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METASTABLE DYNAMICS FOR HYPERBOLIC
VARIATIONS OF THE ALLEN-CAHN EQUATION

RAFFAELE FOLINO, CORRADO LATTANZIO, AND CORRADO MASCIA

ABSTRACT. Metastable dynamics of a hyperbolic variation of the Allen-Cahn equation
with homogeneous Neumann boundary conditions are considered. Using the “dynamical
approach” proposed by Carr—Pego [10] and Fusco—Hale [20] to study slow-evolution of
solutions in the classic parabolic case, we prove existence and persistence of metastable
patterns for an exponentially long time. In particular, we show the existence of an
“approximately invariant” IN-dimensional manifold M, for the hyperbolic Allen-Cahn
equation: if the initial datum is in a tubular neighborhood of M, , the solution remains
in such neighborhood for an exponentially long time. Moreover, the solution has N
transition layers and the transition points move with exponentially small velocity. In
addition, we determine the explicit form of a system of ordinary differential equations
describing the motion of the transition layers and we analyze the differences with the
corresponding motion valid for the parabolic case.

1. INTRODUCTION

1.1. Metastability in reaction-diffusion equations. Reaction-diffusion equations are
widely used to describe a variety of phenomena such as pattern formation and front prop-
agation in biological, chemical and physical systems. When the model under study is
characterized by the presence of competing equilibrium states, a crucial question is to
describe the interaction and the dynamics of space occupation by the equilibria. A basic

prototype is the Allen—Cahn equation, which have the form
u + L(u) =0 where L(u) := —e*Au + f(u), (1.1)

and it has been originally proposed in [2] to describe the motion of antiphase boundaries

in iron alloys. Such equation has an associated energy functional

/ {;EQ\WP + F(u)}d:r,

where the potential F' is a primitive of f and integration in space is performed in the
domain under consideration. For the Allen—-Cahn model, the function F' is assumed to

be a double-well potential with wells of equal depth. As a consequence, the reaction
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function f has a cubic-type behavior with two stable and one unstable equilibria, usually
normalized as 1 and 0, respectively.

In the absence of diffusion, viz. ¢ = 0, the space variable x becomes an external pa-
rameter and solutions generically converge pointwise to functions with values in {—1,+1}
with sharp transition layers generated at points where the initial datum changes sign.
For small € > 0, if the initial datum is a small perturbation of a function with values in
{1, +1} with well-separated transition regions, diffusion determines in a short time-scale
a smoothed version of the original configuration and, on a longer time-scale, layers inter-
act giving rise to front motion. When the space variable is one-dimensional, starting from
[8, 10, 20], it has been shown that, as long as layers are well-separated the interaction
force is very weak and the consequent motion is very slow. The meaning of weak/slow
can be quantified more precisely, as discussed in what follows. Postponing such details, in
the regime ¢ — 07, the original configuration is preserved for a long time and thus such
behavior has been classified as metastability.

Many papers have been devoted to slow motion analysis for the Allen—-Cahn equation
providing precise description of the relation between the size of the diffusivity € and the
time-scale of the dynamics. A complete list of references would be prohibitive. Here, we
only quote the analysis on generation, persistence and annihilation of metastable patterns
performed in [14]. A large class of different evolution PDEs, concerning many different
areas, exhibits the phenomenon of metastability. Without claiming to be complete, we
list some of the principal models that have been analyzed: scalar conservation laws [19,
31, 32, 34, 38], the Cahn—Hilliard equation [1, 3, 4, 7, 36], Gierer—Meinhardt and Gray—
Scott systems [40], Keller—Segel chemotaxis models [16, 37], general gradient flows [35],
high-order systems [30], gradient systems with equal depth multiple-well potentials [5, 6],
Cahn-Morral systems [23], the Jin—Xin system [39].

The aforementioned bibliography is confined to one-dimensional models; however, there
is a vast literature of works about motion of interfaces in several space dimensions, where
the effect of the curvature of the interfaces turns out to be relevant for the dynamics.
In particular, for the Allen—Cahn equation, we recall the works [9, 13, 15], where it has
been shown that steep interfaces are generated in a short time with subsequent motion
governed by mean curvature flow.

The present paper is devoted to the analysis of metastability in a hyperbolic framework.
Precisely, given € > 0, 9 € (0,4+00], f : R—Rand g : Rx (0,79) — R, we consider here
the hyperbolic Allen—Cahn equation

Tug + g(u, T)up = e2Au — f(u). (1.2)

The function f is required to be the derivative of a double well potential F with non-

degenerate minima of same depth, and the function ¢ is assumed to be strictly positive,
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uniformly with respect to u; namely, we assume

F(£l) = F/(£1) =0, F'(1)>0, F(u)>0 for u# +1, (1.3)
g(u,7) > ¢y >0 Vu, (1.4)

where the constant ¢, may depend on 7. The uniform positivity of ¢ in (1.4) is crucial,
because it guarantees the dissipative nature of the model. If, in addition, g(u,7) — 1 as
T — 0, we formally recover (1.1) from (1.2) in the (singular) limit.

In the case g = 1, equation (1.2) can be obtained by adding a nonlinear zero order
perturbation to the damped wave operator 797 + d; — €2A. For such a choice, many
studies have been devoted to the stability of fronts —mainly in one space dimension—
for bistable or monostable reaction term f (see [21] and references therein). Interface
formation has been analyzed in [25] in the singular limit ¢ — 0 for space dimension equal
to 2 or 3, showing that motion is governed by mean curvature flow, as is the case for the
corresponding parabolic model.

The choice of the hyperbolic variation (1.2) is motivated by the observation that there
are different ways for modeling transport mechanisms. The one at the base of (1.1) is the
classical Fourier law, originally proposed for heat conduction and then extended to many
other different fields, which prescribes the instantaneous proportionality between the flux
v of a quantity with “density” w and its gradient, v = —?Vu. Such choice has the ad-
vantage of providing a simple equation enjoying a number of useful properties (smoothing
effects, self-similarity, ... ), but, at the same time, it has a number of drawbacks, the best
known being the presence of infinite speed of propagation. Still in the framework of heat
conduction modeling, following some ideas developed by Maxwell in the context of kinetic
theories, Cattaneo proposed in [12] a different law for the heat flux v, based on the as-
sumption that the equilibrium between flux and gradient of the unknown is asymptotical

with a time-scale measured by the relaxation parameter 7 > 0, that is
v +v = —e*Vu (Maxwell-Cattaneo law) (1.5)

(an extensive discussion is reported in [27, 28]). In the one-dimensional case, the diffusion
equation given by the law (1.5) has also a probabilistic interpretation, appearing in the
description of correlated random walks (see [22, 29, 41]) to be compared with the standard
random walk, which gives raise to the standard parabolic diffusion equation.

Criticisms to the application of the use of Fourier-type law has been given also in
modeling reaction-diffusion phenomena (see [24, 26]). In the presence of a reaction term

described by the function f, application of the Maxwell-Cattaneo law gives

Tuy + {u—l—Tf(u)}t =e?Au — f(u),
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to be considered as a modification of the standard Allen—Cahn equation when f satisfies
(1.3) (see also [17], for different origins of the same equation). This equation fits into
(1.2) with the choice g(u,7) := 1+ 7f'(u). We refer to this specific model as the Allen—
Cahn equation with relazation, reminiscent of the relaxation-type law (1.5). Existence and
nonlinear stability of traveling wave solutions for this equation has been analyzed in detail

in [33] for general bistable reaction terms in one space dimension.

1.2. Presentation of the main result. This study is devoted to the one-dimensional

case, so that the hyperbolic Allen—Cahn equation reads as
Tug + g(u, T)ug + L(u) = 0, (1.6)
corresponding to the parabolic Allen—Cahn equation
ug + L(u) =0, (1.7)

where L(u) := —%u,, + f(u). Specifically, we are interested in the limiting behavior of
the solutions as ¢ — 0 with the aim of extending the metastable dynamics for (1.7) to the
hyperbolic case (1.6) and focusing the attention on eventual differences.

In [18], adapting the energy approach proposed by Bronsard and Kohn [8] for the para-
bolic equation (1.7), the first author has shown that, if the initial profile u has a transition
layer structure and the initial velocity vg is small, then the solution maintains the transi-
tion layer structure on a time scale of order e % with k arbitrary. The energy approach
has also been applied to Cahn-Hilliard equation in [7]. Grant [23] improved this method
to prove exponentially slow motion for Cahn—Morral systems.

A different procedure, proposed by Carr—Pego in [10] and Fusco—Hale in [20], permits to
prove existence and persistence of metastable states for the Allen—Cahn equation (1.7) for

a time proportional to e¢/¢

. This strategy provides also an explicit differential equation for
the dynamics of the transition layer positions (far from collapses). The method is based
on the construction of an N-dimensional base manifold M consisting of functions which
approximate metastable states with NV transition layers. The manifold is not invariant,
but if the initial datum is in a small neighborhood of M, then the solution remains near

the manifold for a time proportional to e¢/¢.

Based on these ideas, slow motion results
have been proved for the Cahn—Hilliard equation by Alikakos et al. [1] and by Bates and
Xun [3, 4]. In particular, the last ones use the same manifold constructed in [10].

Here, we adapt the method of [10] to the hyperbolic Allen-Cahn equation (1.6) embed-
ding the base manifold M in an extended phase space determined by the presence of the

additional unknown v = wu; as suggested by the first-order form of equation (1.6) given by

{ Tor = —L(u) — g(u, 7)v. (18)
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System (1.8), considered here for t > 0 and x € (0, 1), is complemented with homogeneous

Neumann boundary conditions
ug(0,t) = ug(1,t) =0, t>0, (1.9)
and initial conditions
u(z,0) = up(x), wv(x,0)=uv(x), xz € (0,1). (1.10)

The initial-boundary value problem (1.8)-(1.9)-(1.10) is globally well-posed for positive

times in H! x L?. In particular, if
(uo,v0) € D = {(u,v) € H* x H' : u,(0) = uy(1) = 0},

the solution (u,v) is classical and belongs to C ([0, 00), D) N C* ([0, 00), H! x L?) (among
others, see [18, Appendix A]). Then, our aim is to describe the dynamics of such globally
defined solution, at least for a class of “well-prepared” initial data.

Under assumptions (1.3)—(1.4), the hyperbolic equation (1.6) supports traveling wave
solutions connecting the equilibria —1 and 1, i.e. solutions of the form u(x,t) = ®(z — ct)
such that ®(+oo) = +1, if and only if ¢ = 0. Indeed, substituting the traveling wave

ansatz in the equation, we obtain
(2 = P1)" + cg(®,7)D — F(P) =0,

and thus, multiplying by ® and integrating over R, we get
c [ a(@ 7@ dg = F(+1) - F(-1),
R

from which we deduce, under (1.3) and (1.4), that the velocity ¢ is zero. With such choice,

it is well-known that, up to translation, there is a unique solution to the problem
20" — f(®) =0, ®(z) >+l as x— +oo. (1.11)

Normalizing ® by adding the condition ®(0) = 0, transitions layer from —1 to +1 (or
viceversa) are described by ®(+(z — z)) for both equations (1.7) and (1.6).

Steady states ® are at the base of the construction of the base manifold M which
we sketch here (for precise definitions, see Section 2). Fix N € N and ¢ > 0. Given
a configuration h = (hi,...,hx) of N layer positions (with h; < hji1), we construct a
function uf which approximates a metastable state with transition points at hq, ..., hy,
by piecing together approximated versions of ®, that is u?(z) ~ ®(x — hj) or ®(h; — x)
for x ~ h; (see Figure 1).

Then, we consider the slow evolution of solutions when the transition points are well
separated one from the other and bounded away from the boundary points 0 and 1. For

fixed (small) p > 0, the admissible layer positions lie in the set

Q,={heRY : 0<hi < --<hy<1, hjy1 —hj>¢e/pfor j=0,...,N},
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FIGURE 1. Example of a function u”(z) with N = 8.

where hg := —h1, hyi1 := 2 — hy and the base manifold is M := {uh :heQ,}.
In what follows, we fix a minimal distance § > 0 with 6 < 1/N and we consider the
parameters € and p such that

€ 1
0 d < —< — 1.12
<e<ep an <p<N’ (1.12)

for some €p > 0 to be chosen appropriately small. In such a way, the parameters p and ¢

have the same order of magnitude. All of the subsequent estimates depend on N and §.
Denoted by (-, -) the inner product in L?(0, 1), to restrict the attention to a neighborhood

of M, we introduce the decomposition u = u® 4+ w, where w are such that the following

orthogonality condition holds
(w, k) =0, for j=1,...,N, (1.13)
for some appropriate approximate tangent vectors k:jh Then, setting
HY = {w e H*(0,1) : wy(0) = wy(1) =0, (w,k}) =0 for j=1,...,N},

we consider triples (h,w,v) in the set , x H% x L?(0,1) and the corresponding eztended
base manifold
M, == M x {0} = {(uh,O) cul e M}.
Next, we choose a tubular neighborhood of M : given I', p > 0, we set
Z., = {(w,v) : u= u" +w, (h,w,v) € Q, x Hy x L*(0,1), EMw,v] < Ir'v(h)},

with the energy functional E® and the barrier function ¥ defined by

=z /{6210 + f'(u 2}dx+%7’||v|]2+57'<w,v>, (1.14)

:Z ), kM7 (1.15)

i=1
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where || - || is the L?—norm. Our main result states that the channel Z.  is invariant for
an exponentially long time if the parameters I' and p are appropriately chosen. In other

words, the manifold M, is approximately invariant for the hyperbolic system (1.8).

Theorem 1.1. Let f € C% and g(-,7) € C* with T € (0,79) be such that f = F" and (1.3)-

(1.4) hold. Given N € N and § € (0,1/N), there exist T'o > T'; > 0 and €9 > 0 (possibly

depending on T) such that, if €, p satisfy (1.12), T' € [I'1,T'9] and the initial datum satisfies
(w0, vo) Géwz {(u,v) € 2., : heQ, and EMw,v] < TW(h)},

then the solution (u,v) to the initial-boundary value problem (1.8)-(1.9)-(1.10) remains in

Z. , for a time T; > 0, and there exists C >0 (possibly depending on T) such that for any
t e [0,T]

2wl oo + Il + 70l < C exp(—AL" [2), (1.16)

], < Cle/r) /2 exp(—Alh e), (1.17)

where A := /min{f'(-1), f'(1)}, (" := min{h; — hj_1} and |- | denotes the mazimum

norm in RN. Moreover,
T. > C(7/e) 2 (1M — ¢ /p) exp(Ad/e).

Remark 1.2. It is worth to observe that in the above theorem, and in general in the
whole paper, 7 should be viewed as a fized parameter in (0,79), and, as clearly stated,
the constants may depend on it. However, we prefer to make the ratio €/7 appear in
the estimates above because the constants may be chosen uniform with respect to 7 in
many cases, as for the relaxation limit 7 — 0 from the hyperbolic equation (1.6) to the
parabolic Allen-Cahn equation (1.7), namely for g(u,7) — 1 as 7 — 0; the main examples
in this framework we have already introduced above are ¢ = 1 and g(u,7) = 1 4+ 7f/(u).
More precisely, if g(u,7) — 1 as 7 — 0 in any reasonable way and w is bounded, then
(1.4) implies 0 < ¢4 < g(u,7) < C4 with ¢4 and Cy independent from 7 in a (right)
neighborhood of zero. With this extra (uniform in 7) control at our disposal, one can
follow the proofs needed to obtain our main result and see that the only dependence in 7
in the bounds for A’ and T is through the aforementioned ratio £/7, which can be used
to study the interplay between the two small parameters € and 7 while performing this

relaxation limit.

The strategy to prove Theorem 1.1 is the following. Firstly, plugging the decomposition
u = uP 4w into system (1.8) and using conditions (1.13), we obtain an ODE-PDE coupled
system describing the dynamics for (h,w,v), see system (3.6). Then, we show that, if the
solution (u,v) belongs to 2. , the estimates (1.16) and (1.17) hold. Next, we estimate
the time T: taken for the solution (u,v) to leave the channel Z,. . The boundary of Z.
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is the union of two parts: the “ends” where h € 9, meaning h; — h;_1 = £/p for some j
and “sides” where E*[w, v] = I'U(h). Using an energy estimate, we infer that the solution
can leave Z;. ~only through the ends. Since, for (1.17), the transition points move with
exponentially small velocity, the solution (u,v) stays in the channel for an exponentially
long time.

As long as the solution (u,v) remains in the channel Z, , u is a function with N
transition layers. The estimate (1.17) ensures the slow motion of solutions and gives a
lower bound on the lifetime of the metastable states. In order to give further information
on the motion of the transition layers and an upper bound on such lifetime, we study in
detail an approximation of the equation for h, determined formally by the requirement that
u(z,t) = uPM?(z) is an exact solution. Such a requirement is expected to be appropriate
in the limit ¢ — 0. In this way, we obtain a system of ordinary differential equations for

h which does not depend on w and v and has the form
7h" +~,h' = P*(h), (1.18)

where v, :=g(+,7) and the (weighted) average g of the continuous function g is given by

_ 1 1\/7 d
£ A / V) g(s)ds,

and P* is a function, depending on F. Equation (1.18) has to be compared with the
corresponding one for the parabolic case (1.7), which is ' = P*(h). For the nonlinear
damped wave equation g = 1, we have v, = 1, while for the Allen-Cahn equation with
relaxation we obtain v, = 1+ 7f’. Since f’ is negative, the (physical relevant) relaxation
case exhibits smaller friction effects with respect to the damped one (details in Section 4).

System (1.18) has a unique equilibrium point (h¢,0) where h¢ is the unique zero of P*,
that corresponds to the unique stationary solution u¢ of (1.6) with N transition layers,
normalized by the condition u(0) < 0, without loss of generality. In the parabolic case, h®
is an unstable equilibrium point with N positive eigenvalues; whereas, for the hyperbolic
model, (h¢,0) is an unstable equilibrium point for (1.18) with N positive eigenvalues and
N negative eigenvalues.

The rest of the paper is organized as follows. In Section 2 we give all the definitions,
preliminaries and the construction of the manifold M. Furthermore, we recall all the
results of Carr and Pego [10] needed to prove Theorem 1.1. Section 3 is devoted to the
derivation of the equation of motion for the triple (h,w, v) and to the proof of Theorem 1.1.
In Section 4, we deduce the approximating equation for h, we prove that there is a unique
equilibrium point (h¢,0) and we study its stability. Finally, using singular perturbation
theory, we show that, for 7 small, if g is uniformly bounded and g(u,7) — 1 a.e. as 7 — 0,

the behavior of the solution to (1.18) is the same of the parabolic case (see Theorem 4.5).
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2. PRELIMINARIES

Following [10], we construct the base manifold and collect estimates that we will use in

the proof of our results. For fixed p > 0, we recall the definition
Q, = {heRN t0<h <--<hy<1l, hj—hj>¢/pforj=1,...,N+1},

where hg := —hy and hyy1 := 2 — hy. By construction, if p; < po, then Q,, C Q,,.

The idea is to associate to any h € €2, a function ul = uP(x) which approximates a
metastable state with IV transition points at hi,..., hxy by matching appropriate steady
states of equation (1.7). The collection of u"® determines a N-dimensional manifold. In
order to describe the dynamics in a neighborhood of such manifold, the framework has to
be complemented with a projection which permits to separate the solution into a compo-
nent on the manifold and a corresponding remainder. For the Allen-Cahn equation (1.7),
two different constructions have been proposed in [10] and [20].

In [20], Fusco and Hale use functions ®(£(z—z)) with ® the solution of (1.11) previously
defined, and set

Uh(l') :(b((l'—h])(—l)]+1>, S [hj71/27hj+1/2]7 ] = 1,...,N,
where
1o = 5(hj 4+ hjs1) Jj=0,...,N,

(note that hy/9 = 0, hyy1/2 = 1). Hence, they obtain a manifold MFH composed by
continuous functions U? with a piecewise continuous first order derivative that jumps at
hji1/2: 3 =1,..., N — 1. In particular, the elements of the manifold belong to H' and
not to H? (if N > 1). In addition, they construct a tubular neighborhood of MF" with
coordinates (h, V) by setting

u=U"+V  with (VUM =0 j=1,...,N,

where U jh are the derivatives of U" with respect to hj. By construction, U jh have disjoint
supports and Ujh(x) = —Uhl(z) for all z € (hj—1/2, hjq1/2)- In [20], it is also conjectured
that equation (1.7) has an invariant manifold M near M*" and that this manifold
MEH is a graph over MY, Fusco and Hale did not prove the existence of the invariant
manifold, but assuming existence, they calculated a first approximation for MYH and
for the differential equation for h describing the reduced flow. They also conjectured
that metastable states with N transitions are associated with the unstable manifold of
stationary solutions of (1.7) having N layers.

Both conjectures have been proved in [11] using a different base manifold, previously
constructed in [10]. The approach used by Carr and Pego is based on a different choice

h

and matching of steady states, which provides functions u”, composing the base manifold
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MCP which are smooth in both z and h. The crucial difference with respect to the

Fusco—Hale approach, resides in the fact that, for £(u) := —2Upy + fu),
E(Uh) =0 and E(uh) £ 0 for z =~ hj,
c(Uh) # 0 and ﬁ(uh) =0 for = hjii/9,

with major consequences on the location of £(u®) with respect to the tangent space to
MEOP at uP, as will be clear in the following presentation.

In this paper, we follow the framework established by Carr and Pego adapting it to
the case of the hyperbolic Allen-Cahn equation (1.6). Since the equation we consider
corresponds to the system (1.8), the dynamics is determined by an additional unknown,
the time derivative v = w;, and thus the base manifold M®F has to be embedded in
a extended vector space. Here, taking advantage of the fact that we are looking for a
manifold that is only approximately invariant, we perform this extension in a trivial way,
considering the extended base manifold MS¥ := M" x {0}.

From now on, we drop the letters C'P in the symbol used for the manifolds.

2.1. Carr—Pego base manifold. Given L > 0, let ¢(, L, 4+1) be the solution to
— pua + f(9) =0, p(—3L) = v(3L) =0, (2.1)
with ¢ > 0 in (=1L, 3L), and let ¢(-, L, —1) be the solution to (2.1) with ¢ < 0 in
(=3L,3L). Observe that if ¢ satisfies (2.1), then
v = 2{F(p) = F((0))}. (2.2)
Using this formula, we can prove existence and uniqueness of the solutions ¢(-, L, +1).

Lemma 2.1. Let f = F', with F' a smooth function satisfying (1.3). There exists Ly > 0
such that, if L > Lg, then the functions ¢(-, L, £1) are well-defined and, denoting by

M(L) = max|g(z, L, 1) = [¢(0, L, +1)],
T
we have that My is an increasing function of L and My (400) = 1.

This lemma is consequence of the fact that +1 are absolute minima of F' and so, there
exist periodic solutions of (2.2) oscillating around 0. Indeed, the existence of such solutions
is guaranteed if there exist My € (0,1) such that F(M;) = F(—M_), F'(My) # 0 and
F(s) > F(My) for all s € (—M_, My). This condition is certainly satisfied if My are
close to +1. Let us consider the positive case (-, L,+1) and M, (L) = ¢(0,L,+1). By
integrating (2.2) in (—%L,0) and using the boundary conditions in (2.1), we obtain

M ds
R e .
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The integral in (2.3) tends to infinity as M} — 17 and it is an increasing function of
My for M, close to +1. Hence, for L sufficiently large, there exists a unique M, such
that (2.3) is satisfied and so the function ¢(-, L, +1) is well-defined. The negative case
o(-,L,—1) and M_(L) = —p(0, L, —1) is similar.

Now, given £ > 0, let us define ¢(z, ¢, £1) := gp(%, g, il). By definition, it follows that
o(-,£,41) is the solution to

L(§) = —&*pua + [(9) = O, o(—3¢) = ¢(3¢) =0, (2.4)
with ¢ > 0 in (=3¢, 1¢), and ¢(-,£, —1) is the solution to (2.4) with ¢ < 0 in (—3¢, 20).
Moreover, the functions ¢(-, ¢, £1) are well-defined if £ > ¢Lg, they depend on € and ¢ only
through the ratio £/¢. Finally,

max |o( 4 41)] = Me(f/e)  and  max|é,(6,£1)| < O,

where C' > 0 is a constant depending only on F'. In particular, My tends to +1 ase/¢ — 0
(more details in Proposition 2.5).

For h € Q, with p < 1/Lg, we define the function uP with N transition points at
hi,...,hn by matching together steady states to (1.6) with layer distance equal to ¢,
using smooth cut-off functions. Given x : R — [0,1] a C* function with x(z) = 0 for
x < —1and x(x) =1 for x > 1, set

, —h. A )
X! (z) = x <$ . j) and ¢’ (z) = ¢ (x — hj_19,hj — hj_1,(=1)7).

Then the function u® is given by the convex combination
Uh = (1 — Xj) (ﬁj + Xj¢‘7+1 n Ij = [hj—1/27 hj+1/2]7 (25)
and the base manifold for the equation (1.7) is defined as
M:={u":heQ,}.

If p > 0 is sufficiently small and h € Q,, then u"(z) ~ ® ((x — h;j)(—1)?7!) for = near h;

h

and u?(z) ~ %1 away from hj for j =1,..., N. Therefore, states u™ on the base manifold

are well approximated near transition layers by U".

By definition, u” is a smooth function of z and h and enjoys the properties
uh(o) = ¢(07 2h1, _1) < 07 uh(hj—‘rl/?) = ¢) (07 hj+1 - h]7 (_1)J+1)
uP(h;) =0, LuP(x)) =0 for |z —hj|>e,
for any j =1,..., N. In what follows, we use the notation
ugl = ahjuh, Vyuh = (u’f,...,u’ﬁ,),

and we denote the tangent space to M at u® by TM(uh) = span{u;? cj=1,...,N}
At this point, the natural idea would be to construct a tubular neighborhood of M, with

coordinates (h,w) where w is orthogonal to TM(u™). Since M is not invariant, there is
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higher flexibility in the construction of its neighborhood and tubular co-ordinates near M
can be defined using approximate tangent vectors to M. For j =1,..., N, introduce the

cutoff function 4/ given by

. T—hi 19 —€ xr—h; + €
i(p) =y (9727 (2T E
e (R ) 1 (P )|

Then, the approrimate tangent vectors k:jh are defined by

k;’(:n) = = (x)ul (2).

xT

By construction, k;b are smooth functions of x and h and are such that

kP (z) =0 for ¢ [hj_1/2, hjt12];
k:;b(x) = —ul(z) for x € [hj_1/2+2¢,hjq1/0 — 2]
As above, we use the notation

Kl = O, kT, Vo k= (KL k).

The definition of the approximate tangent vectors is motivated by the relations

up = Opu & O, @ (2 — hy) (=1 71) = (1)@ (& — hy) (=17 = —up

X
for x € [hj_1/2, hj11/2]. In addition, the multiplication by the cutoff term +7 is reminiscent
of the fact that the tangent space of M is spanned by U jh that have disjoint supports.

The following estimates will be useful in the sequel.

Proposition 2.2 (Carr—Pego [10]). Let f = F' with F satisfying (1.3). Given N € N and
d € (0,1/N), there emist g9, C, Ag > 0, and a function w = w(s) with w — 0 as s — 0T
such that if € and p are chosen so that (1.12) holds and h € 2, then

||U?HLOO + el/ZHk;?H + ||k§lj” < Ce !,

J Ll —
Ag —w(p) < e[ult|| < Ag + wi(p),
Ao —w(p) < 2|KM| < Ao+ w(p),
{40 = w(p)}* < efult, k) < {Ag +w(p)}?,
forh €, and j=1,...,N. Moreover, if j =% i, we have

[, k) 2R+ N1

YR ]HLl < w(p)gil‘

Heuristically, the exponent of € can be obtained by replacing u? and k;l with —®'(z — h;).
A function u near M may be written in terms of coordinates (h,w) as u = u® + w,

with w satisfying the orthogonality condition (1.13). To state this result, let us set

. .o h
B = {u e L>: hlélffzp lu—u"|], o < a},

Spp = {(h,w)EQpXLOO: W] < 0, (W, K5 =0 for jzl,...,N}.



METASTABLE DYNAMICS FOR HYPERBOLIC VARIATIONS OF THE ALLEN-CAHN EQUATION 13

Proposition 2.3 (Carr-Pego [10]). There exist p1, p2,0,C > 0 with p1 < p2 and a smooth
function H : B, o — Qp, such that, whenever h = H(u), we have

(u—uh,k‘?):O for j=1,...,N,

and

[ C’inf{Hu i, L Q,,l} < Co.
Moreover, defining U : S’pl,a — By, o by setting
Uh,w) :==u" +w and S, o :=US,.0),

the function U is injective, (H oU)(h,w) = h for all (h,w) € S), » and the set S,, , is
open in L*>(0,1).

In the last statement, constants p1, p2, 0, C can be chosen independent on .

2.2. Energy functional £ and barrier function W. As stated in the Introduction,
the neighborhood Z,. & of the extended base manifold M, is defined in terms of the energy
functional E® and the barrier function ¥, see (1.14) and (1.15). The positivity of the first
term in £® holds for p small and w satisfying the orthogonality condition (1.13).

Theorem 2.4 (Carr-Pego [10]). Let f = F', with F satisfying (1.3). Given N € N and
d € (0,1/N), there exist g, A > 0, such that if ¢ and p are chosen so that (1.12) holds
and h € Q,, then

A/Ol{82w§ +w2}daz < / {5271)2 + f(u 2}da§
for any w € H'(0,1) satisfying (w, k:jh> =0forj=1,...,N.
Given h € Q,, we consider the operator L" linearization of £(u) about u”, i.e.
LM = —twey + f (WM w. (2.6)
If w e H? and w,(0) = w,(1) = 0, integrating by parts, we infer
(w, L"w) / {e*w? + f'(u")w* }da.

Hence, in this case, the energy functional can be written as

EMw,v] = $(w, LMw) + 37(|v||? + 7 (w, v), (2.7)
and from Theorem 2.4 it follows that

Allwl?® < (w, Lhw). (2.8)
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Moreover, let 2o € [0,1] be such that |w(z2)| = ||w||,- and let z1 € [0,1] be such that
|w(z1)| = min{|w(z)| : = € [0,1]}. Assume without loss of generality xo > 1 (otherwise

replace w(z) by w(l —z)). We have
cw(zo)? — ew(z1)? = /I2 2ew () wy(z) doe < /01{5210323 +w?}dz,
and so, 1
usHio<> < ew(x)? + /01{52103 +w2}d:r <(l+4e¢ / {s w? —I—w

By applying Theorem 2.4 and taking into account the latter bound with ¢ < 1, we deduce

also the estimate
%AEHU}H% / {e*w2 + f'(u 2}dac = (w, Lhw). (2.9)

In order to provide representations of the barrier ¥, defined in (1.15), we introduce some

auxiliary functions. Since ¢(0, ¢, £1) depends only on the ratio r = £/¢, we can define

ag(r) = F(4(0,4,+1)), Be(r) :==1F ¢(0,£,+1).
By definition, ¢(0,¢,+1) is close to +1 or —1 and so, ai(r),+(r) are close to 0. The

next result characterizes the leading terms in a+ and 4+ as r — 0.

Proposition 2.5 (Carr-Pego [10]). Let F be such that (1.3) holds and set A% := F"(%1).
There exists 1o, K+ > 0 such that if 0 < r < rg, then

ax(r) = %KiAi exp(_A:I:/T) {1 +0 (7"*1 exp(—Ai/Qr)) },
Ba(r) = K+ exp(=Ax/2r) {1+ 0 (r" exp(=Ax/2)) },

with corresponding asymptotic formulae for the derivatives of a+ and (.

Explicit expressions of K in terms of F' can be found in [10].

For 7 =0,..., N, we set
€

T = —
PR Ry — by
and ‘ ‘
QI H1/2 . @i (rjy1/2) Jodd, T By (rjy1/2) J odd,
a—(rjr1/2) Jeven, B-(rjr172) J even,
For h € Q,, since
LluP(x) =0 iffe—hyl >
k]h( ) = —uh(x) if | — hy| <e,
direct integration gives

hj+e ) )
(el = [ (e, e = 0072 0,
]‘Lj—E
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Thus, the barrier function ¥, defined in (1.15), can be written as
N
U(h) = (ol 72— adt1/2)%, (2.10)
j=1
The next statement collects some estimates we will use later on.

Proposition 2.6. Let f = F', with F satisfying (1.3). Given N € N and § € (0,1/N),
there exist €9, C > 0, such that if € and p are chosen so that (1.12) holds and h € €,
then

N

1L(uP)| < Ce'/? Z‘oﬂ*lﬂ - ozj_l/?‘ < Ce'?exp(—Alh e), (2.11)
7=1

|Lhu || < Cem 2 max{ad7V/2 o/ T2} < CemH 2 exp(—Alh e), (2.12)

where (" .= min{h; —hj—1 : j=1,...,N+1} and A :=min A,.
Here, we give only an idea of the proofs, the complete ones can be found in [10] for
(2.11) and in [11] for (2.12). Recalling the definition (2.5), for « € I;, we have
LMy =xd, (¢F — ) 2500 (0] — 01T) - G, (2.13)
where the remainder G is given by
G=(1-x) f(&)+xXf( @) = F (=X +x¢).
Using Lagrange interpolation formula,
4 4 e el
G - {a-w) [T [a-oroash
0 X7
with 0(s) = (1 — s)¢’(z) + s¢/T1(x). It can be shown (see [10, Lemma 8.2]) that there
exist C' > 0 such that for z € [hj —e,h; +¢], j € {1,..., N}, we have
[69(@) = 11 @) + 2|6 () — ¢4 (2)] < Clad V2 -0 (204

provided 7,741 < rog and 7q is sufficiently small. Using these estimates, the fact that
L(uM(x)) = 0 if |z — hj| > £ and that the m-th derivative of e™y/ is uniformly bounded

(independently on ¢), we obtain
|IL(ul(z))| < C ‘Oszrl/z - ajfl/Q‘ for x € I;.

Then, the L2-bound (2.11) follows since £(u") has support of length 2¢ in I;. The estimate
(2.12) is obtained in a similar way, by differentiating (2.13) with respect to h.

3. DYNAMICS NEAR THE BASE MANIFOLD

In this section we study the dynamics of (1.8)-(1.9) in a neighborhood of M, using
the decomposition u = u + w and deriving the system of equations for (h,w,v). Such

description will be used to prove Theorem 1.1.
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3.1. Equations for the motion. Let (u,v) be a classical solution of (1.8)-(1.9), with u
lying in the tubular neighborhood S, for t € [0,7] with T > 0. Let h(t) = H(u(-,t))
and w(z,t) = u(x,t) — uP®), where u? is defined by (2.5). We recall that u(-,t) € S, for
t € [0, 7] means that h(t) € Q,, w(-,t) € H% and ||w(-,t)||,. < o fort € [0,T]. Moreover,
v(-,t) € L?(0,1) for t € [0,T).
From (1.8) it follows that the pair (w,v) satisfies
{wt =v—Vpul H,

3.1
Tvp = —L(ul + w) — g(ul 4+ w, T)v, (3:1)

where - denotes the inner product in RY. Expanding, we get
1

Ll +w) = L)+ Lhw — frw?, where fy 1= / (1 —s)f"(uP + sw) ds,
0

and L" is the differential operator defined in (2.6).
Differentiating with respect to ¢ the orthogonality condition (1.13), we obtain

Z{uj,klh (w, kI YR, = (v, k),  i=1,...,N. (3.2)

Using the notation

Dyj(R) = (u}} k), Dij(h,w) = (w,kfy),  Yi(h,v) = (v,kl"),

R » i
equation (3.2) becomes
{D(h) D(h,w )}R =Y (h,v). (3.3)
From (3.1) and (3.3), we obtain the ODE-PDE coupled system
wy =v — Vpul - h,
TV = E( hy — Lhw + fow? — g(u? 4+ w, 7)v,
{D(h) — D(h,w)}h' =Y (h,v).
The matrix D(h) is diagonally dominant, because, for any n € (0, 1) there exists pg > 0
such that if p < pg, then
h) = IDg(h)| = (uf' k) = [(ult k)|
J#i J#i
> {(A0—w(p)’ = (N = Dw(p)le ' >nA3e™",  (3.4)
thanks to Proposition 2.2. Also, for a known property of inverses of diagonally dominant
matrices (see [42]), D(h) is invertible and it holds

ID7H (Rl <n7 1 Ag7e,

denotes the operator norm induced by the norm |-|_. In Section 4, it is

[

where || -
determined the explicit expression for the principal term in the expansion of the inverse
D7Y(h) as e — 0.
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The invertibility of the matrix D(h) — D(h, w) descends from the smallness of D(h, w)
for w — 0 and (3.4). Indeed, for (h,w) € S’po, applying Proposition 2.2, we infer

> 1Dig(hw)| < oo { 1A+ D IKE 0 }

J JFi
<a{C+ (N —Dw(p)le,
and thus
Dzz(h) - zz h w Z ‘Dz] - ﬁij(haw” > TIA% 5_1 - U{C + (N - 1)‘*}(/))}8_1'
J#i
Therefore, the matrix D — D is invertible for p and o sufficiently small and
~ -1 —
I{D(R) = D(h,w)} ||, <2nA57e. (3.5)
Applying {D(h) —ﬁ(h, w)}_1 in the equation for h, we obtain the final form of the system
wy =v — Vpu - h,
vp = —L(ul) — LPw + fow® — g(ul + w, 7)v, (3.6)
W = {D(h) — D(h,w)} 'Y (h,v).
The proof of our main result consists in providing estimates for the solutions to (3.6).

3.2. Proof of the main result. To start with, we observe that if (h,w) € Sp,a for p, o
small then there exists C' > 0 such that

W] < 29AG%elY (h,v)|., < OV o], (3.7)
using (3.5) and the third estimate in Proposition 2.2.
In order to prove Theorem 1.1, we restrict the attention to the set
2. = {(h,w,v) € Q, x HY x L*(0,1) : E"[w,v] <TV(h)}.

The aim of the next result is twofold. Firstly, it states that if the triple (h, w, v) belongs to
ZAF’p then the bound on (w, v) stated in Theorem 1.1, estimate (1.16), holds true. Secondly,
assuming in addition that (h,w,v) is a solution to (3.6), then also the bound on k' in
Theorem 1.1, estimate (1.17), is valid.

Proposition 3.1. Let F € C? be such that (1.3) holds and g(-,7) € C'. Given N € N
and § € (0,1/N), there exist e9,C > 0, such that for € and p satisfying (1.12),

(i) if (h,w,v) € Zr,p, then
Lelwl2, + drlol? < &fw, o,
LAfwl? + rlol? < Ew, ], (3.8)
EMw, v] < CT exp(—24" /),

where A is the positive constant introduced in Theorem 2./;
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(i) if (h,w,v) € ?:’F,p is a solution of (3.6) fort € [0,T], then

K|, < C(e/m)"/? exp(—Alh /). (3.9)

Proof. Let us prove the first inequality in (3.8). Using Young inequality, we have
el(w, v)| < E¥|wl|® + zllv|* < Ellwl? + gllvll?,
and so, recalling the expression for the energy £" given in (2.7),
h
EMw, 0] > §(w, Lhw) + g7l[v]|?* = ¥7l|w]? . .
Using (2.9), we obtain, for ¢ < A/87,
EMfw, o] = (A — er)eljullZ. + Srllvl? = $AclulZ.. + brfv]
Moreover, from (2.8), for €2 < A/47 one has
EMw,v] = (5A = 27)|Jwl* + §7llv]|* = A Jw]? + f]vl?,

concluding the first two inequalities of (3.8). The upper bound for *[w,v] follows from

the definition of éryp, the expression of the barrier ¥ given in (2.10) and Proposition 2.5.

To prove part (ii), using (3.8), we deduce the estimate
]| o < Ce™V2exp(—Alh/e) < Ce™ /2 exp(—Ad/e) =: o
since, by definition and (1.12), £* > ¢/p > §. Hence, for ¢ sufficiently small, both p and o

are small, and thus, for (h,w) € Sp,g, estimate (3.7) holds. Therefore, if (h,w,v) € Z;F’p,
then (h,w) € S’p,g and the estimate (3.9) is obtained by applying (3.8) in (3.7). O

Now, we estimate the time 7" taken for the solution (u,v) to leave Z,. ,. To do this, we

study the system (3.6) in the set ZAF’p by using energy estimates.

Proposition 3.2. Let F € C? and g(-,7) € C! be such that (1.3) and (1.4) hold. Given
N € N and 0 € (0,1/N), there exist s > I'y > 0 and €9 > 0 such that if T' € [I'1, ],
e, p satisfy (1.12) and (h,w,v) € ZARP is a solution of (3.6) fort € [0,T], then for some
n € (0,1), we have

d
a{gh[w,v] ~T¥(h)} < —n E{Eh[w,v] —TU(h)} for te]0,T]. (3.10)
Proof. In all the proof, symbols C, ¢, denote generic positive constants, independent on
e, and with € (0,1). Let us recall that, if (h,w,v) is a solution to (3.6), then
wy =v— Vpu -1, Ty = —L(uP) — LPw + fow? — g(u® + w, T)v.

Direct differentiation and the self-adjointness of the operator L? give

DL,y = G, L)+ S, 1) (T 1)

= (v, L") — (Vpul - B L) + 3w, f”(uh)(vhuh -h')w)
= (v, Lhw> - <thhuh R w) + %(w, f”(uh)(vhuh . h’)w>.



METASTABLE DYNAMICS FOR HYPERBOLIC VARIATIONS OF THE ALLEN-CAHN EQUATION 19

Using Cauchy—Schwarz inequality and the estimates in Proposition 2.6 and 2.2, we infer

d
bt L) b < (o, ) + O D (I + ] ool ) ] o]
J

< (v, LMw) + Ce™'2 (exp(= A6 /2) + e |wl]]) |B'| ]

For (h,w,v) € E:’F,p, applying (3.7), (3.8) and using Young inequality, we get
d

G { b L)} < (0. L) + O exp(=A5/2) + 72 ) o]

< (v, LPw) + Cexp(—2A5/e)(1+ 5_1T) |w||? + n|jv||?.
For what concerns the second term in the energy £®, it holds
i{%THUHQ} = (tv,v) = (=L — L"w + fow? — g(u® +w,7)v,v)
—(LPw,v) + [|L™) | [o]] + Cllwll e [lw]l[[o]] = gl
—(L"w,v) + Cllwlf? . [lw]|* = (cg — ) ol* + ClIL(u™)]*.

Finally, the time derivative of the scalar product (w,Tv) can be bounded by

%(wﬂ'w = (v — Vypu" A, 70) + (w, —L(uP) = LPw + fow? — g(u® + w, 7)v)

IN

IN

< —(w, L*w) + C(e + |[wll oo ) |w]? + (7 +ne™ ) |[v]]* + Cre ™ (R| 1 |10]]
+e L)
< —(w, LMw) + C(e + [[wl] yoo ) [wl|* + (C + e [o]* + | L(u™)|1%,
where, in particular, the inequalities
(w, L(u™)) < gellw]? + g L™,
(w, g(u" +w,T)v) < Cellwl® +ne o]
have been used. Collecting the estimates for the three terms composing £, we deduce

deh h 2
s < —g(w, L"w) — [cg — Ce — 3n]||v||

+ Cfexp(—246/¢) (1 +7'T) + (e + Jwll o) Hwl? + (C + D[ L(u™)]|?
< —e{w, L"w) + Ce{T exp(—c/e) + e }w|* — negllv]|? + Ol L"),
for € and 1 small. Thus, from (2.8) and
|£(uM)]|? < CeT(h) < Ceexp(—240" /e), (3.11)

it follows that
= < —e{1 = C(Texp(—c/e) +¢) }{w, L"w) — negllv]|* + Cel.

Hence, for € € (0,¢p), with ¢¢ small (and dependent on I'), we deduce the bound

1—C(Texp(—c/e) +¢€) >n.
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Substituting, we infer

deh h 2
5 < —ne(w, L*w) — negllv||* + Ce¥
< —nefl — Ine(w, LMw) + ner(w,v) —n(cy — ) ||v]|? + Ce¥
< —nefl — Ine(l - Cer)(w, LMw) — n(cy — Ce7)|v||* + CeT,
again from (2.8). Finally, for g sufficiently small, we obtain

deh h 9
s < —ne€” —negllv||* + Cel. (3.12)

Direct differentiation gives

d‘I’:ziw( ) kh>{<[,( Y VRkh R — (LAY, P R kh>}
7 u”), kj u”), Vpk; WU ki) ¢
j=1

Using the estimates provided by Proposition 2.2 and by (2.12), (3.7), we deduce

N
[(L(u"), YRk} - B)| < W)LY IREI < Cem L™,
i=1

N
[(LPVpa" - B <RI R Y Il < C exp(—c/e)loll,
i=1
thus, observing that |(£(u®), k:;’ﬂ < Ce=Y2||L(uM)|, we infer the bound

%’ < Ce 12 {6_1Hﬁ(uh)H + exp(—c/a)} 1L (u™)|[]]v]]

Using the inequality (3.11), we obtain

v
'r‘zt‘ < CTe V2{Y2 fexp(—c/e) } o] ®!/?
< o] + CT2e W2 4 exp(—c/e) W
Hence, observing that ¥ < C' exp(—c/ 5), we end up with
dv
‘th’ < nllv]]* + CT? exp(—c/e)W. (3.13)
Combining (3.12) and (3.13), we obtain that if (h,w,v) € zw is a solution of (3.6), then
d
%{5"[111, v] = TU(h)} < —neEl + C(e +T?exp(—c/e)) T,
for some n € (0,1). Therefore the estimate (3.10) follows from
Cexp(—c/e)[? —nel + Ce <0,

and the latter is verified for I € [I'1, '], provided € € (0,e¢) with g sufficiently small so
that n?e — 4C? exp(—c/e) > 0. O

Now, we have all the tools needed to prove Theorem 1.1.
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Proof of Theorem 1.1. Let (ug,vo) Génp and let (u,v) be the solution of (1.8)-(1.9)-
(1.10). Assume that (u,v) € Z,., for t € [0,T.], where T, is maximal. Then, u = u" + w
and (h,w,v) € Z..  solves the system (3.6) for t € [0,T.]. Let us apply Proposition 3.2;
from (3.10), it follows that

%{exp(n et)(E”w, v] — F\Il(h))} <0, te[0,T]
and so,
exp(net) {EMw, v] — TW(h)}(t) < {EP[w,v] — TW(R)}(0) < 0, t € [0,T].

Therefore, the solution (u,v) remains in the channel Z. = while h € 2, and if 7. < +o0 is
maximal, then h(T;) € 0€2,, that is

hi(T) — hj—1 (1) =€/p for some j. (3.14)

For Proposition 3.1, in the channel the solution satisfies (1.16) and (1.17). In particular,
the transition points move with exponentially small velocity. This implies that (u,v)
remains in the channel for an exponentially long time. Indeed, from (1.17) it follows that
for all ¢ € [0, 7], one has

|hj(t) — h;i(0)] < C (¢/7)/* exp(—ALPD) Je)t  forany j=1,...,N, (3.15)
where ¢**) is the minimum distance between layers at the time t. Combining (3.14) and

(3.15), we obtain
e/p > M0 —2C(e/7)"? exp(—A/p)T..

Hence, using (1.12) we have
T2 (MO — ¢/p) (e/r) M2 exp(A/p) = C(E"O) — e/p) (e/7) 2 exp(A6/2),

and the proof is complete. O

4. REDUCED DYNAMICS ON THE BASE MANIFOLD

In the previous section, we derived the equation (3.3) for the motion of the transition
points and, by studying the ODE-PDE coupled system (3.6), we obtained the estimate
(3.9) for the velocity of the transitions. In this section, we derive an ordinary differential
equation approximating the equation for h to obtain further information on the motion

of the transition points and analyze the differences with the parabolic case (1.7).

4.1. Derivation of the reduced system. Since w is very small, we use the approxima-
tion w = 0 in (3.2) and then

N
> (uf KR = (v, k), j=1,...,N. (4.1)

RRAY
i=1
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In order to eliminate v, let us differentiate and multiply by 7 equation (4.1). We have

TZ Zl, h'h'+72 ul,kjh h! =

i,l=1
— (L(uP), k) — (g(u™, )0, kD) +7’Zv,k j=1,...,N.

Using the approximation v = Vxu” - h, we obtain

TZ ult, k hlh'+TZul,k;‘ b} =

i,l=1
N
- (E(uh),k‘;-l) - Z(g(uh T)ul 7]43;1 h,+T1 Z u; ,k: j=1,...,N.
i=1 il=1
N
Let us denote by V%uh the Hessian of u with respect to h and by ¢(§) := Z UZE!& the
il=1
quadratic form associated to V2 uP. Simplifying, we get
TZ ul', kMR + Z ul, Tyl KPR 4 T(g(R), KR = —(L(uh), kD), (4.2)

forj=1,...,N. If u ()(ac) is a solution of the hyperbolic Allen-Cahn equation (1.6),
h(t) satisfies (4.2). Observe that with respect to the parabolic case, besides the coefficient
g(u®, 7) which is in general different from 1, there are two new terms: the term involving
h! and the one involving the quadratic form associated to the Hessian of uP. By inverting

the matrix D;;(h) = (uf, k), introduced in Section 3, we rewrite (4.2) as follows:

7'V
Th” +G(h)h' + 7Q(h,h') = P(h), (4.3)
where
N N
Gij(h) = Dy (R)(g(u™ m)ul* k"), Qi(h,h'):=> D (h){qg(h'),k}),
I=1 Jj=1
and

N
=Y D (h)(LWh), kD).
j=1
Now we want to identify the leading terms in (4.3), having in mind the estimates for kjh, uh
and their derivatives; namely we shall rewrite G, O and P by neglecting the exponentially
small remainders in the asymptotic expansion for € — 0.
As proven by Carr and Pego [10, Corollary 3.6], defining

1
Dy = / V2F(s)ds and Pj(h):= —5D;ol<£(uh),k§l) = 5D;31(04j+1/2 — ajfl/Q),
-1
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there exists C' > 0 such that if p is sufficiently small and h € Q,, we have
[P(h) = P*(h)|.. < CIP*(R)|., exp(~AL"/2¢), (4.4)

where |P(h)|.. = max|P;(h)|. Since /"2 = F(¢7) — Le2(¢)* = F(¢1(h;_1)0)), it
follows that P;j(h) depends essentially on the differences between values of the potential

().

Similar result holds for the matrix G(h), namely for the scalar products (g(u

‘ o0

h7 T)“?? k;l>7
thus generalizing the aforementioned result to the case g £ 1. To this end, we recall the

following result (see [10, Lemmas 7.8-7.9-8.1]).

Lemma 4.1 (Carr-Pego [10]). The interval [hj—1 — €, hji1 + €] contains the support of

u;l and
1w x€lj_q,
- ) A=) (=0 07+ (e =t
T (@ — ot velj,
—(1 =7 hpitt r € Ij,

where 17 () :=v(x —hj_1/2,hj —hj_1,(=1)7) for & € I; and there exists ro > 0 such that,
for 0 <r <rg,

lv(x, £, £1)| < Ce™BL(r), forze [-£—¢ef+e]. (4.5)
In order to compute u;‘ = é)hjuh, one needs to obtain an expression for ¢,. Since ¢
solution of (2.4) depends on ¢ through its boundary value, the latter can be obtained

by differentiating the integrated version of that equation with respect to ¢, that is, the
e-rescaled version of (2.2). Finally, for z € [—¢,¢], we end up with

de(x, b, £1) = v(z, 0, +1) — %(sgn x) bz (x, l, £1),
and v is an even function of x satisfying
52V:p:): = f/(gb)y, for x € [0,6],

see [10, Lemma 7.8] for details.
From (4.5), it follows that

Wi(z)| < Ce1p7Y2 forz e [hjq —e,h;+el,
and so, for « € [hj_1 — €, hjq1 + €],
|(1 = X)) | + 7Y < Ce P max{f77V2, g7 H1/2) < Ce™'exp(— A" /2¢). (4.6)
Note that, for x € I;, one has
ug = (1= x)¢h + ¢4+ X (¢ = @) and uf = —uf + (1= )7 — v/t (47)

Thanks to Lemma 4.1, we can prove the following proposition.
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Proposition 4.2. Let F € C? be such that (1.3) holds and g € C1(R). Set

1
Cry = /_1 V2F(s)g(s)ds

If p is sufficiently small and h € €),, then there exists C > 0 such that, for j =1,..., N,

[(g(u uj ,k;‘) 1C'Fg} < Celmax{f7 Y2 g7/ < Celexp(— Al 2¢),  (4.8)
[(g(u K]+ gyl k)| < 07 BIT2 < O™ exp(— AT /2¢), (4.9)
(g(u ")uJ Jfl‘) =0 i U —il > 1 (4.10)

Proof. Firstly, we recall that k]h is supported in I;. Since the support of uh is contained
in [hj—1 — €,hj41 + €], we have (4.10). From Lemma 4.1, it follows that |uJ+1( z)| <
Ce=1p741/2 for x € I; and ul(z)] < Ce™13741/2 for x € I;11. Then,

gyl K2 )|+ [{g(uyultyy KB < O gi+12 ( /I L /I \k;m).
j 1

However, u? is of one sign in I;, thus [, |l<:]h| < C and we obtain (4.9). It remains to prove
J

(4.8). To do this, for z € I;, we write u? =1y +y2 and kjh = y1 + y3, where

y1=—1— X)), — X ¢l
Yo = —xA(FT — @)+ (1 =X )d — XTIt
ys = (1 =y )ul —xL(¢" ! — ¢).

Then,

h h his1/2 By
(g(uMyul, kI = : g(u™ (@) {11 (2)? + y1(2) (2(z) + y3(x)) + y2(2)ys(z) }dz.

i—1/2
From (2.5) and the definition of x, it follows that

hjt12 h; . ) hjt12 . )
/ g(uyde = / o(#) (62)* da + / g(@) (B de + B, (411)
hj—1/2 hj—1/2 h;
where
hj+e h ) ) hj+e ) )
P [ gtutte = [ a@)ehrde [T @) @d) e,
By writing y1 = xJ (¢% — ¢4T) — ¢ = (1 — xI) (¢3! — ¢h) — i, we get

h]' +e

£ [ (o)~ st [ ) oo e o+ R

hy
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Using (2.14) and the estimate |¢%| < Ce™!, we deduce that R satisfies

h; S . hjte . . .
ri<o( [ awhiello —ail+ [ gtutierier - el

i€ J
hjte A A . ,
[ gt or - oldn) < O max{al 2, a2
hj—E
Moreover, for (2.14) we have

h; ) .
/h {9(u®) — g(¢9)}(¢1)2dw

j—€&

h.
<c / "~ ) (9)2de
hj—E
h

<ce? [ it - ¢l < 0ol 2 - a1,
hj*E
Similarly, we can estimate the other term and obtain |E| < Ce~! max{a/~1/2, ai*1/2},
Let us now compute
h; L
[ sy
hj_1/2
the other remaining term in (4.11) is evaluated similarly. To do this, we observe that
since ¢ (x) = ¢p(x — hj_1/2,hj — hj_1,(—1)7) and ¢(z, £, £1) is solution of (2.4), positive

or negative respectively, we have
e (¢)? = 2(F(¢) —? 71/, (4.12)

where o/ ~1/2 = F(¢?(hj_1/2)). In what follows, we are considering the case ¢/(z) < 0
in [hj_1/9,hj] (i.e. j odd); treatment of ¢(x — hj_y/9,hj — hj_1,+1) is similar. By using

(4.12) and changing variable, we obtain

7 seerie= [ ayare) - a

i—1/2 I (hj—1/2)
0 0
/ 9(s)\/2F(s) ds+/ g(s)\/2F(s)ds
¢ (hj_1/2) I (hj_1/2)

J .
= /_01 9(8)\/2F(s)ds — /j o 9(8)\/2F(s)ds
B \/i 0 aj—1/2g(8)
@ (h;-12) VF () —ad =12+ \/F(s)
Since F(s) > a/~1/2 for ¢ (hj—12) < s <0 and F(s) < 2 for -1 <5< ¢ (hj_1/2),

we have

¢ (hj—1/2) 0 aj_1/2g(s)
g(s)\/2F(s)ds + V2 ‘ ds
/1 ) ) @7 (hj—1/2) \/F(s) —ai=1/2 4+ \/F(S)

< CVai=l2 < Cpi1/2,
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Then, we can conclude that

hjy1/2
/ g(u™)yide — 7' Cpy
h

j—1/2

< 0= max {102, i)

Moreover, from (2.14) and (4.6), it follows that for z € [h;_1 /2, hj41/2] We have
ol < O™ max{ /712, B7H2Y 0 Jys| < (1= A )ult] + Ce Mol T2 = oI T2,

We claim that

(1= ull| < Ce " max{p/~1/?, g7 12}, (4.13)
Indeed, (1 —~%)uP =0 in [hj_1/2 + 2¢,hjq1/2 — 2¢] and
() = {qﬁi(ﬂf) x € [hj_12,hj_1/2 + 2¢],
; P2 (z) x € [hjr172 — 26, hjpy/a)

Using the fact that
o (2, €, £1)| < Ce ' \/F(d(x,0,£1)) < Ce (1 F $(0,£, +1)) = Ce ' B+ (r),

for || < 2e, we obtain (4.13) and so, |y3| < Ce~max{p/~1/2, gi+1/2}, Therefore,

hjt1/2
|y

hive
/h g(u™)y1(y2 + y3)

i—1/2

< Celmax{ﬁfl/Q,ﬂf“/Q}/
h

j—1/2

< Ce ! max{ﬁj’1/2,5j+l/2}.
Also,

hji1)2 ‘ | | |
/ " g(“h)y2y3 < Ce? max{ﬁj_1/27ﬁj+1/2}€ < et maX{ﬁg—l/Q,ﬂj—Hh}’
h

i—1/2

because y3 is supported on a set of measure proportional to €. U

We are ready to analyze the term G(h). To this aim, let us introduce the constant

5 1
Yr ::f/ \/F(s)g(s,r)ds:%.
Doo —1 Doo

Then, in view of (4.8)—(4.9)—(4.10), we obtain

h,T)uh kh>] < Ce !, for any i, 7,

[(g(u™ T)ui, K

and, being

D7Y(h) = sD;}{HN — (Iy — eDZ'D(h)) }71 —eDZ! i {5DO_01 (7' Doolly — D(h)) }k
k=0

ID7 (h) — eDM Iy ]|, < eC exp(—Al"/2e).
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Hence, for g = g(u®, 1),
N

_ _ C
1Gij(h) — 203 < | (Dy'(h) — eD o) (gult, k)| + |eD M (g ult K] — F’g5z‘j
=1 Doo
< Cexp(—Al" /2¢). (4.14)

Therefore, in (4.3) we substitute the matrix G(h) with ~,Ix.
Let us now focus our attention on the term 7Q(h, h’); analogously to the previous terms

we have
Q(h,B) — Q" (h,W)|.. < C|Q"(h, )| exp(—AL* /22),

where

N
Qi(h,h') :=eD ! > (uls, KV hihj.
il=1
l,k;‘>, which shall be treated in a similar way of

Proposition 4.2. Since kjh is supported in I}, it follows that (ul?, th> = 0 if either [i—j| > 1

Then, let us study the elements (u

or |l — j| > 1. For all the remaining terms, from the expression of uj in Lemma 4.1, and
using the bounds in [10, 11], the only one which may not be exponentially small is for
i =1 = j. Therefore, here we omit the tedious, but straightforward control of such terms
and we discuss only (u” 2o k:;l> To this end, observe that in the interval I;, by differentiating
(4.7) with respect to hj, we have

= 0+ (6" = 0h) +xdal@ = 07 gl = 0) - (617 - 0h))

h h j j+1 T
ult = —uly + v =X (vl + v ) = X + .

Using
j j j+1 j+1 i+1 j j j +1 _ 1 j+1
Ol = ¢l + v, It = @It P gl =gl ol @it = gt

and from the expression of u?, obtained again from (4.7), in = € I; we infer

= —uly + v = X (T +v) = x0T ),

Hence, we can conclude that u] ul, + R/, and so

J
(ul, k) = —/ ul u xda:—l—/ (1 — A4l da:—i—/ RIK da.
j I; Ij
Reasoning as in the proof of the Proposition 4.2, and taking into account the needed bounds
for the higher involved derivatives [10, 11], one can prove that the last two integrals are

exponentially small, whereas for the first integral we obtain

Piviz h L. h 2 h 2
/h (—ug, (z)uy(z))de = 5(%(@'4/2) —ug(hji12)°) =0,

j—1/2
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because u';(hj,l/g) =0forall j =1,...,N. Therefore, we obtain that there exists ¢ > 0
such that

|Q(h, k)|, < Cexp(—c/e)|W|>.. (4.15)
In conclusion, using the estimates (4.4), (4.14) and (4.15), and neglecting all the exponen-

tially small terms in (4.3), we end up with the reduced system

7h"” +~,h' = P*(h). (4.16)
In the case of the damped wave equation with bistable nonlinearity, g(u,7) = 1, and
therefore 7 = 1. Moreover, for the Allen-Cahn equation with relaxation, g(u,7) =

1+ 7f'(u) and
Var ! " T ! (F/(S))2
= /_1\/F(3)F ()ds =1~ /_1 ant o<1

Hence, in the latter case, the effect of the parameter 7 > 0 is present also in the friction

Yr=1+

term ~y,h/, and in particular it speeds up the dynamics with respect to the simpler nonlinear
damped wave equation, being the coefficient smaller. This richer effect on the dynamics
in the present analysis confirms what has been already observed in the study of traveling
waves in [33], where again the relaxation parameter 7 in the case of the Allen-Cahn
equation with relaxation affects the speed of the wave also though a modification of the
friction effects.

4.2. Comparison with the parabolic case. Now, if v, — 1 as 7 — 0, taking formally
the limit in (4.16) we obtain the system h’ = P*(h). The structure of solutions of this
system of ordinary differential equations is studied in [10] to describe the evolution of the

layer positions in the parabolic case (1.7). We can write
P*(h) = —=VW(h),

where W is defined in the following way. For s > p~!, define W4 by Wi (s) = Dtas(s™!)
and set W; = W, for j even, W; = W_ for j odd. For h € Q, let

N
W(h) := | 3Wi((h1 — ho)/e) + Y Wi((hj — hj-1)/e) + W1 ((hwy1 — hn)/e) |-
j=2

Since hg = —h; and hxyy+1 = 2 — hy, we have
oW (h
) = ey = hym2)/2) = Wil = )
= —eD NI TV2 — oI71/2),
Then, we can write (4.16) as Th” + h’ = —VW (h). For a solution h with values in €,
the energy E; = $7|h/|> + W (h) is nonincreasing and
dE.
dt

=7h'-h' +VW(h) -h' = - |h|? <0.
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Note that v, large implies a greater dissipation of energy.

Proposition 4.3 (Carr—Pego [10]). If p is sufficiently small, then the function W has a

unique critical point h€, which is a strict local mazimum.

Proof. If h® is a critical point of W, then a/=%2 = oJ*t1/2 for j = 1,...,N. Define
¢; := hj — hj_1. From Proposition 2.5, it follows that for r sufficiently small a4 (r) are
monotone and so, ¢; = fj o for j =1,...,N —1. Let {_ = {1, {1 = (5. Since h € Q,,
we have that %El +l+ -+ Uy + %EH = 1 and then ¢_ + ¢4 = 2/N. The condition
=12 = o312 also, gives ay(e/ly) = a_(e/f_). Using Proposition 2.5, we have that

critical points correspond to zeros of
y=e N (Al —Al) +2In(Ky Ay KAL) + O(ptexp(—A/2p)),

for _ € [ep71,2N~1 —ep~1] with £, = 2N~ — ¢_. For p sufficiently small, ¥ > 0 when
¢ =¢ep!and v <0 when /- = 2N~! — £p~!; hence a critical point must exist. It is
unique, because a4 and a_ are monotone.

To determine the nature of the critical point, consider the Hessian of W, B;; =
O*W (h¢)/Oh;Oh;. The matrix B is symmetric and tri-diagonal with

Bi1 = 2wy + wo, Bjj:LUj+wj+1; fOI‘j:Z,...,N—l,
BNNZCUN+2¢UN+1, Bj,j—i-l:_wj—i-l, fOI"jZl,...,N—l,

where w; = W ((h§ — h§_;)/e). From Proposition 2.5, w; < 0 for j =1,..., N. Then, for
y € RY,

N N
Z Bijyiy; = 2wiyi + ij(yj—l —yi)? + 2wN YRS
ij=1 j=2
so that B is negative definite and h€ is a local maximum. O

If f is odd, all the & subscripts can be ignored, e.g. ay = a—, {4 ={_ and hj—hj_; =
1/N for j =1,...,N. In general, the steady state domain lengths satisfy

(= 2(Au/N +eln(K_A_[K,AL)) /(A +A2) +0 (" exp(~A/20),
Cp = 2(A/N +eln(K Au /KAL) /(A + A2) + O (p~" exp(~A/2p)).

Thus, system (4.16) has a unique equilibrium point (h®,0) with h® € Q,. From Proposition
2.6, L(u™) = 0 and so v is a stationary solution of (1.6). In other words, there is a
unique stationary solution u® of (1.6) with N transition layers and u(0) < 0; moreover,
u® € M with u® = v where h® = H(u®). Note, also, that by definition (2.10), ¥(h) =0
if and only if h = h® so that the channel Z. is “pinched” at u = u®.
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Now, let us study the stability of the equilibrium point (h€¢,0) for system (4.16). To do

this, rewrite it as the first order system

h' =n,
4.17
{”7’ =P*(h) =y 1D

Proposition 4.4. System (4.17) has a unique equilibrium point (h¢,0), which is unstable.
In particular, the Jacobian matrixz evaluated at (h¢,0) has N negative eigenvalues and N

positive eigenvalues.

Proof. From Lemma 4.3, it follows that the system (4.17) has a unique equilibrium point

(h©,0). To determine the stability of this stationary point, we have to analyze the eigen-

_( On In
= (e )

where, as above, B is the Hessian matrix of W evaluated at h€. To this end, we make use

values of the block matrix

of the Schur complement, defined for a general block n x m matrix
(A A
=i &)
as follows: M/A; = Ay — A3A1_1A2, provided A; is an invertible square matrix. In this

case, det(M) = det(A;)det(M/A1). For My = J — Moy, we have

det(My) = det <__A1Hg B (%Hf N HN> = det(—Aly) det(My/(—Aly)),

where
o = () _ 1
My/(=Ny) = (T +)\)]IN B
Then,
1 Y-+ TA 1
N T
det My = (—=\)" det (—T)\B — ( - )]IN> = — det (B+ (v A+ 7AYIy)

It follows that ) is an eigenvalue of J if and only if —7A%2 — v, )\ is an eigenvalue of
B. As previously shown in Lemma 4.3, B is symmetric and negative definite, so all the
eigenvalues of B are negative. Denote them by —,u? fori=1,...,N. For each —u? there
are two eigenvalues of J:

—Yr +\[VE AT —Yr =\ AT
AF(r) = . L >, A7 (7) . :

= < 0.
2T 2T

In conclusion, the Jacobian matrix evaluated at (h¢,0) has N positive eigenvalues A\ (7)

and N negative eigenvalues \; (7), and so (h®,0) is unstable. The eigenvalues satisfy

2
lim A (1) = M—z, lim A; (1) = —o0,
70t Y0 707t
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if lim+ v =t 79 > 0. In particular, if 79 = 1, A (7) converge to the eigenvalues of the
T—0
parabolic case, as expected. O

To conclude this section, we use singular perturbation theory to compare, for 7 small,

the solutions of the system (4.17) and the ones of
h' =
" (4.18)
n = P*(h),
that is obtained by substituting 7 = 0 in (4.17), assuming that v, — 1 as 7 — 0. Denote
by (hp, ;) the solutions of (4.18); h,, is solution of the system h’ = P*(h), that describes

the evolution of layer positions in the parabolic case (1.7). Set

Er(t) := 77 h(t) — hp(t)[ + 7|n(t) — np(t)].
A general theorem of Tihonov on singular perturbations could be applied to systems
(4.17)-(4.18). Specifically for the system (4.17) we have the following result.

Theorem 4.5. Let (h,n) be a solution of (4.17) and (hy,my) a solution of (4.18), with
h(t), hy(t) € Q, for any t € [0,T]. Then, there exists C > 0 (independent of T) such that

E;(t) <CE(0)+1—~+71), fort €[0,T]. (4.19)
Moreover,
T c
[ @ = molar < £ 419,47, (4.20
In(t) —np(1)] < ,i(ET(O) +1-9+7), for t € [tx,T], (4.21)

for all ty € (0,T). In particular, from (4.19), (4.20) and (4.21), it follows that, if v — 1

and E-(0) = 0 as 7 — 0, then

T
lim sup [h(t) — hy(t)| = lim [ [n(t) —np(t)|dt = lim sup [n(t) —n,(t)| =0,
T—0 tG[O,T} T7—0 0 T—0 tE[t1 ,T]

for any t; € (0,T).
Proof. For t € [0,T], define
On(t) = h(t) — hy(t), O (t) :=n(t) — mp(t)-

By hypotheses, h(t), hy(t) € 2, for t € [0,77], so |h(t)| and |h,(t)| are uniformly bounded
in [0,77]. Since P*(h) is a regular function of h, there exists C' > 0 such that

[P (hp)| <C,  |JP(hp)| <C, [P (hy +6n) — P (hy)| < C[0nl, (4.22)

for all t € [0,7]. Here and in what follows, C' is a positive constant independent of 7

whose value may change from line to line. We have

oy, =1 — 1y, 7-5;7 =P*(hp+ 6p) — V- P*(hp) — 770 — TJP*(hp)P* (hy).
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)

W for any 8(t) € RY, using (4.22) and Cauchy-Schwarz inequality, we

d
Since —|d| =
ince dt| |
obtain p p
|0l < 10nl, 70| < CrlOn] + (1 = 97)C = 7|0y + 7C.

Summing, one has

d
g O 10n] +71841) < O [6n] + C(L =7 +7),

and so

%ET(t) S C(E) +1— s +7), for ¢ € [0, 7. (4.23)

Integrating (4.23) and applying Gronwall’s Lemma, we obtain (4.19). In particular, from
(4.19), it follows that

V|0 ()] < C(E-(0) + 1 —~7 +7), for t € [0, 7. (4.24)
Substituting (4.24) in the equation for d,, we obtain
d
7£|6n| < —7|0p| + C(E-(0) + 1 — v + 7). (4.25)
Integrating (4.25), we obtain (4.20). Furthermore, for (4.25), we have

d
dt (7-6'7rt/7"517(t)‘) < C(E,(0) + 1 — 5 + 1)/,

and so
C
O ()] < (B (0) + 1= 57 +7) (1= e77/7) 418, (0)fe71/7
C —-t/T
ST(ET(O)—I—l_%'—i—T)"FET(O)e T
for t € [0,T]. Therefore, for any fixed ¢; € (0,7, we obtain (4.21). O
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