1703.00678v2 [math.AP] 31 Aug 2017

arXiv

ON THE MEASURE AND THE STRUCTURE OF THE FREE BOUNDARY
OF THE LOWER DIMENSIONAL OBSTACLE PROBLEM

MATTEO FOCARDI AND EMANUELE SPADARO

ABSTRACT. We provide a thorough description of the free boundary for the lower dimensional
obstacle problem in R™*+! up to sets of null #™~1 measure. In particular, we prove
(i) local finiteness of the (n — 1)-dimensional Hausdorff measure of the free boundary,
(i) H™l-rectifiability of the free boundary,
(iii) classification of the frequencies up to a set of dimension at most (n — 2) and classification
of the blow-ups at H"~! almost every free boundary point.

1. INTRODUCTION

Thin obstacle-type problems naturally appear in several models of applied sciences, such as
contact mechanics (cf. the classical Signorini problem) and, as pointed out more recently, in free
boundary problems for fractional diffusions, such as quasi-geostrophic flows, American options’
pricing, anomalous diffusions etc. .. Due to their character of prototypical nonlinear and non-local
equations, in the recent years this class of problems has been intensively studied, culminating
in several important contributions and breakthroughs (cf., e.g., [4, 11, 5, 12, 23, 14, 29, 7, 20,
3]). Nevertheless, many important questions are not yet answered, most importantly the ones
concerning the global structure of the free boundary, which according to the available results in
the literature is not excluded to have infinite measure or to be fractal, already in the simplest
model cases.

Here we answer to this and to other related questions, such as the uniqueness of blow-ups and
the structure of the free boundary for solutions to the thin obstacle problem, giving a complete
description of the top-stratum of the free boundary up to a set of H"”~'-measure zero. These results
are new also in the framework of the classical Signorini problem in elasticity (for the antiplane case)
and they are obtained by a combination of analytical and geometric measure theory arguments
which can be suitably exploited also for similar free boundary type problems.

1.1. The problem. In this article we consider a class of lower dimensional obstacle problems. In
order to state them, for any subset £ C R™*! we set

ET:=En {:1: e R Tpt1 > 0} and E :=EnN {xn+1 = O}.

For any point z € R™"*! we will write z = (2, 2,41) € R™ x R. Moreover, B,.(x) C R"™! denotes
the open ball centered at x € R"*! with radius r > 0, and B,(x) its closure (we omit to write
the point x if the origin). For every R > 0, we denote by «7r the set of functions in the weighted
Sobolev space HY(Bg, |2y+1]°L" 1), with a € (—1,1), which are even symmetric with respect to
ZTp41 and which have positive traces on B}%:

g = {’U € H'(Bg, |21 L")t v(2/, 2py1) = v(2/, —2py1) and  v(2/,0) > O}.

Key words and phrases. Thin obstacle problem, free boundary, rectifiability, blowup, uniqueness.
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The thin obstacle problems we consider are then the following:

u(z’,0) >0 for (z/,0) € Bj,

u(@',xpp1) = u(r', —zp1) for z=(2',2411) € Br,

div(|zn41|*Vu(z)) = for € Bg\ {(2,0) : u(2/,0) =0}, (1.1)
div(|zn41|*Vu(z)) <0 in the sense of distribution in Bpg,

u(x) = g(x) for x € 0Bk,

where g € @/ is a given boundary value datum. Note that (1.1) are the Euler—Lagrange equations
satisfied by the unique minimizer of the energy

| IVePlads
Br

in the class @ 4 := &g N {g+ H}(Br, |vn41|*L" ™) }. In particular, in case a = 0 problem (1.1)
corresponds to the well-known scalar Signorini problem. We denote by A(u) the coincidence set
of a solution u,
A(u) == {(2',0) € By :u(a’,0) =0},

and by I'(u) its free boundary, which is the topological boundary of A(u) in the relative topology of
BY,. In order to avoid unnecessary complications, in this work we consider the case of zero obstacle
prescribed on flat hypersurfaces only. Nevertheless, the techniques developed in the paper can be
generalized to consider non-constant and non-flat obstacles, as well as for other free boundary
problems (such as the fractional obstacle problem, for which the analogous results of this paper
are going to appear in a future work). Moreover, we set

1—a
s =
2

throughout the whole paper.

1.2. A short survey of the existing literature. In the last years there has been an intensive
research activity in trying to set up the regularity properties of the solutions to (1.1) and the
corresponding free boundaries. We resume in what follows the state of the art for what concerns
the zero obstacle case. To this aim we introduce the following notation for the rescalings of a
solution w: for every zo € I'(u) and r > 0, we set

n+

r 2au(x0 +ry)
1/2
(faBr u? [Tpg1]® dH”)

By [12, Section 6] the collection of functions {ty, }r>0 is pre-compact in the weighted Sobolev
space HL (R™™! |z,1|* £71). Their limiting points are called blow-ups of u at zo and are homo-
geneous functions, whose homogeneity depends only on xy and not on the extracted subsequence
(for a proof see also Corollary 2.10 and Remark 2.14 below). The set of all blow-ups of a solution
u at xq is denoted by BU(zg), and their common homogeneity A(zg) is called the infinitesimal
homogeneity or the frequency of u at xq (this is indeed the limiting value, as the radius vanishes,
of an Almgren’s type frequency function).

Uao,r(y) = ¥y € Brfu. (1.2)

The following statements summarize several results available in the current literature.

A. Optimal regularity of u. The solutions u to (1.1) are one-sided C1:*, s = (1-a)/2. More
precisely, u € Lip(B;) N C*(Bf U B}), as proved by Athanasopoulos and Caffarelli [4] for a = 0,
and by Caffarelli, Salsa and Silvestre [12] for all @ € (—1,1) (see also [21, 22, 9, 28, 36, 37, 35] for
previous results).

B. Free boundary regularity. The free boundary I'(u) can be split as:
I'(u) = Reg(u) U Sing(u) U Other(u), (1.3)

with these subsets being pairwise disjoint, and more precisely
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(i) Reg(u) is the subset of points in I'(u) in which blow-ups are (1 + s)-homogeneous. Reg(u)
is relatively open in I'(u) and it is an analytic (n — 1)-dimensional submanifold of R"*1
(the C1@ regularity has been shown in [5, 12] — see also [20, 25] for a different proof based
on the epiperimetric inequality; higher regularity follows from [14, 29]);

(ii) Sing(u) is the subset of points in I'(u) for which the blow-ups are 2m-homogeneous. In
the case of the Signorini problem a = 0, they are also characterized by the fact that their
contact sets have density zero with respect to H™. Furthermore, in such a case Garofalo
and Petrosyan [23] proved that Sing(u) is contained in a countable union of C'-regular
(n — 1)-dimensional submanifolds.

C. Blow-up analysis. The blow-ups of u at a free boundary point x, satisfy the ensuing
properties:
(i) BU(z0) € Hax(ao), the latter set being the positive cone of A(z)-homogeneous local solu-
tions to (1.1) even with respect to a,11. Moreover, the possible values of the frequency
A(zo) lie in the set {1+ s} x [2,+00) (cf. [12]);
(ii) the blow-ups are unique both at every point of Reg(u) (cf. [12]), and at every point of
Sing(u) for the Signorini problem a = 0 (cf. [23]).

Despite these significant achievements, many issues on the analysis of the regularity of the free
boundary and the corresponding blow-ups of solutions to (1.1) remain still unsolved, even for
the scalar Signorini problem. The most striking fact is that nothing is known about the global
nature of the free boundary, which in principle is not known to have the right dimensionality of a
boundary in R™ x {0} (i.e., n — 1), nor it is known to retain any boundary-like structure (as far
as we know, I'(u) can be even fractal). In particular, there are no results about the subset of free
boundary points Other(u), which are neither regular nor singular (according to the definitions in
literature). On the other hand, explicit examples show that Other(u) is in general not empty, and
indeed it may coincide with the full free boundary (cf. § 8)!

1.3. The main results of the paper. In this paper we answer to some of the questions men-
tioned above, such as that concerning the dimension of the free boundary, and we give a compre-
hensive description of the set Other(u) and Sing(u) in the general case a € (—1,1) up to a null
H" 1 set. Our results are already new for the case of the Signorini problem a = 0 and extend in
various directions what was previously known. In particular, the short outcome of our analysis is
the global picture of the free boundary of the thin obstacle problem as an (n — 1)-dimensional set
with locally finite measure (in fact with finite Minkowski content) satisfying almost everywhere
a similar stratification as for the classical obstacle problem (including some uniqueness results of
the blow-ups), cf. [8, 10, 38, 30].

We start off showing that the free boundary is (n — 1)-dimensional in a strong measure theoretic

sense.

Theorem 1.1. Let u be a solution to the thin obstacle problem (1.1) in By. Then, the free
boundary T'(u) has locally finite (n — 1)-dimensional Minkowski content: i.e., for every K CC Bj
there exists a constant C'(K) > 0 such that

LY T (T(w)NK)) < C(K)r* Vre(0,1), (1.4)
where T, (E) := {x € R"™! : dist(z, E) < r} for all E C R".
Next, we prove the following geometric regularity result for the free boundary establishing its
H"~L-rectifiability.

Theorem 1.2. Let u be a solution to the thin obstacle problem (1.1) in By. Then, there exist at
most countably many C*-reqular submanifolds M; of dimension n — 1 in R"*! such that

! (r(u) U Mi) —0. (1.5)

ieN
The last result concerns one of the major open question in the field, namely to determine
the possible values of the frequency A(xg), or equivalently the smallest set J C (0,00) for which



4 M. FOCARDI AND E. SPADARO

BU(zg) € UpesHa for every g € T'(u), recall that Hy denotes the set of \-homogeneous solutions
to (1.1). As explained in C. (i) above, it is known that

{2m,2m — 14 s}uemqoy € J € {1+ s} x [2,00).

Moreover, by definition A(zg) = 1+ s for all 2y € Reg(u) and A(zg) € 2N\ {0} for all zy € Sing(u).
In the following theorem we make a step forward to clarify this stage.

Theorem 1.3. Let u be a solution to the lower dimensional obstacle problem (1.1) in By. Then,
there exists a subset ¥(u) C I'(u) with Hausdorff dimension at most n — 2 such that

Azo) € {2m,2m — 1+ 5,2m + 28} menqoy ¥V @0 € I'(u) \ B(u).

In addition, for H" *-a.e. point zo € I'(u)\ X(u) with frequency X(zo) € {2m, 2m — 1+ s}men {0}
the blow-up of u at xg is unique and depends on two variables only: namely,

BU(CL‘Q) = {FL)\(IO)(,T . emo,xn_,_l)},

for some ez, € R™ with |eg,| =1 and eq, - €nq1 = 0, and hy () uniquely determined by A(zo).
1.4. Comments on the main results. A few remarks are in order.

1.4.1. Finite measure. The main consequence of Theorem 1.1 is that the free boundary has locally
finite H"~! measure:
H" ' (T(w)NK) <400 VK CCR™ (1.6)

Nevertheless, the estimate on the Minkowski content is significantly stronger: among the other
consequences, (1.4) implies, for instance, that the free boundary is nowhere dense. In addition,
Theorem 1.2 establishes that the free boundary is a H" !-rectifiable set, a piece of information
which cannot be deduced nor implies the estimate on the Hausdorff measure (1.6).

The estimate on the Hausdorff dimension of the free boundary can be deduced independently
from Theorem 1.1 and Theorem 1.2 by a different and more direct stratification argument (cf. The-
orem 8.1).

1.4.2. Structure of the free boundary. Theorem 1.2 extends the analysis of the structure of the
free boundary points to a subset of full measure of Sing(u) U Other(u). Note that the structure
of the points in Sing(u) for a # 0 had not been dealt with before in the literature. Nevertheless,
Theorem 1.2 does not imply the pointwise results in B. (i) & (ii) for Reg(u) and Sing(u), for the
latter set if a = 0, because we prove a measure theoretic regularity property for I'(u), namely its
H"Lrectifiability (cf. (1.5)).

1.4.3. Frequency. Points with frequencies 2m — 1 + s and 2m + 2s, with m € N\ {0,1}, belong
to Other(u), though it is not known whether they do exhaust such a set or not in general. In
other words, the problem of classifying all possible frequencies for free boundary points is settled
by Theorem 1.3 only up to sets of dimension at most n — 2, but it remains open pointwise.

Moreover, if on one hand there are examples of free boundary points with frequency 2m and
2m —1+s, on the other hand there are no examples of points with frequency 2m+2s. In dimension
n =1 one can show that such points do not exist, that is Other(u) = {2m — 1 + s} pnen (0,1} and
also that X(u) = ) (see § 8 — the case a = 0 has been discussed in [23]). In higher dimensions it
is then natural to conjecture the same results.

The reason why we are unable to rule out points with frequencies 2m + 2s if n > 2 is related to
the existence of (2m+ 2s)-homogeneous solutions with contact set A = R™ x {0}, which potentially
could arise as blow-ups in a free boundary point (with the free boundary disappearing in the limit).
This possibility might seem an apparent and striking discrepancy with the measure estimate and
the structure result of Theorems 1.1 and 1.2 and make these results in some sense surprising (see
§ 8.3 for further comments).

Finally, the estimate on the Hausdorff dimension of X (u) follows from its inclusion in the subset
of points of I'(u) whose blow-ups have at most (n — 2) directions of invariance, for such a set the
dimensional estimate is actually sharp (cf. Theorem 8.1).
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1.4.4. Blow-ups. The uniqueness of blow-ups provided by Theorem 1.3 at points of the free bound-
ary with frequency 2m and 2m—1+s univocally describes the infinitesimal behaviour of the solution
w. In particular, it shows that the solutions look locally like a homogeneous function of a single
horizontal variable and of x,1. Note that, for any different choice of the renormalization of the
rescalings (1.2), either the limit does not exist or it is a multiple of Ay, thus justifying the notion
of unique limiting profile.

For the prospective points with frequency 2m+2s, as a by-product of the results in Appendix A,
we are also able to classify all possible blow-ups.

1.5. Concerning the proofs. Our analysis is based on geometric measure theory techniques,
which exploit and develop some ideas recently introduced in the context of minimal surfaces
theory. The point of view we adopt is new in the theory of free boundaries and we believe it has
many potentialities for other related problems.

The proof is based on the ideas and the techniques recently introduced by Naber—Valtorta
[31, 32] in the context of minimal surfaces and harmonic maps. The main ingredients of our study

are (a variant of) Almgren’s frequency function and the Peter Jones’ number Bf]l_l) pertaining to
a suitable measure p supported on the free boundary I'(u) (the terminology mean flatness is also
adopted in literature to term the S-numbers, since they provide an integral control of the flatness
of the support of the underlying measure i, see [2]). The starting point is the striking observation
by Naber—Valtorta [31, 32] that the square power of the mean flatness can be controlled by an
average of the oscillations of a monotone density. Indeed, when this happens, a careful covering
argument [31, 32], and recently developed rectifiability criteria by David—Toro [13], Azzam—Tolsa
[6] and Naber—Valtorta [31, 32] lead to the local finiteness and the rectifiability of the singular sets
of minimal surfaces and harmonic maps (see also the paper by De Lellis, Marchese, Spadaro and
Valtorta [16] for an extension to a special case in higher co-dimension).

For our analysis of the thin obstacle problem, we generalize and develop these approaches. The
starting point is an estimate of the mean flatness with respect to a Borel measures p supported on
the free boundary with the spatial oscillation of Almgren’s frequency function (cf. Proposition 4.2).
Note that the case of the frequency function is different from the mass ratio of a minimal surface,
because the renormalization factor is intrinsically defined by the solution itself (usually a variant
of the L?-norm at the boundary of a ball), instead of being purely dimensional. This requires
a novel estimate for the frequency of the solutions to the lower dimensional obstacle problem,
which is based on a different set of spatial variations and is proven in Proposition 3.3: here we
follow closely ideas of [16], where an analogous estimate is proved in the context of multiple-valued
functions as a result of this spatial variations of the frequency.

A careful analysis of the rigidity properties of homogeneous solutions to the thin obstacle
problem (1.1) (cp. Proposition 5.6) is then necessary for our argument. To this aim, as in general
no growth estimate from below for solutions from the free boundary are at disposal, it is mandatory
for us to introduce the set of nodal points.

Using such rigidity results and the mentioned estimate on the mean flatness via the frequency
we use the covering argument and the discrete Reifenberg theorem by Naber—Valtorta in [31, 32]
in order to infer Theorem 1.1. Then, Theorem 1.2 is obtained by means of the rectifiability
criterion recently established by Azzam-Tolsa [6] and indipendently by Naber—Valtorta in [31, 32],
while Theorem 1.3 is a consequence of Almgren’s stratification principle (see, e.g., [19]) and the
classification of homogeneous solutions of the PDE (1.1) given in § 8 and § A.

1.6. Structure of the paper. We start off introducing several preliminaries in § 2. More pre-
cisely, in § 2.1 we collect the results concerning the regularity of the solutions to the thin obstacle
problem. In § 2.2 we introduce the variant of the frequency function we are going to use and we
derive several useful properties. We then show in § 3 how to deduce from these an oscillation
estimate of the frequency. The aforementioned control of the flatness of the free boundary (de-
fined in terms of the Peter Jones’ numbers), with the oscillation of the frequency is established in
Proposition 4.2. Next, § 5 is devoted to the classification results for homogeneous solutions to the
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PDE in (1.1) under several conditions and to study the rigidity properties of almost homogeneous
solutions. Full proofs of the classification are provided in the Appendix A.

We then proceed with the proofs of Theorems 1.1, 1.2 and 1.3 in § 6, § 7 and § 8, respectively. In
the corresponding section we recall the analytical results that we exploit in the proofs, namely the
discrete Reifenberg theorem by Naber—Valtorta [31, 32], the rectifiability criterion by Azzam—Tolsa
[6], and Almgren’s stratification principle following the abstract version provided in our paper in
collaboration with Marchese [19].

2. PRELIMINARIES ON THE THIN OBSTACLE PROBLEM
In this section we recall some of the known results on the thin obstacle problem.

2.1. Optimal regularity. The following is the main existence and regularity theorem by Caf-
farelli, Salsa and Silvestre [12].

Theorem 2.1. For every g € <, there exists a unique solution u to the thin obstacle problem
(1.1) in By. Moreover, Oy,u € C*(By) fori=1,...,n, |tpi1|*0p,,,u € C*(B1), 0 < < 1—s,
and there exists a constant Co 1 > 0 such that

IVrulles (B, + lIsign(@ni1) [2n41]* 0,1 tllca B, o) < Co 1 lullL2(By o ia]ecn+ry, (2.1)
where V.u = (O, U, . .., Oy, u) is the horizontal gradient.
Remark 2.2. The estimates in [12, Proposition 4.3] are given in terms of the C° norm of u on the
right hand side of the inequality. Nevertheless, u* := max{u,0} and v~ := max{—wu, 0} satisfy
div(|zn41]*Vu® (z)) > 0 in D'(B}). Therefore, by the L>-estimate in [17, Theorem 2.3.1] we have
that

[utllco(Byn) + u™ lco(Byn) < CllullL2(By janjecntys (2.2)

and then (2.1) follows by combining [12, Proposition 4.3] and (2.2).

Remark 2.3. For later purposes we also need the estimate
Sup [Vu(@) - al < Cp™ "5 fulaan, fovpoerin (2:3)
which follows straightforwardly from (2.1).
In particular, the function v is analytic in {z,4+1 > 0} N By (see, e.g., [26]) and the following
boundary conditions holds.

Corollary 2.4. Let u be a solution to the thin obstacle problem (1.1) in By. Then,

linilO+ T Opyru(a’ 2nq1) =0 for (2/,0) € B] with u(z',0) >0, (2.4)
Tn+1
lim g Oppru(a’, 2nq1) <0 for (2/,0) € By, (2.5)
:En+1$0+
w(@) div(|zp41]*Vu(z)) =0 in 2'(By). (2.6)

Proof. Set for simplicity f(x',0) := lim,, o+ 2, 100t 1u(2’, 2ny1), and note that by Theorem 2.1
we have that f € C*(Bj]), 0 < a < 1 — s. By the even symmetry of u, for every ¢ € C}(B;) even
symmetric we get the following: let T := —div(|zy41|*Vu(z)) in 2'(By), then

Tp(a)) =2 [ Vu(e) V(o) fonsal do
1
= 2lim Vu(z) - Vo(x) [ene1]* da
€l0 {In+126}m31
(1.1) . / ’ aq.!
=’ —2lim Onyru(x’,e) p(a,€) eda
€0 {zn+1=€}NB1

——2/Bif(a:,0)<p(x,0)dx.
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This shows that
div(|zp41|*Vu(x)) = =2 f(2',0) H"L B;.
Thus, (2.4) and (2.5) follow directly from (1.1). Moreover, u(z) div(|2z,+1]*Vu(x)) is well-defined

as a measure, and using (1.1) we also infer (2.6), because f(z’,0)u(z’,0) = 0 for all (2/,0) €
B;. O

2.2. The frequency function. As firstly noticed by Athanasopoulos, Caffarelli and Salsa in [5],
one of the main quantities which are relevant to the analysis of the solutions to the thin obstacle
problem is Almgren’s frequency function. Several variants of the frequency function have been
introduced in the literature. For our purposes, we use the analog of that introduced in [15] in the
context of higher co-dimension minimal surfaces.

Let ¢ : [0,4+00) — [0, +00) be the function given by

1 for o <t<3,
o(t):=q2(1—1t) for 3 <t<1,
0 for 1 < t.
We define the frequency of a solution u to (1.1) at a point zy € By by
7Dy (x0,7)
L(zo,r) = =220 1)y Rzl
(xo,7) o (0.7) r< |zo|
where
Do (0,7 /¢ (=201} | D)2 |4 [dr,
and
() it ag
wlwo,r) = = [0/ L e

Note that the frequency is well-defined as long as H,(zo,r) > 0. As H,(xo,r) = 0 implies u = 0
by the analyticity of u in Bg \ B, we infer then that the frequency is always well-defined for
non-trivial solutions u. For later convenience, we introduce also the notation

Bufeo,r) = [ —0' (152 ) gl (Vute) - 2220 ) o] o

In what follows, when xy = 0 we shall omit to write the base point x( in the notation of I, D,,,
H, an F,,.

Remark 2.5. The principal advantage of the frequency function I, (zo,r) is that it retains some
average information of the solution u on the annulus B, \ B,/ (o), whereas the classical Almgren’s
frequency function only involves the L? norm of u on the sphere dB,(zo).

Remark 2.6. If w is a solution to the thin obstacle problem in Bg, then for every r € (0, R — |zo]),
xo € B and for every ¢ > 0, the function v : B = R

v(y) = culzo +7y)

solves (1.1) in By with respect to its own boundary conditions. Moreover, I,,(0, p) = I,(xo, pT)
for every p € (0,1). This shows that the frequency function is scaling invariant, and in the sequel
we will use this property repeatedly.

2.3. Monotonicity of the frequency. The following is a simple variant of the well-known mono-
tonicity of the frequency (cf. [11]).

Proposition 2.7. Let u be a solution to the thin obstacle problem (1.1) in Br. Then, for all
zo € I'(u) N By, the map (0, R — |xo|) 3 r — I,(z0,7) is nondecreasing and

I, r) = Luzo,m) = [ gt (Moot Buloo.t) = D)) dt - 2)

for 0 < rog < ri < R—|xo|. Moreover, I,(xo,) = K for every t € (ro,r1) if and only if u is
Kk-homogeneous with respect to xg.
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Proof. We start off collecting some useful identities:

D IO; /¢ \z Io| ) ( ) Ii:ig‘ |xn+1|adx, (2.8)
H o, 1) = - Hu (o, 1) = " Ho(0,1) + 2 Duo, 1), (2.9)
D (r0,1) = - Dulro, 1) = "UT2 Dy, 1) + 2 Bulro, 1), (2.10)

To show (2.8), (2.9) and (2.10), we assume without loss of generality that zo = 0. For (2.8) we
consider the vector field V(z) := gb(lgf—') u(z) Vu(z) |zn41]|*. Clearly V has compact support, and
V € C>®(R"*1\ Bj,R") by Theorem 2.1. Moreover, for @, 11 # 0

T Oy, “
Vi) enir = 05 o) 2 (a) o

thus, lim, /0y V(y) - ent1 = 0. Indeed, if (2',0) € Ay(u) it suffices to take into account the
one-sided O regularity of v in Theorem 2.1 to conclude

lim w nt1]® =10
S (Y)Yn+1l

Instead, if (2/,0) ¢ Ay(u) we use (2.4) in Corollary 2.4. Thus, the distributional divergence of V'
is the L' function given by
divV(z) = ¢(5)[Vu(@)? |eni1 ] + ¢ () u(@) Va(@) - o [2aga]®.

Therefore, (2.8) follows from the divergence theorem by taking into account that V' is compactly
supported.
Next (2.9) is a consequence of (2.8) and the direct computation

0 =5 (<o [ |yn+1|ady>
v .
- "j“ Hu(t) — 20 ¢’<|y|> Tl Y
@O D g () +2Du(t)

Finally, to prove (2.10) we consider the vector field

W(z) = (@x - (Vu- a:)Vu) ¢(%) |7,

By Theorem 2.1 we have that W € C%(B;,R")NC> (B \ B}, R"™). Moreover, Corollary 2.4 implies
that W(2',0) - epq1 = 0 for all (2/,0) € B]. Thus div W has no singular part in Bf, and we can
compute pointwise

div W (z) = ¢’(If—|) . %(\VU\ x— (Vu- :c)Vu)|:vn+1| + ¢(IT) 201 |V u(2) 2|21

Therefore, we infer that

0= [dvw@)de = [ &/(5) g [Vu(@)Plon o + B (0) + 25471 D, 1),

and we conclude (2.10) by direct differentiation
_ _/qs/(%)% V(@) nsi | da.

By collecting (2.9) and (2.10), we finally compute the derivative of log I,,(t):

) _ 1 DL HLO) _, Eut) ,Dult)
I.(t) t  Dyu(t) Hy(t) D, (t) H,(t)"
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In particular, identity (2.7) follows at once by multiplying by I,,(¢) and by integrating over (rg,r )
In addition, by the Cauchy—Schwarz inequality, r — I, (r) is non-decreasing. Finally, if I,,(t) =
for every t € (ro,71), then

H,(t)E,(t) = D2(t) Yt € (ro,m1).
In particular, by the equality case in the Cauchy—Schwarz inequality, we deduce that there exists
a constant A € R such that

Vu(z) -z = Au(x) Yo B, \ By,
i.e. u(z) = |z|*u(®/j«|) for all z € By, \ Bryp. It then follows that A = k and by analyticity we

conclude that u is k-homogeneous in the whole Bp. O

From the monotonicity of the frequency, we infer the following consequences.

Corollary 2.8. Let u be a solution to the thin obstacle problem (1.1) in Br. Then, for all
zo €N(u)N By and 0 < rg <7 < R—|xo|, we have

H, (ﬁ;ﬁ) _ Hy (ﬁ;ro) Q2 e (2.11)
5! To

In particular, if Ay < I(xg,t) < Ay for every t € (rg,r1), then

(ro,r1) D7 7%7&’2 is monotone decreasing, (2.12)
(ro,m1) 31— % is monotone increasing. (2.13)
Moreover,
/ |u|? |2 1| da < 7 Hy (20, 7). (2.14)
By(z0)

Proof. The proof of (2.11) (and hence of (2.12) and (2.13)) follows from the differential equation
(2.9). The proof of (2.14) is now a direct consequence:

|- [ 021 1] da
BT(IQ)

keN T/Zk\BT/2k+1 (o)
> E 2k xOv /2 ) < TH’U.('I()vT)v
keN

where in the last inequality we used that H,(xo,s) < Hy(xo,7) for s < r by (2.13). O

2.4. Lower bound on the frequency and compactness. We first show that the frequency of
a solution to (1.1) at free boundary points is bounded from below by a universal constant.

Lemma 2.9. There exists a dimensional constant Cy g > 0 such that, for every solution u to the
thin obstacle problem (1.1) in Bgr and for every zo € T'(u), we have

I,(zo,r) > Coq Vre(0,R—|xol). (2.15)
Proof. By the co-area formula for Lipschitz functions we check that
" dt
Hy(xg,7r) = 2/ — lu(2)]? |2ny1|® dH" (2), (2.16)
 t JoaB,(zo)

and

Du(wo,r / dt/ V(@) 2|nss [* AH" (2)
OBy 10)

42 / / (r — 8)Va(@)]? [2nsa | dH" ().
" Jr JoBi(xo)
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An integration by parts then gives
2 T
Dy (xo,7) = —/ dt/ |Vu(z)]? |2ne1]* do. (2.17)
rJr By (z0)

Therefore, we can conclude the lower bound (2.15) by using the Poincaré inequality in [12,
Lemma 2.13]

1
) @R @) <0 [ Vu@)P ol de 0
OBy (x0) Bi(zo)
We can then give the following compactness result which will be instrumental for the analysis
we develop. To this aim it is mandatory to introduce the nodal set of u:
N(u) = {(x’,O) € By : u(2',0) = |V,u(2',0)] = 1&)& t*Opr1u(x’ t) = O}.
t

Notice that I'(u) € N (u) by Corollary 2.4.

Corollary 2.10. Let (ur)ren be a sequence of solutions to the thin obstacle problem (1.1) in
By, with supy, I, (1) < 400, Hy, (1) < 1 and 0 € T(uy) for every k € N. Then, there exist a
subsequence (ukj )jen C (uk)ken and a solution ug to the thin obstacle problem in By such that as
j — 0

Uk, — U N HE (By, 21| LY,

Viug, = Voug  in Cp(B1), Va <s,

sign(zpn 1) [Tny1]“Or, k= sign(@ng1) [Tng1|* O, uo in Cfbo(Br), Va <1 —s,
ug, = uo i Cf (B1), Va < min{l,2s}.

Moreover, if there is a sequence of points T € I‘(ukj) such that xy; — w9 € By, then

X0 EN(UQ). (222)

Proof. For every t < 1, we have that

a Dy, (1) 1y, (1) Hy, (1) M
/Bt (Vi) an i |* do < 21—1) 20—t “a1-¢

where we have set for convenience M := supy I, (0,1). Moreover, from (2.14) we have that
HukHLz(BanH‘a Lrt1) S I{mC (1) S 1. The sequence (uk)keN is equi—bounded in Hl(Bt, |:En+1|a ,CnJrl)
for every t < 1. Therefore, (2.18) — (2.21) follow from Theorem 2.1 (cf. also [12, Lemma 4.4]).
Moreover, since x; € I'(ux,) € N (ug;), (2.22) follows from (2.19)-(2.21). O

2.5. Blow-up profiles. An important consequence of the monotonicity of the frequency in Propo-
sition 2.7 is the existence of blow-up profiles. For u : Bg — R solution of (1.1) we introduce the
rescalings

T u(ry + 1)

uzo,?‘(y) = Hl/z(fbo, 'f‘) Vre (07 R — |{E0|), v /S BR—le\ . (223)
Proposition 2.11. Let u be a solution to the thin obstacle problem (1.1) in Br. Then, for every
xo € T(u) and for every sequence of numbers (r;)jen C (0,1 — |xg|) with r; | 0, there exists a
subsequence (1;, )ken and function ug € HE (R™! |2,41|*L"TY) such that ug satisfies (1.1), ug

is homogeneous of degree I(x,0m) and

Ungry, = U0 i CRL (R N Hg (R [z, 40| L7, (2.24)
Proof. For every { > 0, by Remark 2.6 we have I, () = Li(zo,7; ) < I,(x0,1 — |o|). There-
fore, from Corollary 2.8 we infer that there exists a constant C' = C'(¢) > 0 such that

H () <CH,,,, (1)=C  Yr; <LY(R—|xol).

umo,rj
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We can then use Corollary 2.10 and a diagonal argument to infer the existence of a subsequence
(7}, Jken and a solution ug such that (2.24) holds. We only need to show that ug is homogeneous.
To this aim we notice that, by taking into account Lemma 2.9, we have for every £ > 0

Lug(£) = lim Ly, () = lim I (xo, 7, £) = Tu(20,07) > Cy g,

IU‘Tjk
In particular, by Proposition 2.7 we conclude the homogeneity of ug of degree I,,(zo,07). (]

Corollary 2.12. Let u be a solution to the thin obstacle problem (1.1) in Br . Then,
I,(xo,7) >1+s Vagel(u), Vre(0,R—|xol). (2.25)

Proof. We consider the rescaling ug, ., and a blow-up limit ug. By Proposition 2.11 we know that
up is homogeneous of degree I,,(z¢,07). Since solutions to (1.1) are C1*(Bg) (cf. [12]), we easily
conclude that I,,(x9,07) > 1+ s and (2.25) follows by monotonicity.

Remark 2.13. In general the limiting profile 1 is not known to be unique. Uniqueness for H"~!-
almost every free boundary point with infinitesimal homogeneity 2m and 2m — 1 + s will be
established in Theorem 1.3, while uniqueness at every regular point follows from [12] (see also
[20, 25] for an approach via the epiperimetric inequality) and at every singular point for s = 1/2
from [23].

Remark 2.14. It is more common in the literature to define the blow-up rescalings u,,, as in
(1.2). Nevertheless, by the same computations above, one can show that the height function
hy(z0,t) == [, OB (x0) u? dH™ satisfies the analogous monotonicity properties of Corollary 2.8 (see
[12]) and moreover by (2.16) it is comparable to H,(zo,t) (with a constant depending only on
an upper bound of the frequency). In particular, this implies that the blow-ups with respect to
these two different renormalizations only differ by a constant and all the results concerning them
(e.g. the uniqueness) can be indifferently proven for either of the two definitions.

Due to our definition of the frequency, in the sequel we will always consider the rescalings
defined in (2.23).

3. MAIN ESTIMATES ON THE FREQUENCY

In this section we prove the principal estimates on the frequency that we are going to exploit
in the sequel.

Lemma 3.1. For every A > 0 there exists Cg 1 = C5 1(A) > 0 such that, if u is a solution to the
thin obstacle problem (1.1) in Ba(x0), with r > 0, xy € I'(u) and I,(zo,2r) < A, then for every
z € B, (x0)

1 Hu(xo,r) 1 Du(x()ﬂ")
= d = 1
C31 = Hu(z,r) <C31 o C31 = Dy(z,r) =G (3.1)
Tu(@o,m) = Iu(z,7)| < C3 1. (3.2)

Proof. By rescaling it is enough to consider the case 9 = 0, » = 1 and H,(0,1) = 1 (cf. Re-
mark 2.6). In oder to prove (3.1), we argue by contradiction: assume there exists functions uy,
and points z € B J» contradicting the first inequality (3.1), i.e.

lim H,, (zx, 1) € {0, +00}.

k—+oo

Note that, since I, (0,2) < A, it follows from (2.12) that H,, (0,2) < 2"**+24_ In particular,
we can apply Corollary 2.10 and (up to passing to a subsequence, not relabeled), there exist u«
and zo, € B1/2 such that up — uee in HE (Ba,|Tnt1|*L"Th) and 2 — 2o € B{/z, with s
solution to the thin obstacle problem in By for every R < 2. By the strong convergence of uy
to U we then deduce that H,__(Zoo,1) € {0,00} NR = {0}. Given that us is analytical in

By \ {z+1 = 0}, by unique continuation we conclude that u., = 0 in Bs, against the assumption
H,_(0,1) = limy, H,, (0,1) = 1.
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The second inequality in (3.1) is proven by the same argument. Indeed, under the same as-
sumption H,(0,1) = 1, considering that 0 € I'(u), we have that D, (0,1) = I,,(0,1) € [1 + s, A].
Therefore, given a sequence uy contradicting the claim, we deduce the existence of a solution .,
such that 0 = D,,__(0,1) = limy D,,__(0,1) € [1 + s, A], which is impossible.

Finally, (3.2) follows straightforwardly from (3.1):

u(T, 1)) ’ (3<1) c

)=l (726D - 5

Iu(oa 1) -
(I

Lemma 3.2. For every A > 0 there exists C3 9 = C3 9(A) > 0 such that, if u is a solution to
the thin obstacle problem (1.1) in Bay, (zo) C R"™ with g € T'(u) and I,(wo,2r1) < A, then for
every ro € ("1/8,71)

2 |20 4]0
/B o )(Vu(z)-(z—xo)—Iu(xo,ro)u(z)) %dz
vy (£0)\ Brg (w0
< C3.9Hyu(20,271) (Iu(0,2711) — Lu(w0,70)).  (3.3)

Proof. By rescaling, it suffices to prove the lemma for g = 0 and r; = 1. We start off with the
following computation:

2 a
2/ Vu(z) -z — I,(t) u(z)) Mdz
Bi\Bi/2

E

:/ (k2 |)(w( )z Iu(t)u(z)f%dz

= 2B, (t) = 2¢ 1,(t) Du(t) + L5 () Hu(1)

= Hi(t) |Bu(t)Hu(t) - Du(t)?] @0 % I(t) Hy(1). (3.4)

We now use the following integral estimate (whose elementary proof is left to the readers)

2
/ f(z)dz < ro—l/ / f(z)dzdt ¥V f>0,79<1, (3.5)
Bl\BT0 T0 Bt\Bt/g

in order to deduce

/Bl\& (Vu(z) -z — I, (ro) u(2)>2M dz

E

(3.5) 2 a
< gt / / -z — I, (r9) u(z)) |Zn+1] dzdt
Bt\Bt/2 |2

= 27‘0_1/ / (VU(Z) 2= L) u(2))” + (Lu(t) = Lu(ro)) u (2)} |Zn|+|1| Ao d
Bt\Br/z

(354)7«0— / tH2()I’()dt+2rgl (Iu(2)—Iu(ro))2 /QHu(t)dt. (3.6)

Now recall that by (2.13) we have that H,(t) < H,/(2) for all ¢ < 2. Hence, from (3.6) we get

/Bl\Bm (Vu(z) -z — I,(ro) u(z))2 |zn+1] dz

B
<1 Ha() [ L0 dt+ g L) (1) - L)’ £ CHLE) (1(2) - L),

where we used that rg > % and and I,,(2) < A. O
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3.1. Oscillation estimate of the frequency. We introduce the following notation for the radial
variation of the frequency at a point z € I'(u): given 0 < p < r, we set

Al(z) = Lu(z,7) — Lu(z, p).

The following lemma shows how the spatial oscillation of the frequency in two nearby points at
a given scale is in turn controlled by the radial variations at comparable scales. Here, we exploit
for the thin obstacle problem an argument introduced in [16, Theorem 4.2] for multiple-valued
functions.

Proposition 3.3. For every A > 0 there exists Cg 3(A) > 0 such that, if p > 0, R > 6 and
u : Byrp(xo) = R is a solution to the thin obstacle problem (1.1) in Bagr,, with o € T'(u) and
I,(z0,4Rp) < A, then

1/ 1/2
|1, Rp) = Lu(w2, Rp)| < C3 3 [(A?é’*t?ﬁizw) + (AR (@) ] (3.7)

!
for every x1,x2 € B,

Proof. 1. Without loss of generality, we show the proposition for zg = 0 and p = 1. The proof
is based on estimating the tangential derivative of the frequency function x +— I, (x,t) for a fixed
radius ¢ > 0. Thus, we start off noticing that the functions x — H,(x,t) and © — D, (z,t) are
differentiable and, for every e € R"*! with e - e, = 0, we have that

0. Ho (2, 1) —2/¢ u(y + ) deuly + o) 222 dy, (3.8)
and

J(2,1) —2/¢ YWaly + ) - V(@) (y + ) [ynsa]* dy
— =201 [ ¢(4) duuty + 2) Valy +2) - 2 by . (3.9)

where the second equality follows from the divergence theorem applied to the vector field V (y) :=
¢(\u\) Oew(y + 2) |Yn+1|*Vu(y + z) (note that V € C?(By(x)) and by Theorem 2.1 and by Corol-
lary 2.4 the divergence of V' does not concentrate on Bj). We consider next e := x9 — 21, and
set

Ei(z) :=YVu(z) - (z — ;) — Ly(z,t) u(z) fori=1,2,
AT = L,(z1,t) — I, (z2,t) and AE(z) := &1(z) — Ea(2).
Then, we have that de.u(z) = AI - u(z) + AE(z) and from (2.8), (3.8) — (3.9) we get also
eDy(z,t) = 2A1 - Dy(z,t) — 2t~ 1/¢ by AE(y + ) Vu(y + ) - o lynaa|® dy,
and

OcHy(x,t) = 2AI - Hy(x,1) —2/(;5 ) AE(y + ) u(y + ) \ynlzllla dy.

In particular, by direct computation

Ol (2,1) ERERIE (Hu(z,t) e Dy(2,t) — Dy(,t) 0 Hy(w, 1))

/ gb’ ) AE(y + ) (Vu(y +a)-y— Lz, t)uly + I)) % dy. (3.10)
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2. We use now (3.10) with ¢t = R and € B]. Note that, since z € B{, by (2.1) — (2.3), (2.14)
and (3.1) we infer that

M := sup |Vu(y +z) -y — I,(z, R) u(y + )|
ye€BRr

< sup ([Vu(2) 2|+ [Vru(2)]) + Lu(@, B)l|ulloo By

zEBR+1
<CR™" HJ/?(0,2R +2),
for some constant C' = C(A) > 0. Hence, we have that
2M a
aefu(fﬂ, R) < m / - (ﬁ) (|51(y + I)| + |52(y + I)D# dy. (3.11)

In order to estimate the integral term in (3.11), we notice that
Br(2) \ Brp() C Brya(x) \ Brp_o(x;) Vae By, for i=1,2;

therefore

Yo |® 2(R+2
Br\Bp/2

|Zn+1|
1€i(2)| i7———dz
lyl

/BR+2(W)\BR/22(M) |Z - ‘TZ|

a 1/2
N / £2(2) Fwnal® g, ) (3.12)
Bry2(xi)\Brj2—2(x:) |Z - xl'

where we used R > 6 and a direct computation to estimate

J, CSp—
Bry2(xi)\Br/a—2(x:) |Z |

for a dimensional constant C' > 0. We are in the position to apply Lemma 3.2:

£2(2) ||§"_+1| | dz < C3.9(A) Hy(wi, 2R + 4) AT (). (3.13)

/BR+2(1¢)\BR/22(1¢)
Using (3.11) — (3.13), we get
1/2 1/2
Oclufw, R) < C (A2 (@) "+ 0 (A3 () (3.14)
having used (2.11) and (3.1) to infer that
H,(0,2R +4)

H,(0,2R+2)" Hy (2, R) " Hy(z:, 2R +4) " < C(A) < C(A).
H,(0, R)
In this respect, recall that x,z; € B and R > 6, so that we are in the position to apply Lemma 3.1.
The conclusion now follows by integrating (3.14) along the segment {x; +re: r € [0, 1]}. O

4. MEAN-FLATNESS AND FREQUENCY FUNCTION

4.1. Mean-flatness. We are going to use the following generalization of the Jones’ S-numbers
introduced in [27], also called mean-flatness, which have been already extensively used in the
literature (cf., for example, [2, 6, 16, 31, 32] and the list of references therein). We adopt the
standard notation dist(y, F) := inf,cg |y — x| for the distance of a point y from a given subset
E C R

Definition 4.1. Given a Radon measure y in R"™% p € [1,4+00) and k € {0,1,...,n}, for every
zo € R™ and for every r > 0, we set

1
P

B (,7) = inf (=7 / " dist(y, £)"du(y) )", (4.1)

where the infimum is taken among all affine k-dimensional planes £ C R* "1
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In the case p = 2 we have the following elementary characterization. Let zo € R"*! and r > 0
be such that p(B,(z9)) > 0, and let us denote by Z, , the barycenter of u in B, (x), i.e.

o
Tggr = ———— xdu(x).
(B (0)) /B, (20)

Let moreover B, : R"*1 x R"*1 — R be the symmetric positive semi-definite bilinear form given
by

B, (v,w) := / (& = Zag,r) - v) ((& = Zap,r) - w) dp(z) Yo, we R
B, (xo)

By standard linear algebra there exists an orthonormal basis of vectors in R"*! which diagonal-

izes the bilinear form B,,: namely, there exist {vq,...,v,41} C R*™! (in general not uniquely
determined) such that
(1) {v1,...,vn41} is a Euclidean orthonormal basis, i.e. v; - vj; = d;5;

(i1) By (vi,v) = A, for some 0 < Mg < A, < oo < g

(ili) Bg,(vi,vj) =0 for i # j.
The characterization is then the following: the infimum in the definition of Bfﬁ% is reached by all
the affine planes £ = Z,, ,» + Span{vy,...,v;} and

/ (# = Zagr) - vi) zdp(z) = Nv; Vi=1,...,n+1, (4.2)
BT(IQ)
n+1 %
5o,y = (12 3 ) (43)
I=k+1

In the ensuing sections we are going to consider only the case k =n — 1 and p = 2: in order to
(n—1)

simplify the notation we will always write 3, for 3, 5

4.2. Control of the mean-flatness via the frequency. The main link between Jones’ -
numbers and the geometric properties of the free boundary is given by the following observation:
the mean-flatness of an arbitrary measure p supported on I'(u) is controlled by the integration with
respect to p of suitable radial oscillations of the frequency. This follows closely the approach by
Naber—Valtorta [31, Theorem 7.1] for harmonic maps and minimal surfaces. Because of the intrin-
sic renormalization of the frequency function here we need to use the estimate in Proposition 3.3
as done in [16] for multiple-valued functions.

Proposition 4.2. For every A > 0 and R > 5, there exists a constant Cy 9(A, R) > 0 with
this property. Let r > 0, u € H'(Bapt10)r(20), |[2n+1|“L™ ) be a solution to the thin obstacle
problem (1.1) in Bpyi0yr(20), with xo € I'(u) and I(xo, (4R 4 10)r) < A, and let p be a finite
Borel measure with spt (1) C T'(u); then

C r
Brpr) < S /B ( )Aéiﬁm(m)du(m ¥p €T (u)NB,. (4.4)
P

Proof. 1. We can assume without loss of generality that o = 0 and that p € I'(u) N B, is such
that u(By(p)) > 0 (otherwise, there is nothing to prove). Let & = Z,, be the barycenter of u
in B,(p) and let {v1,...,v,41} be any diagonalizing basis for the bilinear form B, introduced in
§ 4.1, with corresponding eigenvalues 0 < A\,,+1 < A, < -+ < A\;. Note that, since by assumption
spt (1) C T'(u) € R™ x {0}, we can assume without loss of generality that v,+1 = €41, Any1 =0
and hence B,(p,7) = (r""'\,)'/? by (4.3). Therefore, without loss of generality we may also
assume that \,, > 0.

From (4.2) and the definition of barycenter we deduce that, for every i € {1,...,n}, for every
2 € B(apy4s), and for every constant a € R, we have

—Av; - Vu(z) = / (z —2)-v) ((z—2) - Vu(z) — au(z))du(z).

B(p)
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For the rest of the proof we set

1
o= W) /BT(p) I,(z, (R —1)r)du(z).

Using Hélder inequality we deduce that
Mv; - Vu(z)? < / (z—z)- vi)Qdu(:zr) / ((z =) Vu(z) — au(z))Qdu(:zr)
Br(p ~(p)

)
T (=) Vule) ) dute). (45)

Denoting with V,u = (O1u, ..., d,u) the tangential gradient, and recalling that
7‘”“62(19,7“) =X, and 0= A1 < Ap <. <Ay,

by integrating over B(ry1),(p) \ Brr(p) the previous inequality with respect to the measure
|2n41]|9L" T we get

rH82 (p, ) / IV u(z)P 2] dz = A / IV ru(2) Pz *dz
B(r+1)r(P)\Brr(p) B(rt+1)r(P)\Brr(p)

</ S fos - V()P | d
B

(r+1)r(P)\Brr(p) j—1

(4.5)
< n/ / ((z—2) - Vu(z) — au(z))zd,u(x) |2n41]%dz
B(r+1)r (P)\Brr(p) Y Br(p)
< n/ / ((z— =) Vu(z) — au(z))2|zn+1|“dz dp(z). (4.6)
B(r+2)r()\B(r—1)r(z)

Next we estimate the two sides of (4.6).

2. For what concerns the Lh.s. of (4.6), we claim the following: there exists a constant C' =
C(A, R) > 0 such that

D,(p,(R+2)r)<C |V7u(z)|2|zn+1|“dz. (4.7)
B(r+1)r(P)\Brr(p)

We argue by contradiction. If the claim were not true, after a suitable rescaling replacing v with

up -, we could find a sequence of solutions uy, to the thin obstacle problem in Bagiq with 0 € I'(uy,),
such that I, (R+3) < A" := A+ C31(A), H,,,(R+2) =1 and

D, (R+2
/ |V g (2))? | 2ng1|%dz < M,
Br+1\Br k

(recall that B(ap4a)r(P) C Buar+i0)yr and by Lemma 3.1 we have I,(p, (R + 3)r) < A’). By

Corollary 2.8 we have that H,, (R+3) < ((R+3)/(r+2))" 24" and hence by Corollary 2.10, (up
to subsequences, not relabeled) uy, converge in H'(Bgya, |1,11|*L" 1) to a solution ug to the thin
obstacle problem in Brio with H, (R +2) =1 and

/ |V u0(2))?|2n11]%dz = 0.
Br4+1\Br

We deduce from the latter equality that ug depends only on the variable z,1 (recall that wug is
analytic in B;). In particular, ug(z) = —c|z,41|?* for some ¢ > 0, and

L,t)=2s<1+s<I,(t) Vte(0,R+2),VkeN,

where we used Lemma 2.9. This contradicts limy, I, (t) = I, (t) and concludes the proof of (4.7).
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3. Now we estimate the r.h.s. of (4.6) from above. By the triangular inequality we have that
r.h.s. of (4.6) <

S (2 = ) - Vu(z) = Lu(e, (R = Dr)u(=) |z [* dz du(a)
Br(p) / B(rt2yr(@)\B(r—1)r(2)

2
+ 2n/ / (Iu(x, (R—1)r) — a) w?(2)|2np1|® dz dp(z).
Br(p) / B(rt2yr(@)\B(r—1)r(x)
For every x € spt (1) N B,(p), (3.2) in Lemma 3.1 yields
I(z,(R+2)r) < I,(0,(R+2)r)+ C3 1(A) <A+ C31(4) = A,

since B,(p) C B, and u is defined on Bapia)r(p) C Barti0),- By using Lemma 3.2, we can
estimate the first integral above as follows:

/ ((z =) - Vu(z) — I(z, (R —1)r) u(z))2|zn+1|“ dz
B(rt2)r (®)\B(r-1)r(2)

< (R+2) r/ ((z —x)-Vu(z) = I,(z,(R—1)r) u(z))2 |21 dz
B(r+2)r()\B(r-1)r(z)

(3.3)
< C39(A) (R+2)7 H(z, 2R +4)7) AGT ) (@)

< C(A) (R+2)r H(p, (2R +4)r) AGT (w), (4.8)

in the last inequality we have used Lemma 3.1 (because [p—x| < r and v is defined in B4g48),(p)
B4r+10)r)- On the other hand, using Jensen’s inequality and Proposition 3.3 (recall that spt (1)
I'(u)), we deduce that

/B " (Iu(:v, (R—1)r) — a)2 dp(x)
< SBTD oo fo o (el (2 100) Ly (R = 1)) ty) a)

NN

(3. 7) 202 (A
) 3 ) / / NI (@) 4 A2 () du(y) d)
<c / Aﬁgim(x) dpu(z). (4.9)
B..(p)

Finally, note that

(2.14)
/ W (2)|zn41]"dz < (R+2)r Hy(z, (R+2)r)
B(r+2)r(®)\B(r-1)r(z)

(3.1)
< C(R+2)rHy(p,(R+2)r), (4.10)
where once again in the last inequality we have used Lemma 3.1.

4. We can now collect the estimates (4.7) — (4.10) to get

B2 (p, 1) Du(p, (R+2)r) < C(A, R)r Hy(p, (2R + 4)r) / ( )A?gi;i;w dp(x)
B..(p

(2.11) ;
<’ C(AR)r Hu(p,(R+2)r) /B . AXEEDT () (o).
P
From I,(p, (R+2)r) > 1+ s (cf. Corollary 2.12), one can then infer (4.4). O

5. HOMOGENEOUS AND ALMOST HOMOGENEOUS SOLUTIONS

For the proof of the main theorems, we need to discuss some results concerning homogeneous
and almost homogeneous solutions to the thin obstacle problem (1.1).
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5.1. Spines of homogeneous solutions. We denote by H, the space of all (non-trivial) A-
homogeneous solutions to the thin obstacle problem (1.1),

Hy = {u € HE (R™ 1] £77) \ {0} = u(x) = [2* u(2/), ulp, solves (1.1)},

and set H := UAZlJrS H. The restriction A > 1 + s is imposed in view of Corollary 2.12. Recall
next the definition of spine of homogeneous solutions (see, e.g., [19]).

Definition 5.1. Let u € H be a homogeneous solution. The spine S(u) is the maximal subspace
of invariance of w:

S(u) == {y eR"x {0} : u(z+y)=u(z) Ve R”“}.
Simple characterizations of the spine are provided in the next result.

Lemma 5.2. Let u € H be given. The following are equivalent conditions:
(i) =z € S(u),
(ii) u is homogeneous with respect to x, i.e. I, (x,r) = I,(x,0%) for all v >0,

(iii) I,(x,0%) = 1,(0,07).

Proof. The very definition of spine yields straightforwardly that (i) implies (ii) and (iii). To see
that (ii) implies (iii), we consider the functions ug,, as defined in (2.23), for a sequence of radii
7 T +00 such that g, converge to some u in HE (R"™ |2,41|°L" ). Then, by Remark 2.6

loc
we infer that
|1 (2,07) = 1,0,00) 2 lim |1 (2, 74) — L, (0,73)| =

lim
k— o0 k—+oo

=|I,..(0,1) = I, _(0,1)] = 0.

L (55 1) = g, (0,1)]

Similarly, (iii) implies (ii): let rx T 400 be a sequence as above, then using u € H we get
lim |L,(z,7) — Ly(x,01)] < lim |L,(2,7%) — Lu(0,75)| + | Lu(z,0%) — 1,(0,0™)]
k—+oo k—+oo
(i) . _ _
= kll)r_‘x_loo | L, (z,rg) — L,(0,7%)| = 0.
In particular, taking into account the monotonicity of the frequency, we infer that I,(z,r) =
I,(z,0") for every r > 0, i.e. (ii). Finally, we are left to show that (ii) and (iii) imply (i). By (ii)
and (iii) we have that

u(y + ) :t’\u(%—i-:v) VyeR" Vt>0,
with A = 7,,(0,0"). Hence, for every y € R"™ x {0} we have
u(y) =u(x+y—1z) =2 u(r + W-2)p) =2 u(W+2)2) = u(y + ). O

5.2. Classification of solutions with maximal dimension of the spine. There are no ho-
mogeneous functions v € H with spine of dimension n, because the only non-trivial solutions of
(1.1) even with respect to x,11 and depending only on the variable z,, 1 are of the form ¢ |z, 1]?®
with ¢ < 0. The latter functions have homogeneity 2s < 1 + s, that is not allowed for functions
in H. Therefore, the maximal dimension of the spine of a function in H is at most n — 1. We
say that u € H™*P if u € H and dim S(u) = n — 1, and we set H!°V := H \ H'P otherwise. All
functions in H'P are classified in the following list.

Lemma 5.3. u € H'P if and only if there exists a uniquely determined A-homogeneous function
hy :R? = R, with A € {2m,2m — 1 + s,2m + 25} men\{o}, such that

u(z) = chx(z-e,xny1) and Hp,(z,2,,(0,1) =1,
for some ¢ > 0 and e € R™ x {0} with |e| = 1. In particular, if u € H*P then N'(u) = S(u), and
more precisely: if u(x) = chy(z - e,xp41), then

@) if A=2m: Au) =T(u) = N(u) = S(u) = {z- e =xn41 =0};
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D) if A =2m—1+s: Au) = {z-e <0, 2,41 =0} and ['(u) = N(u) = S(u) = {z-e =
Tp+1 = O},

(IID) if A =2m+2s: A(u) = {zy11 =0}, D(u) =0 and N(u) = S(u) = {z-e = 11 =0}.

The proof of Lemma 5.3 is a consequence of the full characterization of the homogeneous solu-

tions v : R? — R to the thin obstacle problem. Introducing polar co-ordinates v(pcosf, psinf) =
" y(0) with y : [0, 7] — R, the system (1.1) can be written in the form:

y"(0) + acotg 0y’ (0) + A (A + a) y(6) = 0, (5.1)

with the following four possible boundary conditions:

y(0) >0, y(r)>0 and eli%ri(sin 0)! 725y (0) = elj? (sin0)'=%5y/(0) = 0, (5.2)
y(0) = 0 < y(m), %iﬁ(sm 0)'7%%y/(9) <0 and lei/g}(sin 0)' =25y (0) = 0, (5.3)
y(m) =0 < y(0), 10i£101(sin 0)' =%y (#) =0 and }giTn;(sin 0)=24/(9) > 0, (5.4)
y(0) = y(7) =0, %%(sin 0)'=24/(#) <0 and Eﬁl(sm 0)' =25/ (9) > 0. (5.5)

The four cases (5.2) — (5.5) determine the corresponding exponents A and the solutions hy as in
(I), (II), (III) of the lemma. The proof in general requires the use of the associated Legendre
functions and is postponed to the appendix where we establish also other complementary results
that are mandatory for the analysis in Section 8 (cf. Proposition A.1). Here we give the details
for the simplest case of the Signorini problem s = 1/2, i.e. a = 0.

Proof of Lemma 5.3 for s = 1/2. If a = 0, the general integral of (5.1) is
y(0) = Ay cos(AN0) + Ay sin(AF),
with A7, As € R. We can then discuss the four possible cases.
(I) For (5.2) we have that 3'(0) = 0 implies A2 = 0 and A; # 0, and y'(7w) = 0 gives A € N.
Considering that y(0) > 0 we find A; > 0, and by y(7) > 0 one gets A = 2m with
m € N\ {0}.
(IT) For (5.3), we have that y(0) = 0 gives A1 = 0 and Az # 0. In turn ¢/(0) < 0 implies
As < 0. Thus, y'(7) = 0 yields cos(Ar) =0, i.e. A\ =m + 1/2 for m € N\ {0}, and finally
m is odd since y(m) > 0. One proceeds analogously in case (5.4).
(III) Finally, for (5.5), we have that y(0) = y(7) = 0 implies A; = 0, A2 # 0 and A € N.
Considering that y'(0) < 0 < /() we conclude that Ay < 0 and A odd.
In all the cases the nonzero coefficient A; is chosen suitably in order to satisfy the normalization
condition Hp, (1) = 1. The statements concerning I'(u), A(u), N(u) and S(u) are now direct
consequences of the explicit formulas for the solutions. O

For the lowest frequency 1+ s, actually all homogeneous solutions have maximal spine as proved
by Caffarelli, Salsa and Silvestre in [12], this result can be equivalently stated by the inclusion

Hips CHP. (5.6)

5.3. Almost homogeneous solutions. We next introduce the notion of almost homogeneous
solutions.

Definition 5.4. Let n > 0 and R > 1 be given constants. A solution v : B — R to thin obstacle
problem (1.1) is called n-almost homogeneous if 0 € T'(u) and

(1) — L(1) <.
The following lemma justifies this terminology.
Lemma 5.5. For every §,A > 0 and R > 1 there exists n > 0 with the following property:

let u be a n-almost homogeneous solution with I,(R) < A and H,(R) = 1; then, there exists a
homogeneous solution w € H such that

|u < 6. (5.7)

- wHHl(BR,l,\anme) =
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Proof. We argue by contradiction: assume there exist §, A, R as in the statement and a sequence
(ur)ren of k~1-homogeneous solutions in Bg with I, (R) < A such that
Hy(R) =1 and  inf flux —wllguip, | e oy >8> 0. (5.8)
We can then apply Corollary 2.10 and find a subsequence (not relabeled) and a solution ug to the
obstacle problem in Bg such that ux — ug in H'(Bg_1, |v,11|* £L*T1). Note that
(2.12) R — 1\ n+a+2A
Hy(R—1)= lim H, (R—1) > (T)

k— o0

lim H,, (R) =

k—-+oo

(R — 1>n+a+2A
7 .

In particular, ug is non-trivial and
Lg(1) = Ly (1/2) = Jim _ (1e(D) = 1, (1/2) ) = 0.
By Proposition 2.7 we infer that ug is homogeneous of degree I, (1) = limptioo Ly, (1) > 1+ s,
because 0 € I'(uy). Therefore, up € H and this contradicts (5.8). O

Next we show a rigidity result which will be used crucially in the estimate of the Hausdorff
measure of the free boundary.

Proposition 5.6. For every 7, A > 0 there exists 05, (7, A) > 0 with this property. Letu : By — R
be a 15 g-almost homogeneous solution to the thin obstacle problem with I,,(0,4) < A. Then, the
following dichotomy holds:

(i) either for every point x € T'(u) N Bz we have
(2, 1) = 1,0, 1)] < 7, (5.9)
(ii) or there exists a linear subspace V-C R™ x {0} of dimension n — 2 such that
y € I(u) N By, L,(y, 1) — L(y,/2) <ns g = yeT(V), (5.10)
recall the notation T, (V) := {z € R" ™! : dist(x, V) < 7}.
Proof. The proof is by contradiction. We assume that there exist 7, A as in the statement and a
sequence (uy)ren of k~!-almost homogeneous solutions in By with I, (4) < A contradicting the

statement, i.e. both (i) and (ii) simultaneously fail: namely, there exists 2 € T'(ux) N B such
that

and for every linear subspace V' € R™ x {0} of dimension n — 2 there exists y, € I'(ug) N Bz (a
priori depending on V') such that

Ly (Y, 1) = Ly (yi, 12) < k71 and  yy, € TH(V). (5.12)

By eventually rescaling the functions of the sequence, we can assume without loss of generality
that H,, (0,4) = 1. In particular, it follows from Lemma 5.5 that

kli}r_"I_loo u%Ielg—L ||u;€ - wHH1(337|mn+1|a Lnt+ly = 0. (5.13)

Up to passing to a subsequence (not relabeled) we distinguish to cases:
(a) either there exists wy € H'P such that limg [|[ur — Wkl g1 (By 20 |e 2oty = 05
(b) or there exists § > 0 such that

iI’hf [Jug — w||H1(33 |@ny1le LnH1) 2 60>0 VkeN. (5.14)
weEH©P ’

In case (a) we show that (5.11) cannot hold. Indeed, by Corollary 2.10 there exist a homogeneous
function wy € H*°P (note that H'°P is closed under locally strong H! convergence), a point xo € B
and a subsequence (not relabeled) such that

Jim (1l = woll i o a0 2700) + 10k = W0 11 (B oo 241 ) = O

T — X0 EN(’LUO)QBQ.
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In particular,

[Ty (20, 1) — Iy, (0, 1)| = lm |1, (zg, 1) — I, (0,1)] > 7.
k—-+oo

Note that wg # 0, because H,,(0,3) = limy, H,, (0,3) > (3/4)"+%+24 thanks to (2.12) in Corol-
lary 2.8. This implies that I, (zo,1) = I, (0, 1), since xg € N (wp) = S(wp) being wy € H'°P and
Lemma 5.3, which gives the desired contradiction.

In case (b), by combining (5.13) and (5.14), and by the compactness in Corollary 2.10 (up to
passing to a subsequence, not relabeled) there exists vy € H such that

kgg-loo ”uk - ’UOHHl(Bg,\szAPL”*l) = 0.

Moreover, from (5.14) we deduce that vy € H!°V (note that vy # 0 because we have that H,, (0,3) =
limy, H,, (0,3) > (3/2)"Te+24 by Corollary 2.8). We now show that we have a contradiction to
(5.12) with V any (n — 2)-dimensional subspace containing S(vg). Indeed, let yj be as in (5.12) for
such a choice of V; by compactness, up to passing to a subsequence (not relabeled), there exists
Yo € Bs such that

I, (Y0,1) — Ly (yo, 1/2) =0 and yo & T (V). (5.15)
Proposition 2.7 implies that I, (yo,7) = Ly, (yo,0") for every > 0 and by Lemma 5.2 we must
have yo € S(vp), thus contradicting S(vg) C V and yo & T (V). O

6. THE MEASURE OF THE FREE BOUNDARY

In this section we prove Theorem 1.1 that provides a local estimate of the Minkowski content,
and thus of the Hausdorff measure, of the free boundary in the lower dimensional obstacle problem.
Here we use a modified version of the inductive covering argument in [31, Section 8]. The key
monotone quantity we consider is the maximal function of the frequency

Ou(r,p):=  sup L.(y, p). (6.1)
yE€B,(x)NT'(u)

Theorem 1.1 is a direct consequence of the following proposition.

Proposition 6.1. For every L > 0, there exists a constant Cg 1(L) > 0 with this property: for
any solution u % 0 to the thin obstacle problem (1.1) in Ba,(z) C R™™! with z € R™ x {0}, we
have

Ou(z,p) <L = LT} (Tr (P(w) N Bp/2(z))> <Cg1(L)r*p"t Vre(0,p). (6.2)

Proof of Theorem 1.1. We are given u a solution to the lower dimensional obstacle problem in B
and K CC Bjy. Set § := 47 'dist(K,dB1), let {Bs(x;)}ics, with J a (finite) maximal subset of
points in I'(u) N K, having mutual distance at least §. Set L := max;cj O, (x;,2). Then, by
applying Proposition 6.1 to every Bas(x;), we have that

(TP N K)) < 30 £ (T2 (D) 1 B ()
icJ
<HUJ)Cgq(L)s" P2 =:Cr*  Vre(0,26).
We point out that the constant C' depends only n, on I,(1) and on dist(K,9B;). Indeed, L

depends on I,,(1) via Lemma 3.1; and since the balls Bs/,(x;) are disjoint, contained in B; and
with centers in Bj, we can estimate H%(J) < (2/5)". O

The rest of the section is devoted to the proof of Proposition 6.1.
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6.1. Proof of Proposition 6.1. By rescaling it is enough to consider the case z = 0 and p = 1.
We start off with the case of minimal frequency L = 1+s: then, by Corollary 2.12 ©,,(0,1) = 1+s
and thus u € Hi4s (cf. (5.6)). In turn, this implies that I'(u) is a (n — 1)-dimensional hyperplane
of {zp4+1 =0} and (6.2) follows at once.

The proof is then completed by showing that sup S = +oc where

S :={L € R: Proposition 6.1 holds for L}.

The latter claim is in turn implied by the following fact: for every Ly > 1+ s there exists a
constant 1(Lg) > 0 such that, if L € S and L < Ly then L+ n(Lg) € S. In order to specify n(Lg)
we need to introduce several dimensional constants; to show the consistency of their choices, we
declare them at the beginning (the readers can skip this list and refer to it each time the constants
are introduced):

Cg.9 := 103"~V 3(n), where Cg 3(n) > 1 is the dimensional constant of Theorem 6.3;
A =min{107%,16>"" C5 5 };

7 = min {\?,10720" C}y 9(2L¢, 45) 2 06_22 A\in 5%.3()\)}, where C) 9(2L¢,45) is the con-
stant in Proposition 4.2 corresponding to R = 45 and A = 2L, and dg 3(\) is the constant
introduced in Theorem 6.3;

0 <7 < min {775.6(7'7 2Lg), T, Lo}, where 75 (7,2Lo) is the constant introduced in Propo-
sition 5.6 with parameters, 7 and 2L,.

Note that, for ever L < Ly we have that L +1n < 2L, with such a choice of 7.
Then, the proof of Proposition 6.1 consists in showing that (6.2) holds for L + 7, supposing
that it has been verified for L < Ly. We proceed in several steps.

1. Let u be a solution in By of the lower dimensional obstacle problem with ©,(0,1) < L + 1,
and let r € (0,1) be the size of the tubular neighborhood in (6.2) (recall that p = 1 by scaling).
For every x € T'(u) N B/, we set s, := max {r,,2r} with

inf {t € (0,1] : ©y(z,t) > L} if I,(z,1) > L,
Ty =
1 if I,,(x,1) < L.

By definition, if I,,(x,1) > L, then
Jys € Bs, () NT(u) such that I,(ys,sz) > L. (6.3)

Let now {z;}ic; C I'(w) N By, be a finite collection of points such that the balls B.,, »(z;)
constitute a Vitali covering of T'(u) N Biy: i.e.

Bevipio(i) N B pro(w) =0 Vi#jeJ and T(u)N By C | Bo,pl:). (6.4)
icJ
By construction, we have that

i) 7. (T(u) N Be., p(x;)) C By, (x;), for all i € J because 2r < sy,
i) 7, (C(w) N B.,,, B, (x;), for alli € J b % < 54
(i) ©y(xs, 85,) = L if sy, > 2r.

The key estimate is to show that there exists a dimensional constant C' > 0 such that

d st (6.5)

icJ
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Indeed, assuming momentarily (6.5) we can prove (6.2) for L 4 n as follows:
(6.4)

Lrt (7; (T'(u) 31/2)) < Y (ﬁ(r(u) N B.,, /2(;51-)))
ieJ
%) Z L+l (7; (T(u) N Bszi/2(;vi))> + Z Lt (Bs,, (1))
1€J 155, >2r i€ 15y, =21
< Y CeuDrsiTt Y we )™
i€d: Sq; >2r i€d: S@; =21

(6.5)
< (Coa (L) + 2" wnsn) 1* 3 it < Coa(Ltm)r?,

icJ
with Cg.1(L 4+ 1) := (Cg.1(L) + 2" wy41) C. In the third inequality, we have used (6.2) itself
with bound L on ©,,(x;, s5,) in view of (ii).
2. Next we want to prove the claim (6.5). Let A be the constant introduced at the beginning, we
consider a suitable decomposition of the sets of centers {z;}ic:

NN
{zitics = ADU U A,
=1

with AQ) = {z;,i € J : sy, > A2}, N(A) = [10"A7%"] + 1 and A satisfying the following
condition for [ > 0:

A Ti, T € A(l), xr; € Bsw]./k(.ftj) —— S, < /\2 Sz, (66)
To see that such a decomposition exists, we follow [31, Lemma 5.4] and proceed inductively. We
order the points in A\ A©®) according to a decreasing order of the corresponding radii: i.e.,

A\ A® = {p;}icr with Spip, < Sp;. Then, p1 € AWM and, if py,...,pi—1 have been sorted out,
we assign p; to some A®) so that A®) does not contain any point p; with j <¢ — 1, for which

pi € Bsy,sn(p;) and Nsp, < Sp, < S, (6.7)
Note that for every j satisfying (6.7) we have |p; — pj| < sv;/x < sp: /5%, thus p; € B.,, /xs(pi);
moreover, the balls B, /(p;) with j as in (6.7) are disjoint, as sp, < s, and B., .(p;) are
disjoint by construction. Therefore, since N(A) is strictly bigger than the number of disjoint balls
with radius 1/10 in Bi/,s and center on B{/Ag, one can surely find [ so that p; & AW for all j as in
(6.7).

Let us check that (6.6) holds. Indeed, if j < i (i.e. sp, < sp;) and p; € B, /1(p;), then the
second condition in (6.7) must fail (being p; € AD), i.e. s, < A2 sp;- On the other hand, if i < j
(i-e. sp; < 8p,), from p; € B., /1 (p;), we deduce pj € B., /(pi) C Bsy, ) (pi) and, as p; € AW the
second condition in (6.7) must fail, i.e. s,, < A?sp,,. But this is a contradiction because A < 1/10
and Sp. Sp.

ILS <lpi —pj| < %
3. Next, for I € {0,..., N(\)} we introduce the measures:

pl = Z s"716,. (6.8)

ze AD

< ASp,.

To conclude (6.5), we show that there exists a dimensional constant Cy > 0 such that
p(Bip) <Co V1e€{0,....,N(\} (6.9)
Indeed, from (6.9) we infer (6.5) with the constant C' := (N(\) + 1) Co:

N(A)
Dot <y p(Bip) < (N +1) Co =C.
=0

icJ
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The case | = 0 is straightforward: since the balls B,2/,(7) with = € A©) are pairwise disjoint,
contained in B; and with center x € B{/2, then H° (A(O)) < %. Being s, < 2 we deduce that
n— n— 20"
ILLO(Bl/z) — Z sn1 S’H,O(A(O))Q 1< =
ze A0)
and estimate (6.9) for [ = 0 follows as soon as Cp > 20" /327,
For the remaining cases, we are going to show the following lemma.

Lemma 6.2. Let j' be the measures in (6.8) with | > 1. Then,
W (By(2)) < Cpop" " (6.10)

for every x € spt (u') and for every p € (sy, A?], where Cg 9 > 0 is the dimensional constant
introduced at the beginning.

Lemma 6.2 implies (6.9). Indeed, let us consider a maximal subset of points {x;};c 0y € A®
with |z; — x;| > A2 for all i # j € JU. Then, the balls {B,z2/,(2;)};c;0 are disjoint, contained
in By (as A < 1/2), and with centers z; € By ,. Thus, HO(JD) < 2" /x2 and by maximality of the

number of points in {z;};c ;o) we have also spt (u') C U, _ ,,, Byz(z;). Then

i€J
(

6.10) o on
pl(Bip) < > pl(Bre(w)) < HO(JD)Cp oAV < = C6.2:
ieJ)
and (6.9) follows with Cp := max {2" Cs.2/x?,20" /x>~ }.

Proposition 6.1, and hence Theorem 1.1, are now established once we show Lemma 6.2.

6.2. Proof of Lemma 6.2. We fix [ € {1,...,N(\)}, and set smin := min {s, : w € ADY,
Emax := |10g)(Smin)|. Note that kpax > 2 and Memaxtl < 5 o < A\rmax - We prove (6.10) for all
p € (max{\*1 s}, AF] by induction on k € {2,..., knax} in decreasing order. More precisely,
the base induction step is for & = kpax. In this case, for every point wo € spt (u!) = A® with
Swy < AFmax we have that spt (') N Bykmax (wo) = {wp}, from which (6.10) readily follows. Indeed,
if W € Bykmax (wo) N AW is different from wp, then w € Bey, /s (wo) N AD as s, € (Abmaxtl \kmax]
and by (6.6) we reach a contradiction

Emasx+1 €9 1o Emasx+2
A <5min§5w§)\5wo§)\ .

We can then proceed inductively: we assume that we have shown (6.10) for every p € (Smin, AF11]
for some k € {2,...,kmax — 1} and for all w € spt (u!) with s, < A**1, and then we prove that

1 (Be(wo)) < Cyot™t Vte (WL NF], Vg € spt(p) with sy, <t. (6.11)
1. Let t € (AFFLNF] with & > 2 and wo € spt(u!) be such that s,, < t. We set W :=
spt (') N Bi(wo) and
W ={weWw : I(ws,) <L-7} and W .=w\w,
where 7 is the constant introduced at the beginning. Next we order the points in W) in such a
way that W) = {p,},, with s,, > sp,,; and we define inductively z; := y,, and for a > 2
Za = Yp,,,, With mq = min {h D Yp, & U‘;‘;llBszj (zj)}, (6.12)

where the y,’s are the points defined in (6.3) (which exist because p, € AY) with I > 1 implies
Sp, < A2 <1, i.e. I,(pn,1) > L). Let Z be the set of the selected points z,’s and set s, := 5P
(with a slight abuse of notation), £ := U, czBs, (2.) and

pho= D" st e+ Y sh o,

2a€Z weW @\ E
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The measure p} satisfies the following five properties:
Vpespt(ph) Al (p) = L(p,1) = Lu(p,sp) <n+7 <27, (
Vp#p €spt(u) max{sy sy} <20[p—p|, (6.14
spt (1) C Buu(wo), (
p! (Bi(wo)) < 2 (Buae(wo)), (
i (By(p)) 10" A" C 9 p" 1 W p € spt(ph), Vp € [5/20,10°AF]. (6.17

The properties (6.13) and (6.14) follows directly from the definition of u}. More precisely, for
(6.13) recall the choice n < 7 and that by assumption 0©,(0,1) < L +n. Therefore, the conclusion
follows either by (6.3) if p € Z or otherwise by the very definition of W),

For (6.14) we distinguish three cases:

(i) p, p’ € Z. Assume without loss of generality that s, < s,/, then by the selection procedure
defining Z itself p ¢ B, ,(p'), and thus s,y < |p — p'l;
(i) pe Z,p' € WP\ E. Then p/ ¢ By, (p) by definition of E, so that s, < [p—p'|. Moreover,
if p =y, with w € W), we use (6.4) to infer
spr < 10Jw = p'| < 10(Jw = yuwl + [yw — P'I) < 10(sp + [p = p'[) < 20[p — p'|.
(iii) p, p’ € WP\ E. Since Bz (p)N B%(ﬂ) =0 by (6.4), max{sy, s, } < 10|p —p/|.

For what concerns (6.15), we notice that for all w € W by (6.4) we have that s,, < 10|w—wy| < 10¢,
and therefore

[y — wo| < |y — w| + |w — wo| < sy + |w — wo| < 11w — wo| < 11¢.

Eq. (6.16) and (6.17) are proven in the next two steps. The proof of (6.11) will then be a
consequence of (6.13) — (6.17) only and it will be detailed in step 4.

2. For what concerns (6.16), for every z, € Z we introduce the sets
Wee = (W(2>ﬁ (Bs... (2) \ U2} B, (zj))) u{we W : g, € B, (2a) \ WS B (zj)}.
Hence, as by the very definition of E
W@ NE=uU, (W@) N (Bs., (2a) \ U2 Bs., (Zj))),
and by that of Z
W = Ua{w e WD :y, € B, (2a) \UZ!B, (zj)},
then W = U,e,W?* U (W® \ E) and

W (Bi(wo) = 3 p (W) + g (WO E) = 37 pl(W#) 4 g (WO E). (6.18)
z€Z z2EZ

We will prove (6.16) by showing that, for every z, € Z, we have
W (Wo=) < 2571, (6.19)
Indeed, from (6.19) we immediately deduce that
(6.19)

(Bt wO (6 18) Z WZO‘ (W(?)\ ) Z n— 1 W(2 \E)
zZa€Z Za€Z

< 2 (Buie(wo))-
The key observation to establish (6.19) is the following: let w € WO be such that z, = 5. Then,
by definition
I(za,86) — I(W,8) >L—L+7=r.
We can then apply Proposition 5.6 in Bss, (2o) with parameters 7, 2Lg. Indeed, I,,(zq,855) <
0,(0,1) < L+ n < 2Lg (recall that L < Ly and we have chosen n < Lgy). Moreover, as we have
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imposed n < 15 6(7,2Lo), we deduce that the first case of the dichotomy of Proposition 5.6 does
not occur: i.e. there exists a (n — 2)-dimensional affine subspace passing through z, such that

Vg € T'(u) N Bys, (24) with AP"(q) <n = q€ Tars, (V). (6.20)

Eq. (6.20) is the main ingredient of the proof, because it implies that all the points in W#*e different
from w have clustered around a lower dimensional space V', namely

W2\ {@} C Tirzs, (V). (6.21)

Indeed, consider a generic point w € W \ {w}. If w € W N B,__(24), then w € Ba,, () and
by (6.6) we have s, < A?sg. In turn this implies that y,, € Bs, (w) C Bas,_(2q) and

A2 () < T 1) = T 50) < L+ — L =1, (6.22)

Therefore, by (6.20) we infer that y,, € Tars, (V) and, since 7 < A, also w € Tars, 45, (V) C
Tirzs, (V). On the other hand, if w € W) then by the selection procedure (recall the decreasing
order of the radii s.;), we have that s,, < s4: in particular w € B, (yw) C Bss, (w). Therefore,
thanks to (6.6) we have also s,, < A?sg and (6.22) holds. By (6.20) vy, € Tars, (V) and hence
w € Tyxzs, (V), thus showing (6.21).

Then the proof of (6.19) follows from an elementary covering argument. Let Q' C W#e \ {w}
be a maximal collection of points such that the balls { By (p)}peq are pairwise disjoint: in
particular W#e \ {0} C Upeq/ Brsajio(p). Let my : R™ — V' be the nearest point projection on V'
and note that, since A < 1/160, we have

B/\sw/4o(7TV (p)) - B*Sm/zo(p) C B4s@ (Za)a Vpe Qla
where we used that every p € W#e is contained in Bss (z,), and thus p € By, (@0). Therefore,
Biewjao(my (p)) NV are pairwise disjoint for p € Q" and contained in By, (mv(24)) N'V. This
allows us to give an estimate on the cardinality of @', namely H%(Q’) < 160"~2/x»=2. In proving

the latter estimate we have crucially used that V has dimension n — 2. Now by the inductive
hypothesis (6.11) we get (6.19):

P (W) < pt({@h) + Y 1 (Browpo(p) < st +HQ') Cpp (M10)" sy
peEQ’
<sE 416" INCg o st <280 =250

thanks to the choice \ < 162’”0612. We can apply the inductive hypothesis to Bxsy/i0(p) since

sp < A28 < Asaf10 < AFFL (the first inequality holds thanks to (6.6) because for every p € Q" we
have that p € By, (w), and the last one in view of s,, < 10t < 10 \* for every w € W).

3. We show next (6.17). Let p,p be as in the statement. For every ¢ € spt (u}) N B,(p) let
z, € spt (u!) be a point such that Yz, = q if ¢ & spt (p') and coinciding with ¢ itself otherwise.
Then,

(6.14)
|zp — 24l <lzp —pl+lp—al+lg—2g| <sp+p+sg < p+40[g—p| <4lp.

Therefore, for every point g € spt (u4) N B,(p) we have that the corresponding point x, belongs
to spt (u') N Baip(zp), so that
Wk (B,(0) < i (Bug(ay).
The proof of (6.17) is now a consequence of the inductive hypothesis (6.11) and a covering argu-
ment. Indeed,
(i) if 41p < A1 we can apply (6.10) directly (since s, < 20p by assumption), and infer that
1 (By(p)) < Cp241m 1o
(i) if 41p > A1 we cover spt (u') N Byip(xp) with balls Byrs1,(w) having centers w €
spt (12!) such that half the balls are disjoint. Since p < 102\* by assumption (cf. (6.17)) and
the centers are in B, the cardinality of the cover can be estimated by (10°/x)™. Moreover,
S < 20-41p < 105 \* in view of w € Byip(zp) (cf. (6.4)), and p < 102\ by assumption
(cf. (6.17)) . Hence, in case s,, < A**1 we can use the inductive hypothesis (6.11) to infer
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that ILLZ(BkkJA/w(’LU)) < 06.2/\(k+1)(n71)' Otherwise, if s,, > )\k+17 spt (ul) ﬁBkkJrl/lO(’LU) =
{w} by (6.4), and thus pi' (Byr+1,,,(w)) = st~ < 103~ A\F=1) T conclusion, recalling
that \**1 < 41p, we infer that

i (Bo(p) < il (Baryly)) < (107/3)"10°01) Cg g AKD)
S 101271 )\7277, 062 pnfl.

4. We are now in the position to infer (6.11) from (6.13)—(6.17), thus concluding the proof of
Lemma 6.2. We start off estimating the generalized Jones’ number for u} (for simplicity we
omit the subscripts in their notation): for every p € (0,44t], with t € (A*+1 \*] by (6.11), and
w € spt (1), using Proposition 4.2 with parameters A = 2Ly and R = 45 (recall that Lo+n < 2Ly
and do not confuse the radius R there with the one in this proof) we infer

C
B lw.p) < L2 /B AU X)), (6.23)

having used that s, < 20p if z € spt (u}) N B,(w) by (6.14). Integrating (6.23) over Br(w) for
w € spt (i), with R € (0,44\*] and p € (0, R], we get

623 ) C
/ 5w p) dp ) < 13
BR(ID) BR 111

< 04'2/ :ul(BP( )) A0, () X(o,200) () dpt (2)

5, 20,, X[o 20p](5z)dﬂ1( )dﬂll(w)

17) _
<o [ A X200 4 2), (6.24)

In the second inequality we have used Fubini’s theorem, and we have set for simplicity C(\) :=
Cy.9Cg.910"" x2". Let us now introduce the following notation for the average oscillation of a
measure  at scale A on the ball B,y(w):

+oo
Osc), (w, 0) ::/B HZﬁQ(y,/\j o) du(y).
e\W) =0

Then, summing (6.24) for p = MR with j € N and using A < 1073, we get

Liog, (5= /20) 1
— ~ J
Osely (w, 1) < O [ S AL () ik ()
Bz (w) =0

<C(\) /B HA;Z (2)dul(2) (65’) 27 C(\) pb (Bagr(w))

©17)
< 2"C(\) TR, (6.25)

by taking into account that s=/20 < p < R and 20A\"'R < 1 (being R < 44)\F and k > 2). In
addition, we notice that in case R < sw /20, estimate (6.25) still holds true. Indeed, in such a case
Bgr(w)Nspt (1)) = {w} and by definition B(w, M R) = 0 for every j € N, so that Osc (0, R) =0

Note moreover that (6.25) can be extended to every ball Br(p) with p € ngt(wo) and R €
(0,22t]: indeed, if Br(p) Nspt (1)) = 0, then Oscill (p, R) = 0; otherwise, if w € Br(p) Nsup(p!),
then Br(p) C Bar(w) and

(6.25) _ B
Oscﬁl1 (p,R) < 2"+1Osc211 (w,2R) < 2*"TLC(N)?T R, (6.26)

being B(y, p) < 2" B(y,2p) for every y and every p > 0.
The conclusion of the proof is now an application of the following result by Naber—Valtorta [31,
Theorem 3.4 & Remark 3.9].
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Theorem 6.3 (Naber—Valtorta [31]). There is a dimensional constant Cg 3(n) > 0 such that the
following holds. For every X > 0, there exists dg 5(\) > 0 with this property: for every { By, (z;)}ier

finite collection of pairwise disjoint balls in By C R™ and p:= 3, ™ Y6,

Oscﬁ(x, 0) <65 3(N) " VBy(x)C By = u(Bi)<Cgs.

Renaming for simplicity the points in the support of ! as p! = is;‘i_l 0p,, We can apply
Theorem 6.3 with z; := (# = wo)/(111), 7; := v (a40t), and p := 3, 77" '6,,. Indeed, from (6.15)
we have that spt (u) C By and from (6.14) we have that B, (x;) are pairwise disjoint. Moreover,
from (6.26) and the choice of 7 it follows that, for every B, (x) C By we have

1
(40)2(n—1)(11t)n—1
22n+1

<
= (40)2(n—D)(11¢)n1

We then conclude that p!(Bi1:(wo)) = (440t)" 1u(B1) < Cg 3 (440t)"~1 and, by the choice of
the constant Cf o, we conclude (6.10):

Oscﬁ(:v, r) = Osc;\bl1 (wo + 11tx, 11¢r)

CN 7 (11tr)" 1 < 5%.3()\) rL

(6.16)
p(Bi(wo)) < 2t (Biie(wo)) < 2Cq 3 (440t)" 1 = Cg o t" 1.

7. STRUCTURE OF THE FREE BOUNDARY H" '-A.E.

In this section we give the proof of Theorem 1.2. It is a consequence of Theorem 1.1 and of the
following rectifiability criterion recently established by Azzam-Tolsa [6, Theorem 1.1]. A similar
criterion has also been established independently by Naber—Valtorta in [31, Theorem 3.3].

7.1. Azzam—Tolsa rectifiability criterion. We recall the following definition: a Radon measure
1 in R™ is called k-rectifiable if

(i) p is absolutely continuous with respect to the Hausdorff measure ¥, i.e. for every E C R”

HAE)=0 = u(E)=0,
(ii) there exist at most countable many C* functions f; : R¥ — R”, for i € N, such that
(R Ai(®Y) =0
i€N

A set E C R" is said H*-rectifiable if the associated measure H¥ L E is k-rectifiable.

The following is the rectifiability criterion we are going to exploit: in order to state it, we need
to recall the notion of upper-density of a measure

B,
ﬁk’*(x, 1) := lim sup 7M( (i)) .
r—0+ WE T

Theorem 7.1 (Azzam-Tolsa [6]). Let u be a finite Borel measure in R™ with 9%*(z, 1) < +o0
for p-a.e. x € R™. Then, p is k-rectifiable if
(k) 2
x, T
/ M dr < +oo  for p-a.e. € R", (7.1)
0

r

The following two remarks are in order.

Remark 7.2. In the case E C R™ is a Borel set with #*(E) < 400, then y := H*L E has upper-
density finite y-almost everywhere. More precisely, 9%*(x, ) < 1 for p-a.e. x € E (see for instance

2, (2.43))).

Remark 7.3. Let A € (0,1) be any number. For every A9T! < r < A7 (with ¢ € N) we have that
gk (x,r) < Cﬁl(f%(:v A7) for some constant C' = C(\, k), and hence

1,2
1 (g BY) (@ >
[ <ﬂ<7 Z / B’ o, o3 @@y, @2
0 Aatt q=0
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We can now prove that I'(u) is H"L-rectifiable.

7.2. Proof of Theorem 1.2. We are given a solution u to the lower dimensional obstacle problem
in By and we want to show that I'(u) N Bp is rectifiable for every R < 1. Set § := (1 = R)/2 and
let {Bs(x;)}ics be a finite covering of I'(u) N B, with z; € T'(u), and set L := max;c.j O, (x4, 29).
Then, it suffices to show that I'(u) N Bs(z;) is rectifiable.

After a suitable change of variable (v(z) := u(x; + d ) — cf. Remark 2.6), we are left to verify
the following statement: let v be a solution to the lower dimensional obstacle problem in By with
0 € I'(v), then I'(v) N By is rectifiable. To this aim, for every | € N\ {0} we consider the following
sets:

1
E = {x eT()NB; : H'" H(T(w) N B (2)) <2wp_1 "' Vre (O, 7) } (7.3)
Note that E; C Ejy1; and that Theorem 1.1 and Remark 7.2 imply

! (r(u) NB;\ U}’ilEl) = 0. (7.4)

Therefore, it is now enough to show that E; is H" ™ !-rectifiable for any fixed integer [ € N; in this
respect we set y; ;= H" L E;. We fix A € (0,1/18) and an integer o such that A°~! < 1. By
applying Proposition 4.2 (with parameter R = 7) we have that

Z/ 82, (y, A7) du(y) < Aiﬁ 21)/ /B AN () dpy () dya ()

9=q0
+oo 04 ) )
i Z )\q(n;l) /B i (Baa(x)) A18>‘ () dp(z)
q9=q0 3/2
(7.3) N 1
Drrciaf, 5 a8 it
Bsr2 q=qo
<C Iy (2, 1)dp () < 400, (7.5)
B3/

where we used: Fubini’s Theorem and 1+ A% < 3/2 in the second inequality, 18\ < 1 in the third,
and A%~ <1 and p(Bss,) < 400 (by Theorem 1.1) in the last line. The conclusion now follows
straightforwardly: indeed, by (7.5) we have that

>4l <400 or e € B
q€eN

In view of (7.2), we can then apply Theorem 7.1 to conclude that Ej is H"~!-rectifiable. O

Remark 7.4. The rectifiability of the free boundary can also be deduced by following the argument
of Naber—Valtorta [31, 32], along the proof of the covering argument and the discrete Reifenberg
Theorem: we refer to [31, 32] for more details.

8. CLASSIFICATION OF BLOW-UPS H" l-A.E.

In this section we give the proof of the last main result of the paper, namely Theorem 1.3. We
recall the rescalings for the blow-up procedure:

rEt u(ry + xo)

Vr<l1l-— , Vy € Bj. 8.1
H'"(xq,7) r |lzol, Yy 1 (8.1)

uwo,’l‘(y) =
In view of Remark 2.14, the functions %, and us,, have limits which differ only by a multi-
plicative constant. Therefore, Theorem 1.3 is proven once we show the same conclusions for the
new rescalings (8.1).
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8.1. Stratification of the free boundary. We start off with the first part of Theorem 1.3
regarding the estimate on the dimension of the set of points with frequency A € {2m,2m — 1 4+
5,2m + 25}men {0y We use a stratification argument for the nodal set N (u) of a solution u to
the lower dimensional obstacle problem (1.1). This argument goes back to the work of Almgren
[1, § 2.26]; here for convenience we follow [19].

We start recalling the definition of nodal points:
N(u) = {(x/,O) € By : u(2',0) = |V, u(2',0)] = 1&)& t*Op1u(z’ t) = O}.
t

Next we specify the main ingredients of [19, § 3.1] for the thin obstacle problem:
(a) the upper semi-continuous function f : Bf — R given by

J Lu(z,07) if 2 e N(u),
J(@) = {O if @& N(u).

(b) the compact class of conical functions G(x) C L*°(R"), for every x € B, defined by

g o [T(07) - w EBU@] if v € N(w),
- {0 if o ¢ N (),

recall that BU(z) denotes the set of all blow-ups of u at .

We need to verify that G(x) is a class of compact conical functions according to [19, Definition 3.3]
(the arguments are analogous to those in [19, § 5.2], we repeat them for readers’ convenience).
(1) An upper semi-continuous function g : R™ — R is said to be conical if g(z) = ¢(0) implies
that
glz+Ax)=g(z+2) VzeR" VA>O0.
Then, both the zero function and the frequency of homogeneous solutions w are conical
by Lemma 5.2.
(2) A class G of conical functions is called compact if for every sequence (g;)jen C G there
exist a subsequence (gj,)ien C (g;)jen and g € G such that

limsupgj, (v:) < gly) Yy eR™ Y (yi)ien CR" with y; —y. (8:2)
1—+00

According to item (b), if (g;)jen C G(x) we may assume without loss of generality g; not
identically 0 for j big. Then, g; = I, (-,0") and by Lemma 3.1 and Corollary 2.10 there
exists a subsequence wj, converging to a homogeneous solution w (recall that I, (1) =
I,(x,0%) and Hy, (1) = 1). By a diagonal argument we have that w € BU(z), and (8.2)
follows from
limsup I, (y;,0") < inf limsup I, (y;,s) = inf L, (y, s) = L,(y,0").
i—>+00 ‘ >0 j 5400 ’ s>0
We discuss next the structural hypotheses [19, (i) - (ii) § 3.1]:
(i) g(0) = f(z) for all g € G(z), because I,,(07) = I,,(x,0") for every blowup w € BU(z);
(ii) for all r; | O there exists a subsequence (rj,)ien C (rj)jen and w € G(x) such that
Ug,r;, — w; hence, for every y € R" and for every sequence y; — y, we have
limsup I, (z + rj,y;,0") < ig% limsup I, (z + rj,y;,75, 5)

1—~+00 1——+o00
— 3 7 . — . — +
= Inflimsup L, (v, 5) = if Lu(y, ) = Lu(y, 07).
We are then in the position to apply [19, Theorem 3.4] and conclude that the points whose

blow-ups have spines with dimension not exceeding [ € {0,...,n} constitute a set of Hausdorff
dimension at most [.

Theorem 8.1. Let u be a solution of the thin obstacle problem (1.1) in Bgr. Forl € {0,...,n},
set Xy(u) = {x € N(u) : dimS(w) <1, Vw € BU(z)}. Then, Yo(u) is at most countable and
dimy ¥ (u) <1 for every l € {1,...,n}.
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The first assertion of Theorem 1.3 is now a direct consequence.

Proof of Theorem 1.3: part I. We first show that dim S(w) < n — 1 for every w € BU(z) with
x € N(u). To this aim, we observe that by the definition of nodal set we have that 0 € N (w)
for every w € BU(z) with € N(u). On the other hand, using the notation in Theorem 8.1,
Yn(u)\ X1 (u) = 0 as noticed in Section 5.2. Indeed, the only non-trivial homogeneous solutions
with n-dimensional spine are the functions w, := ¢ |x,11]|** with ¢ < 0, and by direct computation
N(w:) = 0.

Therefore, for every = € T'(u) \ ¥,_2(u) there exists at least a blowup w € BU(x) with an
(n—1)-dimensional spine S(w), i.e. with w € H'*P. Thus, by the classification of all homogeneous
solutions with maximal spine in Lemma 5.3, the limiting frequency at any point « € T'(u)\ %, _2(u)
satisfies

Lu(2,0%) = 1,,(0,07) € {2m,2m — 1 + 5, 2m + 2s},em {0} -
Taking into consideration that dimy 3, _2(u) < n—2 by Theorem 8.1, we conclude the proof. [

8.2. Uniqueness of blow-ups with frequency 2m and 2m — 1 + s. For the second part of
Theorem 1.3 we need an extension of the classification result in Lemma 5.3 to the A-homogeneous
(even symmetric with respect to 2,41) solutions of

div(|zp4+1]°Vu) =0 B\ A(u) (8.3)

u=0 A(u), '
with A € {2m, 2m—1+5s},,en (03 and {z-e = 2,11 = 0} C A(u) for some unit vector e € R™ x {0}.
The main differences with Lemma 5.3 are that neither the unilateral obstacle condition nor any
invariance assumption of the solutions (i.e. the assignment of the spine) are imposed in this
framework. In the ensuing statement we keep the notation introduced in Lemma 5.3.

Proposition 8.2. Let u : R"™ — R be a non-trivial A\-homogeneous weak solution of (8.3),
even w.r.to Tny1, such that X € {2m,2m — 1 + s}yemqoy and {z - e = 21 = 0} C A(u) for
some unit vector e € R™ x {0}. Then, there exists ¢ > 0 such that u(z) = chopm (T - €,Tn41) or
u(z) = chom—14s(z - e,xpp1) or u(z) = chom—14s(—x - e, xp41).

The proof is postponed to Proposition A.3 in the appendix. Given it for granted, we proceed
with the conclusion of the proof of Theorem 1.3.

Proof of Theorem 1.3: part II. By Theorem 1.2 there exist at most countably many C'-regular
submanifolds {M; };en such that H"~(T'(u)\U;enM;) = 0. We consider the sets I';(u) := T'(u)NM;

and
Ti(u) = {x €l(u) : lim A (Br(wo) NTi(u)) = 1} .

rl0t Wn—1 rn—1

Note that H"(T';(u) \T';(u)) = 0 for every i € N by Besicovitch’s differentiation theorem (cp. [2,
Theorem 2.22]). We show that for every ¢ € N and for every zo € I'j(u) the conclusion of
Theorem 1.3 holds, namely if I(zo,0%) = X € {2m,2m — 1 + s},,en j0}, then there exists a unit
vector ey, with ey, L Tan,, M; at z¢ such that

Uy = MA(T - €ngy Tpy1) 0 HE(R™ |z, ["L7" ) as 7 ] 0, (8.4)

where hy are the functions in Lemma 5.3, and Tan,,M; is the linear tangent space to M; at zo:
i.c.

v € Tan, M; <= 3 (1)iey C M; such that lim TTE _
l=+oo |2 — X0
To this aim we consider the compact sets
_ 1
K, = {y €By:xy+ryeE Fl(u)} for r<ry:= 5 (1 —|zo])-

By Blaschke compactness theorem (cp. [2, Theorem 6.1]) the sequence of sets { K} ¢(0,r,] i Pre-
compact in the Hausdorff distance on B;: namely, given any sequence (0, o] > 7; — 0, there exists
a subsequence (r;, Jreny and a compact set Ko C By such that we have limy, disty, (Kmk ,Ko) =0,

i.c.
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(a) any point & € Ky is an accumulation point for a sequence (zx)ren with € K, s

(b) if zx € K, , then any accumulation point of (2x)kren belongs to Ko.

We proceed now with the proof of (8.4) in three steps.
1. Let r; | 0 be such that disty (K, Ko) — 0 for some compact set Ko. Then
TaanMi ﬁEl C K.

Assuming this is not the case, there exists an open ball B,(yo) C By C R" with yg € Tang,M;
such that (T;(u) — 20)/rj N B,(yo) = 0. In particular, for sufficiently large j we have that

HH((Pitw) = w0) fr; N By) = M ((Ti(w) = 20) /r; N B1 \ By(y0))
< H"H((Mi = 20) /r; N By \ Bp(yo)) < (1+0(1)) wp1 (1—p""")  asj — +oo,
since H" ! ((Mi —wo) /r; N A) — H"~!(Tang,M; N A) for every open set A C R™. This yields
H™ 1 (Di(u) N By, (20))

I;m sup —
J—+oo Wn—17;

Sl_pn71

3

against the assumption xo € I';(u).
2. In particular, it follows that, if u,, is any blow-up limit of u at ¢ € I';(u), then
Tang, M; C {uz, =0}. (8.5)

Indeed, set Y, := {umo)r = O} N B, and note that K, C Y,. If Y; C B; is any Hausdorff limit
of a sequence Y,,, then Yy C {uwo = O} N By, because Uz, (2j) = ug,(20) for every z; € Y.,
with z; — 2o (thanks to the uniform convergence of Uzg,ri, ). In particular, being K, CY,,, the
conclusion follows from step 1 and the homogeneity of u,.

3. We now conclude the proof of (8.4). Assume without loss of generality that Tan,,M; =
{Zn = zn41 = 0}. By Proposition 2.11 we have that BU(zo) C H, with A = I,,(z0,07"), and we
distinguish two possibilities (recall also that the blow-ups are renormalized so to have H,, (1) = 1):

(1) I,(wg,0") = 2m. By Proposition 8.2 the blow-up u,, needs to be hay, (T, Tnt1), because
this function is the only blow-up with frequency 2m and contact set containing Tan,,M; =
{xn = xpy1 =0} by (8.5);
(2) I.(x0,0") = 2m — 1 + 2s. By Proposition 8.2 every blow-up u,, is given by either
ht = h2m71+s(xn7$n+1) or h™ = h2m71+s(_xnaxn+1)-
In order to infer the uniqueness of the blowup in this last case, we exploit the connectedness of
the set of blow-up limits. Namely, assume that there exist r; | 0 and p; | 0 such that vz, — ht
and ug, ,, — h™; up to passing to subsequences, we may take r; < p; < r;41. Then, by continuity
there exists t; € (r;, p;) such that

ltzo,t; = hF 2By = Nty — B [l L2(By)-

Since the sequence (ug,.+;)ien has no subsequence converging either to h™ or to h™, this gives a
contradiction and concludes the proof of Theorem 1.3. 0

8.3. Concerning the optimality of Theorem 1.3. For every e € R"! with |e|] = 1 and
e-ent1 = 0, the functions u(x) = hom(z - €,2p41) and u = hopm_145(T - €,,41) are examples
of solutions to the lower dimensional problem (1.1) in any ball Br whose free boundary I'(u) is
(n — 1)-dimensional and is made of points with frequency 2m and 2m — 1 + s, respectively. Note
that the latters are explicit cases in which I'(u) = Other(u).

On the other hand, as pointed out in the introduction, at the best of our knowledge there are no
explicit examples of solutions to the lower dimensional obstacle problem (1.1) with free boundary
points with frequency 2m + 2s with m € N\ {0} (note that, although hoptas(x - €,2p41) are
solutions, T'(homa2s) = 0).
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Such points do not occur in the one dimensional case n = 1. Following the argument of [23,
Remark 1.2.8] for s = 1/2, assume that 0 € I'(u) is a point with frequency 2m + 2s. Then, one can
find a sequence (tx,0) € R? with limy ¢, = 0 such that u(tg,0) > 0 and, therefore, from (2.4),

lim 250z, u(ty,z2) = 0. (8.6)
IQlO
Taking the rescalings ug.t, ,, up to passing to a subsequence (not relabeled) there exists a blowup
w € BU(0) such that (cp. (2.20)):

sign (w2)]22|" Oz, 0,0, o — sign (v2)|T2|*Op,w  in CP (By).

Note that necessarily w = hoy, 425, because there exists a unique blowup with frequency 2m +
2s. Moreover, from (8.6) we have that limg, 0250, w(1/2,22) = 0. On the contrary a direct
computation shows that limg, o250z, hom+2s(1/2, x2) < 0, thus leading to a contradiction and
implying that there cannot exist free boundary points with frequency 2m + 2s for n = 1.

Potential points with frequency 2m+2s are sometimes referred to in the literature as degenerate
points (see the final section of [23]). It is a tempting conjecture to claim that there are actually
none. If this were the case, Theorem 1.3 would then be optimal, both concerning the uniqueness
of blow-ups at H"!-almost all points of the free boundary, and the classification of the frequency
at H" 2-almost all points of the free boundary.

APPENDIX A. HOMOGENEOUS SOLUTIONS

In this appendix we collect some results concerning homogeneous solutions to the thin obstacle
problem and more generally to the corresponding system of Euler-Lagrange equations. Therefore,
we consider functions v : R»*! — R such that

u(@) = |z u (flz)) Va0

for some A > 1+ s (this restriction being in accordance with the homogeneity of all possible
blow-ups).

A.1. Two-dimensional homogeneous solutions. Here we provide a classification of the ho-
mogeneous solutions to the equation

{div(|x2|aVu) =0 B\ Au),

u=0 A(u), (A1)

in the two dimensional case, i.e. for n = 1. Thus, necessarily, the contact set is a cone, and we
have:
(i) A(u) ={z1 = 22 =0},
(i1) A(u) ={z1 <0, 29 =0} or A(u) = {x1 >0, 29 = 0},
(iii) A(u) = {a2 =0}.
Correspondingly, we introduce three classes of functions ®,,,, ¥,, and II,, for m € N, that are
explicitly defined as follows:

Lm/2]

D, (1, x2) 1= Z o :cgnf%sc%k, (A.2)

k=0

s k m—k
U, (21, 22) := (w/x%—l—x%—l—xl) Zﬂk(\/x%—kx%—xl) (\/xf—i-x%) , (A.3)
k=0
Lm/2] ok
M (21, w2) = |2a[** ) kal?%kmp(xl), (A4)
k=0

where |-| denotes the integer part of a real number, and

ag =1, apy1:=— (T(;ikl))(:;—l_- fk__s)l) ak ke{0,...,[m2] -1},
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(m + 1Dg(=m)y

Pl = R0 = )

ke{0,....,m},

(=D*
Ve = %
and the (increasing) Pochhammer symbol is defined by
1 if 1 =0,
(q) = .
q(g+1)---(¢g+1-1) ifleN\{0}.

We establish the ensuing classification result (for related issues see [12, 34]).

ke {0,...,|™/2|}, pisam-homogenous polynomial,

Proposition A.1. Let v : R?> — R be A\-homogeneous, even symmetric w.r.to T2, and assume
that u is a weak solution of (A.1). Then, one of the following occurs:

(1) Alw) ={z1 =22 =0}, A =m € N\ {0} and u is a multiple of ®,,;

(i) A(u) = {z1 <0, 22 =0} (resp. A(u) = {x1 > 0,22 =0}), A\ =m + s for some m € N

and u is a multiple of W,, (resp. of U, (—x1,22));

(ili) A(u) = {z2 =0}, A =m +2s for some m € N and u is a multiple of I1,,.
Moreover, if u is a solution to the lower dimensional obstacle problem, then m is even in (i) and
(#i3), and m is odd in (ii).

For the proof we need to introduce the hypergeometric function o F (v, 3;7; ) : C — C defined
by

> (% Zk
2Fl(a7ﬁ;’7;z) = Z% Ha

k=0
where a, 8,7 € C, v not a negative integer. The power series defining o F is converging for |z| < 1,
and it can be analytically continued elsewhere. In what follows we shall use several properties
of o F for which we refer to the Digital Library of Mathematical Functions, always quoting the
precise formulas employed in the derivation and referring to their enumeration in [33].

We warn the reader that, with a slight abuse of notation, in this section I' shall denote both
the free boundary of a solution and the FEuler’s Gamma-function on the complex plane, extended
to Re(z) < 0 by analytic continuation using the identity I'(1 + z) = 2I'(z). In particular, I turns
out to be a meromorphic function with no zeros and simple poles at z = —m, m € N. Thus, we
adopt the convention that I'~!(—m) = 0 for all m € N.

(A.5)

Proof of Proposition A.1. Using polar coordinates x1 = rcosf and zo = rsinf with » > 0 and
6 € [0, 7], let v(r, ) := u(rcos,rsinf) = r* y(). The Euler-Lagrange equation (A.1) then reads
as
Lan[y(0)] = y"(0) +acotgfy'(0) + X(A+a)y(0) =0 6 € (0,7), (A.6)
with boundary conditions:
e case (i)

lim (sin 6)'72%¢/(9) = 0 d 1 inf) =25/ (0) =0
eigg(sm) y'(0) an 9%53(51“) y'(0) =0,

e case (ii) (by symmetry we assume A(u) = {z1 < 0,29 = 0})

1' . 0 1—2s 1 9 :O d :O
girog(sm ) y(0) and y(m) =0,

e case (iii)
y(0)=0 and y(mw)=0.
The change of variable y(0) = (sinf)® h(cos®) transforms the ODE for y in (A.6) into an

associated Legendre differential equation for h. More precisely, we get for v = A —sand v > 1
2
5

(1 —2*)n" () — 22k’ (z) + <u2 +v— 12

) hz) =0 ze(—1,1), (A7)

with the following boundary conditions:
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e case (i)
2?11(1 — 227 (szh(z) — (1 — 2®)h/(z)) = 0, (A.8)
zlirill(l — 227/ (szh(z) — (1 — 2®)h/ (2)) = 0, (A.9)
e case (ii)
2?11(1 —2?) 7 (swh(z) — (1 — 2®)h/ (2)) = 0, (A.10)
11@1(1 — 23 Ph(z) =0, (A.11)
e case (iii)
111%1(1 —2%)h(z) =0, (A.12)
11171(1 —22)"2h(z) = 0. (A.13)

The associated Legendre equation can be solved explicitly in terms of the hypergeometric func-
tion o Fy (cf. (A.5)). A generic solution in the interval (—1,1) is given by

h(z) = Ay PJ(z) + Ay P%(x)
where Ay, As € R and

+s/2
1 1+ 11—z
PE(p) = —— F( 1, v 1 ) A14
@) = e (1_95) F(r i1 v1ws 20, (A14)
1 5/2 1—117
- = (1-F F( —u1 1 ) A5
I‘(ljFS)( .I) 2L\ S v, :FS+V7 + s, 2 ’ ( )

(cf. [33, (14.3.1), (14.3.2), Section 15.1 and (15.8.1))).

1. Dirichlet boundary conditions. We now proceed computing the boundary conditions
in terms of the explicit representations (A.14) and (A.15). First, note that by continuity of
oF1 (e, 8,7, ) and since o F («, 3,7,0) = 1 for all o, 8 and v, we get

. 2° . /2 o
1961?11(1 —22)"P3(z) = T =) and lxlgl(l —22)PP%(x) =0,

from which we get

25
. L 2v\s/2 _ A
111?11(1 x°)Ph(z) = Ay T =9 (A.16)
For the corresponding limit values as x | —1 we use [33, (15.4.20)] to infer
. s/ 2°T'(s)
_2\s/2 s _
zlirill(l v R ) I(s—v)T(1+s+v)’
and from (A.15) and [33, (15.4.20)]
. . 2°T(s)
lim (1 — 2%)2Ps(z) =
mfg( v) R ) N(—v)T(1+v)’
from which
) . 25T'(s) 2°T'(s)
_ 2\8/2 _
Jim (=2 Phi@) = A g Ty TR T S Ta s 1) (A17)

2. Neumann boundary conditions. For what concerns the boundary conditions involving
the derivative of h we use [33, (15.5.1)] to compute

d 1 (1+2)7>1 1—x
—PEs(z) = F, 1,-v,1
&) = TaE LT g L 1 F s )
+s/2
viv+1) (1+x 1—xz
wro F(v+21—v,2Ts, }
T (1—33) 2F (v + v2F s —5)
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Hence, we get
. d (Ixax)'—®
2 /2 +s _ 2\ Y pts — T
(1-2?) (P () = (1 - 2%) =P} <x>) ey
v+ 1)y, F(v+2,1-1,27Fs 1_—””)} (A.18)
2(1+8) 241 ) ,4F 8, 2 . .

From the latter formula we immediately conclude that

.[S~2F1(I/—|—1,—I/,1:FS,1;$):|:

d
. 2\ —s/2 s _ 2 s _
lim(1 — %) (8961% (@) = (1 —2%) P (:v)> 0,

and 1
li%rll(l —x?)~ (sxPl,_s(x) —(1- x2)iP_S(gc)) _ 52"

Therefore, we have

lim(1 — 2%) =7 (szh(x) — (1 — 2?)h' (z)) = Ao 520 (A.19)

In addition, from (A.18), from the linear transformation of variable rule for o F} in [33, (15.8.4)]
and from [33, Section 15.5], elementary calculations lead to

2\ —s/2 s 2 d s — ﬂ-(l _ x)lis
(1—a2) (Sxpu () —(1—=x )%Py(wo T osin(smIT(—s — ) T(1—s+v)T(1+s)

1 1
.(5.2F1(y+1,—1/,1+8, ;w)—y(”; )

25" In(s+v)(1—s+v)
sin(sm)I'(v + 1) T(—v) (2 — s)

In turn, this implies

1
(1+:v)-2F1(V—|—2,1—1/,1+3, —12—90))

1—1—:10)
5 )

(1—962)1_5-gFl(l—s—u,2—s+l/,2—s,

. s/ s d _ B 21=s1
xlirzll(l —a) (sxPy () - (- x2)£P” (x)) ~sin(sm)[(—s —v)T(1 — s+ v)T(s)’

Finally, by [33, (15.8.1)] we rewrite (A.18) for P, *® as

(1—a2)~" (sxP;S(x)_u - ;z:?)iP*S(x))

de ¥
1 1—=z
=— . [5(1 1=, F, 1,—v,1
Ry (S0 A L on s )
viv+1) 1—x
_71_ : F - 71 72 7—i|7
(1) )il s 2 )

and infer from [33, (15.4.20)]

. s/ s d . v+ 1) T+ )1 —s)
tin (1= 22) 7 (saP0) = (L= ) P @) ) = - oo,

im (1 — 22)~°/ (szh(z) — (1 — 2?1 (z)) = 2 om
x1¢71(1 77 (sah(2) = (1= 2 (@) = A sin(sm)I'(=s —v)T'(1 — s+ v)IT'(s)
viv+1)T(1+s)I'(1—s)
251 T(24v)[(1—-v)

— Ay

(A.20)

3. By means of (A.16), (A.17), (A.19) and (A.20) we are able to complete the classification by
discussing all the cases (i) — (iii). We start off with case (i): using (A.19) and (A.20) we deduce
that A2 =0 and v+ s =m € N (in order to have 1/r(—s —v) = 0). Therefore,

(a15) 2% Ay

h(z) = AL P} (x) m

1_
(1 -2~k (1 +m—2s,—m,1— s, Tx)
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In particular, (1 — x2)*?h(zx) is a polynomial of degree d < m (or a constant if m = 0), as
(=m)i = 0 for every k > m + 1. The case m = 0 implies y to be constant and thus v = 0, which
is excluded from the condition A(u) = {z1 = z2 = 0}. Hence, m > 0 and y is a polynomial of
degree d in cosf. As for every k >0

Lia[(cos0)] = (AMA+a) — k(k+a)) (cos0)* + k(k — 1) (cos 0)"2,
we infer that d = A = v+ s = m and that y depends only on powers of cos # with the same parity
as m:
y(c058) = (€OSO)™ + a2 (€OSO)™ 2 + -+ + py_{mpn) (08 O™,y £0.
Therefore, u is an m-homogeneous polynomial of the form in (A.2) and by a direct computation
div(z§Vu(z)) =
m—1
3 ((m — 2k)(m — 2k — 1) ag + 2(k + 1)(2k + 1 + a) ak+1> g 2k2y 2kt )
k=0
we conclude the explicit form of the coefficients .

Next we discuss case (ii): from (A.19) we get As = 0 and from (A.17) we get v € N. Thus
oF (v+1, —v,1—s,-) is a polynomial of degree at most v = m with m € N\{0}. The corresponding
representation formula in (A.3) follows at once from

u(rcosf,rsinf) = Ay r™*° (sin)® P} (cos )

m

ALY s N A Dm0k :
= A kzzo 2FEI (1 — s)p (1= cosf)"(1 + cosf)

We discuss case (iii): from (A.16) and (A.17) we get that A; =0 and v — s = m € N and the
representation formula for solutions in (A.4) follows by direct verification (alternatively one can
also derive it from the explicit formula in terms of the hypergeometric function).

4. Finally, we discuss the case of solutions u to the lower dimensional obstacle problem (1.1). In
particular, u solves (A.1), u|p; > 0 and the normal weighted derivative satisfies a sign condition.
Thus, the following additional boundary conditions need to be satisfied by y:

lim (sin6)'~**y'(f) <0 and  lim (sin6)'~?*y'(6) > 0
eilog(sm ) y'(0) < an 9#}17(5111 ) y'(0) >0,
y(0) >0 and y(m) > 0.

In turn, these for the function h translate into

11?11(1 —2?) 7/ (swh(x) — (1 — 2?)h/ (2)) <0, (A.21)
3@1(1 —2?) 7 (szh(z) — (1 — 2?)W (2)) > 0, (A.22)
11?11(1 —2%)7h(z) <0, (A.23)
11@1(1 — 22 h(z) > 0. (A.24)

We can then discuss the implications of (A.21) — (A.24) for the tree cases (i) — (iii). In case (i),
by (A.16) and (A.23) we get A; > 0; similarly, by (A.17) and (A.24) we get that I'(—v) > 0,
i.e. 2m — 1 < v < 2m for some m € N\ {0}. Since v + s € N, we conclude that v + s = 2m.

In case (ii), using (A.16) and (A.23) we conclude that A; > 0; moreover, from (A.20) and
(A.22) we infer that I'(—s — v) > 0 and therefore 2m + 1 < v+ s < 2m + 2 for some m € N. In
particular, since v € N, we have that v = 2m + 1 is odd.

Finally, in case (iii), using (A.19) in (A.21) and (A.20) in (A.22) we deduce that A > 0 and
I'(1 —v) <0, from which it follows that v — s = 2m is even. O

Using Proposition A.1 we now complete the proof of the classification of global solutions u €
H!P with (n — 1)-dimensional spine in Lemma 5.3.
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Proof of Lemma 5.5. For every u € H'P, we have that u depends on x,,1 and only one in-plane
variable, i.e. u(r) = v(x - e, 2,41) for some v : R? — R and for some unit vector e € R"*! with
e-ent1 = 0. In particular, v is a two-dimensional solution to the lower dimensional obstacle
problem in R?. Therefore, by Proposition A.1 we know that A € {2m,2m—1+s,2m+ 2s}m€N\{0}
and v is one of the functions in (A.2) — (A.4). The statements about T'(u), A(u), N'(u) and S(u)
follow from the explicit formulas therein. O

A.2. Further classification results. Here we provide a proof to Proposition 8.2. We split the
argument in two parts. We start off classifying in any dimension all A-homogeneous solutions
(even symmetric with respect to zp41) of

{—div(|xn+1|“Vu) =0 B\ A

W0 Alu) (A.25)

such that A € [1 + 5,2+ s) and having as contact set A(u) one of the following
(i) Alu) ={zn = 201 =0},
(i) A(u) ={z, <0, 241 = 0},
(iii) A(u) = {xns1 =0},
We follow the arguments in [12, Lemma 5.3] and [24, Lemma A.3], in which the case A =1+ s
with A(u) = {x, <0, z,41 = 0} is addressed. To this aim we introduce the following notation:
r= (2", 2n, Tny1) ER"I xR xR.

Lemma A.2. Let u: R"™ — R be a A-homogeneous solution of (A.25), even symmetric w.r.to
Zpy1, with X € [1 + 5,2+ 8) and A(u) one of the sets in (i) — (iii) above. Then, the following
occurs:

e in case (i), \ = 2 and there exists a 1-homogeneous polynomial ¢ : R"1 — R and a
constant ¢ € R such that

u(z) = q(z") 2 + ¢ Po(2n, Tnt1); (A.26)

e in case (i), A = 1+ s and there exists a 1-homogeneous polynomial ¢ : R"~! — R and a
constant ¢ € R such that

u(z) = q(z") (azn + /22 + a:?m) + W (2n, Tni1); (A.27)

e in case (iii), A = 1+ 2s and there exists a 1-homogeneous polynomial q : R™ — R such
that

u(@) = |zn]* g(a’). (A.28)

Proof. 1. In case (i), since H"(A(u)) = 0, it follows from [12, Lemma 5.3] that u is a polynomial.
Therefore, A = 2 and by symmetry u(z) = g(z’,z,) + a2? ;, with ¢ : R” — R a 2-homogeneous
polynomial and o € R. Furthermore, by taking into account that A(u) = {z, = zp41 = 0} we
infer that q(2/, x,) = q1(2")xn+B 22, with ¢; : R"™! — R a 1-homogeneous polynomial and 3 € R.
Thus, u(z) = ¢1(2')z, + B2 + az? |, and imposing that u solves the equation we conclude that

div([p41]*Vu) = div(Je,1[*V (B 2] + a2l ,)) = 0.

In particular, from the classification in Proposition A.1, we must have S22 + az? | = ¢ ®,, thus
implying (A.26).

2. In case (ii), we consider the tangential derivatives up to the third order d;u, 0;;u and 0;jxu
in directions 7,7,k € {1,...,n — 1}. By the regularity estimate in [17] (cf. also [24, Lemma A.2])
we deduce that d;u, d;;u and d;ju € HYL (R™, |2y 41|* £771) N L2 (R™F1). In particular, since
Oijru is A — 3 < 0 homogeneous, it follows that d;;,u =0 for all 4,5,k € {1,...,n — 1}. We then
infer that

iju(a” xp, xni1) = 0iju(0, T, Tpi1).
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Being 9;;u(0, T, £p41) solution to (A.25), the analysis in Proposition A.1 implies that its homo-
geneity A — 2 is at least s, a condition excluded by the restriction A < 2 + s. We then conclude
that 9;;u =0 for all 4,7, € {1,...,n — 1}, thus we get
aiu(x/lu Ln, $n+1) = alu(ou Ln, xn+l)7
and
n—1
u(xl/7 L, xn—i—l) = U(O, L, :En-i-l) + Z azu(oa L, :En-i-l) Z;. (A29)
i=1
In particular, we infer from Proposition A.1 that the only allowed homogeneity is A = 1+ s,
w(0, Ty, Tpi1) = oW1 (T, Tni1) and Qu(z”, zp, Tni1) = ¢;Wo(xn, Tni1), for some constants ¢; €
R (note that all these functions solve (A.25) with contact set A = {z,, < 0,2,41 = 0}). Using the
explicit formulas in Proposition A.1, we conclude (A.27).

3. For case (iii), we can argue analogously as above. In particular, from the (A—3)-homogeneity
of O;jru and A — 3 < 0, it follows that 0;pu = 0 for all 4,5,k € {1,...,n}. Therefore, 9;;u are
functions which are (A — 2)-homogeneous and depend only on x, 1. By a direct computation we
get from (A.25) that dj;u = cx2%,, i.e. A = 2+ 2s: since A\ < 2+ s, we infer that ¢ = 0 and
Oiju=0for all i,j = {1,...,n}, in turn implying

w(@', pi1) = u(0,2p41) + Z 0;u(0, Tpt1) x;. (A.30)

i=1
By taking into account the homogeneity of uw and d;u and (A.25) (which implies, in particular,
that w(0,z,4+1) = 0), one then obtains (A.28). O

We are now ready to prove the general case of Proposition 8.2. Actually, we show a slightly
more general result.

Proposition A.3. Let u: R"T! — R be a non-trivial A\-homogeneous function even w.r.to T, 1.
Assume that u is a weak solution of (A.25).
(i) fAN=m e N\{0,1} and {x - e = xp41 = 0} C A(u) for some unit vector e € R"™ x {0},
then

u(@) =Y pr(a") Oz €, 2011), (A.31)
k=0

with px : R"™Y — R harmonic k-homogeneous polynomial.
(ii) If A = m + s, with m € N\ {0}, and {z - e = x,4+1 = 0} C A(u) for some unit vector
e € R™ x {0}, then

(@) = S i @) (- e wpin) + 3oy (@) Ui eozarn)s (A32)
k=0 k=0

with px : R"™1 — R harmonic k-homogeneous polynomial.
(ili) If A =m+2s, withm € N, and A(u) = {zn41 = 0}, then
/2]

u(w) = |znia > Y wak Afp(a’) (A.33)
k=0

(=1*
AREN (148), ©
Moreover, if u is a solution to the thin obstacle problem (1.1), then in case (i), respectively (ii), u
turns out to be a positive multiple of hom (2 - €, xn41), Tespectively hom—14+s(F2 - €, Tpq1).

with p : R™ = R any m-homogeneous polynomial and ~y, =

Proof. Without loss of generality we assume that e = e,,. The proof proceeds by induction on
m € N, with starting step provided by Proposition A.2.

The cases (i) and (ii) can be treated by the same argument. We consider the horizontal partial
derivatives 0,,u for j € {1,...,n —1}. By the regularity estimate in [17] we have that d,,u €
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HE (R 2y, |* L7771 N LS, (R™ 1) are solutions to (8.3) with {z, = zp,41} € A(d;u) and ho-
mogeneity )\ 1 =m—1or A = m—1+s, according to the two cases. Using the inductive hypothesis
du =37", pqu’m 1—k for X =m or du = >} pzk\Ifm_l_k( )—i—zk 0 Pik Up1-k(—)
for A = m + s, for some harmonic k-homogeneous polynomials p; ;, and pZ .- Therefore, we infer
that ’

1n—1

w(x) = u(0, Zp, Tni1) / Z O, u(tz” xp, xpgr) oy dt

1n—1m-—1
(0 InvanLl / Z Z tk N mflfk(xnvanLl)xi dt

1=1 k=0

(Ouxnaxn—i-l + Z pk: N)(I)m—l—k(xnaxn—i-l)u

k=0
and similarly
m—1 m—1
u(x) = u(0, zp, xpi1) + Z pk (VU1 (T, X)) + Z P ()1 (—Tn, Trgr)s
k=0 =0

with kp,(ci)(:ﬂ") = pfj,z)( ")x;. Using the equation (A. 25) (in particular, recall that ®;, ¥,
are solutions of (A.25)), we deduce that the polynomials pk,pk are harmonic and u(0, z,, Zn11)
is itself a solution (i.e. u(0,2pn, Tnt1) = ¢ P (Tn, Tny1) or w(0, 2, Tni1) = 1 Vi (Tn, Tni1) +
co Uy (—Zp, Tpy1) for some ¢, cq,co € R), thus concluding the proof for the cases (i) and (ii).

In case (iii) with A = m + 2s, we consider instead all the horizontal derivatives of « and use the
inductive hypothesis (A.33) in the form

L)
Ou(x) = |Tni1]* Z 22k Gim—1—ok(2’) Vi€ {l,...,n},
k=0

where qfn_% are (m — 1 — 2k)-homogeneous polynomials. Therefore,

1 n L(nlfl)J

w(@) = u(0, zpy1) + |;vn+1|25/ Z Z 21 Qi1 ok () ; dt
=1 =
L]
- U(Oawn—i-l) + |$n+1|2s Z xiﬁlQm—Zk(*/L‘)a

with (m — 2k)gm—or(z) = E?:l Qim—1—2k(2")x;. Taking into account the homogeneity of u, we
infer that u(0,7,+1) = c|lz,+1|™2* and the exact form for the polynomials gx in (A.33) follows
by using the equation (A.25).

Finally, we discuss the case of solution to the obstacle problem (1.1). In case (i), the unilateral
condition u > 0 on Bj implies that

w(x”, wp, 0 Zp 2™ R D, 1 (1,0) + po Py (2,,0) >0 V2" € R* 1 x {0}

This implies that the polynomlals pr with k € {1,...,m} are all zero. Let, indeed, j := min{k €
{1,...,m} : pr # 0} and divide u by xJ, > 0: by taking the limit as x,, | 0 we infer that p,
is a constant sign homogeneous harmonic polynomial, which holds only if p; = 0, thus giving a
contradiction. Therefore, we conclude u(x) = po®,, (2, xn+1) with pg > 0 for solutions to the
obstacle problem.

For the case (ii), by the same argument we deduce that all polynomials pf = 0 for k €
{1,...,m}, and therefore u(x) = par\IJm(:zrn, Tnt1) + Do U (—p, Tny1) with p(jf > 0. Since u is a
function of two variables, the conclusion follows now from Lemma 5.3. O
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