β ∈ Σ ∩ S with α 6= β such that D ∈ A(α), E ∈ A(β), and
ρ(D) = ρ(E). Then the given maps A(α) → Ξ∗ glue to a map ρ : A → Ξ∗ .
(2) The quintuple (S ⊥ (Q), Σ, A, Ξ, ρ) is a homogeneous spherical datum as in [Lun01,
§2.2] (see also the proof of Lemma 7.35). Combinatorially encoding the properties (3.1) and (3.2), [Lun01, §2.3] then defines a combinatorial set of colors ∆ =
∆(Ξ, Q, Σ) associated to (S ⊥ (Q), Σ, A, Ξ, ρ) and extends ρ to a map ∆ → Ξ∗ , which
we still denote by ρ. Furthermore, for every β ∈ S, one also defines the elements of
∆ that are moved by β (see, e.g., [PVS19, Definition 2.17]).
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(3) For any orbit face v of Q (for the cone V = (Q≥0 (−Σ))∨ ), the colored cone (C(v), D(v))
is then combinatorially defined as in Lemmas 7.36 and 7.37.
(4) Definition 6.3 then yields the set B(v) and the localized socle soc(v). Furthermore,
one defines the map ρv : D(v) ∪ B(v) → Ξ∗ by ρv (D) = ρ(D) if D ∈ D(v) and
ρv (n) = n for n ∈ B(v).
Standard arguments then imply that if (Ξ, mQ, Σ) = (Ξ(X), Q(X, L), Σ(X)) for some polarized spherical G-variety (X, L) and some m ∈ N, then
- S ⊥ (Q) = S ⊥ (X) by (4.10), Lemma 4.8 and, e.g., [ACF18a, Proposition 5.3(c)];
- the sets A(α) and A(X, α) are naturally identified, as are ρ|A(α) and ρX |A(X,α) (cf.
Proposition 7.31 and Corollary 7.7);
- A(Ξ, Q, Σ) and ∆(Ξ, Q, Σ) are naturally identified with A(X) and ∆(X), respectively, by [Lun01, Proposition 3.2] and ρ : ∆(Ξ, Q, Σ) → Ξ∗ is naturally identified
with ρX : ∆(X) → Ξ(X)∗ by [Lun01, §1.4];
- for every orbit vertex v of Q, the colored cone (C(v), D(v)) is naturally identified with
the colored cone in F(X) associated with the closed orbit in X corresponding to v
(thanks to Theorem 3.6 and Corollary 7.7);
- soc(v) and ρv are naturally identified with soc(X(v)) and ρX |D(v)∪B(v) , respectively.
Given a Q-momentum triple (Ξ, Q, Σ) and an orbit vertex v of Q, Remark 6.7 defines a
map ρv : D(v) ∪ B(v) → Ξ∗ and a localized socle soc(v).
Definition 6.8. We will call a momentum triple or a Q-momentum triple (Ξ, Q, Σ) smooth
if for every orbit vertex v of Q, the socle soc(v) and the pair (D(v) ∪ B(v), ρv ) satisfy the
following conditions:
(a) the |D(v) ∪ B(v)|-tuple (ρv (D))D∈D(v)∪B(v) is a basis of Ξ∗ ; and
(b) soc(v) is the socle of a spherical module.
Combining Theorem 5.5 with Proposition 6.5 we obtain the following classification of
smooth polarized spherical G-varieties.
Corollary 6.9. The map (X, L) 7→ (Ξ(X), Q(X, L), Σ(X)) is a bijection between the Gisomorphism classes of smooth polarized spherical G-varieties and the smooth momentum
triples of G.
Remark 6.10.
(a) For future use, we remark that if (Ξ, Q, Σ) is a Q-momentum triple
and v is an orbit vertex of Q (for the cone (−Q≥0 Σ)∨ ), then
(6.2)

S(v) ⊆ {α ∈ S : hα∨ , vi = 0}.
This follows from the description of the colored cone (C(v), D(v)) in Lemmas 7.36
and 7.37 (or, geometrically, in Theorem 3.6 and Corollary 7.7). To see how, let
α ∈ S(v). We may assume that α ∈
/ S ⊥ (Q). This implies that there is at least
one color in ∆(Ξ, Q, Σ) moved by α (see Remark 6.7). If α ∈
/ Σ and D is the color
1 ∨
∨
moved by α, then ρ(D) = α |Ξ or ρ(D) = 2 α |Ξ and hρ(D), vi = 0, by Lemma 7.37,
since D ∈ D(v). On the other hand, if α ∈ Σ, let Dα+ , Dα− be the two colors moved
by α. Since α ∈ S(v), we have that Dα+ , Dα− ∈ D(v) and one deduces, again with
Lemma 7.37, that hα∨ , vi = 0. This proves the inclusion (6.2).
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(b) It follows from part (a) of this remark that if v is an orbit vertex of Q which lies in the
relative interior of the dominant Weyl chamber, then condition (b) of Definition 6.8
is always satisfied, while condition (a) holds if and only if
(6.3)

{ρF : F is a facet of Q containing v} is a basis of Ξ∗ ,
where ρF ∈ Ξ∗ is the primitive inward-pointing facet normal to F . Let us prove this
claim. It follows from (6.2) that S(v) = ∅. This implies that
soc(v) = (∅, ∅, ∅, ∅, ∅, B(v) ∪ D(v), 0).
which is the socle of the module Ck under the standard action of (C× )k , where
k = |B(v) ∪ D(v)|. By the definition of D(v), it also follows from S(v) = ∅ that
D(v) ⊆ A and that
|D(v) ∩ A(α)| ≤ 1

(6.4)

for every α ∈ S ∩ Σ. By the definition of B(v), the claim will follow once we show
that ρ(D) is a primitive inward-pointing facet normal of Q for every D ∈ D(v). Let
D ∈ D(v). Then D ∈ A(α) for some α ∈ S ∩ Σ, and ρ(D) is primitive in Ξ∗ because
hρ(D), αi = 1 and α ∈ Ξ. If ρ(D) were not an inward-pointing facet normal of Q,
then ρ(D) would be a nontrivial positive rational linear combination of primitive
inward-pointing normals to facets of Q that contain v. Consequently, at least one
of these normals, say ρ1 , would take a positive value on α. This would then imply
that ρ1 = ρ(D0 ) for some D0 ∈ A(α), by Definition 4.18, and that D0 ∈ D(v), which
contradicts (6.4). This proves the claim.
Example 6.11 ([Fos98, Chapter 3]). We revisit Example 4.17: take G = SL(3), Ξ =
Z{α1 , α2 } = ΛR and Q = Conv(λ1 , λ2 , λ3 ) where λ1 = 4$1 + 4$2 , λ2 = 5$1 + 2$2 and
λ3 = 2$1 + 5$2 . It follows from Example 4.17 — or it can be checked directly from
the definition — that (Ξ, Q, Σ) is a momentum triple for every subset Σ ⊆ {α1 , α2 }. In
fact, the four corresponding projective spherical varieties are smooth as follows from their
geometric description in [Fos98, Chapter 3]. We illustrate Corollary 6.9, and more specifically
Remark 6.10(b), by combinatorially verifying their smoothness. Since all the vertices of Q
lie in the interior of the dominant Weyl chamber, the same is true for all its orbit vertices
(recall that it depends on Σ which of the vertices of Q are orbit vertices). The smoothness of
the four momentum triples (Ξ, Q, Σ), with Σ ⊆ {α1 , α2 }, follows from Remark 6.10(b) once
we verify the claim that (6.3) holds at every vertex of Q. Let {ε1 , ε2 } be the basis of Ξ∗ that
is dual to the basis {α1 , α2 } of Ξ and number the facets of Q as follows:
F1 = Conv(λ1 , λ2 ), F2 = Conv(λ2 , λ3 ), F3 = Conv(λ3 , λ1 )
One then computes that the corresponding primitive inward-pointing facet normals of Q are
ρ1 = −ε1 ,

ρ2 = ε1 + ε2 = (α1∨ + α2∨ )|Ξ ,

ρ3 = −ε2 .

Since any subset of {ρ1 , ρ2 , ρ3 } with two elements forms a basis of Ξ∗ , the claim and the
smoothness follow.
Example 6.12. We illustrate Corollary 6.9 and Remark 6.7 by showing that the Sp(6)variety from Example 4.27 is not smooth. Recall that the momentum triple of the variety
was (Ξ, Q, Σ) where Σ = {α1 + α3 , α2 }, Ξ = ZΣ and Q = Conv( 21 ω2 , ω2 , 31 (ω1 + ω3 )). Let
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(ε1 , ε2 ) be the basis of Ξ∗ that is dual to the basis (α1 + α3 , α2 ) of Ξ and number the vertices
and facets of Q as follows:
1
1
v1 = ω2 , v2 = ω2 , v3 = (ω1 + ω3 ),
2
3
F1 = Conv(v2 , v3 ), F2 = Conv(v1 , v3 ), F3 = Conv(v1 , v2 ).
One computes that the corresponding primitive inward-pointing facet normals are
ρ1 = −3ε1 + ε2 ,

ρ2 = ε1 ,

ρ3 = 2ε1 − ε2 .

The constructions recalled in Remark 6.7 then yield
• A(Ξ, Q, Σ) = A(α2 ) = {D2+ , D2− } with ρ(D2+ ) = ρ1 and ρ(D2− ) = ρ2 ;
• ∆(Ξ, Q, Σ) = {D2+ , D2− , D} with ρ(D) = ρ3 = α1∨ |Ξ = α3∨ |Ξ ;
• α2 moves only D2+ and D2− , while α1 and α3 both only move D.
As stated in Example 4.27, the only orbit vertex of Q is v2 . One checks that
C(v2 ) = Q≥0 {ρ1 , ρ3 }, D(v2 ) = {D, D2+ }, and B(v2 ) = ∅.
Because {ρ(D), ρ(D2+ )} = {ρ1 , ρ3 } is a basis of Ξ∗ , condition (a) of Definition 6.8 is satisfied.
On the other hand,
soc(v2 ) = ({α1 , α3 }, ∅, {α1 + α3 }, ∅, {D}, {D2+ }, ρ : {D, D2+ } → Z{α1 + α3 })
with ρ(D) = ρ3 |Z{α1 +α3 } and ρ(D2+ ) = ρ1 |Z{α1 +α3 } .
Using [PVS19, Theorem 3.22], we see that soc(v2 ) is not the socle of a spherical module.
Indeed, the only socle in Table 2 of [PVS19] which has the same first four entries as soc(v2 )
(up to isomorphism of socles) is socle #6. On the other hand, because hρ(D2+ ), α1 + α3 i =
−3 6= −1, the socle soc(v2 ) is not isomorphic to socle #6 of [PVS19, Table 2]. Condition (b)
of Definition 6.8 is not satisfied and we have shown that the momentum triple (Ξ, Q, Σ) is
not smooth, that is, the corresponding variety is singular along the orbit corresponding to
v2 .
7. Kählerizability of multiplicity free Hamiltonian manifolds
Throughout this section, we are concerned with compact and connected multiplicity free
Hamiltonian manifolds. We obtain a necessary and sufficient condition for these manifolds
to admit a Kähler structure.
7.1. Basics and recollections. Given a connected compact Lie group K with a maximal
torus TR , we denote their respective complexifications by G and T . Let tR be the Lie algebra
of TR and t∗R = HomR (tR , R), which we identify with the space of TR -invariant vectors in k∗ =
HomR (k, R), where k is the Lie algebra of K. We identify the weight lattices Λ = Hom(T, C× )
and Hom(TR , U(1)) by the restriction map Hom(T, C× ) → Hom(TR , U(1)) : λ 7→ λ|TR , and
we view Λ as a sublattice of t∗R by mapping γ ∈ Hom(TR , U(1)) to (2πi)−1 γ∗ ∈ t∗R , where
γ∗ : tR → iR is the differential of γ. Fix a Borel subgroup B ⊂ G containing T and let
t∗+ ⊆ t∗R be the corresponding positive Weyl chamber. The identifications above then imply
that ΛR = t∗R , Λ+ = t∗+ ∩ Λ, and R≥0 Λ+ = t∗+ .
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Let (M, ω, Φ) be a Hamiltonian K-manifold that is, a symplectic manifold (M, ω) equipped
with a smooth action of K and a momentum map Φ : M → k∗ . Let P(M ) = P(M, ω, Φ) be
the Kirwan set of M that is,
P(M ) := P(M, ω, Φ) := Φ(M ) ∩ t∗+ .
By a theorem of F. Kirwan’s in [Kir84], P(M ) is a convex polytope whenever M is compact
and connected; in this case, we call P(M ) the Kirwan polytope of (M, ω, Φ).
As usual, we will write [e
ω ] for the class in the second K-equivariant cohomology group
2
HK (M, R) of the equivariantly closed form
ω
e := ω + Φ.
Moreover, ω
e is called an equivariant Kähler form if ω is Kähler, in which case the Kir2
wan polytope P(M, ω, Φ) depends only on the cohomology class of ω
e in HK
(M, R) (see
e.g. [BGH14] for a detailed proof of this fact). Henceforth, we thus denote the polytope
P(M, ω, Φ) simply by P(M, [e
ω ]) whenever ω is Kähler.
From now on, a multiplicity free K-manifold is a compact connected Hamiltonian
K-manifold (M, ω, Φ) such that the map M/K → P(M ) : K · m 7→ Φ(K · m) ∩ t∗+ is a
homeomorphism.
In the remainder of this subsection, M = (M, ω, Φ) is a multiplicity free K-manifold.
Let L0 be the principal isotropy group of M , that is, the stabilizer in K of a point
x ∈ Φ−1 (η), where η is a generic element of P(M ), and let L be the stabilizer of η in K.
Then AR := L/L0 is abelian. Following Knop ([Kno11]), we define the weight lattice of M
as the following group
(7.1)

Ξ(M ) := Hom(AR , C× ),

regarded as a sublattice of the weight lattice Λ. Since Ξ(M ) contains the same information
as L0 (see pages 570-571 in [Kno11]), Theorem 10.2 in loc.cit., specialized to the compact
case, can be stated as follows.
Theorem 7.1 (Knop). A multiplicity free K-manifold is uniquely determined by its Kirwan
polytope together with its weight lattice.
In case (M, ω) has a K-invariant complex structure J compatible with ω, i.e. (M, ω, J) is
Kähler, the K-action on M extends to a unique action of G by holomorphic automorphisms.
Moreover, we have the following theorem of Huckleberry and Wurzbacher specialized to the
compact case (see also [Woo98b, Corollary 5.3] for a different proof).
Theorem 7.2. [HW90, Equivalence Theorem in §6] If (M, ω, J) is Kähler then the complex
G-manifold (M, J) is G-equivariantly biholomorphic to a projective spherical G-variety.
We denote the projective spherical G-variety in the above theorem by X(J). It is wellknown to experts that then
(7.2)

Ξ(M ) = Ξ(X(J)),

where Ξ(M ) is defined in (7.1) and Ξ(X(J)) in Section 2.1 (for a proof see, e.g., [Los09a,
Proposition 8.6].)
Recall from Section 2.1 that there is a standard way to assign an equivariant Kähler class
[e
ωL ] on (the real manifold) X to an ample G-line bundle L on (the variety) X.
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Lemma 7.3 ([Los09a, Lemmas 8.4-8.5]). Let X be a smooth projective spherical G-variety.
2
(1) The unique homomorhism ϕ : PicG (X)R → HK
(X, R) which sends a very ample line
bundle L ∈ PicG (X) to [e
ωL ] is an isomorphism.
2
(2) The dependence of the Kirwan polytope P(X, [e
ω ]) on [e
ω ] ∈ HK
(X, R)+ is continuous.
2
We also recall the basic fact that, for X as in the previous lemma, the subset HK
(X, R)+ ⊂
2
HK
(X, R) consisting of the classes of equivariant Kähler forms is open.
The following lemma is standard. We give a proof here for completeness.

Lemma 7.4. Suppose the projective spherical G-variety X is equipped with an equivariant
Kähler form ω
e = ω + Φ and let ϕ be as in Lemma 7.3. Then there exists a sequence
of equivariant Kähler forms ω
en = ωn + Φn (for n ∈ N) whose classes converge to [e
ω ] in
2
−1
HK (X, R), and such that for all n ∈ N a positive integral multiple of ϕ ([e
ωn ]) is an ample
linearized line bundle on X.
Proof. Recall that the isomorphism ϕ fits into the commutative diagram

(7.3)

PicG (X)R −−−→ Pic(X)R
f


ϕ

y
yΨ
g

2
(X, R) −−−→ H 2 (X, R)
HK

where Ψ sends a line bundle to its first Chern class, and the natural maps f and g are
surjective. We can take a sequence of elements [e
ωn ] (for n ∈ N) converging to the class [e
ω]
2
2
(X, R)+ is an open subset of
(X, R), such that ϕ−1 ([e
ωn ]) ∈ PicG (X) ⊗Z Q. Since HK
in HK
2
(X, R), we may assume that ω
en is an equivariant Kähler form ωn + Φn for all n ∈ N.
HK
Now, some positive integral multiple kn [e
ωn ] of [e
ωn ] corresponds to a G-linearized line bundle
Ln on X. Moreover Ln is a positive line bundle, since ωn is positive and c1 (Ln ) = [ωn ]. By
the Kodaira embedding theorem, we have that Ln is ample.

The description of the momentum polytope of a polarized spherical variety as an intersection of half-spaces (Proposition 3.1) can be extended to Kähler multiplicity free K-manifolds.
Following [Los09a], let us review this description. Assume (M, ω, Φ) admits a compatible
complex structure J and denote by X = X(J) the projective spherical G-variety to which
M is equivariantly biholomorphic. Then one can view ω + Φ as an equivariant Kähler form
on X.
Recall from Section 3.1 the definition of ρ(D) ∈ N (X) = HomZ (Ξ(X), Q) for D ∈
P
B
divB (X), and embed Ξ(X) into Λ × Zdiv (X) by λ 7→ (λ, D∈divB (X) hρ(D), λiD). Extending ρ(D) to Ξ(X)R by linearity, we obtain an element of N (X)R , still denoted by
ρ(D) below. Given L ∈ PicG (X) and a B-semi-invariant rational section s of L, let
X (s) be the B-weight of s. Thanks to the isomorphism ϕ of Lemma 7.3, the assignment
P
B
PicG (X) → (Λ × Zdiv (X) )/Ξ(X) : L 7→ (χ(s), D∈divB (X) vD (s)D) induces an R-linear map:
(7.4)

2
χ : HK
(X, R) → (ΛR × Rdiv

B

(X)

)/Ξ(X)R .

Using part (2) of Lemma 7.3 we get the extension of Proposition 3.1.
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Proposition 7.5 (Losev). Let ω
e be an arbitrary K-equivariant Kähler form on a projective
P
B
2
spherical G-variety X and let (χ0 , divB (X) χD D) : HK
(X, R) → (ΛR × Rdiv (X) ) be a lifting
ω ]) satisfies the following equality
of χ in (7.4). Then the Kirwan polytope P(X, [e
P(X, [e
ω ]) = χ0 ([e
ω ]) + {ξ ∈ Ξ(X)R | hρ(D), ξi + χD ([e
ω ]) ≥ 0 for all D ∈ divB (X)}.
Next we recall, and slightly generalize, a result from [Fos98]; we deduce it from the intermediate generalization in [Tim11, Lemma 30.24].
Lemma 7.6 ([Fos98]). Let X and ω
e be as in Proposition 7.5. For α ∈ S, set εα =
2α ∈ Σ(X), and εα = 1 otherwise. Then we have
X
εα hα∨ , χ0 ([e
ω ])i =
χD ([e
ω ])

1
2

if

D

where the sum is taken over all colors D of X moved by α.
Proof. First, we may assume that [e
ω ] is in PicG (X), indeed then the general case follows
by linearity. Let X0 ⊆ X be the open G orbit, and identify X0 with a homogeneous space
G/H. Let π : G → G/H the quotient map, and consider the pull-back L of [e
ω ] on G. We
may assume that G is factorial so that this pull-back is trivial as a line bundle (possibly it
has a different linearization than the standard one on OG ).
Recall that the definitions of χ0 and of χD for all colors D of X depend on the choice
ω ] via this lift is
of a lift
P of χ. Again by linearity, we may assume that the image of [e
(χ(s), D∈divB (X) vD (s)D) for some rational section s. Then χ0 ([e
ω ]) is the B-weight of the
e of
pull-back se of s|X0 to G, and χD ([e
ω ]) is the order of vanishing of se along the pull-back D
D ∩ X0 to G.
Fix an isomorphism of invertible sheaves ϕ : L → OG , and consider the rational function
f = ϕ(e
s). It is a B-eigenvector under the action of left translation of G, and its B-eigenvalue
differs from that of se by a character of G, so the two pair equally on any simple coroot. On
the other hand se and f have the same order of vanishing on all divisors of G.
e It is a BFor any color D of X, fix a global equation fD ∈ C[G] of the divisor D.
eigenvector. Since se is pulled-back from X0 , we can write
Y
ord (f )
f =a
fD D
D∈∆(X)

where a ∈ C[G] is invertible and a B-eigenvector. Notice that the B-eigenvalue of a vanishes
on all simple coroots of G. So, to finish the proof, it is enough to apply the following fact
from [Tim11, Lemma 30.24]: the B-eigenvalue of fD paired with α∨ is equal to ε−1
α if α
moves D, and 0 otherwise.

Corollary 7.7. Let X, ω
e be as in Proposition 7.5 and set P = P(X, [e
ω ]). Let α ∈ S be a
simple root and p ∈ P, and define εα as in Lemma 7.6. Then
X
(hρ(D), p − χ0 ([e
ω ])i + χD ([e
ω ])) = εα hα∨ , pi,
D

where the sum is taken over all colors D moved by α.
Proof. We observe that εα α∨ |Ξ(X) is equal to the sum of the ρ(D)’s taken over all colors D
moved by α. The corollary is now a direct consequence of Lemma 7.6.
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We end this subsection with a generalization of Theorem 3.6, after recalling an application
of Sjamaar’s Local Convexity Theorem to compact Kähler G-manifolds and their compact
G-orbits (hence Kähler K-orbits); see Theorem 6.5 and Equation (6.9) in [Sja98].
Lemma 7.8. Let X be a smooth projective spherical G-variety and let Z be a closed G2
orbit of X. Given [e
ω ] ∈ HK
(X, R)+ , set P = P(X, [e
ω ]). Let x be a point on Z such that its
stabilizer Gx contains B and let v be the unique point in t∗+ contained in K ·Φ(x). Let L be the
Levi subgroup of the stabilizer Gx such that L ⊇ T , and W = Tx X/Tx Z. Then Kx = Kv , the
action of Kx on W extends to an action of L, and the convex cone generated by P(X, [e
ω ]) − v
is the convex cone generated in ΛR by the weight monoid of W as an L-variety.
Since every facet of the polytope P (as in Lemma 7.8) admits a normal vector in N (X) =
HomZ (Ξ(X), Q), the normal fan of P is defined in the rational vector space N (X) and its
elements are finitely generated convex cones.
Our generalization of Theorem 3.6 is the following Proposition.
2
(X, R)+ .
Proposition 7.9. Let X be a smooth projective spherical G-variety and let [e
ω ] ∈ HK
Set P = P(X, [e
ω ]). The colored fan F(X) of X is the set of pairs (C(F ), D(F )) where F
varies over the orbit faces of P and for each such face F

(7.5)

D(F ) := {D ∈ ∆(X) | hρ(D), p − χ0 ([e
ω ])i + χD ([e
ω ]) = 0 for all p ∈ F }.

Proof. To avoid confusion, let us call for the moment (C 0 (F ), D0 (F )) instead of (C(F ), D(F ))
the couple defined in the theorem, for F an orbit face of P. If F is an orbit face of the
momentum polytope of an ample Q-line bundle on X, we denote as usual by (C(F ), D(F ))
the colored cone of X corresponding to F .
Let ω
en = ωn + Φn be a sequence of equivariant Kähler forms as in Lemma 7.4, and recall
the polytopes Pn = P(X, [e
ωn ]) which converge to P. We notice that the theorem holds for
ω
en and Pn , because in this case it is just Theorem 3.6.
To show the theorem for ω
e , we denote by F the set of the couples (C 0 (F ), D0 (F )) with F
as above. We observe that F satisfies properties (CC1), (CF1), (CF2) of colored fans, by
construction, and also property (CC2), by the definition of orbit faces. It follows that it is
enough to prove that F and F(X) have the same elements that are maximal with respect
to taking faces.
Let Z be a closed G-orbit of X. For every n, let vn be the unique point in Φn (Z) ∩ t∗+ ,
and let v be the unique point in Φ(Z) ∩ t∗+ . We know that vn is an orbit vertex of Pn . By
Lemma 7.8, the convex cones generated by Pn − vn and generated by P − v are equal. We
deduce that C(vn ) = C 0 (v) and that v is an orbit vertex of P (of course neither C(vn ) nor
D(vn ) depend on n).
This argument, applied to all closed G-orbits of X, shows that the first component of any
maximal colored cone of F(X) appears as the first component of some maximal element
in F. Since X is complete, the maximal cones in F(X) cover the entire valuation cone of
X, which implies that all maximal elements of F must appear in this way. In other words
(C(vn ), D(vn )) 7→ (C 0 (v), D0 (v)), for Z varying in the set of closed G-orbits, is a bijection
between the maximal colored cones of F(X) and the maximal elements of F, preserving the
first component. It remains to show that it preserves the second component too.
Fix a closed G-orbit Z in X and let v and vn be as above. Let D ∈ ∆(X), and suppose
D is not moved by any simple root in Σ(X). Let α be a simple root moving D. Then the
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equality hρ(D), v − χ0 ([e
ω ])i + χD ([e
ω ]) = 0 is equivalent to hα∨ , vi = 0, by Corollary 7.7.
Thanks to the equality Kx = Kv in Lemma 7.8, those α satisfying this equality are the same
as the simple roots associated with the parabolic subgroup P that is the stabilizer of the
point in Z fixed by B. The same holds for the equality hα∨ , vn i = 0 and it follows that
D ∈ D0 (v) if and only if D ∈ D(vn ).
Finally, let us consider a simple root α ∈ S ∩ Σ(X), and the two colors D+ , D− moved by
α. For a point p in P, the two equalities hρD± , p − χ0 ([e
ω ])i + χD± ([e
ω ]) = 0 are simultaneously
satisfied if and only if hα∨ , pi = 0, again by Corollary 7.7. So both D+ and D− are in D(vn )
if and only if they are both in D0 (v).
On the other hand, if a color in D ∈ {D+ , D− } satisfies D ∈ D(vn ) then hρD , vn −
χ0 ([e
ωn ])i + χD ([e
ωn ]) = 0, and by continuity we deduce hρD , v − χ0 ([e
ω ])i + χD ([e
ω ]) = 0, hence
D ∈ D0 (v).
We are left with the case where D ∈
/ D(vn ), and we must show that D ∈
/ D0 (v). Up to
+
−
+
switching D and D , we may assume D = D . Suppose for sake of contradiction that
D+ ∈ D0 (v). If D− ∈ D(vn ) then D− ∈ D0 (v) as we have seen, so both D+ and D− must
be in D(vn ): contradiction. Hence we may assume that D− ∈
/ D(vn ). As a consequence,
the cone C = R≥0 (Pn − vn ) is defined in Ξ(X)R by inequalities of the form hρE , −i ≥ 0 for
B-stable prime divisors E of X such that hρE , αi ≤ 0. Therefore −α ∈ C. Since D+ ∈ D0 (v),
for all p ∈ P − v we have hρD+ , pi ≥ 0. This holds then for all p ∈ C = R≥0 (P − v), in
particular for −α. This contradicts hρD+ , αi = 1, and the proof is complete.

Remark 7.10. Proposition 7.9 shows that the features of the Kirwan polytope P(X, [e
ω ])
that are relevant in the computation of the colored fan F(X) do not change when we vary
[e
ω ]. In particular, the number of orbit vertices is preserved, as well as the poset structure of
the orbit faces and their inclusions. We underline, however, that this is not true for other
faces. For example, [Fos98, Example 3.1] exhibits a projective spherical SL(3)-variety Y and
ample G-linearized bundles L1 , L2 and L3 on Y such that Q(Y, L1 ) is a regular hexagon,
Q(Y, L2 ) is a pentagon and Q(Y, L3 ) is a trapezoid. Only near their unique orbit vertex do
these three polytopes have the same shape.
Lemma 7.11. Let X and P be as in Proposition 7.9. Then S ⊥ (P) = S ⊥ (X).
Proof. In the proof of Proposition 7.9 we have shown that there exist an ample line bundle
L on X and vertices v ∈ P, v0 ∈ Q(X, L) such that S ⊥ (v) = S ⊥ (v0 ). This implies S ⊥ (P) =
S ⊥ (Q(X, L)), because both polytopes are full-dimensional in the affine space spanned by
v + Ξ(X) resp. v0 + Ξ(X). The assertion now follows from Lemma 4.8.

7.2. Existence of Kähler structures. In this section, we state our criterion, in Theorem 7.16, for a given multiplicity free compact Hamiltonian manifold to be Kählerizable.
Together with Losev’s uniqueness result [Los09a, Theorem 8.3], it yields a combinatorial
classification of compatible complex structures on a given multiplicity free manifold, cf.
Corollary 7.17.
We first introduce the necessary combinatorial notions. Throughout this section, Ξ denotes
a sublattice of Λ and P a convex polytope in t∗+ satisfying the following properties:
(Q1) P − w is a full dimensional polytope in ΞR for some (equivalently, any) w ∈ P and
(Q2) the inward-pointing facet normals of P may be chosen to be rational, i.e. they can be
chosen in HomZ (Ξ, Q).
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Remark 7.12. The Kirwan polytope of any compact connected Hamiltonian manifold satisfies (Q1) and (Q2) by [Sja98, Theorem 6.5].
In the following, when F is a facet of P, we denote by ρF the unique primitive element in
HomZ (Ξ, Z) which is an inward-pointing facet normal to F .
Fixing w ∈ P, we thus have,
(7.6)

P = w + {ξ ∈ ΞR : hρF , ξi + mF,w ≥ 0 for all facets F of P} ,

where, for every facet F of P, mF,w is a real (not necessarily rational) number. For each
such F , we also let
(7.7)

HFR := w + {ξ ∈ ΞR : hρF , ξi + mF,w = 0}

be the affine subspace of ΛR it generates.
Our Kählerizability criterion involves the notion of a smooth R-momentum triple, which
extends the notion of smooth momentum triple of Definition 6.8. We first extend the notions
of Q-compatibility and Q-admissibility from Definitions 4.18 and 4.21. As these notions do
not involve the vertices of the polytope under consideration, we can extend their definitions
verbatim to any real polytope as above in order to obtain the notions of R-compatibility and
R-admissibility.
Definition 7.13. A spherical root σ ∈ Σ(G) is R-compatible with (Ξ, P) if σ is compatible with Ξ, the couple (S ⊥ (P), σ) satisfies Luna’s axiom (S), and σ satisfies the following
properties:
(1) if σ ∈
/ S and a facet F ⊂ P satisfies hρF , σi > 0, then there exists α ∈ S r S ⊥ (P)
such that hα∨ , F i = 0.
(2) if σ = α ∈ S then there exists a facet F ⊂ P such that
(a) hρF , αi = 1;
(b) if F 0 ⊂ P is a facet such that hρF 0 , αi > 0 then HFR0 = HFR or HFR0 = sα (HFR ).
(3) if σ = α + β or σ = 21 (α + β) for two orthogonal simple roots α and β, then
hα∨ , qi = hβ ∨ , qi for all q ∈ P.
By ΣR (Ξ, P), we denote the set of spherical roots that are R-compatible with (Ξ, P).
For a simple root α ∈ ΣR (Ξ, P), we denote by A(α) an “abstract” set with two elements
+
Dα and Dα− , and we define a map ρ : A(α) → HomZ (Ξ, Z) by setting ρ(Dα+ ) = ρF and
ρ(Dα− ) = α∨ |Ξ − ρF , where we choose3 a facet F ⊂ P as above.
Definition 7.14. A subset Σ ⊆ ΣR (Ξ, P) is R-admissible (for (Ξ, P)) if it satisfies condition
(1’) of Definition 4.21. In that case, (Ξ, P, Σ) is called an R-momentum triple.
Suppose that P is a rational polytope in R≥0 Λ+ , that is, suppose that all its vertices
belong to Q≥0 Λ+ . If σ is an element of Σ(G) and Σ is a subset of Σ(G), then it follows
immediately from the definitions that
• σ is R-compatible with (P, Ξ) if and only if σ is Q-compatible with (P ∩ Q≥0 Λ+ , Ξ);
• Σ is R-admissible for (P, Ξ) if and only if Σ is Q-admissible with (P ∩ Q≥0 Λ+ , Ξ).
Since the rationality of vertices plays no role in Definition 6.8, we can also extend it to
our current setting. As in Section 6, it follows from Remark 6.7 that, given an R-momentum
triple (Ξ, P, Σ) and an orbit vertex v of P, one can combinatorially define an associated socle
soc(v) and map ρv : D(v) ∪ B(v) → Ξ∗ .
3From

now on we implicitly fix a choice of such a face for all α ∈ ΣR (Ξ, P).
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Definition 7.15. We will call an R-momentum triple (Ξ, P, Σ) smooth if for every orbit
vertex v of P, the socle soc(v) and the pair (D(v) ∪ B(v), ρv ) satisfy conditions (a) and (b)
of Definition 6.8.
We can now give our criterion for a multiplicity free manifold to be Kählerizable. The proof
relies on Theorems 7.30 and 7.32, which will be proved in Sections 7.4 and 7.5, respectively.
Theorem 7.16. Suppose M is a multiplicity free K-manifold with Kirwan polytope P and
weight lattice Ξ. Then M has a compatible complex structure if and only if there exists a
subset Σ of Σ(K C ) such that (Ξ, P, Σ) is a smooth R-momentum triple.
Proof. We first show the “if” statement. Let (Ξ, P, Σ) be a smooth R-momentum triple. By
Theorem 7.32 below, there exists a smooth projective spherical G-variety X with weight
lattice Ξ as well as an equivariant Kähler form ω
eX on the real manifold X such that
P(X, [e
ωX ]) = P. By Knop’s Theorem 7.1, the equality between the two polytopes and
the two lattices (by (7.2)) implies that the multiplicity free K-manifolds (X, ω
eX ) and (M, ω
e)
are isomorphic. It follows that (M, ω
e ) has a compatible complex structure.
We turn to the “only if” assertion. Suppose that (M, ω, J) is Kähler and let X =
X(J) be the underlying spherical K C -variety (see Theorem 7.2). Using the equivariant
biholomorphism (M, J) → X, we view ω
e as an equivariant Kähler form on X. Then
(Ξ(X), P(X, [e
ω ]), Σ(X)) is a smooth R-momentum triple by Theorem 7.30. Since Ξ(X) =
Ξ(M ) and P(X, [e
ω ]) = P(M, [e
ω ]), the assertion follows.

When (M, ω, J) is Kähler, let Σ(X(J)) denote the set of spherical roots of the projective
spherical G-variety X(J) given in Theorem 7.2.
Corollary 7.17. Suppose (M, ω, Φ) is a multiplicity free K-manifold with Kirwan polytope
P and weight lattice Ξ. The map J 7→ Σ(X(J)) defines a one-to-one correspondence between
the set of isomorphism classes of K-invariant complex structures J on M compatible with ω
and the set {Σ ⊆ Σ(G) : (Ξ, P, Σ) is a smooth R-momentum triple}.
Proof. The well-definedness and the surjectivity of the map follow from Theorem 7.16. The
injectivity was proved by Losev in [Los09a, Theorem 8.3]

Example 7.18 (Woodward). Let G = GL(2). Denote the highest weight of ∧2 C2 by $2 .
Let Ξ = Λ and P = Conv(0, $1 , $1 − $2 , 4$1 − $2 ). The polytope P can be realized
as the Kirwan polytope of a symplectic cut X of a coadjoint orbit of U (3) equipped with
the natural Hamiltonian action of U (2) defined by the embedding of U (2) in U (3) given by
A 7→ diag(A, 1). It is shown in [Woo98a] that X equipped with the momentum map given
by the projection of X onto u(2)∗ is a non-Kählerizable multiplicity free U (2)-manifold.
Note that Ξ(X) = Λ. We can recover that X is not Kählerizable by showing that there
is no smooth R-momentum triple (Ξ, P, Σ) and applying Theorem 7.16. For this, we first
note that Σ(G) = {α, 2α} with α being the simple root of G. One checks that the empty
set is the only subset of Σ(G) that is R-admissible for (Ξ, P) by simply checking the axioms
of Definition 7.13. Finally, we prove that the R-momentum triple (Ξ, P, ∅) is not smooth:
0 is an orbit vertex of P and D(0) ∪ B(0) contains three elements, hence does not satisfy
condition (a) of Definition 6.8 as required by Definition 7.15.
7.3. Kählerizability results of Delzant and Woodward. In this section, we explain how
earlier Kählerizability results from [Del88] and [Woo98b] can be deduced from Theorem 7.16,
and we slightly generalize some of these results from [Woo98b].
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We recall that under the mild additional assumption that the action of K is effective (i.e.,
that Ξ(M ) = Λ), manifolds M as in the following theorem are known as symplectic toric
manifolds.
Theorem 7.19 ([Del88, Appendice]). If K is abelian, then every multiplicity free K-manifold
M admits a compatible complex structure, and any two such compatible complex structures
are K-equivariantly biholomorphic.
Proof. The uniqueness of the compatible complex structure follows immediately from Corollary 7.17 since Σ(K C ) = ∅. We show how to deduce the existence of such a structure from
Theorem 7.16. Let P be the Kirwan polytope and Ξ the weight lattice of M . We have
to check that (Ξ, P, ∅) is a smooth R-momentum triple. That it is an R-momentum triple
is trivial. Delzant proved in [Del88, Section 2], that the pair (Ξ, P) satisfies the following
property at every vertex v of Q:
(7.8)

the collection {ρF : F is a facet of P containing v} is a basis of HomZ (Ξ, Z).

These are exactly the conditions (6.3) and it follows by Remark 6.10(b) that (Ξ, P, ∅) is a
smooth R-momentum triple.

We now turn to Woodward’s results; we first recall the definition of ‘reflective’ polytopes.
Definition 7.20 ([Woo96, Definition 1.1]). A convex polytope P in t∗+ is called reflective
if the following conditions are fulfilled:
(a) P is of maximal dimension, i.e. dim P = rk K;
(b) for all a ∈ P, the set of hyperplanes generated by the facets of P containing a is
stable under the stabilizer of a in the Weyl group W ;
(c) any facet of P meets the relative interior of t∗+ .
For α ∈ S, set Hα := {ν ∈ t∗ : hα∨ , νi = 0}. The following lemma, due to Woodward, follows from Definition 7.20 with elementary arguments, and gives some combinatorial
properties of reflective polytopes. We recall that a polytope is called simple if the facets
containing any given face have linearly independent facet normals.
Lemma 7.21. Let P be a reflective polytope in t∗+ and let α ∈ S be such that P ∩ Hα 6= ∅.
(1) If F is a facet of P meeting Hα then either F is orthogonal to Hα ; or there exist a
facet F 6= F of P and inward pointing facet normals ρ and ρ to F and F , respectively,
such that
(7.9)

hρ, αi = hρ, αi = 1

(7.10)

ρ + ρ = α∨ in HomZ (Λ, R); and

(7.11)

F ∩ F = Hα ∩ P.

(2) There exist distinct facets F and F of P with inward pointing facet normals ρ and
ρ, respectively, such that (7.9), (7.10) and (7.11) hold.
(3) If P is simple then it has exactly two facets F, F as in part (2), and they are the only
facets of P that contain P ∩ Hα .
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Proof. Parts (1) and (2) are proved in [Woo96, Corollary 5.2]. Part (3) is in [Woo98a,
Proposition 4.7], let us provide a proof for convenience. We assume P is simple and let F, F
be as in part (2), with facet normals ρ, ρ. Suppose, for the sake of contradiction, that there
exists a facet F1 of P containing P ∩ Hα and with F1 ∈
/ {F, F }. Choose an inward pointing
facet normal ρ1 to F1 . Since P is simple, F ∩ F has codimension 2 in P. We deduce that
V := ker(ρ) ∩ ker(ρ) is the underlying vector subspace of the affine subspace spanned by
P ∩ Hα . Therefore ρ1 vanishes on V . But this implies that ρ1 is a linear combination of ρ
and ρ, which is in contradiction with the simplicity of P.

Lemma 7.23 below is a combinatorial version of [Woo98b, Corollary 3.5]. In its proof, we
will make use of the following convex-geometric fact. Recall the notion of orbit face of a
polytope from Definition 3.5.
Lemma 7.22. If V in Definition 3.5 is a full-dimensional polyhedral convex cone, any orbit
face of Q contains an orbit vertex.
Proof. For any n ∈ N , denote by Cn the element of F(Q) such that n is in the relative
interior of Cn , and denote by Fn the corresponding face of Q. Denote by Kn ⊂ F(Q) the
subset of elements that contain n, and by Un the union of their relative interiors. This union
is a neighborhood of n, since N \ Un is the union of all cones in F(Q) \ Kn . For all m ∈ Un
we have Cm ⊃ Cn , therefore Fm ⊂ Fn . Finally, denote by Ω the set of all n ∈ N such that
Fn is a vertex of Q. It is dense in N .
Let F be an orbit face of Q, and let n ∈ V be in the relative interior of C(F ). Under our
assumptions, V is the closure of its interior, therefore Un ∩ V ∩ Ω is non-empty. For any m
in this intersection, the face Fm is an orbit vertex contained in Fn = F .

Lemma 7.23. Let P be a simple reflective polytope in t∗+ and Ξ a sublattice of Λ. Assume
that P meets every face of codimension 1 of t∗+ . If Σ is a subset of Σ(K C ) such that (Ξ, P, Σ)
is a smooth R-momentum triple, then Σ = S.
Proof. Observe that the assumption that (Ξ, P, Σ) is an R-momentum triple includes that
rk Ξ = dim P = rk Λ. Recall that when F is a face of P, we put
C(F ) = dual cone in HomZ (Ξ, Q) to R≥0 (P − p) ⊆ t∗ = ΞR ,
where p is a point in the relative interior of F .
We first show that Σ ⊆ S. Suppose, for the sake of contradiction, that σ ∈ Σ \ S. Then
the set S ∪ {σ} is linearly dependent and lies in an open half-space, and so must contain two
elements that form an acute angle. Since one of the two must be σ, this means there exists
β ∈ S such that hβ ∨ , σi > 0. Set F = P ∩ Hβ , which is nonempty by assumption. Then
β ∨ ∈ C(F ) since P ⊆ t∗+ . This means there is a ray generator ρ of C(F ) for which hρ, σi > 0.
Because σ ∈
/ S, it follows from condition (1) of Definition 7.13 that the facet of P defined
by ρ is included in Hα for some α ∈ S. This contradicts the fact that P is reflective (and
Definition 7.20-(c) in particular).
We now show the reverse inclusion, namely S ⊆ Σ. Let α ∈ S and put F = P ∩ Hα .
Suppose that α ∈
/ Σ. We claim that then F is an orbit face of P. Indeed, it follows from
parts (1), (2) and (3) of Lemma 7.21 that there are only two facets of P containing F . Also,
we can choose corresponding inward pointing facet normals ρ, ρ which satisfy ρ + ρ = α∨ .
38

This implies that α∨ lies in the relative interior of C(F ) since the extremal rays of C(F )
are exactly the half lines spanned by the facet normals ρ, ρ. On the other hand, hα∨ , βi ≤ 0
for every β ∈ S \ {α}. Since Σ ⊆ S, this proves the claim.
To conclude the proof, we now show that F being an orbit face contradicts the smoothness
of the R-momentum triple (Ξ, P, Σ) and in particular local factoriality (i.e. condition (a) of
Definition 6.8). By Lemma 7.22, there exists an orbit vertex of P contained in F (note
that because Σ ⊆ S, it is a linearly independent subset of ΞQ and so V = (Q≥0 (−Σ))∨ ⊆
HomZ (Ξ, Q) is full-dimensional4). Then C(F ) is a face of C(v). Recall the notations ρv , D(v)
and B(v) from Section 6. Since P has maximal dimension, S ⊥ (P) = ∅. Using that α∨ ∈ C(v)
and that α ∈
/ Σ, it follows from the combinatorial description of the colors associated to
(Ξ, P, Σ) recalled in Remark 6.7 that there is a D ∈ D(v) such that ρ(D) = α∨ |Ξ . On the
other hand, since the functionals ρ, ρ also lie on extremal rays of C(v), there exist D1 and
D2 in D(v) ∪ B(v) such that ρv (D), ρv (D1 ) and ρv (D2 ) are linearly dependent. This is the
promised contradiction and finishes the proof.

Remark 7.24. It follows from Corollary 7.17 and Lemma 7.23 that a multiplicity free Kmanifold with a Kirwan polytope P that is reflective and simple and meets every wall of t∗+
can have at most one compatible complex structure (up to equivariant biholomorphism).
The following necessary condition for the Kählerizability of certain multiplicity free manifolds is a generalization of Example 7.18.
Corollary 7.25 ([Woo98b, Theorem 6.2]). Let M be a multiplicity free K-manifold with a
simple reflective Kirwan polytope P. Assume that P meets every wall of t∗+ . If M admits a
compatible complex structure, then for every facet F of P (with inward pointing normal ρ)
and every α ∈ S we have that
(7.12)

hρ, αi > 0 if and only if F ⊇ P ∩ Hα .

Proof. Observe that Ξ(M ) has maximal rank since P has maximal dimension. Let F be
a facet of P, with inward pointing normal ρ, and α ∈ S. The fact that hρ, αi > 0 when
P ∩ Hα ⊆ F follows from parts (1) and (3) of Lemma 7.21.
Now suppose that M admits a compatible complex structure. It follows from Theorem 7.16
that there exists a subset Σ ⊆ Σ(K C ) such that (Ξ(M ), P, Σ) is a smooth momentum
triple, and from Lemma 7.23 that α ∈ Σ. Assume that hρ, αi > 0. Then it follows from
Definition 7.13-(2) that F has to be one of the two facets of P that contain P ∩ Hα (see
Lemma 7.21-(3).) This completes the proof.

Remark 7.26. In Theorem 6.2 of [Woo98b], M is characterized geometrically as a “transversal” multiplicity free K-manifold with a discrete principal isotropy group, rather than combinatorially as having a simple reflective Kirwan polytope. Nevertheless, as stated in [Woo98b,
Theorem 4.6] it follows from [Woo96] that these two geometric conditions imply that the
Kirwan polytope of M is reflective and simple.
Our next aim is to give a converse to Corollary 7.25 in Corollary 7.28. We first give a
combinatorial result that we will need.
4As

recalled in Section 3.2, it is a general fact, due to Brion [Bri90], that the set of spherical roots of a
spherical variety is linearly independent.
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Proposition 7.27. Let P be a simple reflective polytope in t∗+ and Ξ a sublattice of Λ such
that dim P = rk Ξ = rk Λ, that (Q2) holds and that P meets every face of codimension 1 of
t∗+ . Assume furthermore that the following hold:
(a) S ⊆ Ξ.
(b) For every α ∈ S, the inward pointing facet normals ρ, ρ as in Lemma 7.21-(2) belong
to the lattice HomZ (Ξ, Z).
(c) P satisfies condition (7.8) at every vertex v that lies in the relative interior of t∗+ .
Then the following are equivalent
(1) (Ξ, P, S) is a smooth R-momentum triple.
(2) For every facet F of P and every α ∈ S we have that
(7.13)

hρF , αi > 0 ⇔ F ⊇ P ∩ Hα .

Proof. We first show that (1) implies (2). The implication “⇐” in (7.13) follows from
Lemma 7.21-(3). To show the implication “⇒” in (7.13), observe that since α is R-compatible
with (Ξ, P), there are at most two facets of P for which the inward pointing facet normal
takes a positive value on α, see Definition 7.13-(2). By Lemma 7.21-(3) there are exactly
two such facets, and they are those that contain P ∩ Hα .
We now prove that (2) implies (1). First note that (Q1) holds because the dimension of
P and the rank of Ξ are maximal. We begin by verifying that every α ∈ S is R-compatible
with (Ξ, P). Note that from S ⊥ (P) = S ⊥ (Ξ) = ∅ and the fact that α is a primitive element
of Ξ (by assumptions (a) and (b)), it follows that α is compatible with Ξ and that (S ⊥ (P), α)
satisfies Luna’s axiom (S). To see that condition (2) of Definition 7.13 holds, one observes
that by our assumption (b) and by (7.13), P has exactly two facets F and F for which an
inward pointing facet normal takes a positive value on α, and that for these two facets we
have
hρF , αi = hρF , αi = 1 and HFR = sα (HFR ).
This also implies that
(7.14)

ρ(A(α)) = {ρF , ρF }.

To check that S is R-admissible for (Ξ, P), let β ∈ S \{α} and D ∈ A(α) with hρ(D), βi >
0. Then it follows from (7.14) that ρ(D) = ρE for some facet E of P, and from “⇒” in
(7.13) that E ⊇ P ∩ Hβ . Then it follows from assumption (b) that hρE , βi = 1 and from
(7.14) (with β substituted for α) that there exists D0 ∈ A(β) such that ρ(D0 ) = ρE = ρ(D).
We have shown that (Ξ, P, S) is an R-momentum triple.
What remains is to show that (Ξ, P, S) is smooth. We first claim that if w is a vertex of
P lying on a wall Hα of t∗+ (where α ∈ S), then w is not an orbit vertex. Indeed, it follows
from Lemma 7.21-(1) that if E is a facet of P containing w, then hρE , αi ≥ 0. Since there is
a facet F of P containing w such that hρF , αi > 0, the relative interior of
C(w) = Q≥0 {ρE : E is a facet of P containing w}
does not meet the cone {ν ∈ HomZ (Ξ, Q) : hν, αi ≤ 0} and therefore also not the valuation
cone {ν ∈ HomZ (Ξ, Q) : hν, βi ≤ 0 for all β ∈ S}. This proves the claim.
The claim implies that every orbit vertex v of P lies in the relative interior of t∗+ . The
smoothness of the R-momentum triple (Ξ, P, S) now follows from Remark 6.10(b), since the
condition (6.3) is exactly our assumption (c).
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Thanks to Proposition 7.27, we can strengthen the necessary conditions for Kählerizability
in Corollary 7.25 to necessary and sufficient conditions, assuming that the weight lattice of
the multiplicity free Hamiltonian manifold satisfies (a), (b) and (c) of Proposition 7.27.
Corollary 7.28. Let M be a multiplicity free K-manifold with a simple reflective Kirwan
polytope P. Assume that P meets every wall of t∗+ . Assume furthermore that the following
hold:
(a) S ⊆ Ξ(M ).
(b) For every α ∈ S, the inward pointing facet normals ρ, ρ as in Lemma 7.21-(2) belong
to the lattice HomZ (Ξ(M ), Z).
(c) P is Delzant at every vertex v that lies in the relative interior of t∗+ .
Then the following are equivalent:
(1) M has a compatible complex structure.
(2) For every facet F of P and every α ∈ S we have that
(7.15)

hρF , αi > 0 ⇔ F ⊇ P ∩ Hα .

(3) (Ξ(M ), P, S) is a smooth R-momentum triple.
Proof. The equivalence of (2) and (3) is exactly Proposition 7.27. The implication “(1) ⇒
(3)” follows from Theorem 7.16 and Lemma 7.23, while the reverse implication follows from
Theorem 7.16.

Remark 7.29. Condition (c) in Corollary 7.28 is in fact superflous. Indeed, [Kno11, Theorem 11.2] implies that it is a consequence of the fact that P is the Kirwan polytope of the
multiplicity free Hamiltonian manifold M .
7.4. Existence of Kähler structures: necessity. In this section we will prove the following theorem.
2
Theorem 7.30. Let X be a smooth projective spherical G-variety and let [e
ω ] ∈ HK
(X, R).
Then (Ξ(X), P(X, [e
ω ]), Σ(X)) is a smooth R-momentum triple.

Before proving Theorem 7.30, we prepare with some auxiliary results. Let X and ω
e be as
B
in the theorem, and P = P(X, [e
ω ]). For D ∈ div (X), we set
FD = P ∩ (χ0 ([e
ω ]) + {ξ ∈ Ξ(X)R | hρ(D), ξi + χD ([e
ω ]) = 0}) .
Proposition 7.31. Let X, ω
e be as in Theorem 7.30 and P = P(X, [e
ω ]), and σ ∈ Σ(X).
Then
(1) There exists a facet F ⊂ P and a color D ∈ ∆(X) such that F = FD and hρ(D), σi >
0.
(2) Suppose σ ∈ S ∩ Σ(X), and that there exists a facet E ⊂ P such that hρE , σi > 0.
Then hρE , σi = 1 and there exists a color D of X moved by σ and such that E = FD .
Proof. Let D be the subset of divB (X) such that FD is a facet of P, and consider the ray
r = q + R≥0 (−σ) for some point q ∈ P. Since q ∈ P but r is not contained in P, there exists
some D ∈ D such that hρ(D), σ) > 0. This implies that D is not G-stable, because σ is a
spherical root, thus D is a color: statement (1) of the proposition follows by setting F = FD .
Let now σ and E be as in (2). There exists D ∈ D such that E = FD . It follows that ρE
and ρ(D) are positive on the same half space of Ξ(X)R , in other words ρ(D) is a positive
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rational multiple of ρE . This yields hρ(D), σi > 0, which implies that D is a color and that
it is moved by σ. In particular hρ(D), σi = 1, thus ρ(D) is primitive in the dual lattice of Ξ,
whence ρ(D) = ρE .

We are ready to give the proof of Theorem 7.30.
Proof of Theorem 7.30. Let X and ω
e be as in the theorem, and let σ ∈ Σ(X). Then σ is
compatible with Ξ(X) and since S ⊥ (P) = S ⊥ (X) by Lemma 7.11, the couple (S ⊥ (P), σ)
satisfies Luna’s axiom (S). Conditions (1) and (2) of Definition 7.13 hold by Proposition 7.31
and Corollary 7.7, whereas condition (3) of Definition 7.13 holds by Lemma 7.6. The set
Σ(X) is R-admissible, because condition (1’) of Definition 7.14 is a well-known property of
spherical varieties discovered by Luna [Lun01].
It remains to prove that the R-momentum triple (Ξ(X), P, Σ(X)) is smooth. For this,
we observe that the (combinatorially defined) data involved in Definition 6.8 of a smooth
R-momentum triple coincide with that of X as in Definition 6.3, thanks to Proposition 7.9
and the arguments in Remark 6.7. We conclude that the triple is smooth, because X is
smooth, and the conditions in Definition 6.8 are exactly the conditions in Camus’ smoothness
criterion.

7.5. Existence of Kähler structures: sufficiency. In this section we prove the converse
to Theorem 7.30.
Theorem 7.32. Let Ξ ⊂ Λ be a sublattice, Σ ⊂ Σ(G) and P ⊂ R≥0 Λ+ be a convex polytope
satisfying properties (Q1) and (Q2). Let (Ξ, P, Σ) be a smooth R-momentum triple. Then
there exists a smooth projective spherical G-variety X with weight lattice Ξ, set of spherical
roots Σ, and an equivariant Kähler form ω
e on the compact real K-manifold X such that the
Kirwan polytope P(X, [e
ω ]) is the polytope P.
After some preparations, we give the proof of Theorem 7.32 on page 45. We first construct
a spherical variety for any prescribed R-momentum triple by a different method as the one
pursued in Section 4. The different steps of this construction are traceable in the following
lemmas.
Lemma 7.33. Suppose (Ξ, P, Σ) is an R-momentum triple. Let F be a facet of P. Then at
least one of the following statements holds.
(1) There exist α ∈ S ∩ Σ and D ∈ A(α) such that ρF = ρ(D).
(2) There exists α ∈ S r (Σ ∪ S ⊥ (P)) such that hα∨ , F i = 0.
(3) The inequality hρF , σi ≤ 0 holds for all σ ∈ Σ.
Proof. Suppose that statement (3) fails. Then there exists σ ∈ Σ such that hρF , σi > 0.
If σ ∈ S, then by R-compatibility of σ there exists a facet E ⊂ P such that hρE , σi = 1 and
ρE = ρ(Dσ+ ). Moreover HFR = HE or HER = sσ (HFR ), since hρF , σi ≥ 0. By definition, the set
A(σ) contains two elements Dσ+ and Dσ− with ρ(Dσ+ ) = ρE and ρ(Dσ− ) = σ ∨ |Ξ − ρE . If now
F = E then ρF = ρ(Dσ+ ). If HE = sσ (HF ) then, reasoning as in the proof of Lemma 4.20,
we obtain ρF = ρ(Dσ− ), and in both cases statement (1) holds.
If σ ∈
/ S, then by R-compatibility of σ there exists α ∈ S r S ⊥ (P) such that hα∨ , F i = 0,
which is statement (2).
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Remark 7.34. In general, the three statements of the above lemma are not mutually exclusive. For example, assume that statement (1) holds for some facet F ⊂ P. Then condition (3)
fails, but condition (2) may hold when ρ(E) = 12 α∨ |Ξ for both E ∈ A(α).
Lemma 7.35. Suppose (Ξ, P, Σ) is an R-momentum triple. Then there exists a unique
spherical homogeneous space G/H with weight lattice Ξ, set of spherical roots Σ and such
that S ⊥ (G/H) = S ⊥ (P) and for all α ∈ S ∩ Σ the set A(G/H, α) can be identified with A(α)
of Definition 7.13 in such a way that ρG/H |A(G/H,α) coincides with ρ of Definition 7.13.
Proof. We use the classification of spherical homogeneous spaces [Lun01, Los09b, BP16,
Cup14] via homogeneous spherical data, which were introduced by Luna in [Lun01, §2.2]
(see [Tim11, 30.21] for a compact definition). From the sets A(α), where α ∈ Σ ∩ S, and the
maps ρ : A(α) → HomZ (Ξ, Z) in Definition 7.13, equation (6.1) defines a set A and a map
ρ : A → HomZ (Ξ, Z). It is somewhat lengthy but straightforward to verify that the axioms
of a spherical homogeneous datum hold for (S ⊥ (P), Σ, A, Ξ, ρ).

Let us fix a point w ∈ P. Then the numbers mF,w are defined by (7.6) for all facets F of
P, as is the support function lP−w of P − w:
lP−w : N → R, x 7→ max{hx, −qi : q ∈ P − w},
where N = HomZ (Ξ, Q).
Lemma 7.36. Suppose Σ ⊂ ΣR (Ξ, P) is R-admissible, and let G/H be as in Lemma 7.35.
For all colors D of G/H we define a real number nD as follows.
(1) For α ∈ S ∩ Σ, we choose a facet Fα+ of P such that ρFα+ = ρ(Dα+ ). We set nDα+ =
mFα+ ,w . For the other element Dα− ∈ A(α) we set nDα− = hα∨ , wi − nDα+ .
(2) For D ∈ ∆(G/H) r A(G/H), let α be a simple root that moves D. If 2α ∈
/ Σ we set
nD = hα∨ , wi, otherwise we set nD = 21 hα∨ , wi.
Then, for all q ∈ P and all D ∈ ∆(G/H), we have the following inequality
(7.16)

hρ(D), q − wi + nD ≥ 0.

Proof. Let D ∈ ∆(G/H) and α ∈ S that moves D. Suppose α ∈ Σ, then D = Dα± . But
hρ(Dα+ ), q − wi + nDα+ ≥ 0 because nDα+ = mF,w by definition, and hρ(Dα− ), q − wi + nDα− ≥ 0
thanks to the argument given for Lemma 4.20-(1).
Let now D ∈ ∆(G/H) r A(G/H), then ρ(D) = εα∨ |Ξ for some ε ∈ {1, 12 }. Then we have
hρ(D), q − wi + nD = hεα∨ , q − wi + hεα∨ , wi ≥ 0.

Lemma 7.37. Under the assumptions of Lemma 7.36, let FΣ (P) denote the set of couples
(C(F ), D(F )) where F varies over the set of orbit faces of P and for each such face F we
set D ∈ D(F ) if and only if hρ(D), F − wi + nD = 0. Then FΣ (P) is a colored fan, and the
corresponding embedding of G/H is complete.
Proof. For all (C(F ), D(F )) ∈ FΣ (P), property (CC2) is clear. For property (SCC), we
observe that C(F ) is strictly convex because P has dimension equal to the rank of Ξ. We
must also show that 0 ∈
/ ρ(D(F )), so assume ρ(D) = 0 for some D ∈ ∆(G/H). Then
D∈
/ A(G/H), and α∨ |Ξ = 0, where α ∈ S r S ⊥ (P) moves D, i.e. hα∨ , Pi = hα∨ , wi. But
α ∈
/ S ⊥ (P), so hα∨ , wi > 0, therefore there does not exist any facet F 0 of P such that
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hα∨ , F 0 i = 0. It follows that hρ(D), P − wi + nD ⊂ R>0 by the definition of nD , hence
D∈
/ D(F ).
We check property (CC1). Recall that C(F ) is generated by ρF 0 , for all facets F 0 of
P containing F . By Lemma 7.33, any such ρF 0 is in V(G/H), or it is equal to ρ(D) for
some D ∈ A(G/H), or (assuming the two previous conditions fail) a positive multiple of
α∨ |ΞR for some α ∈ S r (Σ ∪ S ⊥ (P)) such that hα∨ , F 0 i = 0. In the third case, the color
D ∈ ∆(G/H) r A(G/H) moved by α satisfies
(7.17)

hρ(D), F 0 − wi + nD = 0

by the definition of nD , so D ∈ D(F ). In the second case, suppose D = Dα+ for α ∈ Σ ∩ S,
or there exist two distinct facets of P whose normals against α is positive. Then nD =
lP−w (ρ(D)) and the equality (7.17) holds again, hence D ∈ D(F ). If D = Dα− and there exists
a unique facet of P whose normal against α is positive, we have ρ(D) = ρ(Dα− ) = ρ(Dα+ ),
because anyway ρ(D) = ρF 0 is positive on α. In this case it is enough to set D = Dα+ instead
of Dα− to obtain once again nD = lP−w (ρ(D)) and (7.17), yielding D ∈ D(F ). Property (CC1)
for (C(F ), D(F )) follows. Properties (CF1) and (CF2) are obvious, hence FΣ (P) is a colored
fan.
Thanks to the definition of FΣ (P), the union of all cones in the fan contains V(G/H),
hence the embedding of G/H corresponding to FΣ (P) is complete.

As announced, the above lemmas enable us to associate to any R-momentum triple
(Ξ, P, Σ) a spherical G-variety, denoted by X(Ξ, P, Σ) below: it is the embedding determined by the colored fan in Lemma 7.37 of the homogeneous space G/H as in Lemma 7.35.
Proposition 7.38. Suppose (Ξ, P, Σ) is a smooth R-momentum triple. Then the variety
X(Ξ, P, Σ) is smooth and projective.
Proof. We first prove that X(P, Ξ, Σ) is smooth. The colored fan of X(P, Ξ, Σ) is given by
Lemma 7.37 and the conditions in Definition 7.15 of a smooth R-momentum triple are exactly
the conditions in Camus’ smoothness criterion [Cam01, §6.3] (see also [PVS19, Theorem
3.16]) for the spherical embedding X(P, Ξ, Σ) to be smooth (along each of its closed orbits).
The support of the colored fan of X consisting of some of the maximal cones of the normal
fan of P, it is straightforward to exhibit, using [Bri89, Theorem 3.3], a Cartier divisor (i.e.
a Weil divisor, since X is smooth) which is ample. Consequently, X is projective.

Let nD be the real numbers given in Lemma 7.36. For all G-stable prime divisors Y of
X(Ξ, P, Σ), let nY = mF,w , where F is the facet of P such that Q≥0 ρF is the cone of the
colored fan of X(Ξ, P, Σ) corresponding to Y . Set
X
X
(7.18)
δ = δ(Ξ, P, Σ) =
nD D +
nY Y,
D∈∆(X)

Y

where Y varies in the set of G-stable prime divisors of X(Ξ, P, Σ).
Let [δ] be an element of PicG (X(Ξ, P, Σ))R mapped to the class of δ in Pic(X(Ξ, P, Σ))R ,
and recall Lemma 7.3.
Lemma 7.39. Regarded as a K-invariant real 2-class on X(Ξ, P, Σ), [δ] is Kähler.
Proof. Let lP−w be the support function of the polytope P − w. Then lP−w is linear on
each colored cone of X(Ξ, P, Σ) and obviously satisfies the ampleness conditions of [Bri89,
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Theorem 3.3]. These conditions being open conditions for piecewise linear functions on NR
which are linear on each colored cone of X(Ξ, P, Σ), there exist finitely many rational strictly
convex piecewise linear functions li , linear on each colored cone of X(Ξ, P, Σ), such that lP−w
belongs to their convex hull. By [Bri89, Theorem 3.3], every function li defines an ample
Q-Cartier divisor on X(Ξ, P, Σ) hence a Kähler metric on the real manifold X(Ξ, P, Σ).
By the convexity of the Kähler cone, it follows that [δ] itself is a Kähler class on the real
manifold X(Ξ, P, Σ).

Proof of Theorem 7.32. Take (Ξ, P, Σ) and let X = X(Ξ, P, Σ) and δ = δ(Ξ, P, Σ) be as
above. Thanks to the previous lemmas, we are left with showing that P(X, [δ]) = P, for
some choice of the class [δ] ∈ PicG (X)R .
For all D ∈ divB (X), choose an element [D] ∈ PicG (X)R mapped to the class of D in
Pic(X)R , in such a way that (7.18) holds in Pic(X(Ξ, P, Σ))R .
Recall that the definition of χ0 and χD involved choosing a lift of the map χ. By linearity,
as in the proof of Lemma 7.6, we may assume that this lift is given by a rational section of
the line bundle. Moreover, one can make the relationship between section and line bundle
explicit, by fixing a non-zero rational function f ∈ C(X), and defining
χ0 ([E]) = χ(s(f, E)),
χD ([E]) = vD (s(f, E)) ∀E ∈ divB (X)
where s(f, E) is the rational section of [E] corresponding to f given by the choice of E
as a representative of [E]. Let us choose the constant function f = 1, then s(f, E) is the
canonical section, yielding χD ([E]) = 1 if D = E and χD ([E]) = 0 otherwise.
Putting this together with Lemma 7.6, we obtain
X
X
nD
εα hα∨ , χ0 ([δ])i =
hα∨ , χD ([δ])i =
D

D

where the sum is over all colors D moved by α. The definition of nD then gives
(7.19)

hα∨ , χ0 ([δ])i = hα∨ , wi

for all α ∈ S. Recall now the exact sequence
0 → (k/[k, k])∗ → PicG (X)R → Pic(X)R → 0
from [Los09a, Lemma 8.8]. Together with (7.19), it implies that we can choose [δ] ∈
PicG (X)R in such a way that χ0 ([δ]) = w.
Now, by Proposition 7.5, the polytope P (X, [δ]) − χ0 ([δ]) is defined by the inequalities
(7.20)

hρ(Z), ξi + nZ ≥ 0

for ξ ∈ ΞR , with Z varying in the set of B-stable prime divisors of X. These inequalities
hold for all ξ of the form ξ = q − w with q ∈ P, thanks to formula (7.16) of Lemma 7.36 if
Z is a color, and thanks to the definition of nZ if Z is a G-stable prime divisor. It follows
that P(X, [δ]) ⊃ P. On the other hand, the set of inequalities of the form (7.20) contains
a set of inequalities that define P, thanks to Lemma 7.33, the definition of FΣ (Q) and the
numbers nZ . The inclusion P(X, [δ]) ⊂ P follows, hence P(X, [δ]) = P.
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Michel Brion. Sur l’image de l’application moment. In Séminaire d’algèbre Paul Dubreil et MariePaule Malliavin (Paris, 1986), volume 1296 of Lecture Notes in Math., pages 177–192. Springer,
Berlin, 1987.
[Bri89]
Michel Brion. Groupe de Picard et nombres caractéristiques des variétés sphériques. Duke Math.
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