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UNIQUENESS OF TANGENT CONES FOR 2-DIMENSIONAL ALMOST
MINIMIZING CURRENTS

CAMILLO DE LELLIS, EMANUELE SPADARO, AND LUCA SPOLAOR

ABSTRACT. We consider 2-dimensional integer rectifiable currents which are almost area
minimizing and show that their tangent cones are everywhere unique. Our argument uni-
fies a few uniqueness theorems of the same flavor, which are all obtained by a suitable mod-
ification of White’s original theorem for area minimizing currents in the euclidean space.
This note is also the first step in a regularity program for semicalibrated 2-dimensional
currents and spherical cross sections of 3-dimensional area minimizing cones.

In this paper we consider 2-dimensional integer rectifiable currents 7' in the euclidean
space R™™2 which are almost (area) minimizing, in the following sense (for the notation
and terminology we refer the reader to the textbooks [6] and [10]).

Definition 0.1. An m-dimensional integer rectifiable current 7' in R™" is almost (area)
minimizing if for every x & spt(0T') there are constants Cy, rg, g > 0 such that

I71(B, () < 1T+ 0S||(B(x)) + Cor™ ™ (0.1)
for all 0 < r < ry and for all integral (m + 1)-dimensional currents S supported in B, (x).

Our aim is to extend Brian White’s classical result (cf. [11]) on the uniqueness of tangent
cones for area minimizing 2-dimensional currents to almost minimizers, an abstract result
which can then be applied to several interesting geometric problems, recovering quickly
known statements but also gaining some new ones. To state the main theorem we introduce
the current (t,,)41", where the map ¢, , is given by R™*" 5y — =% € R™". Recall that
an area minimizing cone S is an integral area minimizing current such that (o, )5S = S
for every r > 0 (cf. [10, Theorem 19.3]).

Theorem 0.2. Assume T is a 2-dimensional integer rectifiable almost minimizing current
in R"™2. Then for every x € spt(T) \ spt(9T) there is a 2-dimensional area-minimizing
cone T, with 0T, = 0 such that T, — T, (in the sense of currents) as r | 0.

From this theorem we conclude three interesting corollaries as special cases.

Definition 0.3. Let ¥ C R™™ be a C? submanifold and U C R™™ an open set.

(a) An m-dimensional integral current 7" with finite mass and spt(7) C ¥ N U is area-
minimizing in ¥ N U if M(T + 05) > M(T) for any m + 1-dimensional integral
current S with spt(S) cC ¥ NU.

(b) A semicalibration (in X) is a C' m-form w on ¥ such that [jw,|. < 1 at every
x € X, where || -||. denotes the comass norm on A™7,>. An m-dimensional integral

current T with spt(T") C ¥ is semicalibrated by w if w,(T) = 1 for ||T-a.e. .
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(¢) An m-dimensional integral current T" supported in 0Bg(z) C R™™ is a spherical
cross-section of an area-minimizing cone if xx T is area-minimizing.

In all these cases, when m = 2, we conclude the uniqueness of tangent cones from
Theorem 0.2 and the following

Proposition 0.4. Under the assumptions of Definition 0.3, any m-dimensional current T
as in (a), (b) or (c) is almost minimizing in the sense of Definition 0.1 and therefore, by
Theorem 0.2, it has a unique tangent cone at every x & spt(0T) if m = 2.

In this paper we will consider only Riemannian submanifolds > of some euclidean space.
However, since all the statements are local, by Nash’s isometric embedding theorem we
can infer the same conclusions in any abstract Riemannian manifold which is sufficiently
regular: in particular, since we need C? regularity in the embedded case, in the abstract
setting we can derive the same consequences when the Riemannian metric is C** for some
positive .

The uniqueness of tangent cones for 2-dimensional area-minimizing currents in Riemann-
ian manifolds (case (a)) has been proved first by Chang in [4]. The same statement for
semicalibrated integral 2-dimensional cycles (case (b)) has been shown more recently by
Pumberger and Riviere in [8]. As far as we know the result for spherical cross sections of
3-dimensional area-minimizing cones is instead new. Our motivation comes in fact from
the interior regularity theory for all these objects: in a series of forthcoming papers we will
prove that any 2-dimensional current as in (a), (b) or (c) is either a regular submanifold in
the interior or has isolated singularities. The latter result is due to Chang in case (a), but
as far as we know the details of one crucial step in Chang’s proof have never appeared. It
is instead due to Bellettini and Riviere for a particular case of (b), see [3]: in their theorem
3} is the 5-dimensional standard sphere and the semicalibrated currents are the so-called
special legendrian cycles. In all the other situations such regularity theorem would be a
new result and this note is the first step of our program to prove it.

In codimension 1 the uniqueness of tangent cones is known at isolated singularities thanks
to the pioneering work of Simon, cf. [9]. The uniqueness of tangent cones is widely open
in dimension higher than 2 and general codimension. Some interesting higher dimensional
cases have been recently covered by Bellettini in [1, 2].

0.1. Acknowledgments. The research of Camillo De Lellis and Luca Spolaor has been
supported by the ERC grant agreement RAM (Regularity for Area Minimizing currents),
ERC 306247. The authors are warmly thankful to Bill Allard and Guido de Philippis for

several important discussions.

1. PROOF OF PROPOSITION 0.4

We start remarking that in the semicalibrated case we do not loose any generality if
we consider ¥ to be the ambient euclidean space. We then point out one elementary
variational property of semicalibrated currents and spherical cross sections of minimizing
cones. We will use the notation I,,(R™*™") for the space of integral currents in R™*™ (cf.
6, Section 4.1.24]).
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Lemma 1.1. Let k € N\ {0}, &g € [0,1], X C R™™ be a C*150 m + f-dimensional
submanifold, V. C R™™ an open subset and w a C*=° m-form on VN'Y. If T is a cycle
in VNY semicalibrated by w, then T is semicalibrated in V by a C*%0 form &.

Proof. The argument is straightforward: we just need to extend w to a form @ on the
open set V' in such a way that ||@,||. < 1 for every x and the regularity of w is preserved.
Without loss of generality it suffices to do this on a tubular neighborhood U of ¥ NV
on which there is a C*¥0 orthogonal projection p : U — ¥ N U (we then multiply this
extension by a function ¢ € C°(U) which is identically 1 on ¥ and satisfies 0 < ¢ < 1;
the resulting form can then be extended to V by setting it equal to 0 where it is not yet
defined). For z € U we set y := p(z) € ¥ and let p, : R — T, % be the orthogonal
projection. We then set @, (v1,...,0n) = wy(Py(v1),...,Py(vm)). Observe that @ is not
pw (in general the latter would not satisfy ||@,|. < 1). O

Proposition 1.2. Let T be as in Definition 0.3 (b) (in which case we assume 3 = R™")
or (¢). Then there is a constant Q@ such that

M(T) < M(T + 9S) + QM(S) VS € I, 1 (R™™)  with compact support. — (1.1)

Moreover, 2 < ||dwl||o in case (b) and & < (m + 1)R™" in case (c).
Moreover, if x € C°(R™™\ spt(9T), R™™), we have

0T (x) =T(dw Jx) in case (b), (1.2)
0T (x) = /mR_lx ~x(z) d|T||(x) in case (c). (1.3)

Proof. We first prove (1.1). Assume we are in case (c). Without loss of generality we can
assume x = 0 and R = 1. Therefore fix S compactly supported and consider W =T 4+ 0S.
Next, let p : R™*" — B;(0) be the orthogonal projection and set S’ = p;S and W’ :=
pW =T + 0p;S (where the latter identity holds because spt(T") C 9B;(0)). The current
Z = 0x W' —S"is then a competitor for the minimality of 03 7" and observe, moreover,
that since spt(W’) C B1(0), we have M(Z) < (m + 1)"!M(W’). Then we have

0<(m+1)(M(Z)-M(OxT)) <MW') —M(T)+ (m+ 1)M(S")
<M(W) — M(T) + (m + 1)M(S) .
In case (b), if w is the semicalibrating form, we can then estimate
M(T) = T(w) = W(w) = 05(w) < M(W) = 5(dw) < M(W) + | dwl|oM(S) .

Next, (1.3) is simply the stationarity of 7" in 0B;(0). As for (1.2) the formula seems new
in the literature and we provide here a simple proof. Fix y and consider the maps ®,(z) :=
x +tx(z) and A(t,z) = ®¢(x). We then denote by [0,¢] the current in I;(R) induced by
the oriented segment {t: 0 < ¢ < e}. We define T} := (P, )7 and S, := Ay([0,e] x T"). We
then have 9S. = T, — T and hence

M(T.) — M(T) > T.(w) — T(w) = S.(dw) = [0, €] x T(A*dw) =: h(e). (1.4)
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Since h is C* and h(0) = 0, by a Taylor expansion we conclude 6T (x) > h/(0) + o(e).
On the other hand, since the latter inequality is valid for both positive and negative e, we
infer 67'(x) = h'(0). We thus only need to show the identity h’'(0) = T'(dw Jx). Consider
the set of ordered multiindices I = {1 < iy < iy < ... < Gpyy1} and let dw = > frda!,
where dz! = dx™ A ... Adz+. We then have

Aﬁdw Yoy = > fr(@u(x))dD AL A dD

Next, we will denote by o(1) any continuous function of x and ¢ which vanish at ¢ = 0 and
we let 7 : R x R™*" — R™" be the projection m(¢,z) = x. Since ®(0,z) = z and f; is
continuous we conclude

(Mdw) @y =Y fr(z)dd} /\.../\d@j;m+l +o(1) =
Zf;(x (dx + Z fr(x)xY (z)dz™ A ... ANdz" = Adt Adx AL A dxm“) +o(1)
I

1<j<k+1

=mldw + dt A fi(@) ) (17X (x)da AL Ada T Adati AL A da™ ! o(1).
I J
Thus,
(A'dw) gy = Thdw + dt A 7*(dw Ix) + o(1).

In particular, since dw is orthogonal to dt, we have [0,¢] x T(m*dw) = 0. Thus we can
write

h(e) = [0,e] x T(dt Am*(dw Ix)) + 0(1)eM(T) = eT'(dw Ix) + o(e) ,
from which we finally conclude h'(0) = T'(dw Jx). O

Proof of Proposition 0.4. Case (a). Consider z € ¥ and a ball B,(z) € R™™. If 7 is
sufficiently small there is a well-defined C' orthogonal projection p : By(x) — ¥ with the
property that Lip(p) < 1+ C'Ar, where C' is a geometric constant and A denotes the L
norm of the second fundamental form of 3. Consider 7" area-minimizing in > and assume
7 < dist(z,spt(07)). Let r < 7 and S € L, (R™™) be such that spt(S) C B,(z). We
set W:=T+0S. If |W|(B.(z)) > ||T]|(B,(x)) there is nothing to prove, otherwise by
the standard monotonicity formula we have ||[W|(B,(x)) < ||T]|(B.(z)) < Cr™. Then
W' := pyW is an admissible competitor for the minimality property of 7" and we have

ITII(B(x)) < [W'[[(B.(2)) < (Lip(p))" W [|(B(x)) < [W]|(B(z)) + Cr™**.

Case (b)&(c). First observe that, by Lemma 1.1, in case (b) we can assume, w.l.0.g.,
that ¥ = R™"". Fix r < dist(z,spt(07")) and let S € L1 (R™"") be such that spt(S) C
B, (z). Asabove, either |[W||(B,(x)) > ||T||(B,(x)), in which case there is nothing to prove,
otherwise by the standard monotonicity formula we have |[W{|(B,(x)) < ||T||(B,(z)) <
Cr™ (observe that, by (1.2) and (1.3), T" induces a varifold with bounded mean curvature,
which in turn implies Allard’s monotonicity formula, cf. [10, Section 17]). In the latter
case, by the isoperimetric inequality there exists S’ € 1,11 (R™"") such that

08" =08 and M(S) < Crmtt.
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Applying now (1.1) to this current S” we get the desired conclusion, with C; = CQ. O

Remark 1.3. Observe that we have achieved (0.1) with any fixed ro < 3dist(z, spt(97T")),
ap =1 and Cy = CA, in case (a), Cp = C€Q, in the cases (b) and (c), where the constant
C' depends only upon ||T[|(Bar,)(x).

2. TWO TECHNICAL LEMMAS

It is known that the almost minimizing condition of Definition 0.1 is alone sufficient to
derive a monotonicity formula. However, we have been unable to find a reference and we
therefore provide the proof below. Note also that in the geometric cases (a), (b) and (c), a
more precise form of the monotonicity formula could be derived directly appealing to the
fact that the corresponding induced varifolds have bounded mean curvature.

Proposition 2.1 (Almost Monotonicity). Let T € L,,(R™*™) be an almost minimizer and
x € spt(T) \ spt(0T). There are constants Coa, T, g > 0 such that

/ Maz||T||(z) < Coz(”TH(BT(x)) - ITUBAz) Tao) 1)
B (z)\Bs(z

) |z — z|m+2 Wi T Wy, 8™

for all0 < s <r <7 (in (2.1) (z — x)* denotes the projection of the vector z — x on the
orthogonal complement of the approximate tangent to T at z). In particular, the function
L ITI®.)

———= + 1% 15 nondecreasing.
WET

Proof of Proposition 2.1. Assume without loss of generality x = 0. For a.e. r the current
J(T'_B,) is integral (cf. [10, Section 28]) and we have, by (0.1) with W = 0x 9(T'LB,),

ITIB) < IWI(B) +Cor™ = TM@(TLE) + Cor™ . (22)

Set f(r) := ||T]|(B,) and observe that f is an nondecreasing function and so a func-
tion of bounded variation. As such it has left and right limits at each point and in fact
f(r) = f(r7). In particular we can decompose its distributional derivative D f, which is a
nonnegative measure, as Df = f'.Z + u,, where £ denotes the Lebesgue one-dimensional
measure and j, is the singular part of D f. We multiply (2.2) by mr~™""! and add % + £
o 1 1 D mf(r o
f—m + T—mf’(r) — T—mM(a(TLBT)) < r—”{ — Tiiil) + Coprot,

Integrating on the interval [s, r[ (where ro > r > s) we reach

flr) _ f(s)

1 "1, .
| amdnor+ [ (o) - M@TLB ) dp < T - TR e
[s,r[p s P Py r S
IS Iva

To conclude we only need to prove that I := I* 4+ I* bounds the left hand side of (2.1).
Denote by z!l the projection of  on the approximate tangent space to 7" at x. Recall first
(cf. [10, eq. (28.6)]) that

T,:=(T,|-|,p) = (TLB,) — (OT)LB, = d(TLB,).
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Next introduce the Borel set E := {|z| > 0} and its complementary E° and recall that,
by the coarea formula (cf. [10, Lemma 28.1 & Lemma 28.5]), for any Borel map g we have

tL%«ﬂﬁwm - [ [s@armic 0

Let R be the countable rectifiable set such that ||T'|| = ©(T,z)H™L R. It then follows
from the slicing theory that ||| = ©(T,z)H™ *L(RN IB,) for a.e. p and thus inserting
g = 1gc in (2.3) above we derive

H" Y ENOB,) < |T,|I(E9) =0 for a.e. p. (2.4)
Thus, since |z/l| > 0 for every z € (B, \ B,) N E, we conclude

2] — |l ] — |l |2
/ t/ Ul d /’ /mwﬂﬂw)mmww

2 / o
> d||T,||(z) dp = d|T||(z) . 2.5
[ s [ 0y o AT (25)

L=

Now observe that on E°, the complement of F, we have |x |z| and thus

/ |93 m|2+ 4ITl=) / 1md||TH( ) (2.6)
T x). .
(B, \Bs)NE® 2|z|m+2 (B, \Bs)NE® 2|z|

Next, denote by S the set of radii r such that H™ 1(E°N dB,) > 0. We then must have

ITN(EN (B, \ By)) < |7 (UsesnirptdBs) < Df(SN [, p]) 3 ps([7 pl)

for every 0 < 7 < p (in fact the inequalities above are all identities, but this is not really
needed). Thus for every N € N\ 0 we can estimate

1 N Nooq
AT)() <3 5 N (B, \B,, ) m/ i,
/(Br-\Bs)ﬂE“ 2| ; 25, Z 257" [si—1,8:]

=1 i—1
where s; := s + % (r — s). In particular letting N 1 co we concude

1
AT < [ dnle) =17 (2.7)
/(BT\BS)mEc 2lz|™ (5,0 20™
From (2.5), (2.6) and (2.7) we conclude that /*+1® bounds the right hand side of (2.1). O

The following proposition tells us that if a current as in (a), (b) or (c¢) in Definition 0.3
is suitably decomposed, then each element of the decomposition is again respectively of

type (a), (b) or (c).

Proposition 2.2. Let T' be as in Definition 0.3($), with & = a,b or ¢, and suppose that
there are x € spt(T) \ spt(dT), ¥ > 0 and J currents T, ..., T’ such that

TLBx( ZT] T _.Bx(z) =0 and ||T||(B Z||T]||
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Then each T satisfies () in Definition 0.3.
Proof. We divide the proof in the three cases of Definition 0.3.

(a) Suppose by contradiction that there exist j € {1,...,J} and S € I,,41(2) with
spt(T") C Bi(z) such that M(T7 L By (z)) > M(T?LB;(x)+305S). Then it is straightforward
to check that M(TLB:(z) + 0S) < M(T'LB(x)), which contradicts the minamility of 7'.

(b) By contradiction, suppose there exists j € {1,...,J} such that 77 is not semical-
ibrated by w. Assume j = 1. Then since ||wl||. < 1, we have T'(w) < |T"||(B#(x)) and
Ti(w) < ||T79)|(Br(x)), for every j € {2,...,J}. It follows that

J J
IT[|(Bs(2)) = T(w) = ZTj(W) < Z I77(|(Br(x)) = | T]|(B(x)))

which gives a contradiction and concludes the proof.

(c) Without loss of generality we can assume x = 0 and R = 1. Again by contradiction
assume there exist j € {1,...,J} and S € I,,,,1(R™*") such that 9(SLC) = 9(0x T LC)
and M(SLC) < M(0x T71C'), where

C:={Xz : z € By(z) N 9B4(0), A €]0,1[}.

We can assume j = 1. Notice also that
J
M((0% 7)1 C) = |7/ (B Z 1791 (Bo(w) = 3" M((0x T9)1.C).  (28)
j=1

Then we have

M((0x T)LC) < M((s+ io»« Tj> LC’) < M(SLO) + M(i(o»« Tj)I_C>
< M((0x TY)1C) +M(ZJ:(O>><< TJ)LC)

=2

(2.8)

M((0x T)LC).
The latter is a contradiction and thus completes the proof. O]

3. A GENERALIZATION OF WHITE’S EPIPERIMETRIC INEQUALITY AND THE PROOF OF
THEOREM 0.2

In this section we show how Theorem 0.2 follows from a suitable epiperimetric inequality
due to Brian White. However, since we prove a more accurate version of Theorem 0.2,

we state it again more precisely in the following theorem. From now, for any given R €
L, (R™) we define F(R) := inf{M(Z)+M(W): Z €1, W € 1,11, Z +0W = R}.
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Theorem 3.1 (Uniqueness of tangent cones for almost minimizers). Let T' € Io(R™""?) be
an almost minimizer. Then there is a v9 > 0, J 2-dim. distinct planes m;, each pair of
which intersect only at 0, and J integers n; such that, if we set S := . n; [m], then

F((Tpr — S)LBy) < Ciyr™,
dist (spt(TLB,()),spt(S)) < Cyyr'He. (3.2)
Moreover, there are T > 0 and J > 1 currents T? € 1,(By(z)) such that
(i) 0T LBs(z) = 0 and each T is an almost minimizer;
(i) TLBr(z) = >, T7 and spt(T;) Nspt(T;) = {x} for every i # j;
(iii) n;[m;] is the unique tangent cone to each T? at .

From the latter theorem, Proposition 0.4 and Proposition 2.2 we conclude

Corollary 3.2. Let T be as in Definition 0.3($), with { = a,b or ¢, and x € spt(T) \
spt(OT). Then all the conclusions of Theorem 3.1 hold for T and moreover each T satisfies
Definition 0.3(<$).

3.1. White’s epiperimetric inequality and its generalization. As already mentioned,
the key ingredient in the proof of Theorem 3.1 is a suitable generalization of White’s epiperi-
metric inequality [11]. We record the main ingredient of White’s argument in the following
lemma. Since however the paper [11] does not state this lemma explicitely, we provide in
the last section a brief argument, referring to propositions and lemmas which are instead
explicitely stated in [11] (the only difference is in a technical point, namely the estimate
(4.1), for which we point out a shorter argument).

Lemma 3.3. Let S € I,(R""2) be an area minimizing cone. There exists a constant €13 > 0
with the following property. If R := (SLBy) and Z € 1,(0B,) is a cycle with
(1) .F(Z — R) < €13,
(ii) M(Z) = M(R) < ey,
(iii) dist(spt(Z),spt(R)) < &1,
then there exists H € 15(By) such that 0H = Z and
IH[[(B1) = [S]I(B1) < (1 — e13) [l0x Z[|(By) — [|S]|(B1)]-
A simple compactness argument allows us to generalize this lemma in the following sense.

Proposition 3.4. Let S € I,(R""?) be an area minimizing cone. For every Cio > 0 there
exists a constant €11 > 0, depending only on the constants Cy, and o of Definition 0.1 and
upon S, with the following property. Assume that T € Io(R™2) is an almost minimizer
with 0 € spt(T") and set T, := (10,)¢T. If v is a positive number with

e 0 < 2r < min{2 !dist(0, spt(9T)), 211 },

° F((Tgr — S)LBl) < 2511, ||T||(B27,) < 0127’2

e and O(TLB,) € I,(R"™2),
then

IT,1(By) = [S(By) < (1= 1) (0 AT, By)[|(By) — ISI|(Br)) + 7. (33)
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¢ depends only on Coi, ap and ©(0,S5) and €15 > 0 is any number smaller than some
€ > 0, which also depends on Cy, ag and ©(0,5). Moreover ¢ depends linearly on Coy. In
particular, if T is as in Definition 0.3, then ag = 1 and: ¢ depends linearly on A = || As||«
in case (a), it depends linearly on Q = ||dw||~ in case (b) and it quals CoR™ for some
geometric constant Cy in case (c) (in the sense of Remark 1.3).

Proof. We argue by contradiction and assume there exist sequences of almost minimizers
(TM)ren C I(R?*™) and radii v, | 0 with 0 < 27, < dist(0,spt(9T%)) such that R* :=

(T*),, satisfies F((R* — S)LB,) < 1 and
7B ~ 1518 > (1 - 1) (10 R LB (B ~ 18]I (BY) +krin. (34)

It is important to notice that, in contradicting the statement of Proposition 3.4, the currents
T* satisfy (0.1) for some constants Cy and o which are fixed, i.e. independent of k. First
of all, without loss of generality we can assume

105 O(R* L By)[|(B1) — [|S]|(B1) > 0; (3.5)
indeed if ||0x (R*LB,)||(B1) — ||S]|(B;) < 0 we could use the almost minimality and the
appropriate rescaling to conclude

IR(|(B1) = [S]I(B1) < (|0 A(R*LB1)||(B1) — [IS[|(B1) + Cury?
1
< (1= 1) (lox o(RLB)(B1) = [SI(B)) + Crry,

contradicting (3.4) for k large enough.
Observe that we have a uniform bound for || R¥||(Bz). Thus, by the usual slicing theorem,
passing to a subsequence there is a radius p €]3, 2[ such M(9((RF — S)LB,)) is uniformly

bounded. On the other hand R* — S is converging to 0 in the sense of currents and hence,
by [10, Theorem 31.2], F((R* — S)L. B,) — 0. This means that there are integral currents
H* G* with M(H*) + M(G*) — 0 such that

(R*— S)LB, = 0H* + G* .

Taking the boundary of the latter identity we conclude that 0G* = 9((RF — S)LB,). Now,
rescaling the almost minimality property of T*, we conclude that

IR*[[(B,) < [IS]I(B,) + M(Gy) + Cury.
On the other hand, since (M(G*) + 1) | 0, we infer
lim sup IR*[[(B,) < [ISII(B,).

Since however R¥ — S in B, we also have

IS11(B,) < lim inf | R¥| (B,).

We thus conclude that || R¥|| = ||S|| on B, in the sense of measures and, since ||S||(0B;) = 0
by the conical property of S, we infer that ||R*||(B;) — ||S]|(B;). Thus (3.4) and (3.5)
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imply
Jim M(O(R*_B,)) = M(0(SLB,)). (3.6)

The almost monotonicity formula for 7% (in the rescaled version for R¥) implies through
standard arguments that spt(R¥) converges to spt(S) in the Hausdorff sense: one can
follow, for instance, the proof of [10, Lemma 17.11]. Finally, again by [10, Theorem 31.2],
we conclude that F((R¥—S)LB;) — 0 and hence, arguing as above, we infer the existence
of integer rectifiable currents G* such that dG* = 9((R* — S)1_B;) and M(G*) — 0. In
turn this implies F(9(R*1. B;) —9(S1.B;)) — 0. So all the assumptions of Lemma 3.3 are
satisfied, and there exist integral currents H* such that 0H* = 9(RFI_ B,) and

IE*([(By) = [IS](By) < (1 = €13) (10 O(RFLB1)|[(B1) — [IS]I(B1)). (3.7)
By the almost minimality of 7% and the usual rescaling, we conclude
IR (By) < [[H*]|(By) + Corg” .
Thus,
IRE(|(B1) — [[S1/(B1) < [[H*[|(B1) — [|SI/(B1) + Cory”

(3.7)

< (1= 1) (0% O(R*LB1)|[(By) — [[S]|(B1)) + Cor” .
However, when k is so large that % < €13 and k > (), the latter inequality contradicts
(3.4) (recall (3.5)). O

3.2. Proof of Theorem 3.1. Without loss of generality from now on we assume that
x = 0 and that dist(0,spt(97")) > 2. Moreover we set T, := (10, )47

STEP 1. BLow-uUP. By the almost monotonicity, the family {7 }o<,<; C Io(R™"?)
enjoys a uniform bound for |7, |/(K) whenever K C R™ is a compact set. Moreover, for
any U CcC R"*2 open, 0T, .U = 0, provided r is large enough. It follows that we can
apply the compactness theorem of integral currents, and for every sequence 7, | 0 we can
extract a subsequence 7T}, converging to an integral current S with 9S = 0. Observe also
that we can argue as in the proof of Proposition 3.4 to conclude that for every Ny € N
there is a subsequence, not relabeled, and a 7 €| Ny, Ny + 1] with the following properties

o 7, 11(B;) — IS](B,):

e There are currents Hy, € I(R"™2) with M(H*) | 0 and 0H* = 9((T,, — S)LB5).
We then easily conclude that S is area minimizing in Br and that ||T}, ||(V) — ||S||(V') for
any open set V' CC By with ||.S||(0V) = 0. A standard argument shows that these prop-
erties remain then true for every ball and for the entire sequence {71}, }. As a consequence
of the fact that ©(0,7") exists, we then conclude that

1S11(B,(0)) = O(T,0)r* := Quor®

for all radii but an (at most) countable family (recall that ws denotes the area of the unit
disk in R?). It is then a standard fact, using the monotonicity formula for area-minimizing
currents, that S is a cone (see for instance [10]). Finally, it is well known that 2-dimensional
area minimizing cones are all sum of planes intersecting only at the origin (see for instance
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[7]). So we conclude from the standard theory of currents (see for instance the proof of
Proposition 3.4) that F((7,, — S)LB,) — 0 for every r > 0.

Let £11 be the constant of Proposition 3.4. We then conclude the existence of a radius
ro > 0 such that, for every r < ry there is an an area minimizing cone S such that
F((Ty, — S)LBy) < 2¢e53. We can then apply (3.3) for every 0 < r < 7o such that
I(TLB,) € I;(9B,) (which holds for a.e. r). After scaling back and multiplying by r?, we
get

M(TLB,) — Quar?* < (1 —£19) (M(O»« ITLB,)) — Qus 7“2) +er*te for ae. r <rg.
(3.8)
Set f(r) := M(TLB,) — Qwor% Since r — M(TLB,) is monotone, the function f is
differentiable a.e. and its distributional derivative is a measure. Its absolutely continuous
part coincides a.e. with the classical differential and its singular part is nonnegative. Note
also that we can assume 2 4+ oy > ¢ + 1—35 =: ¢ + a for some ¢ > 0.
Therefore, by the well-known expansion for the mass of a cone, (3.8) reads

= .e—1 d —a
—acrt < E(T f(r)) , (3.9)

Integrating (3.9) we get —%¢ (7“5 — 85) <r f(r)—sf(s) forall 0 < s < r < 1. Setting
e(r) := L) this implies

war
e(s) < (;)a e(r)+Cr® VO<s<r<r. (3.10)
STEP 2. Consider now the map F(z) :=

formula,

ﬁ and radii 0 < £ < s <t < 7. By the area

MuwTu&\Bgns/” La T

B:\B;

)2 1
|z ]? 1

g(/ Eayry) gy
B/\B, x| B/\B. |

~ = -

::Il 12

I; and I, can be easily estimated using the almost monotonicity formula

(2.1) (3.10)
IF < e(t) —e(s) +Crt™ <e(t) + 20t < CtF (3.11)
1) 2
< 1 T]|(By) < (E) {HTII(BTO) +Clrf010:| <c (3.12)
52 s re

where we took into account that, by (2.1), e(s) > —Cys* for every s > 0 and that C' > 0
is a constant depending on ry. In particular we conclude that

t
M(E(TL(B,\By))) <Ct*  V0<g<s<t<nm,
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and, by iteration on diadic intervals,
M(F{(TL(B,\B,))) <Cr?  V0<s<r<rn. (3.13)

Since 0Fy(TL(B, \ By)) = 0(1,LBy) — 0(T;LB;) for a.e. 0 < s < r, from the definition of
F we get:

(3.13)
F(O(T, L. By) — (T, By)) < Cr (3.14)

This implies that the currents 0(7, | B;) converges to a unique current Z. On the other
hand, by the almost monotonicity formula it follows easily that 7T, L By converge to the cone
0x Z. Since we already know that an appropriate sequence converges to S = . n;[m],
we conclude that T, converges to S.

STEP 3. PROOF OF (3.1) AND (3.2). In order to prove (3.1), it is enough to find integral
currents V and W such that T, — T, = OH + W and M(H) + M(W) < Cr?. To this aim,
fix a small parameter @ > 0. Let [p, ¢] denote the current in I;(R) induced by the oriented
segment {t:p <t < ¢}. Similarly [p] € Iy(R) is the Dirac mass at the point p. Consider
the currents V, € I3(R x R"™2) defined by

V, = ([[o, 1] x TL(B, \ Ba)> I_{(t,:c) eRxR™? : r7llz[ <t < s—1|x\}.

Next, we consider the map h: R x (R"**\ {0}) > (t,2) — & € R"*? and the currents
H, := hV,. If di,dy : R x R"*? — R denote the functions d(t,z) := ¢ — s7*|z| and
dy(t,z) :=t — r~t|z|, then for a.e. a > 0 we have

OV, =[] x TL(B, \ By) — [%,¢] x 9(T'LB,)

r’s

+([0,1] x T1.(B, \ B,),d1,0) — ([0,1] x TL.(B, \ B,),d>,0) .
Since 0 commutes with the push-forward, we also get

OH, = F,(TL(B, \ By) — hy ([%, 4] x a(TLBa))J—T,L(B1 \Bz) + T,L(B; \ Be), (3.15)

-~

Za

where we have used the fact that h(t,z) = s~'z and h(t, x) = r~'x respectively in the sets
{(t,x) e R x (R""2\{0}) : t =s7'z|} and {(t,z) € R x (R*™2\ {0}) : t =r~Yaz|}. Tt is
simple to see that there exists H such that H, - —H as a | 0. Thus (3.15) gives

—0H = F;(T (B, \ B,)) = T,.B; + T, By,

because M(Z,) < als™' — r ' M(O(T,LBy)) < Cals™ — r YM(I(THLB;)) — 0. To
conclude (3.1) we only need to estimate the mass of H. To this extent, note that hy(2AT) =
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dh(Z) A hy(T) and, since dh () = &
L —
Hw) = / / by (% AT) Wn(e))dl| ]| (z) dt
0 Brt\Bst
1
- / / (5 A (BT, Wi 1) T () di
0 Brt\Bst
1
= / / (EF)T, gt Vi) dlIT || () dt
0 Brt\Bst
1

= [ 0F) B\ Bu) g at

0
Thus

M(H) < /IM((tF)n (TL(Br \ Byy)) dit = /ltzM(Fﬁ(TL(Brt\Bst)))dt

1
(3%3) C / re242e2 gr < Ope/?
0

(3.2) follows then from the almost monotonicity formula, see for instance [10, Lemma
17.11].

STEP 4. DECOMPOSITION. We first introduce the following notation: we call T irre-
ducible in B,(z) if it is not possible to find two (integral) currents with Tl B,.(z) = T +T"?
and spt(7T") Nspt(T?) = {0} (cf. to the notion of indecomposabality as in [6, 4.2.25]: T is
indecomposable if it is impossible to write it as T + T2 with 9T} L B,.(z) = 0Ty B,.(z) =
0 and M(Ty) + M(Tz) = ||T||(B,(x))). If T is reducible, then clearly O(||T||,z) =
O[T, z) +©(||T?||, z). Since each T* would be almost minimizing, O(||T%||, z) € N\ {0}
and we can only decompose T finitely many times. Next suppose by contradiction that
T is irreducible in z but its tangent cone 7}, is not a plane. Then, since T}, is area
minimizing, by [7], there exists J > 2 such that T, = Z;le Q; [V;], where V; C R™*? are
2-dimensional linear subspaces such that V; N'V; = {0} for every i # j and @; € N satisfy
Z;jzl Q; = Q. Then consider the currents

T =T {y e R™™" : dist(y — z,V;) < Cr't7} fori=1,2,...,J.

By (3.2) this is a decomposition of 7" in two non-zero currents whose supports intersect
each other only in {0}, which is a contradiction.

4. PROOF OF LEMMA 3.3

As already mentioned, any 2-dimensional area-minimizing cone S is the sum of (integer
multiples) of finitely many oriented planes, each pair of which intersects only at the origin.
Therefore the support of the cycle R := 9(SLB) of the statement of Lemma 3.3 consists
of a finite number (say N) of disjoint equatorial circles of OB;. By condition (iii), we can
thus assume that Z splits into N cycles, each close (in the sense of (i), (ii) and (iii)) to an
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integer multiple of an equatorial circle of 0B;. Thus, without loss of generality, from now
on we assume that S is given by @ [mo], where 7 is the (oriented) plane R? x {0} C R"*2
and @ is a positive integer. Correspondingly, R = @ [yo]] where 7q is the oriented equatorial
circle Ty N 0B;.

STEP 1. REDUCTION TO A LIPSCHITZ WINDING CURVE. We next introduce the
notation B,(x,m) for the 2-dimensional disk  + B,(0) N7 and C,(z, ) for the cylinder
B,(z,m) + 71, omitting  when it is the origin and 7 when it is the plane my. Given any
1-dimensional cycle W we consider the infinite 2-dimensional cone 7" with vertex 0 and
spherical cross section W, namely limg_.(t0,r);(03 W) and denote it by (0 W)s. The
cylindrical excess of any infinite 2-dimensional cone 7" in C;(7) is then given by

1

B =g [ 1T P

whereas the cylindrical excess of 7 is
E(Z) =minE((0X Z)x, 7).

It is simple to see that under the assumptions (i), (ii) and (iii), any minimum point 7 for
(0% Z)s in the expression above must be close to .

Let now P be the orthogonal projection onto dB; (which obviously it is defined in
R™2\ {0}). For each m, such projection is invertible when we restrict its domain of
definition to dC;(7) and its target to OB, \ 7. We then let P! be its inverse. Note also
that, under the assumptions (i), (ii) and (iii), when 7 is close enough to 7, spt(Z) C B;\7+.
Therefore, for any such 7 we have

(0% Z)o L Cy(1) = 0x (P;1),Z .

In particular such identity is valid for the 7 which minimizes E((0% Z), 7). If Z is as
in the statement of the lemma, by a well-known result in geometric measure theory, Z
can be written as the sum of (at most countably many) 1-dimensional cycles Z;, where
each Z; is a simple closed Lipschitz curve and Y M(Z;) = M(Z). Observe also that, if ¢
is sufficiently small, then (pr,)s(P));:Z; (where pr, is the orthogonal projection onto )
equals k; [yo] for some nonnegative integer k;. We thus have > k; = @ and it follows by
standard arguments that each Z; fulfills the assumptions (i), (ii) and (iii) of the Lemma
with k; in place of Q and with & > 0 in place of €, where the constant ¢’ | 0 as e | 0. Thus,
it suffices to prove the main estimate for each Z; and sum it over i. Observe next that
assumption (ii) in the Lemma excludes the possibility that k; < 0 for some 7. Moreover,
the case k; = 0 corresponds to the trivial situation in which the minimizing cone S is 0. In
this case M(Z;) < €13 and we can use the the isoperimetric inequality to find an H such
that OH = Z; and

IH][(B1) < C(M(2))? < Cei3M(Z) < Cerzgl0x Z||(By).

It suffices therefore to consider the case k; > 0.
Summarizing, in addition to (i), (ii) and (iii) we can also assume, w.l.o.g., the following:

(iv) R = Q [o0] for some integer @ > 0;
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(v) Z =n[[0,M(Z)]], where n : [0, M(Z)] — 0B, is Lipschitz and n(0) = n(M(Z));

(vi) If E((0% Z)oo,7) = E(Z), then E(Z,7) < £ and (p,);(P;"):Z = Q[v] (where

E(e,Q) L 0asel0).

For any fixed 6 > 0, we next use [11, Proposition 2.7] to find a second curve (" :
0, 2Quws] — OC,(7) with the following properties (recall that 2w, is the length of the unit
circle in R?):

(al) ¢'(9) = (cosd,sind, f'(¥)) € T x 7 for some Lipschitz function f” : [0, 2Quws] — 7+

with f'(0) = f'(2Qw,) and || f'l| 4 Lip(f’) < 6;

(a2) If we set Z' = ¢{ [[0,2Qw,]], then M((P;'),Z — Z') < E(Z)/C(6);

(a3) E((0X Z")0o, 7) S E((0X% Z) o, 7) = E(Z).
d will be chosen (sufficiently small) later. Since from (a2) we conclude easily

M(((0% Z)o — (0% Z')oc) L Ca2(7')) < E(2)/C(6),
we also infer
M(O((0x Z —0x Z")LCy5(7"))) < E(Z)/C(9).

After applying a rotation we can assume that 7/ = 7. We thus achieve, in addition to
()-(vi), the condition

(vil) E((0x% Z"), m0) = E((0x Z')s) and M(9((0x Z —0x Z')_Cy2)) < E(Z)/C(9).

Next, observe that if 7/ minimizes E((0% Z’)s, 7’), then

7' — 7| <K CE((0% Z')0,7) < CE(Z) < Ce
for some geometric constant C. Hence elementary considerations (see for instance the
reparametrization Lemma [5, Lemma B.1]) lead easily to the following conclusions:

(viii) the cycle Z” := O0((0x Z')L.Cy/3) is of the form (; [[0,2Qws]] for some (V) =

s(cosd,sind, f()) € my x my, where |f| + Lip(f) < C§ (C being a geometric
constant);

(a3)&(vii)
(ix) B(0% Z")w,m0) = E(Z") < E(Z) <&

Step 2. Cylindrical epiperimetric inequality and conclusion. Consider the
Fourier expansion of f as

f9) =ap + i_o: (oz,- cos (éﬁ) + f3; sin (éﬁ))

and let

P(f) = agcos+Pgsin .
We first claim the existence of a constant K (depending only upon @) such that, provided
0 is smaller than some geometric constant, then

I(f = PN wre = K[ fllwr2 . (4.1)

Indeed consider the 2-dimensional plane 7 which contains the image of the map 9 —
(cos ¥, sind, P(f)(1)). It is then straightforward to check that

e Ci(7) Nspt((0x Z")s) C Cy
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o If z =r((v) € spt(Z”) and r > 0, then

| T(w) — 0| > é(lDf(ﬁ)l + 1)) (4.2)
[T(w) — 7| < C(ID(f = P(M@)] + I(f = P(H@)]) (4.3)

where C' is just a geometric constant.

Using that Lip(f) < 0, by the area formula we easily conclude that
1
E((0% 2")o0, o) = F [/l (4.4)
E((0% Z")e, 7) < C|lf = P(f) i1z - (4.5)
Since C' is a fixed geometric constant, (4.1) follows easily from
E((0x Z"),m) = E(Z") <E((0x Z")0, 7).

Next, following [11, Proposition 2.4] we consider the map g :]0, 3] x [0, 2Qus] — R™ given
by

g(r,9) = ag + Zri/Q a; cos ( 50) + Bisin (59
5 o 4) - 41)
and let H' = g []0, 1] x [0,2Quws]]. By [11, Proposition 2.4] we have H' = Z" and

M(H') - sz < i(l — 8e13)E(Z") <

4 (1 — 8813)E(Z) y

A~ =

for some €13(Q, K) > 0.
Next, using the isoperimetric inequality we find a 2-dimensional current K such that
0K = 8((0)3(( Z)I_Cl/2) - 7" = 8((0)3(( Z —0x Z/)Lcl/g) and

(vit)
M(K) < C(M(9((0x Z)LCyp) — Z"))* < C(O)E(Z)?.
Thus, if we set H := H'+ K +0x ZLB; \ Cy/2, we have 0H = Z and

M(H) < %@ + 10— 82)B(Z) + COB(Z)* + M((0x Z)LB, \ Cuy).

Since E(Z) < &, it suffices to choose ¢ sufficiently small to achieve

1
M(H) < %WQ + Z(l —4e13)E(Z) + M((0x Z) LB\ Cy)2) .
Next recall that
1 1

1 —
TE(Z) <2 (E((0% Z)oo, m0) = < | |T = mo[*d[|0x Z]|
4 4 8 Je,

:i(M((O»« Z)LCy) — Qus) = M((0 Z)L_Cy ) — % :
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where the first equality in the last line is due to pry, (0% Z) = Q [B1(0,m)]. We therefore
infer

[11]

M(H) — Qu; < M(0x Z) 4 £13Qws — 4e13M((0x Z)L Cq/2) — Qus
<M(0x Z) + e13Quws — 4e13M((0x Z) LBy /3) — Qus
=M(0x Z) + £13Quws — e13M(0x% Z) — Quo
=(1—e13)(M(0x Z) — Qus) .
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